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HIGHER INTEGRABILITY FOR SOLUTIONS TO A SYSTEM OF
CRITICAL ELLIPTIC PDE*

BEN SHARPT

Abstract. We give new estimates for a critical elliptic system introduced by Riviere-Struwe
which generalises PDE solved by (almost) harmonic maps from a Euclidean ball By C R™ into closed
Riemannian manifolds N < R". Solutions v : By — R™ take the form

—Aut = Q;.Vuj

where 2 maps into antisymmetric m X m matrices with entries in R™. Here 2 and Vu belong to
a Morrey space which makes the PDE critical from a regularity perspective. We use the Coulomb
frame method employed by Riviére-Struwe along with the Holder regularity already acquired therein,
coupled with an extension of a Riesz potential estimate, in order to improve the known regularity
and estimates for solutions u. These methods apply when n = 2 thereby re-proving the full regularity
in this case using Coulomb gauge methods. Moreover they lead to a self contained proof of the local
regularity of stationary harmonic maps in high dimension.
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for Morrey-Hardy spaces.

AMS subject classifications. 35B65, 42B37, 58 E20.

1. Introduction. The system of PDE under consideration here, introduced by
Riviere [Riv07] and Riviere-Struwe [RS08], generalises many PDE present in the study
of critical geometric problems. It has ‘hidden’ regularity properties by virtue of the
anti-symmetry of the term ‘€)', and one can both recover and somewhat improve the
regularity theory for the aforementioned geometric PDE via a much more general
theory. For instance, consider weakly harmonic maps u € W12(B;,N) from the
Euclidean ball By C R” into a closed Riemannian manifold N' < R™. These are
defined to be critical points with respect to outer variations of

1
E(u) := 5/3 |Vul?,
1

meaning that maps v € W12(B;, N) form the natural admissible function space for
this problem. It is known that u weakly solves a PDE of the form

(1) —Au = A(u)(Vu, Vu)

where A is the second fundamental form of the embedding N' < R™. Since Vu € L?
one can estimate the right hand side of (1) in L' - A is a bounded bilinear form. From
here the L' theory for the Laplacian is not enough to begin any kind of bootstrapping
argument unless n = 1. For instance, when n = 2 standard theory gives estimates
on Vu in the Lorentz space L?°°, a space slightly larger than L2?. For n > 3 the
analogous estimates give control on Vu in L#-1'*° which is much worse than being in
L?. Indeed the regularity theory for weakly harmonic maps in higher dimensions is
doomed to fail since there exist ‘nowhere continuous’ weakly harmonic maps whenever
n > 3 [Riv92]. In two dimensions however, all weakly harmonic maps are smooth,
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which one can prove using a moving frame technique due to Hélein [Hé191]. The
same technique can be used to prove partial regularity in higher dimensions ([Eva91]
for N' = S™~1 and [Bet93] for general closed N') where one can prove smoothness
under the condition that ||Vu|z2 decays sufficiently quickly on small balls - i.e. it
lies in a Morrey space. Roughly speaking, these techniques use the fact that under
an appropriate frame the ‘bad’ L' terms can be replaced by better H' terms. The
space H! is a Hardy space - functions which are in L' but have additional cancellation
properties - see below for a definition.

Given g € L} _(0) and O C R™, we say that g lies in the Morrey space MP-#(0)

loc
if the following function

Myl (@) i=supr® [ gl
T B, (z)NO

is bounded; with a norm given by Hg||’1\’/[p’5(o) = [[Mpg[|g|P]llL>(0)- See appendix A
for more details. We have followed [Gia83] in terms of our choice of indices, though
we use MP8 rather than LP# so as to avoid confusion with Lorentz spaces.

From now on we will denote M, [g] = M|g] giving the usual maximal function. We
now define a more refined version for g : R™ — R: let ¢ € C2°(B;) with [|[V@||Le <1
and ¢(v) :=t7"¢(F). We set

g+(z) = sup ¢y g(z)|
0<t<oo
and say that g € H'(R") if g, € L*(R™) with norm ||g|[2®n) = ||g« |1 (rn)- It can be
shown that this norm is independent of the choice of ¢ up to a constant - see [Sem94].
The related local Hardy space h! is defined similarly; we require that

gi(x) = sup |¢y x g(x)| € L'
0<t<1

with the obvious associated norm - we clearly have the continuous embeddings
HY(R™) < h'(R™) < L'(R™). Recall that M[g] € LP iff g € LP when p > 1,
and that Mlg] € L' iff g = 0. Therefore g € H' iff the more refined version of the
maximal function g, is integrable. We see H! as being a replacement for L' in this
sense. Most importantly for us the Hardy spaces behave well with respect to singular
integral operators and therefore in elliptic regularity theory, again in contrast to the
L' theory.

As mentioned above, when n > 3, there exist nowhere regular weakly harmonic
maps. If however, we consider weakly stationary harmonic maps - critical points of
E with respect to outer and inner variations - then we obtain that

pr) = [ v
By (z)

is monotone increasing for any = € By, r < 1 — |z| see [Sim96]. In particular this
gives Vu € Mfo’:_Q(Bl). Moreover given any € > 0 there exists a closed set S such
that for any z ¢ S we can find ro = ro(z) > 0 with sup, ., r*™" JB.(2) |Vul? < ¢, and
H"2(S) = 0 where H is the Hausdorff measure - see for instance [Gia83, Chapter
IV]. It is an easy exercise to check that by the monotonicity of p we can equivalently
say that for any z ¢ S there is some 79(2) > 0 with [|[Vul|lpr2n-2(p, (2)) < €

The € regularity results of Evans-Bethuel for n > 3 state that there is an € > 0
such that whenever a weakly stationary harmonic map w satisfies p(R) < € for some
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x € By and 0 < R < 1 — |z|, then u is smooth on Br (2). Thus we can conclude
that weakly stationary harmonic maps are smooth away from a singular set S with
H"2(S) = 0.

In [Riv07] and [RS08] it is shown that by adding a null term to the harmonic map
equation (1) one has that u: By = N < R™ solves

(2) —Au = Q4 Vu,

for some Q4 : By — so(m) @ A'R™ and the product [Q4.Vu]" = 37 ((Q4)%, Vu/) is
an inner product of forms coupled with matrix multiplication. As we shall see, the
anti-symmetry of Q4 is crucial for obtaining any higher regularity of this PDE. In
this paper we will study this equation under very natural and critical conditions on
arbitrary Q and u solving (2).

In the setting of harmonic maps one also knows that there is some C' = C(N) > 0
such that |Q4(z)| < C|Vu(z)|. Therefore the natural conditions for Q and Vu are
that they lie in M?" 2 as in [RS08], where they prove that, when ||| psz.n-2(p,) is
small enough, u is Holder continuous, Theorem 1.1.

The starting point for us will be to consider arbitrary u € W2(B;, R™) weakly
solving

(3) —Au=QVu+ f

on the unit ball By C R", for some Q € M?" %(By,so(m) ® A'R") and f € LP
under the assumptions that Vu € M>" ?(By,R™ @ A'R") and % < p < n. The
question which will be addressed is whether or not one has higher integrability of
Vu (beyond L?) for general systems (3). In [RS08], [Rup08] and [Sch10] the Holder
regularity is obtained by improving decay on ||Vu||+(p,) for s < 2. Therefore any
higher integrability does not follow directly from such a result. Moreover it is difficult
to see how one might boot-strap this information back into the PDE to improve the
regularity.

Estimating the right hand side of (3) using Holder’s inequality leaves us with
Au € M*"=2 (=L' when n = 2), and the best we can do using singular integral
estimates is to conclude that Vu € M (272 (= [(2:°) wwhen n = 2). See appendix
A for definitions and results if necessary. These spaces are slightly worse than the
spaces we started with, therefore we have lost some information and bootstrapping
fails. The antisymmetry condition on  is therefore key to unlocking the hidden
regularity of this system as first noticed by Riviere [Riv07] - it is known that by
dropping the antisymmetry of ) the regularity theory fails.

We interpret €2 as connection forms for the trivial bundle By x R™, for which du €
I'(T*B; ®R™) and (3) reads d§(du) = f where d§ is the induced covariant divergence
given by Q (the formal adjoint of the covariant exterior derivative, df(du) = d*du —
*[Q2 Axdu]). With this more geometric setting it is possible to talk of changes of frame
or gauge, and crucially the antisymmetry of {2 means that any change of gauge lies
in the orthogonal group and carries a natural L°° bound. A change of gauge here is
a purely local affair and consists of a map P : By — SO(m) in which we can express
du, 2 and therefore our PDE. Under this change of gauge the new connection forms
Qp look like Qp = P7'dP 4+ P7'QP and we have that d§(du) = P(d,, (P~ "du)).
Therefore, solutions to (3) are also solutions to

dg, (Pfldu) = d*(Pildu) —*[Qp A *Pfldu] =P lf

for any such P.



224 B. SHARP

1.1. Two-dimensional domains. Given that the problem here is concerned
with improving regularity, the game has been to find a gauge that forces this equation
to exhibit nice regularity properties. When n = 2 it was shown in [Riv07] that we can
change the gauge such that the term 2.Vu is effectively replaced by a Jacobian deter-
minant. Thus we may use Hardy space methods [CLMS93] or Wente-type estimates
[Wen69] to improve our situation. It was shown in [Riv07] that the most suitable
gauge transform is a small perturbation of the Coulomb gauge (or Uhlenbeck gauge)
and in fact it is necessary for the gauge to leave the orthogonal group; moreover these
methods allow us to write the PDE as a conservation law.

Solutions with f = 0 are shown (in [Riv07]) to describe critical points of confor-
mally invariant elliptic Lagrangians under some natural growth assumptions and for
appropriate €. In particular when f = 0, (2) describes harmonic maps and prescribed
mean curvature equations from Riemannian surfaces into closed, C? Riemannian man-
ifolds NV < R™ isometrically embedded in some Euclidean space.

This PDE has subsequently been studied from a regularity and compactness per-
spective, see for instance [RL13], [LZ09], [MS09], [Sch10], [ShTo13]. In [ShTol3], it is
shown that general solutions to (2) (when n = 2) are in W2* for all s < 2 by means
of a Morrey estimate, and we see that Theorem 1.2 and Proposition 2.1 are the ana-
logues of [ShTol3, Theorem 1.1] and [ShTo13, Lemma 7.3] in the higher dimensional
setting.

1.2. Higher dimensional domains. For n > 2 Riviere-Struwe [RS08| showed
that we can find a Coulomb gauge in the Morrey space setting (see appendix B),
and that this is enough to conclude partial regularity for general solutions. Again
this comes down to the appearance of terms that lie in the Hardy space H'. It is
shown that solutions to (2) describe harmonic (and almost harmonic) maps from the
Euclidean ball into arbitrary Riemannian manifolds. As outlined in [RS08] it would
be difficult to carry out the same techniques when n > 3 as in the case n = 2, however
Laura Keller [Kel10] has shown that when © and Vu lie in a (slightly more restrictive)
Besov-Morrey space, then the methods as in the two dimensional case apply.

The regularity obtained in [RS08] and [Rup08] is as follows (see also [Sch10]):

THEOREM 1.1. Let u, Q and f be as in (3). There exists € = e(n,m,p) such that
whenever HQH?MZW,Q(BI) <€ then u € Cloo’z where v =2 - € (0,1).

The optimal Holder regularity was shown in [Rup08] along with an estimate. To

see the optimality just consider the case 2 = 0; we have that u € Wi’cp — C’loo’j_;
when 3 < p < n by Calderon-Zygmund theory and Morrey estimates.

As stated in [RS08], this theorem allows us to extend the regularity theory for
stationary harmonic maps from the Euclidean ball into closed C? Riemannian man-
ifolds immersed in some Euclidean space. More precisely it is possible to show that
any weakly stationary harmonic map is smooth away from a singular set S with
H"2(S) = 0. This follows from a classical theorem stating that continuous weakly
harmonic maps are smooth.

The methods for the higher dimensional theory have also been used in the study
of Dirac harmonic maps (e.g. [WaXu09] [CJTWZ13]) and weakly harmonic maps into
pseudo-Riemannian manifolds [Zhul3].

1.3. Statement of results. In this paper we will show improved regularity
along with a new estimate. In order to get this estimate we use the Coulomb gauge
obtained in [RS08], Theorem 1.1 and we crucially require an extension of a result of
Adams [Ada75] Theorem 1.7.
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THEOREM 1.2. Forn > 2 let u € W12(By,R™) with Vu € M*"~%(B;,R™),
Q€ M>"2(By, so(m) @ A'R™) and f € LP(By), for & < p < n, weakly solve

—Au = Q.Vu+ f.

Then for any U CC By there exist € = ¢(n,m,p) > 0 and C = C(n,m,p,U) > 0 such
that whenever ||| pr2.n—2(p,) < € we have

V2l 2o H IVl 2 < Clullagsy + 1 e )-

)

We see that this generalises [ShTol3] to higher dimensions, and that if Vu €

M#557=2 then u € C% with v as in Theorem 1.1. Moreover, with p in the above
range we have %p > 1 and pr > 2 - i.e. we have obtained integrability above the
critical level. An interesting question here is whether the integrability of Vu can be
improved further when n > 3. One might expect that we should have estimates on
Vu in L7-7 (consider the case 2 = 0). Clearly the case n = 2 is no problem as this
gives the optimal regularity expected, moreover we have found solutions with f =0
that are not in W22 or even W22 We leave it to the reader to check that defining

w: Bo-1 — R?% by u(z,y) := (logr)? < Z ) with r = (22 + »2)2 and

_ 2(1+2logr) 0 1
Q= (rlogr)? (—1 O>( ydz + vdy)

gives the desired example - see [Sh12, Chapter 4.3]. Thus we cannot expect that
Vu € L™ or even Vu € BMO in general. This also explains the range of f that we
consider.

REMARK 1.3. Since writing this paper there have been a few generalisations and
extensions of Theorem 1.2, namely Roger Moser [Mos12] has studied almost harmonic
maps: functions u : By — N < R™ solving

—Au = A(u)(Vu, Vu) + f

with f € LP, p > 1 and has obtained an appropriate W2? N W 5?P estimate on such u
when || Vul| 3y2,n—2 is small. One would expect this result to hold for the system under
consideration in this paper, under the further condition that || < C|Vul.

Armin Schikorra [Sch12] has proved that an analogue of Theorem 1.2 holds for
more general systems involving non-local operators, using different techniques.

Finally, in a joint work with Miaomiao Zhu [ShZhul3], the author has studied the
boundary regularity problem for similar systems in order to obtain a full regularity
theory in the free boundary problem for Dirac harmonic maps from surfaces.

An easy consequence of Theorem 1.2 is the following
COROLLARY 1.4. Let u and Q be as in Theorem 1.2 with f = 0. For any

g < oo and U CC By, setting s = 22_ng < 2, there exist ¢ = €(q,m,n) > 0 and
C:

C(q,m,n,U) such that if ||| pr2n—2(p,) < € then

IV?ull arsn—2(0y + IVUllaraen—20y < Cllullpis,)-

REMARK 1.5. In the case that |Q] < C|Vu| (as is the case for Harmonic maps)
this automatically gives that when [[Vul|psz.n-2(p,) is small enough then u € W24
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for some ¢ > n yielding u € C17 for some v € (0,1). If we knew furthermore
that Q depended on v and Vu in a smooth way (as is also the case for Harmonic
maps) then we could immediately conclude smoothness by a simple bootstrapping
argument using Schauder theory. Thus we recover a proof of the regularity of weakly
stationary harmonic maps into Riemannian manifolds (away from a singular set S
with H"=2(S) = 0). We also mention that passing to the smooth local estimates for
harmonic maps also easily follows - we leave the details to the reader.

REMARK 1.6. We remark that Theorem 1.2 and Corollary 1.4 should hold (with
some added technicalities) given any smooth metric g on By, with u, 2 and f as above
weakly solving

(4) —Agu = (Q,Vu), + f.

Following [Riv07] or [RS08] one can check that a harmonic map v : (B, g9) = N <
R™ solves (4) with f = 0, and therefore the regularity theory for general domains
would follow from this.

The method we use to prove Theorem 1.2 is (for the most part) broadly the same
as that employed in [ShTol3], the real difference comes in section 4 where we obtain
a decay type estimate (5) using both Hardy and Morrey space methods via a slight
improvement of a result of Adams [Ada75].

To illustrate the requirement for an improved Adams result consider the case that
Q is divergence free, i.e. that Q = *dé¢ for some & € W *? (B, so(m) @ A"~2R™). Using
Holder’s inequality and the results in [CLMS93] we have

—Au = *(d¢ Adu) € HP N M2

after extending & by zero and extending u to W12(R™) appropriately. This follows
from an important result of Coiffman et al, [CLMS93] that (in particular) given two
one forms D, E € L*R", A'R") such that dE = 0 and d*D = 0 weakly, then
(E,D) € Hl(Rn) with [[(E, D>||’H1(Rn) < C||E||L2(R") ”DHLQ(]Rn)- The key to attaining
sub-critical integrability lies in finding better decay for the L? norm of Vu on small
balls, thus what we would like to do is estimate ||Vu||z2. When n = 2 we have that
H' < H~' = (Wy*)*, thus getting such an estimate is not a problem. In higher
dimensions one certainly does not have H' < H~!, however by slightly improving
a result of Adams [Ada75] we are able to prove that H' N M'"=2 — H~! and we
can estimate ||Vul|z2. Actually we prove a local version: h' N M2 — H-Y(K) -
Corollary 1.8. By re-writing with respect to a Coulomb gauge, and using the Holder
continuity already obtained in Theorem 1.1, we are able to essentially reduce to the
above situation. Indeed, the anti-symmetry of Q2 can be thought of as replacing the
condition that it is divergence free.

Before we state the result we first introduce some notation. Let N[g| be the
Newtonian potential of a function g, that is convolution by the fundamental solution
of the Laplacian T' : R®\{0} — R. We have I'(x) = C(n)|z|>~" for n > 3, where C(n)
is a dimensional constant, and I'(z) = — 5= log|z| when n = 2. Thus N[g] =T x g
and —AN[g] = g. We will need to estimate the operation g — VNJ[g] which is a
convolution operator given by VI x g.

For 0 < a < n, define A, to be convolution of a function by a, where a, is
homogeneous of degree a — n and is smooth as a function on the sphere S”~! with
llaallcigsn-1y < C(n). For instance N is of the form Ay when n > 3, moreover the
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operator defined by taking a derivative of the Newtonian potential VN[g] is of the
form A; for all n > 2. The A, are essentially Riesz potentials.

A few words of warning are necessary here: our notation differs from that used in
[Ada75], in particular we define our maximal functions Mg differently and the Riesz
potentials we consider are slightly more general.

The next theorem is a replacement of a weak L%-estimate given by Proposition
3.2 in [Ada75]. We replace the maximal function M([g] by g. thereby allowing us to
estimate functions in the (local) Hardy space.

THEOREM 1.7. Let 0 < B <n, 0 < ap <n—f and g € MPP(R™) we have

n—f—ap

|[Aal9)(2)] < Cla, Bn, p)(Mp[g”)(2)) 77 (g () 77",

with C(a, B,n,p) < C(n)sup { 17(1%)% 17(917@ } .

As alluded to above we have the following

COROLLARY 1.8. Let g € h' N MY =2(R"™), then for any compact K C R™ there
exists some C' = C(K,n) such that

1 1
lgllE-1(x) < Cllgll3an-2llgll-

Theorem 1.7 also recovers the following potential estimates, due to Adams
[Ada75]. We provide a proof of the following because we wish to keep track of the
constants more closely.

COROLLARY 1.9. Let0< B <n,0<ap<n—J3 and%:%—ﬁ.

1. When p > 1 we have that A, : MP#(R") — MPH(R™) is bounded. Moreover
there exists

1 1

L= ()" 1)o7

C(n,p,a,p) < C(n) <%) ’ sup

such that || Aa[glllarrs @y < C(n,p, @, B)gllares @n):
2. When p =1 we have that Ay : M*P(R™) — M®>):8(R™) is bounded. More-
over there exists

1 1
C(nvavﬁ)Sc(n)sup{l_(l)avl (1)04(77.5)}
2 T\2

such that [| Aalg]|| a0y < Cn, @, B)||gllare.s wn)-
These reduce to well known estimates when 8 = 0.

REMARK 1.10. Setting a = 1 and recalling that VN [g] is an operator of the form
Ay we see that given a,b with 1 < a < p < b < n— [ then there is a uniform constant
C = C(a,b) such that for g € MP# then |V N[g]|[rr5.5 < C||gllaze.s for any p and S
in this range.

Furthermore, let u, £ and f be as in (3). Define g := Q.Vu and extend both
f and g by zero to R™. Then there is some harmonic function i : By — R™ with
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u = N[g] + N[f] + h, since —A(u — N[g] — N[f]) = 0 on B;. Standard estimates
(using Corollary 1.9) give

[kl sy < Clllullzr sy + 1 llrsy) + [19Qa20-28) VUl p2n-2(8,))

and therefore since h is harmonic, for any » < 1

C(n)
VA L~(B,) < m(”unLl(Bl) + 1 lesy) + QU m2n-2(8) VUl arzn-2(5y))-

Thus we gain local control on Vu = VN[g] + VN|[f] + Vh by estimating VN|[g] and
VNIf].

REMARK 1.11. We point out that by combining Theorem 1.7 and Corollary 1.9
we have A, : H' N M8 (R"™) — LP 0 MP>°).5(R") with an estimate - the details are
left to the reader. In particular, when 8 = 0 we have A, : H'(R") — L7—a (R") - see
also [Sem94, Theorem 1.77].

Acknowledgments. I was supported by The Leverhulme Trust during the com-
pletion of this work. I would also like to thank the referee for providing invaluable
advice on the presentation of this paper.

2. Proof of Theorem 1.2. We prove Theorem 1.2 based on the following propo-
sition, analogous to [ShTol3, Lemma 7.3], the proof of which is left to section 3.

ProposITION 2.1. Let u, Q2 and f be as in Theorem 1.2. There exits ¢ =

e(n,m,p) such that whenever ||Q||?\42,n,2(81) <€ then Vu € M12=n72(%71)(Blij)'

oc

Proof of Theorem 1.2. This proof generalises the ideas needed in the proofs of
[ShTo13, Lemmata 7.1 and 7.2] to Morrey spaces.
Using the improved regularity from Proposition 2.1 and the Holder inequality

n(1—2
we see that Q.Vu € Mlt’c « p). We also have f € M=) _ gee appendix D if
necessary.

By applying Corollary 1.9 (fora=1,p=1and 8 = n(l—%)) and Remark 1.10 we

(L,oo),n(lfi) On n(lfg)

see that this implies Vu € M, ™" , which in turn gives, Vu € M;"""’
for any € < 1 - we leave the details to the reader.

s (1= 2)
The fact that Vu € M,"? P

loc

(-2 ~
implies Q.Vu € My where L = 1 4 nop,

We can choose 6 so that s > 1 but note that we also have s < anfzp < %p for
p € (5,n). We make the following claim:
sp,n(1—2k) 2p
QVue M, Plspe(l,—) =
n
Spy1,m(1—EEL 2nsy, 2p
QVu e Mloi“ PoTsg < Spal = (1,—)

— € .
nsi +2(n —p) n

To prove the claim we can easily check that f € M s6n(1=5) with a uniform estimate
for any such sj (see appendix D). Therefore we may apply Corollary 1.9 (for a = 1,
Sk ﬁ n(1-2

Sk
p=s,and 8 =n(l-— %‘)) and Remark 1.10 to yield Vu € M, v, Again

oc
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s
Skt1,n(1— k:l )

.. , . 1 _ 1, n—p
by Holder’s inequality we have Q.Vu € M, . where o 2T s We
check that
S S n—
B BTR Py Py
Sk+1 2 n n n
If we assume, to get a contradiction, that sy > %p then we have wi’;i% > %p.

Which implies 2nsy > 2psi +2(n —p)% and therefore s; > %p, a contradiction. Thus
the claim holds.

We have the recursive relation sx41 = migi?fz—p)’ so we have sp T %” and we
n(l=3 wtpmn(l=3
have proved that Q2.Vu € Mlso:( ») for all s < 211—’7. Thus Vu € Mlsoz prey) for all

s in this range (again by Corollary 1.9). A
For some Bg(zo) CC By letting 4(z) = u(xo + Rx), Q(x) = RQ(xo + Rz) and
f(z) = R*f(xo + Rx) we have

~Ai=Q.Vi+f

on Bj. The above argument gives us that Vi € M7 "1=3)(By) for all s < 2n—p.

Now let s € (27”2%, %p) and denote by ¢ the next value given in the bootstrapping
argument (if s = s, then ¢ = sp41). Notice that within this range, by Remark 1.10
there is a C'= C(n,p) independent of s and ¢ such that

S Oz n-2@) IVl osngma-2) o+ 1 leey) + @l s,))

HVUHMt o in(i-t) e ) (By)

n—p’

(B1)
3

< C(IQ ar2n—25,) IVl

t
n(l— 5)

o 1)+|\f||LP(Bl) + a1 y))

(B

since whenever 1 < s <t < 2;” we have the estimate

s
n—p n—

IVall o onsma-s) < CIVa| o

m(1-L
pn( p)

for C' = C(n,p). Raising to the power p := t%ﬁp we see that

e || H e ¢ o
IV gy S OO IV o Uy 50 V)

where we can still pick C' independent of ¢ since p < nz—fp. Undoing the scaling leaves

(see appendix D)
o s I pt ot W
R HVUHM < C(HQHMz,n—2(Bl)R HVUHM

_t _t
#r (B g (0)) “U5) (Br(zo))

+(R* Ifllee(my + R " lullprs)")-
Since R < 1, u < nz—fp and t < %p we have that

IV ity oy S CNUrnncsgoyy [Vl +

£ (20)) M5 (B (o)
C((nt1) 22
+C(I S ler(my) + ullps,)) )R DT,
We are now in a position to apply Lemma C.1 for T' = C(|| fll r(m,) + lullz21(5,))"),

n—p
€< (%) * and e = eo(n, k) is found for k = (n + 1)% + 2 to give the estimate

||VUHM < CUflleesyy + lullLisy))

m(1—Lt
mom( P)(B%)
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with C' independent of t. We may now pass to the limit ¢ T to give

||VUH < CUfllzr(syy + llullLrs,))-

yn— Q(Bl)
2

For the second estimate, note that we have Q.Vu+f € M, loc -2 by Holder’s inequality,

thus by Theorem A.1 and the proceeding remarks we have finished the proof after

applying a covering argument. O

3. Proof of Proposition 2.1. We begin with a proposition stating the main
decay estimate required, the proof of this is left until section 4. This decay estimate
is analogous to that of part 2. from [ShTol3, Theorem 1.5], except that here we
crucially require the Holder regularity already obtained in order to prove (5).

ProrosITION 3.1. With the set-up as in Theorem 1.2. Let § > 0, then there
exist € = e(n,m,p) > 0 and C = C(§,m,n) such that when || pr2n—2(p,) < € we
have the following estimate (v =2 — %)

(5) IVulliz(s,) < CONIQUR2n—2(By) G0 (5 FI Do) +7" L+ Vullies,)-
Proof of Proposition 2.1. We follow the argument for the proof of [ShTo13, Lemma
7.3]: Pick 0 = d(n, p) sufficiently small so that

1+6 1 1
(6) A= on < gu-273y =Ac <2n,1>

since y =2 — 2 € (0,1).
Consider the solution on some small ball Br(zg) C By by re-scaling via i, see
appendix D. Since the hypotheses of Proposition 3.1 are also satisfied for @ we have

(by (5))

||VU||L2(BT (||Q||M2 n- 2(31)[ ]COW B T ||f||LP(81 )+ (1+ 5)||V“||L2

and setting r = % yields

IValZais,) < AValZas,) + CURARn2m,) [@e0m s + 11 2s,)):

M

Undoing the scaling gives
||VU||2L2(B§(10))
< NIVull7ap,y + CR" 22V ([Q1 2025 [E0 (Brze)) + 11 Ee(Brwo))-

Therefore, setting R =27 k € Ny and aj, := ||Vu|\%2(3 ,) We have
-

k(n—2+42a)
i <o+ (3) W -2 203,y + 1)
= Aar + A C(1Q03 2025, [WlEo ) + 1 1T0(8,))-
This can be solved to yield (letting K == C([|Q[}2.0-2(p,) [0,y T 1f170(5,))

(A =

ari1 < Nay + KAﬂ,
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and by (6), this simplifies to
HVU||%2(B27’€(I ) = ag S CAk
Therefore, for r € (0,1/2]
HVUH%z(BT(IO)) S CT‘n_2+2’Y.
We have

IVl 224205,y < C,

N=

and a covering argument concludes the proof. O
4. Proof of Proposition 3.1.

Proof of Proposition 3.1. We will use the Coulomb gauge in order to re-write
our equation. Set e small enough so that we can apply Lemma B.1. We have (see
appendix B for the relevant background on Sobolev forms)

d*(P~'du) = (d*n, P tdu) + P71 f
and
d(P~'du) = (AP~! A du).

We can also set € small enough in order to apply Theorem 1.1 so that u € C%7 where
vy=2- %. Now we wish to extend the quantities arising above in the appropriate
way: First of all we may extend 7 by zero. We also extend P — ﬁ fBl PtoP e
W2 L>(R") and finally u to @ € C%7(R") where each has compact support in By
(we may assume u € C%7(By)).

Note that we have ||VPHL2 < OHVPHLQ(Bl) < OHQHM2~"*2(BI) by Poincaré’s
inequality and VP = VP in By. We also have @ € C%7(R") with ||i]|cor < C|lul|con
and (since we may assume [ u = 0) we have ||@||cor < C[u]co.~, moreover & = u in Bj.
All the constants here come from standard extension operators and are independent
of the function, see for instance [GTO01].

Now we use Lemma B.3 in order to write P~'du = da +d*b+ h with a,b, h as in
the Lemma. Notice that we have Aa = (d*n, P~'du) + P~ f and Ab = dP~! Adu
weakly. We proceed to estimate Vu € L? by estimating ||dal|zz, [|d*b||z2 and using
standard properties of harmonic functions in order to deal with ||h| 2.

We start with ||dal|p2; notice that

(d*n, P~tdu) = (d*n,d(P~'u)) — (d*n,dP~u =T + I1.

For I, pick ¢ € C2°(By) and check (we use that n has zero boundary values)

[ P t)e = @nae o)
= (d*n,d(P~"ug)) — (d*n, (dg) P~ u)
= —(d*n, (dg) P~ u)
<NVl 2 IV L2 1P~ ull e 5y
< C||Qllarzn-2) IVl L2(B1) [ul 0o (B, )-
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We have I € H~!(B;) with
(7) Il 1B,y < ClIQ arzim-2(By) [ul o (B,)-

For IT notice that (d*n,dP~)a = (d*n,dP~")u in B;. Moreover (d*n,dP~1) €
HY(R™) with

(a0, dP ™) l32 < ClIVnllz2(s) IV PllL2(s,) < ClIQUR 225,

by the result of Coiffman et al, [CLMS93].

The space H! is not stable by multiplication of smooth functions since f € H
implies f f = 0. However for the local Hardy space h', as long as the multiplier
function is sufficiently regular, we have stability. For instance if h € h! and g € C°7,
then gh € h' and

lghllnr < C)llgllcon [hllnr-
Therefore, (d*n, dP~ )4 € h*(R™) with
[{d*n, dP~ Y pr reny < CllUp2n-2(,) Wl cov(By)-

We also have || M, _o((d*n, dP~1)a)|| L~ < Cl1Q3,2,n—2 Bl)[ lcov(m,) since for R >0

RQ*”/ (d*n,dP~Ha
Br(zo)

— R /B o AP S OO g o
R (Zo 1

(remember 7 was extended by zero). Now, using Corollarly 1.8 we have
(d*n,dP~YYa € H=Y(By), moreover (d*n,dP~ )& = (d*n,dP~1)u in By so

(8) 1118,y < CllQUR 2025, [Wcon(s,)-
Putting (7) and (8) together yields (d*n, P~'du) € H~!(B;) with (assuming € < 1)
||<d*777P_1du>”H*1(Bl) < C||Q||M2’"*2(Bl)[U]COW(Bl)'

It is easy to check that P~'f € H™'(B1) with [|[P~' f|| g—1(p,) < C||f|Lr(p,), overall
this means that a € W, *(B;) weakly solves

Aa = (d*n, P~ du) + P71 f,
so we have
(9) IVallz2(s,) < CU1Qarzn—2(By) [UlconBy) + 1 fllLr(By))-

Now we need to estimate [[d*b|[z2(p,). We know that b € W2(Br, N°R™) (see
appendix B for a definition) has db = 0 and Ab = (dP~! A du). We have

[d*bllr2(s,) = sup (d*b, E).
EGCOO(B17/\1 Rn) ”EHLQ(Bl)Sl
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Using a smooth version of Lemma B.3 we can decompose each E by E = de;+d*es+e3
where e; € C§°(B1), e2 € CF (B, /\2 R™) with des = 0 and deg = d*e3 =0 (e3 is a
harmonic one form). Notice that (d*b,de;) = 0 since b has zero normal component
and d%e; = 0. Also we have (d*b,e3) = 0 since e3 is harmonic and b has vanishing
normal components. Therefore

(d*b, E) = (d*b, d"es)
=(P 1du ,d*es)
= (d(P~'u),d"ez) — (AP~ ")u, d*ey)
—((dP™Mu,d*es)
< Ol przim-2(By) U] con () |d el L2(By)
< Ol ar2n-2(By) [ulcon By | Bl L2(By)-

Therefore

(10) d*b[|22(By) < ClIQ arzn—2(By) U)o (B,)-
We note here that by [Mor66, Theorem 7.5.1] and db = 0 that we in fact have the

same estimate for Vb.
We now use the fact that i is harmonic giving that the quantity r‘"||h||%2( B,) 18
increasing, and Lemma B.3 to give
IllZ2m,) < " 8lZ2B,)
<P dull7z g,
= r"||du)| 2,
where the last line follows because P is orthogonal.
Going back to our original Hodge decomposition we see that (using Young’s in-
equality, the orthogonality of P, (9) and (10))
IdullFz(p,) = 1P~ dullfzs,)
< (1Pl z2(s,) + ldallL2(s,) + 1d*0]| 2 (8,))?
< (L +0)hl72,) + Cs(lldallL2s,) + [A*b]| 2(5,))*
< (L4 0y ldullZa s,y + CsUIQURp2n-2 () [W]E0 (5,) + 11 Zo(5,)-

[

5. Proof of Theorem 1.7 and Corollaries 1.8, 1.9.

Proof of Theorem 1.7. First assume the theorem holds for p = 1. If ¢ > 1 and
g € M9%P then by Hélder’s inequality we have g € M9 with

Mjlg) < C(n)Mglg?)s

where n — 8 = q(n — B). Thus if ag < n — B (giving & < n — J3), by applying the
theorem for p = 1 we have
A _a n*l'}ja
[Aalg](@)] < Cla, B,n)(Mg[g](x)) "7 (g«(x)) -5

n—pB—aq

Cla, 8,1, q)(Ms[g") (2)) 77 (gu ()" 77
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Where we know that

C(a, B,n,q) < C(n)sup

It remains to prove Theorem 1.7 for p = 1.

We split A, (g) up into its near and far parts using a partition of unity subordinate
to dyadic annuli of a chosen modulus 6. More precisely, let 6(x) € CZ°(B4\By1) with
O(z) > 0 for 1 < |z| < 2. Similarly as is done in Semmes [Sem94, Theorem 1.77] we
can arrange so that

> 62 ) =1

JEZL

for all =z € R"\{0}. Moreover we want for our choice of a, that
ClIVIO(4)aa()]llL>=(m,) < 1 for some constant C(n) (for reasons that will become
apparent below). We can always find such a C since we have assumed a uniform C*
bound on a, when restricted to the sphere. Notice that 6(4-)a(-) € C°(By) also.

Now define 7/ (x) := §712790(67'2772)a,(z). Notice that §27n(z) is the piece
of a, around 02771 < |z| < §29%2) so that

Aalg) = Za2j77j *g = 2523'773' * g+ 2523'773' * g = Linner + Louter-

JEL Jj=<0 Jj=1

The intuition here is that we use the decay estimate we have on g in order to deal
with I,yter and we use the Hardy space qualities of g in order to deal with ;e
With that in mind we start with estimating I;;,ne-. We use the following claim:

7’ % g(2)] < C(671277)1 % gu(a).

This is easy enough to see, first of all we remark that in our definition of g, we choose
to use the function ¢ (z) := Cl(4x)as(x), therefore g, (x) := sup,~ [¢: * g(x)|.

I * ()|

/B | §712770(6 127 (z — y))aa(z — y)g(y)dy

/ 5712790057127 (w — y))aa (671270 (z — y))g(y) (67 27Uy
Bsoita

= C(071279) " ihsgive x g(x)] < C(6~1277) " gu(a).
We estimate

|Iinner| < 252J|77J *g(l’)|

J<0

<CY 8257 27) g ()

J<0
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Now we estimate I yter

Tpuier] < €Y /5 6571279 (& — y))llaa(z — )llg(y)ldy

j>1 2071 < |z —y| <520 +2

<cy | [ — 91" g(y)ldy

j>1 2771 < |z —y| <29 +2

<Y (F2i e / l9(y)ldy
< O3 (6271 n (622) My (g) ()
i>1
1 a—(n—
< O 5 M (g) ).

a—(n—p_
1-(3)

Putting together these threads gives us

[4a(9)] < Cla, B,n)(6%g.(x) + 87D Mg(g)(x)).
Setting § = (%) e gives

n—B—a

|4a(9)] < Olev, B,n) (M5 (9)(x)) 77 (gu(2)) 7 .

]
Proof of Corollary 1.8. By [Sem94, Theorem 1.92] we know that g € h' if and only

if for any ¢ € C2° with [¢ # 0 there is a constant A such that (g — \) € H'(R™),
with

[¥(g = s @) < Cligllnr @y,

where C' = C(¢) and X is chosen such that [¢(g—\) =01ie. \:= %
Therefore we let g = 1)(g — \) + YA where ¢y € C°, ) =1 on K and 0 < ¢ < 1.
We have § = g in K, ¢(g — \) € H', and

1 1
AU oo (i) < CE) gl Lrxey < CUED NGl 312 g1l 71-

Clearly then we have

1 1
[AL M| L2 k) < C(n, K9l 312 N9l 1

Moreover by applying Theorem 1.7

[A1[(g = Mz x) < C)ll9o(g = Ml 3prn-2llt(g = Ml
< C(n, K)gll31.n-2llgll5-

Therefore A;[g] € L?(K) with

1 1
1A1[g]ll2(x) < Cllgll3prn-2llglips-
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Now set w = N[g] =T x g where N is the Newtonian potential, we have that V,w =
ViN[g] = V,I' % g is an operator of the form A;[g] for a1 (2) = C(n)%%. Therefore
for ¢ € C°(K) we can test

\1\"'

[ oao= [ wla=n+x0 == [ awo= [ Vw90 < CIVlia [6lwrao

1 1
Thus [|g]l-1(x) < Cligll3pn-2llgll5r- O

Proof of Corollary 1.9. We essentially follow [Ada75] here, except that we keep
track of the constants. Let g € MP#, p>1and 0 < ap < n — 3. We will show that

HAoz[ ]HLp(B (@) = C”gHMp 37”8 ifp>1
{2 € Buw) : |Aalg)(2)] > s} < Cllglpu s r? it p=1.

To that end write g, = gxp,,(») and ¢" = g — gr. For g, we know that ||g,[[zr <

Crv llg]l aze.2- Thus by standard estimates for the maximal function (see [Ste70, page
5] for example) we have

1
1, .
1M {g,]||» < C(n )(,, 1)p 7 |9l azes ifp>1

o : Mlg)(2) > s} < Cn)s 117 gllyns iEp= 1.

Now we can directly apply the estimate from Theorem 1.7 to conclude (using the
trivial estimate g.(z) < C(n)M|g](z))

||Aoz[g7‘]||12ﬁ( < C(TL O‘uﬁu ) Hg” pﬁrﬁ 1fp > 1

|{z € By(2) : |4algr)(2)] > s} < Cn, e, B gl u s ™71 i p=1.

Where C(n, «, 8) is the constant appearing in Proposition 1.7.
If z € By(x) then

1
. m@(yﬂ dy

<CZ/ gyl dy

§>1 B,j, (2)\Byj—1,(2) |Z - y|" «
4 s
<O @) gl arsr™ T
1 _n=8
=C—— 5 lgllapsr® >
1-(3)" "

_n=8
S C(nvavﬂvp)ng”]\/[p,ﬁ'ra L

[4alg"l(2) < C

Therefore for p > 1, || Aalg ]||Lp Bo(2)) < C(n, a,ﬁ,p)5|\g||’]\34p,57"3. O

Appendix A. Morrey, Campanato and Holder spaces. Here we state some
important facts concerning Morrey spaces. Clearly MP? = LP and MP" = L, also
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we see that M,[-] = M| is the usual maximal function up to a constant. Also note
that if we allow 3 > n then MP# = {0}.

The related Campanato spaces CP? are variations on BM O, thus we try to cap-
ture an integral measure of oscillation similar to that for the Morrey spaces. For
g€ LY (E) let g, = fBT(I)mEg and we say that g € CP#(E) if g € LP(F) and

»
[9ler.s(my == sup <r‘ﬂ/ lg — gr,m|p> < oo
z€E, r>0 B, (z)NE

with norm (making C”*# Banach spaces)

lgllcr.sz) = [9lers(m) + 19l e (k)

For Lipschitz domains we have MP# = CP# when 0 < 3 < n [Gia83, Chapter III,
Proposition 1.2]. However (modulo constants) CP™ = BMO for all p as opposed to
MP™ = L. We actually have that M?# C CP*# with a uniform estimate (in n, p
and ). The reverse inclusion holds with an estimate whose constant blows up as
approaches n.

Moreover CP*? makes sense for 3 > n and when n < 8 < n+p we have CP% = €%
with v = 5}'%" [Gia83, Chapter III, Theorem 1.2]. If 3 > n + p then CP*# are the
constant functions.

We say that g € M,f’ﬂ if g, V¥g € MP#. Using the Poincaré inequality we see
that if g € MP? for some 0 < 8 < n then g € CPP*P. Therefore if n —p < § < n then

ge %75 Also the borderline case (B =n—p) gives g € BMO. These last facts

yield another proof of the Morrey embedding theorem: suppose g € W4 for ¢ > n.

’7l2 n
Then g e M, 7 «— %174,
We also introduce here the related weak Morrey spaces M (7:%):5 (E), consisting
of functions ¢ in the Lorentz space L) (E) or ‘weak LP’ with

_B
||9|\M<wom(E) ‘= Sup T P||9|\L<p,oo>(BT(m)mE) < 0.
z, >0

This condition is equivalent to

[{x € Bu(wo) N E :|gl(@) > 5} < Cllall sy 77"

with C independent of xg and r.

Even though the Campanato spaces do not interpolate the LP spaces we still have
good estimates on singular integrals. The following result of Peetre [Pee66] generalises
both Calderon-Zygmund and Schauder estimates. We consider the singular integral
operator given by the operation g — V2N/[g]. In words it is the operator that maps
a function to second order derivatives of its Newtonian potential.

THEOREM A.1. Forl <p<oo and 0 < B <n+p, V2N :CPB — CPP s a
bounded operator.

Therefore we also have for 1 < p < co and 0 < 8 < n that V2N : MPB — NP
is bounded.

Appendix B. Hodge Decompositions and Coulomb gauge. We require the
following from [RS08], which shows that we can still find the appropriate Coulomb
gauge even in the Morrey space setting.
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LEMMA B.1. Let Q € M?" 2(By,s0(m) @ A'R™). Then there exists ¢ > 0
such that whenever ||Q||?\42,n,2(31) < ¢ there exist P € WY2(By,SO(m)) and n €

Wy (B, so(m) @ A*R™) such that dy =0 on By and
P~ldP 4+ P'QP = d*.
Moreover VP,V € M*"~2(B;) with

IVPIRg2n28,) + IV0lign-28,) < ClQU 2025, < Ce.

REMARK B.2. This appears different to the lemma appearing in [RS08], however
upon replacing 7 with (—1)3"T! x ¢ as it appears in [RS08] we see they are the same.
The notation here should be explained, d is the exterior derivative, d* = (—1)*("=k) x
dx is the divergence operator on k-forms (formal adjoint of exterior derivative) and
for any form w, Vw refers to the collection of all first order derivatives, as opposed to
dw or d*w which refers to new forms comprised of certain combinations of first order
derivatives of w. Of course * is the hodge star operator.

We recall here that there is a natural point-wise inner product for k-forms given
by (w!,w?) = *(w" A *w?) and an L?-inner product given by (w',w?) = [ *(w!, w?).

Our main reference here is [Mor66, Chapter 7] where we can find all of the results
stated below, in particular we require the following.

LEMMA B.3. Suppose w € L2(By, \' R™) then there are unique a € Wy'2(By),
b e Wr*(Bi, A’ R™) and a harmonic one form h € L*(By, \' R™) such that

w =da + d*b + h.
Moreover db = 0 with

lallwr2,yy + 1bllwrzz,) + |Rll2B)) < Cllwllz2(sy)

and
Hd@H%z(Bl) + ||d*b||%2(31) + HhH%z(Bl) = HWH%%BI)-

We note here that WJ{,’2(Bl, /\]C R™) is the space of forms whose normal boundary
part vanishes, which we may define in a trace sense or equivalently for any smooth
k — 1 form v we have (w,dv) = (d*w,v) when w € Wy*(By, A"R™).

Otherwise we have the more general formula for smooth k£ and k& — 1 forms re-
spectively

(w,dv) = (d*w,v) + / vr A *wy
17}
where 7 and n denote the tangential and normal components. (The latter holds
for any appropriate Sobolev forms by approximation). Note we could easily de-
fine W%’Q(Bl, /\]C R™) in a weak sense also. We use the following fact: For a €
WL2(By, A" 'R"), b € WL2(By, A"R") we have (da,d*b) = 0 if cither ap = 0
or by = 0.
Note that we have Aa = d*w and Ab = dw in a weak sense since dh = d*h = 0,
db = 0 and since a is a function (A = dd* + d*d).
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Appendix C. Absorption lemma. We have changed the hypotheses of the
following lemma compared to how it appears in [Sim96] and [ShTo13], however upon
inspection of the proof (which can be found in [Sim96]) it can be checked that the
lemma as it is stated here is also proved.

LemMA C.1. (Leon Simon [Sim96, §2.8, Lemma 2].) Let B,(y) C R™ be any
ball, k € R, T > 0, and let ¢ be any [0, 00)-valued conver sub additive function on

the collection of balls in B,(y); thus p(A) < Zjvzl ©(A;) whenever A, Ay, Aa, ..., AN

are balls in B,(y) with A C Ujvzl Aj and ANA; # O for any j. There is an ey =
eo(k,n) > 0 such that if

0" 0(Boa(2)) < €00 p(By(2)) + T

whenever Ba,(2) C B,(y), then there exists some C = C(k,n) < oo such that

p"o(By2(y)) < CT.

In particular we can apply this lemma when p(A) = [|k[[%,,, BA)"

Appendix D. Scaling. We will need to consider u, 2 and f solving
—Au=Q.Vu+f

on some small ball Br(zg) C Bi. In order to do so we re-scale 4(z) := u(xo + Rx),
Q(x) = RQ(xo + Rx) and f := R%*f(x¢ + Rx). First of all we see that

A =QVi+f

on B; and we list the scaling properties of the related norms as follows.
o [Qlarzn-2(51) = 12 ar2.0-2(Bp(w0)-
* [iloos sy = R”[U]CWBR(%))
o [lallLis) = R [ullLr(Br(wo)-

||vﬁHMl,u(Bl) = RMHVUHMZVBR(ID)) and setting v = 0 gives

IVl iy = R TIVUll i Br(wo))-
We also have that the Lorentz spaces L or ‘weak’-L! scale in the same
fashion as the usual L' spaces, Vil La.cor(my) = R'-7% IVl La.co) (Br(wo))-

(1,00)

A 2__

hd ||f||LP(Bl) = HfHLP (Br(zo0))*

e For f € Lp(Bl) and 1 < s < p we have [|f]| .no-2 By S C|lfllr(py) for

1
C =C(n,p).
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