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Abstract. Appreciating of the contributions on PDE of Professor Ling Hsiao, we review Hsiao’s
PDE theory on semiconductor and plasma and their applications. As an example of application of
Hsiao’s PDE theory on semiconductor and plasma, we study the asymptotic regimes of the compress-
ible Euler-Maxwell equations on plasma. The derivation of the one fluid non-isentropic Euler-Maxwell
system from the two-fluid model in terms of the asymptotic expansion method is performed, and
the mathematical analysis of the stability of both constant equilibrium solutions and non-constant
equilibrium solutions is given on T

3 or R
3.
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1. The hydrodynamic models of Hsiao’s PDE theory on Semiconduc-
tor and plasma. The hydrodynamic models involved in Hsiao’s PDE theory on
semiconductor and plasma describing the electron flow are given by [57, 41, 39]⎧⎪⎪⎨

⎪⎪⎩
nt +∇ · (nu) = 0,

ut + (u · ∇)u+
1

n
∇p(n) = ∇Φ− u

τ
ΔΦ = n− b(x), Φ→ 0, as |x| → +∞,

(1.1)

for (x, t) ∈ R
d×[0,+∞), d = 1, 2, 3, where n, u,Φ denote the electron density, electron

velocity and the electrostatic potential, respectively. The constant τ > 0 is the velocity
relaxation time, the function b(x) denotes the prescribed density of positive charged
background ions (doping profile), and the pressure-density function p = p(n) has the
property that n2p′(n) is strictly increasing function from R

+ onto itself. A usual
hypothesis is

p(n) = a2nγ , n > 0, a �= 0, γ ≥ 1. (1.2)

System (1.1)-(1.2) is a simplified multi-Dimensional (m-D) hydrodynamic model
which was analyzed by Degond and Markowich [13] for the first time in the sta-
tionary case. For the 1D case, the Cauchy problem and the initial-boundary value
problem of (1.1) has been extensively studied by many authors. In the stationary
case, Degond-Markowich [12] proved the existence and uniqueness of steady-state so-
lutions in the subsonic case. Gamba [24] discussed the existence and uniqueness of
steady-state solutions in the transonic case. In the dynamic case, Zhang [91] and
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Marcati-Natalini [59] investigated the global existence of weak solutions of the 1D
initial-boundary value problem and the Cauchy problem, respectively, by using the
tools of compensated compactness. The corresponding results on the zero relaxation
limit have been obtained also in [42, 43, 59]. Luo et al. [57] and Hsiao and Yang
[41] investigated the asymptotic behavior of smooth solutions of the Cauchy problem
and the initial-boundary value problem of (1.1), respectively, and proved that under
appropriate conditions on the doping function b(x) and the pressure function p(n) the
corresponding steady-state solutions of the simplified hydrodynamic model and the
drift-diffusion model are exponentially asymptotically stable.

For the m-D case, besides the local classical solutions obtained in [46, 58],
only steady-state solutions in the subsonic case and in the dynamic case solu-
tions with geometrical structure (symmetry) or without vorticity were studied in
[9, 13, 17, 29, 37, 40]. Chen and Wang [9] established the existence of global weak
solutions with geometrical structure of system (1.1). Hsiao and Wang [40] considered
the smooth solutions of the system and established the global existence and asymp-
totic behavior of the spherically symmetrical solution of (1.1) with γ = 1. Engelberg
et al. [17] also studied the critical threshold phenomena of 1D and m-D pressureless
Euler-Poisson equations with geometrical symmetry in the m-D case and with and
without relaxation. Guo [29] investigated the irrotational Euler-Poisson equation sys-
tem without relaxation and without geometrical symmetry and demonstrated that the
smooth, irrotational initial data which are small perturbations of a fluid at rest lead to
globally smooth, irrotational solutions of the Euler-Poisson system. Hsiao, Markowich
and Wang [39] studied the asymptotic behavior of globally smooth solutions of the
Cauchy problem for the m-D system (1.1), they proved that smooth solutions (close
to equilibrium) of the problem converge to a stationary solution exponentially fast as
t→∞, and obtain

Theorem 1.1 (see [39]). Assume that b(x) = B > 0 and (1.2) holds. As-
sume that n(·, 0) − B ∈ H3(Rd), u(·, 0) ∈ H3(Rd), and ∇Φ(·, 0) ∈ H3(Rd).
Then there exist positive constants δ0, depending only on B, such that if ‖n(·, 0) −
B, u(·, 0),∇Φ(·, 0)‖H3(Rd) + ‖(nt, ut,∇Φt)(·, 0)‖H2(Rd) ≤ δ0, then there exists a unique
global smooth solution (n, u,∇Φ) to the Cauchy problem of (1.1). Moreover,

‖(n(·, t)−B, u(·, t),∇Φ(·, t))‖2H3(Rd) + ‖(nt, ut,∇Φt) (·, t)‖2H2(Rd)

≤ C1

(
‖(n(·, 0)−B, u(·, 0),∇Φ(·, 0))‖2H3(Rd) + ‖(nt, ut,∇Φt) (·, 0)‖2H2(Rd)

)
e−α1t,

with positive constants α1 and C1.

Remark 1.1. The parameter δ0 which measures the allowed deviation from equi-
librium, may depend upon the relaxation time τ .

Furthermore, Li, Zhang and Zhang [49] considered the initial value problem for
bipolar quantum hydrodynamic model for semiconductors⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

∂tρi +∇ · (ρiui) = 0,

∂t (ρiui) +∇ · (ρiui ⊗ ui) +∇Pi(ρi) = qiρiE +
ε2

2
ρi∇

(
Δ
√
ρi√
ρi

)
− ρiui

τi
,

λ2∇ · E = ρa − ρb − C (x) ,∇× E = 0, E (x)→ 0, |x| → +∞,

(ρi, ui) (x, 0) = (ρi0 , ui0) (x) .

(1.3)
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Li, Zhang and Zhang [49] proved that the unique strong solution exists globally in
time and tends to the asymptotical state with an algebraic rate as t→ +∞. Namely

Theorem 1.2 (see [49]). Assume C(x) = c∗ with c∗ a positive constant, and
ρ∗a > 0, ρ∗b > 0 are constants satisfying ρ∗a − ρ∗b − c∗ = 0. Assume Pa, Pb ∈ C6 and
P ′
a(ρ

∗
a), P

′b(ρ∗a) > 0. Let the initial data satisfy (ρi0−ρ∗i , ui0) ∈ H6(R3)×H5(R3), i =
a, b, with Λ0 := ‖(ρi0 − ρ∗i , ui0) ∈ H6(R3) ×H5(R3). Then, there exists Λ1 > 0 such
that if Λ0 ≤ Λ1, the unique solution (ρi, ui, E) of the IVP (1.3) with i > 0 exists
globally in time and satisfies for i = a, b that

(ρi − ρ∗i , E) ∈ Ck
(
0, T ;H6−2k

(
R

3
))

, ui ∈ Ck
(
0, T ;H5−2k

(
R

3
))

, for k = 0, 1, 2.

Moreover, the solution (ρi, ui, E) tends to (ρ∗i , 0, 0) at an algebraic time-decay rate

(1 + t)
k∥∥Dk (ρi − ρ∗i )

∥∥2 + (1 + t)
5∥∥εD6 (ρi − ρ∗i )

∥∥2 ≤ cΛ0, 0 ≤ k ≤ 5,

(1 + t)
k∥∥Dkui

∥∥2 + (1 + t)
k∥∥DkE

∥∥2 + (1 + t)
6∥∥D6E

∥∥2 ≤ cΛ0, 0 ≤ k ≤ 5.

Based on the results obtained by Professor Hsiao’s group, by using Hsiao’s PDE
theory on semiconductor and plasma, Guo and Strauss [31] proved the stability of
semiconductor states of system (1.1) with relaxation terms under insulating and con-
tact boundary conditions in H3(R3). By using an induction argument on the order of
the derivatives of solutions in energy and time dissipation estimates, Peng [62] proved
the stability of non-constant equilibrium states of system (1.1) in Hs(T3) for s ≥ 3.
Recently, Li, Wang and Feng [52] investigated the stability of nonconstant steady-state
solutions for 2-fluid non-isentropic Euler-Poisson equations in semiconductor.

The rest of this paper are arranged as follows. In section 2, we review the recent
results about Drift-diffusion models of Hsiao’s PDE theory on semiconductor and
plasma investigated by Professor Hsiao’s group. In section 3, we give some new
results on Euler-Maxwell equations which are an example of applications of Hsiao’s
PDE theory on semiconductor and plasma.

2. Drift-diffusion models of Hsiao’s PDE theory on semiconductor and
plasma. The one-dimensional drift-diffusion models of Hsiao’s PDE theory on semi-
conductor and plasma read (see [41, 84])⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

nλ
t =

(
nλ
x − nλΦλ

x

)
x
, 0 < x < 1, t > 0,

pλt =
(
pλx + pλΦλ

x

)
x
, 0 < x < 1, t > 0,

λ2Φλ
xx = nλ − pλ −D, 0 < x < 1, t > 0,

nλ
x − nλΦλ

x = pλx + pλΦλ
x = Φλ

x = 0, x = 0, 1, t > 0,

nλ(x, 0) = nλ
0 (x), pλ(x, 0) = pλ0 (x), 0 ≤ x ≤ 1.

(2.1)

The variables nλ, pλ, Φλ are the electron density, the hole density, and the electric
potential, respectively. The constant λ is the scaled Debye length of the semiconductor
device under consideration. D = D(x) is the given function of space and models
the doping profile (i.e., the preconcentration of electrons and holes). Because of the
occurrence of p-n junctions in realistic semiconductor devices, the doping profile D(x)
typically changes its sign.

A necessary solvability condition for the Poisson equation in (2.1) subject to the
Neumann boundary condition for the field in the fourth equation of (2.1) is global
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space charge neutrality ∫ 1

0

(
nλ − pλ −D

)
dx = 0.

Since the total numbers of electrons and holes are conserved, it is sufficient to
require the following corresponding condition for the initial data :∫ 1

0

(
nλ
0 − pλ0 −D

)
dx = 0. (2.2)

Usually semiconductor physics are concerned with large-scale structures with re-
spect to the Debye length λ ( λ takes small values, typically λ2 ∼ 10−7). For such
scales, the semiconductor is almost electrically neutral, i.e., there is no space charge
separation or electric field. This is the so-called quasi-neutrality assumption of semi-
conductors or plasma physics, which was applied by Shockley [72] in the first theoret-
ical studies of semiconductor devices in 1949, but was also applied in other contexts
such as the modeling of plasmas [74] and ionic membranes [70]. Under the assumption
of space charge neutrality, i.e., λ = 0, we formally arrive at the following quasi-neutral
drift-diffusion model: ⎧⎪⎪⎪⎨

⎪⎪⎪⎩

nt = (nx + nE)x,

pt = (px − pE)x,

0 = n− p−D,

E = −Φx.

(2.3)

This formal limit was obtained by Roosbroeck [69] in 1950. For general sign-changing
doping profiles, the quasi-neutral limit (zero-Debye-length limit) is justified rigorously
in the spatial mean square norm uniformly in time by Wang, Xin and Markowich with
the help of multiple scaling matched asymptotic analysis in [84].

Theorem 2.1 (see [84]). Let l ≤ 1. Assume the initial datum (zλ0 , E
λ
0 ) satisfies⎧⎪⎪⎨

⎪⎪⎩
zλ0 =z00(x) + λf(x)z1+

(x
λ
, 0
)
+ λg(x)z1−

(
1− x

λ
, 0

)
+ λzλ0R(x),

Eλ
0 =E0

0(x) + f(x)E0
+

(x
λ
, 0
)
+ g(x)E0

−

(
1− x

λ
, 0

)
+ λEλ

0R(x),

(2.4)

with E0
0 ∈ C2(l+1)[0, 1],

E0
0(x)|x=0,1 = −Dx(x)

z00(x)
|x=0,1, (2.5)

∥∥zλ0R(x)∥∥H1 ≤M
√
λ,

∥∥∂2
xz

λ
0R(x)

∥∥
L2

x
≤Mλ− 1

2 ,

∥∥∂j
xE

λ
0R(x)

∥∥
L2

x
≤Mλ

1
2−j , j = 0, 1, 2.

Then, for any T ∈ (0, T0), there exist positive constants M and λ0, λ0 
 1 such that,
for any λ ∈ (0, λ0],

sup
0≤t≤T

(∥∥(zλR, Eλ
R, z

λ
R,x, z

λ
R,t

)∥∥
L2

x

+ λ
∥∥(Eλ

R, E
λ
R,x, E

λ
R,t

)∥∥
L2

x

)
≤M

√
λ1−δ,
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for any δ with 0 < δ < 1.

Remark 2.1. The compatibility assumption (2.5) in Theorem 2.1 is important
in the analysis. It guarantees that one can take the well-prepared initial datum (2.4)
instead of the general initial datum, and hence the ansatz is appropriate in this case
while, generally speaking, its breakdown will introduce an extra layer of mixing of fast
time and fast space scales.

For the drift-diffusion-Poisson system with much more restrictive assumptions
on the doping profile, Gasser, Hsiao, Wang and Markowich [25], Jüngel and Peng
[45], and Schmeiser and Wang [71] studied the corresponding small parameters limits
problems. For quasi-neutral limit in the case of more general doping profile for drift-
diffusion-Poisson system, see [83]. Further applications on electro-hydrodynamics, see
[48, 81].

3. Applications of Hsiao’s Plasma PDE theory to Euler-Maxwell equa-
tions. The most important applications of Hsiao’s PDE theory on semiconductor and
plasma is to study the Euler-Maxwell (E-M) system on plasma. Usually, it takes the
form of the compressible Euler equations forced by the electromagnetic field, which is
governed by the Maxwell equation (see [7, 60, 78])

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tnν + div (nνuν) = 0,

mν∂t (nνuν) +mνdiv (nνuν ⊗ uν) +∇pν = qνnν (E + γuν ×B)−mν
nνuν

τν
,

∂tEν + div (Eνuν + pνuν) = qνnνuνE − nν (Iν − I∗)
τν

−mν
nν |uν |2

τν
,

γλ2∂tE −∇×B = −γ (qiniui + qeneue) , λ2divE = ni − ne,

γ∂tB +∇× E = 0, ∇ ·B = 0, ν = e, i, (t, x) ∈ R
+ × Ω,

(3.1)

where Ω = R
3 or T

3, in which T
3 =

(
R

2π

)3

stands for a torus in R
3. Here, the

unknowns ni > 0, ui ∈ R
3 and θi > 0 (respectively, ne > 0, ue ∈ R

3 and θe > 0) are
the density, the velocity and the absolute temperature of the ion (respectively, the
electron), E ∈ R

3 is the electric field and B ∈ R
3 is the magnetic field. Moreover, the

functions

pν = nνθν , Eν = nν

(
Iν +

1

2
|uν |2

)
and Iν =

3

2
θν , ν = i, e,

denote the pressure, the total energy and the internal energy, respectively. The con-

stants qi = 1, qe = −1, θ∗ > 0 and I∗ =
3

2
θ∗ represent the charge of ions, the

charge of electrons, the background temperature and the background internal energy,
respectively.

Roughly speaking, the works on the E-M system in this section can be regarded as
the extensions or applications of Hsiao’s PDE theory on semiconductor and plasma.
See [4, 6, 10, 25, 28], [33]-[42], [68, 71, 75, 79, 82] and the references therein.

The physical parameters τν > 0 stands for the momentum relaxation time, mν > 0
stands for the mass of charged particle, λ > 0 stands for the scaled Debye length and

γ > 0 can be chosen to be proportional
1

c
, where c = (ε0μ0)

− 1
2 is the speed of light,

with ε0 and μ0 being the vacuum permittivity and permeability.
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There are many mathematical investigations in numerical simulations [11], the
asymptotic limits with small parameters and the stability of equilibrium solutions for
E-M systems.

3.1. The small parameter limits. It is well-known that the physical param-
eters in system (3.1) are small compared to the physical size of the known variables.
Thus, regarding τν , mν , γ and λ as singular perturbation parameters, we can study
the limits in the system (3.1) as these parameters tend to zero or infty. The limit
λ→ 0 leads to ne = ni, which is the quasi-neutrality of the plasma. Hence, λ→ 0 is
called the quasi-neutral limit. Also, τν → 0, γ → 0, me/mi → 0 and mi/me →∞ are
physically called the zero-relaxation limit [32], the non-relativistic limit [63], the zero-
mass-electrons limits [27] and the Infinity-Ion-Mass (I-I-M) limit [19], respectively.
For the other physical meaning of the dimensionless parameters λ and γ, we refer to
[5] for a similar choice of the scaling in the Vlasov-Maxwell equations.

The first mathematical study of the one-dimensional simplified isentropic E-M
system is due to Chen-Jerome-Wang [8], where the global existence of entropy solu-
tions is proved by the compensated compactness argument. After that, Peng-Wang
[63, 65] prove that the limit γ → 0 is the one-fluid compressible Euler-Poisson system
and the limit λ → 0 is the e-MHD equations. Later on, Peng-Wang [64] prove also
that the combined non-relativistic and quasi-neutral limit γ = λ2 → 0 is the one-fluid
incompressible Euler equations. The justification of these limits is rigorous for smooth
periodic solutions in time intervals independent of the parameters γ and λ. Further-
more, the two-fluid E-M equations are studied in [3], where the formal asymptotic
analysis is performed to derive a hierarchy of models for plasmas. Next, Peng-Wang
[66] study independently, by means of asymptotic expansions, the zero-relaxation
limit τν → 0, the non-relativistic limit γ → 0 and the combined non-relativistic and
quasi- neutral limit γ = λ2 → 0. Recently, Feng-Li-Wang prove that the I-I-M limit
mi/me → ∞ is the one-fluid compressible non-isentropic Euler-Maxwell (N-E-M)
equations [19].

We define the small parameter ε = 1/
√
mi. Thus the I-I-M limit means letting

ε → 0. By keeping mν > 0 and taking the other parameters to be unity, for nν > 0
and θν > 0, system (3.1) is turned into⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tnν + div (nνuν) = 0,

mν∂tuν +mν (uν · ∇)uν +
1

nν
∇ (nνθν) = qν (E + uν ×B)−mνuν ,

∂tθν +
2

3
θνdivuν + uν · ∇θν = − (θν − θ∗) ,

∂tE −∇×B = neue − niui, divE = ni − ne,

∂tB +∇× E = 0, divB = 0, ν = i, e, (t, x) ∈ (0,+∞)× T
3,

(3.2)

supplemented by the following initial condition

(nν , uν , θν , E,B)|t=0 = (nν,0, uν,0, θν,0, E0, B0), ν = i, e, x ∈ T
3, (3.3)

satisfying the compatibility condition

divE0 = ni,0 − ne,0, divB0 = 0, x ∈ T
3. (3.4)

Obviously, (nν , uν , θν , E,B) = (1,0, θ∗,0, B∗) is a constant equilibrium state of
system (3.2) in which B∗ ∈ R

3 is any constant vector. The two-fluid N-E-M system
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(3.2) is symmetrizable hyperbolic for nν , θν > 0, then according to the classical result
of Kato [46], the periodic problem (3.2)-(3.4) has a unique local smooth solution when
the initial data are smooth.

It is well known that in plasma physics, ions move much more slowly than elec-
trons. Thus, based on physical hypothesis

ni = b(x), ui = 0 and θi = θ∗, (3.5)

system (3.2) becomes the one-fluid N-E-M system⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tne + div (neue) = 0,

∂tue + (ue · ∇)ue +
1

ne
∇ (neθe) = − (E + ue ×B)− ue,

∂tθe +
2

3
θedivue + ue · ∇θe = − (θe − θ∗) ,

∂tE −∇×B = neue, divE = b(x)− ne,

∂tB +∇× E = 0, divB = 0, (t, x) ∈ (0,+∞)× T
3.

(3.6)

Due to the fact that ions are much heavier than electrons, we let the ratio
me/mi → 0. There are two different ways to investigate this limiting procedure.
One is setting mi = 1 and letting me → 0, which is called the zero-electron-mass limit
(see [1, 2, 27, 44, 89, 90] and references therein). The other is setting me = 1 and
letting mi → +∞, which is called the I-I-M limit, and was recently introduced in [86].

3.1.1. Results on the local-in-time convergence. For the local-in-time con-
vergence, it is not necessary to introduce the velocity and temperature dissipation
terms in (3.2). Hence, (3.2)-(3.4) becomes⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tn
ε
i + div (nε

iu
ε
i ) = 0,

∂tu
ε
i + (uε

i · ∇)uε
i + ε2

1

nε
i

∇ (nε
i θ

ε
i ) = ε2 (Eε + uε

i ×Bε) ,

∂tθ
ε
i +

2

3
θεi divu

ε
i + uε

i · ∇θεi = 0,

∂tn
ε
e + div (nε

eu
ε
e) = 0,

∂tu
ε
e + (uε

e · ∇)uε
e +

1

nε
e

∇ (nε
eθ

ε
e) = − (Eε + uε

e ×Bε) ,

∂tθ
ε
e +

2

3
θεedivu

ε
e + uε

e · ∇θεe = 0,

∂tE
ε −∇×Bε = nε

eu
ε
e − nε

iu
ε
i , divEε = nε

i − nε
e,

∂tB
ε +∇× Eε = 0, divBε = 0, (t, x) ∈ (0,+∞)× T

3,

(3.7)

with the initial condition

(nε
ν , u

ε
ν , θ

ε
ν , E

ε, Bε)|t=0 = (nε
ν,0, u

ε
ν,0, θ

ε
ν,0, E

ε
0 , B

ε
0), ν = i, e, x ∈ T

3, (3.8)

which satisfies the compatibility condition

divEε
0 = nε

i,0 − nε
e,0, divBε

0 = 0, x ∈ T
3. (3.9)

By the classic theory of Kato [46] for the symmetrizable hyperbolic system, we
have
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Proposition 3.1 (Local existence of smooth solutions, see [46, 58]). Let s ≥ 3
be an integer. Suppose (nε

ν,0, u
ε
ν,0, θ

ε
ν,0) ∈ Hs(T3) with nε

ν,0, θ
ε
ν,0 ≥ 2κ for some given

constant κ > 0 independent of ε. Then there is T ε
e > 0 such that problem (3.7)-

(3.9) admits a unique smooth solution (nε
ν , u

ε
ν , θ

ε
ν , E

ε, Bε) defined on the time interval
[0, T ε

e ], which satisfies nε
ν , θ

ε
ν ≥ κ and

(nε
ν , u

ε
ν , θ

ε
ν , E

ε, Bε) ∈ C([0, T ε
e ];H

s(T3)) ∩ C1([0, T ε
e ];H

s−1(T3)), ν = i, e.

3.1.2. Asymptotic expansion. We look for an approximation of solution
(nε

ν , u
ε
ν , θ

ε
ν , E

ε, Bε) to (3.7) under the form of a power series in ε. Assume that the
initial data (nε

ν,0, u
ε
ν,0, θ

ε
ν,0, E

ε
0 , B

ε
0) admit an asymptotic expansion with respect to ε,

(nε
ν,0, u

ε
ν,0, θ

ε
ν,0, E

ε
0 , B

ε
0)(x) =

∑
j≥0

ε2j
(
n̄j
ν , ū

j
ν , θ̄

j
ν , Ē

j , B̄j
)
(x) , ν = i, e, (3.10)

where
(
n̄j
ν , ū

j
ν , θ̄

j
ν , Ē

j , B̄j
)
j≥0

are sufficiently smooth. Then we make the following
ansatz,

(nε
ν , u

ε
ν , θ

ε
ν , E

ε, Bε) (t, x) =
∑
j≥0

ε2j
(
nj
ν , u

j
ν , θ

j
ν , E

j , Bj
)
(t, x) , ν = i, e. (3.11)

Then plugging (3.11) into system (3.7) and comparing the coefficients of ε, we obtain

Proposition 3.2 (see [19]). Assume (3.10), in which
(
n̄j
ν , ū

j
ν , θ̄

j
ν , Ē

j , B̄j
)
j≥0

are

smooth enough. And let the conditions in Proposition 3.1 hold. Then there exists
a positive time Ta > 0, which is independent of ε, such that there exists a unique
asymptotic expansion in the form of (3.11) with profiles

(
nj
ν , u

j
ν , θ

j
ν , E

j , Bj
)
j≥0

defined

on [0, Ta]× T
3 up to any order of ε.

3.1.3. Error estimates and main results. Let m ≥ 1 be a fixed integer and
denote the approximate solution of order m by

(
nm
ν,ε, u

m
ν,ε, θ

m
ν,ε, E

m
ε , Bm

ε

)
(t, x) =

m∑
j=0

ε2j
(
nj
ν , u

j
ν , θ

j
ν , E

j , Bj
)
(t, x) ,

where
(
nj
ν , u

j
ν , θ

j
ν , E

j , Bj
)
0≤j≤m

are constructed in the previous subsection. We define

the remainders (Rε,m
nν

, Rε,m
uν

, Rε,m
θν

, Rε,m
E ) by⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tn
m
i,ε + div

(
nm
i,εu

m
i,ε

)
= Rε,m

ni
,

∂tu
m
i,ε +

(
um
i,ε · ∇

)
um
i,ε + ε2

(
θmi,ε
nm
i,ε

∇nm
i,ε +∇θmi,ε

)
− ε2

(
Em

ε + um
i,ε ×Bm

ε

)
= Rε,m

ui
,

∂tθ
m
i,ε +

2

3
θmi,εdivu

m
i,ε + um

i,ε · ∇θmi,ε = Rε,m
θi

,

∂tn
m
e,ε + div

(
nm
e,εu

m
e,ε

)
= Rε,m

ne
,

∂tu
m
e,ε +

(
um
e,ε · ∇

)
um
e,ε +

θme,ε
nm
e,ε

∇nm
e,ε +∇θme,ε + Em

ε + um
e,ε ×Bm

ε = Rε,m
ue

,

∂tθ
m
e,ε +

2

3
θme,εdivu

m
e,ε + um

e,ε · ∇θme,ε = Rε,m
θe

,

∂tE
m
ε −∇×Bm

ε − nm
e,εu

m
e,ε + nm

i,εu
m
i,ε = Rε,m

E , divEm
ε − nm

i,ε + nm
e,ε = 0,

∂tB
m
ε +∇× Em

ε = 0, divBm
ε = 0, (t, x) ∈ (0,+∞)× T

3.
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According to the fact that the approximate solution
(
nm
ν,ε, u

m
ν,ε, θ

m
ν,ε, E

m
ε , Bm

ε

)
is

smooth enough, a direct computation implies

sup
0≤t≤Ta

∥∥(Rε,m
nν

, Rε,m
uν

, Rε,m
θν

, Rε,m
E

)
(t)

∥∥
L2(T3)

≤ Cε2m+2, ν = e, i. (3.12)

Let (nε
ν , u

ε
ν , θ

ε
ν , E

ε, Bε) be the exact local smooth solution obtained in Proposi-
tion 3.1. When the convergence holds at t = 0, establishing the convergence of the
asymptotic expansion (3.11) is to prove that

(nε
ν , u

ε
ν , θ

ε
ν , E

ε, Bε)− (
nm
ν,ε, u

m
ν,ε, θ

m
ν,ε, E

m
ε , Bm

ε

)→ 0,

and obtain its convergence rate as ε → 0 on a time interval independent of ε. It
follows that the local-in-time convergence for the I-I-M mass limit.

Theorem 3.1 (see [19]). Let the conditions in Propositions 3.1 and 3.2 hold.
Let s ≥ 3 and m ≥ 1 be integers. Assume∑

ν=i,e

∥∥(nε
ν,0 − nm

ν,ε (0, ·) , θεν,0 − θmν,ε (0, ·)
)∥∥

Hs(T3)

+
1

ε

∥∥(uε
i,0 − um

i,ε (0, ·)
)∥∥

Hs(T3)

+
∥∥(uε

e,0 − um
e,ε (0, ·) , Eε

0 − Em
ε (0, ·) , Bε

0 −Bm
ε (0, ·))∥∥

Hs(T3)

≤ C1ε
2m+2,

(3.13)

where C1 is a positive constant independent of ε, then there is a positive constant C2,
which depends on Ta but is independent of ε, such that as ε → 0, we have T ε

e ≥ Ta,
and the local smooth solution (nε

ν , u
ε
ν , θ

ε
ν , E

ε, Bε) to the periodic problem (3.7) satisfies

sup
0≤t≤Ta

‖(nε
ν , u

ε
ν , θ

ε
ν , E

ε, Bε)(t)− (
nm
ν,ε, u

m
ν,ε, θ

m
ν,ε, E

m
ε , Bm

ε

)
(t)‖Hs(T3) ≤ C2ε

2m+1.

3.2. stability of constant equilibrium solution. For the 3-d isentropic E-M
systems, the existence of global smooth small solutions to the Cauchy problem in R

3

is established for s ≥ 3 and the asymptotic behaviors of solutions when s ≥ 4 [77].
By using suitable choices of symmetrizers and energy estimates, the global existence
and the long time behaviors of smooth solutions to the periodic problem in T

3 and to
the initial value problem in R

3 for s ≥ 3 are established [67, 61]. By high- and low-
frequency decomposition methods, uniform (global) classical solutions to the initial
value problem in Besov spaces with critical regularity is constructed [87, 88]. For
s ≥ 4, by the tools of Fourier analysis, the decay rates of global smooth solutions
in Lq with 2 ≤ q ≤ ∞ when the time goes to infinity are presented [15, 16]. And
for s ≥ 6, the long-time decay rates of global smooth solutions in Hs−2k(R3) with
0 ≤ k ≤ [

s/2
]
are also established [76]. For the three-dimensional one-fluid N-E-M

systems, the existence of global smooth small solutions to the Cauchy problem in R
3

is established [23]. They consider (3.6) with the initial condition

(ne, ue, θe, E,B)|t=0 = (ne0, ue0, θe0, E0, B0), in R
3, (3.14)

satisfying the compatibility condition

∇ · E0 = 1− ne0, ∇ ·B0 = 0, in R
3, (3.15)
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and obtain

Theorem 3.2 (see [23]). Let s ≥ 4. There exist δ0 > 0 and C0 > 0 such that if

‖(ne0 − 1, ue0, θe0 − 1, E0, B0)‖Hs(R3) ≤ δ0,

then, problem (3.6) and (3.14)-(3.15) admits a unique global solution (ne, ue, θe, E,
B) with

(ne − 1, ue, θe − 1, E,B) ∈ C1
(
R

+;Hs−1(R3)
) ∩ C

(
R

+;Hs(R3)
)

and

sup
t�0

‖(ne(t)− 1, ue(t), θe(t)− 1, E(t), B(t))‖Hs(R3)

≤ C0 ‖(ne0 − 1, ue0, θe0 − 1, E0, B0)‖Hs(R3) .

Moreover, there exist δ1 > 0 and C1 > 0 such that if

‖(ne0 − 1, ue0, θe0 − 1, E0, B0)‖H13(R3) + ‖(ue0, E0, B0)‖L1(R3) ≤ δ1,

then the solution (ne, ue, θe, E,B) satisfies that for any t ≥ 0,

‖(ne(t)− 1, θe(t)− 1)‖Lq(R3) ≤ C1(1 + t)−
11
4 , ∀ 2 ≤ q ≤ +∞,

‖(ue(t), E(t))‖Lq(R3) ≤ C1(1 + t)−2+ 3
2q , ∀ 2 ≤ q ≤ +∞,

‖B(t)‖Lq(R3) ≤ C1(1 + t)−
3
2+

3
2q , ∀ 2 ≤ q ≤ +∞.

Furthermore, the global existence and large time decay rates of smooth solutions
to the two-fluid N-E-M system (3.1) was obtained by Wang-Feng-Li [80] in R

3. They
study the Cauchy problem (3.2)-(3.4), and obtain that the total densities, total tem-
peratures, and magnetic field of two carriers converge to the equilibrium states at

the same rate (1 + t)−
3
2+

3
2q in Lq norm. But both the difference of densities and the

difference of temperatures of two carriers decay at the rate (1 + t)−2− 1
q , and the

velocity and electric field decay at the rate (1 + t)−
3
2+

1
2q . This phenomenon on the

charge transport shows the essential difference between the N-E-M and the bipolar
isentropic E-M system.

Moreover, for the E-M systems without damping, an additional relation was made
to establish such a global existence result for the one-fluid E-M system [26]. And if
there is no velocity dissipation in the two-fluid system (3.1), Guo-Ionescu-Pausader
[30] proved the global existence of smooth solutions to (3.1) in R

3 with the initial
assumption B0 = ∇ue,0 = −∇ui,0. For more related topics, we refer to [14, 26] and
the references therein.

3.3. stability of non-constant equilibrium solution. All these results in the
previous section hold when b(x) is a positive constant. When b(x) is a small perturba-
tion of a constant, the Cauchy problem for compressible E-M systems are considered
[56, 85], and the time decay rates of smooth solutions are established. We can also
see the similar results for viscosity systems [20, 51]. When b(x) is large, such a stabil-
ity problem is much more complicated than before. Motivated by the Guo-Strauss’s
work in [31], by employing an induction argument on the order of the derivatives of
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solutions, the stabilities of non-constant equilibrium solutions for the isentropic E-M
systems [62, 21, 55, 54] and N-E-M systems with temperature diffusion terms [22, 50],
respectively. Recently, with the help of choosing a new symmetrizer matrix, the sta-
bility of the one-fluid N-E-M systems are considered in [52, 53]. Very recently, for
smooth initial data near the non-constant steady state, the global existence and large
time convergence of smooth solutions to the periodic problem of the two-fluid N-E-M
system was obtained by Feng-Li-Wang [18] in T

3. They consider the periodic problem
for the two-fluid N-E-M system :⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tnν +∇ · (nνuν) = 0,

∂tuν + (uν · ∇)uν +
1

nν
∇pν = qν(E + uν ×B)− uν ,

∂tθν + uν · ∇θν + θν∇ · uν =
1

2
|uν |2 − (θν − 1),

∂tE −∇×B = neue − niui, ∇ · E = ni − ne + b(x),

∂tB +∇× E = 0, ∇ ·B = 0, ν = e, i, (t, x) ∈ R
+ × T

3,

(3.16)

with the initial condition (3.3) which satisfies the compatibility condition

∇ · E0 = ni0 − ne0 + b(x), ∇ ·B0 = 0, x ∈ T
3, (3.17)

and obtain

Theorem 3.3 (see [18]). Let s ≥ 3 and (3.17) hold. Let B̄ ∈ R
3 be any given

constant vector and (n̄ν , 0, 1, Ē, B̄) be an equilibrium solution of (3.16) satisfying
n̄ν ≥ const. > 0. Then there exist constants δ0 > 0 and C > 0, independent of
any given time t > 0, such that if

‖(nν0 − n̄ν , uν0, θν0 − 1, E0 − Ē, B0 − B̄)‖Hs(T3) ≤ δ0, ν = e, i,

periodic problem (3.16) with (3.3) has a unique global solution (nν , uν , θν , E,B) sat-
isfying∑

ν=e,i

||| (nν (t, ·)−n̄ν , uν (t, ·) , θν (t, ·)−1) |||2s+|||
(
E (t, ·)−Ē, B (t, ·)−B̄

) |||2s
+

∫ t

0

⎛
⎝ ∑

ν=e,i

||| (nν (τ, ·)− n̄ν , uν (τ, ·) , θν (τ, ·)− 1) |||2s + |||E (τ, ·)− Ē|||2s−1

+|||∂τB (τ, ·) |||2s−2 + |||∇B (τ, ·) |||2s−2

)
dτ

≤ C
∑
ν=e,i

|| (nν0 − n̄ν , uν0, θν0 − 1, E0 − Ē, B0 − B̄
) ||2Hs(T3), ∀ t ≥ 0. (3.18)

Furthermore,

lim
t→∞ |||(nν(t)− n̄ν , uν(t), θν(t)− 1)|||s−1 = 0, ν = e, i, (3.19)

lim
t→∞ |||E(t)− Ē|||s−1 = 0, (3.20)

and

lim
t→+∞

(‖|∂tB(t)‖|s−2 + ‖|∇B(t)‖|s−2

)
= 0, (3.21)
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where ||| · |||m is defined as

|||f |||m =

√ ∑
k+|α|≤m

‖∂k
t ∂

αf‖2, ∀f ∈ Bm,T (T) =
m∩

k=0
Ck

(
[0, T ] , Hm−k (T)

)
.
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