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GEOMETRIC EQUIVALENCE AMONG SMOOTH MAP GERMS*
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Abstract. We consider equivalence relations among smooth map germs with respect to geometry
of G-structures on the target space germ. These equivalence relations are natural generalization of
right-left equivalence (i.e., A-equivalence) in the sense of Thom-Mather depending on geometric
structures on the target space germ. Unfortunately, these equivalence relations are not necessarily
geometric subgroups in the sense of Damon (1984). However, we have interesting applications of
these equivalence relations.
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1. Introduction. In the history of the theory of singularities of smooth map-
ping, the notion of A-equivalence (i.e. right-left equivalence or isomorphism) among
smooth map germs in the sense of Mather is the most natural equivalence (cf. [27, 28])
from the view point of differential topology. In order to solve the stability problems
of Thom [35], Mather also introduced the notion of -equivalence, which played a key
role in his theory. Moreover, Tougeron [36] introduced the notion of K[G]-equivalence
(it is G-equivalence in the terminology of Tougeron) for a linear Lie group G which
linearly acts on the target space germ. If G is a general linear group, then K[G]-
equivalence is K-equivalence. Recently, there appeared several applications of K[G]-
equivalence (cf. [1, 5, 6, 7, 20, 31, 33, 34]) which include applications to quantum
physics etc. In this paper we consider the case when the target space germ (R?,0) has
a G-structure. Then we introduce the notion of A[G]-equivalence among smooth map
germs analogous to K[G]-equivalence. If G = GL(p,R), then A[GL(p, R)]-equivalence
is the original A-equivalence in the sense of Mather. If G = {I,} (I, is the unit
matrix), then A[{I,}]-equivalence is R-equivalence in the sense of Mather [27, 29].
Therefore, A[G]-equivalence is one of the direct and natural generalizations of A-
equivalence. Although K[G] is a geometric subgroup of K in the sense of Damon
[8], A[G] is not necessarily a geometric subgroup of A. Thus the usual techniques of
singularity theory cannot work generally. Moreover, it is known that A-equivalence
implies KC-equivalence [27]. This fact does not hold for A[G] and K[G] generally. The
above properties are dependent on the Lie group GG. However, we can seek out the
interesting examples of A[G]-equivalence, which have been investigated recently (cf.
[7,9, 12, 13, 14, 23, 24, 25, 38]). Therefore it is worth while to study properties of
A[G]-equivalence for general Lie subgroup G C GL(p,R). In this paper, we consider
some fundamental properties of A[G]-equivalence and give some interesting examples.
As a first step, we investigate the infinitesimal algebraic structure of .A[G]-equivalence.
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On the other hand, if we consider a G’'-structure on the source space germ (R™,0),
we also have the notion of R[G'], A[G’; G] and K[G’; G]-equivalence among smooth
map germs, respectively. Even though there are interesting examples of those equiv-
alence relations, we need longer pages for describing those equivalence relations, so
that we only consider A[G]-equivalence in this paper.

The organization of this paper is as follows. In §2 we introduce A[G]-equivalence
and R x G-equivalence which are main subjects in this paper. We briefly review alge-
braic properties of infinitesimal version of A-equivalence following Mather [27] in §3.
For the study of A[G]-equivalence, we investigate algebraic properties of vector field
associated with a linear Lie group G in §4. Moreover, we calculate these vector fields
for some examples of Lie groups. Following the results of previous sections, we for-
mulate the infinitesimal version of A[G]-equivalence and investigate the relationship
between A[G] and R x G in §5. In §6 we give several examples of A[G]-equivalence,
where G is SO(p), SL(p,R), Sp(2p) or other cases. There are other interesting cases
which we do not mention here (for example, G = SO(1,q), etc) which will be in-
vestigated in elsewhere. Following the observations in §6, we investigate relationships
between A[G]-equivalence and R x G-equivalence in §7. Finally we propose an im-
portant prospective problem.

We assume that all map germs and manifolds are class C'° unless stated otherwise.

2. Geometric equivalence. We consider smooth map germs f : (R",0) —
(R?,0). One of the most natural equivalence relations among map germs is A-
equivalence (i.e. an isomorphism) in the sense of Mather [27]. We say that smooth
map germs f,g : (R",0) — (RP,0) are A-equivalent if there exist diffeomorphism
germs ¢ : (R™,0) — (R™,0) and ¢ : (R?,0) — (RP,0) such that ¢ o f = g o ¢. We
define the group of diffeomorphism germs on (RP,0) :

Diff (p) = {¢ | ¥ : (R?,0) — (R?,0) : diffeomorphism germ }.

In this paper we consider the case when the target space RP has a geometric
structure. Let G C GL(p,R) be a linear Lie group. Then G can be considered as a
structure group of the tangent bundle of R?, so that the group G gives a G-structure
on the target space RP. We define natural geometric equivalence among smooth map
germs with respect to G-structures, which is a generalization of A-equivalence as
follows: For a diffeomorphism germ v : (RP,0) — (R?,0), we have the Jacobi matrix
Jyp(y) at y € (RP,0). We say that smooth map germs f,g : (R",0) — (R?,0)
are A[G]-equivalent if there exist diffeomorphism germs ¢ : (R”,0) — (R™,0) and
¥ (RP,0) — (RP,0) with Jy(y) € G for any y € (RP,0) such that fo¢ = og.
This equivalence is not a geometric subgroup of A in the sense of Damon [8] generally.
The situation depends on the Lie group G. We consider the group of diffeomorphism
germs with respect to G:

Dift[G](p) = {¢ € Diff (p) |Jy¥ € G for any y € (R?,0)}.
We remark that Diff[{GL(p,R)](p) = Diff (p) and Diff[{I,}|(p) = {lrr}. For ¢ €
Diff[G](p), we say that 1 is isotopic to the identity if there exists a family W : (R? x
R,0 x [0,1]) — (RP,0) such that ¢, € Diff[G](p), o = lre and ¢y = 9, where
Yi(x) = U (x,t). We define

Diffy[G](p) = {¢ € Diff[G](p) | ¢ is isotopic to the identity }.
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We say that f,g: (R™,0) — (RP,0) are A|[G]-equivalent if there exist a diffeomor-
phism germ ¢ : (R™,0) — (R™,0) and ¢ € Diff([G](p) such that fo¢p = 1pog. Follow-
ing the definition of the left equivalence of Mather [27], we say that f,¢: (R",0) —
(RP,0) are L[G]-equivalent if there exists 1 € Diff[G](p) such that f =1 og.

Moreover, for any A € G C GL(p,R), we have the natural linear isomorphism
ha: (RP,0) — (RP,0) defined by ¥4 (y) = A.ty, where 'y is the transposed column
vector of y = (y1,...,yp) and A.'y is the matrix product. We say that smooth map
germs f,g: (R™,0) — (RP,0) are R x G-equivalent if there exist a diffeomorphism
germ ¢ : (R",0) — (R”,0) and A € G such that fo¢ = ¢Yaog. If G = {[,},
then both of A[G]-equivalence and R x G-equivalence are equal to R-equivalence (i.e.
right equivalence) in the sense of Mather [27]. Moreover, A[GL(p,R)]-equivalence
is A-equivalence. By definition, if f,g are R x G-equivalent, then these are A[G]-
equivalent. There are several interesting examples of these equivalence relations.

We now define A(n,p) = Diff (n) x Diff (p). Since G C Diff[G](p) C Diff (p), we
have subgroups A[G](n,p) = Diff (n) x Diff[G](p) and (R x G)(n,p) = Diff (n) x G
of A(n,p).

3. Infinitesimal structures of A-equivalence. Following [27, 28], we briefly
review the infinitesimal properties of A-equivalence among map-germs. Let &, be
the local R-algebra of function germs of n-variables at the origin with the unique
maximal ideal 91,,. For a map germ f : (R",0) — (R?,0), we have a pull-back R-
algebra homomorphism f* : £, — &, defined by f*(h) = ho f. We also consider an
Ep-module of germs of vector fields along f, which is defined by

" )
= Yi

where, y = (y1,...,yp) € RP. Therefore, 6(f) is identified with
C*(n,p) ={h | h:(R",0) — RP; map germ} =&, x --- x &, = &P

as E,-modules. Moreover, M, 0(f) = M, C®(n,p) = ML is an &,-submodule of
C°°(n,p) consisting of all map germs (R™,0) — (R?,0). Therefore, we define the
action of A(n,p) on M,,C>(n,p) by u((¢p,¥), f) = o fo¢~t. The orbit through
f is the set of all map germs which are A-equivalent to f. Since A[G](n,p) and
(R x G)(n,p) are subgroups of A(n,p), the above action induces the actions of these
subgroups on M, C>(n,p).

We now consider formal tangent spaces of an A-orbit. The tangent space of
M, C>®(n,p) at f is defined to be the set of d(c(t))/dt|t=o for a curve c(t) €
M, C>(n, p) with ¢(0) = f. We denote it by T9,,C*(n, p), which is called a (formal)
tangent space of M, C>(n,p) at f. Since c(t)(x) = fi(x) with fo = f, we have

P
50 9 .
Ty, C>=(n,p) = an(x)aiy-o n€M(i=1,...,p)
=1 i

Therefore Ty9M,C>(n,p) can be identified with 9,6(f). We also define an extended
tangent space of M,,C(n,p) at f by T, C*(n,p). = 0(f).

Following Mather [27], we define a mapping tf : 8(n) — 0(f) by tf(¢) = df o
¢, where 0(n) = 0(1gn) and df : TR™ — TRP? is the differential map of f. We
remark that 6(n) is the &,-module of vector field germs on (R™,0). Then tf is an
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En-homomorphism. We also define wf : 6(p) — 0(f) by wf(§) = o f. Then 6(f)
is an &£p-module through the pull-back homomorphism f* : &, — &,. In this sense,
wf is an &,-homomorphism. Therefore, (wf,tf,0(p),0(n),0(f)) is called a mixed
homomorphism of finite type over f* : £, — &, in [27]. The notion of mixed
homomorphisms plays a principal role in the theory of Mather in [27, 28].

In order to investigate A[G]-equivalence, we need to investigate infinitesimal prop-
erties of Diff[G](p).

4. Algebraic structures of vector field germs with respect to GG. In order
to investigate general properties of the set of vector field germs with respect to a G-
structure, we consider a linear Lie group G C GL(p,R) and the Lie algebra g = T;G C
M,(R). Here, M,(R) is the Lie algebra of p x p-matrices over R.

For any v € Diff[G](p), we define the formal tangent space of Diff[G](p) at ¢ by

T, D16)(p) = { %o | w1 € DIRIGI(p) for ¢ € (R.0), 0 = v}

If ¢ = 1gp, then

d
Jy (;;tt 0) _ X y%)lt 0€TiG =g,

for any ¢, € Diff[G](p) with ¢y = lgr» and any y € (RP,0). Since dipy/dt|i—¢ is a
vector field germ, we have

diy N~ 0
Et O(y) ;m(y)ayi,

which can be identified with the map germ n = (n1,...,7,) : (R?,0) — (RP?,0).
Therefore, we have

(8771- (y)) € g for any y € (R?,0).
Iy,

Since g is a real vector space, 11, Diff[G](p) is also a real vector space. Actually, we
have

T, Diff[G {Z e 3y

We now define R-linear subspaces of 6(p) by

on; »
{Zm i < y())ngoranny(]R,O)}

(S

By definition, 0[G](p) and 0[G]o(p
ments, we have Ty, Diff[G](p) =

(gZ; (y)) € g for any y € (R?,0), 1;(0) = 0} .

and

H'Mﬁ

(1) < 81610 | m(0) = o}.

) are R-linear subspaces of 6(p). By the above argu-
0[Glo(p). For any 1 € Diffy[G](p), we consider ¢, €
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Diff[G](p) for ¢ € (R,0) such that 1y = 1g». Then we define ¢, = v o4, € Diff[G](p),

so that ¥y = 9. It follows that

iy iy

dipo =0 = E\t:o € Ty Diftf[G](p),

so that we have a linear isomorphism t¢ : 8[Glo(p) — TyDiff[G](p) defined by
ty(n) = dip o n. Therefore, we can identify 0[G]o(p) with Ty, Diff[G](p) through di.
Moreover, 6(p) is an &,-module. We also define an &,-module g(&,) by

9(&) ={C[¢: (R?,0) —g:C™ }.

We now define a sub R-algebra &,[G] of &, such that 0[G]o(p) is a sub &,[G]-
module of §(p) as follows: For A € &,, we define a map germ

grad, A : 0(p) — M,(&p)

by
122 12D
mn Mage o Mmpe
BN B |/ on O\ R o
grady)‘(n):n® 877"'787 = : 67,...,87 = : : : 5
Y1 Yp Y1 Yp TN 3N
Tlp Moy, ° Nray,

where n = (m,...,np) and y = (y1,...,Yp). Then we define a subset of &, by

&G ={N €&, | grad,\(n) € a(&,) for n € 6[GIo() }
Since g(&,) is an &,-module,
grad, (A + X2)(n) = grad, A (n) + grad, o (n) € (&)
and

grad, (A1 A2)(n) = Aegrad, A1 (n) + Aigrad, A2 (n) € g(&p)

for any A1, A2 € E,[G] and n € 0[G]o(p). This means that &,[G] is an R-algebra. For
any 1 € 0[Glo(p) and X € &, we have

8/\7%) (37%)
= orad, A\(n) + A .
( ay; grad, A(n) ay;

It follows that An € 0[G]o(p) if and only if grad, A(n) € g(&,), so that O[G]o is an
&p|G]-module. Then we have the following theorem:

THEOREM 4.1. Let R be a sub R-algebra of &, such that 6]Glo(p) is a sub R-
module of 0(p). Then R C &,[G].

Proof. We consider any A € R C &,. For any 7 € 0[G]o(p), we have

3/\772') (3?71-)
= grad, A(n) + A .
(8yj grad, A(n) dy;

Since n,A\n € 0[Glo(p), we have (9n;/0y;), (OAn;/0y;) € g(&y). It follows that
grad, A(n) € g(&), so that A € &,[G]. O
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We call £,[G] a mazimum R-subalgebra of &, with respect to 0[Glo(p). Moreover,
Ep|G] is a C*°-ring in the sense of [10, 17]. We say that an R-subalgebra R of &, is a
C>°-subring of &, if

f(/\17--~7)\r) €ER

for any A1,...\. € R and f € &,.. In this case R is a local ring with the unique
maximal ideal Mp = M, N R.

PROPOSITION 4.2.  The mazimum R-subalgebra E,(G) of &, with respect to
0[Glo(p) is a C°°-subring of &,.

Proof. For any A1,..., A\ € §,[G] and f € &,, we would like to show that

1, ) € &[G

Since
OfA(®)s- - A (®) _ = OFMa(y), -, A(y) 0N
Oyi =1 OA; oyi’
we have
N X
7718)\1 7719,\f T By;
grad, f(Ar, ..., A, A
G Oy Ny
”paxl npaxf o oy

Z y))erad, (A)(n),

for any n = (n1,...,mp) € 0[GJo(p). By definition, grad, (A\;)(n) € g(&,). Since g(&,)
is an &,-module, grad, f(A1,..., A )(n) € g(Ep), for any 1= (m,...,m) € 0([G])o(p).
This completes the proof. O

We say that A is a differentiable algebra (or, DA-algebra) if A is an R-algebra
and there exists a surjective algebra homomorphism ¢ : £, — A for some n € N.
These algebras are local rings with maximal ideals denoted by 9t 4. A homomorphism
a: A — B of DA-algebras is an algebra homomorphism such that there exists a map
germ ¢ : (RP,0) — (R™,0) and ¢ o ¢* = a0 ¢, where ¢g* : &, — &, is the pull-back
homomorphism, ¢ : £, — A and © : £, — B are surjective homomorphisms as
R-algebras. We say that A C &, is a DA-subalgebra if A is a D A-algebra and the
inclusion i : A C &, is a homomorphism of D A-algebras. This means that there is
a map germ ¢ : (R™,0) — (RP,0) such that ¢*(£,) = A. For DA-algebras, modules
over D A-algebras and homomorphisms of D A-algebras, the Malgrange preparation
theorem holds [21]. There exists a criterion when a C°°-subring is a D A-algebra [19,
Appendix].

PROPOSITION 4.3. Let R C &, be a C*-subring. Then R is a DA-algebra if and
only if R is finitely generated as C°°-ring.

We now give some important examples.
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EXAMPLE 4.4. We consider the special orthogonal group SO(p) C GL(p,R). A
diffeomorphism germ ¢ : (R?,0) — (RP,0) with Jy(x) € SO(p) for any x € (RP,0)
is an isometry germ. In this case, the corresponding Lie algebra is

so(p) ={X € M,(R) | "X = —X}.

For convenience, we consider the case when p = 2. In this case we have

2 om om
0[S0O(2)](2) = {Zm(y)aay ‘ (2%/,; g%;) 650(2)(52)}.

¢ Oy1  Oy2
Since s0(2) is the Lie algebra of anti-symmetric matrices, we have

Om _m

om O _ _
(Y1,92) = e (y1,92) =0, B (Y1,92) = o (y1,92)-

oy

It follows that n1 (y1, y2) = n1(y2) and 72(y1, y2) = n2(y1). Therefore, we have 1 (y2) =
a1 +b1y2+&1(y2) and 92 (y1) = az+bayr +&(y1) for some a;, b; € R and & € M?. Thus,
(On1/0y2)(y1,y2) = —(On2/0y1)(y1,y2) means that by = —by and (d&1/dy2)(y2) =
—(d&/dy1)(y1). The last equality means that & (y2) = &2(y1) = 0. Hence,

Onz  Onz
0y 0y2

om  Om
<6y1 8y2> € 50(2)(&) if and only if y (y2) = a1+bya, n2(y1) = az—by; for a;, b € R.
It follows that
0 0 0 0
9(2) D) 9[50(2)](2) = {alf’)yl + a287y2 +b (y26yl — ylayg) ’ a;,b € R} .

By the similar arguments to above, we have

0 0 0
0[SO - i=1,..., tlyi— —y—|1<i<j< .
[SO(p)](p) <8yi i p>R <yg oy Y a0, ’ i<y p>R

It follows that
0

)
— gy — i< <
01SO(p)lo(p) <yy 0 yzayj ‘ 1<i<j< p>R

We can easily show that

0 0
2P 1<i<i<
{yjayi yayj _Z<j_p}

is linearly independent, so that dimg 0[SO(p)]o(p) = p(p—1)/2 = dimg s0(p). For any
My) = Zl§i<j§p )‘iJ‘(yja%i - yiaiyj)a we have

0 A12 Az o A
—A12 0 Aoz 0 Ay
A= . . ) . .| €s0(p).
Ay Ay Az e 0

It follows that we have the following proposition.
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PROPOSITION 4.5. With the above notations, we have 0[SO(p)lo(p) = so(p) as
Lie algebras.

Moreover, we have the following theorem.
THEOREM 4.6. With the above notations, we have Diffy [SO(p)](p) = SO(p).

Proof. Since SO(p) is connected, we always have Diffy [SO(p)](p) D SO(p). For
any ¢ € Diffy [SO(p)](p), we consider ¢, € Diff [SO(p)](p) such that ¢y = 1gs and
¢1 = ¢. Then, for any to € (R, [0,1]), we have

d P on;

¢t \t to (T Z —— o ¢y, such that (8; (y)> € so(p) and 7;(0) = 0,

— J

for any y € (RP,0). By the previous arguments, 7);(y) are linear function germs. Since
#1(0) = 0, we can write ¢;(y) = A(t).y + hi(y) for some map germ A : (R, [0,1]) —
GL(p,R) and h; € 9)?20"0(19,])). Thus

d dA dh
oo ) = St + S lemta ),

so that (dh:/dt)|t=+,(y) = 0. This means that h:(y) = ho(y), so that ¢:(y) = A(t).y +
ho(y). However, 1gr(y) = ¢o(y) = A(0).y + ho(y), so that ho(y) = 0. Therefore,
é(y) = A(1).y. It follows that A(1) = Jy(y) € SO(p). Thus, we have ¢ € SO(p). O

We denote Diff” [SO(p)](p) as the subgroup of Diff [SO(p)](p) consisting of real
analytic germs of diffeomorphisms. By the above arguments in the proof, if we have
d(y) = A.y+h(y) € Diff [SO(p)](p) for some A € SO(p) and h(y) € M>C>(p, p) with
h # 0, then ¢ is not isotopic to the identity. Therefore, ¢ ¢ SO(p). This proves that
Diff* [SO(p)](p) = SO(p). We remark that we do not know Diff [SO(p)](p) = SO(p)
or not.

We now consider &£,[SO(p)]. By definition, A € &,[SO(p)] if and only if
grad, A\(n) € so(p)(&p) for any n € O[SO(p)lo(p). The last condition is equivalent
to y;(ON/0y;) = —y;(ON/0y;) for i,7 = 1,...,p. In particular, y;(ON/Jy;) = 0 as
function germs for ¢ = 1,...,p. It follows that A is a constant germ. This means
that £,[SO(p)] = R. Since 0[SO(p)](p) is a finite dimensional R-vector space, it is a
finitely generated &£,[SO(p)]-module.

EXAMPLE 4.7. We consider the special linear group SL(p,R) C GL(p,R). In this
case sl(p,R) is the Lie algebra of traceless p x p-real matrices:

sl(p,R) = {X € M,(R) | Trace X = 0}.

A diffeomorphism germ % : (RP,0) — (RP,0) with Jy(y) € SL(p,R) for any y €
(RP,0) is a volume preserving diffeomorphism germ. Therefore, the algebraic structure
of O[SL(p,R)](p) might be deeply related to that of the space of differential forms.
Actually, we have the following proposition.

PROPOSITION 4.8. Let d(QP=2)) be the vector space of germs of exact differential
(p — 1)-forms. Then d(Q®=2) and §[SL(p,R)|(p) are isomorphic as R-vector spaces.
Hence, 0[SL(p,R)|(p) is an infinite dimensional vector space.

Proof. By definition, we have

0[SL(p,R {n = Zm 3 (ZZ) (y) € sl(p, R)} :
=1 v J




GEOMETRIC EQUIVALENCE AMONG SMOOTH MAP GERMS 345

For any n=>"%_, m(y) - € 0(p), we define

wy =3 (=1  (y)dys A - Ady—y Adyisr A A dyp.
k=1

Then we have
= Ok
Za— y)dyr A -+ ANdy, = div (n)dyr A - -+ A dy,.
k=

Therefore, n € 0[SL(p,R)](p) if and only if dw, = 0. Then we can define a mapping

O[SL(p,R)](p) — d(QP=2)) by ®(n) = w,. For any w € d(Q®=2), by the
Poincaré lemma, there exists a germ of (p — 2)-form 6 € QP~2 such that df = w. Since
df = w is a germ of (p — 1)-form, it is written by

P

A0 =" Cu(y)dys A+ Ndyr—y Adygia A+ A dy,.
k=1

If we define nx(y) = (—1)*¢e(y) and n = YF_ 1771(y) 5,7 then wy = df = w. Since
ddf = 0, we have div (n) = 0, so that n € 0[SL(p,R)|(p). ThlS means that ®(n) = w.
By definition, wy, 4y, = wy, + wy, and we, = cw, for any ¢ € R. We also have that
wy = 0 if and only if n = 0. Thus ® is an R-linear isomorphism. 0

In order to simplify the arguments, we consider the case p = 2. For a vector field

_ ( )i+ ( )i
n=mY1, Y2 o n2\Y1, Y2 8y2’

n € 0[SL(2,R)](2) if and only if On; /dy1 + Onz/Oy> = 0. Therefore, we have

d(nadyr — mdyz) = <y +

By the Poincaré lemma, there exists a function germ f € & such that

af af

. dys’ 772:5201'

Here, we can choose f € & with f(0) = 0. Thus we have

_[_of 0  9of 9
ssremi@ = {-7L 2 2LD e, |
We define a mapping A : My — O[SL(2,R)](2) by
Ay =gt Ty 2L D

6y2 8y1 8y1 8y2

Then A is an R-linear isomorphism. It follows that 0[SL(2,R)](2) = My as R-
vector spaces. Therefore, [SL(2,R)](2) is an infinite dimensional R-vector space. If
1 (0) =n2(0) = 0, then f € M3, so that O[SL(2,R)]o(2) = M3.
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On the other hand, suppose that A(y1,y2) € E2[SL(2,R)]. Then we have

o\ o\
771(3/1792)67% + 772(11173/2)8742 =0,

where 91y /0y; + On2/0y2 = 0 and 71(0,0) = 12(0,0) = 0. If we choose linear function
germs 11 = a1y1 + a2y2, 72 = b1y1 + bays, then by = —ay. It follows that

oA

o\
(a1y1 + azyz)aTll + (biyr — a1y2)8T/2 =0.

If we substitute a; = 0,a2 = by = 1, then

NN
y23y1 ylayz .

Moreover, if we substitute a; = 1,a2 = by = 0, then

oA On

— —ys— =0.
y18y1 y28y2

Therefore, we have a system of linear equations:

oA N _
yQTy)\l -th =0
Yigy, — Y25y, =0

If 42 +y35 # 0, we have ON/dy; = ON/Oy> = 0. Taking the limit (y1,y2) — (0,0),
we also have (OM\/0y1)(0,0) = (OX\/0y=2)(0,0) = 0. Therefore, X is a constant function.
Hence, we have &[SL(2,R)] = R. Therefore, 0[SL(p,R)](2) and 0[SL(2,R)]o(2) are
not finitely generated &[SL(2,R)]-modules.

EXAMPLE 4.9. We consider the symplectic linear group Sp(2p,R) C GL(2p,R),
which is defined by

Sp(2p, R) = {A S C;L(Qp7 R) ‘ tAJQPA = Jgp} .

0 I
Joy = it
2 <—I,, 0

In this case, the corresponding Lie algebra is

Here,

sp(2p,R) = {X € Map(R) | "X Jzp + Jop X = O}.

A diffeomorphism germ ¢ : (R?,0) — (R??,0) with Jy,(y) € Sp(2p,R) for any y €
(R??,0) is a symplectic diffeomorphism germ for the canonical symplectic structure w
on R?P.

We now consider the case p = 1. In this case it is easy to show that Sp(2,R) =
SL(2,R), so that sp(2,R) = s[(2,R) and

OISR = AISTERNE) = { -5 o+ 2L

— EMy ».
Oy2 Oy1  Oy1 Oya ‘f 2}
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On the other hand, &[Sp(2,R)] = &[SL(2,R)] = R. For p > 2, the structure of
0[Sp(2p,R)] is complicated.

EXAMPLE 4.10. 1) We consider the following example:
. A O
D) =1 ) €GLR) | A€ GL(p1,R), B €GL(p2.R) [,

where p = p1 + p2. Actually, we have D*(p1,p2) = GL(p1,R) & GL(p2,R). Then we
have two Lie subgroups

H= {(é IZ) |Ae GL(pl,]R)} = GL(p1,R) @ {1, },

K= {(Ig g) |Be GL(ngR)} = {I,,} ® GL(p2, R).

In this case, we have D*(p1,p2) = HK = H x K. The corresponding Lie algebras are

1={(5 0) € M(R) | A€ b (®)} = M, (R) @ {O),

e={(5 9) cm®|Bem.®} =010 M@
and d(p1,p2) = h & £ = M, (R) & M, (R). Moreover, we have
0[H]o(p) = My, 0(p1), 0[K]o(p) = My, 0(p2)
and

0[D" (p1, p2)lo(p) = O[Hlo(p) © O[K]o(p) = My, 0(p1) © My, 0(p2)

as R-vector spaces. We can show that £,[D*(p1,p2)] = R, E[H] = {Ay) |y =
W1, --yp,) € (RP,0)} = &, and EIK] = {AW) | ¥ = Wpi+1,---yp) € (RP2,0)} =
Epy, where RP = RPt x RP2. Tt follows that £,[D*(p1,p2)] = E,[H] N EHK] = R. By
definition, all of the above rings are DA-algebras.

2) We consider the following example:

X A B
T (pr,p2) = {(o c) €GL(p.R) | A€ GL(py,R), C ¢ GL(pQ,]R)} .
Here, we write T (p1, p2) = GL(p1, R)®,GL(pa2, R). Then we have two Lie subgroups
A B ~
N = | A€ GL(p1,R) p = GL(p1,R)® {1, },
O I,
I, O
K= 0O C | CGGL(p%R) :{Im}@GL(pQ;R)'

~

In this case, N is a normal subgroup of T)*(p1, p2). Then we have T (p1,p2) = NK =
N x K (i.e. the semi-direct product). The corresponding Lie algebras are

n={(5 6) M@ (45 € My®).
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b= {(g g) e My(R)| Ce MPQ(R)} — {0} & My, (R)

and t.(p1,p2) = n @ €. Moreover, we have
0[Nlo(p) = Mp0(mp, ), O[K]o(p) = My, 0(p2)
and

0T (p1,p2)lo(p) = 0[Nlo(p) © 0[K]o(p) = My0(mp, ) © My, 0(p2)

as an R-vector space, where m, : RP = RPt x RP? — RP! is the canonical
projection and 0(mp,) = C(p,p1). We can show that &[T, (p1,p2)] = &E[K] =
AW | v = Wpy41,---yp) € (RP2,0)} = &,,, EH[N] = &,, where RP = RP! x RP2,
Since &[T (p1,p2)] = E[K] C &, = E,[N], we have E,[T (p1,p2)] = E[N] N EK].
Therefore, 9[ *(p1,12)]o (p) is an &,,-module, which is not finitely generated. How-
ever, 8[N]o(p) is a finitely generated £,[N]-module and 6[K]o(p) is a finitely generated
Ep [K ]-module, respectively. By definition, all of the above rings are DA-algebras.

Moreover, we have the following examples.

EXAMPLE 4.11. 1) We consider the subgroup SO(p) N T (p1,p2) of T (p1,p2)
for p = p1 + p2. Then we can show that

s T up) = { (5 §)[4€ 5001, Be 506} =506 & 506w

It follows that
0[SO (p) N T (p1,p2)]o(p) = s0(p1) @ s0(p2).
2) We consider Sp(2n) N T} (n,n). Then we can show that

* ‘c-' B t t
Sp(2n) NT}(n,n) = o C ‘ CeGL(n,R),’)CB ="BC ¢,

which is denoted by L(2n). The condition ‘C' B =BC means that ‘C' B is a symmetric
matrix. For any symmetric matrix D € M, (R), we have B =!C~1D, so that we have

L(2n) = {(tcol tCCID> ‘ C € GL(n,R),'D = D} .

It follows that the corresponding Lie algebra is

(2n) = {(‘éX )1;) ‘ X € M,(R),'Y = Y} .

Therefore, we can show that 0[L(2n)]p(2n) is

{Z(Z‘%’“ o+ 5 ) ) Z@ | & >ezmn,n<y>emi}

=1
and
0 g 0 0

O[L(2n)](2n) = <3x1’ SR el LR 5yn>R + 0[L(2n)]o(2n),
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where (z,y) = (X1,...Zn, Y1, -, Yn) € (R™ x R™,0).

By definition, ®(z,y) € Diff[L(2n)](2n) if and only if & : (R™ x R",0) —
(R™ x R™,0) is a symplectic diffeomorphism of the form ®(z,y) = (¢1(z,y), P2(y)),
where ¢o € Diff (n). A symplectic diffeomorphism germ with this property is called
a Lagrangian diffeomorphism germ in the theory of Lagrangian singularities (cf. [2,
Part I1I)). In this case we can show that &, [L(2n)] = R.

5. Infinitesimal structures of geometric equivalence. In this section we
now consider A[G](n,p) for a linear Lie group G C GL(p,R). For a map germ f :
(R™,0) — (R?,0), we have an R-linear map

wfia) = wflo@p) : 01G](p) — 0(f).

We define

TL[Gle(f) = wf(0lG)(p)), TLIGI(f) = wf(0]Glo(p))-

Then 6(f) is an &,[G]-module through fi; = f*|¢,(c) : £p[G] — &n and w fig) is an
&p|G]-homomorphism over fi, : £,[G] — . In this case,

(W/icr» tf,01G1(p), 0(n), 6(f))

is the mixed homomorphism over f{;;, which is defined in [27]. In §4 we have consid-
ered the case for G = SL(p,R) or G = SO(p). Then we have E,[SL(p,R)] = R and
the above mixed homomorphism is not a finite type. However, we have shown that
Ep[SO(p)] =R and the above mixed homomorphism is a finite type.

We define

TL[Gle(f) = wfia)(0[G](n)),
TLIG](f) = wfia(0]Glo(n)),
Re(f) =tf(0(n)),
R(f) =tf(M,0(n)).

Then we also define

TA[Gle(f) = TRe(f) + TLIG( )= f(0(n)) + wfic(0[G)(n)),
TAG](f) = TR(f) + TLIGI(f) = tf(Mn0(n)) + wfic)(0]Glo(n))-

If G = GL(p,R), then
TA[GL(p, R)]e(f) = TAc(f) and TA[GL(p, R)|(f) = TA(f)
in [37].

REMARK 5.1. Here, we have a natural question for A[G]: When is A[G] a
geometric subgroup of A? It depends on the choice of G. For example if G = GL(p, R),
then A[GL(p,R)] is A itself, so that it is a geometric subgroup of A. There are many
examples of G C GL(p,R) such that A[G] is not a geometric subgroup of A (cf. §6.2
and §6.3). Since R is a geometric subgroup of A, the situation depends on L[G].

We now focus on R x G-equivalence. By definition, (R x G)(n,p) C A[G](n,p) C
A(n,p). For a map germ f : (R™",0) — (RP,0), we set g(f) ={X.f | X € g}, where
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X.f(z) = X.'f(x) for any z € (R",0). Then we define the extended tangent spaces
and the tangent spaces of the R x G-orbit through f by

T(R x G)e(f) = TRe(f) +9(f), T(R x G)(f) = TR(f) + 9(f)-

For any X € g, we define £x : (RP,0) — (RP,0) by £x(y) = X.'y. Then £y is a
linear mapping, so that it an element of 6(p). In this sense, we can embed g into 6(p).
Therefore we have wfl|y : g — 6(f), which is a R-linear mapping. This means that
9(f) =wf(g). Here tf : 6(n) — 6(f) is an &,-homomorphism and wf|g : g — g(f)
is an R-linear mapping. Hence, (wfy,tf,g,0(n),8(f)) is the mixed homomorphism of
finite type over f*|g = ¢: R C &,. Therefore, R x G is a geometric subgroup of A in
the sense of Damon [8]. It sounds a good news, but it is not so good as the following
proposition shows.

PROPOSITION 5.2. Let G C GL(p,R) be a Lie subgroup and f : (R",0) —
(RP,0) a map germ. If p > 1 and dimg 0(f)/T(R x G)(f) < oo, then f is a submer-
ston germ.

Proof. Since TR(f) CT(R x G)c(f), we have
dims 6(F)/TR.(f) = dimg 0()/T(R x G),(f) + dimg (T(R x G)())/TR.(f).

Here, dimg(T(Rx G)c(f))/TRe(f) = dimp g(f) < oo. Therefore, if dimg 0(f)/T (R x
G)e(f) < oo, then dimg 0(f)/TR.(f) < oco.

On the other hand, it is known (cf. [29, Proposition 1.11]) that if p > 1 and
dimpg 0(f)/TRe(f) < oo, then f is a submersion. O

For p =1, GL(1,R) = R* = R\ {0}, so that there are only three cases: G = {1},
{£1}, or R*. Therefore, all the cases, classifications by R x G-equivalence are almost
the same as the case G = {1} (i.e. R-equivalence). Moreover, if p > n, then there are
no finitely determined map germs relative to R x G.

6. Examples of A[G]-equivalence. In this section we give some interesting
examples of A[G]-equivalence for G C GL(p,R). We give a survey on the previous
results from the view point of our framework on A[G]-equivalence.

6.1. Isometric A-equivalence. For f = (f1, f2) : (R",0) — (R?,0), we have

(2))(2))

= wf(O(S
0 0 0
o), (oo -0 o1)),

TLISOQ2)|(f) = <<f2 °f - f1 f> >R'

On the other hand, let f = (fi,..., fp) : (R",0) — (R?,0) be a map germ. By
the similar arguments to the above case, we have

roisowln) = ({mof [1<i<0})

0 0 .
+<{<fjayl-of_fiayjof) ‘1§2<] Sp}>R

TLISO2)]e(f)

and
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and

reisow)n) = ({ (£ of - figeof) [15i<i<a})

R

This is a geometric subgroup of A in [8]. By Proposition 3.5, we have
Diff4[SO(p)](p) = SO(p). Following the classical Euclidean differential geometry, we
say that f,g: (R™,0) — (RP,0) are congruent if there exists a diffeomorphism germ
¢ (R",0) — (R™,0) and A € SO(p) such that fop(z) = A.g(z) for any =z € (R",0).
In our terminology f, g are congruent if and only if f, g are R x SO(p)-equivalent. By
Theorem 4.6, we have the following theorem.

THEOREM 6.1. For map germs f,g : (R",0) — (RP,0), f,g are Ao[SO(p)]-
equivalent if and only if f,g are congruent.

This theorem means that the theory of Ay[SO(p)]-equivalence among map germs
is the Euclidean differential geometry on map germs. Then we have the following
corollary of Proposition 5.2 and Theorem 6.1.

COROLLARY 6.2. If p > n, then there are no map germ f : (R™,0) — (RP,0)
such that dimg 0(f)/TA[SO(p)](f) < oo.

In the case when n = 1,p = 2, a map germ f : (R,0) — (R?,0) is a planer curve
germ. If f is non-singular, we have the curvature function germ sy : (R,0) — R.
Since the positive or negative sign of the curvature depends on the orientation of the
curve, we have kyog(z) = sig(d)rr(o(x)) for a diffeomorphism germ ¢ : (R,0) —
(R,0), where

1 ifé>0,
sig(¢) = {: ;f z i 0.

By the classical classification theorem for regular curves in the Euclidean plane R2,
we have the following proposition.

PROPOSITION 6.3. Let f,g : (R,0) — (R2,0) be regular map germs. Then
frg are Ag[SO(2)]-equivalent if and only if there exists a diffeomorphism germ ¢ :
(R,0) — (R, 0) such that kg(x) = sig(d)rf(¢(z)) for any x € (R,0).

For a general map germ f : (R,0) — (R2,0), we define its type as follows:
For a function germ f : (R,0) — (R,0), we say that f has type Ay if f/(0) =
f7(0) = - f®(0) = 0 and f*+(0) # 0. We also say that f has type Asy, if
f(0) = f"(0) = --- f*)(0) = 0. We have the following lemma [4, Theorem 3.3].

LEMMA 6.4. Let f: (R,0) — (R,0) be a function germ of type Ay. Then there
exists a diffeomorphism germ ¢ : (R,0) — (R,0) such that f o ¢(z) = +x**+1 where
+ or — according as f*+1(0) is positive or negative.

We now consider a map germ f : (R,0) — (R2,0) with f(z) = (fi(z), f2()).
We say that f has type Ay, if one of f; or fy has type Ay and another has type A>y.
Then we have the following proposition.

PROPOSITION 6.5. Suppose f : (R,0) — (R?,0) has type A,. Then there
exists a function germ h : (R,0) — R such that f is Ao[SO(2)]-equivalent to
(£2k*1 2P Hh(z)).
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Proof. For f = (f1, f2), suppose fi has type Ay and f; has type A>j. By Lemma
6.4, there exists a diffecomorphism germ ¢ : (R,0) — (R,0) such that f; o ¢(z) =
+2%+1, By the Hadamard lemma, there exists h such that f, o ¢(z) = zFT1h(x).
Instead, if f> has type Ay and fi has type A>j, there exists a diffeomorphism germ
¢ : (R,0) — (R,0) and a function germ ¢ : (R,0) — R such that f o ¢(z) =
(xF*+1g(x), £2**1) by the similar reason to above. Then we have

(o) () = (i)

If we put h(z) = —g(x), then f is A[SO(2)]-equivalent to (+z**+1 x*+1h(x)). Since
' 0 1

1 0‘ =1, it is actually Ay[SO(2)]-equivalence. O

REMARK 6.6. In [3] a classification of A simple map germs (C,0) — (C2,0)
has been given. Here A = A[GL(2,C)]. They have shown that f is A-equivalent
to (x**1 25T 1h(z)) and f is not A simple if k > 3 or k = 3 and h has type As4.

However, for the classification by A[SO(2)]-equivalence, there might be no A[SO(2)]
simple germs.

We consider a map germ f : (R,0) — (R?,0) with type A;. By Proposition 6.5,
we may assume that f(z) = (£z*!, 25+ h(x)). In this case we have

fl@) = (£(k + D)a", 2" ((k + Dh(z) + zh(2))),
so that the singular point of f is the origin. We define
1

p(z) = . (£(k +1), (k + 1)h(zx) + zh(z)).
Vk+12 4+ ((k + Dh(a) + wh(2))?

Then p(x) is a unit vector tangent to f(R) at z # 0 (i.e. a regular point of f). We

also define v(z) = Ju(x), where J = <(1) 01> . It follows that {v(x), u(z)} is an

orthonormal frame along f. Moreover, we have a map germ (f,v) : (R,0) — R? x S*
with f(x) -v(x) = 0, where a-b is the canonical scaler product of R?. This means that f
is a frontal in the sense of [14]. If we define £4(z) = ©(x)-p(x) and By (x) = f(x) p(x),
we have the following Frenet-type formulae [14]:

(52) (i ) G2 0

The following uniqueness theorem was shown in [14]:

THEOREM 6.7. Let f,g : (R,0) — (R%,0) be frontal germs. Then f,g are
congruent if there exists a diffeomorphism germ ¢ : (R,0) — (R, 0) such that ¢(x) >
0 and

¢(x)(ly 0 ¢(x), By 0 d(x)) = (£y(x), By(x))

for any z € (R,0).
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As a special case, we have a classification theorem on map germ f : (R,0) —
(R2,0) with type Ay. For f(z) = (£z**!, 25+ h(x)), we can show that

+(k+ 1)((k + 2)h(z) + zh(z))
V(4 12 + (k4 Dh(2) + ch()?)?

B7(x) = 2/ (b + )2 + (K + () + wh(x))2.

lp(z) =

)

Therefore, the basic invariant (¢f, 55) depends on h(x).

On the other hand, we consider n = 2 and p = 3. For a regular surface, we have
the Monge normal form. By the classification theorem for quadratic forms, we have
the following proposition.

PROPOSITION 6.8. Let f: (R?,0) — (R3,0) be an immersion germ. Then f is
R x SO(3)-equivalent (i.e. Ag[SO(3)]-equivalent) to the following germ:

g(xl, 1’2) = (xl, T2, )\138% —+ )\2%% + agox? + aglel'g + (llzitlxg + a()gxg + 0(4))

Here, \1, Ao are the principal curvatures of f at the origin.

The above map germ g is called a Monge normal form. Recently, R x SO(3)-
equivalence has been used for the study of differential geometry of singular surfaces
in R3 (cf. [13, 15, 24, 25, 38)).

6.2. Volume preserving A-equivalence. We now consider the case when G =
SL(p,R). In this case, A[SL(p,R)]-equivalence is volume preserving .A-equivalence
on the target space. By Example 4.7, 0[SL(p,R)](p) is not a finitely generated
(Ep[SL(p,R)] = R)-module, so that L[SL(p,R)] and A[SL(p,R)] are not geometric
subgroups of A in the sense of Damon [8]. Therefore, the usual techniques of the sin-
gularity theory cannot work properly. However, as Martinet (cf. [26, page 50]) pointed
out, the group Diff[SL(p,R)](p) is big enough that there is still some hope of finding
a reasonable classification theorem by volume preserving A-equivalence. Actually,
Domitrz and Rieger investigated this equivalence in [9]. In their paper A[SL(p,R)]
is written by Agq . They called the geometry associated with Diff[SL(p, R)](p) a uni-
modular geometry. For convenience, they adopted A[SL(p, C)] instead of A[SL(p, R)].
One of their classifications is as follows.

ProposiTION 6.9 ([9]). Any A[SL(2,C)]-simple map-germ f : (C™,0) —
(C2%,0), n > 2, is A[SL(2,C)]-equivalent to one of the following list of germs:

(21,22); (21,234Q); (z1,21224754+Q); (21, 25 +2V22+Q), k > 1; (z1m122+25+Q),

whereQ:Z?zsxf forn>2and Q =0 forn=2.

Since SL(2,C) = Sp(2,C), the above list also gives a classification of A[Sp(2, C)]-
simple map germs (C",0) — (C2,0), n > 2. For n = 1, Ishikawa and Janeczko
classified A[Sp(2,C)]-simple map germs (C,0) — (C2,0) in [18]. However, classifi-
cations by A[Sp(2p)]-equivalence for general p is much complicated.

Moreover, (R x SL(p,R))(n,p) is a proper subgroup of A[SL(p,R)](n,p). The
notion of R x SL(p, R)-equivalence is known to be equi-affine congruence. We say
that f,g: (R™,0) — (RP,0) are equi-affine congruent if there exist ¢ € Diff (n) and
A € SL(p,R) such that fo¢(x) = A.g(x) for any = € (R",0). For a regular curve
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f:(R,0) — (R2,0) without inflection points, an equi-affine curvature of f is defined
and it is denoted by x% (cf. [30]). The following uniqueness theorem is known.

PROPOSITION 6.10. Let f,g : (R,0) — (R?,0) be regular map germs without
inflection points. Then f,g are R x SL(2,R)-equivalent (i.e. equi-affine congruent)
if and only if there exists a diffeomorphism germ ¢ : (R,0) — (R,0) such that
Kg(z) = sig(@)kG(¢(z)) for any = € (R,0).

The equi-affine geometry for singular curves is also an interesting subject. More-
over, the surface theory (i.e. m = 2,p = 3) is also quite interesting. These are our
future assignments. As a consequence, there is a big gap between the unimodular
geometry and the equi-affine geometry. This is completely different from the case
when G = SO(p).

6.3. Bi-A-equivalence. We consider a map germ [ = (f1, f2) : (R",0) —
(RPr x RP2 () which is considered to be a divergent diagram of map germs (RP?,0) i
(R™,0) ELN (RP2,0). The notion of bi-A-equivalence among map germs of the form
f=1(f1,f2) : (R",0) — (RP* x RP2 0) was introduced in [7, 11, 31]. We say that
f=1(f1,f2) and g = (g1, 92) are bi-A-equivalent if there exist diffeomorphism germs
¢ (R",0) — (R™,0) and ¢; : (RP,0) — (RP,0), (i = 1,2), such that f;o¢ = 1;0g;.
We counsider the Lie group D*(p1,p2) C GL(p,R), where p = p1+pa. Then f = (f1, f2)
and g = (g1, g2) are A[D*(p1, p2)]-equivalent if and only if these are bi-A-equivalent.

In this case, we have 0[D*(p1,p2)](p) = 0(p1) ® 6(p2). Then

TAID"(p1;p2)le(f) = tf(0(n)) + wf(0(p1) @ 0(p2)),

TA[D(pr,p2)I(f) = tf(Mnb(n)) + w [ (M, 0(p1) © My, 0(p2))-

This is not a geometric subgroup of A in the sense of Damon [8]. In particular, if
we consider the case p = 2, the bi-A-stable map germs were classified by Dufour [11].
Moreover, a formal classification for formal finite bi-A-codimensional map germs was
given by Mancini, Ruas and Texieira [23].

6.4. Strict bi-A-equivalence. Here we also consider divergent diagrams
(RP1,0) < (R™,0) L2 (RP2,0). We say that f = (fi,f2) and g = (g1, go) are
strictly bi-A-equivalent if there exist diffeomorphism germs ¢ : (R™,0) — (R™,0)
and 99 : (RP,0) — (RP2,0) such that f; o ¢ = g1 and fa 0 ¢ = 13 0 go. Then we
consider the following Lie group:

{I,,} ® GL(ps, R) = { (16’1 2) ‘ Ae GL(pQ,]R)}

In this case, we have 0[{I,, } & GL(p2,R)|(p) = {0} & 6(p2), so that

TA{Ip, } © GL(p2, R)]e(f) = tf(0(n)) + wf({0} ® O(p2)),

TA{Ip, } ® GL(p2, R)|(f) = tf(Mnb(n)) + wf({0} & My, 0(p2)).

This is a geometric subgroup of A in the sense of Damon [8]. By definition, f =
(f1, f2),9 = (g1,92) : (R™,0) — (RP* x RP2,0) are A[{I,, } ® GL(p2,R))]-equivalent
if and only if these germs are strictly bi-A-equivalent. However, this equivalence is
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too strong. If f = (f1, f2),9 = (g1,92) are strictly bi-A-equivalent, then fi,g; are
R-equivalent. By the same reason as Proposition 5.2 (cf. [29, Proposition 1.11]), f is
a submersion for p; > 1 and dimg 0(f)/TA[{Ip, } ® GL(p2,R)]c(f) < co. We remark
that even if p; = 1, functional moduli appear for very low dimensions (i.e. ps = 2,
[12]). In order to avoid functional moduli, we consider another Lie group defined by

(1%, GL(ps, R)) = {((1) Z) [berm, e GL(pz,R)} C GL(p,R).

Then f,g are A[(1T, GL(p2,R))]-equivalent if and only if there exist diffeomorphism
germs ¢ : (R",0) — (R",0), ¢ : (R”2,0) — (RP2,0) and a function germ o :
(RP2,0) — (R, 0) such that fi(z) 4+ a(f2(z)) = g1 0 ¢(z) and ¢ o fo = g2 0 ¢. In this
case, the corresponding Lie algebra is

(0%, My, (R)) = {<8 )b(> [berm, X e, (]R)} C M,(R),

so that we have

6[(1+,GL(p27R))](p) = <5‘(1’88yl’ 85;; >5 s

P2

where (2,1, ...Yp,) € R x RP2 = RP. Therefore, we have

TA[(1Y, GL(p2,R))e(f) = t£(0(n)) +wf <<£’aay1’”'ajp >g )

TA[(1F, GL(p2, R)I(f) = tF(M0(n)) +wf << a% ’ % - ajp >9:n ) '

This is a geometric subgroup of A in the sense of Damon [8]. In [12] a generic
classification of f = (f1,f2) : (R%,0) — (R3,0) = (R x R2,0) with respect to
A[{1} ® GL(2,R)]-equivalence was given. One of the normal form is

fi(x1,32) = £21 + ao fo(z1,22), fo(71,22) = (2} + 172, 72).

Here a : (R?,0) — R is the functional modulus. By definition, it is
A[(1F, GL(p2, R))]-equivalent to (dz1, 23 + x179, 22). Therefore, A[(17, GL(p2, R))]-
equivalence is a strict bi-A-equivalence modulo functional uni-moduli. It is known
that the functional moduli play an important role in the geometry of webs.

6.5. Projections of map germs.

6.5.1. General projection. We consider map germ f = (f1, f2) : (R",0) —
(RP = RPt x RP2,0) and the canonical projection o : (RP* x RP2,0) — (RP,0). We
say that f,g: (R",0) — (RP* x RP2 0) are projection A-equivalent with respect to
7y if there exist ¢ € Diff (n) and ¥ € Diff (p) of the form U(z,y) = (¢Y1(z,y), ¥2(y))
such that Wo f = go¢. Then we consider the Lie group 77" (p1, p2) € GL(p,R). We can
show that f,g: (R",0) — (RP* x RP2,0) are projection A-equivalent with respect to
mo if and only if these are A[T*(p1, p2)]-equivalent. By Example 4.10, 2), we have

TA[T? (p1, p2)]e(f) = tf(0(n)) + wf(0(my, ) & 0(p2)),
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TA[T (pr,p2)|(f) = tf(Mn0(n)) + wf(OMp0(p, ) © My, 0(p2))-

This is a geometric subgroup of A in the sense of Damon [8]. We expect that there
might be interesting properties on this equivalence. For example, one of the results of
Romero-Fuster, Mancini and Soares-Ruas [16, Lemma 2] is interpreted by using this
equivalence as follows:

PROPOSITION 6.11. Suppose that f = (f1, f2),9 = (g1,92) : (R™,0) — (RP* x
RP2 0) are immersion germs. Then fa,go are A-equivalent if and only if f,g are
AT (p1, p2)]-equivalent.

Since A-equivalence among projections of surfaces (i.e. n = 2,p = 3) is a useful
tool for the study of differential geometry of surface from the view point of contact with
lines or planes, there might be interesting applications of A[T)* (p1, p2)]-equivalence for
general singular surfaces. Moreover, Mancini and Soares-Ruas [22] investigated the
following equivalence relation: Two map germs f = (f1,h),9 = (g2, k) : (R™",0) —
(RPr x RP2,0) are h-equivalent if there exists ¢ € Diff (n), ¥ € Diff (p1, p2) of the form
U(y,z) = (Y1(y, 2),¥2(z)) for (y,z) € RPt x RP2 such that ¥ o f = go ¢. By defi-
nition, f = (f1,h),g9 = (g2, h) are h-equivalent if and only if these are A[T;" (p1,p2)]-
equivalent.

6.5.2. Lagrangian equivalence. We now consider a symplectic manifold R™ x
R™ with the canonical symplectic structure w = Y., dz; A dy; where (x,y) =
(X1, oy Tny Y1y .-+, Yn). We say that two map germs f,g : (R™,0) — (R™ x R™,0)
are Lagrangian equivalent if there exist ¢ € Diff (m) and a symplectic diffeomorphism
U (R" x R",0) — (R™ x R™,0) of the form ¥(z,y) = (¢1(z,y),%2(y)) such that
Vo f = go¢. By Example 4.11, f, g are Lagrangian equivalent if and only if these are
A[L(2n)]-equivalent. In this case, we have

TA[L(2n)]e(f) = tf(6(m)) + wf(O[L(2n)]),

TAL@2n)|(f) = tf(Dn0(m)) + w f(O[L(2n)]o),

where 0[L(2n)]o and 0[L(2n)] are given in Example 4.11.

We call f: (R",0) — (R™ x R™,0) an isotropic map germ if f*w = 0. Moreover,
f:(R™,0) — (R"xR™ 0) is said to be a Lagrangian immersion germ if f is isotropic
and an immersion germ. For Lagrangian immersion germs, there is a theory of gen-
erating families. A generic classification of Lagrangian immersion germs by using
generating families is well-known (cf. [2, Part III]). However, we do not know classi-
fications of general map germs f : (R™,0) — (R™ x R™,0) by A[L(2n)]-equivalence
so far.

7. A|G]-geometry versus classical G-geometry. The basic tools of the (local)
theory of A-equivalence are finite determinacy of map germs and the versality theorem
for unfoldings of map germs which are characterized by the algebraic structure of the
formal tangent space of the A-equivalence class. In [8] Damon gave a very wide class
of subgroups of A(n,p) for which the finite determinacy theorem and the versality
theorem hold. Those subgroups are called geometric subgroups of A. However, as we
already mentioned in this paper, A[G](n,p) for some G C GL(p,R) are not geometric
subgroups of A.

On the other hand, we defined R x G-equivalence among map germs (cf. §2).
From the view point of extrinsic differential geometry, we say that map germs
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fyg: (R™,0) — (RP,0) are G-congruent if they are R x G-equivalent. We call the
corresponding geometry a classical G-(differential) geometry. Since (R x G)(n,p) C
A[G](n,p), a geometry corresponding to A[G]-equivalence is called an A[G]-geometry
(or, a differential G-geometry) which is categorically wider than the classical G-
geometry. The classical Euclidean differential geometry is a geometry which investi-
gates invariant quantities and properties of immersions f : (R™,0) — (RP,0) under
SO(p)-congruence, so that it is the classical SO(p)-geometry. It is known that the
curvatures of regular curves in R? are complete invariants in the Euclidian differential
geometry, which is also the functional moduli with respect to SO(2)-congruence (cf.
Proposition 6.3). We have shown in Theorem 6.1 that the Ay[SO(p)]-geometry and
the classical SO(p)-geometry are the same. From this point of view, the A[GL(p,R)]-
geometry is the A-geometry, which should be called a local differential topology for
map germs. The classical GL(p, R)-geometry is usually called a full affine geometry.
Moreover, the A[SL(p,R)]-geometry is called the unimodular geometry in [9]. Since
SL(p,R) is big enough as a Lie subgroup of GL(p,R), there are not so much differ-
ence between the A[SL(p, R)]-geometry and the A[GL(p,R)]-geometry (cf. Proposi-
tion 6.9). The classical SL(p, R)-geometry is known to be the equi-affine geometry
(cf. [30]). In this case, the equi-affine curvatures for regular curves without inflec-
tions in R? are also the complete invariants and the functional moduli with respect
to equi-affine congruence (i.e. SL(p, R)-congruence).

Since the formal tangent space of an A[G]-equivalence class gives several informa-
tion, the calculation of tangent space might be the first step for the investigation of
the A[G]-geometry of map germs. For example, we have the following theorem which
is a generalization of Theorem 6.1.

THEOREM 7.1. Let G C GL(p,R) be a connected linear Lie group. Then the
following conditions are equivalent:
(1) g 2 0[Glo(p) as R-vector spaces,
(2) For any n(y) = Y0 1 mi(y)(9/0y;) € 0[Glo(p), mi(y) (i = 1,...,p) are linear
functions,
(3) DiffolG] (p) = G,

Proof. We consider an R-linear mapping ¢ : M,(R) — 9M,0(p) defined by
w(eij) = yi(0/0y;), where {e;; | 4,7 = 4,...p} is the canonical basis of M,(R).
Since {y;(0/dy;) | i,7 = 1,...,p} are linearly independent, ¢ is a monomorphism.
Therefore, g = «(g) C 0[Glo(p), generally. Let {01,...d,} be a basis of g. Then
d; is denoted by a linear combination of e;;. If g = 0[G]o(p), then any n(y) =

b1 nk(y)(9/0yx) € 8]Glo(p) = t(g) is denoted by a linear combination of y;(8/dy;),
so that n(y) are linear functions. Suppose that n;(y) (i = 1,...,p) are linear func-
tions, for any n(y) = >7_, mi(y)(9/dy;) € 0[Glo(p). Then ni(y) = 7 _, amys-
By definition (a;x) = ((0n:;/0yk)(y)) € g for any y € (RP,0). This means that
n(y) = 227 1 ainyk(9/0yi) = t(3°7 4—1 aireri) € 1(g). Thus we have «(g) = 0[Glo(p).
We have shown that conditions (1) and (2) are equivalent.

We assume that conditions (1) and (2). Then we can show that condition (3)
holds exactly the same method of the proof for Theorem 4.6. If we consider the
formal tangent space of Diffy[G](p) = G, we can easily show that condition (3) implies
condition (1). O

COROLLARY 7.2. Suppose that one of the conditions in Theorem 7.1 holds. Then
we have the following:
(1) TA[G](f) = T(R x G)(f) for any f: (R",0) — (RP,0),
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(2) f,g9: (R™,0) — (RP,0) are Ay[G]-equivalent if and only if these are G-congruent.

Proof. If g = 0[G]o(p) as R-vector spaces, then wf(0[G]o(p)) = g(f) for any f :
(R™,0) — (RP), so that assertion (1) holds. If f, g are Ag[G]-equivalent, then there
exists (¢, 1) € Diff (n) x Diff o[G](p) such that o f = go¢. Since Diffy[G](p) = G, f, g
are R x G-equivalent (i.e. G-congruent). The converse assertion holds by definition. O

Corollary 7.2 shows that if one of the conditions in Theorem 7.1 holds, then the A[G]-
geometry and the classical G-geometry are the same. For a Lie subgroup H < G <
GL(p,R), we have 0[H]o(p) C 0[GJo(p). If condition (2) in Theorem 7.1 holds for G,
then it also holds for H. If G = SO(p1,p2), then we can show that condition (2) in
Theorem 7.1 holds, where we do not give the proof of this fact except in the case when
p1 = 0,p2 = p (cf. Example 4.4). For G = SO(4), we consider H = {1}®S0O(3). Then
I =(f1,f2),9 = (91,92) : (R%,0) — (R x R3,0) are Ag[{1} & SO(3)]-equivalent if
and only if these are R x ({1} & SO(3))-equivalent, which also means that there exists
¢ € Diff (2) and A € SO(3) such that f10¢ = g1 and fao¢p = A.gs. Since f10¢ = g1,
we have ¢(g;'(c)) = fi'(c) for any ¢ € (R,0). Therefore, if fo,go are immersive,
then the classical ({1} @ SO(3))-geometry is the classical Euclidean geometry among
regular surfaces with singular foliations. On the other hand, the local differential
topology among surfaces with singular foliations is the A[{1} & GL(3,R)]-geometry
which is different from the full affine geometry among surfaces with singular foliations
(i.e. the classical ({1} & GL(3,R))-geometry).
Moreover, we define an R-vector space

MG R  G)(f) = i 77

which is called a relative infinitesimal moduli space of f with respect to A[G] and RXG.
By the calculations of tangent spaces of A[G]-equivalence and R x G-equivalence, the
moduli space clarifies the difference between the A[G]-geometry and the classical G-
geometry. By Theorems 4.6 and 6.1, M(A[SO(p)]; R x SO(p))(f) = 0 for any map
germ f : (R™,0) — (RP,0). We have the following general result as a simple corollary
of Theorem 7.1 and Corollary 7.2.

COROLLARY 7.3. Suppose that one of the conditions in Theorem 7.1 holds for G.
Then M(A[G]; R x G)(f) = 0.

However, M(A[SL(p,R)]; R x SL(p,R)))(f) is an infinite dimensional vector
space. Following the examples in §6, there appear functional moduli for the clas-
sifications by G-congruence. In the previous theory of singularities, functional moduli
are usually unwelcome. However, these give important information such as curvatures
of curves etc.

On the other hand, we have other relative moduli spaces for Lie subgroups H <

G < GL(p,R): TA[G](f)

(1) M(A[G]; A[H])(f) = TAH)’

, _ T(RxG)(f)
(2) M(R x G;R x H)(f) TR <))
Here, we call M(A[G]; A[H])(f) a relative infinitesimal moduli space of f with respect
to A[G] and A[H]. We also call M(R x G; R x H)(f) a relative infinitesimal moduli
space of [ with respect to R x G and R x H. For M(A[G]; A[H])(f), we have the
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following exact sequence as R-vector spaces:

tf(M,0(n)) Nwfie(01Glo wfic(01Glo) b .

)
where P is defined by P([no f]) = {no f}. Since T(A[G])(f) = tf(M,.0(n)) +
wfia(0[Glo), P is surjective and the kernel of P is

(tf(Mnb(n)) + w /i) (0[H]o)) Nw S (0[Glo)

0—

tf(Mu0(n)) Nwfie(8[Glo)

>~

w frm) (0[H]o) tf(M,0(n)) Nw fim) (0[H]o))
It follows that
. . e 26 01Gl) . 0[Glo
dimg M(A[G]; A[H])(f) < dimg 760]"[1{](9[}1}0) < dimpg Bl

If G = GL({p,R) and H = SL(p,R), then 0[GL(p,R)]y = M,0(p) and
0[SL(p,R)]o(p) = ker(div), where div : 9M,0(p) — &, is defined by

" on; P9
dlvn:;ayi, forn:Zma—yi.

i=1

The detailed calculations of M(A[GL(p,R)]; A[SL(p,R)])(f) were given in [9].
For M(R x G;R x H)(f), we also have the following exact sequence:

tf(M,0(n)) Ng(f) a(f) P _

where P is defined by P([X.f]) = {X.f}. Since T(R x G)(f) = tf(M,0(n)) + g(f),
P is surjective and the kernel of P is

00—

(tf(Mnb(n) +5(f)) Na(f) o tf(Mad(n)) Ng(f)
h(f) — tfM0(n)) NH(f)

Moreover, we define the annihilator gy = {X € g | X.f = 0}. Then we have g(f) =
g/gy. Since gy = M,(R); N g, we have

o(f) o 98/8; o 9+ M(R)f
h(f)  b/by b+ M(R);

Therefore, we have

==~ <dimg -~ =dimG — dim H < oo.
b+ M)y~ b

Since dimg GL(p, R) —dimg SL(p,R) = 1, dimg M(R x GL(p,R); R x SL(p,R))(f) <
1. This means that the full affine geometry and the equi-affine geometry of map germs
are not so different. If one of the conditions in Theorem 7.1 holds for G, then

dimg M(R x G; R x H)(f) < dimg

M(A[G]; A[H])(f) = M(R x G;R x H)(f).
It follows that

dimg M(A[SO(4)]; A[{1} © SO(3)])(f) < dim SO(4) — dim SO(3) = 3.
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On the other hand, there is an interesting problem related to A[G]-equivalence
and R x G-equivalence which we should investigate. In [24, 25, 32] the normal forms
with respect to SO(3)-congruence of map germs (R2 0) — (R?,0), which are A-
equivalent to the cuspidal edge or the swallowtail, are detected. Since there are no
finitely determined map germs relative to R x SO(3), these are not exact normal forms
by the classification with respect to R x SO(3) = Ay[SO(3)](2,3). They only give
the Taylor polynomials of relatively lower orders by using ad hoc methods. However,
such normal forms give important geometric information of singular surfaces in R?
which are A-equivalent to the cuspidal edge or the swallowtail. All basic geometric
invariants (i.e. various kinds of curvatures) at the origin are given by the coefficients
of these normal forms. Therefore, we propose the following important but ambiguous
problem:

Problem: semi-finite determinacy of map germs: How can we determine
the order of the Taylor polynomials whose coefficients provide enough (or, all) geo-
metric invariants with respect to R x G or A[G]?

For attacking this problem, we need extra new ideas beyond the Mather theory of
A-equivalence. We suppose that the algebraic structure of the tangent space of the
A[G]-equivalence class is one of the guideposts for solving the above problem.
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