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PROPAGATION OF CHAOS FOR THE KELLER-SEGEL EQUATION
WITH A LOGARITHMIC CUT-OFF*

JIAN-GUO LIUt AND RONG YANGH

Abstract. We consider a N-particle interacting system with the Newtonian potential aggre-
gation and Brownian motions. Assuming that the initial data are independent and identically dis-
tributed (i.i.d.) with a common probability density function py € L™ (R%) N LY(R?, (1 + |z|)dx).
We rigorously prove the propagation of chaos for this interacting system with a cut-off parameter
e~ (In N)_%: when N — oo, the empirical measure of the particle system converges in law to a
probability measure and this measure possesses a density which is a weak solution to the mean-field
Keller-Segel (KS) equation. More precisely, as N — oo, each particle path is approximated by a
strong solution to a mean-field self-consistent stochastic differential equation (SDE). The global ex-
istence and uniqueness of strong solution to this SDE is proved and consequently we also prove the
uniqueness of weak solution to the KS equation.

For d = 2, if 87v > 1, the propagation of chaos is valid globally in time. On the other hand,
if 8mv < 1, we show that the expectation of the collision time for the interacting particles system
M_ For d > 3, if ||p0||L% - is bounded by a universal constant depending

only on v and d, then the propagation of chaos is also valid globally in time.

is bounded by

Key words. Newtonian potential aggregation, self-gravitating Brownian particles system, mean-
field limit, L°° bound, log-Lipschitz continuity, uniqueness of weak solution, stability in Wasserstein
metric.
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1. Introduction. The concept of the propagation of chaos was originated by
Kac [26]. It is important for the kinetic theory that serves to relate the kinetic equa-
tions, such as the Fokker-Planck, Boltzmann and Vlasov equations, to the dynamics of
N-particle systems of many indistinguishable individuals {(X}"™);>0}Y , interacting
with each other and following the same physical law. The propagation of chaos, also
known as the molecular chaos, means that under the condition that the initial data
{X§IN | are ii.d. random variables with a common distribution function fy(x), this
i.i.d. property is asymptotically preserved in time as N — oco. Following the frame-
work of Sznitman [43], to prove the propagation of chaos, one needs to prove that the

2-particle marginal distribution ft(z)’N(xl,xQ) narrowly converges to fi(z1) ® fi(x2)
for any t > 0, or equivalently the empirical measure N Z ) XN converges in law to

fi, where f satisfies a mean-field partial differential equatlon (PDE) with the initial
data fo(x) such as the Fokker-Planck equation.

Let (Q, F(Fi)i>o, IP’) be a probability space endowed with a filtration (F3)¢>o (F
is complete, (F;);>0 is right continuous). We suppose that the space is endowed with
N independent d-dimensional JF;-Brownian motions {(B});>0}~ ;. In this paper, we
consider the interacting particle system of the following form:

X=X\ + _12/ F(X!— X%ds+V2vB}, i=1,---,N (1.1)
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where (X}, -+, X{¥)i>0 are the trajectories of N particles, X; € R? for any ¢ > 0, the
initial data { X}, are the i.i.d. random variables with a common probability density
function po(x) and v/2v is a constant. The propagation of chaos for (1.1) with the
smooth F' has been rigorously proved by McKean in 70’s and the mean-field equation
is a class of nonlinear parabolic equations [32]. Furthermore, he also conjectured that
ford =1, F(z) = §(z) (the Dirac distribution), the mean-field equation is the Burgers
equation. This conjecture was proved in [8, 24, 42].

For d = 2, if the interacting force is taken by F(z) = —V1®(z) in (1.1), where
the operator V* = (52, 52-) and ®(x) = — 5~ In[z|, then the mean-field limit equa-
tion becomes the incompressible Navier-Stokes equation. When v/2v = 0, it is the
incompressible Euler equation. In [31], Marchioro and Pulvirenti proved the mean-
field limit for both the incompressible Navier-Stokes equation and Euler equation with
some cut-off parameters ¢(N) — 0 as N — oo. Some of their techniques are adapted
to solve our problem in this paper. The three dimensional Navier-Stokes equation
and pathwise convergence rate with the stochastic vortex method have been studied
n [18]. Osada also studied the propagation of chaos for the Navier-Stokes equation
with the random vortex method in [35] without cut-off parameters. We refer to Chorin
[13], Goodman [23] and Long [29] for the numerical aspect and convergence analysis
for the random vortex method. More instances of the propagation of chaos have been
studied in [5, 6, 19, 36, 37, 38]. Finally we refer readers to the long and informative
article [43], in which Sznitman gives a comprehensive summary. We also refer to the
recent important contribution [33].

Instead of taking curl of the Newtonian potential in the Navier-Stokes equation
above, in this article we take the gradient of the Newton potential as the interacting
attractive force F(z) = —V®(x), V 2 € RA\{0}, d > 2 and v2v > 0 in (1.1), where
the Newtonian potential is represented as

1
o In|z| ifd=2,
™
O(z) = o, (1.2)
— 2 if d >3,

1 7Td/2

d(d—2)ag " T T(d/2+1)
ball. We rigorously derive the following mean-field KS equation:

where Cy = , i.e. ag is the volume of d-dimensional unit

Oip=vQAp—V-[pVc], ze€RY >0,
—Ac=p(t, ), (1.3)
p(0,$) = P0($)7

under the following assumption:

ASSUMPTION 1. The initial density po(x) satisfies
1. po(z) € L®°(RY) N LY (R, (1 + |])dx), [ga po(z)de =1;

2.
8Ty ifd=2,
1.4
6ol 4 e, < e sy (1.4)
where Sy @22/“%1“/”@‘ (%)QM, which is the best constant in

the Sobolev inequality [28, pp.202].
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In fact, the above assumption is sufficient for the existence of global weak solution
to (1.3), see [1, 3, 4]. In the context of biological aggregation, the KS equation
describes chemotaxis. p(t,x) represents the bacteria density and c(¢, x) represents the
chemical substance concentration.

Recently, the uniqueness of weak solution to the KS model (1.3) has been con-
cerned by many scholars. Sugiyama [40] gave the uniqueness for 1-D Keller-Segel
model by using the classical PDE theory. The optimal transport method [9] and the
renormalizing argument [16] have been used to prove the uniqueness of weak solution
to the KS model. In this paper, we introduce the following mean-field self-consistent
stochastic process (X;);>o underlying the KS equation:

t
X =Xo+ / F(Xs—y)p(s,y)dyds + V2v By, (1.5)
0 Jre

where we require (X;);>0 possessing a marginal density (p;);>o for any ¢ > 0 and the
drift term is self-determined by [, F(Xs —y)p(s,y)dy. By the Ité formula, we know
that p is a weak solution to the KS equation.

We introduce the following notion of strong solution to the self-consistent SDE
(1.5). We require p € L*>(0,T; L>(RY) N L (R?, (1 + |z|)dz)) for any T > 0 to insure
that the self-consistent drift term

Vis.o)i= | Pla=so(s.)dy

is log-Lipschitz continuous, see Lemma 2.2 (i7). Then (1.5) becomes the following
standard SDE:

¢
X =Xo+ / V(s, Xs)ds + V2v DBy, (1.6)
0

and it is well known (utilizing Lemma 2.4) that the log-Lipschitz continuity of the
drift term is enough for the existence and uniqueness of strong solution to this SDE.
This kind of log-Lipschitz singularity also appeared in the 2D incompressible Euler
equation and the uniqueness of weak solution was proved by Yudovich in [45]. Next,
we give a precise definition of the strong solution to the self-consistent SDE (1.5).

DEFINITION 1. For any fixed T' > 0, initial data Xy and given probability space
(Q,]—'7 ]P’) endowed with a d-dimensional (F3);c(o,7)-Brownian motion (By)¢cjo, 1), if
there is a stochastic process (X¢)icjo,r] adapted to (Fi)epo,r) and it has a time
marginal density p € L°°(0,7; L>°(R?) N L*(RY, (1 + |z|)dz)) such that (X;, pt)te[o 7)
satisfies (1.5) almost surely (a.s.) in the probability space (€2, F, (F;)i>0,P) for all

t € [0,T], we say that (Xt,pt)t>0 is a global strong solution to (1.5).

We will prove in Subsection 2.3 the following theorem about the uniqueness of
weak solution (see the Definition 2) to (1.3) by utilizing the strong solution of (1.5)
as a characteristic line.

THEOREM 1.1. Assume the initial density po(x) satisfies Assumption 1. Then
for any fixed T > 0, we have
(i) for any initial random variable Xy with the density po(x), there exists a unique

global strong solution (Xt,pt)t>0 to (1.5) and p is a weak solution to (1.3);



322 J.-G. LIU AND R. YANG

(i) there exists a unique weak solution p(t,xz) in the class of
p € L>®(0,T; L>®(R") N L*(RY, (1 + |z|)dz)) N L*(0, T; H' (RY))
to (1.3) with the initial data po.

Furthermore, with the help of (1.5), we also obtain the following theorem about
the Dobrushin’s type stability for (1.3) with respect to the initial data in the Wasser-
stein distance.

THEOREM 1.2. For any fized T > 0, let p*, p*> € L>(0,T; L= (R?) N LY(R?, (1 +
z|)dz)) N L2(0,T; H'(R?)) be two weak solutions to (1.3) with the initial conditions
p5(), p2(x) respectively and p§(z), pg(x) satisfy Assumption 1. There exists two con-
stants C' (depending only on ||p*|| Lo o, r;00nrr (ray) and [|p?|| e o,ri0enL (ray)) and
Cr (depending only on T') such that

sup Wi (py, p7) < CTmaX{Wl(pé, £0), AW (P pﬁ)}c"”(’CT)}
t€[0,7]

where Wy is the Wasserstein distance, see Subsection 2.1.

Our last result deals with the propagation of chaos. Considering the interacting
system (1.1) with F(x) = =V®(x) = |Jf|d , Vo € RA{0}, d > 2, where ® is given by
(1.2),C* = szd//? . Then the first term on the right hand in (1.1) represents attractive
force on X; by all other particles. This system is also known as the self-gravitating

Brownian particles [10, 11].
For d = 2, it is well known that if 87 < 1, the solution to the KS equation

with the initial density py concentrates before the time % In Subsection 3.1,

when 87v < 1, we show that the expectation of the collision time for (1.1) is also
bounded by %. Although we only prove the collision happens when 87v < 1,
the collision for (1.1) is generic. Recently, there is a deep result proved by Fournier
and Jourdain [20, Proposition 4]: for any N > 2 and T > 0, if {(XZ’N)te[O,T]}¢Ji1 is
the solution to (1.1), then

P(3s€[0,7T),31 <i<j<N: XN = XIN) >,

i.e. the singularity is visited and the particle system is not clearly well-defined. There-
fore in order to obtain a global strong solution to the interacting particle system, we
regularize the force term by a blob function J(z) € C?*(R%), suppJ(x) C B(0,1),
J(z) > 0 and fB o) J(@)dz = 1. Let J.(x) = = J(2), @ (x) = Jo x ®(z) for z € RY

and F.(x) = —Vq) ( ) The regularized system is given by

) ) 1 t N ) ) )
X=X} + ﬁ/ N FA(Xif - XJf)ds+V2vB, i=1,-- N. (L7
0 j#i
This system has a unique global strong solution {(X Z’E)t>0} ', by the standard the-

orem of SDE [34, Theorem 5.2.1 ].
By the coupling method, as N — oo, we show that the N interacting particles

{(XE’E(N))DO} Y, respectively can be approximated by the processes {(X})i>o0}Y .
which are the strong solutions to

t
0 JR4
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where (pi);>0 is the time marginal density of (X});>o0; the initial data {X{}¥ | and
Brownian motions {(B{);>0}Y, are same as these in the system (1.7). Recall that
the self-consistent SDE (1.5) has a unique strong solution. Since the initial data and
Brownian motions both are i.i.d., then the processes {(X, )t>0} v, are N copies of the
strong solutions to (1.5) and p (t x)=p(t,xz) fori=1,---,N. By Theorem 1.1, p is
the unique weak solution to the KS equation with the initial data po- The propagation
of chaos result can be summarized as:

THEOREM 1.3. Suppose pg satisfies Assumption 1 and { X} | arei.i.d. random
variables with the common density po. Let {(X;")i>0}q and {(X})i>0}L, be the
umque strong solutions to (1.7) and (1.8) respectwely with the same i.i.d. initial data
{XO} Y., and Brownian motions {(B})i>0}Y,. Then {(X;)i>0}X, are exchangeable,
{(XD)i>0}Y, are i.i.d. and there is a list of cut-off parameters e(N) ~ (In N)=d =0
as N — oo such that for any T >0 and all 1 <i < N,

]E{ sup |X”(N) Xﬂ — 0 as N — oo.
te[0,T]

Furthermore Corollary 3.1 and Corollary 3.2 show that for any j > 1, the j-
particle marginal distribution ft(j ):e(N) (z1,--+ ,x;) narrowly converges to f(t,x)®7
and f(t,x) possesses a density p(¢,x) for any ¢ > 0, where p is the unique weak
solution to the mean-field KS equation with the initial data py.

We give a short review on results on the propagation of chaos for the KS equation.
Stevens [39] derived the parabolic-parabolic KS equation from a large interacting
particle system with birth and death processes. In [25], Haskovec and Schmeiser
studied many-particle limit in the BBGKY hierarchy by using measure solutions of
the KS system under the molecular chaos assumption. They also obtained some
tightness and weak convergence results. However they pointed out that they could
not prove the propagation of chaos due to lacking of uniqueness result for the limiting
hierarchy. In [22], Godinho and Quininao considered the less singular force kernel, i.e.
F=V(2Ls]z) ) = —rarr, 0 < a <1, and they proved the propagation of chaos
for the sub-critical KS equation.

This paper is organized as follows. The well-posedness for the KS equation and
the self-consistent SDE are established in Section 2. In Section 3.1, if 87v < 1, we
first show that the expectation of the collision time for the interacting particle system
(1.1) is bounded by a uniform constant, and then we prove the propagation of chaos
results. Finally, in the Appendix we provide a supplementary proof of Theorem 2.2.

2. Well-posedness for the self-consistent SDE. This section is devoted
to prove the existence and uniqueness of strong solution to the self-consistent
SDE ( ) Notice that if the density p(t,z) € L°(0,7;L> N L'(R?)), then
Jpa F y)p(s,y)dy, as the drift term of (1.5), is Lipschitz continuous up to a
1ogar1thmlc singularity (see Lemma 2.2), is also known as log-Lipschitz continuous
[12]. Then we will adapt some techniques used in analysis of the incompressible Euler
equation. In Subsection 2.1, we use the Osgood lemma [12, Lemma 5.2.1] to prove a
Gronwall type inequality with a logarithmic singularity in Lemma 2.4. In Subsection
2.2, we regularize the self-consistent SDE (1.5) and give a uniform estimate for the
density of the strong solution to this regularized problem. In Subsection 2.3, we prove
the uniqueness of weak solution to the KS equation.
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2.1. Preliminaries. We begin by introducing the definition of weak solution
to the KS equation which we will deal with through this paper. Indeed, we ask for
more regularities than needed for the definition and these regularities will be proved
in Theorem 2.2.

DEFINITION 2 (weak solution). Let the initial data po(z) € L1 N L2 (R%) and
T > 0. c is the chemical substance concentration associated with p and is given by
c(t,x) = =P x p(t,z). We shall say that p(¢,x) is a weak solution to (1.3) with the
initial data po(x) if it satisfies:
1. Regularity:
peL=(0,T;LL N L%(Rd)), p% € L2(0,T; H'(R?)),
and 9,p € L1(0,T; W, (Rd)) for some ¢,p > 1.

loc

2. For all p € C°(RY) and 0 < t < T, the following holds,

[ oo [ g [ [ psnses

= [ [ ([ Fo - wotsnyis) - Folpdaas. (2

REMARK 2.1. For d > 3, since p% € L*(0,T; H'(R%)), by the embedding the-
2
orems, p € L% (O,T; L7 (Rd)). By the Hardy-Littlewood-Sobolev inequality, one
also has
| p(s,x)(AdF(w—y)p(s,y)dy) Vi(a)dz|
/ Vo(z) = Vo(y)) - (x —y) p(s, x)p(s,y) dudy|
R2d

lz —y|? |z — y|d=2

C'* p(s,z)p(s,y) 9
<G | e iy < C@ol gy, (22

Notice that 30d=2) d 2) > d +2, thus the regularity of p is enough to make sense of each
term in (2.1).

Now we give a lemma to collect some useful properties of the regularized force.

LEMMA 2.1. Suppose J(x) € C*(R?), supp J(z) C B(0,1), J(z) = J(|z|),
Jga J(@)dz =1 and J(z) > 0. Let J.(z) = L J(£) and () = J.* ®(z) for x € R?,
F.(z) = =V®_.(z). Then F.(x) € CY(R?), V- F.(z) = —J.(z) and

(i) F-(0) = 0 and F.(z) = F(x)g (Iw‘) forany x # 0, where g(r) =
&= Jo J(s)s ds, C* = %, d>2and g(r) =1 forr>1;

(ii) |Fe(z)| < min{ DA, |F(z)]} and |VF.(2)| < &

Proof. Denote r = |z| for any x € R?\{0}. Recall that

0, (ri=1o,)

A (x) = J(x) and A, = o
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Then
8r(7'd718,«(135(7‘)) = rdilJE(r). (2.3)

Integrating (2.3), one has

rd=10,.®(r) :/ Jo(s)s% tds = /E J(s)s? lds.
0

0

Denote g(%) = &= fog J(s)s?'ds, then

g(ry=1whenr >1; F.(x)= —%&@E(r) - g(=) = F(x)g(-),

i.e. (i) holds. By the definitions of J and g, one can easily find a positive constant
C4 such that

0<g(r)<C min{l,rd}.

Then simple computation shows that there exists a constant C' > 0 such that

F)] < min (Ol (1), 1P} < min (0] F@), )
vE@) < (4t y ap-iZhl) < & (2.5)

which finishes the proof of (i¢). O

In this article we take a cut-off function J(z) > 0, J(z) € C3(R?),

C(1 +cos|z|)* if |z] <1,
J(z) = .
0 if || > 1,

: ERTRRS| _ _
where C'is a constant such that C[SY1| [/(1 + cos7r)?r?~tdr =1, [S7!| = TR

LEMMA 2.2. For any function p(z) € L N LY(RY), there exists a universal
constant C (depending only on ||p||nr1) such that for alle > ¢ >0, one has
(i) Jzalp(W)Fe(z —y)ldy < C.
(ii) Jpa lpW)|IFe(z —y) — Fe(2’ —y)ldy < Cw(|lz — 2']), where

w(r) = (2.6)

1 ifr>1,
r(l—Inr) f0<r<Ll

(iit) [ga loW)||Fe(z —y) — F(z —y)ldy < Ce.

Proof. For d = 2, (i) and (i7) have been proven by Kato [27, see Lemma 1.4.] or
Marchioro and Pulvirenti [31]. Their proofs are also valid in the high dimensions. We
omit the details here and prove (iii) below.
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Since F.(z) = F(z) for any |z| > ¢ and |F.(x)| < |F(x)| by Lemma 2.1, we have

dy
Fo(z—y) — Fo(z— dy < C w/ Jz —yld—1
/Rd’ E(x y) € (SE y)|p(y) Y HPHL {y:|lz—y|<e} |x_y|d_1
<Clpllre=e.

0

LEMMA 2.3. Let X; (i = 1,2) be two random variables with densities p;(x) €
L>® N LY(RY) ( X, and X are not necessarily independent). For any e > ¢ > 0,
define

I:= [ F.(X1—y)p(y)dy— / F (X2 —y)p2(y)dy.
Rd R4

Then there exists a constant C (depending only on ||p1|lpenrt and ||p2||Lecnrt) such
that

E[|I] < C(e + w(E[ X1 — Xa|))), (2.7)

where w is given by (2.6).

Proof. A direct computation shows that
1< [ IR0 )~ R = plndy+ [ F(Xa = 3) - Fo (X~ p)loa(u)dy
R R
+/d |F (X2 —y)pr1(y) — Fo (X2 —y)p2(y)ldy =: I + I + L. (2.8)
R

By Lemma 2.2 (i7) and (4i7), there exists a constant C' (depending only on ||p1 || Lenr1)
such that

I1 S C’w(|X1 - X2|), (29)

I, <Ce. (2.10)

Suppose (Y7;Y5) is an independent copy of (X7; Xz). By Lemma 2.2 (i7), there exists
a constant C' (depending only on ||p2||pe<nr1) such that

=B | 1P (X2 = 1)) = P (Xa = a0l

= E.E,[|F (X2 — Y1) — F (X2 — Y2)]
=B, [ [ 1P =Yi) = Fulo = Volpa(a)d]
< CEw(Yi - Yal)] = CE(1X: - Xa)). (2.11)

Taking the expectation of (2.8) and combining (2.9), (2.10), (2.11) and the concavity
of w(r), we obtain that

C(E + E[(JJ(|X1 — X2|)])
Cle +w(E[ X1 — Xsl])), (2.12)
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where C' is a constant depending only on ||p1]|p<nrt and ||p2| penrr. O

The following lemma is a Gronwall type inequality with a logarithmic singularity,
which is an application of the Osgood lemma.

LEMMA 2.4.  Assume that a sequence of monnegative continuous functions
{ac(t)}es0 satisfy

ae(t) < C’/t as(s)[1 —Inac(s)lds + CeT  for all t € [0,T],
0

where C' is a constant. Then there exists two constants Cp (depending only on T)
and €o(T) > 0 such that if ¢ < eo(T), then

sup ae(t) < Cpe®P=0T) <1, (2.13)
t€[0,T]

Proof. We divide into the following two cases:

Case (i): If a-(t) < 1 for all ¢t € [0,T], we claim (2.13) holds. Indeed the proof
follows directly from the Osgood lemma, where we take v = C, pu(z) = z(1-Inz), x <
1 and @ = CeT in the cited reference. Then

1
d
—M(a:(t)) + M(a) < Ct, where M(z) :/ e
x 1(r)
Simple computation shows that
a:(t) <exp (1 — (1 — InCte) exp(—Ct))
= exp(1 — exp(—Ct))(CTe)™P=C) < CpesP(=CT), (2.14)

Case (7i): There exists T3 < T such that a.(t) < 1 when t € [0,71) and a.(T1) =
1. Choosing £o(T) such that Creg™P(=CT) =1, if £ < £9(T), then we show that the
case (i¢) can not happen.

From (2.14), we obtain that for all ¢ € [0,T}) ,

a(t) < Cpe™P=CT), (2.15)
Using the continuity of a.(t) in (2.15), one has if ¢ < £9(T), then
1=a(T) < CTEexp(—CT) < CTEOexp(—CT) —1,

which is a contradiction. O

Now we introduce a topology of the 1-Wasserstein space which will be used for
proving the well-posedness of weak solution to the KS equation. Consider the following
space

P1(RY) = {f] f is a probability measure on R and / |z|df (z) < +o0}.
Rd

We denote the Kantorovich-Rubinstein distance in P;(R%) as follows

Wi(f, g)= inf {Aded\m—y\dW(w7y)},

meA(S, 9)
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where A(f, g) is the set of joint probability measures on R? x R? with marginals
fand g. If f, g have densities p1, ps respectively, we also denote the distance as
Wi(p1, p2). In [44, Theorem 6.18], it has been proven that P;(R?) endowed with
this distance is a complete metric space. And by [44, Theorem 6.9], the following
proposition holds.

PROPOSITION 2.1. For a sequence of {fk};ozl and f in P (R?), the convergence
of {fk};il to f in the 1-Wasserstein distance implies the narrow convergence of

o e
Wi(fi ) 27550 = / wdfi(z) £ / wdf(z) for any o € Cy(RY),

where Cy(R?) is the space of continuous and bounded functions.

In this paper we use the following time dependent space L™ (O, T:P1 (Rd)):
{f(t,z)| f(t,) is a probability measure on R¢

for any time ¢ and sup / |z|df (t,2) < +00}.
t€[0,T] JRA

endowed with metric

MT(ftl’ftz): sup Wl(ft1>f152)'

t€[0,T

And the following proposition is well known, c.f. [6].
PROPOSITION 2.2. L*(0,T;P1(R?)) is a complete metric space.

At last, we introduce the Kantorovitch-Rubinstein or Wasserstein metric on the
set P1(C) of probability measures on C := C([0,7],R¢) with bounded first moment,
defined by

Dr(my,mg) = inf {/ sup |z — yeldm(z,y)}, (2.16)
meA(mi,mz2) ~ Jexe tel0,T]

where (x)o<i<7 and (y;)o<i<r are two canonical processes on C. The formula (2.16)
defines a complete metric on the set P;(C) and gives a topology of P1(C), see [43].

2.2. Regularization for the self-consistent SDE and the uniform esti-
mates in L>(R?). First, we state a result on the global existence and uniqueness of
strong solution to the following regularized self-consistent SDE:

t
Xf = X+ / FL(XE — y)p-(s,y)dyds + V20 B, (2.17)
0 Rd

where we require (X§);>o possessing a marginal density (pe(¢,2))i>0 and the initial
density po(z) satisfies [, po(@)dz =1 and po(z) € L>®(R*)NL*(RY, (14 |z|)dz). The
PDE associated to (2.17) is the following regularized KS equation:

8tp£ = Z/Apé‘ -V [pEVCEL YIS Rd) t> 07
—NAce = Je * pe(t, ), (2.18)
pE(O,:E) - po(ﬂf),



PROPAGATION OF CHAOS 329

which has a unique global weak solution p. in the class of L (0, T; LQ(Rd)) N
L?(0,T; HY(RY)), and [ga p-(t, x)dz = 1.

Now we give the results about the existence and uniqueness (in the strong sense)
of (2.17).

THEOREM 2.1. Suppose po(x) € L= (RYHNLY(RY, (1+|z|)dx) and X, is a random
variable with the density po(x). Then for any fired T >0, € > 0, (2.17) has a unique
strong solution (X7, ps(t,y))i>0 with the initial data Xo and p.(t,y) is the unique
weak solution to (2.18).

Proof. We first solve for p. from (2.18) directly. Then plugging p. into (2.17) and
it becomes a linear SDE. Hence we can solve for a solution (X} );>¢ from this linear
SDE. By the It formula, we know that the marginal density of (X} );>0 is exactly pe.
This strategy has been used in [6] and now we give the detailed proof.

Suppose p(t, z) is the unique weak solution to (2.18). Let ‘N/E(t,ac) = Jpa Felz —
y)p<(t,y)dy. Since V.(t,z) is bounded and Lipschitz continuous, the following linear
SDE

t
X=X, +/ V.(s, X5)ds + V2vB,
0

has a unique strong solution (X7);>o and it admits a time marginal density denoted
by pe(t,x) (see [41, Theorem 9.1.9]). For any p(z) € CZ(R?), The Ito formula states
that

PX) = o(X0)+ | Vol (5. X2) s
+v2v /O Vo(X2)dB, + v /0 Ap(XE)ds. (2.19)

Taking expectation of (2.19), p. is a weak solution to the following linear Fokker-
Planck equation:

{ e (t,2) = vDPe(t,2) = V- [Ve(t,2)pe(t,2)], 2 €RE, >0, o)

pe(0,2) = po(z).

Since p. is also a weak solution to (2.20) and the weak solution in the class of
L>(0,T; L*(R%)) N L*(0,T; H'(R?)) to (2.20) is unique, then

Pe = Pe,

which means that (X7, p-(t,))¢>0 is a strong solution to (2.17).

The uniqueness of strong solution to (2.17) comes from the uniqueness of weak
solution to (2.18). In fact, suppose (X;')i>0 and (X2);50 are two strong solutions
to (2.17) with the same initial data. Let p! and p? be the densities of those two
solutions respectively. By the It formula, one knows that pl and p? both are weak
solutions to (2.18) with the same initial data po(x). Since the weak solutions to (2.18)
is unique, one has

pr=pz. (221)

Hence by standard argument, since F. x pl = F. * p? is smooth, uniqueness holds (in
the strong sense) in (2.17). O
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Next we present a uniform estimate on ||pc|| oo (0,71 r¢)) and other related es-
timates for p., which is crucial for deriving the mean-field equation (see [31]).

THEOREM 2.2. Suppose p.(t,x) is the unique weak solution to (2.18) with the
initial condition po(x) satisfying Assumption 1. Then for any fited T > 0, there
ezists a constant C' (depending only on T, |pollLe®e)nr: (re,(1+4]2))de) @nd data in
(1.4)) such that

i) ||Pe||Loo(0T i@y = L lpellree sz may) < C and [pq |2|pe(t, z)dx < C.
i) fo IVpell32gaydt < C and fo 10 pel|F; -1 (paydt < C.

The proof will be given in the Appendix.

2.3. Global existence and uniqueness of strong solution to the self-
consistent SDE and weak solution to the KS equation. In this subsection, with
a-priori estimates of weak solution to the regularized KS equation in Theorem 2.2, we
show that the KS equation (1.3) has a unique weak solution and the corresponding
self-consistent SDE (1.5) also has a unique strong solution.

Proof of Theorem 1.1. Let p.(t,x) be the unique weak solution to the regularized
KS equation (2.18) with the initial condition pg(z). Using the uniform estimates and
by the standard argument (see a proof in Appendix), we have
Claim 1: there exists a subsequence p. (without relabeling) such that
for any ball B,

pe — pin L?(0,T;L*(Bg)) as € — 0, (2.22)

and p(t,x) is a weak solution to (1.3) with the following regularities:
i) pe L>®(0,T; L>=(RY) N LY (RY, (1 + |])dx)),
ii) pe L*(0,T; H'(R?)) and d,p € L?(0,T; H ' (R?)).
Combining [, pedz =1 and [y, |z[pedz < C, we also obtain that

/ p(t,z)dx = 1. (2.23)
Rd

We split the proof into the following three steps:

Step 1 'We split into three sub-steps to prove the existence of strong solution to
(1.5). Let (X7 );>0 be the strong solution to (2.17). Step 1.1 proves that {(X7);>0}e>0
is a Cauchy sequence and denotes by (X;);>o the limit point of {(X )t>0}€>0 Step
1.2 shows that (X;);>0 has a time marginal density p(¢,z) and it is a weak solution

o (1.3). Step 1.3 shows that (X, p¢)r>0 is a strong solution to (1.5).

Step 1.1 For e > ¢ > 0, considering equation (2.17) and denoting by X¢, X¢
two strong solutions to (2.17) starting from the same initial data X, and Brownian

motion. Let f., f.- be the laws of stochastic processes (X;)¢>0 and (Xf/)tzo respec-
tively. We also have df. = p.(t,x)dz, df., = p.(t,x)dx and p., p are two weak
solutions to (2.18) with the same initial condition pg. We show that there exists a
constant Cp and g9(7") > 0 such that if e < go(T),

sup Wi(fe, f) <E[ sup |X; — X[ || < Cre (2.24)
te[0,T) te[0,T]
Considering (2.17) and subtracting one equation from the other one, one has

sup | X7 — X‘E \ </ !/ Y)pe(s,y)dy — | Fo(X: —y)p (s, y)dy|ds.
T€[0,t] R4
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By Lemma 2.3, the fact that w is nondecreasing, and the uniform estimates of p. in
Theorem 2.2, there exists a constant C' such that

E[ sup [XZ—XZ|]
7€[0,t]

S/O E[l » (Fo(XZ — 9)pe(s.) — Fur (XS —y)po (s,9))dy[]ds
SC/ (5+w(E[|X§fX§/|}))ds

<C/ sup |XE — ﬁl\])ds—i—Cat. (2.25)
TE[O s

By Lemma 2.4, there exists a constant Cr and eo(T) > 0 such that if ¢ < go(7),
(2.24) holds. And then there exists a unique C([0, 7], R¢)-valued stochastic process
(Xt)teo,) such that

E[ sup |X§ — X4|] < Cre®(=CT), (2.26)
t€[0,7)

Furthermore, since L>° (O, T Pl(Rd)) is a complete metric space by Proposition 2.2,
and combining (2.24), there exists a unique f(¢,2) € L>(0,T;P;(R?)) such that

My (fe, ) < Cre®PCT), (2.27)

and L{X,} = f.
Step 1.2 we prove that
df (t,x) = p(t, z)dx. (2.28)

where p is a weak solution to (1.3).
By Proposition 2.1 and (2.27), one has

/ x)dfe(t, x) %/ x)df (t,z) as € — 0, (2.29)

for any ¢(z) € Cyp(R9).
By (2.22), for all ¢(z) € C§°(R?), one has

/ o(x)pe(t, x)dx — p(x)p(t,z)dr as € — 0, (2.30)
Rd Rd

where p is a weak solution to (1.3). Recall (2.23), i.e. [pqp(t,z)dz = 1, since
dfe(t,x) = pe(t, x)dx, combining (2.29) and (2.30) yields (2.28).

Step 1.3 (X4, pt)i>o0 is a strong solution to (1.5).

By Lemma 2.3, we have

E[| / FL(XE — )pe (s y)dy — / F(X, — y)p(s,)dy|] < Cw(E[|XE — X.[)) + C=.
Rd ]Rd
Then by (2.26), we have

/ / H(XE = y)p=(s,y dyds—/ / p(s,y)dyds|]

< CTw(E[ sup |X; —Xi|]) +CeT —0as ¢ — 0.
te[0,T]
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Thus there exists a subsequence of fot Ja Fe(X5 —y)p<(s,y)dyds (without relabeling)
such that

/ /Rd Y)pe(s,y)dyds — F(Xs —y)p(s,y)dyds a.s. as € — 0.
0 0

Taking e — 0 in (2.17), we conclude that for all ¢ € [0, 77,

Xy = Xo+/ / p(s,y)dyds + V2uB; a.s.
Rd

i.e. (Xi,p1)i>0 is a strong solution to (1.5).

Step 2 Uniqueness of the strong solution to (1.5).

Assume (X4, pt)i>0, (Xi, pt)e>0 are two strong solutions to (1.5) with the same
initial data and Brownian motion. Then

X-Xi= [ ([ PO —tsty— [ PO ol as)ds. (231

Taking expectation of (2.31) and using Lemma 2.3, one has

T
E[ sup Xy — Xy < /O E[| /Rd F(Xs —y)p(s,y)dy — /Rd F(Xs—y)p(s,y)dy|]ds

t€[0,T)
T —
< C’/ w(E[ sup | X — X|])dt. (2.32)
0 s€[0,t]
By E[|Xo — Xo|] = 0 and the Osgood lemma, we obtain that E[ sup |X; — X;|] =0
t€[0,T]

and

Mr(p,p) <E[ sup |X; — X4|] = 0. (2.33)

te[0,T]

Therefore p = p and X; = X; a.s. for all ¢ > 0.

Step 3 Uniqueness of the weak solution to (1.3).

Suppose p, p are two weak solutions to (1.3) with the same initial data py. For
any fixed random variable X with the density pg, by the following Proposition 2.3 (i),
there exists two processes (X;)¢>0 and (X;);>o such that (Xy, p;)¢>0 and (Xy, pr)i>o0
both are strong solutions to (1.5) with the same initial data (Xo, po). Thus (2.33)
holds, which gives the uniqueness of (1.3).

PROPOSITION 2.3. Assume the initial density po(x) satisfies Assumption 1. The
relationship between the weak solution to (1.3) and the strong solution to (1.5) can be
expressed:

(i) If p(t,x) is a weak solution to (1.3) with the initial data po(x), then for any
random variable Xo with the density po, there is a unique process (Xi)i>o with
the density p such that (X¢, pt)i>o0 is a strong solution to (1.5) with the initial
data ()(07 po)

(i1) If (X, pt)e>o0 s a strong solution to (1.5) with the initial data (Xo, po), then p
is a weak solution to (1.3) with the initial data po.
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Proof. To prove (i), we first prove the uniqueness of weak solution in the class of
L™ (O, T; L? (Rd)) NL? (O, T; Hl(Rd)) to the following linear Fokker-Planck equation:

op=vLip—V-[V,(t,z)p], x € RE ¢ >0,
{ p(0,2) = po(a) 231
where Vy(t,z) = [o. F( )9(t,y)dy, g(t,z) € L>=(0,T;L> N L'(RY)) is a given

functlon

Suppose p1, p2 are two weak solutions to (2.34) with the same initial condition,
subtracting one equation from another and taking test function as p; —pao, since V (¢, x)
is bounded (see Lemma 2.2 (7)), one has

dllpr—pall5
dt 2 R

v
< Cullor = pall3 + 511V (o1 = p2)lI3 = VIV (o1 = p2)lI3 < Cullpr = pol 3.

V(t,x)(p1 — p2) - V(p1 — p2)dx — V||V (p1 — p2)|3

Then combining the 7Z€ero initial Condition7 we obtain ||p; — p2|l2 = 0.

Next let V,(t,z) = [ou F p(t,y)dy, where p is a weak solution to (1.3). Since
V, is log—Llpschltz contlnuous repeatlng the proof of the existence and uniqueness for
(1.5), one can prove that the following linear SDE

t
X, = X0+ / V, (s, X,)ds +vV2vB,, (2.35)
0

has a unique strong solution (X;)¢>o with a marginal density p and j is a weak solution
to (2.34) associated to V,. Notice that p is also a weak solution to (2.34) associated
to V,. By the uniqueness of weak solution to (2.34), we obtain p = p, i.e. (X¢, pt)i>0
is a strong solution to (1.5).

Combining the uniqueness of strong solution to (1.5), we finish the proof of (7).
The proof of (ii) is directly from the Itd formula and by using the energy estimates
for the regularity of p defined in Definition 2. O

2.4. Dobrushin’s type stability of the KS equation.

Proof of Theorem 1.2. For any fixed T > 0, let p', p? be two weak solutions to
(1.3) with the initial conditions p}(z) and p3(z) respectively. Following the idea of
Dobrushin, we take 7T0(1‘ y) € A(p}, p?) as the optimal joint probability measure with
marginals pjdr and pidz, i.e.

Wi(ph, o2) = / o ylmold, dy). (2.36)

Then taking two initial random variables X{¢ and X3 with joint distribution 7o(x, ),
one has

Wilpy, pg) =E[X§ — X3 (2.37)

By Proposition 2.3, we know that the following two self-consistent SDEs:

t
X} =X} +/ / F(X! —y)p'(s,y)dyds +V2uBy;, i=1,2, (2.38)
0 JR4
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have unique strong solutions (X7, pi);>0, where (pi);>o is the marginal density
of (X})i>0. From Lemma 2.3, there exists a constant C' (depending only on

0| oo (0,7 Lo L1 (Reyy and || || oc (0,75 100012 (Ra))) Such that
t
BIX! - XF < BUXS - X3+ [ Bl [ PO —utay— [ POXE - y)ayl)as
0
t
<E[X{ - X2+ O/ w(E[| X — X2?|))ds. (2.39)
0

Notice that w(r) = r(1 —Inr) for 0 < r < 1 by (2.6). Applying Lemma 2.4 to (2.39),
there exists a small enough constant Co(7T') such that if E[|X} — Xg|] < Co(T), then
E[| X} — X?[] <1 for any t € [0,T]. Indeed, one has that

E[| X} — X2|] < Cr{E[| X3 — X2]}*PCD) <1 for any t € [0,T].  (2.40)
Combining (2.37), one has
E[IX} - XZI) < Co{Wi(ps, p§)}PCT. (2.41)

Otherwise, if E[| X} — X2|] > Co(T), then there exists two cases:
(i) for any t € [0, 7], E[| X} — X?|] > Co(T);
(i) there exists a to € (0,T] such that E[|X} — X?|] > Co(T) for t € [0,tp) and
E[1X}, — X2[] < Co(T).
For the case (i), by the definition of w(r), one obtains that there exists a constant
Cy (depending only on Co(T)) such that w(r) < Cyr for r > Co(T). Thus combining
(2.39), we get

t
E[lX; — X7[] < E[IXg — X5[] + 010/ E[| X, — XZ[]ds. (2.42)
0

By the Gronwall inequality, for any ¢ € [0, 7], one has
E[lX] - X}

] <E[|X§ — X3[Jexp (C1CT) = Wi(pg, p3)exp (C1CT). (2.43)

For the case (i7), the estimate for the interval ¢ € [0, ¢g) is reduced to the case (i) and
one has

E[|X} — X2[] < Wi(pb, p3) exp (CLCT). (2.44)

For the interval ¢ € [tg, T, choosing ty as a new initial time and repeating the proof
of (2.41) gives the following inequality

E[IX} — X7[] < Cr{E[ Xy, — X{ [Pt (2.45)

By (2.44) and the continuity of E[|X}! — X?|], one has E[ X} — X2|] <
Wi(ph, p3)exp (C1CT). Therefore combining (2.44) and (2.45), we obtain
E[lX; - X7|]
<Cr max{W1(pé, £0), AW (s, p%)}e"p(_CT)} for any t € [0,7].  (2.46)

Let m(x,y) be the joint distribution of X} and X?. Clearly one has m(z,y) €
A(p}, p?). Hence sup Wi(pi,p?) < sup E[X} — X?|]. Combining (2.41), (2.43)
t€[0,T t€(0,T]
and (2.46) finishes the proof immediately. O
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3. Propagation of chaos. This section is divided into three subsections. We
first prove a result on the collision between particles. Then we prove Theorem 1.3.
Finally, we show the propagation of chaos for the KS equation by applying Theorem
1.3.

3.1. Collision between particles. For d = 2, it is well known that if 87 < 1,
the solution to the KS equation with the initial density py concentrates before the
time
2nVar{po}

1—8mv
In this subsection, we show that the expectation of the collision time for the interacting
particle system (1.1) is also bounded by this constant.

T¢ =

THEOREM 3.1. Assume d = 2. Given N i.i.d. random variables {X}N | with
the common density po. Let {(X})i>0}Y, be the strong solution to (1.1) with the
initial data {XE}N,. If 87v < 1, fir T > TC and define a stopping time by

nginf{tEO:n;éin\xi—x{\ <e}AT. (3.1)
7]
Let 7 = lim 7., we have
e—0
E(r) <T°. (3.2)

Proof.  From the definition (3.1), there exists a unique strong solution
{(X})i=0}L, to the interacting particle system (1.1) up to time 7¢ with the initial
data { X} . Since F.(x) = F(z) for any |z| > ¢ by Lemma 2.1, then {(XD) oY,
equals to {(X;);>0}Y, (the strong solution of (1.7)) for all t < 7., i.e.

i i XZ s 7 .
X! =X, _12%/ le2ds+\/21/BT, i=1,---,N.

Summing all of the equations, one has

N N N
SOXL =X+ VauBL. (3.3)
=1

i=1 i=1
Taking expectation of (3.3), by the exchangeability of {(X/)¢>0}Y, and E[BL ] =
0 [21, pp.28, Theorem 1], we have
E[X. ] =E[X{] =: Xo.
Since the system (1.1) has a unique strong solution until the explosion time 7 :=

inf{t > 0: r_r;éir_l|xt — ]| = 0}, and F.(z) = F(z) for any |z| > € by (i) of Lemma
i#]

2.1, we know X} = X, for any 1 <i < N and t < 7., where (X;°);>0 is the unique
global strong solution to (1.7). ‘

Next, we will estimate E[7.] by computing the variance of process (X;);>¢ at
the stopping time 7.. By the It6 formula and (1.7), for i = 1,--- , N, one has

d[| X} — Xof)

N
j#i
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Since
F.(-2)=F l2ly _ _payg2ly = g
(-a) = P-a)g( D) = ~F()g() = ~R.(a),
summing all of (3.4) and integrating, one has
N N 9 N t
b, 2 = 2 2 iy . 2 _ i,
SN X = NG - XoP + g B [ X R - X0
i=1 i=1 i,j=1
1#]
N t
+ Z 2V 21// (X2® — Xy) - dB. + 4vNt. (3.5)
i=1 0
Since z - F.(x) =« - F(x)g(%) < 0, we have
N N
1,€ i,€ J,€ 1 i,€ J,€ 1,€ J,€
Z Xs, 'F‘E()(s7 _)(57 ) = 5 Z ()(s7 _)(s7 ).FE(XS, _)(s7 ) <0.
ij=1 t,j=1
i#£] i#]

Then taking expectation of (3.5), by the exchangeability of {(X;*)¢>0}X,, one has

Bl - Xol?) < Bl - o] + o+ Y [ (xi - o) -ami)?
1=1

=

t
<E[|X§ — Xol?] +4vt + 2\/2y(/ E[| X5 — Xo|*]ds)?,
0
the last inequality comes from the It6 isometry. Hence
T .
/ E[|X;° — Xo|*]dt < +oc. (3.6)
0
Therefore applying [21, pp.28, Theorem 1] deduces that
E[/ (X} — Xo)-dBj] = 0. (3.7)
0
Since F.(r) = F(x) for any |z| > &, by the definition of 7. and the fact that

{(X{%)i>0 )Y, is the unique solution to (1.1) on [0, 7], we have (X € — X 7€) F (X —
X7€) = —5= for all s € [0,7.]. Then

N

2 - . ; N
e Xof Fo(Xf — X2f)=—— forall . .
N_li]z::l . (X %) 5, fora s €0, 7] (3.8)
i

Taking expectation of (3.5), by the exchangeability of {(X}*);>0}~., and choosing ¢
as 7. in (3.5), one has

, , 1
E[|X7, = Xol*] = E[|Xg — Xo[*] + (4v — 5-)E[r]

— Var{ X!} + (4v — %)E[TE]. (3.9)
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By the positivity of left hand, we obtain

2 X}
B[] < mVar{X;} _ e
1—8nv

By the monotone convergence theorem, we achieve (3.2). O

3.2. Proof of Theorem 1.3. In order to find out the relationship between the N
paths of (1.7) and paths of (1.8), we construct the following regularized self-consistent
SDEs:

t
X = X4+ / F. (X5 —y)dfic(y)ds +V2wB), i=1,--- N, (3.10)
0 R4

where (f{%)>0 is the marginal density of {(X}*)i>0} and the initial data {X{}N
and Brownian motions {(B});>0}Y, are the same as those of (1.7). In Section 2
Theorem 2.1 stated the existence and uniqueness of strong solution to (2.17), which
implies that the processes {(X;“);>0}Y ; are N copies of the strong solutions to (2.17)
since the initial data and Brownlan motions both are i.i.d..

The proof of Theorem 1.3 by the coupling method can be realized by two steps:
() (2.26) gives the connection between (1.8) and (3.10), (é¢) the following proposition
shows the connection between (1.7) and (3.10).

PROPOSITION 3.1. Suppose {(X; )0}, and {(X}®)i>0}, are the unique
strong solution to (1.7) and (3.10) respectwely, with the same i.i.d. initial data
{XIYN, and Brownian motions {(B})i>0}Y.,. Then for any ¢ > 0,1 < i < N
and T >0, one has

E[ sup |X}° - X,°]] < Cr

Cr
N~ a-n © —a 3.11
e tH =N 1el@-D) xp ( od ) (3.11)

where Cp is a constant depending only on T and d.

Proof. Following the spirit of [43], since |VF.(z)| < & by Lemma 2.1, one has

x| | [ D (RO - X - R ) .12
J#Z
PR - X0 - [ R - i) ds|
R

N

t N
/Z |X15 X1€|+ |Xj€ st| +‘ZAZ |d8
i

J#i

I A

where

A) = XY = X29) = [ PR i) (3.13)
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From (3.12), one has
sup | X0 — X

s€[0,t]
1 [P n C i wie C o , N
Sﬁ/ {;(|Xs’E_Xs’E|+€d|X§’E—X§’E|)+|;Aj(s)|}ds
7 i

’L€ 2, C
< _1/Z—sup | X2 X€|+— sup |X7° — X7°|)ds

T€[0,s] T€(0,s]
/ IZAZ )ds. (3.14)
J#i

Denote by mN+1(w1a e 7wNay) € P(CN+1) (C = ([ ) ] Rd)) the
. . C . . 1, Ne i, i
joint  distribution O_f (Xt‘ s,--- X% X E)t>0 and  mz(w',w’,y) =
Jov—emypr(dwt, - W w ,dw™ y) for any 1 < i # j < N. Since
(X))o} Y, are exchangeable stochastic processes and (X0} Y, are iid.
stochastic processes, then ms(w?,w’,y) = ma(w’,w’,y) for any 1 <i # j < N and
then we obtain the following exchangeability qualities: for any ¢ € [0, 7],

E[ sup [X1°— X17|] =/ sup |wh — ys|dms(w’,w?, y)
s€[0,t] C3 s€(0,t]

= [ sup ok = uldma(l, ) = [ sup ]~ yofdmaf, )
C3 s€(0,t] C3 s€0,t]

=E[ sup |X7° - X7°|. (3.15)
s€[0,t]

Hence taking expectation of (3.14), one has

IE[ sup \Xé’s —)_(;"EH

s€[0,t]
20 [* ; =i
< / ZA’ ]ds + = / E[ sup |X1° — XP¢(]ds.  (3.16)
]7&1 0 T€[0,s]
Applying the Gronwall’s lemma deduces that
i,€ Vv i,E 2Ct 2
IE[ sup |XS’ - X7 |] < exp (T)/ ZA
s€[0,1] c =z

w\»—A

<exp(2f )/ { ‘72141 } . (3.17)

J#i
Because {(XZ’E)tzo}i]il are i.i.d. random variables, when j # k, one has
E[A%(s)AL(s)] =0.
Hence

Ell s Do Al = Z ] < w. (3.18)

J#i -1 k=1
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For all € > 0, |F.(2)| < min{ C;'f', m%} from Lemma 2.1, we have
E[(A3(5))?]
" o o 2
—B[(RX - X29) = | R =it )’]
< OB[FE(Y - X29) ¢ ([ RS - p)irte)?] < 4R[FR(ED - X2
R4

1

jo—yl>e |7 = y[*

|z —y|?

<C
- e2d

df* (2)df2(y) + C

A @)df 2 (v)

|z—y|<e

C

Combining (3.17), (3.18) and (3.19) together yields (3.11). O

Proof of Theorem 1.3. Let {(Xti)tzo}j-vzl and {(XZ’E)tZO}jVZI be the unique strong
solution to (1.8) and (3.10) respectively, with the same i.i.d. initial data {X{}¥ ; and
Brownian motions {(B});>0};. Similarly with (2.26), one can obtain that there
exists a constant Cp and eo(T) > 0 such that if € < go(T), then for any 1 < i < N
and T > 0,

E[ sup |X}° — X]|] < Cpe™P=¢T), (3.20)
t€[0,T

Combining (3.11) and (3.20) together, one has

E[ sup |X§’€—Xf|} <E[ sup |X§’5—XZ’E|] +E[ sup |X’f’€—Xti|]

te[0,7) te[0,7) te[0,T)
Cr Cr B
< br _Cr exp(~CT) _
N1 exp ( ~a ) + Cre (3.21)

We choose ¢ = e(N) = A(In N)~4 — 0 as N — oo in (3.21), where ) is a large enough
positive constant. And then

: Cr NS (In N) 7
E[ sup |X§’E(N)—Xti|] < T

te[0,T)] A-1/N -1

+ CTEexp(—CT)
—0as N = oo, (3.22)

which ends the proof of Theorem 1.3. O
3.3. Propagation of chaos.

COROLLARY 3.1. Let {(X} )0}, and {(X})i>0}, be two processes de-

fined in Theorem 1.3. Denote by Fy(x1,--- ,xnN) the joint marginal distribution of
(th’a, e ,XtN’E)tzo, ft(j)’e = Jav—pa Fr(-,dajyr, - day) be the j-th marginal dis-
tribution of Fy(x1,--- ,xn), and (fi)i>0 be the common time marginal distribution of

{(Xti)tzo}i]il. Then, there is a list of cut-off parameters e(N) ~ (InN)~d — 0 as
N — oo such that for any j > 1,

MT(ft(j)’E(N), t®j) — 0 as N — oc.
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Proof Denote by Ft(mh- - ,TN,Z1,- - ,&;) the joint marginal distribution of

(th € XNE th, .- Xj)t>0, then one has the following facts

t®j :/ Ft(dl‘l,"' 7dINa')7
RNd

ft(j)’gz Ft('7dxj+17"' 7de7d'fj17'” 7d§:-7)’

RNd

/ Ft('7d‘rj+17' o 7de7') S A( t(j))sa f@ﬂ)
R(N—j)d

Applying (3.21) and the exchangeability of {(X})¢>0}Y, and {(X})i=0}Y,, we ob-
tain

(N .
MT(ft(J)vs( )7ft®j)
< sup / (|371—561|+"'+|33j_£j|)/ Fy(dxy, - dey,diy,--- di;)
R25d R(N—j)d

te[0,7)
i swp [ e wBidey, e doydin e diy)
te[0,T] JR(N+i)d
< JEay o wn i, ay | SUP |Xt1’E(N) —X}|] > 0as N — occ. (3.23)
te[0,77]

|
For another perspective, similar with [43], we have another propagation of chaos
result.

COROLLARY 3.2. Let {(X}%)i>0}N, and {(X});>0}Y., be defined in Theorem
1.8, which can be considered as the canonical process on C = C([0,T],R?). Denote

mpy (w1, ,wyn) € P(CN) as the joint probability measure of (Xl’s : ,XtN’E)t>0

and m € P(C) as the common probability measure of { t>0} . Then there
is a list of cut-off parameters e(N) ~ (InN)~d — 0 as N — oo such that for
any j > 1, (X:’E(N),uo ,th’E(N))tZO converges in law to the j-independent ran-
dom varz’ables (X}, ,Xj)t>0, which is equivalent to that the empirical measure

pN =+ Z Oy ie(N) (regarded as a P1(C)-valued random variable) converges in prob-
ability L‘o m as N — 0.

Proof. The proof is similar to that of Corollary 3.1. Denote by mle =
Jeox—pamn(wi, -+ ,wj,dwjiy,- -+ ,dwy) the j-th marginal probability measure of
my, one has

J
’DT(m(j)ve(N)’m@j) < E[Z sup |X1 e(N) XZ']
i—1 t€[0,T]

=jE[ sup X, M) — X}|] 2 0as N — occ.
te[0,T7]

Mz

It has been proven by Sznitman [43, Proposition 2.2.] that pV = xie ()

converges in law to m. Since m is a constant random variable, then the vergence
in probability follows. O
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4. Appendix.

Proof of Claim 1 in Section 2.3. Based on the uniform estimates in Theorem 2.2,
there exists a constant C which is independent of £ such that

/O 1 Vo Vg di < C and / 0t Iy <,
then the following compact embedding holds: for any ball Br centered at 0 with
radius R,
HY(Bgr) =< L*(Br) — H (Bg).
By the Lions-Aubin lemma and combining with the regularity, one arrives at
pe is compact in L*(0,T; L*(Bg)).
Consequently, there exists a subsequence p. without relabeling such that
pe — p in L?(0,T; L*(Bg)) as € — 0. (4.1)

By the uniform estimates in Lemma 2.2, the regularity of p follows:

i) pe L>(0,T; L= R N LY (RY, (1 + |z])dx)),

ii) p e L?(0,T; H(R?)) and 0,p € L*(0,T; H~(R%)).
Now, we prove that p(t,z) is exactly a weak solution to (1.3). For any test function
o(x) € C§°(RY), it satisfies the following equation

[t rptwie— [ pwgterte v [ [ ot mpsisas

/ / pe(t, x) / F.(z — y)p(t,y)dy) - Vo(x)dzds. (4.2)
Rd
By the weak convergence of p.(t, ), the linear parts converge as follows
/ o(x)pe(t, z)de — o(x)p(t,x)dx, as e — 0. (4.3)
R4 Rd
t t
/ / pe(t, 2)Apdads —>/ / p(t,x)Apdrds, as e — 0. (4.4)
0 JR4 0 JRd

The nonlinear part is divided as follows
[ Ineta) [ Pola—ppettn)dn = plt.a) [ FGa=)ott.)ds] - Voo
< |/}Rd pe(t,x)[/Rd Fo(z —y)pe(t, y)dy — /Rd F(z —y)p(t,y)dy] - Ve(z)dz|
+ /Rd [pe(t, ) — p(t, z)] /Rd F(z —y)p(t,y)dy - Vio(z)dz|. (4.5)

By Lemma 2.2, V(t,z) = [pu [F(z — y)p(t,y)|dy < C(po) for any z € R? and V (¢, x)
is continuous in space. Hence V (t,z) - Vo(x) € Cp(R?), and then the second term
goes to zero, i.e.

’/Rfl [pe(t,z) — p(t, )] /RdF(xfy) (t,y)dy - Vo(z)dz| —0ase — 0. (4.6)
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With the strong convergence (4.1), the first term is estimated by
!/ pe(t, ) / =z —y)pe(t,y)dy — / F(z —y)p(t, y)dy] - V(x)d|
< C/ pe(t,x I/ Y)pe(t,y) — Flx —y)p:(t,y)] dy|da

+|/ pe(tvx)/ [F(z —y)pe(t,y) — Flz —y)p(t,y)]dy - Vo(z)dz|

C(po €+|/ — pe(t,y)] /Rd pe(t,x)F(z —y) - V(x)dady|
< C(po)e + | [p(t,y)*ps(t,y)]/ pe(t, 2)F(x —y) - Vip(z)dwdy|
ly|[<R R4
H [ ot - pettw] [ peln)F o~ ) - Vplo)ddy). (47)
ly|>R Rd

Since [pa |pe(t,2)F(x —y) - Vo(z)|dz < C, combining with (4.1), one has

/Ot | /|y<R [p(t,y) = pe(t,y)] /Rd pe(t,2)F(z —y)

Vo(z)dzdy|ds — 0 as e — 0. (4.8)

Since p(t,y), pe(t,y) € L*(RY) and [p. |p:(t, 2)F(z — y) - Vo(x)|dz < C uniformly
with € > 0,

[ bt =paew)] [ ptearre-y)
0 ly|>R R4
Vo(z)dzdy|ds — 0 as R — oc. (4.9)

Combining (4.7), (4.8) and (4.9) leads to

/ / ps(t,x)[/ F.(x —y)ps(t,y)dy] -Vo(z)dzds
0 Jrd Rd
— /0 /Rd p(t,x)[/Rd F(z —y)p(t,y)dy| - Vo(z)drds as € — 0. (4.10)

Owing to (4.3), (4.4) and (4.10), passing to the limit ¢ — 0 in (4.2), we obtain that
for any t € (0,7

/ olt; )()d“"*/RposO( zfv// (t, ) Apdads
//Rd (¢ 2)( /F””— p(t, y)dy) - Vo(x)dads,

which finishes the proof.
Proof of Theorem 2.2. First, multiplying (2.18) with ppP~!, p > 2, one has

4(p —1 P
e+ D [ 9 e < o-1) [ e @y
R

dt Jpa



PROPAGATION OF CHAOS 343

For d > 3, using the Gagliardo-Nirenberg-Sobolev inequality (see [7], [14] and
[17]), for any p > 4 — 1, one has

(p—1)/ pP e < (p—1)Sd—1/ |V(p8§)’2dx</ pegdl‘)g,
Rd Rd Rd

where Sg = @22/‘%”1/‘11“ (%)_2/(1. Then taking p = ¢ in (4.11), one has

d

ENE - v
dt Jpa V] da:(Sd 1||'0€||L%(]Rd) B E)’

Ps%dxé(gfl)/

Rd

< SVdS% we have

which means that if ||p0||L%(Rd)

8VSd
||p5||L%(Rd) < HpOHL%(Rd) < d

In [2, Theorem 4.2.], the uniform bound of ||pc|| £ (0,7; L (r#)) has been proven under
the above condition.

For d = 2, under the sharp condition of fRz podr < 8mv, the estimate of
llpell Lo (0,7;L3(r2)) Was given by [3, 15] with a bounded second moment. Similarly,
with a bound of the first moment, there exists a constant Cp (depending only on T')
such that

sup_|[|pell}s < Cr. (4.12)
t€[0,T)

Then, we establish the uniform bound of || .|| (0,7;r(®?)) under this sharp
condition and divide the proof into two steps by using an iteration method.

Step 1 Define ¢, = 2 +2, k > 0. We have already obtained the uniform
estimate for p. in L% (R?) with gy = 3 in (4.12). Now taking p = qx, k = 1,2,--, in
(4.11), the inequality becomes

4(qr — 1 %
9] pprar < AL / V(o) + (g — 1) / pl e, (4.13)
t Jp2 qk R2 R2

In this step, we derive the following inequality:

4 pdz < —/ pgkdx+c22’“{(/ pdk=rdr)’ + (/ pZ’“*ldx)Q}, (4.14)
dt R2 R2 R2 R2

where v = qg—: <2.
Ladyzhenskaya’s inequality reads

/ Pl de < 2(/ pgkdx)(/ ‘V(p?)fdx). (4.15)
R2 R2 R2

Using the interpolation inequality yields

1 (a+1)(1-6) 9 (qp+1)6
i e 5 e,

de < Qk—ld % 2qkd g 4 17
plrde < (| plt=rde) ([ petdz)?, (4.17)
R2 R2 R2
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2qk (qe+1—qr—1) 2(qr—qr—1)
where § = (a1 +1)(2aK—qr—1) ’ﬂ_ 2qk—qr—1 °

Plugging (4.17) into (4.15), one has

29, (1-8)
/11@2 p?qkdx§22%ﬁ(/R2 plE—tdx) -1 ( / |V( pE | dx) . (4.18)

Plugging (4.18) into (4.16), one has

[ oetan <28 ([ preosan) SEET ([ (90 ) #
R? R? R?
<a( [ o) ([ VE)Pa)?
R2 R2
2 Lo 12
< 2a_1(/ plE—tdx) —|—2a/ |V(pg2 )| dz, (4.19)
R? R?

for any a > 0. Let a = = and take (4.19) into (4.13),

d 2(%_1)V/ LT 2,2 / 2
— by < — 2% 7 2 d v dk—1 ]
dt Rzpa T > an R2’v(p€ )’ T+ v ( Rzpe .23)
a5 2q1,2
< —u/ ‘V(pﬁk)fd:v—&-&(/ pg’“*ld:t)Q. (4.20)
R2 14 R2
Plugging (4.18) into (4.17) induces that
5 2q;,(1-6) a o B
/ pgkdmggﬂ(/ plk- 1daj a1 (2= B) / ’V e )’ dm)z—ﬁ
R2 R2
1 2q, (1-58)
ga/zrv(g/ Bt ) s T 4 b ( / V(o) [2da) =77,
R2

for any b > 0, where § + ¢’ = 1.

Let 6b5 = v and § = % = % S [%, %], the above inequality becomes

/ pldz < (1 —5)(5)’%(2/ pZ"*ldx)“rV/ V(o) dz
R2 6 ]R2 R2

< )\(/ pgkfld:r)w—i—y/ |V(p:7k)|2dx, (4.21)
R2 R2
_ Yy
Where v = % Qk = Qmax{(l — )(3) 1—95 }

Plugging (4.21) into (4.20), we have

d qk qk qk—1 v 2Qk2 qk—1 2
T pIrdr < — pIedr + )\( ) dx) + —( pe dx)
R2 R2 R2 174 R2
R2

pg’“dm—l—CQ%{(/ pg’“*ldx)v—i— (/ pg’“ldaz)2},
R2 R2

which gives the inequality (4.14).
Step 2 Denote z(t) := [;, p?*dx, the inequality (4.14) can be recast as an
ordinary differential inequality problem:

S_

23,(t) < = () + C2 (a]_y (1) + 7 (1)),
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where 0 < v < 2 and C is a constant independent of k. From the above inequality,
one has

2y, (t) < 21,(0)e " + C2% max {1, sup 27 () }(1—e ")

t€[0,T]
§022kmax{1, sup x3_1(t), z(0)}. (4.22)
t€[0,7]
Plugging z4(0) = fppfidz < |pollllpollf=’ < D%, D =

max {1, || poll 1 (r2), || pol| L= (r2) }, into (4.22), we achieve

xp(t) < 022 max { sup zj_,(t), D2k+2}
t€[0,77]

< 092 (022-D)2 (022-2) % (092)? max { sup «2 (1), D)
te[0,7)

= O 192" -4k *max{ sup () DQHI} (4.23)
te[0,7]

Take the power 2k+2 to both sides of (4.23), since ||pel| p2x12(ge) = x,fk”( ), then
the estimate is obtained by passing to the limit k£ — oo,

HpEHL"O(O,T; L>(R2)) S Cmax{ sup .I‘Q(t), D2} (424)
te[0,7)

Since zo(t) = [g. pidx, combining (4.12) and (4.24) together, we finish the proof of
the uniform estimate of ||pz|| Loc(0,7; Lo (r2))-
Now we prove (i7). Taking p =2 in (4.11), one has

d
7/ p?dl’-l—?l// ‘Vp5|2dx S/ pidr < C. (4.25)
dt Rd Rd R4

Integrating (4.25) from 0 to T yields

T
/ P2 (T, x)dx + 21// / |Vp5|2dxdt <CT +/ pe(x)d,
R 0o Jre R4

then fo Jga ‘Vp€| dadt < CT + g4 p§(z)dz, ie.

T
/0 ||Vps||2L2(Rd,)dt§CT+/ P2 (x)da. (4.26)

Rd

Multiplying (2.18) with a test function p(x) € C§°(R?), then integrating in space,
one has

/ OLpepdx :/ (chps — VVpg)Vgodx. (4.27)
Rd ]Rd

From Lemma 2.2, [Veo| < [fou |p=(t,y) Fe(z — y)|dy < C, it follows

| [ dupeiods| < 96112 (€ + V¥ 2ge). (4.28)
R
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Hence this directly derives that

‘fRd 8tp5<pdx‘
10l -1 (mey < sup
pecee@d) el me

< C+v||Vpe| p2(ray for any t € [0, T]. (4.29)

By (4.26), integrating (4.29) in time space, one achieves

T T
/0 HatpsH%[—l(]Rd)dt < QCT—F?V/() ||VIOE||2L?(Rd)dt7 (4.30)

thus the proof of Theorem 2.2 is completed. O
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