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Abstract. The purpose of the paper is to introduce a notion of logarithmic differential forms
on singular varieties. We also compute the Poincaré series and generators of the corresponding mod-
ules in a few particular cases, including quasihomogeneous complete intersections, normal varieties,
determinantal varieties, and others.
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Introduction. The concept of logarithmic differential forms with poles along a
reduced divisor D in a complex manifold M has appeared in contemporary theory in
1960s in relation with studies of Hodge structure and Gauss-Manin connection on al-
gebraic varieties. More precisely, by traditional definition, a meromorphic differential
form ω with poles along such a divisor D is called logarithmic if the two forms ω and
dω have at worst simple poles on D only. The corresponding sheaves are usually de-
noted by Ωp

M (logD), p � 0. For instance, P. Deligne, N. Katz, Ph. Griffiths exploited
this notion for a union of smooth subvarieties which are normally crossing, K.Saito
and his successors studied the case of arbitrary reduced divisors (see [20]), etc.

In his previous works, the author elaborates another approach to this subject,
which is mainly based on an original interpretation of the above definition with the
use of a modified version of the classical de Rham lemma adapted to the case of
singular hypersurfaces (see [2, 4, 6]). In this article, we shall extend the notion of
logarithmic differential forms with poles along Cartier divisors on Cohen-Macaulay
varieties in the course of these ideas. Among other things, we compute the Poincaré
series and generators of the modules of logarithmic differential forms in the case of
divisors given on graded isolated complete intersection singularities (graded ICIS),
normal varieties, determinantal varieties, and others.

In the first two sections, we discuss basic notions and definitions, involving some
important properties of regular differential forms on complex varieties, and describe a
few simple methods for computing the module of Kähler differentials and the Poincaré
series of related objects on quasihomogeneous singularities. Then we apply this tech-
niques for computing the Poincaré series of modules of regular differential forms on
the quotient surface singularities of embedding codimension 2. The next two sections
contain a brief discussion of the main principle of our approach which is based on
a variant of the classical de Rham lemma. This leads to an alternative definition of
logarithmic differential forms which is better suited for the use in a rather general
setting. In the sixth section, we consider some simple properties of logarithmic forms
on normal varieties. Then we compute explicitly the Poincaré series and generators
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of the modules of logarithmic differential forms for divisors given on complete inter-
sections with isolated singularities and determinantal varieties. In the final section,
we analyze an example of 2-dimensional fan, the simplest example of rigid surface
singularity which is neither normal nor Cohen-Macaulay. Almost all results are il-
lustrated by concrete examples, containing explicit computations, nonformal remarks
and comments.

I would like to thank the organizing committee of the Conference, especially
Professor Stephen Yau, for their complimentary invitation to visit the Tsinghua Sanya
International Mathematics Forum and hospitality there. I am also deeply indebted
to all participants of the meeting for many fruitful conversations and stimulating
scientific discussions. I am especially grateful to the referee for careful reading of the
manuscript and useful remarks.

1. Differential forms and the Poincaré complex. Let (X, o) be a germ of
complex space. We choose one of its representatives embedded in an open neighbor-
hood U of the point 0 ∈ Cm with coordinates z1, . . . , zm, and denote it by X . Then
X is determined by an ideal I of the structure sheaf OU , generated by a sequence
of holomorphic functions f1, . . . , fk ∈ OU . In what follows, to simplify notation, we
shall refer to any germ (X, o) of complex space, as well as to its suitable representa-
tive as a singularity or the germ of a singularity (even if the distinguished point o is
nonsingular).

By definition, the coherent sheaves of regular (holomorphic) p-forms Ωp
X , p ≥ 1,

on X are determined by the restriction to X of the corresponding quotient modules:

Ωp
X = Ωp

U/((f1, . . . , fk)Ω
p
U + df1 ∧ Ωp−1

U + · · ·+ dfk ∧Ωp−1

U

)∣∣
X
, (1)

so that Ωp
X =

∧p
Ω1

X , p � 1, where Ω1
X is the coherent sheaf of regular Kähler

differentials on X , Ω0
X = OX and Ωp

X = 0 for p < 0 and p > m. Next, if dimX = n
then the support of the sheaf Ωp

X is contained in the singular locus of X , whereas
n < p � m. We note also that in the case of smooth manifolds or nonsingular spaces
the elements of these sheaves are usually called holomorphic functions, holomorphic
differential forms, etc. Sometimes we shall use these terms in the singular case as
well.

At that, the usual differential d, extended to this quotient, is also denoted by the
same symbol; it endows all this family of sheaves with the structure of an increasing
complex, which is called the Poincaré complex, or the de Rham complex, of X ; it
is denoted by (Ω•

X , d). The OX -module of regular vector fields on X is denoted by
Der(X) ∼= HomOX

(Ω1
X ,OX).

It should be remarked that for nonsingular varieties one of the main results of
the theory of differential forms is the classical Poincaré lemma, which asserts the
acyclicity of the complex (Ω•

X , d).

Let us also give an equivalent definition of regular p-forms in slightly different
notations. In short, we use the notation A to denote the dual local analytic C-algebra
OX,o of the germ X , so that A is the localization at the distinguished point of the
quotient algebra H/I, where H = C〈z1, . . . , zm〉 is the ring of convergent power series
in z1, . . . , zm. In what follows, for simplicity, instead of analytic objects we shall often
consider their affine counterparts; in this case the ringH can be replaced by the ring of
polynomials P = C[z1, . . . , zm], the ideal I is generated by a sequence of polynomials
f1, . . . , fk, and so on. We shall often denote the ground field of characteristic 0 by k.

Then the A-module Ω1
A/k of Kähler differentials of k-algebra A is determined by
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the exact sequence

I/I2
D
−→ Ω1

P/k ⊗P A −→ Ω1
A/k −→ 0, (2)

where the homomorphism D is given by the rule D(f) = d(f)⊗1 for an element f ∈ I
and its class f in the conormal module I/I2, and where d : P → Ω1

P/k is the universal

differentiation. Thus, Ω0
A/k = A, Ωp

A/k =
∧p

Ω1
A/k for all p ≥ 1, and Ωp

A/k = 0 for

p < 0 and p > m. In fact, D can be represented by the jacobian matrix of the
map determined by the sequence of functions (f1, . . . , fk). Recall that, for any exact
sequence of A-modules N → M → M/N → 0, there exists a representation

∧p(M/N) ∼= ∧pM/{n ∧m1 ∧ . . . ∧mp−1}

for all n ∈ N,mi ∈ M, i = 1, . . . , p− 1. This yields the equivalence of both definitions.
Remark also that, in the standard notations of deformation theory, there is a

canonical isomorphism Ω1
A

∼= T0(A), and the kernel of the map D from the funda-
mental sequence (2) is isomorphic to T1(A), where Ti(A), i = 0, 1, are the lower
cotangent homology modules of the k-algebra A. In particular, we can complete the
sequence (2) to a left exact sequence in the following way:

0 −→ T1(A) −→ I/I2
D
−→ Ω1

P/k ⊗P A −→ Ω1
A/k −→ 0. (3)

Example 1. Suppose that the singularity X is determined in C2
x,y by the two

functions f1 = x2 and f2 = xy. That is, X is the germ of the union of coordinate axes
with an embedded point at the origin, since (x2, xy) = (x) ∩ (x, y)2 = (x) ∩ (x2, y).
Hence, X is an isolated nonreduced 1-dimensional singularity, which is not Cohen-
Macaulay. One can readily verify that Ω1

A
∼= C〈dx, dy, ydx, ydy, y2dy, y3dy, . . .〉, and

T1(A) ∼= C〈x3, x2y〉.

Example 2. If the ideal I is generated by a regular sequence of functions
f1, . . . , fk, then the corresponding germ is called a complete intersection. It is well-
known that, in this case, Ti(A) = T i(A) = 0 for all i ≥ 2. If such a germ is, in
addition, reduced, then T1(A) = 0 and the sequence (2) is left-exact (cf. [21, §4,
Example (1)]).

Note also that a local k-algebra A for which T1(A) = 0, is called an L-algebra
(see [21, (1.1), (2.2)]).

It should be mentioned that one can find in [7, Sections 11 & 15] a more detail
discussion of the basic properties of the first cotangent homology T1(A), as well as
some useful applications.

2. Quasihomogeneous singularities. Suppose now that the germ of an n-
dimensional singularity X is determined by an ideal I ⊂ P generated by a sequence
f1, . . . , fk of functions in variables z1, . . . , zm, which are quasihomogeneous of degrees
d1, . . . , dk relatively to weights w1, . . . , wm. Then this germ is said to be of type
π(X) = (d1, . . . , dk;w1, . . . , wm) ∈ Zk × Zm.

Under the same conditions, the modules Ωp
X for all p ≥ 0, as well as Ti(X) and

Ti(X) for i ≥ 0, are equipped with a natural Z-grading in which deg(dfj) = dj ,
j = 1, . . . , k, and deg(dzi) = wi, i = 1, . . . ,m. The elements of the homogeneous
component T0(X)v ∼= Der(X)v are called vector fields of weight v. In particular,
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the weight of the partial derivatives ∂/∂zi is equal to −wi, i = 1, . . . ,m; the element
V0 =

∑m
i=1

wizi∂/∂zi ∈ Der(X)0 of zero weight is usually called the Euler vector field.
If the grading is positive, then π(X) ∈ Zk

+ × Zm
+ , and the germ is called a singularity

with an effective C∗-action.
Suppose that M =

⊕
ν∈Z

Mν is a Z-graded A-module whose homogeneous com-
ponents are finite-dimensional. Then the formal Laurent series

P(M ; t) =
∑
ν∈Z

dimk(Mν) t
ν

is called the Poincaré series of M . If the sum is finite, then P (M ; t) is usually called
the Poincaré polynomial ; in this case P(M ; 1) = dimk(M).

In the case of Example 1 one can easily verify

P(OX ; t) = (1 + t− t2)/(1 − t) = 1 + 2t+ t2 + t3 + t4 + t5 + . . . ,

P(Ω1
X ; t) = t (2− t2)/(1− t) = 2t+ 2t2 + t3 + t4 + t5 + . . . ,

P(T1(X); t) = 2t3, and so on.

Now, we proceed to a description of the modules of differential forms Ωp
X , p ≥ 0,

for certain types of graded singularities using the technique of Poincaré series calculus.
Let X be the germ of an n-dimensional isolated complete intersection singularity

given by a regular sequence of quasihomogeneous functions f1, . . . , fk of weighted
degrees d1, . . . , dk relative to variables with weights w1, . . . , wm, so that m− k = n.

If n ≥ 1, that is, the singularity X has positive dimension, then the type of
quasihomogeneity is determined uniquely, except in the case of a hypersurface with
multiplicity 2, and π(X) ∈ Z

k
+ ×Z

m
+ . In other words, the singularity X is Z+-graded,

or positively graded, and the Euler vector field generates the OX -module Der(X)
modulo Hamiltonian vector fields (see [1, Theorem 6.1]). In the exceptional case,
a grading is defined not uniquely, but there always exists the normalized canonical
Z+-grading introduced by K.Saito (see further details in [1, (6.3), (6.4)]).

Lemma 1 ([1, Lemma 3.2]). Let X be the germ of an n-dimensional isolated
complete intersection singularity. Then the Poincaré series of modules of regular
(holomorphic) forms of order p, 0 ≤ p ≤ n, on X can be represented as follows:

P(Ωp
X ; t) = P(OX ; t) res

ξ=0
ξ−p−1

∏
(1 + ξtwi)

/∏
(1 + ξtdj ),

where P(OX ; t) =
∏
(1 − tdj)/

∏
(1 − twi).

Remark 1. In the author’s paper cited above, the Poincaré series of the modules
Der(X) and T1(X) were also computed.

A detail proof of this statement with the use of a generalized de Rham lemma can
also be found in [5]. Yet another approach, based on the use of an explicit form of the
Lebelt resolvents for the modules of holomorphic forms on complete intersections with
isolated singularities, is discussed in [7]. Modifying these methods in an appropriate
direction, one can adapt them for computing the Poincaré series of modules of regular
holomorphic forms on varieties of divers kinds.

For example, in describing the modules Ωp
X on hypersurfaces with nonisolated

singularities, it is convenient to use the four-term exact sequences (13) (see Section 5
below), which are closely related to the modules of logarithmic differential forms.
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3. Graded L-algebras. Developing the methods mentioned above, one can also
learn how to compute the Poincaré series of modules of differential forms given on
noncomplete intersections: on Cohen-Macaulay curves, normal, determinantal and
toric varieties, and others.

Hereinafter, for the sake of simplicity, we shall examine a few examples of non-
complete intersection singularities whose first cotangent homology is trivial. In this
case, the exact sequence (2) can be presented in the same form as in the case of
reduced complete intersections, namely (in view of Example 2) we have

0 −→ I/I2
D
−→ Ω1

P/k ⊗P A −→ Ω1
A/k −→ 0, (4)

with the only difference that the conormal A-module I/I2 is not free.
The class of such singularities contains the normal Cohen-Macaulay germs of

embedding codimension 2 (see [22, (4.6)]), some types of determinantal singularities
(see [14]), singular loci of germs with nonisolated singularities of linear type, etc.

As an important example we shall compute the Poincaré series of modules of
differential forms for a series of surface singularities with embedding dimension 4,
which are quotients of smooth manifolds by cyclic groups. Deformation theory of
such singularities were investigated in detail in [19].

More precisely, let (x : y : z : u) denote homogeneous coordinates in projective
space P3. Then A ∼= k[x, y, z, u]/I, and the prime ideal I = (f12, f13, f23) is generated
by the maximal minors of the matrix

Ma,b =

[
x y zb−1

ya−1 z u

]
, (5)

where a, b � 2, so that

f12 = xz − ya, f13 = ya−1zb−1 − xu, f23 = yu− zb.

It should be remarked that the first element of this series for a = b = 2 is a
remarkable determinantal surface of embedding codimension 2, which occurs in many
works and is called the Hilbert cubic. In fact, it is the affine cone over the rational
curve of degree 3 in projective space P3, given by the embedding P1 → P3 by the
sheaf OP1(3) (see [17, §8]).

It is readily seen that a rational parameterization ρ : (C2, 0) → X of this normal
cubic surface singularity is determined by the formulas

x = ξab−1, y = ξbζ, z = ξζa, u = ζab−1, (6)

so that ρ∗(A) ∼= k〈ξab−1, ξbζ, ξζa, ζab−1〉 ⊂ k〈ξ, ζ〉. Next, the germ X is a determi-
nantal isolated singularity of embedding codimension 2. In particular, X is a normal
Cohen-Macaulay germ, and hence T1(A) = 0. We also note that the germ X is an
almost complete intersection and, consequently, it is not a Gorenstein germ.

First show how to compute the Poincaré series P(A; t) of the structure analytic
algebra A. In what follows, to simplify notation, for a graded A-module M we shall
denote by M(λ) the graded A-module, which is obtained from M by shifting the
grading to the left by λ ∈ Z, i.e. [M(λ)]ν = Mν+λ. It is well-known (see, e.g., [19,
Section 4, Remark]), that there exists a P -free Hilbert resolvent of the ideal I:

0 −→ P 2(−(a+ b− 1))
ϕ1

−→ P (−a)⊕ P (−(a+ b)− 2)⊕ P (−b)
ϕ0

−→ I −→ 0,
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where ϕ0 = [f12, f13, f23]
T , and the rows of the matrix

ϕ1 =

[
zb−1 y x
u z ya−1

]
, (7)

are given by the two evident syzygies of the first order between the generators f12,
f13, and f23. Here we have used the usual grading:

deg x = a− 1, deg y = deg z = 1, deg u = b− 1,

so that the weighted degrees of the generators f12, f13, f23 of the ideal I are equal to
a, a+ b − 2, and b, respectively. Taking into account the shifting of grading, we see
that deg(ϕ0) = deg(ϕ1) = 0. As a result,

P(I; t) = (ta + ta+b−2 + tb − 2ta+b−1)/ϑ(t),

where ϑ(t) = (1− ta−1)(1− tb−1)(1− t)2. Next, since A = P/I and P(P ; t) = 1/ϑ(t),
we obtain

P(A; t) = 1/ϑ(t)− P(I; t) = (1− ta − ta+b−2 − tb + 2ta+b−1)/ϑ(t).

The Poincaré series P(I2; t) can be computed in a similar way. Indeed, the ideal
I2 is generated by the six elements:

f2
12, f12f13, f12f23, f

2
13, f13f23, f

2
23.

The first row of the matrix ϕ1 determines a syzygy between the first three gen-
erators, since they have a common factor f12. The same procedure yields syzygies
between the second, fourth, and fifth generators, as well as between the third, fifth,
and sixth generators, because the former triple has a common factor f13, while the
latter has a common factor f23. Similar relations are derived from the second row
of the matrix ϕ1 by using cyclic permutations of the variables in the first row. As a
result, we obtain a complete system of six syzygies of the first order, which can be
represented by the matrix

S1 =

⎡
⎢⎢⎢⎢⎢⎢⎣

zb−1 0 0 u 0 0
y zb−1 0 z u 0
x 0 zb−1 ya−1 0 u
0 y 0 0 z 0
0 x y 0 ya−1 z
0 0 x 0 0 ya−1

⎤
⎥⎥⎥⎥⎥⎥⎦
. (8)

Finally, there exists the only syzygy of the second order between the six columns
of the matrix: S2 = [u, z, ya−1,−zb−1,−y,−x]. Let us now denote by νi the weighted
degrees of the generators of the ideal I2, that is,

ν1 = 2a, ν2 = 2a+ b− 2, ν3 = a+ b, ν4 = 2a+ 2b− 4, ν5 = a+ 2b− 2, ν6 = 2b.

Similarly to the above we obtain a P -free resolvent

0 → P (−2(a+ b− 1))
β2

−→

P 2(−(2a+ b− 1))⊕ P 2(−(2a+ 2b− 3))⊕ P 2(−(a+ 2b− 1))
β1

−→

⊕6
i=1P (−νi)

β0

−→ I2 → 0,
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where β0 is a vector-column determined by the six generators of the ideal I2, while
β1 and β2 are given by the matrices ST

1 and S2, respectively. It is clear that in our
grading deg β0 = deg β1 = deg β2 = 0. Hence,

P(I2; t) = (
∑6

i=1
tνi − 2t2a+b−1 − 2t2a+2b−3 − 2ta+2b−1 + t2a+2b−2)/ϑ(t).

Taking into account the exact sequence (4), where deg(D) = 0, we get

P(Ω1
A; t) = (ta−1 + 2t+ tb−1)P(A; t)− P(I; t) + P(I2; t).

To obtain P(Ω2
A; t) without tedious computations, we apply a simple trick (see

[7, Example 15.9]). Namely, it is well known (see [16, Lemma 2.1.1]) that, for isolated
singularities with an effective C∗-action, the generalized Koszul complex

0 −→ Ω4
A

ιE−→ Ω3
A

ιE−→ Ω2
A

ιE−→ Ω1
A

ιE−→ A
ε

−→ k −→ 0 (9)

is acyclic in all dimensions. Here ιE denotes the contraction along the Euler vector
field E = x ∂

∂x+y ∂
∂y+z ∂

∂z+u ∂
∂u and ε is the augmentation epimorphism. In particular,

χ(Ω•
A, ιE) = 0. This immediately implies the following identity for the Poincaré series:∑

p≥0
(−1)pP(Ωp

A; t) = 1. (10)

Moreover, the modules Ω3
A and Ω4

A, as well as the corresponding Poincaré series,
are very easy to compute. Indeed, both modules are finite-dimensional vector spaces
over the ground field k. Next, the space Ω4

A, as a k-module, is generated by the
differential form dx ∧ dy ∧ dz ∧ du, so that P(Ω4

A; t) = ta+b.
Further calculations show that the module Ω3

A is generated over k by the a − 1
forms 〈1, y, y2, . . . , ya−2〉dx∧dy∧dz, the b forms 〈1, x, z, z2, . . . , zb−2〉dy∧dz∧du and
the two forms dx ∧ dy ∧ du and dx ∧ dz ∧ du. That is, dimk Ω

3
A = a+ b+ 1 and

P(Ω3
A; t) = ta+1(1 + t+ . . .+ ta−2) + ta+b + tb+1(1 + t+ . . .+ tb−2) + 2ta+b−1.

It is useful to note that the 3-form of weight a + b is equal to xdy ∧ dz ∧ du ≡
ιE(dx ∧ dy ∧ dz ∧ du). Finally, making use of the identity

P(Ω2
A; t) = 1− P(A; t) + P(Ω1

A; t) + P(Ω3
A; t)− P(Ω4

A; t),

one can derive the desired explicit formula.

Example 3. In the case of Hilbert cubic (a = b = 2), one obtains

P(I; t) = (3t2 − 2t3)/(1− t)4, P(A; t) = (1 − 3t2 + 2t3)/(1− t)4 = (1 + 2t)/(1− t)2,

P(I2; t) = (6t4 − 6t5 + t6)/(1− t)4,

P(Ω1
A; t) = 4tP(A; t)− P(I; t) + P(I2; t) = t(4 + 5t− 4t2 + t3)/(1 − t)2,

P(Ω3
A; t) = 4t3 + t4, P(Ω4

A; t) = t4, P(Ω2
A; t) = t2(6− 7t2 + 4t3)/(1− t)2.

As a consequence, in the notation of [11] or [5], we get the following value of the
homological index for a suitable Euler vector field V0 of weight 0 on the Hilbert cubic:

Indhom,o(V0) = (P(A; t) − P(Ω1
A; t) + P(Ω2

A; t))
∣∣
t=1

= (1 + P(Ω3
A; t)− P(Ω4

A; t))
∣∣
t=1

= (1 + 4t3)
∣∣
t=1

= 5.
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It is possible to continue these calculations and analyze a lot of others, more
complicated examples just as easily.

Example 4. Set a = k+1, b = 2, so that the quotient surface singularity Xk+1,2

is determined by the maximal minors of the matrix

Mk+1,2 =

[
x y z
yk z u

]
.

In this case, we obtain

P(Ω3
A; t) = t3 + tk+3 + tk+2(3 + t+ . . .+ tk−1), P(Ω4

A; t) = tk+3,

Indhom,o(V0) = (1 + P(Ω3
A; t)− P(Ω4

A; t))
∣∣
t=1

= (1 + t3 + tk+2(3 + t+ . . .+ tk−1))
∣∣
t=1

= k + 4.

Remark 2. In general, for arbitrary n-dimensional isolated singularity X one
may consider the Euler characteristic of the torsion subcomplex (Tors Ω̂•

X , d) of the

truncated de Rham complex (Ω̂•
X , d) (see [5, 7]) as a basic analytic invariant of the

set of vanishing cocycles of different dimensions. Let denote it by τ ′(X). Then

τ ′(X) = (−1)n
n∑

i=1

(−1)iτ ′i(X),

where τ ′i(X) = dimk TorsΩ
i
X , i = 1, . . . , n.

Assume that the singularity X is endowed with an effective C
∗-action. Then, in

virtue of relation (10),

τ ′(X) = (−1)n+1

m∑
i=n+1

(−1)i dimk TorsΩ
i
X ,

where m is the embedding dimension of the singularity X .
As a result,

Indhom,o(V0) = 1 + (−1)nτ ′(X).

In particular, this implies τ ′(Xk+1,2) = k + 3. Moreover, it is well known also (see,
e.g., [13]) that, for graded isolated complete intersection singularities, τ ′i(X) = 0 for
all 0 ≤ i < n, so that

μ(X) = τ(X) = τ ′(X) = τ ′n(X),

where μ(X) and τ(X) are the Milnor and Tjurina numbers of X , respectively.
It should be also underlined that in the case of an isolated complete intersection

singularity the homological index Indhom,o(V0) coincides with the Poincaré index of
the vector field V0 on the singularity (see [11]). Developing this idea, one can compute
other important topological and analytic invariants of singularities of divers kinds (see,
e.g., [7]).

In the same vein, we can compute the Poincaré series of modules of differen-
tial forms for many types of affine toric varieties and, more generally, of varieties
associated with semigroups.
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4. The Poincaré index and the Cauchy integral. First recall that, one
of the best familiar problems considered by Poincaré in his pioneer research, is the
analysis of the system of differential equations

dx

dt
= P (x, y),

dy

dt
= Q(x, y),

where P (x, y) and Q(x, y) are continuous functions, given on an open domain G of
the Euclidean plane R

2 with coordinates x, y, and having continuous partial deriva-
tives in this domain. It should be remarked that such systems, whose right parts do
not depend on the parameter t in an explicit way, are often called autonomous or
dynamical systems on the plane.

Thus, at each point of G we can define a vector whose components are values of
the functions P (x, y) and Q(x, y), so that the dynamical system determines the vector
field in the domain G

V = P (x, y)
∂

∂x
+Q(x, y)

∂

∂y
.

If at least one coefficient of the field does not vanish at some point of the domain
then the length of the vector r =

√
P 2 +Q2 at this point differs from zero and the

angle ϑ between the axis x and the vector at this point (in the standard orientation)
is given by the following expressions:

sinϑ =
Q√

P 2 +Q2
, cosϑ =

P√
P 2 +Q2

.

Otherwise, if P (x, y) = Q(x, y) = 0, then the direction of the vector is undefined
and the corresponding point is called the singular point of the vector field or the
equilibrium point of the system.

Let us now assume that the boundary of the domain G is a smooth closed curve
γ = ∂G, that is, γ = γ(t), t ∈ [0, 2π], γ(0) = γ(2π), and the vector field has no singular
points on the curve, that is, V (g) �= 0 for all g ∈ γ. One can regard the vector filed
V on the boundary as a periodical vector-function V (t) = V (γ(t)), depending on the
parameter t on the curve γ. By definition, the Poincaré index of the vector field V

on the boundary ∂G is the number of rotations of the vector V (t), bypassing along
the boundary when the parameter t varies from 0 till 2π. In fact, it is the index of
the curve γ, which can be presented in terms of the famous Poincaré formula (1886):

Ind γ =
1

2π

∮
γ

dϕ, where ϕ = arctan
Q

P
, dϕ =

QdP − PdQ

P 2 +Q2
. (11)

In addition, if the vector field V has no singular points on G \ o, then Ind γ is
called the Poincaré index of V at the distinguished point.

The celebrated Poincaré theorem proclaims that, in the case when the index does
not vanish, there is an equilibrium point of the dynamical system in the interior part
of G. If the index vanishes then the vector field can be prolong from the boundary
into the domain, so that the interior part of G does not contain equilibrium points
at all. That is, analyzing the behavior of the vector field on the boundary, one can
understand whether equilibrium points exist inside the domain.

Example 5. Set P = x and Q = y. In complex analysis, the differential form
dϕ = ydx−xdy

x2+y2 is usually referred (e.g., in Cauchy’s works) as the imaginary part of
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the complex differential form dz
z , where z = x + iy, or, in other terms,

∮
γ
dϕ is “the

variation of the argument of the complex number z along the path γ”(see [9, Pt.II,
§1, n. 5]).

Among other things we shall see below (cf. Example 7) that the differential form
dϕ can be regarded as the imaginary part of a rational differential form in the plane
with logarithmic poles along the divisor D, determined by the equation P 2 +Q2 = 0,
in the usual complexification of the real plane R2. Thus, the form dz

z or its imaginary
part, as well as the form dϕ from (11) can be regarded as the first examples (or even
prototypes) of complex and real logarithmic differential forms.

5. The de Rham lemma towards logarithmic forms. First recall an ob-
servation due to de Rham, which plays an important role in analysis and geometry.

Theorem 1 (see [10]). Assume that X is the germ of a smooth manifold M of
dimension m � 1 and all the coefficients of a differential 1-form ω ∈ Ω1

M,o generate
a regular sequence in the local ring OM,o. Then the increasing complex (Ω•

M,o,∧ω)
is acyclic in all dimensions 0 � p < m. In particular, there are exact sequences of
OM,o-modules

0 −→ ω∧Ωp−1

M,o −→ Ωp
M,o

∧ω
−→ Ωp+1

M,o −→ Ωp+1

M,o/ω∧Ω
p
M,o −→ 0 , 0 � p < m. (12)

Under the same assumptions, the classical de Rham lemma is usually formulated
as follows: if a differential form η ∈ Ωp

M,o satisfies the condition ω ∧ η = 0, then

η = ω ∧ ξ for a suitable holomorphic form ξ ∈ Ωp−1

M,o.
The following assertion from [2, 4] can be regarded as a modified version of the

above statement for singular hypersurfaces in a smooth manifold.

Lemma 2. Suppose that a reduced divisor D in a complex manifold M is de-
termined in a suitable neighborhood U of the distinguished point o ∈ M by arbitrary
function h ∈ OM,o without multiple factors. Then for p = 0, 1, . . . ,m − 1 there are
exact sequences of OM,o-modules

0 −→ Ωp
M,o(logD)

·h
−→ Ωp

M,o
∧dh
−→ Ωp+1

M,o/h·Ω
p+1

M,o −→ Ωp+1

D,o −→ 0. (13)

Proof. Taking ϑ ∈ Ker(∧dh) ⊆ Ωp
M,o, we see that dh∧ϑ = h·ξ, where ξ is contained

in Ωp+1

M,o. Then, in view of [20, (1.1)], the meromorphic form ω = ϑ/h is contained in

Ωp
M,o(logD), because dh ∧ ω = ξ. Therefore hdω = d(hω)− dh ∧ ω = dϑ− ξ ∈ Ωp+1

M,o

is holomorphic on M . Thus, Ker(∧dh) ⊆ h· Ωp
M,o(logD) and vice versa.

Remark 3. It is not difficult to see that the preceding lemma, as well as the
traditional definition of logarithmic differential forms, has a significant meaning over
the ground field of real numbers R. In fact, making use of the approach developed
by the author in [2, 4], one can prove that many results from the theory of complex
logarithmic differential forms are valid in the real case with minor changes (see, for
example, [12]).

Example 6. Suppose that M = C2
x,y. Let us consider the hypersurface D given

by the equation xy = 0, that is, h = xy, and D is a plane curve with a node. In other
words, it is an A1-singularity, a very particular case of strongly normal crossings.



LOGARITHMIC FORMS ON CM-VARIETIES 21

Then the exact sequence (13) for p = 0 implies Ker(∧dh) = hOM , because

ϕ ∧ dh = h·ξ, ξ ∈ Ω1
M ⇐⇒ ϕ = ψh, ψ ∈ OM .

Next, for p = 1 one gets Ker(∧dh) ∼= OM 〈dh, ydx − xdy〉 ∼= OM 〈dx, dy〉, while
Ker(∧dh) ∼= Ω2

M
∼= OM 〈dx ∧ dy〉 for p = 2. As a result, we derive

Ω0
M,o(logD) ∼= OM,o, Ω1

M,o(logD) ∼= OM,o〈
dh
h , ydx−xdy

h 〉 ∼= OM,o〈
dx
x , dy

y 〉,

Ω2
M,o(logD) ∼= OM,o〈

dx∧dy
h 〉.

All these OM,o-modules are free of rank 1, 2 and 1, respectively. It is not difficult to
verify that ϑ = ydx−xdy ∈ TorsΩ1

D,o. Indeed, taking a non-zero divisor x+y ∈ OD,o,

one obtains the following identities in Ω1
D,o :

(x+ y)·ϑ = xydx− x2dy + y2dx− xydy = −(x− y)dh+ 2h(dx− dy) ≡ 0.

Moreover, in this case, Tors Ω1
D,o

∼= OD,o〈ϑ〉 ∼= C〈ϑ〉, and the Milnor number
μ(D) = 1.

Example 7 (cf. [18, Pt. III, Ch. 2, §3]). In the notation and under assumptions
of Section 4, we set p = P + iQ, q = P − iQ, so that the function h = p q = P 2 +Q2

determines the divisor D in the usual complexification of R2. Then

dϕ =
QdP − PdQ

P 2 +Q2
= i

2
·
qdp− pdq

p q
,

so that hdϕ = QdP − PdQ and dh ∧ dϕ = −2dP ∧ dQ = −idp ∧ dq are regular
(continuous) everywhere. Thus, one can regard the real 1-form ϑ = QdP − PdQ as
the imaginary part of the complex (torsion) 1-form 1

2
(pdq − qdp) ∈ Ω1

D. Similarly,
dϕ is a real rational 1-form and one can regard this form as the imaginary part of a
complex differential form with poles along the divisor D ⊂ C2.

Example 8. Let D ⊂ M be a complex plane curve with a cusp given by the
quasihomogeneous polynomial h = x2 − y3. In other words, D is an A2-singularity.
Routine calculations show that

Ω1
M,o(logD) ∼= OM,o〈

dh
h , 2ydx−3xdy

h 〉, Ω2
M,o(logD) ∼= OM,o〈

dx∧dy
h 〉

are free OM,o-modules of rank 2 and 1, respectively. Notice that the numerator
of the second generator of Ω1

M,o(logD), the differential 1-form ϑ = 2ydx − 3xdy,

represents an element of the torsion submodule TorsΩ1
D,o ⊂ Ω1

D,o. Indeed, in our case

OD,o
∼= C〈t2, t3〉, the normalization � : D̃ → D is given by formulas x = t3, y = t2.

Thus,

�∗(ϑ) = �∗(2ydx− 3xdy) = 2t2dt3 − 3t3dt2 = 0,

that is, ϑ ∈ Ker(�∗) ∼= TorsΩ1
D,o. Equivalently, taking a non-zero divisor x ∈ OD,o,

one then obtains x ·ϑ = 2xydx − 3x2dy = ydh − 3hdy ≡ 0 in the quotient module
Ω1

D,o = Ω1
M,o/(h ·Ω

1
M,o + dh ∧ OM,o). Further calculations show that TorsΩ1

D,o
∼=

OD,o〈ϑ〉 ∼= C〈ϑ, y ·ϑ〉, that is, μ(D) = 2.
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Example 9 (cf. [3, §1]). For completeness, let now consider the unimodal
semi-quasihomogeneous singularity E12 given by the polynomial h = x3 + y7 + xy5.
Then more complicated calculations show that the free OM,o-module Ω1

M,o(logD) is

generated by the two differential forms ωi =
1

hϑi, i = 1, 2, where

ϑ1 = (3y2− 21xg− 5y3g) dx − (7xy + 35y4g) dy,

ϑ2 = (3xy− 5xy2g + 7y4g) dx − (7x2− 49y5g) dy,

and g = 1/(147 + 25y). In particular, it is not difficult to verify the following useful
relations: gdh = − 1

7
(xϑ1 − yϑ2), ϑ1 ∧ ϑ2 = 147gh dx ∧ dy, and so on.

6. Normal varieties. Now let us suppose that (X, o) is the germ of complex
space of dimension n � 1 determined locally by a sequence of functions f1, . . . , fk. Let
X be its suitable representative embedded in an open neighborhood U of the point
0 ∈ Cm. Then the local equation of any effective Cartier divisor D ⊂ X is given, in
the neighborhood U of the point 0, by a non-zero divisor h ∈ OX,o (see [15, Lecture
9]).

Thus, if z = (z1, . . . , zm) is a system of local coordinates in a neighborhood U
of 0 ∈ Cm, then h(z)

∣∣
X

= 0 is a local equation of the divisor D at o ∈ X , so that
OD,o

∼= OX,o/(h) ∼= OCm,0/(f1, . . . , fk, h).
In what follows, unless otherwise specified, we shall suppose that the depth of

a Cartier divisor along its singular locus is positive, that is, in the standard nota-
tion, depth(SingD,D) � 1. In particular, this means that the image of the Jacobi
ideal Jac(h) under the canonical epimorphism OX,o → OD,o contains at least one
regular element g, which certainly is not a zero divisor. Such divisors do not have
multiple components of the maximal dimension. However, they are nonreduced in
the commonly accepted sense, since they may have embedded components of lower
dimensions.

It should be noted that if D is a Cartier divisor in any complex space X such
that D is a Cohen-Macaulay space or variety of positive dimension, then there is
at least one non-zero divisor in the local ring OD,o. In particular, the inequality
codim(SingD,D) � 1 yields that D is reduced and vice versa (see [13, Lemma 1.1]);
in this case the inequality depth(SingD,D) � 1 is also fulfilled.

One can regard the next assertion as an analog of the Lemma 2, as well as a variant
of the fundamental sequence (2) or sequence (13), in the case of Cartier divisors.

Lemma 3. In the same notation and under the same assumptions for every p � 0
there exists the following exact sequence

0 −→ KerpX,o(∧dh) −→ Ωp
X,o

∧dh
−→ Ωp+1

X,o /h·Ω
p+1

X,o −→ Ωp+1

D,o −→ 0. (14)

Remark 4. Recall, in addition, the following useful observation: if X is a com-
plete intersection, then the generalized de Rham lemma from [13, Lemma 1.6] implies
that there are the following exact sequences of OX,o-modules

0 −→ Ωp
D,o

∧dh
−→ Ωp+1

X,o /h·Ω
p+1

X,o −→ Ωp+1

D,o −→ 0 (15)

for all 0 � p < c − 1, where c = codim(SingD,D). In particular, in these cases the
kernel of exterior multiplication by the total differential dh in the sequence (14) is
isomorphic to the sum (h)Ωp

X,o + dh ∧Ωp−1

X,o .
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Definition 1. Given a Cartier divisor D on a complex space X , the analytic
sheaves of logarithmic differential forms Ωp

X(logD), p � 0, are locally defined via the
kernel of the operator of exterior multiplication as follows:

Ωp
X,o(logD) = 1

h KerpX,o(∧dh) : = 1

h Ker (∧dh : Ωp
X,o −→ Ωp+1

X,o /h·Ω
p+1

X,o ),

where by ∧dh we denote the homomorphism of exterior multiplication by the total dif-
ferential of the function h. In particular, the analytic sheaves Ωp

X(logD) are coherent
for all p � 0.

Tautologically, the set of regular p-forms, annihilated by the exterior multiplica-
tion by dh, coincides with h·Ωp

X,o(logD) (cf. Lemma 2).

Assertion 1. In the notation of the above definition, the OX,o-module
Ωp

X,o(logD) consists of germs of meromorphic p-forms ω on X such that ω and dω
have at worst simple poles along D. In other words, hω and hdω are regular at o, that
is,

h·Ωp
X,o(logD) ⊆ Ωp

X,o, h·d(Ωp
X,o(logD)) ⊆ Ωp+1

X,o .

In addition, dh∧Ωp
X,o(logD) ⊆ h·Ωp+1

X,o (logD), that is, dh
h ∧Ω

p
X,o(logD) ⊆ Ωp+1

X,o (logD).

Proof. Taking ϑ ∈ KerpX,o(∧dh) ⊆ Ωp
X,o, we see that dh ∧ ϑ = h ·ξ for a suitable

regular form ξ ∈ Ωp+1

X,o . Since h is not a zero divisor, then one can examine the

form ω = ϑ/h, which, evidently, is contained in Ωp
X,o(logD). Indeed, the condition

dh ∧ ϑ = 0 implies dh ∧ ω = 0. Hence, hdω = d(hω) = dϑ ∈ Ωp+1

X,o is regular on X at

the distinguished point. Next, since the equality dh∧ϑ = hϑ′ for a suitable ϑ′ ∈ Ωp+1

X,o

follows from the definition immediately, the last inclusion is evident.

Remark 5. In fact, Definition 1 is closely related with another application of
Theorem 1 in the context of the theory of generalized functions : any distribution T
of degree zero, satisfying the condition T ∧ ω = 0, is equal to a multiple of the Dirac
distribution (see [10], eq.(5)).

The following statement from basic commutative algebra (see, e.g., [8, Ch. IV,
§1, Corollaire 2]) is very useful for explicit computations of the quotient modules
Ωp+1

X,o /h·Ω
p+1

X,o in the exact sequence (14).

Assertion 2. Given a Noetherian ring A, the homothety of an A-module M ,
corresponding to any element h ∈ A, is injective if and only if the element h does not
belong to any of the prime ideals associated with the module M .

The next proposition is concerned an extension of the basic properties of loga-
rithmic differential forms for divisors given on smooth manifolds to the case of normal
varieties. Although we do not use this statement later on, however, it is essential to
the understanding of the subject. For convenience, we reproduce the corresponding
results from [20, (1.1)] with relevant changes.

Proposition 1. Let V be a domain of Cm, let X be a normal subspace of
dimension n � 2, U = X∩V and D ⊂ X a Cartier divisor determined by an equation
h(z) = 0, where h ∈ OX,o is regular on U , such that depth(SingD,D) � 1. Then for
a meromorphic q-form ω on X with poles along D the following four conditions are
equivalent:

(i) differential forms hω and hdω are regular on X,
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(ii) differential forms hω and dh ∧ ω are regular on X,

(iii) there exists a regular function g ∈ OX,o, a regular (q−1)-form ξ ∈ Ωq−1

X,o and

a regular q-form η ∈ Ωq
X,o on X, such that:

a) dimC D ∩ {z ∈ V : g(z) = 0} � n − 2, that is, g is not a zero divisor in
the local ring OD,o,

b) gω = dh
h ∧ ξ + η,

(iv) there exists an (n − 2)-dimensional analytic subset W ⊂ D such that the
germ of ω at any point p ∈ D \W belongs to dh

h ∧Ωq−1

U,p +Ωq
U,p, where Ωq

U,p = Ωp
X,o|U

denotes the module of regular q-forms on U at p.

Proof. First note, that the local ring OX,o of any normal variety is a domain. In
particular, this ring does not contain zero divisors at all. The equivalence (i) ⇔ (ii)
is evident, the proof of implications (ii) ⇒ (iii) and (iii) ⇒ (iv) goes similarly to the
proof in [20], taking into account that, by our assumptions, the image of the ideal
Jac(h) under the canonical epimorphism OX,o → OD,o contains a non-zero divisor
g. Finally, let ω be a differential form satisfying the condition (iv). Then hω and
dh∧ω are regular on D \W . Since codim(W,U) � 2, we can apply Hartogs’ theorem:
any regular function outside of an analytic subset of codimension at least two in a
normal variety can be extended to the whole variety in a regular way. As a result,
both differential forms hω and dh ∧ ω can be extended on U in such a way.

It should be also noted that normal varieties are characterized by the latter prop-
erty completely. Moreover, in complex analysis and geometry it is often taken as a
definition of normal varieties.

Corollary 1. Assume that X is a normal variety. Then the direct sum
Ω•

X,o(logD) = ⊕m
p=0 Ω

p
X,o(logD) is an OX,o-exterior algebra.

Remark 6. It should be underlined that this property is not true in general
(see Remark 8 in §9). Nevertheless, the direct sum Ker•X,o(∧dh) = ⊕m

p=0KerpX,o(∧dh)
is an OX,o-exterior algebra for any variety X . In view of Assertion 1, the algebra
Ω•

X,o(logD) is always closed under the exterior differentiation d and the exterior
multiplication by dh/h (cf. [20, (1.3)]).

7. Graded ICIS. The case of graded complete intersections with isolated sin-
gularities one can analyze in the manner of Examples 6 and 8. Let us describe the
corresponding procedure in detail.

Thus, let us take the germ M = (C3, o) with coordinates x, y, z, and let X be
a hypersurface determined by the equation f = x2 + y2 + z2 = 0. Indeed, it is a
normal cone over the rational quadric in P2 with an A1-singularity at the vertex. In
particular, OX,o is a domain.

We shall consider the divisor D ⊂ X given by the function h = yz. In fact, the
divisor D is a hypersurface section of X in terms of [16, 1.1.3, p.19]. On the other
side, the germ D ⊂ M is an ICIS. In view of Lemma 1 we get

P(Ω0
X ; t) = P(OX ; t) = (1− t2)/(1− t)3 = (1 + t)/(1− t)2,

P(Ω1
X ; t) = P(OX ; t)resξ=0ξ

−2(1 + ξt)3/(1 + ξt2) = t(3− t)(1 + t)/(1− t)2,

P(Ω2
X ; t) = P(OX ; t)resξ=0ξ

−3(1 + ξt)3/(1 + ξt2) = t2(3 − 3t+ t2)(1 + t)/(1− t)2,
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since (1 + ξt)3/(1 + ξt2) = 1 + (3t − t2)ξ + (3t2 − 3t3 + t4)ξ2 + · · · . Next, it is clear
that Ω3

X
∼= OX/Jac(f). Hence Ω3

X = C〈dx ∧ dy ∧ dz〉, and

P(Ω3
X ; t) = P(TorsΩ3

X ; t) = P(TorsΩ2
X ; t) = t3,

so that τ(X) = μ(X) = 1 as required.
Since (1 + ξt)3/(1 + ξt2)2 = 1 + (3t− 2t2)ξ + (3t2 − 6t3 + 3t4)ξ2 + · · · , similarly

to the above we get

P(Ω0
D; t) = P(OD; t) = (1 − t2)2/(1− t)3 = (1 + t)2/(1− t),

P(Ω1
D; t) = P(OD; t)resξ=0ξ

−2(1 + ξt)3/(1 + ξt2)2 = t(3− 2t)(1 + t)2/(1− t).

Moreover, P(TorsΩ1
D; t) = 3t2 +2t3 by [1, Theorem (3.4)], so that τ(D) = μ(D) = 5

as required. Since Ω3
D
∼= OD/(Jac(f), Jac(h)), simple observations show

P(Ω3
D; t) = P(TorsΩ3

D; t) = t3,

P(Ω2
D; t) = P(TorsΩ2

D; t) = 3t2 + 3t3 = 3t2(1 + t).

For every p � 0 the exact sequence (14)

0 −→ KerpX,o(∧dh) −→ Ωp
X,o

∧dh
−→ Ωp+1

X,o /h·Ω
p+1

X,o −→ Ωp+1

D,o −→ 0,

implies the following identity for the Poincaré series:

P(Ωp+1

D,o ; t) = P(Ωp+1

X,o /h·Ω
p+1

X,o ; t)− t2P(Ωp
X,o; t) + t2P(KerpX,o(∧dh); t)

since deg(∧dh) = 2. Hence,

P(KerpX,o(∧dh); t) = P(Ωp
X,o; t)− t−2

P(Ωp+1

X,o /h·Ω
p+1

X,o ; t) + t−2
P(Ωp+1

D,o ; t).

Recall (see [13, Proposition (1.11)]) that if X is an ICIS of dimension n � 1, then
the torsion modules Tors (Ωp

X) are trivial for any 0 � p < n. In our case n = 2, so
that the relation hω = 0 in the module Ω1

X,o implies ω = 0, since h is a non-zero

divisor in OX,o and Tors (Ω1
X) = 0. Hence,

P(Ω1
X,o/h · Ω1

X,o; t) = (1 − t2)P (Ω1
X,o; t) = (1 − t2)t(3− t)(1 + t)/(1− t)2

= t(3 − t)(1 + t)2/(1− t).

As a result, P(Ker0X,o(∧dh); t) =

= (1 + t)/(1− t)2 − (t−2 − 1)t(3− t)(1 + t)/(1− t)2 + t−2t(3− 2t)(1 + t)2/(1− t)

= {(1 + t)− (1 − t−2)t(3− t)(1 + t) + t−1(3− 2t)(1 + t)2(1− t)}/(1− t)2

= t2(1 + t)/(1− t)2 = t2P(OX ; t).

On the other hand, by [13, Lemma 1.6] there is an exact sequence

0 −→ Ω0
D,o

∧dh
−→ Ω1

X,o/h · Ω1
X,o −→ Ω1

D,o −→ 0.

Since Ω0
D,o

∼= Ω0
X,o/hΩ

0
X,o, i.e., OD,o

∼= OX,o/hOX,o, then Ker0X,o(∧dh)
∼= hΩ0

X,o.
This implies

P(Ker0X,o(∧dh); t) = t2(1 + t)/(1− t)2 = t2P(OX,o, t);
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that confirms an accuracy of our computations. As a result, we obtain the isomor-
phism Ω0

X,o(logD) ∼= OX,o which agrees with the usual case of divisors in a manifold.

Now one can compute the modules Ω1
X,o(logD) and Ω2

X,o(logD) as follows.
The main difference with the above calculations lies in the fact that, in general,
TorsΩp

X �= 0 and the homothety of the module Ω2
X,o (as well as of the module Ω3

X,o),
determined by the multiplication by h, has a nontrivial kernel (cf. also Assertion 2).

Let us consider the exact sequence (14) in the case p = 1:

0 −→ Ker1X,o(∧dh) −→ Ω1
X,o

∧dh
−→ Ω2

X,o/hΩ
2
X,o −→ Ω2

D,o −→ 0 (16)

and compute the Poincaré series P(Ω2
X,o/hΩ

2
X,o; t). If ω ∈ Ω2

X,o, then the relation

hω = 0 implies ω ∈ TorsΩ2
X,o, since h is a non-zero divisor of OX,o.

On the other hand, the differential form

ϑ0 = ιE(dx ∧ dy ∧ dz) = xdy ∧ dz − ydx ∧ dz + zdx ∧ dy

is contained in TorsΩ2
X,o, where E is the Euler vector field on X ; this expression

corresponds to the unique possible relation between the coordinate 2-forms, since
dimk TorsΩ

2
X,o = μ(X) = 1. That is, TorsΩ2

X,o = C〈ϑ0〉. It is not difficult to

verify that, in fact, the non-zero divisor h annihilates ϑ0, so that hϑ0 = 0 in Ω2
X,o,

deg(ϑ0) = 3 and P(TorsΩ2
X,o; t) = t3. As a result, we obtain

P(Ω2
X,o/hΩ

2
X,o; t) = (1− t2)P(Ω2

X,o; t) + t5 = t2(3 + 3t− 2t2)/(1− t).

From the exact sequence (16) we deduce the following identities:

P(Ker1X,o(∧dh); t) = P(Ω1
X,o; t)− t−2{(1− t2)P(Ω2

X,o; t) + t5}+ t−2P(Ω2
D,o; t)

= P(Ω1
X,o; t)− t−2t2(3 + 3t− 2t2)/(1− t) + 3t−2t2(1 + t)

= t(3− t)(1 + t)/(1− t)2 − (3 + 3t− 2t2)/(1− t) + 3(1 + t)

= {t(3− t)(1 + t)− (1 − t)(3 + 3t− 2t2) + 3(1− t)2(1 + t)}/(1− t)2

= 4t2/(1− t)2 �≈ P(OX,o; t).

In particular, this implies that the OX,o-modules Ker1X,o(∧dh) and Ω1
X,o(logD) are

not free. It remains to compute explicitly a system of generators of Ker1X,o(∧dh).

Proposition 2. A system of generators of the OX,o-module Ker1X,o(∧dh) consists
of the four differential forms of weight two

ϑ1 = zdy, ϑ2 = ydz, ϑ3 = xdy − ydx, ϑ4 = xdz − zdx,

so that the module Ω1
X,o(logD) has four generators ϑi/h, i = 1, 2, 3, 4, and

P(Ω1
X,o(logD); t) = t−2

P(Ker1X,o(∧dh); t) = 4/(1− t)2 �≈ P(OX,o; t).

Moreover, since OX,o-module Ω1
X,o(logD) is not free, then there are nontrivial syzy-

gies between these generators.

Proof. Let us take ϑ ∈ Ω1
X , ϑ = adx + bdy + cdz, where a, b, c ∈ OX,o. Then

one can transform the congruence ϑ ∧ dh ≡ 0 (mod h) in the quotient module Ω2
X =

Ω2
C3/(fΩ2

C3 + df ∧Ω1
C3) into the following system of equations:

az = (Bx−Ay) + φ1f + ψ1h,
ay = (Cx−Az) + φ2f + ψ2h,

by − cz = (Cy −Bz) + φ3f + ψ3h,



LOGARITHMIC FORMS ON CM-VARIETIES 27

where A,B,C, φi, ψi ∈ OC3,o, i = 1, 2, 3. If a = 0 one gets the two forms ϑ1 and ϑ2,
as a result of simple calculations of syzygies between x, y, f, h. If b = 0, then c = x,
C = 0, B = x, and the first equation transforms as follows: az = x2−Ay+φ1f+ψ1h.
This yields a = −z, A = −y, φ1 = −1. In other words, the differential form xdz−zdx
is contained in the kernel of exterior multiplication by the total differential dh, and
so on.

For completeness, it should be noted that similarly to Example 6 one can choose
another system of generators of the module Ω1

X,o(logD), using the following 2-forms

from Ker1X,o(∧dh):

θ0 = ϑ1 + ϑ2 = dh, θ1 = ϑ1 − ϑ2 = zdy − ydz, θ2 = ϑ3, θ3 = ϑ4. (17)

Computing the Poincaré series P(Ker2X,o(∧dh); t) and the generators of the mod-

ule Ker2X,o(∧dh) is a more easy exercise. Thus, it is clear that Ω3
X,o = TorsΩ3

X,o
∼=

TorsΩ2
X,o = C〈dx ∧ dy ∧ dz〉 and hΩ3

X,o = 0, since the polynomial h is contained in
the maximal ideal of OX,o and Jac(f) ∼= (x, y, z)OX,o. Hence, the exact sequence (14)
looks like this:

0 −→ Ker2X,o(∧dh) −→ Ω2
X,o

∧dh
−→ Ω3

X,o −→ Ω3
D,o −→ 0.

Moreover, P(Ω3
X,o; t) = P(Ω3

D,o; t) in virtue of previous computations and, conse-
quently,

P(Ker2X,o(∧dh); t) = P(Ω2
X,o; t)− t−2

P(Ω3
X,o; t) + t−2

P(Ω3
D,o; t) = P(Ω2

X,o; t).

On the other hand, dh∧Ω2
X,o = 0, since Jac(h) ⊂ Jac(f), that is, Ker2X,o(∧dh) = Ω2

X,o.

Further, the OX,o-module Ω2
X,o is generated by the three coordinate forms dx ∧ dy,

dy ∧ dz and dx ∧ dz; there are nontrivial syzygies of the first and the second orders
between these forms. As a result, we obtain

Ω2
X,o(logD) ∼=

1

h
Ω2

X,o ⊂ OX,o

〈dx ∧ dy

h
,
dy ∧ dz

h
,
dx ∧ dz

h

〉
,

P(Ω2
X,o(logD); t) = t−2

P(Ω2
X ; t),

so that Ω2
X,o(logD) is not free and TorsΩ2

X,o(logD) ∼= TorsΩ2
X,o.

Remark 7. It should be underlined that ϑi ∧ ϑj ≡ 0 (mod h) in Ω2
X,o. More

precisely, ϑ3 ∧ ϑ4 = x · ϑ0 = 0 in Ω2
X,o, where ϑ0 = ιE(dx ∧ dy ∧ dz) ∈ TorsΩ2

X,o.
Next, ϑ1 ∧ϑ4 = z ·ϑ0+hdx∧dy = hdx∧dy, ϑ2 ∧ϑ3 = −y ·ϑ0+hdx∧dy = hdx∧dy,
and so on. As a result, the OX,o-module Ω•

X,o(logD) = ⊕n
p=0 Ω

p
X,o(logD) is, in fact,

an exterior algebra as Corollary 1 asserts.
Above all, it is not difficult to verify that the differential 1-forms θ1, θ2 and θ3 in

the presentation (17) are contained in the torsion module TorsΩ1
D,o (cf. Example 6,

Example 8, [2, Lemma 1] or [4, §1, Proposition]).

8. Determinantal varieties. Now we are able to describe the logarithmic forms
for divisors given on the Hilbert cubic from Example 3. In the same notation, let
(x : y : z : u) be homogeneous coordinates in P3. Then Ωp

X,o
∼= k〈x, y, z, u〉/I, where

the prime ideal I = (f1, f2, f3) is generated by the maximal minors of the Hankel
matrix M =

[
x y z
y z u

]
, so that

f1 = xz − y2, f2 = yz − xu, f3 = yu− z2.
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The germ X is a determinantal Cohen-Macaulay surface singularity of codimen-
sion 2 and the local ring OX,o is a domain. In Example 3 we computed the following
Poincaré series:

P(OX,o; t) = (1− 3t2 + 2t3)/(1− t)4 = (1 + 2t)/(1− t)2,

P(Ω1
X,o; t) = t(4 + 5t− 4t2 + t3)/(1− t)2,

P(Ω2
X,o; t) = t2(6− 7t2 + 4t3)/(1− t)2,

P(Ω3
X,o; t) = 4t3 + t4 = t3(4 + t),

P(Ω4
X,o; t) = t4,

so that P(Ω3
X,o; t) = P(TorsΩ3

X,o; t) and P(Ω4
X,o; t) = P(TorsΩ4

X,o; t).
Taking the divisor D ⊂ X , which is determined by a quasihomogeneous poly-

nomial h ∈ OX,o, one can compute the modules of logarithmic differential forms
Ωp

X,o(logD), p � 0, and the corresponding Poincaré series similarly to the method

described above. More precisely, let us take h = x2−u2. The corresponding divisor D
consists of two pairs of straight lines and of two pairs of a line and a quadric. Further
computations show

P(OD,o; t) = (1 + t)(1 + 2t)/(1− t),

P(Ω1
D,o; t) = 2t(2− t2)(1 + 2t)/(1− t),

P(Ω2
D,o; t) = 2t2(3 + 4t),

P(Ω3
D,o; t) = t3(4 + t),

P(Ω4
D,o; t) = t4.

so that P(Ω2
D,o; t) = P(TorsΩ2

D,o; t), and so on. Now we shall compute Ker0X,o(∧dh).
First note, that

P(Ω1
X,o/h·Ω

1
X,o; t) = t(1 + 2t)(4 + t− t2)/(1− t) �= (1− t2)P(Ω1

X,o; t).

In particular, TorsΩ1
X,o �= 0. Hence,

P(Ker0X,o(∧dh); t) = P(Ω0
X,o; t)− t−2P(Ω1

X,o/h·Ω
1
X,o; t) + t−2P(Ω1

D,o; t)

= (1 + 2t)/(1− t)2 − t−2t(1 + 2t)(4 + t− t2)/(1− t) + t−22t(2− t2)(1 + 2t)/(1− t)

= t−1{t(1 + 2t)− (1 + 2t)(4 + t− t2)(1− t) + 2(2− t2)(1 + 2t)(1− t)}/(1− t)2

= t−1(t3 + 2t4)/(1− t)2 = t2(1 + 2t)/(1− t)2 = t2P(OX,o; t).

that is, Ker0X,o(∧dh) is a free OX -module, similarly to the case of divisors in smooth
manifolds. Next,

P(Ω2
X,o/h·Ω

2
X,o; t) = 6t2(1 + t− t2)/(1− t) �= (1− t2)P(Ω2

X,o; t),

that is, TorsΩ2
X,o �= 0. Hence,

P(Ker1X,o(∧dh); t) = P(Ω1
X,o; t)− t−2P(Ω2

X,o/h·Ω
2
X,o; t) + t−2P(Ω2

D,o; t)

= t(4 + 5t− 4t2 + t3)/(1− t)2 − t−26t2(1 + t− t2)/(1 − t) + t−22t2(3 + 4t)

= {t(4 + 5t− 4t2 + t3)− 6(1 + t− t2)(1 − t) + 2(3 + 4t)(1− t)2}/(1− t)2

= (7t2 − 2t3 + t4)/(1− t)2 = t2(7 − 2t+ t2)/(1− t)2 �≈ P(OX,o; t).
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As a result, the module Ker1X,o(∧dh) is not free. Similarly to the proof of Proposition 2

one can verify that a system of generators of the OX,o-module Ker1X,o(∧dh) consists
of the following differential 2-forms of weight two

ϑ0 = xdx − udu = 1

2
dh, ϑ1 = xdy − ydx, ϑ2 = xdz − zdx, ϑ3 = xdu − udx,

ϑ4 = ydz − zdy, ϑ5 = ydu− udy, ϑ6 = udz − zdu.

Making use of rational parametrization (6), we see that ϑi ∈ TorsΩ1
D,o for all

i = 1, . . . , 6. Moreover, ϑi ∧ ϑj ≡ 0 (mod h) in Ω2
X,o for all 0 � i, j � 6. For ex-

ample, ϑ1 ∧ ϑ2 ≡ x · ιE(dx ∧ dy ∧ dz) = 0 in Ω2
X,o, and so on (cf. Remark 7).

The computation of the Poincaré series of Ker2X,o(∧dh) goes similarly to Section 7.
Again, it is clear that Ω3

X,o = TorsΩ3
X,o and one can easily verify that hΩ3

X,o = 0.

Since P(Ω3
X,o; t) = P(Ω3

D,o; t), one obtains

P(Ker2X,o(∧dh); t) = P(Ω2
X,o; t)− t−2

P(Ω3
X,o; t) + t−2

P(Ω3
D,o; t) = P(Ω2

X,o; t).

On the other hand, it is not difficult to verify that dh∧Ω2
X,o = 0. Hence, one gets

the identification Ker2X,o(∧dh) = Ω2
X,o, so that the module Ω2

X,o(logD) is not free and

TorsΩ2
X,o(logD) ∼= TorsΩ2

X,o. The same reasonings show that Ker3X,o(∧dh) = Ω3
X,o,

TorsΩ3
X,o(logD) ∼= TorsΩ3

X,o, and so on.

9. Fans. In fact, the above methods are suitable and highly effective for com-
puting the modules KerpX,o(∧dh) in very different situations, involving the case of
divisors on discriminants or, more generally, on (non-normal) Saito free divisors, as
well as on non-Cohen-Macaulay varieties of divers types whose structure algebra con-
tains at least one non-zero divisor. In the former situation the Poincaré series for
Ωp

X,o were described in [4], while in the latter case the corresponding Poincaré series
can be easily computed in the case of fans (which are rigid singularities); one of the
simplest examples has been studied in detail in [7, Example 15.9]).

Now, let X ⊂ (C4, 0) be the coproduct of two copies of complex plane over the
origin. Then A = k〈x, y〉 ×k k〈z, u〉 is the structure local algebra of the corresponding
germ X , so that A ∼= k〈x, y, z, u〉/I, where I = (xz, xu, yz, yu). It is clear, that X is
an isolated surface singularity. Moreover, X is not normal because it is not Cohen-
Macaulay. In particular, the singularity X is not determinantal and has no nontrivial
infinitesimal deformations of the first order, so that X is a rigid singularity.

In this case the local ring OX,o is not a domain. However, it contains enough
non-zero divisors such that x + z, x+ y + z + u, x2 + y2 + z2 + u2, and so on. It is
not difficult to check that the corresponding 1-dimensional germs D ⊂ X are neither
reduced, nor even equal-dimensional. Moreover, every such germ contains at least
one embedded component at the origin. Nevertheless, one can compute the modules
KerpX,o(∧dh) with the help of our methods, making use of exact sequence (14). For
explicit computations we need the Poincaré series

P(OX,o; t) = (1 + 2t− t2)/(1− t)2,

P(Ω1
X,o; t) = 4t(1 + t− 2t2 + t3)/(1 − t)2,

P(Ω2
X,o; t) = 2t2(3− 2t− 2t2 + 2t3)/(1− t)2,

P(Ω3
X,o; t) = t3(4 + t),

P(Ω4
X,o; t) = t4,

which have been obtained in [7, 15.9].
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Now let us take the divisor D ⊂ X , determined by the homogeneous polynomial
h = x2+y2+z2+u2. Remark, that the primary decomposition of the ideal I consists
of the two associated primes ℘1 = (x, y) and ℘2 = (z, u). Hence, h is not a zero
divisor (see Assertion 2), and the germ D consists of 4 straight lines, passing through
the origin: x = y = z2 + u2 = 0, x2 + y2 = z = u = 0. Above all it contains an
embedded zero-dimensional component at the origin. One can verify that there exist
the following Poincaré series

P(OD,o; t) = (1 + 2t− t2)(1 + t)/(1− t),

P(Ω1
D,o; t) = t(4 + 7t− 7t2)/(1− t),

P(Ω2
D,o; t) = 2t2(3 + 2t),

P(Ω3
D,o; t) = t3(4 + t),

P(Ω4
D,o; t) = t4.

Next, making use of similar calculations described in the previous sections, one
can write down the Poincaré series of the modules KerpX,o(∧dh), p � 0, in an explicit
form. First, we compute the series

P(Ω1
X,o/h·Ω

1
X,o; t) = 4t(1 + 2t− t2)/(1− t).

This implies that

P(Ker0X,o(∧dh); t) = P(Ω0
X,o; t)− t−2P(Ω1

X,o/h·Ω
1
X,o; t) + t−2P(Ω1

D,o; t)

= (1 + 2t− t2)/(1− t)2 − t−24t(1 + 2t− t2)/(1− t) + t−2t(4 + 7t− 7t2)/(1− t)

= 2t2/(1− t)2 �≈ t2P(OX,o; t)

In particular, the module Ker0X,o(∧dh) is not free. Next, let us consider the two
polynomials h1 = x2 + y2 and h2 = z2 + u2 from the structure algebra OX,o, so that
h = h1+h2. First we check that h1 ∈ Ker0X,o(∧dh). Let us denote the four generators
of the ideal I = (xz, xu, yz, yu) by f1, . . . , f4, respectively. Then, in the module
Ω1

X,o, there exist the following congruences: zdf1 ≡ z2dx, udf2 ≡ u2dx, zdf3 ≡ z2dy,

udf4 ≡ u2dy. Finally, it remains to use formal identities

1

2
h1dh ≡ xh1dx + yh1dy ≡ −xzdf1 − xudf2 − yzdf3 − yudf4,

taking into account that

xh1dx+ xzdf1 + xudf2 = xhdx, yh1dy + yzdf3 − yudf4 = yhdx.

Similar considerations show that h2 ∈ Ker0X,o(∧dh), i.e. the module Ker0X,o(∧dh) is
generated by the two elements h1 and h2 of weighted degree two.

In the same vein one can describe the module Ker1X,o(∧dh). Namely, let us first
compute

P(Ω2
X,o/h·Ω

2
X,o; t) = 2t2(3 − 2t)(1 + t)/(1− t).

Therefore,

P(Ker1X,o(∧dh); t) = P(Ω1
X,o; t)− t−2

P(Ω2
X,o/h·Ω

2
X,o; t) + t−2

P(Ω2
D,o; t)

= 4t(1 + t− 2t2 + t3)/(1− t)2 − 2(3− 2t)(1 + t)/(1− t) + 2(3 + 2t)

= 4t2(2 − 2t+ t2)/(1− t)2 = −4t2P(OX,o; t) + 12t2/(1− t)2 �≈ P(OX,o; t).
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Hence, the module Ker1X,o(∧dh) is not free also, it has eight generators of weighted
degree two.

One can write down a system of generators in an explicit form. Since
dh = dh1 + dh2, then dh1 ∧ dh = dh1 ∧ dh2 = f1dx ∧ dz + f2dx ∧ du+ f3dy ∧ dz
+f4dy ∧ du = 0, in the module Ω2

X,o. As a consequence, we obtain two generators

of the module Ker1X,o(∧dh), the differential 1-forms dh1 and dh2, which are total
differentials. Remark also that for irreducible divisors there is one form of such kind
only; namely, it is dh.

Applying the scheme of calculations presented in the proof of Proposition 2, we
find that the remaining six generators, denoted by ϑ1,. . . , ϑ6, are the following differ-
ential 1-forms: zdx−xdz, udx−xdu, zdy−ydz, udy−ydu, ydx−xdy and udz−zdu;
they can be obtained by the contraction of appropriate coordinate 2-forms along the
Euler vector field. For example, zdx−xdz = −ιE(dx∧dz), udx−xdu = −ιE(dx∧du),
and so on.

Let us verify that these forms are contained in the torsion module TorsΩ1
D,o.

Thus, it is clear that (y + u) ∈ OD,o is not a zero divisor, and (y + u)ϑ1 ≡
zudx− xydz (mod I). Next, zudx − xydz = zdf2 − f1du − xdf3 + f3dy = 0 in Ω1

D,o

(as well as in Ω1
X,o). Hence, ϑ1 ∈ TorsΩ1

D,o. Similar arguments are valid for the
differential forms ϑ2, ϑ3 and ϑ4.

Next, (x + z)ϑ5 ≡ xydx − x2dy ≡ 1

2
ydh − y2dy − x2dy (mod I) and there is the

following chain of identities: 1

2
ydh − y2dy − x2dy = 1

2
ydh − hdy + (z2 + u2)dy =

1

2
ydh− hdy + zdf3 − f3dz + udf4 − f4du. Hence, (x + z)ϑ5 = 0 in Ω1

D,o. This means

ϑ5 ∈ TorsΩ1
D,o and, analogously, we deduce that ϑ6 ∈ TorsΩ1

D,o.

Finally, as in the previous section, Ω3
X,o = TorsΩ3

X,o and hΩ3
X,o = 0. Since

P(Ω3
X,o; t) = P(Ω3

D,o; t), we have

P(Ker2X,o(∧dh); t) = P(Ω2
X,o; t)− t−2

P(Ω3
X,o; t) + t−2

P(Ω3
D,o; t) = P(Ω2

X,o; t).

In virtue of the equality dh ∧ Ω2
X,o = 0, we get Ker2X,o(∧dh) = Ω2

X,o, so that the

module Ω2
X,o(logD) is not free, and TorsΩ2

X,o(logD) ∼= TorsΩ2
X,o. Next, as in the

above cases, one obtains Ker3X,o(∧dh) = Ω3
X,o, TorsΩ

3
X,o(logD) ∼= TorsΩ3

X,o, and so
on.

Remark 8. It should be noted that in the case under consideration the direct
sum Ω•

X,o(logD) = ⊕m
p=0 Ω

p
X,o(logD) is not an OX,o-exterior algebra (cf. Corollary 1

and Remark 6).
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