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TWO COMPUTATIONS CONCERNING THE ISOVECTORS OF THE
BACKWARD HEAT EQUATION WITH QUADRATIC POTENTIAL"

MOHAMAD HOUDA'? AND PAUL LESCOTT

Abstract. We determine the isovectors of the backward heat equation with quadratic potential
term in the space variable. This generalizes the calculations of Lescot-Zambrini (cf.[4]). These results
first appeared in the first author’s PhD thesis (Rouen, 2013).
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1. Backward Equation. The fundamental equation of Euclidean Quantum Me-
chanics of Zambrini is the backward heat equation with potential V (¢, q):

oy, 4 0%n,, v
0% =G5 +Vtgml  (C1)

ny (0,q) = u(q)

where t represents the time variable, ¢ the space variable, and 6 is a real parameter,
strictly positive (in physics, § = \/ﬁ)

This equation is not well-posed in general, but existence and uniqueness of a
solution are insured whenever the initial condition u belongs to the set of analytic
vectors for the operator appearing on the right—hand side of the equation (see e.g.
[1], Lemma 4, p. 429).

We shall denote by n,(t,q) = n%(t, q) the solution of the backward heat equation
with null potential:

929 _ 0t 9%, (050))

ot 2 9q2

7.(0,9) = 10(0,q) = u(q).
The authors wish to thank the referees for constructive comments.
1.1. Generalization of results due to Lescot-Zambrini (cf.[4]).

THEOREM 1.1. Let a(t),b(t) and c(t) be continuous functions and V(t,q) =
a(t)q® +b(t)q + c(t).
For all initial conditions u, the solution nY (t,q) of:

677\/ 04 8217‘/
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such that nY (0,q) = u(q) is given by:

773(@ Q) = ¥1 (ta Q) U (302(157 q)’ @3(157 Q)) ) (11)
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58 M. HOUDA AND P. LESCOT

where: 1, (t,q) = 1y(t,q) and ¢1(t,q), 2(t.q), s(t,q) only depend on a(t), b(t) and
c(t) (via formulas (1.7), (1.8), (1.9), (1.11), (1.12), (1.13) and (1.14)).

Proof. We shall make formula (1.1) explicit with the following initial conditions:

{ 901(0361)
©2(0,9)
903( ,Q)

1
2 0
q

In this case:

nq‘f(oa Q) = nu(O7Q) = u(q)

We now differentiate formula (1.1) with respect to ¢ and ¢; 1, and its derivatives will
be taken in (p2(t,q), p3(t, q)).
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and

V(t,q)ny =at)g® o1 nu +b(t)q ¢1 nu + c(t) o1 M0

So, it’s enough to have:

020, 222 _ g2 1<5(;”q3>2+ o Co 2oy 18;;22> 0 (12)
9;@1@“‘;2)2 ~0 (13)

4%% _ (1.5)

0220 L CO o (a()g® + b0+ elt) = 0. (16)




ISOVECTORS OF A BACKWARD HEAT EQUATION WITH POTENTIAL 59

As ¢1(0,q) = 1, the equation (1.3) gives us (8(,)—“‘;[2)2 =0, then
P2 = pa(t)
and (1.5) is then automatically satisfied.
So, the equation (1.2) implies ¢1 (¢, q)(% - (887(?)2) = 0, then for all (¢,q):
9p2 _ (%)2
ot dq
D3
— = A(t
20— )
a(t,q) = Alt)g + B(t) (1.7)
and
¢
= / A%(s)ds, (1.8)
0

then the equation (1.4) gives:

9p3 | 2 0p1 0ps

o 00 ag
. . 01
2 —

1 (A(t) 2+B(t)q)

p1(t,q) = k(t)e o2a® , (1.9)
therefore:
. 2 . A . .
1 _ {k(t) + it <1<A 5 — At + (B - B<t>>q> }
xe 8ZAMD A<t>( a*+B(1)q) 7
o= A+ B)
and

2
GE = pans (R0 + 240 B0 - P ADAG) + B()

then the equation (1.6) becomes:

(t)
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k(t) B2(t) L k(t) A

+02k@)47k@)dt)+~757A2@) S AD -




60 M. HOUDA AND P. LESCOT

As k(t) # 0, the equation (1.6) is equivalent to the following system:
LA@t) A1)

2 "y 070
i) - et + FO D) _ b0 A0
knowing that:
A(0) =1
B(0) =0
k() =1
A(0) =0
B(0) =0.

This is due to initial conditions at time ¢ on the functions ¢4 (¢, q), p2(t, ¢), and @3(¢, q).
Let

A(t) = elo P(9)ds (1.11)
then
_ A
p(t) = A1)
and
A(t)

(1.12)

The second equation of (1.10) gives: 2 %B(t) — B(t) = A(t)b(t), then
(A20BW) = 247 () ANBH) + A0 B)

=A%) <2 mB(t) - B(t))

= —A7(t) (A()b(t))
b(t)

At)”
therefore B(t) is the solution of:

: 2 tb(s)
Bt) =-A (t)/o s 13)
BO0) —0.
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Let A(t) = fg Z((Ss)) ds and define k by:

k(t) =0 (c(t) — A2 (A1) + %2/)@)) (1.14)
K0) =1,

this makes the first equation of (1.7) satisfied. O
REMARK 1.2. If a(t),b(t) and c(t) were constants, then we could apply the

method of Rosencrans (cf. [6]).

1.2. Particular cases.
i) V(t,q) = a(t)q?(semiclassical case).

Then
B(t) =0,A(t) =0,
1/ 1 6>
- c(s) — =A%(s)A%(s) + p(s)) ds
k(t) = k(0) e’ /0 ( 2 2
1 [t A(s)
kA
=/ A(t)
and

I
w6 a) = vAD e 202" 1, (oa(0), A

is the solution of (C’{V)) such that 7Y (0, q) = 17.(0, q) = u(q).

In this case, as in the next one, the formulas really involve only A(t).
. w2
1— a) V(taq) = qu-

Then

o) = —w tanh(wt) , A(t) = S oaltna) = itanh(wt)

cosh(wt

and according to 1)

w

1 — tanh(wt)g?
WY (40) = ——— 20 N
cosh(wt)

MNu (1 tanh(wt), q)
w

cosh(wt)

is the solution of (C{V)).
This result is due to Zambrini (cf.[7], p.227, (51)).
The existence of such a formula was mentioned in [5], p. 96, and the similar
result for the Schrodinger equation with quadratic potential (with cos(wt)
taking the place of cosh(wt)) appeared in [5], p. 83.

ii) V(t,q) = A(t)q.
Then p(t) = 0, A(t) = 1, B(t) = — [} A(s)ds, B(t) = [, B(u)du =

Oa
— fot(fou A(s) ds) du
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and

1 .
ny (t,q) = k(t) e_ﬁB(t)qnu(t q+ B(1))

is the solution of (Civ)), such that 7Y (0, q) = 1.(0, q) = u(q).
ii—a) V(t,q) = \q.
)\2

. _ 43
Then A(t) = 1,A(t) = A\t, B(t) = —=At, B(t) = —5t2,k(t) = e 602
and
1 A2
-5 (510 =) A2
nX(t»Q):e 02 6 nu(tvq_T)

is the solution of (Cfv)).
We hereby recover a result of Lescot and Zambrini (cf.[4], p.219, (1)).

2. Isovectors. Let Gy defined by:
Gy ={N|Ln(I)C I}
and Hy by:
ON?S
= N _— .
Hy { € Gy | BXS 0}

These definitions are taken from Lescot-Zambrini (cf.[4]).

We remind the reader that a Gy is a Lie algebra for the usual Lie bracket of
vectors fields, and Hy is a Lie subalgebra of Gy (cf.[4], p.210-211).

According to Lescot-Zambrini (cf.[4], p.214-215, 3.9~ 3.29), for all N € Hy, we
can write:

1.
N = STn (g + b (2)

Nt::TN(t)
NS: = h(q’ t7 S)?
for o(t),1(t) and Tn(t) satisfying:
Y ov. 1. oV oV . 62 ..
- - Ty b —Tng e + 05 TV — Ty = 0. (2.1
1 Ina —tato+ N8t+2Nq8q+£6q+ NV =Ty =0 (2.1)

Let us set Iy = 1.

PRrOPOSITION 2.1. Let Ky defined by:
Ky = {N S ,Hv/gN = 0}7

then Ky is a Lie subalgebra of Hy .
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Proof. Let N1, No € Ky; one has

[N1, Nao]? = [Ny, N2J(q)
= Ni(Ny) — N2(NY)

ONY ONZ ON{ ON{
= N{ N 2 _ (NY NI
8+18t(28q+28t>
1. 1. . 1. 1.
= §TN2(§TN1q+EN1( )) +TN1(2TN2q+€N2) §TN1(§TN2q+£N2<t))
1. .
_TN2(§TN1Q+€N1)

= (TM ()i, ~ Ty (i, + 5 (O, ()T, — O, (t)T'M))

+ %(TM ()T, () — T, ()T, (1)g

and

1
2
Then Ky is stable by the Lie bracket, therefore Ky is a Lie subalgebra of Hy . O
LEMMA 2.2. If Vi(t,q) = Va(t,q) + q%(for C' a constant), then Ky, = Ky,.

vy ) = Ty ()0, — Ty (B) U, + (41\/1 )TN, — In, (t)TNl) =0.

Proof. Replacing Vi(t,q) by its value in equation (2.1), we get:

1. oVa 1. Vs C Vs C
— - - Tn =2 4+ ~Tnq [ =2 —2 T2 9=
4TNq Eq+o’+ N5 +2 N¢q (8q q3)+£<8q q3>

. C 62 ..
JFTN(V2+2)TNO
q 4

1. oV, . OVy oV 21C . 02 ..
- = -y T T —= — — +TNVo— —TN =0.
4TN(] q+ o+ N@t + NG 6q+ 9 P +InVs TN 0

Therefore, if N € Ky,, as [y = 0, we see that N satisfies (2.1) for V' = V;. Then
V1 et V, give the same isovectors such as {ny = 0.
Therefore:

Ky, = Ky,.

0

COROLLARY 2.3. If Vi = S(C # 0) and Vo = 0, then Hy, = Kv, = Ky, and
therefore: Hy, C Hys, .

Proof. Let N € Hy,, the equation (2.1) becomes:

Loy 1 C C.o O 6

that is

1. 62 e
—~ TN ¢ —Eq—&—o——TN—Z— 0.
4 4 ¢
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As Ty, £ and o depend only on ¢, the system is equivalent to:

2C’€. =0

(=0
&= %TN (22)

Tn=0.

But C # 0, therefore /x = 0 and
7‘[\/1 = Ay = ]CV2 C ’HVQ.
(Lemma 2.2)

]

REMARK 2.4. Thus, we recover another result of Lescot and Zambrini(cf.[4],
p.220, (3)).
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