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LOCAL CLASSICAL SOLUTIONS TO THE FULL COMPRESSIBLE
NAVIER-STOKES SYSTEM WITH TEMPERATURE-DEPENDENT
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Abstract. In this paper, we study the full compressible Navier-Stokes equations in a bounded
domain Q C R3, where the heat conductivity depends on the temperature € in a power law (% for
some constant b > 0) of Chapman-Enskog. We first prove the existence of the unique strong solution
with non-negative mass density and arbitrarily large data, and then lift the regularities to get a
classical one. The corresponding proof is nontrivial due to the appearance of the vacuum and the
strong nonlinearity of the temperature-dependent heat conductivity. We introduce a new variable
9**1 to reformulate and simplify the system, and require that the measure of the initial vacuum
domain is sufficiently small, for example, the initial vacuum only appears in some one-dimensional
curves or two-dimensional surfaces.
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1. Introduction. The motion of viscous compressible and heat conductivity
fluids is governed by the full compressible Navier-Stokes system (FCNS)

pi + div(pu) =0,
(pu)s + div(pu ® u) + VP = divT, (1.1)
(pE); + div((pE + P)u) = div(kVE) + div(uT),

where t > 0 is the time variable, x = (z1, 2, 23) € R? is the space variable. p is the
density, u is the velocity, P is the pressure, for ideal polytropic fluids, the equations
of state are
R
P=Rpl, e=c,0=—0, (1.2)
v—1

where 6 is the absolute temperature, e is the specific internal energy, R > 0 is the
gas constant, v > 1 is the adiabatic exponent, and ¢, > 0 is the specific heat at unit
volume. E = %|u\2 + e is the specific total energy, T is the viscous stress tensor which
is given by

T = 2uD(u) + Adivuls, (1.3)
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where I3 is the 3 x 3 identity matrix, and D(u) is the deformation tensor given by

~ Vu+ (Vu)'

D(u) -

(1.4)
in which (Vu)" is the transpose of matrix Vu. g is the shear viscosity coefficient,
A+ % w1 is the bulk viscosity coefficient, and & is the heat conductivity coefficient.

When the viscosity and heat conductivity coefficients are constants, there are rich
literatures on the well-posedness of the isentropic and non-isentropic Navier-Stokes
system in the past few decades.

e On one hand, when the initial data are away from the vacuum, system (1.1)
satisfies the well-known symmetric hyperbolic-parabolic coupled structure.
Based on this observation, in 1962, Nash [30] proved the local existence of 3-D
classical solutions to the Cauchy problem of (1.1) (see also Tani [34] for the
initial-boundary value problem). Later, Matsumura-Nishida[28, 29] proved
the global existence of 3-D classical solutions to the initial-boundary value
and Cauchy problems of (1.1) with small initial data. The 1-D global large
classical solution of the initial-boundary value problem has been established
in Kazhikhov-Shelukhin [19] (see also Kanel’ [18] for the Cauchy problem,
Dafermos-Hsiao [7] for the thermoviscoelasticity and Hsiao-Luo [8] for real
viscous gases).

e On the other hand, when the initial vacuum is allowed, we need to pay more
attention to the analysis of system (1.1)’s mathematical structure. The sec-
ond order elliptic structure in momentum and energy equations hold since
the viscosity and heat conductivity coefficients are all constants. While there
is degeneracy of time evolution for velocity and temperature, which leads to
an essential difficulty: it is hard to find a reasonable way to extend the defi-
nitions of velocity and temperature into vacuum region. For isentropic flow,
in 2003, Choe-Kim [6] introduced an initial layer compatibility conditions to
overcome the difficulty and proved the local existence of 3-D strong solutions
(see also Salvi-Straskraba [32]). In 2006, Cho-Kim [4] extended the local
strong solution to a classical one, which, recently, has been shown to be a
global one with small energy but large oscillations by Huang-Li-Xin [13] for
3-D space and Li-Xin [20], Luo [27] for 2-D space. For non-isentropic flow,
in 2006, Cho-Kim [5] obtained the local existence of strong solutions in 3-D
space, which has been extended to a global classical solution by Huang-Li
[11] and Wen-Zhu [37].

However, from a physical point of view, the viscosity and heat conductivity coef-
ficients usually depend on the temperature or the density, or both. Moreover, when
we deduce (1.1) from Boltzmann equation through the Chapman-Enskog expansion
to the second order (cf. Chapman-Cowling [3] and Li-Qin [21]), we find that, under
some proper physical assumptions, the viscosity and heat conductivity coefficients are
not constants but functions of temperature, e.g., power functions of temperature like

w@) =ab®,  XO)=p6°, k() =v6°, (1.5)
where «, 5, and b are constants satisfying

a>0, 2a+38>0, v>0, and b>0. (1.6)
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e For isentropic flow, such dependence on temperature is reduced to the depen-
dence on density

wip) = ap®, Ap) =pBp°, ¢>0 is a constant, (1.7)

by Boyle and Gay-Lussac law. Assuming that p is a constant and A(p) = Sp°©
with ¢ > 3, Vaigant-Kazhikhov [35] first proved that there exists a unique
global classical solution to the initial-boundary value problem in 2-D space
with large initial data away from vacuum. Later, for the Cauchy problem
and the periodic boundary conditions with initial vacuum, Huang-Li [10] and
Jiu-Wang-Xin [17] obtained the global classical solutions for ¢ > 4/3 (see also
[40, 15, 12, 16] and the reference therein for other related works). In 1-D
space, when p(p) = ap® with a > 0, Lian-Liu-Li-Xiao [25] obtained a unique
global piecewise regular solution with strictly positive density and jump dis-
continuity. Under the assumption of (1.7), the appearance of vacuum leads
to the degeneracy of Lamé operator, which provides less regularizing effect of
solutions, and the method for constant viscosity case [6] does not work. In
2017, Li-Pan-Zhu [22] considered the case of ¢ = 1 without using initial layer
compatibility conditions, and obtained the local existence of classical solu-
tions by making use of the “quasi-symmetric hyperbolic”-“elliptic” structure
in 2-D space (see also Zhu [42] for 3-D space), and they [23] also obtained
local existence for the case of ¢ > 1. Recently, Xin-Zhu [38] established the
global existence of classical solutions in some homogeneous Sobolev spaces
for ¢ > 1, and they [39] also obtained the local existence of classical solutions
for the case of 0 < ¢ < 1 with the initial layer compatibility conditions.

e For non-isentropic flow, under the assumption of (1.5), there are possible de-
generacy of the second order elliptic structure caused by losing positive lower
bound of temperature. In addition, the strong nonlinearity in momentum and
energy equations caused by variable coefficients make the problem much more
complicated. Thus there are few results on either weak or strong solutions to
system (1.1), even in 1-D space. In 2010, when the initial density is strictly
positive, Jenssen-Karper [14] proved the global existence of a weak solution
to the initial-boundary value problem of (1.1) in 1-D space under conditions

p=cqa, k) =uve" for be{(),%).

While, under this simplified relation, the temperature-dependent heat con-
ductivity still introduces strong degeneracy and nonlinearity causing troubles
to the a priori estimates. They define some energy functionals that mon-
itor certain weighted H'-norms to overcome these difficulties and obtain a
global existence of weak solution. In 2015, Pan-Zhang [31] improved Jenssen-
Karper’s result and obtained a global strong solution for b € [0,4+00) in
1-D space. Later, Zhao-Yao [41] extended Pan-Zhang’s work to d-D space
(d > 2) with cylindrical or spherical symmetry data. Recently, Wang-Zhao
[36] proved the global existence of classical solutions to the Cauchy problem
of (1.1) in 1-D space with positive initial density and

= iah(v)0®, k= Fkh(v)0°, (1.8)

where fi and i are positive constants, |@| is a sufficiently small constant and
the non-degenerate smooth function h(v) satisfies

o't o2 < Ch(v), K (v)*v < Ch(v)® for all v € (0, +00),
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v is the specific volume, Iy > 1 and Iy > 1 are positive constants (see also
[24] for the corresponding full MHD system). We mention that these results
mainly focus on the weak solutions or the non-vacuum classical solutions in
1-D space.
Our goal in this paper is to establish the local existence of strong and classical
solutions to (1.1) with initial vacuum and under the assumption

p=a, =08, k() =v8" b>0. (1.9)

We will first show the local existence of the unique strong solution to the initial-
boundary value problem (IBVP) of (1.1) in a bounded smooth domain  C R? with
the initial data

(pau79)|t20 = (p07u0a00)(x)7 UAS Qa (110)
and the Dirichlet and thermo-insulated boundary conditions for (u,6)
u=0, VO-n=0, ond, (1.11)

where n = (ni,m2,n3) is the unit outward normal to 9Q2. Then we will lift the
regularities of the above solution to get a classical solution.

Throughout this paper, we adopt the following notations for homogeneous and
inhomogeneous Sobolev spaces (see [9]).
lflp = flleeey,  Iflls = I1f =0, [fllzera == If1lLe(o,7);L0(2)
Dk’T(Q) = {f € Llloc(Q)v ‘f|Dk’T = ||f||D’“’T(Q) = |ka|7“ < +OO} ) Dk = Dk’za

DY) = {f € D), flon =0, [flny = IflIycey = V]2 < +00} .

For simplicity, we also use the following notations:

/f::/ﬂfdx and /Otf::-/otfds.

Before stating the main result, let us first analyze the difficulties in this paper.
According to system (1.1), the relations E = 3|u|? + e, and (1.2), the time evolution
of the temperature can be governed by

1 1
pOs + pu - VO + . (RpOdivu — vdiv(0°Ve)) = C—Q(u), (1.12)
where Q(u) = %\Vu + VuT|2 + B(divu)?. Then via introducing the new variable
Y = 6°F1 system (1.1) can be reduced to
pe + div(pu) =0,
pus + pu-Vu+ VP + Lu =0, (1.13)
P + pu - Vi + a1 pdiva — agy T AY = agh T Q(u),
where P = Rpwﬁll, Lu = —aAu — (a + §)Vdivu, and
1 1 1
ag=—R(b+1), ay=—v, az=—(0b+1).
C'U C'U CU
The difficulties and strategies in our proof can be summarized as follows.

For the local existence of strong solutions:
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Degeneracy caused by vacuum. Due to the appearance of vacuum, there
are degeneracy of time evolution in (1.13), and (1.13);, as the constant heat
conductivity case [5], which will be overcome by the initial compatibility
conditions.

. Degeneracy caused by variable heat conductivity. In [5] (ie., b =

0), the uniform elliptic structure in energy equation holds, which plays an
essential role in the estimates of |¢)|p2. While for our case b > 0, according
to (1.13), we have

[1p2 < ClQU)Lz + Clu 7T (o + pu - V46 + arpipdiva) |

Then it is obvious that we need to study the positivity of . Notice that
(1.13), is a degenerate parabolic equation, thus by dividing (1.13), by p and
establishing the uniform minimum principle that is independent of the lower
bound of p to the resulted equation, we deduced the positive lower bound of
1 in a short time when 6 is strictly positive.

. Nonlinearity caused by variable heat conductivity. During the a pri-

ori estimates, there are additional nonlinear terms caused by temperature-
dependent heat conductivity, some of these terms were not friendly with our
estimates. For these terms, we need to have restrictions of the size of the
initial vacuum domain.

the local existence of classical solutions:

. Strong coupling between u and 1 in higher-order estimates. First,

comparing with the isentropic case, the additional energy equation in our non-
isentropic system makes it much harder to obtain the higher-order regularity.
We take the estimate of P as an example. For isentropic case, according to
the mass equation one has

P, +u-VP + yPdivu = 0.

Then based on the regularity of u, one can obtain the regularity of P by a
standard regularity theory of hyperbolic equations, the work in [4] depends
heavily on this fact. While for non-isentropic case, according to (1.13), one
has

P, +u-VP+ (R+1)Pdivu = RQ(u) + RvAy,

which implies that the regularity of P depends heavily on the regularities of
w and 1. Moreover, not like the first and second order regularity estimates,
due to the presence of quadratic nonlinear term Q(u) in (1.13),, it is hard
to obtain the higher-order estimates for u and v separately. Second, we
find that there are many extra terms generated from the nonlinear terms P,
wb%Aw and 1/)5%1 Q(u) during the higher-order regularity estimates, which
have caused the strong coupling between the higher-order regularity estimates
of u and v. For example, during the estimates of ||Vuy| 212 , we find that

Vs 22 depends on Vbl 22,

and vice versa. Some new estimates are developed to deal with the cross
estimates between u and 1.
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2. Strong nonlinearity of the operator z/JHLlAw. We emphasize that, un-
like the linear elliptic operator, the nonlinear elliptic operator wb% A1) brings
many extra terms during the high-order regularity estimates, which are pos-
sibly two-order higher than the terms on the left-hand side. For example, the
extra term ¢7W11th1/}¢tt that comes from z/Jb%lAd) cause the appearance
of ||[Vipu|| 212, which is two-order higher than the term ||Vi);||p~z2 on the
left-hand side of the estimates. This is one of the main difficulties, we need
to find some “smallness” mechanism to absorb this higher order term, see
Section 4 for details.

3. Time continuity of u and . The time continuity of the first and sec-
ond order derivatives of u and 1 are not trivial, we need to establish the
time weighted energy estimates of t2uy, thy € L>®([0,T); D?), tug, t31hy €
L (]0,T]; DY), ete. by using the structure of the reformulated system (1.13)
and carefully matching the weights of time. This is different from the exis-
tence of strong solutions, where we only need to get the time continuity of u
and v themselves.

Now, we first introduce the following definition of strong solutions to IBVP (1.1)
with (1.10)-(1.11).

DEFINITION 1.1. Let g € (3,6], (p,u,0) is called a strong solution on [0,T] x
to IBVP (1.1) with (1.10)(1.11), if

(1) (p,u,0) satisfies the system (1.1) a.e. in (0,T) x §;

(2) (p,u,0) belongs to the following class :

= {(p, u,0)| p>0, peC(0,T); H' nW"?), p; € C([0,T]; L* N L7),
(u,0) € C([0,T); D' N D*) N L*([0, T); D>%), (1.14)
(ur, 6:) € L*(0,7): D), (pur, Vo) € L((0,71; L)

(3) (p,u,0) satisfies the corresponding initial conditions a.e. on {t = 0} X, and
also satisfies the corresponding boundary conditions in the sense of traces.

Then state our main results as follows.

THEOREM 1.1 (Local existence of strong solutions). Let § > 0 be some real
constant. Assume that the initial data (po,uo, o) satisfy the following regularity con-
ditions

po >0, po€ H'NnWh, wye DiND?* 6, D'ND?* 6,>0, (1.15)
for q € (3,6] and the initial layer compatibility conditions

Lug + V(Rpobo) = pg 91,

1 v bi1 1
cv(b+1M° JrQ(UO))*p()gQ,

 Cwle

(1.16)

for some (g1,g2) € L?. Then there exists a positive time T, > 0, such that the IBVP
(1.1) with (1.10)-(1.11) admits a unique strong solution (p,u,0) on [0,Ty] x  under
the condition

V| < eo, (1.17)
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where V' denotes the initial vacuum domain:
V={x€ Q]| po(z) =0},

|V| is the measure of V', and ey = eo(po, uo, o, @, 5,v, R, ¢, b) is a small constant.

If we improve the regularity of the initial data, the strong solution in Theorem 1.1
can be lift to a classical solution, i.e., we have the local existence of classical solutions.

THEOREM 1.2 (Local existence of classical solutions). Let § > 0 be some real
constant. Assume that the initial data (po,uo,00) satisfy the following regularity con-
ditions

po>0, po€ H? wyeDiND* 6, D'ND? 6y>0, (1.18)
and the initial layer compatibility conditions
Lug + V(Rpobh) = pogi,

l v b+1 -
. (b+ 1A90 + Q(Uo)> = pog2;

(1.19)

1 1
for some g1 € D' with (pg 91, 0§ gg) € L%. Then there exists a positive time T, > 0,
such that the IBVP (1.1) with (1.10)-(1.11) admits a unique classical solution (p,u, )
on (0,T] x Q under the condition

V| < eo, (1.20)

where eg = €o(po, wo, b0, , B, v, R, ¢y, b) is a small constant. Moreover, (p,u,0) satisfy
the regularity (4.3) on [0,T4] x Q.

REMARK 1.3. The local ezistence results also hold for the Cauchy problem of the
FCNS system with non-vacuum far field state.

REMARK 1.4. For the full MHD system with positive constant magnetic diffu-
sivity, since it has similar structure as the FCNS system, we can also establish the
local existence results for the initial boundary value problem and the Cauchy problem
with the corresponding conditions on the magnetic field: no-slip boundary condition
or zero far field condition, see [2] for details.

The structure of this paper is organized as follows. In Section 2, we introduce
some important lemmas that are frequently used in our proof. In Section 3 and Section
4, we prove the local existence of strong solutions and classical solutions to the IBVP
of the FCNS system, respectively.

2. Preliminaries. In this section, we present some important lemmas that are
frequently used in our proof. The first one follows from the classical Sobolev embed-
ding results.

LEMMA 2.1. There exists a constant C > 0 such that for f € D§, g € D§ N D?
or g € WhH4, one has

[fle < Clflpss 19l < Clglpzapz, |9l < Clglwra for g > 3.

The second one is the Poincaré type inequality (see Chapter 8 in [26]).
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LEMMA 2.2 ([26]). There exists a constant C' depending only on Q, |pl|, with
r > 1, where p > 0 is a real function satisfying |p|1 > 0, such that for every f >0
satisfying

pfel', pfel? Vfel?

one has

[fle < C(lpfli+ (1 +1pl2|Vf12)) < C(lpflz + 1+ 1pl2) [V £]2).

— 1
F:—/F,
1€

then via the classical Poincaré inequality, one has

Proof. We first denote that

F [ o= [oF = F)+ [ oF < CUoFIs+ lpalVFLe) < ColF VFla + oLV F)
which implies that
F < C(IVpFl2 + |pl2| VFI2). (2.1)
Second, we consider that
IFlh =IVFla + Pl < [VFl2 + |F ~ Fla + Flg? 0
<C(IVpFl2 + (1 + |pl2)IVF]2),

then according to (2.1)-(2.2) and the classical Sobolev embedding theorem, one gets
[Fle < ClIFll < C(IVpF|2 + (1 +1pl2)[VE]2).
0

These two lemmas will be used to control | f|g during the a priori estimates. Next,
we give the regularity estimate for elliptic operator (see [1]).

LEMMA 2.3. Assume that (1.6) holds, let Q@ be a bounded smooth domain and set
le(1,400).
e For the Dirichlet boundary value problem

—aAU — (a+ B)VdivU = F, Ulpa =0,

if F '€ H-1(Q), then there exists a unique weak solution U € H}(Q2), and for
F e Wk(Q), one has

Ul watriay < ClFlwei), (2.3)

where constant C' depends only on «, 5,1 and Q.
e For the Neumann boundary value problem

AU=F, VU nlpg=0,

if in addition /F = 0, then there erists a weak solution U € H(Q), and
(2.3) also holds.
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We will frequently use Lemma 2.3 in the regularity estimates.
Finally, using Aubin-Lions Lemma, one has,
LEMMA 2.4 ([33]). Let Xo, X and X, be three Banach spaces satisfying Xo C

X C Xi. Suppose that X is compactly embedded in X and that X is continuously
embedded in X;.

I) Let f be bounded in LP([0,T]; Xo) with 1 < p < 400, and % be bounded in
LY([0,T); X1). Then f is relatively compact in LP([0,T]; X).

II) Let f be bounded in L>=([0,T]; Xo) and %{ be bounded in LP([0,T]; X1) with
p > 1. Then [ is relatively compact in C([0,T]; X).

This lemma will be used in proving the time and space continuity of the solution.

3. Proofof Theorem 1.1. The goal of this section is to prove the local existence
of strong solutions to the IBVP of (1.1) with (1.10)-(1.11). We first reformulate our
problem into a new form.

3.1. Reformulation. With the help of (1.13), the IBVP of (1.1) with (1.10)-
(1.11) can be rewritten as

Pt + le(pU) = 07

P+ pu - Vi + ag pdiva — agty T A = agp T Q(u),
pus + pu-Vu+ VP + Lu =0, (3.1)

(psu, P)|t=0 = (po(), uo(z),o(x)) = (po(x),uo(x),08+l(x)), T €,
u(t,l‘)‘ag =0, Vi(t,z) -n|aQ =0, t>0.

In order to prove Theorem 1.1, our first step is to establish the following existence
result for the reformulated problem (3.1).

THEOREM 3.1. Let the initial data (po,uo, o) satisfy the following regqularities:
po>0, po€ H'NW", woeDyND? woeD'ND? ho=yp=0"" (32
for q € (3,6] and the initial layer compatibility conditions
1 1
Lug + V(Rpolﬁgﬂ) =5 91,

1 v i
*a(mAdfo + Q(UO)) = pg 92,

(3.3)

for some (g1,g2) € L?. Then there exists a positive time T, > 0, such that the IBVP
(3.1) admits a unique strong solution (p,u,) on [0,T] x Q under the condition

V| < e, (3.4)
where eg = €o(po, uo, Yo, , B, v, R, ¢y, b) is a small constant. Moreover, (p,u,) sat-
isfy

0<peC(0,T.); H' nWh9), (u,v) € C([0,T.]; D' N D*) N L*([0, T.]; D*9),

3.5
(ut, ) € L*([0, Tu); DY), (Vpus, /poe) € L0, T]; L?). (35)

We will prove this existence theorem in the Subsections 3.2-3.5, and at the end
of this section, we will show that this theorem indeed implies Theorem 1.1.
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3.2. Linearization. Now we consider the following linearized problem:

pe + div(pw) = 0,

pi + pw - Vi + arphdivee — azd ™ A = azd ™ Q(w),

pur + pw - Vu+ VP + Lu = 0, (3.6)

(P»Ua¢)|t:0 = (pg(‘r)vUO(x)va(x))v HS Qa
u(t,x)|oo =0, Vi(t,z) nlog =0, t>0,

where p§ = po -+ 6 for some constant § > 0, w(t, ) € R? is a known vector, and ¢(t, )
is a known function. Assume that w|sg =0, V¢ - n|apq = 0, and

(w, ¢) € C([0,T]; H*) N L2([0, T); W>9),  (wy, ¢¢) € L*([0,T); HY),

1 (3.7)
¢ = 5% >0, (w(t = va)v(b(t = 0,%)) = (uo(x),¢0($)), for z € Q.

We have the following global existence of the unique strong solution (p?,u?, %)
to (3.6)-(3.7) for every § > 0 using standard arguments whose details will be omitted.

LEMMA 3.2. Assume that (po,uo, o) satisfies (3.2)-(3.3). Then for every ¢ > 0,
there exists a unique strong solution (p°,u’,¢°) to IBVP (3.6)-(3.7) satisfying

P’ e C(0. W), (u,¢°) € O[0,T); H?) N L2([0, T|; W7),  (3.8)

and ,0‘s > J for some positive constant § > 0.
3.3. A priori estimates independent of §. In this subsection, we will get
some a priori estimates , independent of §, for the solution (p°,u’,°) obtained in

Lemma 3.2.

We first fix a positive constant ¢y such that

2+ llpollwra + [[(uo, %o)ll2 + (91, g2)|2 < co. (3.9)

Then we rewrite (3.3) into
1
Lug + V(Rpgwé“) =\/Pbats

(3.10)
_%(bilAwo-&-Q(uo)) :\/%gg, 3.10

where

1 1 1

po\ 2 Vipy ™ po\?

gf = (5) g1+ Ro 60 T 93 == 92
Po VIE

Then according to (3.9), for any § > 0 small enough, one has

L+ (195w + [[(uo, o) 2 + (92, 93)[2 < co- (3.11)
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Second, for w and ¢, let positive constants ¢; (i = 1,2, 3,4, 5) satisfy

N
sup Jo®IF+ [ (ol +lwl2)de <t sup )b <
e ’ st (312)

N
swp [0 < [ (e +0)de <A sup Jo(ofe <
0

0<t<T* 0<t<T*
for some time T € (0,7"), where constants ¢; (i = 1,2, 3,4, 5) satisfy
2<cg<cr <cp<c3< ey <cs.

Constants ¢; (i = 1,2,3,4,5) and T* will be determined later and they depend only
on ¢ and the fixed constants a, 8, v, q, R, ¢,, b, || and T (see (3.53)).
In the rest of this section, we denote C' > 1 as a generic constant depending only
b

on fixed constants a, 8, v, q, R, ¢y, b, |2 and T. We also denote aq = ag(%y>m.

For simplicity, in the rest of Subsection 3.3, we will denote (p?,u°, %) by (p,u,) if
there is no confusion.
Now we start with the a priori estimates for p.

LEMMA 3.3. For 0 <t < Ty = min{T*, (1+ ¢3)~1}, it holds that

L+ o3 + Iollfra < Ccj,  |pilg < Ceoca.

Proof. From the standard energy estimate for the transport equation, one has

t
lpllwa < [lphllwra exp (/ ||vw||W1=q> < cpexp(cat + Clt%) < Cey, (3.13)
0

for 0 <t < Ty = min{T*, (1 + ¢3)~ '}, where we have used the fact w - n|sg = 0.
For the term p;, from the continuity equation (3.6);, it arrives at

|Pt|q < C(|p|00|vw|q + \’U)|oo\Vp|q) < Cellwll2 < Cepea.

Combining with the Sobolev embedding inequality: |p|oc < ||p|lw1.« with ¢ € (3,6] in
Q, we complete the proof of this lemma. O

Next we will study the evolution of the initial vacuum domain. We denote Vg, C
Q a neighborhood containing the initial vacuum region:

V C Vg, = {z € Qdist(z,V) < Ro},

where Ry > 0 is a sufficiently small constant. We first give the following lemma about
the positive lower bounds of p and ¥ in Q\Vg, and 0, respectively.

LEMMA 3.4. For Ry < 1, there exists a constant ar, > 0 and a time Tp =
{Tl, (ln 2)2(002)727}20(302)71} such that

1
p(t,x) > ar, + 55 >0, V(t,z)e€l0,Ts] x (N\Vg,), (3.14)
and

Y, VY (t,x) €[0,Tz] xQ, (3.15)
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where ar, and Ty are both independent of J.

Proof. We divide the proof into two steps.

Step 1. Proof of (3.14). We first denote X € C([0,Ty] x [0,T1] x Q) as the
solution to the initial value problem

d

—X(t;0,20) = w(t, X(t;0,20)), 0<t<Thy;

SX(150,20) = w(t, X(50,20)) 1 o)
X(0;0,20) =9, xp€

Second, let A(t, Ry) and B(t, Rg) be closed regions that are the images of Vg, and
O\ Vg, respectively under the flow map (3.16), that is

A(t7R0) = {X(t707$0)|$0 S VRO})
B(ta RO) - {X(t, 0,.’50)‘.’50 S Q\VRO}'

Due to the definition of V' and the continuity of pg, it is obvious to see that for
any sufficiently small R’ > 0, there exists a constant ars independent of ¢ such that

pg(ac) >ap+06>0, VzeN\Vy. (3.17)
From the continuity equation (3.6), one has
t
p(t,x) = pS(X(0;0,z0)) exp (— / divw (s; X (s; O,xo))>. (3.18)
0
It is easy to show that
t t
/ |divew (¢, X (;0,20))]| §/ |Vw|oo < eot/? < In2, (3.19)
0 0

for 0 <t < T’ = min{Ty, (In2)?(Cec2)~?}.
It follows from (3.17) and (3.19) that for 0 < ¢ < T”,

—

(agr +96) >0, VaeB(tR). (3.20)

N |

p(t,x) =
From the ODE problem (3.16), one has
t
| X (0;0,z¢) — x| =|X(0;0,20) — X (¢;0,20)| < / |w(T,X(T;071'()))|dT < cot < R'/2,
0
for all (¢t,z) € [0,7"] x Q, and T" = min{T", R’ (2c3) "'}, which means,
O\Vr 2 C B(t, R'). (3.21)
Thus we can choose
3 1 : 2 -2 ~1
Ry = §R , ARy = SOR/ and 75 = min {Tl, (In2)*(Cc2)™ 7, Ro(3c2) }
Step 2. Proof of (3.15). From equation (3.6)s, it is easy to have

pUr + pw - Vb — as T A > —aq pidiva, (3.22)
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where we have used the fact that qﬁb%l Q(w) > 0. We define

T" =inf{ t € (0,7] | ¥(t,x) =0, for some x € Q}.
From Lemma 3.2, we know that p > ¢ > 0. Thus (3.22) implies that

Gy +w- Vip — %¢%A¢ > —ay|divw| for (t,z) € [0,T"]x Q. (3.23)

Denote

P =exp (a1 /Ot |divw(5,x)oo>,

then along the curve X (¢;0,x¢), one has
Do~ @y ngr >0 (3.24)
dt p = '
Then, from g (x) > 1 and the classical minimum principle, one has

t
Y(t,x) > ing2 Yo(x) exp (— al/ |divw(5,x)oo> >0, (3.25)
S 0
for ¢ € [0,7"], which contradicts with the definition of 7"”. Thus (3.25) holds for
t € [0,T1]. Moreover, one has (3.15). O
Next we give the a priori estimates for 1.

LEMMA 3.5. For 0 <t < T3 = min{Ty, (1 + Ccs) K}, and Ry satisfies |Vg,| <
(a4/(2000§))3 with a constant K > 9, it holds that

t t b
R+ 2 < O [Wanl2 + / a2 < M, / P20 < M, []pe <McET,
0 0

where M = Ce3® exp(Ccich).

Proof. We divide the proof into three steps.

Step 1. First order estimates of 1. Multiplying (3.6)2 by % and integrating over
), one can obtain

1d
S at
- / (= a2VorH - Vo + arpdives + a3 Q)

Pl + a / 67 [Ty

< C(|P|§o|\/ﬁ¢\2 + |¢>\§|Vw|2) |Vwl3||e — a2/v¢b+% Ve

G4 2 a4 5 2 8 =
< — — — b+1 . .
=< 10|V7/)|2 + (200(2) + 002)|ﬁ¢|2 +Ccy @/qu) 1 -V, (3.26)

where we have used the Poincaré type inequality for ¢ in Lemma 2.2 and (3.7).
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For the rest term in the right-hand side of (3.26), it follows from Lemmas 3.3-3.4
that

_a2/v¢b% v

go/w.ww:c(/VR +/Q\VR )IW-VW

< C(IlelVial + VAL VAL ) IV L2l Tl

Q 1 1
< TIVUE + O (Vi |? + ) IVAvl + iV, [FIV03),  (327)

which, along with (3.26), from the Gronwall’s inequality, implies

t
N / VU < C(cd + cBt) exp(Celt) < e, (3.28)
0

for 0 <t < Ty =min{Ty, (14 ¢&)~'} and Ry satisfying |Vg,| < (a4/(1OCc§))3.

Step 2. Second order estimates of 1. Differentiating (3.6)s with respect to ¢,
multiplying by ; and integrating over (2, one has

1d

b
Sd P|1/)t\2+a2/¢”+1 (Ve |?

o / VT - Vibuths + as / 67T Ay + a / 67T Q)

b 3.29
+ / (%éﬁmQ(w)t?ﬁt + prw - Vapipy + alptwdivwwt) (3:29)

5
— /p(2w -V + wy - Vo + appdivw + aghpdivw)y =: Z R;.

i=1

Now we estimate R1-R5 one by one. It follows from Lemmas 3.3-3.4, 2.1-2.2 and
Young’s inequality that

—ag/vw% Vit < C(/V +/Q\VRO>IV¢-V%%|

< O (1ol Vial¥ + 1aunl3 1/9nlg ) IV olsI Vi

a, 1 1
< SV + O ((BIViro |5 + ) Iv/puel3 + b Vi, |} Vi3

Ry + Ry < C(/v +/QW )|¢t|(|aw| V) i)

< C(16elo|Vao | + [VA0el3 [V/pve|d) (188]2 + [Vwls|Vwls) oo
a, 1
< 55 Vil + (CIVR, |3 (18915 + &5) + )il

20
Qg —
(50 + O (vl + D) ok,
20cj

Ry

_|_
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Ry = / (%be%lQ(w)twt + prw - Vpipy + alptwdiVU}th)
< Ol IVurlel Vuls +pilafuwloo |Vl + [pla ¥l Vo)l
< 250 (VP + BIV0B) + C(IVunls + EIVUlE + i)

Rs= — / pw - Vb +wy - Vb + argdivi, + ardivio)
< C((fwilo|Vela + [Vwilalle) [/ovnl3 | VAl
+<|w|oo|wt|2+|Vw|3|wt|e>|fwt|z)|p|éo

|th|2+0(|th\2 (Co +c5+ O 2 + g VYl )|\/151/1t|2+020|vd’| )
(3.30)

_20

Then denoting I'(t) = 1+|V¢[34|\/p1 |3, it follows from the estimates of Ry —Rs
that,

2dt|\[¢t|2+a4|th|2
< (5 + CAlVRy |3 ) VUi + (CIVao | F (18013 + ¢§) + m)l6cd + Cc§ Vw3
+C (A + |V, |¥ + 072" + | Vls + 02| AP T (1), (3.31)
where 7 > 0 is a constant, and we have used Lemma 2.2.

Now we need to consider the term |A|2. From equation (3.6)s, Lemmas 2.1-2.3,
one has

1 . b
102 < C(lpl Vel + lplocltloo Volz + lololloldiveols + e [Vals| Vals)
< O(c2|vw|2 + o2 + 020b+1>~ (3.32)
On the other hand, one has
d a
3 VPO < CIVEL Vi), < Q—S\vw% + C|Vy[2. (3.33)

Let Ry be sufficiently small such that [Vi,| < (as4/(20Cc ))3 for a sufficiently large
constant K > 9, and let ) = ¢; ©, then from (3.31) and (3.32)-(3.33) we have

L (8) + aa| Vi3 < OV [5T(t) + C(c3 2 ST )T (). (3.34)

Denote H(t) = I'(t) exp ( - / Cc§|Vw,|3 ) then from (3.34), one has

T HO < C(E" + 5™ |oufg) HP (1), (3.35)

Next we need to solve this inequality. From (3.6)2, one has

VB2 < 1oloc IVl V913 + / ()P /. (3.36)
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where T(0) = b“ (agAwo + agQ(uo)). Via Lemma 3.2, one can get

gg%/(”f” 'Tio)'z)q%( 110 =1 + 551~ i [ IXOF) =0,

According to the compatibility conditions in (3.3) and equation (3.6)3, one has
lim sup |v/pye(7)[3 < Ipoloo [ VeolF V0l + |g2l5 < Oct, (3.37)
T

which implies that
limsup H(7) < C¢cj.

T—0

Now integrating (3.35) over [r,t] for any 7 € (0,t), letting 7 — 0 and solving the
resulting inequality, one has

Ccy
(1—Cc3(c™ 15t 457 7))

when 0 < t < Ty = min {T», (1 + Cc5) %K} for constant K sufficiently large. Then
one obtains

H(t) <Ccj+

< Cep,

[N

L(t) < Cchexp(Ce3e§), for 0<t<Ty. (3.38)
Therefore, from (3.34) and (3.38), one has

¢
I'(t) + a4/ [ths|21 < Cclexp(CAcS), for 0<t<Ty. (3.39)
0

From (3.32), one has

Wl <C(SIVEL + Vo) + el ™) < Clel ™ exp(CA).  (340)
For the term |¢|p2.q, similarly, via Lemma 2.3 and (3.6)2, one has
t t
/ [¥[p2a <C / | + pw - Vb + a1 piodive — asg 71 Q(w)|? < M + Cclel'T, (3.41)
0 0

for 0 <t <T5 and M = Cel¥ exp(Cc3cl).
According to P = Rpypo+1 M1 and (3.15), for 0 <t < T3 = T?:/, it arrives at

_b_
VP <M, |VP|,<Mc™, |Pily < M. (3.42)

Step 3. Improved estimate of |Vi|o. Multiplying (3.6)2 by ¢, and integrating
over (), one has

25 [orwer+ [oup
— = [ (ZFTIVUP + aaVor - Va4 pu- Tou + anpidivuy
— g™ Q(u)u )
C(16l6lTo LIV + VIVl als + (T ol + 016l Te]s) /el ol

+ 161X [Vwlo| Veols[rlo)

—

< SWpel3 +n(¢els + [0eld) + C(c3 + ™ eses + 07 M) VI3, (3.43)

[\)
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where n = M ~!. Then integrating (3.43) over (0,t), one has
|vw|§+/0t|\/ﬁws|§ <Ccl, for 0<t<Ts. (3.44)
]

Now we give the a priori estimates for the velocity wu.

LEMMA 3.6. For 0 <t < Ty =min{T3, (1 + Mc2)~2}, one has
t t
el + /2 + / a3, < O, / e < CJ, Jul2 <Ol
0 0

Proof. Differentiating (3.6)3 with respect to ¢, multiplying by u; and integrating
over (), one has

1d

i [ Al + [ (G Oldivenf + i)

= — / (2pw - Vg - ug + pwy - Vu - uy + ppw - Vu - uy — Pdivay)
< C((Iwloel Furle + [wels| uls) [pl& | puls + (Ipelslwloe Vuls + | Pil2) [Vul2)
«
< —
8

< < IVul3 + (Ccg + 0|V ) /o3 + M + Cleon™ + c5)[|Vul7. (3.45)

For |u|pz, due to (3.6)3 and Lemma 2.3, one obtains

1 1 1
[ulps < C(Ipl&IV/purla + lplalewls | Vul3 [Vulf + ol Velz + 1|V ls)

1 5
< Slulps +C(blpuls + [Vul) + ¢ )

(3.46)
On the other hand, one has

d «
&IVU@ < 2|Vulz[Vug|z < ;O\Vutlg + C|Vul3, (3.47)

which, along with (3.45)-(3.46), implies that
1d oy
5&(\\/@%\3 +[Vul3) + §|Vut|§

< M+ 07t + C(c5 + Vw3 + 07" ) (IVpuel3 + [Vul3). (3.48)

Similarly to the proof of (3.37), via (3.3) and equations (3.6)2, one has

1im8}]1p|\/,5ut(7)|§ < poloo | Vwo[[F[Vuol3 + 19115 < Ceg.
T—>

(3.49)
Then from the Gronwall’s inequality and (3.49), via letting 7 = c5 2, one gets
t
IVl + v+ [ o
t
< (Ccj + Mt) exp (/ (c3' + 022|Vw5§)> < Cc, (3.50)
0
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for 0 <t < T3, which, together with (3.46), implies that
6% - ! 2 7
o < Cett. [ Mulbea < [ (lpuct pu-Vur vPE) < €,

for 0 <t < Ty =min{Ty, (1+Mc3)~"'}. O
Then based on Lemmas 3.3-3.6, when 0 < t < T}, for R satisfying
3
[Vio| < (as/(20CcE))", (3.51)
wirh a sufficiently large constant K > 9, the following a priori estimates hold
1
Pl + lplfia < Ced, lpely < Ceoea, ¥ > 50, [[U]1F < O,
2 ! 2 2 = 2 =1
VBBB+ [l +10fe) < M, ol < bl
0

t
Julft + 1Vpul+ [ (e +luafb) <€, fus < Cel’. (352
0

Therefore, we can define the constants ¢; (i = 1,2,3,4,5) and T* by

©

1

©

15 21 15

4 13 91 91
clzC%cg7 czzC%cf =C1r¢s, c3=ca=CH¢y,
455 287 N\ 25
C4:C5:M% = (C’gco2 exp (0479602 )) : ,
1 1 77 455 49 287 -1
T" =min< T (1—|—C702 exp (C'2 ¢,y 02) , K >09.
{ ’ 12ff0027 (1 + C’C5)4K7 0 p( 0 ) 5 -

(3.53)

Then one has

™
sup [lu(t)[[7 +ess sup Iﬁut(t)|§+/ (lu(t) D2 + |ue(t)|B1)dt <,
0<t<T* 0<t<T™ 0

sup [u(t)[pe <3, sup [V + sup 0@} <c3,
0<t<T™ 0<t<T* 0<t< T

"
%fm>WWﬁM+/ (o) for + [(O) e )dt < G sup [(t)[3a <2,
0<t<T* 0 0<t<T*

1
v(t,z) = 5u, sup (Ip(®)% + @0 + lpu(B)le) <.

0<t<T*
(3.54)
Moreover, for sufficiently small Ry > 0 satisfying (3.51), one can obtain
1
p(t,x) > ap, + 55 >0, V(tz)e€l0,T7] x (Q\Var,), (3.55)

where ap, is a positive constant independent of §.
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3.4. Passing limit from non-vacuum to vacuum. In this subsection, we will
give the existence of the strong solution with vacuum to our linear problem:

pt + div(pw) = 0,
Pt + pw - Vb + aq podivw — aggbﬁbl A = agqﬁb%lQ(w),
puy + pw - Vu+ VP + Lu =0, (3.56)

(psu,¥)li=0 = (po(x), uo(x), %o (), =z € Q,
u(t,z)oe =0, Vi(t,z) nlog =0, t=>0.

LEMMA 3.7. Assume that (3.2)-(3.3) hold. Then there exists a unique strong
solution (p,u, ) on [0,T*] x Q to IBVP (3.56) satisfying

p € C([0, T W), (u,) € C(I0,T7]; H*) N L*([0, T7]; W),

! o L 3aT)
¥ 5t (Vou Ve € L(0, T L%, (ue,thy) € L2([0, T HY).

Moreover, the a priori estimates (3.54) also hold for our solution (p,u,v), and for
sufficiently small Ry > 0 there exists a constant ag, independent of § such that

p(t,iﬂ) > ARy > 0, v (ta‘r) € [OvT*} X (Q\VRO)' (358)

Proof. We divide the proof into three steps.

Step 1. Euistence. For p = po+J with 6 € (0,1), from Lemma 3.2, there exists
a unique strong solution (p?,u®,¢?) on [0,T*] x Q satisfying (3.54)-(3.55), where
the constants ci-c5, C, Ro, T* and ap, are independent of §. Then there exists a
subsequence of solutions (still noted) (p°,u’,v?%) converging to a limit (p,wu,) in
weak or weak* sense:

p’ = p weakly* in L([0,T*]; Wh9(Q)),
weakly* in L>([0,T*]; H*(Q)), (3.59)
weakly in L%([0,T*]; H*(Q)).

*

(W, 9°) = (u, 7))
(Ufﬂ/)?) - (utawt)
Moreover, due to the compactness property in [33], there exists a subsequence of
solutions (p°,u’,1°) satisfying:

(0,0’ %) = (p,u,9p) in C([0,T7]; H' (K)), (3.60)

where K is any compact subset of Q.

From the lower semi-continuity of norms, we know that (p, u,) also satisfies the
estimates (3.54)-(3.55). Then it is easy to show that (p,u,) is a weak solution in
the sense of distribution and satisfies:

p € L=([0,T*];Wh), p, € L°°([0,T*]; LY),
(w,9) € LX(0, T H) 20, T W21), 2 S0, (361)
(Vpue, /o) € LOO([OaT*]ELz)a (ue, ) € Lz([O,T*];Hl).
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Step 2. Uniqueness. Let (p1,u1,1) and (pa, usz,19) be two solutions obtained
above. Then p; = ps can be obtained by the same method used in Lemma 3.2. Let
1 = 1h1 — . Tt follows from equation (3.56)2 that

o, + pw - Vi + ay ppdivew — aggbb%l A = 0.
Then multiplying the above equations by ¢ and integrating it over €2, one has
1d — _ _
5@\\/51/1\§+a4lv¢|§ < ClYl3, (3.62)

which, along with Vi) - n|sq = 0, immediately means that ¢; = 1. Via the similar
argument, we can show that u; = us.

Step 3. Time-continuity. The continuity of p can be obtained via the same
method as in Lemma 3.2. Similarly, from (3.61), one has

(u,v) € C([0,T*); H') N C([0, T*]; D* — weak).
From equations (3.56) and (3.61), one can get

(pus, pir) € L*([0,T*]; L?), and ((put)t, (p¢t)t) € L*([0,T*; H ).

Thus from Lemma 2.4, we have (puy, pipy) € C([0,T*]; L?). Due to equations (3.6),-
(3.6), and Lemma 2.3, we have (u,v) € C([0,7*]; D?). O

3.5. Strong convergence in L? space. In this subsection, we will give the
proof for Theorem 3.1 based on some classical iteration scheme. Let us assume as in
Subsection 3.3:

2+ [lpollwr.a + [[(u0, o) ll2 + (g1, g2)|2 < co-

Next, let (u”,9°) be the solutions to the following linear problems

{ up — Au® =0; u’(0) =ug in Q ulgg =0, (3.63)

) — AP0 =0; 920) =1y in Q VY- n|og = 0.
Then we can choose a time T** € (0,7*) such that (u°, 1) satisfies (3.12).

Proof. We divide the proof into three steps.

Step 1. Existence. Let (w,¢) = (u’,1°). We can get (p*,ul, ') as a strong
solution to (3.56). Then we construct approximate solutions (p¥,u*,*) inductively
as follows: assume (uf~1,9*¥~1) is defined for & > 1, and let (p*,u*, *) be the
solution to (3.56) with (w, ¢) replaced by (u*~1,9k~1) as following:

oF 4 div(p*u*~1) =0,

pruf + PP Ve g ubdive T = (0FT) P (00808 + asQ(u ),
pPuk 4+ pPuFt vk + VPR 4 Luk =0,

(P*,u¥ R =0 = (po(2),uo(z), vo(x)), =€,

uF(t,r)|on =0, VF(t,x) -nlpg =0, t>0,

(3.64)
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where PF = Rpk(wk)b%. Then from Subsection 3.4, we know that the solution
sequences (p*, u¥, y*) also satisfy the a priori estimates (3.54) and (3.58).
Next, we show that (p*,u*,*) converges to a limit in a strong sense. Denote

k41 _ k41 k —k+1 _  k+l k Rt k+1 k
pr=p" = pt Ut =ut =, -5,
then one has

PR 4 div(p* ) + div(pFat) = 0,
PG Pk vt gy (g e At
—a (") = (@) ) A+ ag (@H) T - (1)) Q)
+ ag(qpk_l)m (Q(uk) —Q(u k—l)) _ —k+1 (wk 4okt V¢k) (3.65)
ap* ik diver 1 — pk+1< VUL 0,11/} vt + a11/1kdivﬂk>,
PRHGRHL | gLy gkl | phtl gLk kel gy

— PR Uk = RY () T — (047 4 ) ).

First, multiplying (3.65); by 7FT1 and integrating it over Q, for 0 < 7 < one

has

107

SR < O (It oo+ 4 1) (3.66)

Second, multiplying (3.65) by Ekﬂ and integrating over €2, one has
2 dtlf’““w’““l + a2/< by vt
— o [V TET e [ () - @) agtet
+ a3 / (@hs7 = @) 7) Q) E" " +as / ") (QMY) - Q)P

k+1

_ /ﬁkJrl(wic Ful vyt 4 alwkdivukfl)a

_/pk“( Y+ ang  dive® + agtdivat) gt = SR,

=6

According to Holder’s inequality, Lemma 2.1 and Young’s inequality, one has

— o [Vt v

<C Vi k vfk-!—l —k+1
< (/VRO+/QWRO)| GV

<C (I olVao ¥ + VB T3 1A ) 196 1s VY
Rr+ Re = [ (097 - 0477 ) (@0t + )7

<c(/ + [ )|Aw|+\w’“|2>|w [l
Vi, A\ Vg,

<C(18" olVio ¥ + VA F 1A 01 ) (180" + V6 5 V1) s,

k+1, 5 k+1‘
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and
Ry =as [(6* )7 (Q) - Q1))
k=1, 54T k k—1 k) kL
SO T VU™ + Vur ™ 3| Va© oy e,
Ryp = — /ﬁkJrl (wf Y I VT a1¢kdivuk*1)$
_ _ —k+1
<C(10Fls + I 2l ) [P 2l 6,

k+1

k+1

Ry = — / P (7 - Ve + " divet 4 argtdivat )
k+19
<C(\Pk+1|oo|uk\6||V1/ka1 - [dive® o + |05 IVE b)) VB TS,
Then combining the estimates for R; (i = 6,...,11), for ¢ € [0,7**], one has
d —k+1 k+1 5
GV el T VST

kt1—k+1 _ —k k—k
<ER O B+ ESGETE +0(VE R+ Ve Y B)

a _ —k+1 9 —
(5 + O IV [9)I VB + €1 vt

BE, (1) = C(1+ 072 + |u¥|pas + 07 Vi [F), E5() = COL+ [0f ).

(3.67)

Finally, similar as before, multiplying (3.65)3 by @**! and integrating it over ,
one has

1
k+1 — PR
S ST 4 2 (ol VTR o+ (a4 B)ldive )

_ k1l k
<O(+n (Ve 4 [ve Y
where the term F*(t) = C(1 + |uf|2).
Now, let € > 0 be a sufficiently small constant and denote

_ k+1—F k+1_,
AT g = s (P OB+ v O] + AT 0],

)+ PR R+ VEr S, (3.68)

k+1

then let [Vg,|5 < aun(Ccf)~1, from (3.66)-(3.68), by the Gronwall’s inequality, it
yields

-
N+ [ (AT vt R)
0
m ko pAk+1 ~ k2 k=K 2 k|2
< [t enas [ (VTR el TR+ 0+ ),
0 0
for some Gk such that
/ G s)<C(l+e+nt+n 1|VR|3t) f(C,t,e,n, Ry), for 0<t<T*.
Then from the Gronwall’s inequality, one has
-
AT g+ [ (SvE T G vt
0 2

-
S(neT* sup |v/p 0" (05 + / (ne|vwk|§+<n+ce>|vak\§))expf(C,t,e,n,Ro»
0

0<t<T**
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First, one can choose 0 < € = ¢y < 1 small enough such that

1
(14 C)egexp(C + Cep) < min {%, @}7

second, one can choose 0 < 1 = 1y small enough such that

ajseg . €g 1 }
)

1 < i { S 90 90 900
(14 C)(no + noeo)exp(C + Ce) < min 32 732732732

third, one can choose T** = T, small enough such that
(1+ moeoT.)exp(Cny *Ty) < 2;
at last, one can choose Ry sufficiently small such that
exp(Cnal|VRo|éT*) < 2.

So, when A*+1 = AFHL(T, 19, €0), one has

Z (Ak+1_|_/ (“460|Vwk+1§+a|vuk+1|g)) <O < +oo,
— 2 0 8 8

Thus one can obtain that the full consequence (p”*, u*, ¢*) converges to a limit (p, u, 1))
in the following strong sense:

pF = pin L([0,T%); L?), (u*, ") — (u, ) in L*([0,T.]; D*). (3.69)

Due to the local uniform estimates (3.54) and (3.58), and the strong convergence in
(3.69), it is easy to show that (p,u,v) is a weak solution in the sense of distribu-
tion. Via the lower semi-continuity of norms, we also have that (p,u, ) satisfies the
regularities in (3.61).

Step 2. Uniqueness. Let (p1,u1, 1) and (p2,ug, 1) be two strong solutions to
the IBVP (3.1) satisfying the regularity (3.61). We denote that

p=p1—p2, U=up—uy, P =1h —.
Similarly to the derivations of (3.66)-(3.68), let
A(#) = [pl3 + ClVpyls + Ve Y3,

where C' > 0 is a sufficiently large constant, then

t
%A(t) + %waﬂ@ + V|2 < U(H)A(t), with / U(s) < C for te[0,Ty].
0

Then from the Gronwall’s inequality and u-n = 0, V4 - nlaq = 0, we deduce that
ﬁ = ﬂ pr— w = O'

Step 3. Time-continuity. The time-continuity can be obtained by the same
method as in the proof of Lemma 3.7. Here we omit the details. O
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3.6. Proof of Theorem 1.1. Now we give the proof for Theorem 1.1.

Proof. First, from (1.12), the IBVP of (1.1) with (1.10)-(1.11) can be written into
pt + div(pu) =0,

put—|—pu-Vu+VP—|—Lu=O

1
pb + pu - Vo Jr (Rp@dlvu — lev(GbVH)) —Q(u), (3.70)

Cy
(paua 9)|t:0 - (PO( )a ( )790( ))7 T e Qv
u(t,x)|oo =0, VO(t,z) nlsga =0, t>0.

Second, from Theorem 3.1, we know that the IBVP (3.1) has a unique strong
solution (,mu,l/}bfl) € ® on [0,7] x Q, which immediately implies that (p,u,0) =
(p,u, wb%l) is our desired unique strong solution to (3.70), and thus the IBVP of (1.1)
with (1.10)-(1.11). 0

4. Proof of Theorem 1.2. In this section, we aim at proving the local existence
of classical solutions to the IBVP of (1.1) with (1.10)-(1.11). As we did in the Section
3, we first establish the following existence result to the reformulated IBVP (3.1).

THEOREM 4.1. Let the initial data (po,uo, o) satisfy the following regularities
po>0, po€H® wpeDyND? e D' ND® wpo>¢=0"""  (41)

and the initial layer compatibility conditions

Lug + V(Rpowb“) — pog,

1 (b—i— 1 (Uo)) = Pog2;

for some g1 € D with (pggl,pggg) € L2. Then there exists a positive time T, > 0,
such that the IBVP (3.1) admits a unique classical solution (p,u,) on (0,T.] x Q
under the condition

(4.2)

|V| S €0,
where €y = €o(po, to, Yo, , B, v, R, ¢y, b) is a small constant.

One can see that Theorem 4.1 indeed implies Theorem 1.2, therefore, it remains to
prove Theorem 4.1, which will be carried out in the subsequent part. As a preparation,
we claim that

LEMMA 4.2. For some T > 0, if (p,u,v) is a strong solution to the IBVP (3.1)
on [0, T] x Q and belongs to the following solution class E:
== {(puv)lp € L=(0,THH?), pr € L(0,T]; H?),
(u,9) € L=([0,T]; D' N D?), we L=([0,T]; D?),
ug € L([0,T); DY) N L2([0,T); D?), t2u e L>([0,T]; DY),
t7u, € L([0,T); D*) N L2([0,T); D?), t24 € L>([0,T]; D?),
124y € L2(0,T); DY), toy € L([0,T); D*) 1 L*((0,T); D),
tp € L°(0,T); DY), (tius,t24y) € L2([0,T); D),

)
(tugs, t3 ) € L([0,T); DY) N L2([0,T];D2)}, (4.3)
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then (p,u, ) is a classical solution to the IBVP (3.1) on (0,T] x Q.
Proof. First, one knows that (see [5] for details)

p € C0,TLH?), pr € C(0,T]; H?),
combining with classical Sobolev embedding inequality, it implies
p € C([0,T);CY), pr € C([0,T] x Q). (4.4)
Second, according to (4.3), one knows that
we L=([0,T];D' N D*ND?), t2ue L>([0,T]; D),
up € Lo([0,T); DY) N L2([0,T); D?), t3u, € L¥([0,T); D*) n L*([0,T]; D),
with the help of Lemma 2.4, one deduces
tsu € C([0,T); D' N D* N D?),
this, together with Sobolev embedding, implies that
t2u € C(0,T);CY). (4.5)
Similarly, we have
tp € C([0,T); C1). (4.6)
Third, we know from (4.3) that u satisfies
u € L¥([0,T]; DY), t3u, € L([0,T]; D?),
tiu, € L([0,T); D®), tuy € L=([0,T); DY) N L2([0,T); D?),
with the help of Lemma 2.4, one deduces
tu; € C([0,T); D* N D?),
this, together with the Sobolev embedding, implies that
tuy € C([0,T] x Q). (4.7)
Similarly, we have
t2q € C([0,T] x Q). (4.8)
At last, from the momentum and energy equations, one has
Lu = —puy — pu - Vu — V(Rpl/iﬁ) =: I,
azy ™1 A = pihy + pu - Vo + aypydivu — agyy 71 Q(u) =: P,
according to (4.5)-(4.8), we get (tFy,t2 Fy) € C([0,T] x Q), thus

(tV%u, t2V2y) € C([0,T) x Q). (4.9)
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Combining (4.4)-(4.9), the proof of this lemma is completed. O

Now, we give the proof of Theorem 4.1. In Section 3, we have proved the existence
of strong solutions to the IBVP (3.1). In order to prove that the solution is classical,
we need to show the approximate solutions (p*, u*, 9*) belong to a more regular space
=. With the help of (3.64) and the estimates in Section 3, we first have the following
uniform estimates of (p¥,u*,¢*) up to second-order.

LEMMA 4.3. Under the assumptions of Theorem 4.1, there exists a constant
T, > 0 independent of k, for any k > 1, a.e. t € [0,T%] and q € (3,6], such that

ot x) > ap, >0, V(t,z)€[0,T.] x (Q\Var,),

19 loo + 10" lmrawra + 10F lz2nre < 75 [uF|eo + [ VUF|l + [V ] < O,

VoFuHz + |VoFubls + 1926 | e + [Vub | pors <

IVoRE | + VR gE |2 + V2 0F | 2o + VO 222 < C,

R (t, ) > %g, V(t,z) € [0,T.] x Q, (4.10)
where C' denotes a generic constant which is independent of k and depends only
o, B, v, R, b,q,ar,, Ty, || and the initial data.

Hereinafter, C' denotes a generic constant depending only on «, 3,7, ¢,, R, b, |Q|.
Based on Lemma 4.3, we start with the estimates of (p*,u*,4*) until the third-order
derivatives in the following lemma, which helps us to prove the continuity of u; and
Vu.

LEMMA 4.4. Under the assumptions of Theorem 4.1, it holds that
15115 + 12F 112 + [Vug ]z +V3u" |2 + |pll2 <C,
t G
[ UVRs B+ (920 4 194 + 1504 + VA ) <,
0

for any k > 1 and a.e. t € [0,T.].

Proof. We divide the proof into five steps.

Step 1. Estimates of |V?p"| p~r>. Taking the second-order derivatives of x
to (3.64),, multiplying by V2pk and integrating over 2, according to the Cauchy
inequality, Sobolev inequality, interpolation inequality and Lemma 4.3, one has

d _ _ 3
V15 < C(IVu" ool V208l + [V 5] V26 o+ [ploo [ V20l 5) [ V2002
< C((IVU s + DIVZPP 5 + VPP 3). (4.11)
For the last term in (4.11), with the help of (3.64), and Lemmas 2.3, 4.3, we have
(V3R 3 < C|V(pFuy + pFu~t - vuk + VP’“)|§
< C'(|Vuf|3 + V2" 3 + 1). (4.12)

Thus one has

d _ _ _
SRR < O (VT e+ [Vl T B+ 1) (V3R + V2P ), (413)
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which, by the Gronwall’s inequality, for any given N € Z,, implies

2kl < . :
12}%}{1\/|v Pl <C (4.14)

Step 2. Estimates of |Vp¥||perz and ||pf||p2r2. First, with the help of the
Cauchy inequality, Sobolev inequality, Lemma 4.3 and the estimates in Step 1, one
has

lotll =loglz + [Vorlz < |pt |2 + [Vdiv(pFu" 1) < C". (4.15)
Similarly, from (3.64), and (4.15), we immediately have
oIz < Idiv(pFut )]s < € (Va1 + 1), (4.16)

combining (4.16) with Lemma 4.3, we complete the proof of Step 2.
Step 3. Estimates of ||Vul|| 2 and ||\/pFul || 212. Differentiating (3.64),
with respect to ¢, multiplying by u}, and integrating over ), one has
1d
2dt

= f/VPthuft f/pf(ueruk*LVuk) -l

(Vb ? + (o + B)|divd ?) + / P 2

- /pk(uf_l T R VAR A T R T Zli. (4.17)

Now, we estimate the right-hand side of (4.17) term by term. It follows from
integrating by parts that

d
I = — / VPF-uk = / PFdivuf, = I / PF - divuf — / Plkdivu?
d 1 1
== [ (P} k—ip“)—ifpkc: 4.18
dt ( t VU 4@"’25( t) 20é+ﬁ tt Tt ( )
where we have used
1
G = (2a + p)divu® — P*,  divul = o+ B(G + P"),.
According to (3.64),, we find that P* satisfies
PF + div(P*uf~1) + RP*dive*~! = RQ(u*~!) + RvAYF, (4.19)
differentiating (4.19) with respect to ¢, we have
Pl = —div(P*u*~1Y), — R(P*dive* 1), + RQ(uF~1), + RvAYF. (4.20)

Thus, the last term in (4.18) can be controlled as

< C(|(Pk(ﬂ)k)ﬁuk_l)thWGth + (\Pf|3|¢k|§? +10"s|9F |6) |diva™ 2| Gelo
1o oo R | 2T vt 2| Gl + [V Gl | Vo] + |Vuk_1|3|vuffl|2|Gt\6)
< C'(IVGilz + 1Gel2) (IVut ™ 2 + [V ]o +1). (4.21)



132

Y. CAO, Y. LI and S. ZHU

Now we need to consider the terms |[VG|o and |Gy|2. Since G satisfies

AG = div(pPuy + pFubt - Vuk). (4.22)

thus with the help of (4.22) and Lemma 2.3, one has

VG2 < C’|(pkuiC + pFuFt. Vuk)t|2
< C'(IVubla + [Vup o + [Vokug |2 + 1) (4.23)

Moreover, according to the definition of GG, one has

|Gl < C'(|Vuglz +1). (4.24)

Putting (4.23)-(4.24) into (4.21), it arrives at

b
200+

1 _
/ PiGe < SV okuls + O (IVug 3 + [Vui 713+ [VopE +1). (4.25)

Thus, combining (4.25) with (4.18) implies

d . 1 1
L < a/ (Ptkdlvuf - m(Ptk)2> + 1|\/ prug|3
+ O (|Vuf 3+ [Vu '3 + [Vor 3 + 1). (4.26)

Next, for Iy and I3, by the Cauchy inequality and Lemma 4.3, one has

L= — /p,’;C (uf + "1 V) -y,

_ 4
dt

1 1
ph(Glul 4 ot v k) 4 g [ ol

+ / (p,’ftuk*1 VU 4 pFull vk 4 pht Vuf) b

d
< -
- dt

1 _ _ _
o (Gl =Vt ) [ okt

o+ ((Ioklo Vs + 108l Vuf|2) [u* oo + [pF 2l ™ o V"o ) [uf o

d
< - =
- dt

1 _ _
[ o (G4 ot Tt k) O (1l + b+ [Vl 4 1),

Ig= — /pk(uffl VU +udF vy

IN

IN

_ — k
(1 ol Vs + [ o Vo) |V el /5
1 ,
VAU + O (Vul B+ IVl ). (427)

Thus combining (4.26)-(4.27) and (4.17) implies

1d . )
5&/(O‘|vuf|2+(a+ﬁ)|dlvuf|2) +§/pk‘u§t|2
< g (7 lpk\u’ﬂ? _ pkukfl Vb -k 4 PRdivak — #(pkf)
S 27t ¢ t t b da 2800

+ C'(|Vuy 3+ [Vuy T 3+ IVYF3 + |phl3 +1). (4.28)
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At last, denoting
Ax(0)i= [ (alVuf P+ (ot vl + pblul P+ 2pbu 1 Vb ot

(PF)?),

: 1
— 2PFdivul + P

then it is easy to get
%Wuﬂg — < A(t) < O (IVuE 2+ 1). (4.29)
Similarly to the proof of (3.37) and (3.49), via (4.2) and equations (3.64),, one has

lim sup [Vuy (r)[5 < [|Vuoll3[Vuols + g1 [pr < €, (4.30)
T

thus |A1(0)| < C’. Then integrating (4.28) over [0,¢], by the Gronwall’s inequality,
with the help of (4.29), Lemma 4.3 and the estimates in Step 2, we immediately
have

t
Vb + / VR R < C. (4.31)
0

Step 4. Estimates of ||pf||per2, [|V3uF| poor2, [[V2uF||p2r2. First, combining
(4.12), (4.14), (4.16) and (4.31) implies

V3" |y + |pfyl2 < C".
Then with the help of (3.64), and Lemmas 2.3, 4.3, one has
[V2upls < C|(p*uy + pfu~1 -V + VPY) |,
< C'(IVohugile + [Vufle + [Vui o + [ Vofl2 +1),  (4.32)

this, together with (4.31), gives

t
/O |VZuk2 < . (4.33)

Step 5. Estimates of [ V30|~ 2, IV2pk [ er2, IV ol p2r2, [V4ubl|par2, and
[V3¢F|| 22 First, taking the third-order derivatives of = to(3.64),, multiplying by
V3p* and integrating over €2, one has

d _ _
7V < CIVur oo V2085 4 [V |6 Vou s V20"
+ |v2uk—1‘ﬁlv2pk|3‘v3pk|2 4 |v4uk—1|2‘v3pk|2)

< C((IVuF Hypra + D)|V3F 3 + [VHFHE + 1), (4.34)
For the last term in (4.34), with the help of (3.64), and Lemma 2.3, one has

(ViuF |y < C|V2 (pFuy + p*ubt - vuk + VPR,
< C(|V30F |2 + [V2uf |2 + |V39F)2 + 1), (4.35)
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where |[V31*|5 can be controlled by
b
90k < OV (o0 + pFuh 1 Vb arpttdiva ) (1) )|

+C|VQuFh,
<C'(|VYfl2 +1). (4.36)

2

Substituted (4.35)-(4.36) back to (4.34), it arrives at
d . _ _ _ _
SV B <O (196" s + DIV B+ V20" 4+ V70l o + [Vt e + 1),
this, combining with the Gronwall’s inequality, for any given N € Z, gives

3 k < )
lg}%XNIV pilz < C, (4.37)

where we have used Lemma 4.3 and (4.33). Moreover, (4.35)-(4.37) imply
t
/ (IV*¥(3 + V3 3) < C".
0

Second, according to (3.64),, with the help of the Cauchy inequality, Lemma 4.3,
(4.33) and (4.37), one has

IV2prle =|V? (div(pFu"1))], < €, (4.38)
and
IVt |2 =|Vdiv(pFu" 1), |, < C'(IV2pf |2 + [V2ui 2 + 1). (4.39)

Combining (4.39) with (4.38) and (4.33), it arrives at

t
[ wekp<c
0

this ends the proof of Step 5. We complete the proof of Lemma 4.4. O

Based on Lemma 4.4, in order to prove the continuity of the first-order derivative
of b, we need to show t2¢F € L>([0,T.]; D). Unlike the case of constant heat con-
ductivity, there is strong coupling between u* and ¥, which requires more attention
to deal with. We first claim that |[£2Vuk)|| 272 is controlled by [[tVek |12 2 in the
following lemma.

LEMMA 4.5. Under the assumptions of Theorem 4.1, it holds that

t t
HIVEER + [Vl 2) + / SOVFUE R + [Vub 2) < / SIVYEE 4 )

for any k > 1 and a.e. t € [0,T.]. Hereinafter n > 0 stands for some constant that is
sufficiently small and may differ from line to line.

Proof. We divide the proof into two steps.



LOCAL CLASSICAL SOLUTIONS TO FULL NS EQUATIONS 135

Step 1. Estimates of u*. Differentiating (3.64), with respect to ¢ twice, multi-
plying by u¥, and integrating over €2, one has

1d .
s [ P [ @IV + G g)ldivid )

k|, k|2 k., k k k q: k
= _Q/pt|utt‘ _/pttut 'utt+/Pttdlvutt

—/(pftuk L.k —|—2,0tuiC Lowuk 4 2pkub 1-Vuf)~uft
5

—/p (2%1: L.Vl 4 ubi! Vuk) cuf, = ZIIi. (4.40)
i=1

Now, we estimate the terms on the right-hand side of (4.40) one by one. First,
we have

T,

—Z/pf\uft|2 4/Pkuk ! V“ft “tt > 16|V“tt|2+0/|\/ “tt|2>

I, = — /pftuf cufy = _/(Pkuk 1)t : V(Uf uft)

(10l oo (19 ot s + a6Vl |2)

+ VRl oF o Vuf sk~ + o uk o Vuk o uf o)

< T IVUl 3+ O (192 ufl + |VpFul 3 + 1), (4.41)

IN

where we have used |Vuf|3 < |Vu1’f\2 ||Vuff||1 and Lemmas 4.3-4.4.
Noticing that

PH3 =|(Ro" (")) [ < C' (1513 + Vo6l 3 + IVOF 3 +1), (4.42)

we have
Il = /Pﬁdivuft < %|Vuft|§ +C'|Pi5
< Vb B+ O (1ol + IVAFUAE + Vel + 1), (4.43)
For the rest terms, we have

Iy = _/(Pftuk_1~Vuk+2PfU? LovaE 4 2050l V) -

IN

(15, |21uF Moo [ V|5 + 20pF 2 |uy 6| V"6 + 2|pf 50"~ oo | VuF|2) g, s
o k k
T6|Vutt|§ + Cl(‘ﬂtt@ + 1)7

A

IIs = —/p (QuiC Lok —l—utt -Vuk) -uf,
< (2lur 6 Vugls + [ugy ol Vu|s) [V oFug ol V¥ oo
o
< 15! Ve 13+ O (IV2uile + [V b uiyf3)- (4.44)
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Substituting (4.41)-(4.44) back to (4.40), it arrives at

3a
5& al *|Vuft|g

< o= |Vuly ”+C’(|ptt\2+lwt\2+lv2 (1o + VPGS + |V pFugls + 1) (4.45)

Multiplying (4.45) with ¢ and integrating over [0, ¢], for any given N € Z,, one has

t
max (wpkui@\% | v

0<k<N

< max C' (|\F¢552+|wk 5+ (4.46)

0<k<N

It remains to control the remaining terms on the right hand side of (4.46), which

are generated from the nonlinear term P* = Rpk (y*) 7. We mention that the second
term on the right-hand side of (4.46) will not appear for the case of constant heat
conductivity. Now, we turn to the estimates of 1*.

Step 2. Estimates of ¥*. Differentiating (3.64), with respect to t, multiplying

by ¥k and integrating over €, one has

as d 1y b
Za [« [k

ba2
b+1

+as | ((w’f*)b%)tc)(u’“—l)wfﬁas [ ettt - [ kvt

=2 [ (@) Vel - / e e (2 Ty

/(pkuk Lok 4+ aq pFypFdivar— ¢tt ZH (4.47)

For the additional terms Ilg-IIg compared with the case of constant heat conduc-
tivity, it follows from Lemmas 4.3-4.4 and the Cauchy inequality that

e =2 [ ((W)7) IV < Ot ol Vot o Voo
< c'w)t sl VYrl (IVeFle + [V2E)
< C'F 3Vl (VR o + VOl + [VF o + [0~ 6| V20| + 1)
< SV + O/ IV + 1) (Ve B+ 1), (145)

1 1
where we have used |[VyF |3 < [VoF 1|2 | VyF 1|7 and the following estimate

V265]o < C'|(PF0F + pFub =" Vb + aphytdive ! — ag(0F ) FT QW) |,
O (T A,
< C'(IVPRUt |2 + V|2 + [Vor™ o + [vg e[ V20" (5 +1). (4.49)
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For II;-I1g, we have

bCLQ
b+1

t = = () (s vt -k atul

¢ / (V9" Von] + v Avtof)

< (IR s VY F L2 + [F s V2R |2) [ 6
< C'(IVYrla + Ve e + 1) |05 |6,

s +Tly = ag / (@ 17),Q 1) + ()P Q). )l

, _ _ b _ _
e N e s Ll ) LI

< C (10 6 Vur o + [ oVl 2) [V ol g o

< C'(IVer e + 1) [ e (4.50)

For the rest terms, we have

o = — [ dfwkvly = [ (96" a4 pFdivat okl
(IV " 2|u" o[k l6 + [V |oo |V oF Wl 2| Vb 1 3) [ 6
< C(IVYFls + 1) ([ekils + 1V ef12),
Iy, = — / (pkuk_1 -Vt +a1pk1/)kdivuk_1)t¢ft
< C(lﬂf|2(|uk_1\6\vwk|6 + ¥ VU 6) s + (Jur ™ sl Ve s
1 oo VE L2+ [0F |oc V™ + [ 6V s |0 oo |V a8
< ' (whls + (IVHle + D) VoFvhl2). (4.51)

IN

By Lemma 2.2 and Lemma 4.3, one has

[Whls < C'(IVUh|2 + VR0l o). (4.52)

Substituting (4.48)-(4.52) back to (4.47), together with the Young’s inequality, one
has

as d b 1
2o [wnmwte g [ ke

< C'(IVhla(1Vetle + IVOF s + 1) + (Ve B+ 1) (Ve B +1)). (453)

We notice that, unlike the estimates of |[Vuf|, in Lemma 4.4, due to extra term I,

that comes from the nonlinear elliptic term (wkfl)b%lAwk, the appearance of |VyF |,
is inevitable. In addition, |V4F|, is two order higher than the term |VF|> on the
left-hand side of (4.47). In order to close the whole estimates in future development,
our main ingredient is to refine the estimates, provide the smallness to the coefficient
of [V¢k|, and use the time wighted estimates.
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Now, multiplying (4.53) by ¢ and integrating over [0, ], combining with Young’s
inequality and the Gronwall’s inequality, it arrives that

t
ivets [ Vg <o [ v+, (454)

0
where n > 0 is a sufficiently small constant, and here C’ depends on 7, but we still

denote as ¢ without confusion.
Multiplying (4.54) by 2C" and combining (4.46), it arrives at

t
H(IVEER + [Vl 2) + / SOVFUE R + Vb, 2)
t t t
SC’/ s\vwf:%m/ 52|V¢§s|§+0’SC’t|V¢flz+n/ e
0 0 0

1 t
< VUt +n [ 2ITULE O (4.55)
0

thus we immediately have

HIVEER + [Vl 2) + / SOVFUE R + Vb, )Sn/ SIVYE R+ O,

where we denote nC” as n for simplicity. This completes the proof of this lemma. O
Based on Lemma 4.5, we also have the following estimates.

LEMMA 4.6. Under the assumptions of Theorem 4.1, it holds that
t
IVl + 90 + [V9UH) + [ s(VP0k 41904 ) < n/ 2IVUk 2+ C,
0

for any k > 1 and a.e. t € [0,T,].
Proof. First, according to (4.32) and Lemma 4.4, one has

IV2urle < O'(IV/pFugyl2 + V7|2 + 1),
which together with Lemma 4.5 implies
AVt < [ vekiC
Second, with the help of (4.35), (4.49) and (4.36), one has
¢
A4 + VPR < [ RITULE 4O
0
and
t ¢
[ sk <n [ vek e (4.56)
0 0
At last, by (3.64), and Lemma 2.3, we get
VHE] < O (V2 (R0l + oMt ek g divat T - ag () THTQE )],

+ [V ) AGEL, + | VR Ve ),
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which implies
[VApF |y <C'(IV2YF ]2 + [VYF]e + V20| + V3R 15 + 1), (4.57)

where we have used the Cauchy inequality, Sobolev inequality and Lemmas 4.3-4.5.
This together with (4.56) implies

t t
/ S VHH Sn/ SIVYE R+ .

0 0

The proof of this lemma is completed. O

Now, we are ready to show tf, € L?([0,T.]; D') in the following lemma, which
plays an important role in closing the estimates in Lemmas 4.5-4.6.

LEMMA 4.7. Under the assumptions of Theorem 4.1, it holds that
t
eI+ [ 2Tk <c,
0

for any k > 1 and a.e. t € [0,T.].

Proof. First, differentiating (3.64), with respect to t twice, multiplying by A
and integrating over €2, one has

1d b
o [Pk s [ w2

— —ax [Vl V)l [ (007, (A0t + )k
2 [ ((@5)7) (aa00k + @@l
k—1\ 525 k—1 ko koo k §kk k
+as /(lﬁ )T QU )iy /(Ptt% TP ¢tt>¢tt

6
- / (PPuF=t - Vb + a4y pPytdive ) of, = ) I (4.58)
=1

Then, by using Lemmas 4.3-4.6, we first deal with the extra nonlinear terms as
follows.

b
1 = — a / Tk - V(yE ) Tk < O / Tl [V |

=c’(/ - )|vw,’;|w“||wﬁ|
VRg Q\ Vg,

< C'(|Vio |8 [0 |6 + [V 0F0 L |3) [Vl || V* g
1 a
< (Vi |* + T2 ) IVUh B+ C'WVoFukl3, (4.59)
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L = [ ((4)7), (@280 +asQ(at )

sc’( [+ )(WWHW1|2)|wf;l|wft|
VR, Q\VR,

4 [ (72H + [T Pk Pl

< C'(1920Ma + [V 2) (Vi |# il + Vo0l [0l + 165 Bllls)

< TE VOIS + O (Vo |* IV 13 + VROl + [Vl 3 + [Vl '13),
ity =2 [ ((05)™) (a0} + asQ(ut 1))l

<0 [t aut 4 kTl

< O (et Al + [V o Vur T e o) [utils
< ZEVORLE + O (Ve ™ B+ DIV + [Vof 1 + Vo3 + 1),
I = ag / (W) 5T QA

< al* BT (Ve o[V + [Vl s V) s

< VU + O/ ([Vuf B+ V2l o + VR0 + 1), (4.60)

where, in the estimate of I1I3, we have used

eE Awtly < O ([u (o 0k + Pt T o aptyRdivat
—as(@ QM) | + [pE )T Avk],)
< ' (IF s (VAR ehls + V5] + Ve 2) + e T BI04 + 1))
< O ([t sV oPegle + [VF + Vo3 + 1)

For the rest terms on the right-hand side of (4.58), we control them as follows.

;= — / (ohwkts + 2ok h)?)

= = [ (bt b (Vb wkvh) 3t Vo)
(1o (108 3 65F [0l + (16 + 31v/PF oo v/ PRl 2) [Vl )
1 o (1P oo VTV R 0l 2 + |* k| Vel o) )
< TEVORE + O (DUt 3 + V2013 + [VoF el 3 + 1),

IN

N
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g = — / (pFuk =1 k4 aq pFpFdivat ) ok
< C(Ibla (10" oo V9 L3 + [ o V) + pF s (Juf 6 V0 ls
16V s + [0 oo Ve + 0¥ ool Vil ™ |2) Y ekl
+C(\uf_1|6|th I3 + [ugy 6|V s + [0 l6 VU s + [Vibfi lou* oo
+ IVl 2l oo + IV sl ) [VF U olv/F Lo

2\TPE 2+ O (V2 + VRO 2 + [V20F 13 + [Vulk ! 2
+ V2 (VY3 + 1) + 1), (4.61)

_16

Putting (4.59)-(4.61) and (4.49) into (4.58), one has
/% 5&4
2dt| ’l/}tt|2 |tht|2
< O (|Vi SV I3 + \VRO\EWRI%) + O (IV2ub ™ 3+ [Vl 3 + VRl
+ VAR TUET BV + 1) + Vel + Vo + 1), (4.62)

taking |Vg,| < min{(a4/32C”)37 (a4/320’)6} in (4.62), multiplying by ¢* and inte-
grating over [0,¢], by Lemmas 4.3-4.6 and the Gronwal’s inequality, for

n < aq/32C", (4.63)

and any given N € Z,, one has
2./ 2 / 4.64
1g}€a<XNt | ¢tt|2+ I<I}caXN/ ‘vwss 2 < c. ( 6 )

We complete the proof of this lemma. O

With the help of Lemma 4.7, we can close the estimates in Lemmas 4.5-4.6:
t
(VUG + IVbB) + [ s(VFub + Vi) <
t
(V2 +IV0RR) + [ S(VPB+ VB < ¢ (o)
0

Moreover, we immediately have the following lemma, which helps us in proving
the continuity of Vu.

LEMMA 4.8. Under the assumptions of Theorem 4.1, it holds that
t

Vol 5+ 5 [Vouf 3+ & (IV20f13 + V08 f3) +/ s(l08esl3 +1VPugl3) < €,
0

for any k > 1 and a.e. t € [0,T%].
Proof. First, (4.39) and (4.65) imply

t|vat|§ <cC.
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Second, it follows from (3.64), that
Phel2 = [div(p"uP1) |, <C'(IVpfil2 + [Vug; Mo + 1),

where we have used Lemmas 4.4-4.5, and we immediately have

[z
0
Third, according to (3.64), and Lemma 2.3, one has
V3uils < C'|V(p*uf + p*u~" - Vu* + VP¥) |,
< O/ (Vb + [V2ufla + [V265 ] + Vbl + VULl +1), (466)

where we have used

[V2PEl =92 (Ro* (09)7H1), |, < C/(IV20F Lo + [Vok]a + [VoFly +1). (467)
Then (4.66) implies

¢
/ s|V3uk|3 < ¢
0

At last, combining (4.49), (4.57) with Lemma 4.7 and (4.65), implies
(V2 + IVirE) < ¢,
Thus we completes the proof of this lemma. 0

In order to deduce (tuft,t%zbft) € L>=([0,T.]; D'), which will used to prove the
continuity of u; and 1, our very first step is to prove the following lemma.

LEMMA 4.9. Under the assumptions of Theorem 4.1, it holds that

t t
tQIVuft|§+t3lvwft|§+/ (sQIVpkui”fss\%+s3wpkw§ss\§)én/ sHVYEL 5+ C7,
0

0
for any k > 1 and a.e. t € [0,T,].
Proof. We divide the proof into two steps.

Step 1. Estimates of ||[tVul,|per2. Differentiating (3.64), with respect to ¢
twice, multiplying by u},, and integrating over (2, one has
1d .
s [ @IVUSE + (a4 pldiva )+ [ ok
= - /pzltct“zlfc 'uftt - / (Pftuk_l -V + 2:0?“@) 'uftt - /2Pf(uk_1 : Vuk)t : u?tt

5

—/pk(uk_l-Vuk)tt cuk, —/VP;; cufy =) 1Vi. (4.68)
i=1

We will deal with the terms on the right-hand side of (4.68) one by one. First

d
IV, = —/Pftuf Cufy = _&/Pftuf Cufy +/pfttuf'uft +/p1]5€t|uft‘2v (4.69)
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where the last two terms on the right-hand side of (4.69) can be treated as

[ bl = = [ (o) ko
J 1Rl 19+ 9 )
< ((\P Jolouf 6| Vufilo + [v/pFufi ||V P o | Vauf |2) luf; o
+ 1Pk 2 oo + 210Flluf o) (Juf oo Ytk |2 + [V uflsuf|s) )
< O/ (193 [Vl 3+ V203 + VPl + 1),
[ obiu = = [ it b < [kt gt vl

(|Pt| |uk 1‘00|utt|6 + I\/>utt‘ |\/>\00|u )|Vutt|2
<] ﬁutt|2 + |Vutt|2)a

substituting the above estimates back to (4.69) implies

IV, < T /pttut utt

+ C”(|Vutt|2 + [Vul Y2 + [V2uk 2 + |V pkuk |2 + 1). (4.70)

IN

IN

We mention that we avoid the appearance of the higher-order term |Vuf,|s in the
estimate of IV; by using identical deformation in (4.69). Similarly, for the rest terms,
we have

Vo = — / (pi (W=t Vuk) 4+ 2pFuly) - uy,
= =5 [ (v i ) + [l
+ /Pftt(uk_l : vuk) “up + /Pft (Uk_l : vuk)t Cup
< -5 [ (bt vu) gl )
+ C%lﬁ“?t‘% +Vugl3 + [ofuls + [V2ugla + 1),

Vs +1Vy = — 2/pr]5C (w7 vuk)t Uy — /pk (u vuk)tt “ufy

—2% pf(uk_l-Vuk)t-uft—l—Q/ptt( -Vu ) -uft

+ Z/pf(uk_l . Vuk)tt b, — /pk(uk_l : Vuk)tt Sup,
th pt( vt ) gy + |\/ Fugy,l3
+ C'(IVugy |3 + |Vuiy '3 + [Vu |2+1),
Vs = _/thlg '“ftt = /Ptlidivuftt = &/Ptﬁdivuﬁ —/Ptlitdivuft

d
dt

| /\

/Pﬁdwutt + | P, tt|2|vutt|2 (4.71)
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Substituting (4.70)-(4.71) back to (4.68) yields that

1d
S (O“vuttb (a+ B)|divug)| ) ‘ VU3
< d(/PtﬁdiV“ft - Pftuf '“ft - Pft( -V ) U’tt pf|uft|2

20kt V) utt)w’(mub Il [V Vbl
+ |ofuld + [ Phla[Vulila +1).  (472)

Next, denoting

As(t) = / (Ptlzdivuft - Pftuf utt ptt( R Vuk) : Uft - Pﬂ“ft‘z

—2pF (uFt V), uft), (4.73)
one has
[As(0)] < [PELaVub s + €' (|V/pFuly o V]2 + [Vufls +1)
< SVl + C (IVoFulf + P53 + 1), (4.74)

in which, according to (4.42) and Lemmas 4.4-4.8, | P} |o satisfies
t2|PE2 < . (4.75)
Moreover, the term |PF,|2 in (4.72) can be controlled by
|Piiil2 < C’(\v PEULl2 + 1Pl + [Vt L2 + [VUF IV pRef |2
+ [V + lokls ofls + 1)), (4.76)

with the help of Lemmas 4.3-4.8, we also have

/ | 555‘2 < O// 3| VP 1/1553‘2 + C/' (477)
0

Then substituting (4.76) back to (4.72), multiplying by #* and integrating over
[0,t], with the help of the Young’s inequality, the Gronwall’s inequality, (4.74)-(4.75)
and (4.77), it arrives at

7t2|v tt|2 / 2|\/ usss
t
12 A5()] + 2 / |5 Aa(s)] + C' / 2\ Pk o[k, |5 + C”
0

«
Zt2|vu§t|§ +77/ 3| 4 ’l/}sss 2 + Cl

IN

IN

which implies

t
£2IVuli)2 + / VL2 < n / Sk O (4.78)
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It remains to control the right-hand side of (4.78).

Step 2. Estimates of [[t2\/p"vf,|1202 and [[t2Vf||p~r2. Differentiating
(3.64), with respect to ¢ twice, multiplying by ¥f, and integrating over €, one has

agd

2 @ mIvesE + [t
=2 (@) Vb - an [ 9 (@) vl
+ [ (a6 )7H), A0% 4 20080t (05 ),

+ a;;((?/)kil)#l@(ukil))tt)w% - / (Pfﬂ/’t + 2p; ¢ft)1/’fft

- / (PFuF=t - Vr 4 aq pFyFdivet o ttq/}ttt ZIV (4.79)

Noticing that we first control the extra terms IVg-IVg that come from the non-
linear elliptic term and nonlinear quadratic term as follows

a G N — —
Vo= 2 [ (@4 )5h) [VehP <€ [ 10 IVehP < Ol Vi

Ve = —az [ V(@4 )7) - Vol <€ [ [V0RT vatl|
< OV Vgl lolthlo < C'[Vlilaltdlo,
IVg = /(ag((w )5t LAV 200 AF ((F1)
+as(WF QM) )ul
< O (IVOE B + 1l o + V20 (Ve e + 1) + [Tul o

b
+1)
t

1
V23 1) [l (4.80)

For the rest terms, we control them as follows for simplicity.

Vg = _/(p?ﬂ/}t + 2p; wtt>wttt
[ (kv =14 v~ ot

o+ 2(|prdivat Y+ [V R - uF ) k) ok
< (\Pf|2|vuk_l|6|¢f\6 + 1086 (V™o + 2|V o) [4f s
+ 21V ot ol o ) [V o
< C'([wgls + [¥F16) [¥hle,
Wi = = [ (0" 0uF 4 apbutiva ), 0f,
< ' ((1whlo + luki1s) Vol

+ (19l 2 + VL2 + IV + 1) fls ) (4.81)

IN
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Submitting (4.80)-(4.81) into (4.79), one has

agd

?&/(d’k 1)b+1‘tht|2 /P W’ttt|2
= CI<|¢571|00|V¢&|2+|\/Pk7/)ttt|2 ‘vuk ! 2

1
+ (VY2 + [VOE o + [VoEpk ] + [V oF 1 o + [Vul o + [V2ub 2
VUt + [VOE B+ [V2E oIV o+ [V20E ] + 1) [felo) . (482)

Noticing that the appearance of the higher-order term |¢F,|¢ is inevitable due to
(4.80), similarly to the way we deal with |ViF|s in (4.53), we need to provide the
smallness to the coefficient of |Ve)F |, and carefully use the time wighted estimates.

Now, multiplying both sides of (4.82) by * and integrating over [0,¢], with the
help of Young’s inequality and Lemmas 4.3-4.8, it arrives at

t3|vw3:;|%+/ KNz wmbs?v/ SV 4 O (4.83)

This, together with (4.78) implies

PIVUE OB+ [ (PIVLB VL)
<o [ St B (489
0

The proof of this lemma is completed. O

Now, we need to control the remaining term on the right-hand side of (4.84). As
a preparation, we need the estimates of Vul,,.

LEMMA 4.10. Under the assumptions of Theorem 4.1, it holds that

t
t3| \% pku?tt@ + A 83|vuftt|§ S 77/ 4|vwsss‘2 + O/’

for any k > 1 and a.e. t €[0,T.].

Proof. Differentiating (3.64), with respect to ¢ three times, multiplying by uf,,
and integrating over €2, one has

1d

Sdt P | ttt|2 /(04|Vuftt|2+(a+ﬂ)|divuftt|2)
5

= - 5 /pﬂuftt‘Q - / (ptttut + 3pttutt) 'uftt

- / (Pk(uk_l V) + 3p (uh T V) 3pg (uh - Vuk)t) Uy

/pttt( v ) uttt+/Ptttdlvuttt = ZV (4.85)

i=1
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Based on Lemmas 4.3-4.9, the Cauchy inequality and the Sobolev inequality, we
control the terms on the right-hand side of (4.85) as follows.

5
Vim =5 [oltub =3 [ divtota Dl

<5/|Pk ot vuttt “ttt| > 16lvuttt|2+c/‘\/ uttt|2’
Vo = /(Pttt“t +3pttutt) gy

= / (le( Fub=h) uf + 3div(pFut l)tuft> “uf,
< Cl(|VPft|2 + \Vuftb + ‘Vutt_1|2 + )|vuftt‘2
= 32 |vuttt|2 + Cl(lvptt|2 + ‘Vutt‘Q + ‘Vuk g 2t 1), (4.86)
Vg = — / (pk (ubt -Vuk)ttt +3p) (uF - Vuk)tt + 30 (uh 1 Vuk)t) uk,
< T (IVuly 3+ IVuli ) + C (Vb3 (Vg s + 92~ 3 + 1)
+ [Vui T B+ Va3 + 1),
Vi+Vs = — / (pftt(uk_l VR - uk, — Ptttdlvum>

(\pfttmuk_l|W|Vuk|3|uftt|6 + |Vuftt|2‘Pt]§t|2)
o
E|vuftt|§ + C/(|Pftt‘§ + ‘Pt§t|§)~ (4.87)

IN

IN

Putting (4.86)-(4.87) into (4.85), one has
9o
B dt‘ VP uttt|2 16 |vui€tt|§
< T6|vuz}t€tt1 5+ C/(| tt|2 + |tht‘2 + |pttt|2 + |vutt|2 + |Vu |2 + ‘VQ |2
+ VRl (V2 B+ [V2uf ] +1)), (4.88)

multiplying (4.88) by #* and integrating the result over [0,¢], for any given N € Z,,
by the Gronwal’s inequality, we have

t * ', (4.89
s PVl + s [ OV < o [ TR (450

where we have used (4.77) and (4.84). The proof of this lemma is completed. O

Finally, we are ready to give the estimates of Vi, in the following lemma and
close the estimates in Lemmas 4.9-4.10.

LEMMA 4.11. Under the assumptions of Theorem 4.1, it holds that

t4| \% pkd)ftt'% +/ 4|vwsss|2 S Clv
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for any k > 1 and a.e. t € [0,T%].

Proof. Differentiating (3.64), with respect to ¢ three times, multiplying by %,
and integrating over €2, one has

1d
2dt

—a [ (= V(@) vk, 3(@h ) vk ol
w30y [ (@) Avbub, o+ [ (@57 4, (02800 + 0t Y)ul
+aay [ (@), QA+ (0t
k—1\ 525 k—1 ko ?kk? k., k., .k
+az [ (7)) HTQUTT ) ety (2Pt (Vree) +3ptt¢ttwttt)

b
P W)m|2+a2 /(wk 1)b+1|v¢ftt|2

1)tQ(Uk71)tt>¢ftt

- / Pl bkl — / (pPuF=1 VP + ag pFpFdive ), = ZVI (4.90)

We first consider the extra terms VI;-VIs that caused by non-constant heat conduc-
tivity.

VIi=az [ (= V(@4)7H) - Tl + 3(04 ) 7), Au ok,

so( [ w [ )wert vebdihd + [ 1ot avkiivhd
Q\ Vg, Vg,
< (VP huls + [Vaal# [00i]6) V0 a1 765 o + [0 I V2 [ o)

< (55 + C1Vaal ) IV 3 + O (VR wlal3 + [V BIVZ0i),
VI = 3ay [ (047)78) Aubuly < O (0E B+ o) 2k el
S IVulel3 + O ((0E IS+ (V9 B+ VATl + 1) 3
+|\/ﬁ?¢fa|§),
VI = [ (@*7) | (@00 + aaQ(ut))ufy
< (10 s (Vg | (192012 + (9o V= o)l o

+ VPR 2 (V2R )5 + [VuF 1 [2))
+ (I el e (V2R |2 + [VuF 5| Vb 6)

 WET RV s + (TR ) [l )
= 32|thtt|2 (Zﬁ +C/|VR0|%>(|V¢fttl 5 + |\/ k= ldjttt )
+ C' (VR vkuld + Ve 71§ + 1) (IV*0Ha + 1)
(|v¢k 12 4| / o 11[)16 12)(ka 12 4 ))’ (4.91)

_32
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VI, = 3as / (@ 77),,QMF ) + (W) ™), QM )it )by
< SV + O (VU3 + V0 S+ [Vl 3+ 1V Tl
(ka 1 2 )(quk 12 24 Wz |2) + 1)’
V5 = a3 /Wk_l)b%Q(uk_l)tttiﬁftt
< SIVOL+ O (VP03 + IVuli 13 + [Vul BV ). (492)
Second, based on Lemmas 4.3-4.10, we control the rest terms as follows
Vg = — / (gpf(¢ftt)2 + 3Pft¢ft¢ftt)
[ Gaivtara 1) (wh? + sadiv(ohat -l
< 53 IV0kul3 + O (VR 0ll3 + Ve 3 + [VoRehl3),
VIr= — [ hvll, = [ diviehat vkl
< V3 + O (k3 + IVulT B+ 1) (V0FB + 1) + [V oFukel3 ).
Vg = / (pPuf =t Vk + ag P diveF ),
IVl + O (IVoRhal3 + obul3 + IVl 3 + VR oh13

(o3 + 1Vl B+ D) (VOB + 1)+ [Vulis ). (4.93)

IN

Taking [Vi,| < min { (as/32C")°, (a4/32C")°}, substituting (4.91)-(4.93) back to
(4.90), for all k € Z, one has

SV + 2 (Tyh,
< O'(Wf*lav?wﬁl% + (VO + VOB + VRl B+ 1) V20l 3
+ (IVOh 3 + Vo 3 + [V eReh B + VRl 3 + [Valy 3
+|V2uy Mo+ 105 13) (1VYE]3 5+ [ Vyr~ |2+1)+|\/ﬁ¢ttt
+ Vg BIVu e+ (Wl 3 + Ve 5+ 1) (IV%0% )2 + 1)
+ (VR + (VO + 1V2uf o + 1) Vul § + o + [ Vul ') (4.99)

Now it remains to estimate |V21f|2. According to (3.64), and Lemma 2.3, one
has

(92012 < O (IV0E o + (92057 |2 + 1) [V20F | + Ve T3 + [Vf

+ (Ve 2 + Ve 108 2) (V2R |3 + 1) + |V pF |2
+ |V1/)ft|2 +[v pkwtt|2 + |vutt 1|2 + ‘tht|2 + |V2 1|2 + 1)- (4.95)
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Putting (4.95) into (4.94), multiplying by t* and integrating over [0, ], it arrives at
t t
AV [ S [ SVRLE e
0 0

Thus, multiplying (4.84) by 2C" and taking summation with (4.96), for n < ays/32C",
we have

t
N / SMVE 2 < ) (4.97)
0

The proof of this lemma is completed. O
With the help of (4.97), we can close the estimates in Lemmas 4.9-4.10:

t
Vg |3 + Vg3 + / (s®|V/ prub )3 + s® [V ok ok l3) < C,
0
t
8313/ PRty |2 + / SVub B< O (498)
0

Moreover, we have

LEMMA 4.12. Under the assumptions of Theorem 4.1, it holds that
t
BTt + [ (VB + VL) < €
0
for any k > 1 and a.e. t € [0,T%].
Proof. First, from Lemma 2.3 and (3.64),, it deduces
V2l < O ((IVP0H o + 1) (IV20f e + [V l) + V02
+ [V2uF o+ [VOE T + 1), (4.99)
thus
BV < .
Second, from (3.64), and Lemma 2.3, one has
|V2Ui€t‘2 < Cl(| % Pkufttb + |V“1]&€t|2 + |Vuf;1|2 + |Pi€t|3 + |V1/’ft|2
+ |V? f§+|v¢f§+1).

this together with (4.95) and Lemmas 4.4-4.11, we complete the proof of the lemma. 0

Finally, according to Lemmas 4.3-4.12, we have proved that the approximate solu-
tions (p”*, u”,¢*) belong to the solution class Z. Together with the strong convergence
in Section 3.5, the lower semi-continuity of the norms and Lemma 4.2, one knows that
(p*, u¥ *) converge to a unique classical solution (p,u, 1) on (0,7%] x Q. Thus we
complete the proof of Theorem 4.1. By the continuity and positivity of ¢, Theorem
1.2 follows immediately.
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