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Abstract. In this paper, we study the initial-boundary value problem for finitely degenerate
coupled parabolic systems. Using potential well method, we first prove the invariance of some sets
and vacuum isolating of solutions. Then, by the Galerkin method, we obtain the global existence
and finite time blow-up of solutions with low initial energy and critical initial energy and discuss the
asymptotic behavior of the solutions.
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1. Introduction and main result. In this paper, we consider the initial-
boundary value problem of the following finitely degenerate nonlinear parabolic sys-
tems with power type source terms

up — Axu = (|u?” + [v|PT|ulP~u, z€Q,t>0,

vy — Axv = (|v|* + [uPTHoP~ e, xe€Q,t>0,

u(z,0) = ugp(z), x € Q, (1.1)
v(x,0) = vo(z), x €,

u(z,t) =v(z,t) =0, (x,t) € 90 x (0,717,

where 2 is a bounded open domain such that Q CcC ', Q' is an open domain of R™
(n > 2), the system of vector fields X = (X1, Xa,- -+, X,,) satisfies the Hormander’s
condition (see [20]) in Q' with X5 = —X;, Ax := 37" | X7 is a subelliptic operator.
1<p< V%, v is the generalized Métivier index of X on Q. 09 is C"*° and non-
characteristic for the system of vector fields X.

More precisely, we say that X satisfies the Hormander’s condition in Q' if X
together with their commutators

Xy =X, Xy [ X, X 1< i <

up to a certain fixed length |J| = k < @, span the tangent space at each point of
Q. Here Q > 1 is called the Hormander index of X in €', which is defined as the

smallest positive integer for the Hérmander’s condition above being satisfied. In this
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case, we call that X is finite degenerate vector fields and the operator Ax is finitely
degenerate. Such kinds of degenerate operators arise from both physical applications
and mathematical problems, for example, see [23, 25].

Before we state our results, we would like to remark on the classical Laplace
operator A. When X = (0, ,0s,), Nx reduces to the standard Laplacian. In
this case, for treating the initial boundary value problem of semilinear heat equations

up—Au= f(u), xe€Q, t>0, (1.2)

where f(u) is a polynomial such as [u[P~! or |ulP with p > 1, Payne and Sattinger
[31] established the potential well method, and showed the global existence and the
finite time blow-up of the weak solutions. Furthermore, Liu and Zhao [26] improved
the method, and obtained a threshold result of global existence and nonexistence of
solutions and obtained the vacuum isolating of solutions.
For semilinear reaction diffusion systems, Galaktionov et al. [15, 16] studied the
initial boundary value problem of
{ut—Au”“ = P, (13)
vy — APt =,

and showed its local and global existence of the solution. Here pu, v, p, ¢ are positive
constants. Later, Escobedo and Herrero [10, 11] considered the Cauchy problem and
initial boundary value problem of

(1.4)

ur — Au = vP,

vy — Av = ul.

They obtained that the solutions exist globally in time or blow up in finite time under

suitable assumptions on p and ¢. One can refer to [24, 35] for more results on (1.4).

Souplet and Tayachi in [36] studied the positive blowing-up solutions of the semi-
linear parabolic system

(1.5)
vy — Av = v° +ul.

{ut —Au=u"+oP,
Based on a continuity argument, Rossi and Souplet [33] studied simultaneous and
nonsimultaneous blow-up for solutions of the system (1.5) with Dirichlet boundary
conditions.
On the other hand, Escobedo and Levine [12] considered the long-time behavior
of nonnegative solutions of the system
{W—AU=WW, (1.6)

vy — Av = uiovP.

They proved Fujita-type global existence and global nonexistence results for the initial
value problem of (1.6) analogous to the classical result of Fujita and others for u; =
Au+ uP, u(z,0) = up(x) > 0. For more related results concerning the critical global
existence exponent and the critical Fujita exponent for (1.6), one can see [1, 9, 32, 37,
42, 44] for details.
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Recently, Xu, Lian and Niu [38] considered the following initial boundary value
problem of

_ — 2p pt1,,|p—1
{ut Do = (Ju?? + o] ful?~ Y, an

= Ao = ([0 + [u[P*Ho[PHo.

They obtained global existence, long time behavior and finite time blow up of the
solutions at the low initial energy level and critical energy level. For the high energy
level, they established the comparison principle for parabolic system, and obtained
the global existence and finite time blow up of the solutions.

In the finitely degeneration case, by using the corresponding Sobolev embedding
theorem and Poincaré inequality on the finitely degeneration Sobolev spaces, Chen
and Xu [8] proved the existence theorem of global solutions with exponential decay,
and showed the blow-up in finite time for the solutions of the parabolic problem

—Axu=|ulTtu, 2N t>0,
u(z, t) =0, z €09, t>0, (1.8)
u(z,0) = up(z), x € Q,

where 1 < g < Z—fg

In this paper, by the properties of Ax we show the global existence, decay and
finite time blow-up of the solutions for problem (1.1). Note that the Hérmander
condition permits us to define a metric p(z, y) associated with X on Q. By the induced
geometry theory of this metric, which is usually called sub-Riemannian geometry [18]
or Carnot-Carathéodory geometry [28], the operator Ax possesses most properties
similar to the Laplacian, i.e. the precise estimation of Green’s kernel, the Poincaré
and Harnack inequalities, etc. Many results are obtained in [3, 4, 5, 14, 19, 21, 22,
23, 27, 30, 34].

For our purpose, we introduce the following definitions. For n > 2, the systems

of real smooth vector fields X = (X7, X, -+, X,,) are defined on an open domain 2’
in R™. Then we introduce the following function space [41]:
Hy (V) ={ue L*() | Xjue L*(). j=1,---,m},

Then H%(€Y') is a Hilbert space endowed with norm

HU”fql @) = ||UH%2(Q/) + ”XUH%Z’(Q/)v
where ||Xu||2L2(Q,) = > 11X u||L2 ) Let H ,(€2) be a subspace defined as a
closure of C§°(2) in H (€). Then H}(,O(Q) is also a Hilbert space.

DEFINITION 1.1 (Weak solution). A function (u,v) = (u(z,t),v(x,t)) is called a
weak solution of problem (1.1) on Q x [0,T), if (u,v) € L>®(0,T; Hy o(Q) x Hx 4(2))
with (ug,v) € L2(0,T; L2(2) x L*(Q)) satisfies the problem (1.1) in the distribution
sense, 1i.e.

&)

(ue, w') + (Xu, Xw') = (([u* + [0 ul~Hu, w), (1.9)
V’LU GH)I(,O(Q)7 te (OvT)a .
(v, ") + (X, Xw") = (0" + [uf T o]~ o, w"),

. (1.10)
Vw' e Hy o), te(0,T),
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(2) u(z,0) = uo(x) € Hy ((2), v(x,0) = vo(x) € Hy ((2),
(3) forall0 <t < T, we have

t
/ (lusl3 + llvsl13) ds + J (u, v) < J (uo, vo). (1.11)
0

DEFINITION 1.2 (Maximal existence time). Let (u,v) be a weak solution of (1.1).
We define the maximal existence time T of (u(t),v(t)) as follows:
(1) If (u,v) exists for all 0 <t < oo, then T = +o0.
(2) If there exists a ty € (0,00) such that (u(t),v(t)) exists for 0 < t < tg, but
doesn’t exist at t = tg, then T = tg.

DEFINITION 1.3 (Finite time blow-up). Let (u,v) be a weak solution of (1.1).
We call that (u,v) blows up in finite time if the maximal existence time T is finite
and

t

lim [ (fJuC,7)]3 + lv(,7)]3) dr = +oc. (1.12)
t—T 0

Next, we introduce the potential well

W = {(u,v) € Hx z() x Hx o(Q)| I(u,v) >0, J(u,v) < d} U{0},

and
V ={(u,v) € H)l(yo(Q) X H§(O(Q)| I(u,v) <0,J(u,v) <d},
where
Tw.0) = 5 (Pl + 1018) = gy (HlB23 + 2wl + 13513)
I(u,w) = (IXul + 1X0l3) — ([ulZ5t + 2wl + ol2253)
d= {sup T o) [Xul} + | X0l 0}

inf
(ww)EHY ()X HY ((2) A n>

It is obvious that

p
J(u,v) = (X ull3 + 1 X0ll3) +

5+ 1) I(u,v). (1.13)

1
2(p+1)
The main results of this paper are as follows:

THEOREM 1.1.  Assume that the initial data (ug,v0) € Hy () x Hx (),
0 < J(uo,v9) < d and I(ug,vo) > 0, then problem (1.1) admits a global weak so-
lution (u,v) € L0, 00; Hy () x H}(O(Q)) with (ug,vy) € L2(0,00; L2(2) x L2(€)).
Furthermore,
o if J(ug,v9) < d, then u € W for t € [0,+00), and there exists a constant
a > 0 such that

[ull3 + 1015 < (luoll3 + llvoll3) e, ¥ ¢ >0, (1.14)
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o if J(up,vo) = d and I(ug,v) > 0, then u € W for t € [0,+0c0), and for any
sufficiently small number € € (0,d), there exist positive constants t., C and (8
such that

[ull3 + [[v]l3 < Ce™, v t > ¢, (1.15)

THEOREM 1.2.  Assume that the initial data (uo,v0) € Hy () x Hy (),
J(ug,v9) < d and I(ug,v9) < 0. Then the weak solution (u(t),v(t)) of problem (1.1)
blows up in finite time, i.e. there exists T > 0 such that

t
lim / (lull2 + [v]12)ds = +oo. (1.16)
t—T— 0

REMARK 1.1.  Under the initial data (uog,vo) € Hx o(Q) x Hx () with
J(ug,vp) < d, the sign of I(ug,vo) gives a key criteria whether problem (1.1) ad-
mits a global weak solution.

REMARK 1.2. We shall discuss the problems in degenerate case for high initial
energy case J(ug,vo) > d in a forthcoming paper. On this aspect, one can see [17, 39]
for single equation, or see [38] for system in non-degenerate case.

The outline of this paper will be as follows. In section 2, we recall two definitions
and some known properties on the weighted Sobolev space H}(!O(Q). In section 3,
we introduce a family of potential wells and discuss the invariance of some sets and
vacuum isolating under the solution flow of (1.1). In section 4, we give the proof of
Theorem 1.1. Finally, the proof of Theorem 1.2 will be given in section 5.

Throughout this article, for simplicity, we denote ||-|l, = ||| ), |12 = II- ||2LP(Q)7
L<p<oo |l =l-lle = -l (wv) = ((®).0() = (ulz,0),0.1)),
1(u,v) = I(u(t), o(t)) = Tu(z, t), vz, 1), J(n,v) = T(u(t),o(6)) = T(ulz, £), v(a, 1))
and T = T(u,v) is the maxunal existence time of (u(z,t),v(z,t)), and (-, )2 means
the inner product (-,-)z2(q)-

2. Preliminaries. First, we introduce two definitions.

DEFINITION 2.1 (Métivier condition, cf. [29]). Assume that the system of vec-
tor fields X satisfies the Homander’s condition in Q' with Homander index (). Let
Vi(z) (1 <5 < Q), spanned by all commutators of X1, Xo, -, Xy, length < j, be
the subspaces of the tangent space at each x € Q. If p; = dim Vj(x) is constant in a
neighborhood of each x € Q C V', then we say that X satisfies Métivier condition on
Q. The Métivier index

Q
= j(uj = pj-1), o =0,
Jj=1

18 also called the Hausdorff dimension or homogeneous dimension of Q related to the
subelliptic metric induced by X.

The Métivier condition is an important condition on the study of finitely degen-
erate elliptic operator. However, there exist a lot of vector fields which do not satisfy
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the Métivier’s condition, for example, Grushin type vector fields. Thus, we need to
introduce the following

DEFINITION 2.2 (Generalized Métivier index, cf. [6, 7]). In Definition 2.1, set

Q
p(x) = i(u@) = pia(2)),  po(e) =0, (2.1)
j=1

where pj(x) is the dimension of V;(xz) for x € Q. Then, for Q@ CC Q' we define

v = max u(x) (2.2)
€]
as the generalized Métivier index of €2, which is also called the non-isotropic dimension
of Q related to X (cf. [43]). Here u(x) is also called pointwise homogeneous dimension
or non-isotropic dimension at x.

If the Métivier’s condition is satisfied, then v = p.
Next, we introduce some known properties of Hx ((92).

PROPOSITION 2.1 (Weighted Poincaré inequality, cf. [40]). Assume that the
system of vector fields X satisfies Hormander’s condition on 0, 002 is C*° smooth
and non-characteristic for X. Then the first eigenvalue A1 of the operator —Ax is
strictly positive and there holds

MllullZa o) < 1Xullfz), ¥ ue Hxo(Q). (2.3)

1/2
By Proposition 2.1, we can use || Xul/z2q) = (ZTZI HXjuHQLQ(Q)) as the an
equivalent of Hy ().
PROPOSITION 2.2 (See [7]). Assume that the system of vector fields X satisfies

Hérmander’s condition on €, 02 is C*>° smooth and non-characteristic for X. Then
the Dirichlet eigenvalue problem

—-A =\ Q
XU u, x €L, (24)
u =0, x € 0N
has a sequence of discrete eigenvalues 0 < Ay < Ao < A3 <+ < A\ < -+, and \p —

+00 as k — +00. Moreover, the corresponding eigenfunctions {¢y}r>1 constitute an
orthonormal basis of the Sobolev space Hy 4(2) (or an orthonormal basis of L*(12)).

PROPOSITION 2.3 (Weighted Sobolev embedding theorem, cf. [43]). If the system
of vector fields X satisfies Hormander’s condition on Q with Hormander index Q > 1,
00 is C™ smooth and non-characteristic for X. Then for any u € C*°(£2), we have

ull e @y < CUIXullr @) + [[ullLr @)
1

where C is a positive constant, — =
generalized Métivier index of X on Q.

%—%fOT‘pE[1,V),VZH+Q—1>2’LS

REMARK 2.1. Forp € (1,v),q € (1,p*), similar to the classical Sobolev compactly
embedding (cf.[15]), one can prove that the embedding H;(’p(Q) — L1(Q) is compact.
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3. Potential wells. First, we discuss the monotonicity of the map \
J(Au, Av).

LEMMA 3.1. For any (u,v) € Hy o(2) x Hx o(), [|[Xull5 + | Xv[3 # 0, there
hold

(1) lim J(Au,Av) =0, lim J(Au, \v) = —o0;
A—0 A—4o00

(2) For X € (0,00), there exists a unique N = XN(u,v) such that
L J(Au, ) [r=n = 0;

(3) J(Au, \v) is strictly increasing on X € (0,X], strictly decreasing on A\ €
[N, +00) and takes the mazimum at X = N';

(4)
>0, Ae(0,N),
IO, Mv) = )\W -0, A=\,
<0, e (N, +x),
where

1

2p

X_( | Xull3 + |1 X0l3 )

- 2p+2 1 2p+2 :
||“H2§iz + 2”“”“211 + ||U||2Ziz

Proof. (1) The conclusion follows directly from

.\ _)‘2 Xull2 Xoll2 APt 2rt2 4 9 p+1 2p+2
T, o) = = ([ Xullz + || v\\z)—m [ullzpiz + 2lwvllpin + lvllzpiz ) -

(2) By (2.4),we have

d
IO, A0) = (1 Xull3 + [ X0l8) = A (Jlull3p 3 + 2lwelZE + wI353) - (3.1)

Hence for (u,v) # (0,0), there exists a unique

1

2p

X_( | Xull3 + [ X0ll3 )

- 2p+2 1 2p+2 :
||UH2512 + 2”“”“211 + ||U||2£iz

such that d%J()\u, Av) = 0. Moreover,

%J()\u,/\v) >0 if 0<A<N,

d
—JAu, ) <0 if N <)< oo,
d\
ie., J(Au, \v) is increasing on 0 < A < X, decreasing on A’ < A\ < oo and takes the
maximum at A = \.
(3) The conclusion follows directly from

d _ -1
aJ(Au,)«U)f)\ I(Au, \v).
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Next, we introduce the Nehari manifold
N = {(u,v) € Hyx o(Q) x Hx o(Q)] I(u,0) =0, [ Xull3 + [ Xv]3 #0},  (3:2)

we see from Lemma 3.1 that d > 0, and the potential well depth d is also characterized
by

d= inf J(u,v), 3.3
ot (u,v) (3.3)

For § > 0, we further define the depth of a family of potential wells

d(6) = inf  J(u,v), (3.4)

(u,v)ENs

where

Ns = {(u,v) € Hx () x Hx o(Q)] Is(u,v) = 0, | Xull3 + | Xv]3 # 0},

2p+2 1 2p+2
Is(u,v) = & (IXullf + 1X0l3) = (lul383 + 2luvl2F + 013253) . (35)

Now, we are ready to show the relationships between || Xu||2 + || Xv||3 and the
sign of Is(u,v) as follows.

D=

LEMMA 3.2, For (u,v) € Hy () x Hx ,(Q) and r(5) = (20;{%) , where
Cx = sup le)la’””*;, there hold
wEH}, o (\{0}
(1) if 0 < | Xul3 + | Xv||3 < r(d), then Is(u,v) > 0;
In particular, if 0 < || Xul|3 + || Xv|]3 < r(1), then I(u,v) > 0.
(2) if Is(u,v) <0, then || Xu||3 + || Xv|3 > r(5),
In particular, if I(u,v) <0, then || Xul3 + || Xv|3 > r(1).
(3) if I5(u,v) = 0 and || Xul|3 + || Xv|[3 # 0, then || Xu|3 + || Xv[|3 > r().
In particular, if I(u,v) =0, then || Xul|3 + || Xv||3 > r(1).
(4) i I5(u, ) = 0 and [ Xul}3 + | Xo]} £0, then

>0, 0<d<p—+1,
Ju,v) <=0, d=p+1,
<0, d>p+1.

Proof. (1) From 0 < || Xu||3 + || Xv||3 < 7(5), we have

2p+2 1 2p+2
||u||2§+2 + 2”“””511 + ||UH2§+2

2p+2 1 +1 2p+2
< lullzpis + 2lulby s lvliby s + lollzps

2p+2 2p+2 1 1 2p+2
< O (IXul3* + 2 Xulg - X5 + | X0l ?)
< 203 (I1Xull37 + || X0ll32)

< 2087 (1Xu3 + 1 X0l13)” - (1Xull3 + | Xoll3)
<20 r(0)° (IIXull3 + | Xvl|3)
=0 (| Xull3 + [ Xv]3) .-
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By the definitions of I5(u,v), Lemma 3.2 (1) follows.
(2) When I5(u,v) < 0, we see that || Xu||3 + || Xv||3 # 0 and

2p+2 +1 2p+2
§ (1 Xull3 + ||XU||§) < ullzpis + 2lluvl[piy + [[vlizpta
2p+2
<20 ([Xull + [ X0[13)" - (IXull3 + | Xv]3) -

Thus, Lemma 3.2 (2) holds.
(3) if Is(u,v) = 0 and || Xul|3 + || Xv||3 # 0, we have

2p+2 2p+2
8 (IXull3 + 11X 0l3) = lull5pis + 2lluvllyiy + llol2 s
2p+2
<20 (IXull3 + 1 X0l13)” - (IXull3 + | X0)13)

Then Lemma 3.2 (3) follows.
(4) Lemma 3.2 (4) follows from Lemma 3.2 (3) and

5 2 2
3) = (5 = 505 ) (Xl + 1008) + 5y

LeEMMA 3.3. The continuous function d(J) of 0 satisfies the following properties

(1) d(6) > a(@)r() for 8 € (O.p+ 1), where a(8) = 1 — -2,

(2) l1md( )=0,d(p+1)=0 and d(d) <0 foré € (p+ 1,00),

(3) ( ) is strictly increasing on (0,1], decreasing on [1,p + 1] and takes the
mazimum d = d(1) at § = 1.

Proof. (1) If (u,v) € Ns, i.e. Is(u,v

) = 0 and | Xul} + | Xol§ # 0, then by
Lemma 3.2 (3) there holds || Xu|j3 + || Xv||3 >

0a
r(9). Hence, from (3.4) and

J(u,v) = (; — 2(116+1)> (I X3+ [|X0|3) + ot l)Ia(u,v)
= a(8) (| Xull + [|X0[3)
> a(d)r(d),
we obtain d(0) > a(d)r(9).

(2) For any (u,v) € Hy () x Hx () and || Xul3 + [ Xv[3 # 0, we define
A= A(8) by

8 (IX Au)ll3 + 12X (A0)[3) = [IAullzp s + 203 Al + [ Awllzp 0, (3.7)

ie.
2p+2 1 2p+2
6 (IXull3 + 1 X0l3) = A2 (ul35E3 + 2MuvlZT + oll3673)

Hence, for any § > 0 there exists a unique

1

AG) = ( S(| Xull3 + [ Xl3) ) 58)
lullzp s + 2llwliy s + ol

satisfying (3.5), which implies that (Au, Av) € Ns. We have

Ji 0 =
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Easily we get

lim J (A(0)u, A(d)v) = lim J(Au, Av) =0,
6—0 A—0

Jin ) =

By (3.4) and Lemma 3.2 (4), Lemma 3.3 (2) follows.

(3) It is enough to prove that for any 0 < 07 < dy < lor1l < dy <d; <p-+1 and
for any (u,v) € Nj,, there exists a (u1,v1) € Nj, and a constant £(d1,d2) > 0 such
that J(uy,v1) < J(u,v) — &(d1,2).

In fact, for above (u,v), we can define A(d) by (3.8), then I5(A(d)u, A(0)v) =0
and A(d2) = 1. Let h(\) = J(Au, Av), we get

d 1
D) = 110w, M)
- % ((1=8) (IXQa) 3 + 1 X () [3) + Is (A, Av) )
= (1= O (I Xull3 + [ X0]3)-

Taking (u1,v1) = A(01)(u,v), then (ui,v1) € Ng,. I 0 < §; < 62 < 1, as A(9) is
increasing in , we have

J(u,v) — J(ug,v1) =

(1) = hA(6)

BA(62)) — h(A1))

A(d2)

/ (1— &)X (| Xull? + [ Xv]2) dr
JA(01) (A(02) — A(01)) r(02)

8((517 (52)
0.

)

> I\/

V

If1 <y <91 <p+ 1, we have
J(u,v) = J(ur,v1) = h(1) = h(A(d1))

A(62)
- / (1= &)X (| Xull? + [ X0]2) dr

(61)
> (02 — 1)A(d2) (A(61) — A(d2)) 7(2)
é 8((51,52)
> 0.

Therefore, the conclusion of Lemma 3.3 (4) is proved. O

LeMMA 3.4, For (u,v) € Hy o(Q) x Hx ((Q), if J(u,v) < d(6),6 € (0,p+1),
then we have
(1) If I5(u,0) > 0, then | Xull3 + | Xv|3 < &3

(2) I 1 Xull3 + 1 X0]3 > 55, then Is(u,v) <0,
(3) If Is(u,v) = 0, then | Xul3 + | Xv|3 < &3
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Proof. For 0 < § < p+ 1, by (3.6) and J(u,v) < d(d), there holds

a(®) ([ Xull3 + [ Xvl3) +

a1y o (W) = J(wv) < d(9).

thus Lemma 3.4 follows. O
Now, for § € (0,p + 1) we define a family of potential wells
Ws = {(u,v) c H}(’O(Q) X H}(’O(Q)\ Is(u,v) > 0, J(u,v) < d(é)} u {0},
and its outsider
Vs = {(u,v) € H}QO(Q) X H}(O(Q)| Is(u,v) <0, J(u,v) < d(d)} )
By Lemma 3.3 we can obtain the following result

LEMMA 3.5.
(1) IfO <d§ << 1, then Wsr C W,
(2) If1 <" < <p+1, then Vs C Vo,

For 0 < § < p+ 1, we define
Bs = {(u,v) € Hx o(Q) x Hx o(Q)] [ Xul3 + [ X[ <r(6)},
By = By U0Bs = {(u,0) € Hk () x H o(@)] | Xul3 + | Xo]3 < r(9)},
Bf = {(u,v) € Hx () x Hx o(Q)| [ Xull3 + | X053 > r(6)}

LEMMA 3.6. For 0 <0 < p+ 1, there hold

B, 5y CWs C By,

Vi C B,
where
By = {(u,0) € HY o) x HY ()] |1 Xull + | Xo[ < min{r(5),24(5)} },
By = {<u,v> & HY o(9) x H o(@)] | Xull3 + | Xo|l2 < d%}

Proof. For any (u,v) € B,,(s), we see from || Xul3 + || Xv||3 < r(§) and Lemma
3.2 (1) that either || Xul|3 + || Xv[|3 = 0 or Is(u,v) > 0 occurs. Moreover, it follows
from J(u,v) < (| Xul3 + || Xv||3) and || Xul3 + || Xv||3 < 2d(6) that J(u,v) < d(6),
thus (u,v) € W;s, i.e. B, (55 C Ws. The remainder of the lemma follow Lemma 3.2
and Lemma 3.4. 0

LEMMA 3.7. Let 0 < J(u,v) < d for some (u,v) € Hx ,(Q) x Hx (), and é,
09 are two roots of the equation d(6) = J(u,v) with 61 < 1 < do. Then the sign of
I5(u,v) is unchangeable for 6 € (01, d2).

Proof. First, the inequality J(u,v) > 0 implies || Xul|3 4+ || Xv[|3 # 0. If the
sign of Is(u,v) is changed on § € (d1,02), then there exists a § € (d1,92) such that

I5(u,v) = 0. Therefore by (3.4) we have J(u,v) > d(0), which is contradictive with

J(u,v) = d(61) = d(85) < d(8). O
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Next, we discuss the invariance of some sets and vacuum isolating behavior of
solutions for problem (1.1).

PROPOSITION 3.1. Suppose that (ug,vo) € Hx o(Q) x Hx o(Q), p € (0,d) and
01, 02 are two roots of the equation d(§) = p with 61 < 1 < dy. Furthermore, let (u,v)
be a weak solution of problem (1.1) with 0 < J(ug,vo) < p, then, for any 6 € (01, 02)
and t € [0,T), there hold

(1) 4f I(ug,vo) > 0, we have (u,v) € Ws,

(2) if I(ug,vo) < 0, we have (u,v) € V;.

Proof. (1) First, we show (ug,vg) € W5 for § € (61,92). If J(ug,v0) < p and
I(ug,vo) > 0, then by Lemma 3.7, we have J(ug,vo) < d(6) and Is(ug,ve) > 0. i.e.
(UO,’U()) e Ws fOT b€ ((51,52).

Neat, we prove (u(t),v(t)) € Ws for § € (61,02), t € (0,T). If it is false,
then by the continuity of I(u,v), there exist o € (d1,02) and to € (0,T) such that
(u(to),v(to)) € OWs,, which means that either Is,(u(to),v(to)) = 0, || Xu(to)ll2 #
0, || Xv(to)|l2 # 0 or J(u(te),v(te)) = d(dg) occurs. From (1.11) we can see that

t
/ (HUSH% + HUSH%) ds+J(u, U) < J(Uo,vo) < d((S), VOo<t< T, d € ((51,(52), (39)
0

which implies J(u(to),v(to)) # d(do), thus Is,(u(to),v(to)) = 0, [[Xu(to)|3 +
| Xv(to)]|2 # 0, then by (3.4), we get J(u(to),v(ty)) > d(6o), which is contradictive
with (3.9).

(2) First, we prove (ug,vo) € V5 for § € (61,02). If J(ug,vo) < p and I(ug,vy) <
0, then by Lemma 3.7, we obtain J(ug,vg) < d(0) and Is(ug,vo) < 0. i.e. (ug,vo) € Vs
fOT 0 € (51,(52).

Next, we show (u(t),v(t)) € Vs for any § € (61,02) and t € (0,T). If it is
false, there exist 5o € (91,02) and to € (0,T) such that Is,(u(t),v(t)) < 0 fort €
[0,t0) and (u(to),v(to)) € IVs,, i.e. Is,(u(to),v(to)) = 0 or J(u(ty),v(ts)) = d(do)-
From (3.9) we get J(u(to),v(to)) # d(do). Thus Is,(u(to),v(to)) = 0, by Lemma 3.2,
we have || Xu(t)||3 + [|Xv(@t)||3 > 7(8) for t € [0,t0]. Therefore, by (3.4) we have

J(u(to),v(to)) > d(dg), which is contradictive with (3.9). O

PROPOSITION 3.2. Suppose that (ug,vo) € H () x H ((Q), 0 < J(ug,v0) <
w < d, and 61,02 are two roots of equation d(d) = p with 61 < 1 < 6. Then for any
§ € (81,02), both sets Wy and Vs are invariant, thus both sets

Wss, = |J We.

01<6<62

and

Vas = | Ve
§1<5<d2

are also invariant under the solution flow of (1.1).

PROPOSITION 3.3. Suppose that (ug,vo) € H () x H (), then all nontrivial
solutions of problem (1.1) with J(ug,vo) = 0 belong to

By, = {(u,v) € Hx o(Q) x Hx o()| [IXul3 + [IXv[3 > 7o},
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1

_ +1 \P
where ¢ = (chzm) .
X

Proof. Let (u,v) be any solution of problem (1.1) with J(ug,vo) = 0. From energy
inequality (1.11), we get J(u,v) <0 fort € [0,T). Then by

1 1 2 2 1 2 2
3 (IXull3 + [ X0]3) < W) (Hullziig +2)|uv| BET + ||U||2§iz)
o2 +2 ) p , ) (3.10)
< p)—<|— T (IXullz + 1 X0]13)" - (I Xull3 + | Xv]3)

| Xwol|3 =0, we claim || Xul|3 + || Xv||3 =0 fort € [0,T), otherwise, there exists to €
(0,T) such that 0 < || Xu(to)||3 + || Xv(to)||3 < 70, which leads to a contradiction. If
| Xuo|l3+ || Xvol||3 > 70, by a similar argument we can prove that | Xul|3+|| Xv||3 > ro
forte]0,T). 0O

we must have either | Xul|3 + [|Xv||3 = 0 or | Xul3 + || Xv||3 > ro. If [|[Xuol3 +

PROPOSITION 3.4. Suppose that (ug,vo) € Hy o(2) x Hy o(Q) such that either
J(ug,v0) < 0 or J(ug,ve) =0, || Xugl|3+ || Xwol|2 # 0 holds. Then all weak solutions
of problem (1.1) belong to Vs for § € (0,p+1).

Proof. Let (u,v) be any solution of problem (1.1) with initial data (ug,vo) as
above. From the energy inequality (1.11) we have

1
m[g(u,v) = J(u,v) < J(ug,vo), (3.11)

Vée(0,p+1).

a(0) (|| Xull3 + | Xvll3) +

If J(ug,vo) < 0, we obtain
Is(u,v) <0, J(u,v) <0<d(), Ve (0,p+1).
This implies that
(u,v) €Vs, Ve (0,p+1), te[0,T). (3.12)

If J(ug,v9) = 0 and || Xuol|3+ || Xvo |3 # 0, we see from Proposition 3.3 that || Xu||3+
| Xv||3 > rg for t € [0,T). Again by (3.11) we also get (3.12). Proposition (3.4) is
proved. O

COROLLARY 3.1. Suppose that (ug,v0) € Hx o(Q) x Hy o() such that either
J(uo,v0) < 0 or J(uo,vo) =0, [ Xuoll3 + | Xvoll3 # 0 holds. Then all weak solutions
of problem (1.1) belong to By ;.

Proof. Let (u,v) be any solution of problem (1.1) with initial data (ug,vo) as
above. Then it follows from Proposition 3.4 and Lemma 3.2 that

[ Xull3 + [|Xv]5 > 7(6), Yde(0,p+1), te0,T).
Let 6 — p+ 1, we obtain
[ Xull3 + (| Xv]3 > r(+1), Vtelo,T).

Corollary 3.1 is proved. O
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PROPOSITION 3.5. Suppose that (ug,vo) € Hx o(Q) x Hx 4(), 0 < p < d, and
91,02 are two roots of equation d(6) = p with § < 1 < d2. Then for all weak solutions
of problem (1.1) with J(ug,vo) < u, there exists a vacuum region

U = {(u,v) € Hx o(Q) x Hx o(Q)| | Xul5+ [|Xv||5 # 0, Is(u,v) =0, 61 <3< b2},

such that no solution of problem (1.1) belongs to U,. The vacuum region U, becomes
bigger and bigger when p is decreasing. As the limit case we obtain

Uo = {(u,v) € Hxo(Q) x Hx o(Q)| | Xu|3 + | Xv]|5 #0, Is(u,v) =0, 0< 5 <p+1}.

Proof. Let (u,v) be any solution of problem (1.1) with J(ug,vo) < p. We only
need to prove that if || Xul| + || Xv||2 # 0 and J(uo,vo) < p, then for all § € (61, 62),
(u(t),v(t)) ¢ Ns, i.e. Is(u(t),v(t)) #0 for allt €[0,T).

Claim: Is(ug,vo) # 0. Otherwise, if Is(ug,v9) = 0, then J(ug,vg) > d(5) >
d(01) = d(02), which is contradictive with J(ug,vo) < p.

If it is false, assume that there exists t' > 0 such that (u(t'),v(t")) € Uy, which im-
plies that there exists 8y € (81,02) such that (u(t'),v(t")) € Ns,. It follows from (3.9)
that J(ug,vo) > J(u(t'),v(t")) > d(do) > J(ug,vo), which leads to a contradiction. O

4. Proof of Theorem 1.1.

Proof. We divide the proof into four steps.

Step 1: Global existence for low initial energy J(ug,v) < d.
First, we can exclude some special cases as follows.
e 0 < J(ug,vp) < d,I(ug,v9) = 0. This is contradictive with the definition
(3.3) of d.
e J(ug,v9) = 0,I(ug,vp) = 0. It follows from (1.13) that (ug,vy) = 0, which is
a trivial case.
o J(ug,v9) =0, I(ug,vo) > 0. This is contradictive with (1.13).
e J(ug,v9) <0, I(ug,vp) > 0. This is contradictive with (1.13).
It remains for us to consider the case 0 < J(up, vo) < d,I(ug,vo) > 0. By Propo-
sition 2.2, we choose a sequence of eigenfunctions {¢;(x)};>1 as an orthogonal basis
of H ((Q). Construct the approximate solutions (t, (z,t), vy, (x,t)) of problem (1.1)

which satisfy

(Umhgbr) (Xum7X¢T :<|U ‘2p+‘v |p+1‘u |p l)um>¢7)v

e (4.1)

(Vs G7) + (va,X@ = ((Jvm |2p+|u P 0 [P o, é7)

e (4.2)

and as m — 00,
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3

um(2,0) = 32 gim(0)¢;(x) = uo(z) in Hx (%),

U (2,0) = 35 hjm (0)¢;(x) = vo(z) in Hy ,(9),

[

(4.3)

AT

Il
-

Multiplying (4.1) and (4.2) by ¢, (t) and k., (t) respectively, summing for 7, inte-
grating with respect to ¢ from 0 to ¢ and adding these two equations, we obtain

/Ot (||uma||§ + ||11m5||§) ds + J(Um,Vm) = J(un(0),v,,(0)), 0<t< oo, (4.4)
It follows from (4.3) that J(u.,(0), v, (0)) = J(ug,v), we obtain
/Ot ([[wmsl3 + [[vmsll3) ds + T (um, vi) < d, 0 <t < oo, (4.5)
for sufficiently large m.
Following an argument similar to that in the proof of Proposition 3.1(1), and by

(4.5) we can deduce (un,(t), v, (t)) € W for sufficiently large m and 0 < ¢ < co. Thus
from (4.5) and (1.13) we have

t
2 2 p 2 2
Ums||5 + [[vms]|5)ds + —— (|| Xum||5 + [| Xvm <d, 0<t<oo, (4.6
|t + ol + =P (10 + 10 ) (16)
which shows that
2(p+1) 2(p+1)
[Xum|3 < =——=d, [ Xvnll; < =——=d,

t
/0 (ttmsll2 + [0ma2) ds < d,

2 1 p-‘rl
2242 < €242 X, |22 < 02072 ((’j)d) ,

2 1 p+1
o 8513 < €20, 32 < o (222 a)

Denote £>, 25 as the weakly star, weakly convergence respectively. Therefore, the
estimates above imply that there exists subsequences, still denoted by {um }, {vm},
such that as m — oo,
U 25w in L>(0,00; Hy ¢(€2)) and a.e. in © x [0, +00),
U, 2% v in L°°(O,oo;H)1<7O(Q)) and a.e. in Q x [0, +00),
(1t 2+ [0 [t [P~ et 25 ([uf22 4+ [0l ul ™ ) in L(0,00; L34 (),
([0 + [ [P o [P~ Yo 5 (022 4 [ulPHHolPHu in L(0, 005 L3 (1)),
Ut — up N LQ(O,oo;LQ(Q)),

Vmt —> v In LQ(O,oo;L2(Q)).
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Hence in (4.1),(4.2) for fixed T, letting m — oo, we have

(ut7¢7) + (XU7X¢T) = ((|u‘2p + ‘U|p+1‘u|p71)u7¢‘r) ’ V7= ]-a25 e, M,

(’Utv ¢T) + (X’U,X¢7—) = (("1)|2P + |u|P+1|'U|P—1),U’¢T) , v T = 1, 2’ ceeum,
Furthermore,

(e, w') + (Xu, Xw') = (([ul* + [l HulP™u,w') .V w' € Hy o(Q), ¢ >0,

(v, w") + (Xv, Xw") = ((|v|2p + |u\p+1|v\p_1)v,w”) , Yuw'e H}QO(Q), t>0.

Meanwhile, from (4.3) we have u(z,0) = uo(x), v(z,0) = vo(z) in Hy (). By
density we see that (u(t),v(t)) € L>(0,00; Hx ,(Q) x Hx (), (u () (1) €
L2(0,00; L2(2) x L?(£2)) and from Proposition 3.1, we have (u(t),v(t)) €

Step 2: Decay estimate in the case: J(ug,vy) < d.

Let (u,v) be a global solution of problem (1.1) with 0 < J(ug,v9) < d and
I(ug,v9) > 0. Then for w',w” € L*(0,T;Hy ((Q)) N L*(0,T;L*(Q)), (1.9) and
(1.10) imply that

(g, w') + (Xu, Xw') = (([ul* + ol ulP ™ u, w') (4.7)

(03, w") + (Xv, Xw") = (([o* + [u["*o[P~ o, w") (4.8)
Taking w’ = u,w” = v, and summing (4.7) and (4.8), then we have

1d

5 ([l +10]B) + T, 0) =0, ¥t e 0,00). (49)

By Proposition 3.1, we have (u(t),v(t)) € Ws for § € (d1,02), t € [0,00), where
d1 < 02 are two roots of the equation d(d) = J(ug, vo). This implies that Is(u,v) > 0
for 6 € (61,02) and Iy, (u,v) > 0 for t € [0,7"). Therefore, by (4.9) we obtain

1d

5 37 (s + vl3) + (1 =80) (| Xul3 + [ Xvl3) + L, (w,0) = 0, V¢ €[0,00). (4.10)

It follows from weighted Poincaré inequality (2.3) that

1d

577 U3 + [10l12) + (1 = 00)Ax (Jlull3 + v]l3) <0, ¥t € [0,00).

Integrating the above inequality, we obtain

¢
[ull3+[v]13 < (HUO||§+||vo|\§)—2(1—51)/\1/0 (lu(s)lI3 + llv(s)113) ds, V¥t € [0,00).
Together with Gronwall inequality shows that

ull3 + [[0]13 < (luoll3 + l[voll3) e 220N v ¢ € [0, 00).

Setting oo = 2(1 — 91)A1 > 0, we can get the decay estimate (1.14).

Step 3: Global existence for critical initial energy J(ug,vo) = d.
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First J(ug,v0) = d implies that || Xuo||3 + ||Xvol|2 # 0. Set (uom,vom) =
Nm (w0, vo), where 1, = 1 — %, m > 2, we consider the initial-boundary value problem

Ut — DxUp = ([um | + [ [PTHm [P71) U, 2 € Q, >0,

VUt — DN\ x Uy, = (\vm|2p + |um\p+1|vm\1’_1) U, T E€Q, >0,

U (,0) = uom (), z€Q, (4.11)
Um (2, 0) = vom (), x €€,
U (2, 1) = v (2, 1) =0, (x,t) € 9Q x (0,T).

By I(ug,vg) > 0 and Lemma 3.1, we obtain
N = X(ug,vp) > 1,
I(uom, vom) = I (1m0, Mmvo)
= (mm =0 "2) (1 Xuoll3 + [ Xvol[3) +ni¥ 21 (uo, vo) > 0,
J (uom, vom) = J (Mmuo; Mmvo) < J(ug,vo) = d.
It follows from the result of step 1 that, for each m, problem (4.11) admits a
global weak solution (u,,vm) € L>(0,00; Hx o(Q) x Hx o(Q)) with (tmt, vmi) €
L2(0,00; L2(2) x L?(Q2)) and (ty,, vm) € W for 0 < t < oo satisfying
(tmt, w") + (Xtm, Xw') = (([um | + [vm [P [P, w')
Vuw € Hx (), t >0,
(vmtvw”) + (vavaH) = ((|Um|2p + |um|p+1|vm|p_l)vm»w”) )

Vuw” € Hy(Q), t >0,

and
t

/(||um7|\%+vaTH%)dT—i-J(um,vm)§J(u0m,v0m)<d, Vie[0,00). (412)
0

The proof left is similar to that in the step 1.

Step 4: Decay estimate in the case: J(ug,v9) = d and I(ug,vy) > 0.

Let (u(t),v(t)) be any global weak solution of the problem (1.1) with J(ug,vo) = d
and I(ug,vg) > 0. We claim that I(u,v) > 0 for any ¢ > 0. If it is false, then there
exists tg > 0 such that I(u(to),v(tp)) = 0, I(u(t),v(t)) > 0 for any t € [0,tp).
Together with the definition of d mean that J(u(to),v(to)) > d. Furthermore, by
(1.11) we have

J(u(to),v(to)) < J(uo,vo) — /0 ) (lurll3 + llv-l13) dr < d. (4.13)

Then, by above inequality, we obtain [;° (|[u, |3 + [[v,]|3) dr = 0, ie. u = 0 and
vy = 0 for t € [0, tp], which is contradictory with I(ug,vo) > 0. Thus I(u,v) > 0 for
t > 0.

It follows from (1.11) that for any given sufficiently small number ¢ € (0, d), there
exists t. > 0 such that

te
0<dee=Jut.),v(t.)) < J(ug, vo) — / (lur 12 + o 12) dr.
0

Taking t = . as the first time, similar to step 2, we have the decay estimate (1.15). O
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5. Proof of Theorem 1.2.

Proof. We divide the proof into two steps.

Step 1: Blow-up in case of J(ug,vg) < d.
Let (u(t),v(t)) be any weak solution of problem (1.1) with J(ug,v9) < d and
I(ug,v9) < 0. We will prove T' < oo by contradiction. Now we define

t
G(t) = / (Jul2 + [[0]2) ds.
then

G(t) = lull3 + o],
G(t) = 2(ug, u) + 2(vg, v)
2p+2 2p+2
= 2 [=(IXull§ + 1 X013) + (lll3553 + 2lwollZE + 0l3575)]
= —21(u,v),

By Proposition 3.1, we obtain G(t) > 0. By (1.11), (1.13) and (2.3), we can deduce

G(t) = 2p (| Xul3 + | Xv[3) — 4(p + 1)J (u, v)
> 2p (| Xull5 + | Xv]13) — 4(p + 1)J (uo, vo)

t
Falp+1) [ (Jul+ o) ds (5.1
0

t
> 9\ G(t) — A(p + 1) (g, v0) + 4(p + 1) / (a2 + o ]12) ds.
0

Note that
(/ ((us,u) + (vs,v))als)2
0
— (3 20l + olpas)’ 515)
- i (G2 = 26 (luoll3 + lleol3) + (1l + 1013)%) -
then

t 2
. . 2
6200 =4 ([ ((aes0+ e ds ) +2600) (bl + Bool) =l + )
Combing with (5.14) and Hélder’s inequality we can deduce that

G)G(t) — (p+ 1DG?*(t) > 200 G()G(t) — 4(p + 1) (ug, v0) G(t)

_ 5.16
—2(p + 1)G() (luoll3 + [lvoll3) - o1

Thus we have
(1) If J(up,vo) <0, by (5.16), we have

GG ~ 0+ DE (D) > 260) (PMG() — 0+ D(lwol + ol). (5.1
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We claim that I(u(t),v(t)) < 0 for ¢ € (0,+00). Arguing by contradiction, we suppose
that there exists a tg > 0 such that I(u(to),v(tg)) = 0 and I(u(t),v(t)) < 0 for
0 <t < ty. By Lemma 3.2, we have || Xu(t)||3 + || Xv(#)]]3 > r(1) for 0 < t < to.
Hence by (3.4), we get J(u(to),v(to)) > d, which is contradictive with (1.11). Then
we get G(t) > 0 for t € [0,00). It implies that

G(t) > G(0) + tG(0) > tG(0), Yt e [0,00).
Then, for sufficiently large ¢, there exists

p+1
Gt) >~ 5~ (luoll3 + l[voll3)
pA1

which together with (5.17) shows that

G)G(t) — (p+ 1)G*(t) > 0. (5.18)

(2) If 0 < J(up,v9) < d, it follows from Proposition 3.1 that (u(t),v(t)) € Vs,

ie. Is(u,v) <0 for § € [1,6"”) and t € [0,00), where 6" is the larger root of equation
d(0) J(uo,vo) From Lemma 3.2 and the continuity of Is(u,v), we show that

Isi(u(t),v(t)) <0 and || Xu(t)||3 + || Xv(t)||3 > r(8”) for t € [0,+00), then we obtain

G(t) = —2I(u,v) = 2(6" — 1) (| Xull3 + | X0|13) — 2Ls (u, v)
>2(8" —1)r(") >0, Vt>0,

G(t) = 2(6" — )r(6")t + G(0) > 2(8” — 1)r(6")t, YV t>0,

G(t) = (0" — V)r(6")t* + G(0) = (8" — V)r(6")t?, Vt>0,

Therefore, for sufficiently large ¢, we have

PAG(t) > 4(p +1)J (uo, vo),
PMG(t) > 2(p+1) ([luoll3 + [lvoll3) -

which together with (5.16) prove that (5.18) is still valid for sufficiently large t.
Then

(G0 = Grarg GO

—p "o__ —-p A o 2
(G70)" = Greagy (GmGm - @+1)6*W) <.
Thus, there exists a large enough ¢’ > 0, such that

GP(t) <GP(t) <1 —ng::; (t— t’)) , Vit

Hence there exists a T > 0 such that

lim G7P(t) =0,ie., im G(t) = +oc.
t—T—

t—T—

Step 2: Blow-up for the case: J(ug,v9) = d.
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Let (u(t),v(t)) be any solution of problem (1.1) with J(up,v9) = d and
I(ug,v9) < 0. We can deduce that I(u,v) < 0 for ¢t € [0,T), which together with
I(u) = —(ug,u)2 — (vg,v) shows that |lugl|3 + |lve]|3 > 0 and fot (||uT||§ + ||vT||§) dr is
increasing for t € [0,T). By the energy inequality (1.11), we can choose ¢’/ > 0 such
that

t//
0 < J(u(t"),v(t") <d —/ (llerll + llv-l13) dr < d.
0

Then we take t = " as the initial time and similar to that in the proof of the step 1,
we can deduce that the weak solution (u,v) blows up in finite time. O
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