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REALIZATIONS OF THE HOMOGENEOUS BESOV-TYPE SPACES*

FARES BENSAIDT AND MADANI MOUSSAI*

Abstract. Using the notion of realizations, we study the dilation commuting realizations of the
homogeneous Besov-type spaces Bp’g (R™), which are defined modulo polynomials of degree less than
w; the integer p will be determined from the parameters n, s, p, ¢ and 7.
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1. Introduction and the main results. The homogeneous Besov-type spaces
B;Zg(R") are quasi-Banach spaces defined by functions in the space S, (R™) of tem-
pered distributions modulo polynomials on R™. After B;7(R"™) the inhomogeneous
Besov-type spaces introduced by El Baraka in [9, 10], the homogeneous counterparts
have been investigated in several papers, for instance by Liang et al. [12], Sawano et
al. [16], Wu et al. [20], Yang et al. [22, 23, 24] and Yuan et al. [26].

Using the realizations, these spaces can be given in the space SI’L(IR”) of tempered
distributions modulo polynomials of degree less than p, where the value of the positive
integer  is completely determined from the parameters n, s, p,q and 7.

The notion of realization of homogeneous spaces has been introduced by G. Bour-
daud [3] in the case of the homogeneous Besov spaces B;q(R"). Now, there are
many papers in this subject for other function spaces than B;q(R"), as homogeneous
Triebel-Lizorkin spaces F; 4(R™) and homogeneous Sobolev spaces W;,” (R™), see e.g.,
[5, 6, 14, 25]. There are also various works related to the realizations of certain ho-
mogeneous spaces as in e.g., Navier-Stokes, pseudodifferential operators, pointwise
multipliers and wavelets, see e.g., [2, 8, 13, 19].

Our main result consists of the realization of B;:g (R™), where for this purpose, we
first need to define the spaces of tempered distributions modulo polynomials, and for
brevity, as all function spaces occurring in this work are defined on Euclidean space
R"™, we omit R™ in notations throughout the paper.

— N denotes the set of natural numbers, Ny = NU {0}, Z the set of the integers,
and R the set of the real numbers.

— For s € R, [s] denotes the greatest integer less than or equal to s. For = € R,
E(z) denotes the vector ([z1],...,[xn]) € Z". For a € R we put ay = max(0,a). For

a € N multi-indice we write %I:Lf =9°f = f(@ with la] == a1 + ... 4+ ap.
— For £ € N we denote by Pj, the set of all polynomials on R™ of degree less
than k, we put Py = {0} and denote by P, to the set of all polynomials on R™.
— For k € NgU {oo}, the symbol Sj will be used for the set of functions ¢ in the
Schwartz class S such that (u, ) = 0 for all u € Py, (i.e., 3(*)(0) = 0 for all |a| < k).
The topological dual space of Sy is denoted by S;. For all f € &', we denote by

[f]k the equivalence class of f modulo Pj. The mapping which takes any [f]; to the
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restriction of f to Sj turns out to be an isomorphism from S’/Pj onto S;. For this
reason, S;, is called the space of tempered distributions modulo P.

We second need to recall the notion of realization from the different works of
G. Bourdaud [3]-[6], then we define the realized space.

DEFINITION 1. Let m € NgU{oo} and k € {0,...,m}. Let E be a vector subspace
of 8!, endowed with a quasi-norm such that the continuous embedding E — S, holds.
A realization of E in S}, is a continuous linear mapping o : E — S, such that
[o(f)]m = f for all f € E. The image set o(E) is called the realized space of E with
respect to o.

REMARK 1. A realization is entirely determined by the corresponding realized
space, since for any f € E, the element o(f) is the unique representative of f such that
o(f) € o(E). We also note that if we require extra properties such that translation or
dilation invariance, a realization of F in S; for & < m has some chances to be unique,
in the case k = m the identity is the unique realization, cf., see [6, props. 2.2, 2.4].

The set of realizations has a phenomenon of generation, in the sense that if a
realization is known then it generates other realizations. We recall the following
assertion and refer to [3, prop. 2] for the proof.

PROPOSITION 1. Let 09 : E — S, be a realization. For all finite family
(La)k<|a|<m of continuous linear functionals on E, the following formula defines a
realization of E in Sj,:

o(f)@) = oo(H)@)+ D Lalf)a"

k<|al<m
Conversely, any realization of E is given in such a way.

On the other hand, the weak convergence of distributions to 0 at the infinity plays
a major role in this work, we recall this fact.

DEFINITION 2. A tempered distribution f € S’ tends to 0 at the infinity in the
weak sense if limy_,o f(A71(-)) =0 in S’. The set of all such distributions is denoted
by Cb.

Here some examples of distributions vanish at the infinity in the weak sense: (i)
functions in L, for 1 < p < oo, (ii) derivatives distributional of bounded functions,
(iil) derivatives of the members of Cy.

To give the main result we also need to introduce the Littlewood-Paley setting.
We choose, once and for all, a standard cut-off function p. More precisely, we assume
that p is a radial C'* function satisfying 0 < p < 1, p(§) =1 for |£] < 1, p(¢) =0 for

|€] > 3/2. We define v := p — p(2(-)). Then  is supported by the compact annulus
1/2 < |¢] < 3/2 (the Tauberian condition), and the following identities hold:

D> (278 =1(VE € R"\{0}), p27%) + ) v(277¢) =1(V6 R, Vk € Z).
JEZL >k

We introduce the convolution operators (Q;);ez by means of the following formula

ij =y(279(- ))f It is clear that @Q; is defined on S, since Q; f = 0 if, and only if,
f is a polynomial on R”. In the following we say:

if feS, weset Q;f :=Q;f1 for all fi such that [f1]e = f.
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The operators @Q; (Vj € Z) take values in the space of analytical functions of ex-
ponential type, see the Paley-Wiener theorem e.g., in [11, thm. 1.7.7, p. 21]. Then
we have the Littlewood-Paley decompositions of any tempered distribution or any
smooth function: For every f € So (S., respectively) it holds f = ZjeZ Q;f in S
(8., respectively), and for every f € S (&', respectively) and every k € Z it holds
f=2F1p(2k() * f + 2>k Qjf in S (8, respectively).

To define the homogeneous Besov-type spaces, therefore we need some more no-
tation (the dyadic cubes): For k € Z and v = (v1,...,v,) € Z™ we set

P, :={r=(21,...,2,) ER": v; <2%z; <v;+1, j=1,...,n}

DEFINITION 3. Let s,7 € R and p,q €]0,+o00]. The homogeneous Besov-type
space By7 is the set of f € S such that

) q\ 1/q
1711557 1= sup sup 2477 (37 (270Q3fllzyimi) ) < oo (1)
' S

ves izk

As it is announced in the beginning, we turn to define the positive integer 1 where
its value will be justified and fixed throughout this paper: To any 5-tuple (n, s, p, ¢, )
of real numbers we associate an integer u € Ny defined as

- 1), if eith - 1
/li_{ ([s+nT—n/p]+ )+ if either s+nt—n/pé¢ Ny or ¢g>1, @

s+nt—n/p if s+nr—n/peNy and 0<qg<1.

Then our main result is the following statement.

THEOREM 1. Let s,7 € R and p,q €]0,+00]. Let [ € B;:;. Then the series
ZjeZ Qjf converges in S;,. Let us define o,(f) as the its sum which belongs to S,,.

Then the mapping o, : B;;g — SL defined in such a way is a translation and dilation
commuting realization of Bf,:; into SL, and o, (f) is the unique representative of f
satisfying 0“0, (f) € Co for all |a| = p.

An immediate consequence of Theorem 1 is a characterization of the realized

space of the homogeneous Besov-type space without reference to Littlewood-Paley
decompositions.

COROLLARY 1. Let o, be the mapping defined in Theorem 1. Then the realized
space UH(B;:;) coincides with the set of f € S, such that [f], € B;:; and f() e

or all || = u; this set is denoted by BST. The space BST is endowed with the
H Py Py
quasi-seminorm || f|

sor = 1 ullisg

To prove Theorem 1, we will give in the first time an assertion which is a variant
of the Nikol’skij representation method; see e.g., [15, p. 59], [18, p. 79], [21] for the
case of inhomogeneous Besov spaces By .. This assertion also presents one of our
contributions in this work.

THEOREM 2. Let s,7 € R and p,q €]0,4+00|. Let a,b be real numbers such that
0 <a<b. Let (uj)jez be a sequence in 8" such that
e ; is supported by the annulus a2’ < [£| < b27,
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i a\1/q
o A:=supyey Sup,ezn 27 (1 5k (2 usllz,(py,))") T < 0

Then the series ZjEZ u; converges in SZ to a limit u which belongs to S}IL and satisfies

ulull gy 7 < €A, 3)

where ¢ depends only on n,s, T,p,q,a and b.

REMARK 2. Since we work in Sl’“ Theorem 2 also holds if we replace, in its
conclusion, the series > ez Ui by any series of type > jez Ui — U for every poly-
nomial v € P,; e.g., we will use in Section 4 below the particular cases v(z) :=
225<0 2lal<p u;a)(O)xa/a! and v(z) = 3z jaj<p ug-a)(O)m"/a!. On the other
hand, the value of the remarkable integer p can be justified, this affirmation is due
to G. Bourdaud in the case of the homogeneous Besov spaces B; , cf., [4, prop. 2.2.1]

which is also taken for B;;g, see Proposition 4 and Remark 4 below.

The paper is organized as follows. In Section 2, we collect definitions and basic
properties of B;:g. Section 3 is devoted to the proofs of main results where for
technical reasons, we begin by proving Theorem 2 then Theorem 1. In Section 4, we
discuss some remarks. In a final section (an appendix), we give some proofs.

Notations. We recall some usual notations. For all k, N € Ny and all f € S, the
standard seminorms are given by

Cvw(f) = sup sup (L+|a])* [F ().
2ER™ |a| <N

For a function f € L; the Fourier transform and its inverse on R™ are defined by

~

FHO =€) = [ e e and Ff(n) = (20) " F(-).

The operators F and F~! can be extended to the whole &’ in the usual way.
For a € R™ and A > 0, we denote by 7, and h) the translation operator and the
dilation operator, respectively, i.e., 7,f := f(- —a) and hyf := f(A71(:)). Constants
c are strictly positives and depend only on the fixed parameters n,s,p,q and 7 and
probably on auxiliary functions, unless otherwise stated, its value may vary from line
to line. Finally, we will use the symbol <: the notation A < B means that A < ¢B.

2. The Besov-type spaces. In Definition 3 we have the following independence
observation:

REMARK 3. The spaces B;:g are quasi-Banach independent of the choices of 7,
i.e., if we take a function =y (with the same properties of v) positive, radial, C'*
and supported by the annulus a < [¢] < b with 0 < 2a < b i.e., the Tauberian

condition, and define || - Hgsl,) the resulting quasi-seminorm of B;:; by replacing in
p

(1) the quantity @, f by (27"h2__7'f*1'71) x f, then || - |g:);

there exist positive constants c;,co depending on n,s,7,p,q, a,b, F~ 'y and F~ 'y,
such that

is equivalent to (1), and

cillfllgsy < WIS < eollflgyy  (WF € BRY):

the proof of this fact can be found in [23, coro. 3.1].
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We have also the chain of continuous embeddings Sy, — B;:g — S, see again
[23, props. 3.1, 3.4], and ||f||B;,; = 0 if, and only if, f is a polynomial. Now, to
explain why the spaces B;:g are called homogeneous, we give the following assertion
which will be proved in the final section:

PROPOSITION 2. There exist two positive constants c; and co such that the in-
equality

el fll gz < NPy fll g < call Fllges (4)

holds for all f € B5T and all X > 0. In case A = 2F (k € Z), the above inequality

P,
becomes an equality, i.e., || f| By = Qk(stnT=n/p)|| ]y f|

By
In the following statement (that will be proved later on) there are some properties

of B;:g and a link with the “ordinary” homogeneous Besov spaces B; ¢ Which will be

defined before:

DEFINITION 4. Let s € R and p,q €]0,+00]. The homogeneous Besov space B‘;)q
is the set of f € S, such that

. 1/
105, = (30 291Qi e, )?) " < oo,

JET

ProOPOSITION 3. (i) If 7 =0, then B;:g = B;q holds in the sense of equivalent

quasi-seminorms. .

(ii) If 7 <0, then the equality B, 7 = Po holds.

(iii) For all f € By, its first order derivatives Oif (I = 1,...,n) belong to
Byt and [|0f || a1 S I fllgg7 -

(iv) The continuous embedding BSZ — B;‘;‘;Zg‘"/” holds; this presents a link
between B , and By

Noticing that the most properties of B;q (some of them are listed in above two

propositions with the case of B‘;:g and obtained by taking 7 = 0) can be found in
[1, 7, 18].

3. Proofs of main results.

3.1. Preparation. We need the following two assertions; they also present an-
other examples of functions in Cy, where the first one is easy and the second is proved
in [3] or [6, prop. 4.4].

LeEMMA 1. If a polynomial f belongs to 50, then f =0, i.e., CoNPo = {0}.
LEMMA 2. Any bounded function f, such that suppfis a compact set in R™\ {0},

belongs to Cy.

The proof of Theorem 2 is based on the following statement which is an estimate
of functions in S and S,,, and is proved in e.g., [14, prop. 2.5].

LEMMA 3. (i) Let k,m € No. Then there exists a constant ¢ > 0 such that

s % f(@)] < 277Gk (F)Smp () (1 + |2]) "
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forall f €8, all p € Sy, (with ¢j :==2"hy—;¢), all j € Ny and all z € R™.
(ii) Let k,m € Ny. Then there exists a constant ¢ > 0 such that

;% f(@)] < 27T 1 () (W) (1 + 27]a])~F
for all f € S, all Y € S (with 1, := 2" hy—;54), all j € Z\N and all x € R™.

3.2. Proofs. We begin by the proof of Theorem 2 as mentioned in the Introduc-
tion.

Proof of Theorem 2. For the simplicity and clarity, we will subdivide the proof
into several steps.
Step 1: convergence in 8’ We introduce a radial and positive function

5 € D(R™\ {0}) such that 7(¢) = 1 if a < |¢] < b, and we define Q, := 7(27*D); i.
Quf =7(27%()f for all k € Z. We have Qpuy, = uy.

Suppose for a moment that p exists and is given by (2). Let f € S,.

Substep 1.1: the case either s +nt —n/p ¢ Ng or ¢ > 1. Here p := ([s + nT —
n/p) —1-1)+7 i.e., > s+nt—n/p. The assumption on 7 yields (Qrug, f) = (uk, Qrf).

Then it follows
D Wk O <D0 Nkl (P 1QkFll 2y (- (5)

kEZ ke€EZ veZm™

Now, we are going to estimate ||ux|/z_(p,,), where we will prove:
ltkllopry S 2502~ A (W € Z, W € 27, (6)

We first observe that

lukllz,pe.) S 275 ( D297, s
( ku)
j>k

<o KA (Vke Z, W € 27, @)

and we continue by considering the cases p > 1 and p < 1 separately, for technical
reasons.

e The case p > 1. By Holder’s inequality and (7) we have

k()| = | Qruue \<2’“"Z/ 42D )l dy

neL™
k'n k —(n / 1/p'
S el / @42 —y) O ) @ =/ - 1)
nezn k,n
/ ’
rmemmmay / (2428w — )~ ay) (8)
neLm" Pr.n

For € Py, and y € Py, we have 1+ [v —n| < \/n(2 + 2¥|z — y|), then

p ’
> / (242 —yl) P ay) T L2 Y (L)
Py,

neLr neZ™
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By translation invariance with respect to the summation on 7, the last inequality is
bounded by ¢27%7/?" Inserting this estimate into (8). By taking the supremum on
x € Py, in the first term of (8), we then get (6).

e The case 0 < p < 1. We write

jug ()] = |Qru ()] S 28" > ; (2 + 2%z — y) ™" Huw(y)| dy
nez" k.n

k 1—
5 rm sup ||Uk||Lcop(pk w) Z
wEeZ™ ’

/P 2+ 2%z —y) " Hur(y)Pdy.  (9)
nezn k,n

As above, ¥ € Py, and y € Py, imply 1+ |v —n| < y/n(2+ 2%z —y|), and by (7) we
also have that the right-hand side of (9) (with « € Py,,) is bounded by

cQkng—(s+nm)kp gp Sélzp ”ukH}/;p(Pkw) Z (1+ |V _ ,’7|)—n—1.
wezn newL"

Again, by translation invariance with respect to the summation on 7, we obtain

[kl Lo P,y S 2P0 TRP AP Sup. lurlly Zp, ) (VkE€Z, Vv eZ");

take the supremum over all v € Z in the left-hand side, the estimate (6) holds again.

We now turn to (5). By Lemma 3 we have, since f € S (recall that f € S, C S),

1Qk Fllzy Py S 27F N Gy it () / (1+1y) " 'dy  (with k>0) (10)
Py

for some positive integer N;. Since f € S, and by the change of variables = := 2ky
in 27 [, (14 2Fy[) " dy, we get

QSN2 Py S 2% Cuna () / (I+|zh™ dz  (with k<0).  (11)

0,v
Now, inserting (6), (10) and (11) into (5), i.e.,
Z |(ug, f)] < C(f)A(/ (1+ |.’L‘|)_"_1 dx) Z2(n/p—s—n7’)k min(2“k72_kN1),
keZ Ren keZ

choosing N7 such that Ny+s+n7—n/p > 0 and using the fact that p—s—n7r+n/p > 0,
we obtain the desired conclusion.

Substep 1.2: the case p:=s+nt —n/p € Ny and 0 < ¢ < 1. We first instead of
(5) use the following splitting

Z |<uk’f>| < Z Z ||uk||Loo(Pk,V)H@kaLl(Pk,u) + Z |<U'k7f>| :

kez k>0 vezn k<0

Using (6) and (10), the estimate of the first part (i.e., >, ,...) can be done as in
Substep 1.1, and will be omitted. Now, for the second one (i.e., >2; (. ..), we will
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distinguish between the cases p > 1 and p < 1.

e The case 1.2.1: p > 1. We first use the Holder inequality (recall p’ := p/(p—1))

D N A<D Nl e 1Qkf Iy (e (12)

k<0 k<O0vezZm™

Since the assumption f € S, we proceed as in (10)-(11) by taking L,/ (P, ) instead
of L1(Py,), we obtain on the one hand

> Nkl p QK fllL,, 7y

k<0
’ 1/p/
< G (N T2 unllyenn) ([ a7 an) ™ as)
k<0 Po,v
where the term in the last integral f P, is obtained by a change of variables

x := 2Fy, see again (11) and in particular the sentence just before this formula.
On the other hand, we will use the following property of the support of uy: for
all couples (j, k) € Z? it holds:

if [j — k| > logy(b/a) then {€:a2 <[] <27} N{€:a2" < [¢] <B2F} =0. (14)

Thus )7, o, ur(§), for all £ € R™ \ {0}, contains at most 2m + 1 non-vanishing terms
(where m is the non-negative integer near of log,(b/a)) corresponding to the compact
annulus 2= < |¢] < 2! (1 = —m,...,m). Consequently, k¥ € A with Card A =
2m + 1 where Card A denotes the cardinal number of a finite set A ; Z.

We turn to (12). Then in its left-hand side, we have >3, ... =32 ¢ pen-- -
The set A is constituted by consecutive elements, say A := {J,J +1,...,J + 2m}
where J < 0. We continue, since

kE>J = Pk,l/ - PJ,E(ZJ*"‘V) U PJ,E(QJ*"‘V)erO )
where wo = (1,1,...,1) € Z". Then
lurllz, Py < Nukllz,p, por,,) + 1wkl e

and it holds

D2 iy py = Y 2T luklln, )
=0 k<0, kEA
J+2m
< maX(ZZmn'r’ 1) 2Jn'r Z QSk(Huk”Lp(P

J,E(2d—ky)
k=J

J+2m

< 2max(22m"7, 1) Z (2‘]’”25’“ sup HukHLp(prn))
k=J neLn
J+2m

< 2max(22™"7, 1) Z (sup sup 2" ZQSlHUlHL,,(P,-,"))
k=J jEZ 'VIEZ" lZ]

],E(zJ*kuno)’

)y + ||UkHL,,(PJ’E(?;,;CVHWO))

) 1/q
< sup sup 2"/ (Z (28l||'LLl||Lp(Pj‘n))q) (since 0 < ¢ <1)
JEL neLn =

<A (Vv eZzZ). (16)
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Finally by replacing (16) into (13), and by taking into account that « € Py, implies
1+ |v] < v/n(2+ |x]), we get, from the second member of (12),

/ 1/p’
g (ug, f)| < cACun+1(f E / (1+ |z —(n+1)p dx)
Po,

k<0 vEL™

< AGunra(f) D A+ )" S A (f).

venn

e The case 1.2.2: 0 < p < 1. We introduce a real number 0 < d < p < 1 which will

be chosen later on. The function @; * Q. f is supported by the ball [¢| < (b+ 3/2)2F,
then the Bernstein inequality yields

S g, ) S S 21/ 1)(/ |uk(x)@kf(x)|ddx)l/d

k<0 k<0
kn(1/d— g\
< 37 gkn(1/a-) Z g, (2)Or f ()] dx)
k<0 VeZﬂ L

By using the Minkowski inequality w.r.t. £;,4(¢1(Z")), the third term in the last
inequality is bounded by

(T A0 [ m@a@ra) ) an

veZ™ k<0

By the Holder inequality with exponents p/d and w := p/(p — d), it holds

~ 1/d ~
(] m@@u@ltar)” < lul, el @f e, 03)

on the one hand. On the other, by Lemma 3 since k < 0 we obtain, for a positive
integer N and a change of variables y := 2Fz,

~ 1/(dw)
G MNeauirny < 29T () ([ 1+ 125DV o)
k,v
nen _ Ndw 1/(dw)
— 2k(ptn /d+n/p)Cp,,N(f)(/ (1+[y]) Nd dy) . (19)

0,v

Inserting now (19) and (18) into (17), it follows

Sl A1 S G D] 3 (X2 gl )

k<0 veZr k<0
1/wy1/d
([ eay) Y
Po,v

But we can here apply (16) since (15) is also valid in the following sense:

2Y77 (Jlug L, o ) F Uk Lo(P) smrnyrng))i (20)

||uk||Lp(Pk,u) < J,E(27 k)
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therefore, we find the bound

1/wy1/d

AN { ([ @l ay) )
veZ PO,V

Since 1+ |v| < (1 4+ V2n)(1 + |y|) if y € Py, it follows

>l NS AGuw(H( X 1+ ) ™)

k<0 vELn

1/d

As TT (1 + wi]) < (1 +|v])™, it suffices to choose N € N sufficiently large such that
N > n/p and d satisfying n/N < d < p.

Step 2: proof of (3). Now ZjEZ u; =: u in S, is well defined, and we are going
to estimate ||[u]u||B;:Z.

Since @; is supported by the annulus a27 < || < 27, there exist two integers m;
and my, depending only on a and b, such that Qi (u,;) =01if j < k+mq or j > k+mq
(my and mqy are the integers near to log,(1/2b) and log,(3/2a), respectively, with
my < mg).

We will estimate ||Qrullz,(p,,)- We put d := min(1,p) and use the Minkowski
inequality, then for all v € Z"™ and all couples (k,[) € Z* we obtain

1/d
Il < (X 1@l )

k+mi<j<k+mo
. 1/q s 1/d
<( X e, (X )
k+mi<j<k+mo k+mq <l<k+ms
Thus
< 9—sk sjq q 1/a
IQuulle, iy 27 D 2@ p) (2D

k+mi<j<k+mo

We now continue by considering the cases p > 1 and p < 1 separately.

Substep 2.1: the case p > 1. By using the Hélder inequality (recall p’ := p/(p—1)),
we obtain

@l = [ (X [ a2 @ = i)

SV weZn

<[ (S, wora} ([ rnete oy} e
22

we continue by the Minkowski inequality, we get the bound

p
’ /p/ 1/p
i kn ——1 k _ » p
c(wénllugllmpl,w)(/m{/Pw 1257 F 1y (28 (2 — ) dy} dx) > .

Since z € P, and y € P, ,, imply that

14 jw—v| < Vn@2+2z—y|) < Vn2+2Fz —y|) with k>1,
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then

/ p/p’
/p { /P 25 F Ty (28 (@ = )P dy} dz < 20=Dmp (1 4 |y — y|)~ (P
1 1, w

Rz

We turn to (22), it holds

1@k, my S 257" D7 Mgl ) (1 [w =) =0 (23)

weL™

On the one hand, as in (14) the series ), , Cjk\u(ﬁ)7 for all £ € R™\ {0}, contains
at most three non-vanishing terms corresponding to the compact annulus 2F~"=1 <
€] < 3-28+7=L1 (1 = —1,0,1), consequently, k € A with Card A = 3. Then we turn to
(21) and obtain

k+mo
/a
(2@l o)) s (X % 2Pl i) @
k>l E>1, keEN j=k+m,

We set A := {J,J+1,J 4+ 2} (A is constituted by consecutive elements), and using
both (22) and (23) with [ := .J, then since we have 1 < 2(k=7)" < 227 the right-hand
side of (24) is bounded by

J+2  k+mso

1/q
(3 S 2 T il + w - )0 S
k=J j=k+m1 weEL™
J42

sow (Pl 1) T g

NEL™  is Thma wezn

< jas

:euzli( Z 2 Hu]HL (PJW)> : (25)

j=>J+my
On the other hand, by the elementary inequality

[2min;] < 27T Mg, < 2] + 2™ + 2 (x€Pyyj=1,...,n)

we obtain
PJ,n - U PJ+m1,E(2"”1n)+Two (26)
r=0
where wg = (1,1,...,1) € Z". Then we continue the estimation of (25), we find
1/q
(> 29uslly, )
j>J+my
2m1)+1
. a\1/aq
< ( > QSJQ{ > HujHLP(PJerLE(ZmlTIHM)O)} )
j=>J+ma r=0

[2m1]+1

1/q
siq q < 9—ntJ
Z ( Z 2 ||u'7|| PI+M1 E(2™1 Tl)+’“w0)> ~ 2 A

j>J+my
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Hence (Zsz QSquQkuH%p(Pw))l/q is bounded by ¢277/"" A, and the desired result
follows.

Substep 2.2: the case 0 < p < 1. Using (6), we begin by the following estimate

p
QeI s, < / S sl [ 271F 0 @ =)l dy) e

wezL™ Pijw

s [ (30 [ e - ) ay) de.
Pl,,, wEZ™ Pj w

Then we have

L (2

weL™

p
= [ (] 2mEtet e - pld) d = 2 1E S, )

[ 2@ e - )ld) do

Hence
1Qk(u)lL,(p, ) S 2//Pmsmnm)g=in/e 4 (Vk,1,j € Z,Yv € ™). (27)

As in the previous substep that it has been observed that the series ), , Cjk\u(f) is
given for k € A with Card A = 3 and A := {J, J+1,J+2}. Then from (21) we obtain

k+mo

1/q
(ZQSquQkquLP(PL] ) ( S Q)L V)) . (28)
k> k>l k€A j=k+m
Using both (27) and (28) with  := J, then the right-hand side of (28) is bounded by
J+2  k+me
cAD™ Jn/p(z Z 9ja(n/p— nr) <
k=J j=k+ma
2 1/q
< A27Jn/p(z 2kq(n/p7n7')) < 27]77/7‘14'
k=J

Hence agian we obtain that (Zk>J 2559 Qpul|? (P ))1/q is bounded by 27777 A.
The proof is complete. O

Proof of Theorem 1. Let f € B;;;.

Step 1. The convergence of the series > ez Q;f in S;L follows directly from
Theorem 2, see also [22, lem. 2.4]. We put 0,,(f) := > ;.,Q;f in S,,.

Step 2. We prove 0%0,,(f) € Cy for || = p. Owing to Proposition 3(iv), the proof
in the case s + n7 —n/p ¢ Ny or ¢ > 1 is similar to that in [6, p. 483, step 3] or [14,
p. 170] since [0%0,(f)]s € BZ;I*” — Bij,gg‘"/”‘“ (o] = ) and s+nT—n/p—p < 0.
We now see the case up = s+nr7—n/p € Ny and 0 < ¢ < 1. By again Proposition 3(iii)—-
(iv) we have [0%0,(f)]oc € Bgo’oo (with || = ) which implies that |Q; f*) |1 &) S
27 [0 (ol . for all j € Z. We put

= Z ij(o‘) (o € Nj is fixed such that |a| = pand m =1,2,...),

l7]<m
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then for all A > 0 and all g € S we write
(hx0%0u(f), 9) = (ha(0%0u(f) = fm), 9) + (hafm, 9)- (29)

Since || fmllz(mr) < 00 and fm is supported in R \ {0} by the annulus 27" <
|€] < 3-2m~1 by Lemma 2 it holds that (hy f.,,g) tends to 0 with A — 0.

To treat the second term in (29), we introduce a positive integer r such that
2771 <« X < 27", The function ]-'(hA(ij(“))) is supported by the annulus 27171 <
|€] < 3-27F7. Then

]:(Qk-‘rTh)\(ij(a))):o it k—j>3 or k—j<-2.

Hence

3

(ha(Q;f), g Z<Qk+rh,\ Qif).g) = Z<h>\(ij(a))»Qj+r+lg>§

kEZ 1==2

here we used the fact that « is a radial function on R™. Finally we obtain

3
(ha(8%0u(f) = fm),9) = Z Z (h(Q; £, Qitrr19)- (30)

li[>m l==2

As in (26) it holds

[(hr(0%0u(f) = fm),9)] < Z Z Z [ (Q; f¢ ||LOO(PJ,, 1Qj+r+19llL (P,

vEL™ |j|>ml=—2
1+[1/>\

S>> Z 1Q3 F Ly 50y ) 1 Qi1 Ly (31)

r=0 vezZ"™ ‘]|>m 1=-2

where wg := (1,1,...,1) € Z™, on the one hand. On the other, in (30) we have the
equality >, - = D |jjsmjen - -- With Card A = 3, (noticing that A := {J,J +
1, J+2}, cf., see the sentence just before formula (28)). Then, using (6) with ug, Py,
and s replaced by ij(a), P} gu/2)+rw, and s — p, respectively, it holds that

< 9i(n/p—st|a|-nt ||f(a)| (a)| .

S—p,T
BTJJI

HQJ ||L JE(V/%H-TWO) B;:I“'T - C”f

where the positive constant ¢ is independent of j,v and A (recall |a| = u). Hence

3 J+2

[(ha (00w (f) = fim), 9)| < e+ [L/ADIIS a)”BS T Z Z Z 1Qj+r+19l L1 (P;.)

l=—2j=Jverr
3 J+2

BygT Z Z 1Qj+r+19l L, ®n) -

I=—2j=J

= c(2+ [1/AD /)

By Young’s inequality we have [|Q;g| ., ®») < ||9]lz, ) for all j € Z, then

(7 (0%0,,(f) = fn) )| S @+ W/ADIS D ggw 19l 2y eny
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which yields

i (s (9°0,(0) ~ ). )] =0
see again (30) and (31). Then from the expression (29), for a fixed arbitrarily € > 0,
there exists a positive integer mg, such that for all m > mq it holds

|<h)\8a0'/_t(f)»g>| <e+ |<h)\fmvg>|a

which gives limy_,o(hrx0%0,(f),g) = 0, and this proves that 0%¢,(f) € Co if o] = p
in all cases.
We note that if we put o(f) := >, @;f + v with any nonzero polynomial

v € Py, then o are realizations of B;’T into S}, and it is clear that 0% (f) € Co if

la| = pand 7(f) = ou(f) in S, ie., [5(f)]u = [ou(N)]p-

Step 3. Since 7,0Q; = Qj o7, for all j € Z and all a € R”, the mapping f —
ou(f) = ez Qjf commutes itself with 7,. For the commutation with dilations, we
first observe that from the equality

(ha(hsf) @) = B 12N A F @) by jpg) (VA > 0,8 > 0,Yp € S),

we have, if f(® e Co then (h,@f)(a) € Cp. It holds that the realized space E;:g is
dilation invariant. Second, we then obtain o, (f) — f =: v1 with v; € P,. Also, for all
A > 0 we have o, (haf) — haf =: vg with vy € P,,. Then this yields

ou(haf) — haou(f) = va — hyv;

as va — havy € Py, then O'M(h):f) = hyo,(f) in S;IU e, [ou(haf)ly = [haou(f)lpu-
The mapping o), defined from B;:7 into S[/I. commutes with dilations.

Step 4. The uniqueness of o,,(f), the representative of f, follows immediately by
Lemma 1. The proof is complete. O

Proof of Corollary 1. We prove au(B;g) = é; Indeed, by definition the

-
p.a

embedding in the one sense holds. Let now g € E;:;. By Theorem 1 we have

aa(g — a#([g}u)) € Cp for all la| = p, ie., g —ou([gly) € Py, then g and o,([g],)
coincide in SL, and the converse embedding holds too. O

4. Concluding Remarks. We are interested in the integer p in the sense of
Remark 2.

PROPOSITION 4. Let s € R, p,q €]0,+00] and 7 > 0 be given such that u > 1.
Let a,b be real numbers such that 0 < a < b. Then there exists a sequence (u;)jez in
S’ satisfying

(i) @y is supported by the annulus a2’ < |£| < b27,

. i a\1/q
(ii) A= supyez sup,ezn 277 (3554 (27wl (p)") T < 00,
and such that the series ., u; diverges in S, ;.

Proof. Only some changes are needed w.r.t. the proof given in [4, prop. 2.2.1].
We briefly outline this. We put m := p — 1. Let ¢ € D be such that [, ¢(z)dz =1
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(this implies 97 € S,,,), then we split <Zj€Z uj, 07 ¢) into Iy + I where

1

L=(1)mY / (O @) - 071u(0) ) p(w)aa,
JEL

JEL
It suffices to choose (u;) ez such that (i) and (ii) are satisfied, and in more

|I5] = Z@;’iuj(O) =00 and || < CZ VO ujlloo < 00,
JEL JEZ
which are possible, where it suffices to change s by s + n7 in all occurrences in the
proof of [4, prop. 2.2.1]. O
REMARK 4. If there exists a sequence (u;);ecz in S’ satistying (ii) of Proposition

4 with 7 < 0, then u; = 0 for all j € Z, see below the proof of Proposition 3(ii) by
replacing Q; f by u;.

REMARK 5. In [3, 6] Bourdaud has given the construction of realizations from
the homogeneous Besov spaces B, , into the tempered distributions space S’. This

construction is also hold for By7. Namely, for all f € B¢ we have

0u1(f) =2z Qrf, ifeither s+nT<n/p or s+nrt=n/p
and ¢ <1, (32)

0u2(f) = Lz (Qnf = Lo @)@ (0) 2% /at),
if either s +n7 —n/p e RT\ Ny or s+nt—n/peN and ¢ <1, (33)

0u3(f) = Lo @k + Xi<o (Qkf = D<@ ))(0) xa/a!),
if s+nr—n/peNy and ¢ >1, (34)

where these series converge in §” and satisfy 0“0, ;(f) € Co (i =1,2,3) for all |a| = p.

In that case, EZ’,Z can be characterized as a subset of &’ by other properties;
e.g., in the case p > 1 we have the following two statements and refer to [6] for this
direction.

PROPOSITION 5. Let s,7 € R and p,q €]0,+00] satisfy either s +nt —n/p €
RT\Ng ors+nt—n/peNand 0 < q < 1. Then every element f of E;:; satisfies
fes, [fl.e B;;g and the following properties:

(i) f is a function of class CH~1,
(ii) f(0) =0 for all |a| < p—1,
(iii) £ € Cy for all |a| = p.

Proof. We first note that © > 1. Let g be a function in B;’:;. Clearly
[0,2(9)] = [0,(9)]u, where 0,2 and o, are the realizations defined in (33) and
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Theorem 1, respectively. Then the convergence of 0, 2(g) in SL results from Remark
2 and we have [|[0,,2(9)] ] B S llgl g7 The function

fi=0u2(9)

easily satisfies (i)—(ii), this can be done by the same method used in the proofs of [6,
prop. 4.8] and [14, thm. 4.5]; however by Theorem 1, the item (iii) is also satisfied for
[ since 0“0, 2(g) = 0“0, (g) if |a| = p. O

REMARK 6. If s,7 € R and p,q €]0, +oo] satisfy s + nt —n/p € RT \ Ny, then

every element f of E;:g satisfies

1@ ()] < clal /Pt ],

BT (Ve e R", V|a|=pn—1)

where the positive constant ¢ is independent of f and x. This follows by [14, prop.
5.1/(5.2)] and the embedding B37 < B35 "7,

PROPOSITION 6. Let s,7 € R and p,q €]0,+00]. If u > 1 then E;:g is the set of
distributions f satisfying [fl,. € By and
(i) f) e Cy for all |a| = p,
(ii) (), 7) =0 for all |o| = pu— 1,
(iii) f € S)_;.
Proof. That is the same as in [6, lem. 4.13/proof], just it suffices to take the

realization from B, 7 into S;,_; defined by

where 1/c¢:= [;, v(§)d¢, and 5, : B;;g — &' is the realization defined by 7, = 0,1
or g, or 0,3 given in (32) or (33) or (34), respectively. O

REMARK 7. Using the assertions (i) and (ii) of Proposition 6, in [6, 4.4.2] it has
been proved the nonexistence of dilation commuting realization of the Besov spaces
B;’q into S, in case s —n/p € Nand ¢ > 1 (here 7 =0 and 1 := s —n/p+1). We
have the same characterization in the Besov-type spaces B;;; when s+nr—n/p € N,
g > 1 and 7 > 0 (recall that Bf,;g is reduced to Py if 7 < 0, see Proposition 3(ii)).
Namely:
(i) Ifo: B;:g — S/, (m € Np) is a dilation commuting realization, then it holds

[(ha (%3 (1)), )| < APy () [o ()l 317 (35)

for all A > 0, all &« € Njj, all f € B;:; and all g € §,,,, the positive constant ¢ does
not depend on A\, o, N, k, f and g. Indeed, assume that o be given; since we have

(0@ (haf), ) = XN A0 (£),9) (Vg € Sm),

then (35) is an easy computation of the equality o(® (hyf) = A~1%hy\(6(®)(f)) in
S/, separately continuous functions property cf., [17, coro, sect. 34.2, p. 354] and the

m?
inequality

”[U(a)(h)\f)}m-&-laﬂ

prtotr S oDz S AP ()l
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recall that 0% : B;;I‘al’T 58

m-+|al”
(ii) Assume that s+n7 —n/p € Nand ¢ > 1 (then u = s+nrt —n/p+1). If we put
m = p — 1 the inequality (35) becomes

(1 (0°0(1)). 9)] < cCna@NoDurllgrr. (Flal =p—1LYA>0).  (36)

However in [6, pp. 486-487] it has been proved the existence of functions fo (see again
[6, (4.8)] for their expressions) such that [fo], € B, , and the inequality (36), with

f = fo,9:=~and =0, cannot be hold. This is also true in B;;g for all 7 > 0 by the

same functions fy, since [fo], € B;:g can be easily obtained by both Proposition 2 and

properties of fo; we omit details. Then there are nonexistence of dilation commuting
realizations of By into S),_; in this situation.

5. Annexe.

Proof of Proposition 2. Step 1. We first prove (4) with \ := 2™, m € Z. We
consider f € By7 and put f,, := hy-m f. By using the identity

q
ijm = Qj—mf(2m('))7 (37)
we have

1Q foull Py = 27 PNQs-m S ey (k€ 2w € Z7). (38)

Then we write

. 1/q
(2n‘r(k+m)q Z QMHQJ'mequ(Pwa))

iZk+m
‘ 1/q
:2(n77n/17)m(2n7kq Z 2quHQj_mf||%p(Pk,u))
i>ktm
1/q
— o(s+nT—n/p)m Tk sl 4 ot :
= (e m =/ (7 N2 QU N ) S 2O S (39)
1>k

Taking the supremum over all k € Z and all v € Z"™ in the first term of (39) we deduce
Vfll gy < 2007 =/2m £ 5.

For the converse inequality we proceed as in (37)—(39). Indeed, by the equality

Qif(2™(-)) = Qjymfm we get |Q;fllL, Py = 2"™PNQj1mfmlL,(p..) (VK € Z,
Vv € Z™), and

(Qm(k )a Z QSJQIIijH%p(Pkfm,V))

jzk—m

) 1/q
— 9(n/p—n7)m (2n‘rkq Z 2S]q||Qj+mfm”qu(Pk,u))

j>k—m

5 5 1/q n —NnT—8)m
— 2(n/p_n7—é)m <2n7kq Z QsZQHQmeH%p(Pk,V)) < 2( /P ) ||fm||Bf,;;'
1>k
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Taking again the supremum over all k € Z and all v € Z", we obtain

/]

Step 2. We consider A > 0. Let m € Z be such that 2™ < A < 2% We also
consider a function f € By and put fy, » = f(Q’m)\(~)). By Step 1, it holds that

BST < g~ (stnr=n/p)m ||fm ||l'3f,;§ :

LEO g = 27D e

Then it suffices to prove ¢; Hf||B;; < ||fm7>\||1‘3;jq’ < (:2Hf||B;:qf with positive constants
c1 and ¢ independent of m, A and f. By Remark 3 we introduce the equivalent quasi-
seminorm in B;:; defined by the function v, := 7(2m/\’1(~)) which has a support in
the annulus 1/2 < |£| < 3 (recall that 1 < 27™\ < 2). On the one hand, by a simple
change of variables we have

T ho—i F 1) % fnn = Q5 F(27A()).
(27" hys F~im) * f Q;f(27"A()) (40)
On the other hand, for all v € Z™ and all k € Z we have
r€ P, = 27" x € Py pie-ma) U Py pe-maw) 4w U PrE-man) 42w, (41)
where wg := (1,1,...,1) € Z", and
1@ ACDIlgy (pry < max(Ly 2200 D) Qi 12,y pymy,y) +
FNQSFllLuPy pia—rmnyiug) T ||ij||Lp(PkwE(TmMHwO)) (Vj € Z, Vv € Z").

Then we obtain

) . 1/q
Fmallsgz = exsup sup 277 (3029 (27 hos F70)  Fonallh )
’ cZ verLn s

Jjzk
< cysup su 2”7k<225jq{z2:”Q‘f” }q)l/q
= keIZ) vezpn S — 3 ML (P, g 2=m a0y +wg)

. 1/q
< czsup sup Q"Tk(ZQS”HijHqu(pk’w)) = sl fll gz
kEZ weLr et

For the converse inequality, we proceed as in (40)-(41) and it is clear that the
roles of f,, » and f may be exchanged. Indeed, we write Q;f = (anhgfj]:_l’yl) *
frmA(2mATH()), and

T € Py = 2"X 2 € Py piama-1) U P pma—1) 4w

We continue as above, and we deduce that || f]|

B < e\l frn B holds as desired. O

REMARK 8. For Proposition 2 we can see [26, rem. 8.1, p. 254].

Proof of Proposition 3. Step 1: proof of (). Obviously we have Hf||B;2 <|[fllz:

for all f € B;,q. For the converse inequality, we assume that ¢ < oo (the case
q = oo can be done completely similar) and we will apply twice the Fatou’s lemma.
We consider the union of the two dyadic cubes P_j ,, U P_,, =: P, with vy :=
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(0,0,...,0) and v := (=1,-1,..., 1), ((vo,11) € (Z")?), ie., if z € Py then —2F <
<2%for j=1,...,n. Let f € B3Y. Then the inequality

1Qif Ly S27 I Ny (V€L Vi 21w €27

yields that ‘ij(-)|plﬁk(~) with —j < k are positive and Lebesgue measurable func-

tions on R™, where 1 B, denotes the characteristic function of the set lgk. Then on the
one hand, we have

L q/p
1941 5y = ([ imint Q10|15 (0) o)

< (lim inf / |Qif(@)[ 15 () dx)q/p

k—o0

<liminf |Q; f||? - € Z
<lminf||Q;fI} 5, (¥ €Z)
(the last term is obtained by using the following easy assertion: if g, > 0 are measur-

able functions and 8 > 0 then (lim inf,, oo gn(x))ﬁ < liminf, ;. ¢2(z)), and

Jsq i imi Jsq £114
22 HngHLp(Rn)Szllkrgggf? QA1 5,
JZ

< hmlnfz 2jsq||ng||L (B (42)

7>l

But in the last term of (42) and since k is large, there exists a positive integer ky such
that for all & > max(ko,!) we have »_.,... <> .5 ..., and by making [ — —oo in
the left-hand side of (42) we find B B

I£1%, < lmint 37 2@ f7 o (43)

ji>—k

On the other hand, since P_j, ,, N P_j ., = 0, then it holds

is q IS q IS q
D 2NQf 5y S D0 2RI,y D0 2R, )

jz—k jz—k Jjz—k

Now, taking the supremum over, both, all v € Z™ and all k € Z in the right-hand side
of the last inequality and inserting this into (43), the wanted estimate will be obtained.

Step 2: proof of (ii). We assume that 7 < 0 and prove B;:g C Ps. We restrict
ourselves to ¢ < oo since the case ¢ = oo can be done in the same manner. We consider
feBy, ForallveZ" and all k € Z \ N we have P, C Py g2rvy U Pr B2k ) +wo s
where wg = (1,1,...,1) € Z™. Then in the first time we get

1Q; fllzpcpo,y < c(lQifllL,cp

k,E(

2k1/)) + ||ij“Lp(P V.] S Z7 k < 0)7 (44)

k,E(ZkV)+wO)) (

where ¢ = max(1, 2'/7~1), see e.g., (15) and (20). In the second, by assumption on
f, we obtain

] 1/q
2 (329N QY ) Sy (FREZ),

Jjzk
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and the same inequality holds with Py g(or,)4w, instead of Py p(gr,). Then using
(44), we drive

1Q)fllL,pony S 27927 ™ | fllger (VS 0,V) 2k, Vv € Z").

Letting £ — —oo we conclude @; f = 0 a.e. for any Fy, and all j € Z, and since v is
arbitrary then @;f = 0 a.e. on R", which implies that f € Px.

Step 3: proof of (iii). We introduce a function ¢ € S, such that 1?(5) = &17(8),
and we set 1; := 29"hy—;9, (j € Z). By Remark 3, we can replace in Definition 3 the
operator @; by ;. Now, since Q;(d1f) = 271); * f, the desired result follows.

Step 4: proof of (iv). By (6) with @, f instead of uy, we get

Q@I 2 [ |F @) Qi ay

veZ™

S (2 [ 1P 42) s Qi eim, S 2 g

for all x € R™ and all j € Z. The result follows. O

REMARK 9. Of course, the statements of Proposition 3 are essentially known.
For example (iii) can be found in [20], and the assertion (iv) is proved in [24] with the
restriction 7 > 1/p and ¢ < oo or 7 > 1/p and ¢ = co. See also e.g., [23, 26].
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