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AN ENTROPIC OPTIMAL TRANSPORT NUMERICAL APPROACH
TO THE REFLECTOR PROBLEM*

JEAN-DAVID BENAMOUT, WILBERT L. IJZERMAN?, AND GIORGI RUKHAIAS

Abstract. The point source far field reflector design problem is a classic example of an optimal
transport problem with a non-euclidean displacement cost [Wang, 2004] [Glimm and Oliker, 2003].
This work discusses the use of Entropic Optimal Transport and the associated Sinkhorn algorithm
[Cuturi, 2013] to solve it numerically. As the reflector modelling is based on the Kantorovich poten-
tials, several questions arise. First, on the convergence of the discrete entropic approximation and
here we follow the recent work of [Berman, 2017] and in particular the imposed discretization require-
ments therein. Secondly, the correction of the bias induced by the Entropic Optimal Transport using
the recent notion of Sinkhorn divergences [Ramdas et al., 2017] [Genevay et al., 2018] [Feydy et al.,
2018] is shown to be necessary to achieve reasonable results. The paper does not establish any new
theoretical result but discusses the necessary mathematical and numerical tools needed to produce
and analyse the obtained numerical results. We find that Sinkhorn algorithm may be adapted, at
least in simple academic cases, to the resolution of the far field reflector problem.
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1. Introduction.

1.1. The optical reflector design problem and its optimal transporta-
tion formulation. A light source, also called “illuminance”, is sufficiently small
compared to the reflecting surface so that it can be regarded as a point in space.
It can therefore be modelled as a probability distribution on the sphere, it will be
denoted p in this paper. The light hits a perfect mirror and we are also given a
desired target light distribution, the “illumination” in the far field. From the far field
the reflecting surface can be regarded as a point and the illumination again modelled
as a probability distribution, denoted v, on the sphere. Total light conservation is
assumed. The design problem is to determine the shape of the mirror which produces
the specular reflection from the source to the target distribution. This can be inter-
preted as the inverse problem of designing a reflector, i.e. a surface which reflects a
given illuminance towards a given illumination (see figure 1.1).

This problem has an elegant mathematical modelization and solution based on
the optimal transportation (OT) theory due to [Glimm and Oliker, 2003] and [Wang,
2004]. We briefly recall the main result as presented in [Wang, 2004]. The general
Kantorovich primal and dual form of the OT problem is (see [Villani, 2008]) :

THEOREM 1 (Kantorovich duality). Given two compact manifolds X and Y
endowed with a continuous, bounded from below “displacement” cost function ¢ : X X
Y — R and two borel probability measures (1, v) € P(X) x P(Y'). Then, Kantorovich
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Fia. 1.1. Reflector problem from Point source O to Far Field.

problem in primal and dual forms (1.1) :

OT(p,v) := min (c, = max (f, +{g,v 1.1
(1, v) VEH(W)< V)X xy MGC(f mwx + (g v)y (1.1)

with respectively primal
(p,v) :={y e P(X xY),(Ix, M)y =v (ly,7)x = p}
and dual
C={(fg)ec(X)xC(Y), fog<c}

constraints sets, has solutions.

The notation (f,a)q stands for the duality product [, f do between bounded
continuous functions f € C(£2) and probability measures o € P(Q), {f ® g}(z,y) =
f(z) + g(y) is the direct sum and p® v € P(X x Y) the tensor product. Finally 1g
is the characteristic function, i.e. a constant 1 on €.

Under suitable hypothesis on the ground cost ¢ (as they are technical and satisfied
for the costs in this paper, we skip this part), the OT problem is well posed and the
the optimal transport plan v is concentrated on a graph of the OT map y = T'(x)
implicitely defined by the saturation of the dual constraint:

f(@) +9(T(2)) = c(z, T(2)), pae (1.2)

The pair (f,g) are called the Kantorovich potentials and are unique up to a constant.

By construction T is a measure preserving map characterizing the transport. The
measure preserving property is usually denoted v = T#u (T pushes forward p to v).
The pushforward of u is the measure defined as

v(A) = Tyu(A) = u(T~(A)) for all v measurable subset A. (1.3)
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The following distance property of OT will also be useful when comparing ray
traced illuminations:

REMARK 1 (LP Wasserstein metric). If X =Y and ¢ := 1/pdP(zx,y) such that
(X, ¢) is a compact metric space. Then, the OT cost defines a separable metric on
the set of probability measures on X: the “Wasserstein” distance, which is given by
W (1,v) = OT (1, ).

This metric metrizes weak convergence of measures is a fundamental tool in image
processing (see [Peyré and Cuturi, 2018]).

In [Wang, 2004], Wang showed that the point source reflector model can be trans-
lated to an OT problem. More precisely, he proved the following theorem:

THEOREM 2. Let Sy € S% 1 and So € S* 1 be connected domains in northern
and southern hemispheres respectively, i and v which represent the given illuminance
and illumination probability distributions. Then theorem 1 applies to the cost function

c(z,y) = —log(l —z - y). (1.4)

A transport map T satisfying (1.2) exists and the solution of the corresponding OT
problem can be used to build the desired reflector.

The construction of the reflector can be summarized as follows: Taking the ex-
ponential of the dual constraints in theorem 1 and the saturation property (1.2) we
get

ec@y)—g(y)

@ T(@)=9(T(@)) — of(@) < L LRV ae. (1.5)
l—z-y
Using definition (1.4) for ¢ gives
16_:% = /@ < 16_1(7!_;, LRV ae. (1.6)
We now define in R? a family of parabolic reflectors with axis y € So: = € Sy —
Py(z) = 16_9(74')y, and directly infer that the reflector shape parameterized over the

directions in Sy and is given as:
R={zef@|z e Sy}. (1.7)

Under this choice the map « — T'(z) can be interpreted as the specular reflection
of an optical ray at R(z) onto a parabola of axis T'(x) while the illumination and
illuminance constraints are enforced by (1.3).

1.2. Numerical methods for the Kantorovich problem. We summarize
here the general classes of numerical methods, their comparative advantages and
disadvantages and wether and they can tackle the reflector cost (1.4).

Linear Programming approach. The first and obvious one, as already sug-
gested in [Wang, 2004], is the linear programming approach. This assumes that the
data in discrete form is given by

N N N N
BN = Zpifsxi, VN = quﬁyj, where Zpi = qu' =1 (1.8)
=1 J=1 =1 7j=1
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Of course the number of discrete points for p and v may differ, we keep here N
for both for simplicity.

This discretisation provides a natural discretization of the OT problem (1). Sett-
ting Xn = {z;}i=1..~ and Yn = {y,},=1..~ we can again use the (.,.) notation:

OTn(p,q) := min (cN,VN)XyoYy (1.9)
y~ E€IL(p,q)
where
I(p,q) :== {7 € RYN(1xy, )y =0, (v 73)xx = ¢} (1.10)

Here ¢y = {c(xi,yj)}ij=1..8, ¢ = {q;}j=1..~v and p = {pi}i=1..N-

Problem (1.9) is a discrete linear programming problem which can be solved
numerically using standard linear programming solvers and can be applied to the
reflector cost (1.4). The main drawback of this method is its high dimensionality. It
is a linear problem with N x N unknowns and 2 N constraints. Numerical resolution
with linear solvers which have cubic complexity in the number of unknowns is therefore
out of reach for reasonable discretizations (typically N > 100).

Partial Differential approach. At least formally, taking the gradient of (1.2)
gives the OT map as a function of f the Kantorovich potential:

T(x) = {y = Vac(z, )} (Vf(2)). (1.11)

Assuming sufficient smoothness to interpret (1.3) in a pointwise sense and plug-
ging this expression gives a Monge-Ampere PDE for the L? cost. This formulation has
been studied in detail by Urbas [Urbas, 1997]. The boundary condition is replaced by
a state constraint on the gradient of the solution, i.e. the optimal map maps to the
support of the target measure. Finite elements and finite differences discretizations
of the Monge Ampere operator are available but rather technical see [Neilan et al.,
2020] for a review. The discrete non-linear system can be solved using a damped New-
ton’s method. The non standard boundary condition can be tackled as a explained
in [Benamou et al., 2014]. This approach has an optimal linear complexity for the L?
cost.

For the reflector cost (1.4) the PDE (see equation (1.5) in [Wang, 2004]) is even
more nonlinear and there is no available numerical approximation theory. A B-spline
collocation method was nevertheless proposed and implemented in [Brix et al., 2014],
[Brix et al., 2015] with convincing numerical results and a numerical complexity in
O(N %) where, we recall, N is the number of points discretizing each marginal.

Another heuristic solution method of the Monge-Ampere problem based on a least
squares approach is presented in [Romijn et al., 2020] [Romijn et al., 2019]. It can
be applied to the reflector cost and the numerical study also demonstrates a O(N %)
complexity.

Semi-discrete approach. Semi-discrete OT takes advantadge of the special
case where p has continuous density and the other vy is discrete as in (1.8). Then
the dual formulation in 1) can be reduced to a semi-dual discrete optimisation problem
through the elimination of the constraints replacing f by its c-transform:

f(@) = ¢°(z) = min (e(z,y) — g(y)) = min (c(z,y5) — 9(ys)), (1.12)

and optimizing over the vector {g(y;)}j=1..n-
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It is now well understood that a Newton’s method can be used to solve the SD
OT problem under classical regularity hypothesis for the displacement cost [Mérigot,
2011]. The implementation relies on fast (linear time) computations of a tesselation
of the target domain called Laguerre cells:

Lag; = {z, s.t.c(z,y;) —9(y;) < c(x,y:) —g(y;), Vi=1...N} Vj=1...N.

The method was applied to the reflector cost (1.4) in [Machado Manhaes De Castro
et al., 2016] but the Laguerre cells can be only computed in R? and not on S?~! thus
lifting by one the dimension of the problem and leading to additionnal technical diffi-
culties. The resulting method still has linear complexity. Efficient implementations in
dimension 2 and 3 are available [Leclerc, 2019] [Lévy, 2015]. See also the pioneering
work of [Kochengin and Oliker, 2003] using this methods on the reflector problem.

Entropic approach. The approach, pursued in this paper, is based on a pe-
nalization of the OT problem called “entropic regularization”. It was introduced for
OT computations in [Cuturi, 2013] (see [Peyré and Cuturi, 2018] for a comprehen-
sive review). This research topic has been very active since for two reasons: first,
the method comes with a simple computational method call Sinkhorn algorithm for
which there are now countless variants and acceleration techniques giving optimal
O(NlogN) complexity, this is briefly discussed in remark 4. Secondly, it can be ap-
plied to a wide range of costs and does not seem to have yet been investigated yet
for the reflector cost. The downside of the entropic regularization with respect to
the reflector application is that it computes a biased approximation of the optimal
transport distance and map. The bias is controlled by a parameter, usually denoted
e, quantifying the strength of the penalization.

1.3. Outline. In section 2, we detail the entropic approach and recently obtained
convergence properties of this approximation when ¢ — 0. We also discuss the entropic
bias when ¢ > 0 and how the notion of Sinkhorn Divergence introduced in [Ramdas
et al., 2017] [Genevay et al., 2018] [Feydy et al., 2018] can produce a correction.

We then adapt this framework and Sinkhorn algorithm in section 3 to the reflector
cost OT problem and discuss specifics that need to be addressed for this transition,
such as de-biasing, choice of discretization and interpolation.

Wasserstein distance is a natural distance to measure discrepancies between mea-
sures. In section 4 we therefore propose to evaluate it between the illumination v
and a sampling of its computed approximation. The sampling is obtained via a ray
tracing simulations on a continuous interpolation of the reflector. We use this resid-
ual error to study the convergence with N and . We also show how the continuous
approximation of the reflector behaves when the number of traced rays increases.

2. Entropic OT. The “entropic regularization” of the Kantorovich problem
(1) is based on the following KullBack-Leibler divergence or “relative entropy” (KL)
penalization:
OTE(N? V) = min <Ca ’76>X><Y +e KL(VE |:u®l/)

e € (p,v)
(2.1)

1
= ?naéx<f57M>X +(ge,v)y — € <eXp(g(f5 ©ge—c¢) - Lp@v)xxy,

where & > 0 is a small “temperature” parameter (see [Léonard, 2013] for a Sta-
tistical Physics interpretation of this problem due to Schrédinger) and

KL(y o) = | i

log(————)d
XxY g(d#@)d’/) !
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if v is absolutely continuous w.r.t to u ® v and 400 else.
The primal-dual optimality condition is given by

Ye = eXp(é(fe ©ge—C))pRv. (2.2)

The optimal entropic plan is therefore a “scaling” by the Kantorovich potentials of
a fixed Kernel exp(f%c). It is diffuse, i.e. not concentrated on a map, € can be
interpreted as a bandwidth under which the transport is blurred.

2.1. Sinkhorn algorithm. We will restrict from now on to the discrete case (see
(1.8)) and the dual optimal transport problem. Numerical solutions of the Entropic
OT problem are produced under the discretization (1.8) of this problem, i.e. replacing
(X,Y,c,u,v) by (Xn, Yv,cn, un vy) in formulation (2.1):

OT; ny = 5}1&X<fa7MN>XN + (g N ) vy

—€ (exp(g(fg Bg-—cn)) — L UN @ UN) Xy x Y-

where we use the same notation (f.,g.) for discrete vectors in RY.

The resulting discrete non-linear system of optimality is solvable using Sinkhorn
algorithm. It corresponds to a block coordinate (f. and g.) ascent: Initialize with
g? = 0y and then iterate (in k):

S = —elog({exp(2(g2 — en)), vn)v)
(2.4)
gEtt = —elog((exp(L(fET! —en)), i) xy)-

Sinkhorn linear convergence in terms of number of iteration for fixed ¢ has been largely
studied (see [Peyré and Cuturi, 2018]) again). For simple costs the rate behaves
as 1 —e. The numerical stability depends on typical transport scale of the data
T = sup,ey ¢(z,T(x)) and €. The computer hits overflows or underflows when the
ratio 7/¢ is too large. Decreasing ¢ below a certain threshold is therefore a numerical
difficulty. A good review of existing hacks and methods to mitigate this problem can
be found in [Schmitzer, 2016] and we rediscuss this in remark 4. The convergence
as ¢ = 0 of OT,(u,v) toward OT(u,v) is also well understood in the continuous
[Léonard, 2013] and discrete setting [Cominetti and Martin, 1994].

The potentials computed using iterations (2.4) are defined on the discrete sets
Xn and Yy but they admit a canonical extension by replacing ey (x;,y;) respectively
by ¢(z,y;),z € X and ¢(x;,y),y € Y. Omitting the iteration index:

Floc)(w) = —elog( 3" expl=(0:lus) — e,y )o(wy), Ve E X, (25)
j=1..N

As our goal is to form the reflector (1.7) from the discrete numerical potential
fe- We are therefore interested in the convergence of f. as ¢ — 0 and N — oo. To
the best of our knowledge the joint convergence in N and e has only been studied in
[Berman, 2017], we reproduce partially his results:

THEOREM 3 (Berman joint convergence - corollary 1.3 [Berman, 2017] ). We
assume p and v have C>* and positive densities, and that N and € are dependent
parameters: N = (1/e)? where d is the dimension of the problem. A technical condi-
tion on the sequence of discretization (Xn, Yn ,cn , un vN) called “density property”
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(see Remark 2 below) is also necessary. Then there exists a positive constant Ao such
that for any A > Ag the folowing holds: setting m. = [—Alog(g)/e] the continuous
interpolation provided by f[gl*<], built using the cannonical extension (2.5) from the
discrete Sinkhorn iterate at k = m., satisfies the estimate

Sup [flg*<] = f < —Celog(e), (2.6)

for some constant C' (depending on A) and f is an optimal potential for (1).

REMARK 2 (Density property Lemma 3.1 [Berman, 2017]). The “density prop-
erty” in theorem 3 is defined as follows. For any given open set U intersecting the
support X of p (same forY and v)

lim inf e log(un(U)) = 0.
e—0

For the flat space X C RY, this condition is enough. For curved surfaces, a tech-
nical generalization is required. But in both cases, this density property ensures the
discretization of X and p (1.8) is such that, for U the sequence of approximations
un (U) never converges faster to 0 than e (remember that N = (1/¢)?). For X = RY,
uniform grids are fine. See section 3.2 for the reflector case.

REMARK 3 (Domains and Cost). Theorem 3 holds in particular for the torus and
the L? Euclidean costs but also on the sphere for the reflector cost (see section 6.5.3
[Berman, 2017] ).

REMARK 4 (On the computational efficiency of Sinkhorn). The simplest im-
plementation of Sinkhorn requires O(N?) operations per iterations. If we use the
relation between discretization and entropic parameters in theorem 3, we need at least
O(VN log(v/N)) iterations to reach O(elog(e)) precision for the Kantorovich poten-
tial. This takes us to a pessimistic O(N'3 log(v/N)) far from the optimal complexity
of Semi-Discrete OT solvers for example.

This can be largely improved in practice by using a multi-scale method in € and N .
In the small € limit the entropic plan concentrate on the graph of the optimal transport
map. The bandwith of (2.2) decreases with & and coarser scales in this parameter can
be used to restrict the relevant support on which to perform the summation in the
Sinkhorn Iterates. This approach has been proposed and tested in [Schmitzer, 2016]
and [Feydy, 2019] and experimentally yield a O(N logN) cost.

2.2. Entropic bias and Sinkhorn Divergence. From now on, the potentials
computed using Sinkhorn iterations (2.4) are denoted by for. and gor..

Entropic OT is popular to approximate transport distances between probabil-
ity measures. The Entropic cost OT.(u,v) is known to converge exponentially fast
to OT(p,v) = OTo(u,v) with € [Cominetti and Martin, 1994]. Regarding the re-
flector problem, we are not interested in the transport cost but in for. itself, the
approximation of f. As can be seen formally on the dual formulations of (1) and
(2.1) the gradients of the transport and entropic transport costs as a function of
measures i and v are given by the Kantorovich potentials: V, ,OT(u,v) = (f,9)
and V,,,OT.(u,v) = (for.,gor.). The convergence rate (2.6) in theorem 3 with an
infinite slope at ¢ = 0 and the numerical stability limit imposed when decreasing e
in (2.4) does not bode well. Decreasing € to avoid the pollution of the potential by
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the entropy induced bias is a known issue. This problem is discussed in [Feydy et al.,
2018] where it is proposed, in order to correct the bias without decreasing £ under
the numerical stability limit to add “diagonal terms” to correct the entropic cost:

5.(1,v) = OT.(1,) — 5 (OT.(p, 1) + OT.(o,)) (2.7)

Quite remarkably, the authors show that this quantity, called Sinkhorn divergence,
remains positive and is convex. It also obviously vanishes for ;1 = v wich is not the
case for OT.. Thanks to the symmetry, there is only one dual potential for each
of diagonal problems. We denote them f# and fY. They can be computed using
independent Sinkhorn iterations:

Bt = —clog({exp(L(f5E —en)) ) x) s
Gt = —clog({exp(2(f&r. —en)) v)y)-

The p gradient of S., denoted fs. may be formed by a simple substraction. An
open question is whether this correction:

fs. = for. — for. (2.9)

is a better approximation to f than for. . Numerical simulations of W5 gradient flows
in [Feydy et al., 2018] an, as we will see below, our reflector design simulations do
indicate this is the case. Note finally that solving S. has the same compexity as OT;
as the diagonal problems typically converge faster in term of Sinkhorn iterations.

REMARK 5 (Asymptotics of OT.). The entropic bias may be related formally to
asymptotic results on the difference between OT and OT, see [Conforti and Tamanini,
2019] [Pal, 2019] for recent publications on this subject. For the L? cost (Theorem 1
[Pal, 2019] treats more costs in the form ¢ := g(x — y), g convex which includes the
1D reflector cost), it gives the following assymptotic behavior for small &:

Loy -0t = 3 { [ograv+ [ogman}. @10

This result is for continuous and compactly supported densities p and v with respect
to L(RY), the Lebesgue measure.

Using (2.10) and that OT (u, p) = OT (v,v) = 0, we first remark that the Sinkhorn
Divergence correction removes at least the leading terms:

1 1
2= (O p) + OT(vy = 3§ [ ogwyav s [ logyd b (21)
2¢e 2 Y X
Formally taking the gradient in p of this correction we get for small e:
€
for. = f ~ 5 og(y). (2.12)

It gives some indication at the leading order of the entropic bias. This is observed in
figure 3.1.

Remark finally that the density property discussed in Remark 2 requires for the
first order bias terms to converge to 0 when discrete mesures pin converge to original
measure fi.
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Fia. 3.1. Polar plot of a 1D computation. In blue and red are p and v. Solid and dashed black
curves are Re and R. Also shown are rays traced. The bottom and middle rays are reflected if the
exazt opposite “identity” directon. The top rays, reflecting on the biased entropic reflector will send
light strictly inside the support of v.

3. Application of Entropic Regularization to the reflector problem.

3.1. Entropic Bias and de-biasing. The Entropic bias may be observed on
numerical solutions. In the simplest “identity” reflector case for example, each ray
is reflected in its opposite direction, i.e. when v(x) = u(x + 7), z € S. The exact
potentials f and g are constant and the reflector R = {z ef(1)|x € X} is a portion of
circle. It is represented, for the plane problem (d = 2), in dashed line in figure 3.1. The
solid line is the entropic reflector R, = {z efo=(®)|z € X} computed with Sinkhorn
algorithm. The discretization is N = 128 and € = 0.1 is chosen large enough to see the
bias. Remember that the potentials are defined up to a constant, we therefore adjust
the constants such that the reflectors superimpose at * = 0. The illuminance and
illumination i and v are centered Gaussians and represented respectively in blue and
red. This example shows the effect of the entropic bias (2.12). As u decrease across
angles, the reflector moves away from the source. We also trace rays : the bottom
and middle rays are reflected if the exact opposite “identity” directions. The top rays,
reflecting on the biased entropic reflector will send light strictly inside the support of
v. This shrinking effect of the re-simulation also offers a former explanation of the
third plot of figure (5.1) where the density is a characteristic function which decreases
to 0 at the boundary.

In order to deal with this bias, we propose to use the notion of Sinkhorn diver-
gences (2.7). When the spaces X and Y are different and a for a general cost ¢(z,y),
the natural extension of the diagonal terms is as follows:

S.(,v) = OT.(u, v) — %(OTE(M,//) +LOTL(V V). (3.1)
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where p/ = argminOT (u,-) and v/ = argminOT(-,v). This is consistent with the
distance costs c(z,y) = db(w,y) as ' = p and v’ = v in this case. Simillarly, in the
reflector cost case, ¢/ and v/ correspond to the reflections of respectively p and v on
the circular reflector mentioned above. Indeed one has argmingey —log(1— < z,y >
) = —ux.

The de-biased Kantorovich potentials for the Sinkhorn divergence follow the same
formula as for Ls-distance cost:

fs. = ~<log({exp(= (gor, — ex)), vy ) + <log((exp(2 (g, — en)), ) x,) -
gs. = ~<log({exp(Z (for, — ex)): in)x) + < log((exp(2 (. — en))ovhv)

3.2. Choice of Discretization. In Theorem 3, the requirement that € is of or-
der (1/N)4 and that puy, vy satisfy the density condition (Remark 2) are closely re-
lated. Intuitively this condition means that while choosing the discretizations puy, vy
with N points, it is important to make sure that they approximate the corresponding
distributions 1, v with integration error of order (1/N)a for functions which do not
oscillate on finer scale then (1/N )5. This density property is satisfied in particular
by Quasi Monte-Carlo point clouds ([Berman, 2017]). This discretization is defined
by bounding the worst case error of integration over a desired function space W:

DEFINITION 1. Given a Riemmanian manifold X of dimension d, a corresponding
normalized vo-lume form dV/, and a discretization Xy = z;(;<n}, the worst case error
of X with respect to function space W is:

few

N
WCE(Xn, W) = sup {/X fdv — Zf(xi)}. (3.3)
1=0

Then, Xy = i<y} is a Quasi Monte-Carlo discretization of X on lengthscale
(1/N)a if for any p € [1,00) and s > g:

CSaP
()

where W, is a Sobolev space of functions f such that all derivatives of order s are in

L,(X) and Cs,, is a uniform constant depending only on s and p.

WCE(Xy,W3) < (3.4)

[Berman, 2017] shows that for a density p which is absolutely continuous with
respect to the volume form dV with density p,,, the discrete approximation p which
satisfies the density requirements of theorem 3 can be constructed using Quasi Monte-
Carlo discretization X of X as the empirical measure:

KN = - Z Pu(Ti) 0z, - (3.5)

ineXN pu(Ti) rieXn

When the space X is linear, a standard uniform square grids with step-size h is a
Quasi Monte-Carlo systems on lengthscale h. But for curved spaces, such as a sphere
in the case of the reflector problem, constructing a Quasi Monte-carlo systems is not
straightforwad and usually they do not have such simple structure.

One way of constructing such a discretization on the sphere, which was used for
the simulations in this work, is given in [Womersley, 2017].
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3.3. Ray tracing, Re-Simulation and Interpolation. We recall that the
reflector problem is the inverse problem associated to the following forward problem:
Given the source illumination p as a distribution on the unit sphere S¢ and the
reflecting surface R as a radial graph over S¢, what is the distribution of illuminance
after p is reflected from R? The geometric optics answer to this problem is the
simulation of the light propagation known as Ray-Tracing. It can simply be described
as follows:

The distribution g over the sphere is sampled with an empirical measure p :=
> i1 Pi0z,. Then M rays are shot according to their direction {z;}s and reflected
in the directions {y; = z; — 2 (x; - n;)n; }s according to Snells’s law (n; is the normal
vector to R at R(x;)). The resulting directions provide a sample v := 3., p;d,,
of the illumination distribution in the far field v = T%u. In the optics community,
ray tracing is used to evaluate visually the quality of the computed reflector. This
procedure is sometimes referred to as “re-simulation”. The quality of course also
depends on the sampling method and the number of samples M.

REMARK 6 (Ray tracing and Push-Forward). Since by construction, the exact
continuous reflector reflects the ray x in the direction T'(x) (the associated OT map),
the above described procedure is the same as computing the empirical push-forward
M = T#;LM and this is a sampling of v = T .

In order to use this procedure with our numerical approximation of the reflector,
we need a continuous extension of the reflector from its discrete version computed on
the N discretization (3.5). For standard cartesian or structured grids this is not a
problem, since there are various well-studied interpolation techniques. Our solutions
on the contrary are computed on an unstructured Quasi Monte-Carlo grid. We use
the Optimal transport and entropic OT canonical continuous extension procedures
based on duality and using the g potentials (respectively (1.12) and (2.5)).

DEFINITION 2 (c-concave interpolation). For a discrete pair of Kantorovich po-
tentials (fn, gn), defined on the discrete grids Xy and Yy respectively, the c-concave
interpolation of the first potential fy is

f(x) == min {c(z,y;) — gn(y;)}, Vo € X. (3.6)

Y; €YN

As discussed in section 1.1 (see (1.6)), the continuous reflector R = {zef(®)|z €
X} is the envelope of N paraboloids with focal directions {y;}. The resulting illu-
mination will always be an N point empirical measure regardless of the number of
traced rays.

The second approach, also followed in [Feydy et al., 2018] to compute the contin-
uous gradients of the Kantorovich potentials, is to use either the smoothed transform
(2.5) for OT. or (3.2) for S.. The Entropic interpolation is also a key ingredient in
the proof of theorem 3.

DEFINITION 3 (Entropic interpolation). For a discrete pair of Kantorovich po-
tentials (for.,~,gor.,n), defined respectively on the discrete grids Xy and Yy and
solutions of the Sinkhorn algorithm applied to the OT, problem, the extension of the
first potential for. v is

for. (x) = —elog( > exp(é(gon (y;) — ez, y)vn (), Ve e X (3.7)
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Note that (3.7) is the “softmin” version of the minimization (3.6) (its limit when
e — 0). Tt also inherits the smoothness of z — ¢(x,y) and is therefore C'*°.
(1134

Finally using the “‘identity” potentials ( ngE, ~+ f67. n) computed when applying
Sinkhorn algorithm applied to Se, the smooth interpolation is:

fo. (@) = Jor, +<loa( 3 exp(L(Fh. () — clwu)iiw). (38)
j=1..N

This approach results in a smoother reflector than in the previous case but will
also blur any sharp details in the target image.

3.4. Summary of the numerical procedure. Our inputs are analytical
descriptions of the illumination/illuminance p and v described in the test cases
section below. All test cases presented in this paper will have the same source
and target domains X and Y. The source domain X C S? will be the inverse
stereographic projection in the northern hemisphere of the square domain centered
at the origin {(z1,72) € R?*| — 0.6 < 27 < 0.6, —0.6 < x5 < 0.6}. Similarly, Y C S?
will be the inverse stereographic projection in the southern hemisphere of the same
domain. The outputs are re-simulations/RT computed according to the following
procedure:

(1) Computation of fy : The potentials, optimal maps and reflectors obtained
from the minimization of the regularized functional (2.3) will be denoted
using the subscript -o7., and those obtained from the minimization of
the de-biased functional (3.1) by subscript -g.. The discrete Kantorovich
potentials are computed for the discretizations (uy,vy) induced by the
Quasi Monte-Carlo grids X and Yy respectively according to the formula
(3.5).

(2) Interpolation/ray tracing: The choice of interpolation when building the
continuous reflector for RT will be denoted with the upperscript * when
using the c-concave interpolation (3.6), and * when using the Entropic
interpolation (3.7,3.8). The ray tracing/re-simulation will be shot using a
Quasi Monte-Carlo sampling of the source domain of size M.

(3) Domain of computation: The distribution of reflected directions (obtained as
distribution of directions in R?) is projected using the stereographic projection
from the south pole to the equator plane:

- Y )eRr2

y,2) € R3 — ,
(7,9,2) (1+Z T2

DEFINITION 4 (Parameters and notation for the forward map). In order to
discuss the numerics we need to introduce a notation for the forward map induced
by the above procedure. This is cumbersome as many parameters are involved: ¢ the
entropic regularization, N the discretization of the distributions p and v used in the
Sinkhorn algorithm. The choice of using or not the Sinkhorn divergence correction.
The choice and notation of the interpolation for the reflector was discussed above and
in section 3.3.

We will use the notation Rng, RgTE, RJS\Q , Rgg for the reflectors defined using

(1.7) and respectively ngE, f(")\'TE, fé\i, fé\i
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We will denote by v = RgTs [1™M] the ray traced sampling with M rays (and a
similar notation for the other versions of the reflector). Of course v also depends on
the choice of the method and other parameters. Finally the N and M discretizations
of the domain are QMC discretizations as explained in section 3.2.

3.5. Numerical illustration. We give here several re-simulations as an illus-
tration of the different approximation of the reflectors described in section 3.3. The
data and numerical results are available on the repository: https://zenodo.org/
record/3888145\#.X6fTkTJKjxU. See section 3.4 and 4 for a precise description of
the numerical procedure.

The test cases we used are described below and are set on bounded subsets of the
sphere.

Test Case 1: Square To Circle. The source distribution p is the uniform
distribution over the inverse stereographic projection of a square: StP(supp(p)) =
{(x1,72) € R?| - 0.5 < 27 < 0.5, 0.5 < 25 < 0.5}. The target distribution
v is the uniform distribution over the inverse stereographic projection of a disk:
StP(supp(v)) = {(z1,22) € R%|z? + 23 < 0.5?}. Even though the densities are
constant, mapping from a non smooth support geometry of the square to the smooth
geometry of a circle is not a trivial task.

We show in figure 5.1, from left to right and from top to bottom the re-simulations
using the reflectors ROT , ROT , RS , RS and finally also the QMC discretization
used for vy, N = 64 % 64 points. The regularization parameter was taken to be
e— 1

2564 "
Figures 5.1 (a) and (c) correspond to the c-concave interpolations. This builds

the minimal envelope of the family of parabolae with focal axis given by the v dis-
cretization. All rays hitting one parabola end up at the same position. So up to
numerical errors we indeed recover (e), that is vy even though M >> N. Also the
Se solution performs better at the boundary.

Figures 5.1 (b) and (d) correspond to the entropic interpolations. This is a
smoothing of the the c-concave interpolation. The M rays are therefore distributed
more evenly over the support of the target. We observe, for (b), at the boundary of
the support, an important shrinking effect. It can be explained by the OT. entropic
bias as in section 3.1, which smoothing the density at the boundary of the support
would produce, according to formula (2.12) and the effect observed in figure 3.1. As
expected, the S. (d) solution is effective to de-bias the solution. Except, at the corners
of the square where the the map is singular, we see extra artefacts probably induced
by the smooth interpolation.

Test Case 2: Square to Gaussian. The target distribution v has a Gaussian

m2+m2
density p(x1,x2) = e~ = * over the source domain in Test 1. The source distribution
will be the same as in Test Case 1.

Test Case 3: Square to Square. The source and target distribution
are uniform distribution over the inverse stereographic projection of a square:
StP(supp(v)) = {(z1,72) € R? — 0.5 < 21 < 0.5, —0.5 < x5 < 0.5}.

Test Case 4: Circle To Steep Gaussian. The source distribution p is the uni-
form distribution over the inverse stereographic projection of a disk StP(supp(u)) =
{(z1,72) € R?|2? + 23 < 0.5%}. The target distribution v has a Gaussian density
p(x1,29) = e 16*=+73) oyer the source domain in Test 1.
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Test Case 5: Circle To Two Steep Gaussians. The source distribution
1 is the same as in the fourth. The target distribution v has a Gaussian density
p(z1,22) = 6—16*((11—0.25)2+(m2—0.25)2) _|_e—lG*((xl—0.25)2—0—(9024-0.25)2) over the source
domain in Test 1.

Figures 5.2- 5.6 show the re-simulations for the 5 test cases.

4. Error estimations and convergence.

4.1. Wasserstein metrics as error estimator. From the OT point of view,
a straightforward evaluation of our numerical approach would be to build an approx-
imate transport map 7?7 obtained by plugging the different approximations of the
potential fOT , fOT , fs , fs into formula (1.3) and compare it against the exact
solution 7. For the reflector problem, however, only trivial analytical solutions such
as the circle (identity) or a parabola (dirac target) are known. On the other hand
and from the optics application point of view, the main concern is not the shape of
reflector itself (except for designing constraints ignored here), but rather the quality
of the re-simulation. As mentioned in remark 6, mathematically this re-simulation is a
sampling of the push-forward T“?? 4. Therefore, in order to build an error estimator
we will consider the difference between the push-forward 7P, 1 and the desired dis-
tribution v. For this we will use the standard L? Wasserstein distance Wo (TP 4, v),
or its S entropic counterpart presented in section 2. It is known to provide a smooth
distance between empirical distributions [Chizat et al., 2020]. In order to build a
numerically computable error estimate we will use the ray traced sample u of the
source measure fi.

First, using the triangle inequality for the Wasserstein metrics one gets:

Wa(T gj1,v) < Wa(T PP s, T ™) + Wo(TP ™ ). (4)

The first term on the right hand side (Wo (TP 4, TP 41*)) can be estimated
using Lemma 4 and inequality (5.3) in the Appendix A giving:

WQ(Tapp#Na Tapp#/LM) < KWQ(;“‘?NN[)a (4.2)

where K depends on the data of the problem. The convergence in W2 norm of such
a sampling has been studied in [Fournier and Guillin, 2015] and is known to behave
asymptotically as M ~3 in expectation.

The second term on the right hand side of (4.1) can be approximated using vy, =
RgTs [1™M] the sample obtained using the different combinations of ray tracing and
interpolation (we only show one of these combinations there see definition 4 and
remark 6):

Wo(TPP 4 u™M v) = Wo (M v). (4.3)

The continuous densities p and v still appear in estimates (4.2-4.3). The Ws
distance can be computed either using semi-discrete OT (section 1.2) which relies on
a P1 discretization of the continuous densities or again using Sinkhorn divergence but
this time for the L? cost. This is the choice we made in this paper and ; and v are
discretized on a finer M., = 5122 grid.

The error estimates are therefore computed using the Sinkhorn divergence ap-
proximation of the L? Wasserstein distance on the projection plane with a smaller ¢
s Wale,.) = Sez1e—06(., ), but we will keep the W5 notation below.
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4.2. Numerical convergence Study in N. In this section M = 1282 the
number of rays for the resimulation is fixed. The densities p and v are discretized
with a finer M., = 5122 points orthogonal grid on the plane.

In (4.2), for p as in Test Cases 1, 2 and 3, we obtained with the above parameters:

Wy (uM, pMe=) = 2.355¢ — 03. (4.4)
For Test cases 4 and 5, we obtained
Wa(u™, M=) = 2.310e — 03. (4.5)

Regarding Wo(v™ vMe<) in (4.2), we plot for different tests cases described be-
low the convergence curves in N for the different reflector approximations methods
explained in definition 4 and two values of € : 1/2v/N, 1/8V/N. See figures 5.7- 5.11
for the 5 test cases. We observe:

(1) Convergence to error levels comparable to (4.4-4.5) which makes sense as vy

is at best a QMC sampling of v.

(2) Decreasing ¢ improves the OT. reflectors.

(3) Sinkhorn divergence S, de-biasing is effective, both in the sense of obtaining
lower errors, and being less dependent on the choice of ¢.

(4) As the target is smooth,the entropic interpolation of S, solutions are less
dependent on the choice of the discretization, and moderate values of N are
enough to achieve the same error as when using the highest value of N used
here.

4.3. Numerical convergence Study in M. In this section, we use the En-
tropic interpolation method and generate the potential with the Sinkhorn divergence
method as they seemed to performed the best. We then fix N = 1282 and € = 128/8
and study the dependence of the error term Wo(v™, v) with M where vM = ]:ng [M].

In figures 5.12-5.13 we plot the error curves for Test Cases 1 and 5 in original
and log scales. The curves demonstrates that the computed continuous numerical
approximation of the reflector preserves after ray tracing the quality of the illumina-
tion/source ray sampling. In particular:

(1) The convergence curves closely are similar to the convergence curves in N
obtained using the Sinkhorn divergence method with ¢ = 1/(8/N) and the
c-concave interpolation. Indeed, with this interpolation method and a good
approximation of the potential, the reflector will send all the rays onto vy
wich is also discretized using a QMC system (see also section 3.3). So in-
creasing N there and increasing M here results in the same empirical measure
vM = RY [uM].

(2) In logarithmic scales the curves agree with the M ~2 rate predicted by the
theory
[Fournier and Guillin, 2015].

5. Conclusion. In term of computing the Kantorovich potential f, the PDE or
Semi Discrete approaches are the natural choice when ¢ is the Euclidean distance. For
the reflector cost however they are rather technical and difficult to implement. The
very few references we know off are listed section 1.2.

The entropic regularization method on the other hand is flexible and Sinkhorn
algorithm can be implemented very rapidly an efficiently for any cost ¢ as recalled in
section 4. The downside is the entropic bias induced by the regularization which is
not acceptable for the reflector problem.



326 J.-D. BENAMOU, W. L. IJZERMAN AND G. RUKHAIA

We tested a novel approach [Feydy et al., 2018] called Sinkhorn Divergence to
correct this bias. Based on theorem 3 [Berman, 2017] we studied numerically the
convergence of the corrected method with respect to the entropic regularization and
space discretization parameters. Quantitative error measures on the reflector shape
itself are not available. We therefore defined and used an error criterium based on
re-simulations/ray tracing and the Wasserstein 2 distance, a standard tool to compare
images and empirical distribution.

Our experiments indicate that the combination of a QMC discretization satisfying
the density property (remark 2), the entropic interpolation (2.3) and correcting the
Entropic bias with the Sinkhorn divergence technique produce the best results and
can be used to design reflectors at least for simple test cases.
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Robert Berman, Simone Di Marino, Jean Feydy, Gabriel Peyré and Francois-Xavier
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Figures.

-0z

04

06

-0z

04

06

06

ED ED ES) 00 02 o 3

F1c. 5.1. Test Case 1: From left to right and from top to bottom the re-simulations of uM
(M=128%*128) using the reflectors Ror., Ror., Rs., Rs. (check definition 4 for explanation of
the notations) and finally also the QMC discretization used for vy, N = 64 x 64 points. The
reqularization parameter was taken to be € = ﬁ for all four solutions.
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FIG. 5.6. Test Case 5: Re-simulation of Rg
distribution (color graph)
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Test Case 1 : Square To Circle

C-concave Interpolation
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FiG. 5.7. Test Case 1 (h:=+/N): Wy distance between Re-simulated Push-Forward with 1282
points and exact target.
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Test Case 2: Square To Gaussian

C-concave Interpolation
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FIG. 5.8. Test Case 2 (h = /N): Wa distance between Re-simulated Push-Forward with 1282
points and exact target.
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Test Case 3: Square To Square

C-concave Interpolation
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FiG. 5.9. Test Case 3 (h = /N): Wa distance between Re-simulated Push-Forward with 1282
points and exact target.
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Test Case 4: Circle To Steep Gaussian

C-concave Interpolation
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FIG. 5.10. Test Case 4 (h = /N ): Wa distance between Re-simulated Push-Forward with 1282
points and exact target.
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Test Case 5: Circle To Two Gaussians
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Test Case 1: Square To Circle
Convergence in M for S_1/8*128 with Entropic Interpolation
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Test Case 1: Square To Circle

Convergence in M on logarithmic scale
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FIG. 5.12. Test Case 1: Convergence of error terms Wa(uM , 1), Wa(v™ ,v), original (top) and
logarithmic (bottom) scales.
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Test Case 5: Circle To Two Steep Gaussians

Convergence in M for S_1/8*128 with Entropic Interpolation
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FIiG. 5.13. Test Case 5: Convergence of error terms Wa(uM , n), Wa(v™,v), original (top) and
logarithmic (bottom) scales.
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Appendix A.

LEMMA 4. Given two Polish spaces (X,dy) and (Y,dy), with Borel probability
measures fi1, 2 on X and Lipschitz continuous map T : X — Y with Lipschitz
constant Lip(T), Then

Wy (Typa, Typz) < Lip(T)Wp(pr, pa) (5.1)

Proof. Let (f,g) be optimal pair of Kantorovich potentials for W, (Typ1, Ty o).
Then, for all z,2’ € X

f(T(2) + g(T(2)) < dyp(T(x), T(2")) < Lip(T)"d% (, ") (5:2)

Where first inequality holds due to fact that admissible pairs for maximization in

Kantorovich duality approach cost function from below.

FT0) o 9(T()
Lip(T)? Lip(T)?

the dual form of W), (1, p2). This leads to following:

Inequality (5.2) implies that functions are admissible pair in

Wy (Tppn, Tya) = min [ b (T, Typit
7 Jyxy

- / F(y)dTp (y) + /Y o) Tra(y)
/ F(T(@))dpus () + /X 9(T(a") ) (a)

~ Lip(Ty" Xégg;gdul(m)ﬂL | ()

< Lip(T)PW5 (pa, p2)-
Taking p-th root on both sides leads to the desired inequality. O

When the target support Y is convex and the densities of p and v smooth enough
(C1 is enough) and bounded below and above by positive constants, a classic regu-
larity result by Caffarelli [Caffarelli, 1992] gives sufficient regularity to get

Lip(T) < K (5.3)

where the constant K only depends on the dimension d and the the data p and v.
See [Philippis and Figalli, 2014] for further refinements and discussions.
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