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Abstract. This paper is concerned with the time-asymptotically nonlinear stability of contact
discontinuity to the Cauchy problem of a one-dimensional viscous radiative and reactive gas with
large initial perturbation. Our main idea is to use the smallness of the strength of the contact
discontinuity to control the possible growth of its solutions induced by the nonlinearity of the system
and interactions between the solutions and the contact discontinuity. The key point in our analysis
is to obtain the uniform positive lower and upper bounds on the specific volume and the absolute
temperature.
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1. Introduction and main result. This paper is concerned with the large-time
behavior of global smooth large-amplitude solutions to the Cauchy problem for the
1D viscous radiative and reactive gas. The model consists of the following equations
in the Lagrangian coordinates corresponding to the conservation laws of the mass, the
momentum and the energy coupling with a reaction-diffusion equation (cf. [2, 21, 34])
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Here x € R is the Lagrangian space variable, t € R the time variable and the primary
dependent variables are the specific volume v = v (¢, z), the velocity u = u (¢, x), the
absolute temperature ¢ = 6 (¢,x) and the mass fraction of the reactant z = z (¢, ).
The positive constants d and A\ are the species diffusion coefficient and the difference
in the heat between the reactant and the product, respectively. The reaction rate
function ¢ = ¢ (0) is defined, from the Arrhenius law [3, 34], by

6 (0) = K0P exp (?) , (1.2)

where positive constants K and A are the coefficients of the rates of the reactant and
the activation energy, respectively, and [ is a non-negative number.
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We treat the radiation as a continuous field and consider both the wave and
photonic effect. Assume that the high-temperature radiation is at thermal equilibrium
with the fluid. Then the pressure p and the specific internal energy e consist of a linear
term in 6 corresponding to the perfect polytropic contribution and a fourth-order
radiative part due to the Stefan-Boltzmann radiative law [29, 34]:

RO ab?t
9 = — _—
p(v,0) T3

where the positive constants R, C, and a are the perfect gas constant, the specific
heat and the radiation constant, respectively.

As in [21, 34, 35], we also assume that the bulk viscosity u is a positive constant
and the thermal conductivity k = & (v, 0) takes the form

e(v,0) = C,0 + avh?, (1.3)

K (v,0) = K1 + Kovh® (1.4)

with k1, ko and b being some positive constants. Moreover, the initial data is given
by

(v(t,x),u(t,x),0(t,x),z(t ) |li=o = (vo (z),up (x),0 (), 20 (z)) (1.5)

for z € R, which is assumed to satisfy the following far-field condition:

lm (vg (z),up (x),00 (z),20 (z)) = (v, us,04,0), (1.6)
|z]— o0
where v+ > 0, u4 and 4 > 0 are constants.

Many results have been obtained recently on the global solvability and the pre-
cise description of the large time behavior of the global solutions constructed to the
intial/initial-boundary value problems to the system (1.1), (1.2), (1.3), (1.4). To
the best of our knowledge, the results for the corresponding initial-boundary value
problems in bounded interval are quite complete, cf. [2, 13, 14, 31, 34, 35] and the
references therein. For the Cauchy problem (1.1), (1.2), (1.3), (1.4), (1.5), (1.6),
when the far-fields (vi,us,60+) of the initial data (vo(x),ug(z),00(x)) are equal, i.e.
(v_,u_,0_) = (vy,us,0;), its global solvability and the time asymptotically nonlin-
ear stability of the trivial equilibrium state (v_,u_,6_) are obtained in [21]. We note
that, however, that for the case when the far fields (vy,uy,0+) of the initial data
(vo(x),up(x),0p(x)) are not equal, i.e., (v_,u_,0_) # (vy,us,0y), the asymptotics
of the global solutions should be nontrivial and are expected to be determined by the
unique global entropy solution (V" (x,t),U"(x,t),0"(x,t), Z"(t,x)) of the following
resulting Riemann problem of the corresponding compressible Euler equations

v — Uy =0,
Ut +p(v,0)$ = 07
u2
¢
zZt = 0
with Riemann data
(v(t, ), u(t, ), 0(t, x), 2(t, ) [i=0 = (v5(2), ug(x), O (), 25 ()

(v_,u_,0_,0), =<0,
(v+7u+30+70)a z > 0.

(1.8)
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The case when the unique global entropy solution (V" (x,t), U"(x,t), ©" (x,t), Z" (¢, x))
to the Riemann problem (1.7), (1.8) consists of only rarefaction waves is studied in
[5] and the main purpose of this paper focuses on the case when the unique global
entropy solution (V" (z,t),U"(x,t),0"(x,t), Z"(t,z)) is a contact discontinuity. For
such a case, we have, cf. [32]

RO_  ab* :R9++@

U =Uyp, P = +T_p+

v_ Uy 3

and the unique contact discontinuity solution (VCD (t, ), U°P(t,x),0P(t,z),
Z9P(t,z)) of the Riemann problem (1.7),(1.8) takes the form

(VCD(L‘7 x), UL (t,z),0°P(t,z), ZCP(t, x))

) (v—yu—0-,0), <0, t>0 (1.9)
N (’U+7U+,9+,0)7 $>0, t > 0. ’

To study the time asymptotically nonlinear stability of the contact disconti-
nuity (VEP(t,2), USP(t,z), 0P (t,2), ZCP(t,z)), as in [10, 12], we first construct
its smooth approximation, i.e. the so-called “viscous contact wave” (V(t,x),U(t, ),
O(t,x)) as follows.

Without loss of generality, we assume in the rest of this paper that u_ = uy =0,
if we set
RO a0*
— + — = 1.10
Vv + 3 P+, ( )
from which one can get that
RO
p+ — 300
provided that
1
Py — ga@4 > 0. (1.12)

Moreover, (1.10) indicates that the leading part of the energy equation (1.1) is

where E(V,0) = C,0 + aVO™.
By (1.1); and (1.10), (1.13) can be written as

IC
e (20000 ) 0o - (s e

Since k(V,0) = k1 + k20" > 0 and noticing that

OE(V,0) 3
—_— 4

56 C, +4aVO> > 0,
OE(V,0) 4
v - a®* > 0,

oV ¢+ 3a0°

= = >0,
96~ k9
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if we set

=
©
I

A(0)

_OB(V.0) | (DE(V,6) V(e
E oV P+ ) 750

then we can get that

If we further set
dH(O)
de

since A(©) and k(O) are smooth enough, so is H(O) and A is well defined and (1.13)
can be written as

— A©), A=H(®),

B (H~'(A)
It is easy to see that if (1.12) holds true, one can get that B(©) > 0, H'(©) > 0,
© = H7'(A) > 0, then one can get from [4, 6] that the two-point boundary value

xT

problem (1.14) admits a self-similar solution A(t,z) = A (\/1Tt> which is unique up to

a shift. Furthermore, A(¢) is monotone, increasing if H(64) > H(0_) and decreasing
it HO_) > H(04).

As to the condition (1.12), noticing that p_— = p; together with the fact that
©O(¢) is monotonic, one can easily deduce from the continuation argument that

1 RO_ RO
p+—a®42min{ , +}>O7
3 v vy

which means that (1.12) holds true.
Consequently, the two-point boundary value problem (1.14) admits a self-similiar

solution A(t,z) = A (\/%—&-t) which is unique up to a shift. Moreover, one can get that

there exists a positive constant C' depending only on 61 such that A satisfies

et (g ) )
<0()se 7, x>0 (1.15)

Here 0 := |6_ — 6| denotes the strength of the contact discontinuity and O(1) is some
generic positive constant independent of 4.

Since (1.12) holds true, © (\/%) € [min{f4 }, max{f,}] and H'(O) is continu-
ous, (1.15) leads to

oo el o) )
<O()seFr, tr >0, 1.16)

where O(1) is some positive constant depending only on 6.
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Once O(t,z) is determined, the viscous contact wave profile (V (¢, z),U(t,x),
O(t,z)) is then defined as follows:

RO

H.94 )
P+ —

V= U, =V, (1.17)

As shown in [10], the above constructed viscous contact wave (V (¢, x), U(t, ), (t,x))
is a nice approximation of the contact discontinuity (VCD (t,2), UCP(t,x),
OYP(t,x), Z°P(t,x)) and it is easy to see that the viscous contact wave (V(t,z),
U(t,z),0(t,x), Z(t,z)) solves (1.1) time asymptotically, that is

Vi—-U, =0,
U,
Ui+ P(V,0), M(V) + Ry, (1.18)
2
(Cv® +aVe?'), + P(V,0)U, = ~V,9)0q +MU—+R2,
7 v \%4
Z =0,
where
Ry =U; — % Ry = — U2 (1.19)
1=Us — [ % $, = HV .

With the above preparations in hand, our main result can be summarized as
follows:

THEOREM 1.1. Suppose that
o The parameters b and B are assumed to satisfy

1
b>z7, 0< B <b+6;

o There exist positive constants 0 <V <1,V > 1,0 i@ <1, © > 1 such that
2V <wo(z), V(t,x) < 3V, 20 < Oy(z), @(t,x) <10, V(t,z) € Ry xR, and

(vo(x) = V(0,2),up(x) — U(0,z),60(z) — O(0, ), 20(x)) € H' (R),
Ope (ug(z) —U(0,2)) € L* (R), 20(x) € L' (R),
0<z(z)<1, VzeR.

Then for any mgo > 0, there exists a sufficiently small positive constant &g,

which depends only on V., V, ©, © and mg, such that if 0 < 6 < & and
(w0 (x) — V(0,2), () — U(0,2), () — ©(0, 2, 20())llgszy < mo» the Cauchy

problem (1.1)-(1.6) admits a unique global solution (v(t,z),u(t,x),0(t,x),z(t,x))
which satisfies

Oy <o(t,x) <0,
T, <0t x)
0 < z(t,x)

25

IAIA
e
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for all (t,z) € [0,00) x R and

I = Viu= 0,0 - 0,2) (0)l3n )

<Cjs

holds for t > 0. Here 6& Cy and C3 are some uniform positive constants which
depend only on V., V, ©, © and my.
Moreover, it holds that

i, sup { ] (416:2) = Vit 21, 08.2) U (2),00.2) 00,29, 20.9))| } =0

Now we outline the main ideas used to yield our main result. The key point in our
analysis is to deduce the desired uniform positive lower and upper bounds on the spe-
cific volume v(t, ) and the absolute temperature 6(¢, x) and the main difficulties lie in
how to control the possible growth of the solutions (v(¢,x),u(t, z),0(t, x), z(¢t, z)) in-
duced by the nonlinearity of the equations and the interaction between the viscous con-
tact wave (V(t,2),U(t, z),O(t, x)) and the solutions (v(t,x), u(t, ), 0(t, x), z(t, z)).

Our strategy to overcome the above difficulties can be summarized as in the
following:

e We wuse the smallness of 4, the strength of the contact wave
(VEP(t,2), U P (t,z),0°P(t, 1)), to estimate the possible growth of the solu-
tions (v(t, x), u(t, z),0(t, ), z(t,x)) induced by the nonlinearities of equations
under our consideration and the interactions between the viscous contact wave
(V(t,x),U(t,x),0(t, z)) and the solutions (v(t, ), u(t, x),0(t, x), z(t, x));

e The specific volume v(t, ) is shown to be uniformly bounded from below and
above with respect to both the space variable and the time variable through
a delicate analysis based on the basic energy type estimate and the cut-off
technique introduced in [15] for 1D compressible Navier-Stokes equations for
ideal polytropic gases and used in [21] for a viscous radiative and reactive
gas;

e Motivated by [19, 21], we introduce the auxiliary functions X (¢), Y (¢), and
Z(t) (cf. (4.1)) to deduce the upper bound of 0(¢,z). Compared with the
analysis in [21], we do not need to introduce auxiliary function “W(t)” (cf.
(2.51) and (2.70) in [21]).

Before concluding this section, we notice that there has been extensive literature
on the stability analysis of basic wave patterns to the Cauchy problem of the one-
dimensional compressible Navier-Stokes equations with positive constant transport
coefficients, we refer to [17, 22, 25, 26, 33] for the viscous shock waves, [1, 18, 23, 27,
28, 30] for the rarefaction waves, [7, 10, 12, 24] for the viscous contact waves, and
[8, 9, 11] for certain superpositions of the above three types of basic wave patterns.
For the corresponding time asymptotically stability of the above three types of basic
wave patterns and/or their suitable superpositions with large initial perturbation, we
refer to [1, 7, 11, 18, 28, 30, 33] and the references cited therein.

The rest of the paper is arranged as follows: In Section 2, we give some properties
of the viscous contact wave and then deduce some basic energy type estimates. In
Section 3, we derive the uniform-in-time positive lower and upper bounds of the
specific volume v(¢,z). And in Section 4, we obtain the uniform-in-time upper bound
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of the absolute temperature 6(¢,x). Then the higher order energy type estimates
will be given in Section 5. Furthermore, a local-in-time positive lower bound on the
absolute temperature 6(t, ) and proof Theorem 1.1 are given in Section 6.

NOTATIONS. Throughout the rest of this paper, C', O(1), C;, C; or D; for i € N
will be used to denote a generic positive constant which is independent of ¢, § and x
but may depends on v, ux, 01, V, V, O, © and mg. C;i(-,-)(i € Z, ) stands for some
generic constants depending only on the quantities listed in the parentheses and ¢
represents some small positive constant. Note that all these constants may vary from
line to line.

For two functions f(x) and g(z), f(z) ~ g(x) as * — xo means that there
exists a generic positive constant C' > 0 which is independent of ¢, § and x but may
depend on vy, ux, 0+, V, V, ©, © and mg such that C~1f(z) < g(x) < Cf(x) in a
neighborhood of zy. B < B’ means that there is a generic positive constant C' > 0
independent of ¢, 6 and x such that B < C'B’, while B ~ B’ means that B < B’ and

B’ < B. H(R)(I > 0) denotes the usual Sobolev space with standard norm || - ||;, and

|l-llo = ||-]| will be used to denote the usual L2 -norm. For 1 < p < +o0, f(x) € LP(R),
1 . :

[ fllzr = (Jg |f(x)[Pdz)». Tt is easy to see that ||f|z2 = || -||. Finally, || - [z~ and

| - lloo are used to denoted || - || oo () and || - ||z ([0, x®) respectively.

2. Preliminaries. For the properties of the viscous contact wave (V(¢,x),
U(t,z),0(t,x), Z(t,z)) defined by (1.17), we have

LEMMA 2.1. Assume that § = |0, — 0_|. Then there exists a positive con-
stant Cy depending only on 6+ such that the viscous contact wave (V(t,x),U(t, ),
O(t,x), Z(t,x)) defined in (1.17) has the following properties:

V(t,2) — ve| + Ot 2) — o] < O(1)de™ 5T,  +a >0,

Clzz

[Vi(t,z)| + |O(t,z)| < O(1)(1 +t) Lo T4, (2.1)

Clm2

08V (t,2)| + |05 U (1, 2)| + [05O(t, 2)] < O()F(L+ )" F e~ T0, k> 1.

Consequently, one can deduce from (2.1) and the assumptions imposed in Theorem
1.1 that

14

IN

(t,z) <V, ©<06(tr) <o, (2.2)
(1)5(1 + )3

1%
|[Ri| <O

The following lemma will play important roles to obtain the basic energy type
estimates, whose proofs can be found in [8].

LEMMA 2.2. For 0 < T < oo, if we assume h(t,z) satisfies

h(t,z) € L>=(0,T; L*(R)), hy(t,z) € L*(0,T; L*(R)), hs(t,z) € L*(0,T; H '(R)),

T
/ / h*w?dzxdt (2.4)
0o Jr

S47T|\h(0)||2+4m_1/O ||hz(t)||2dt+8a/0 (he(t), h(t)g(t)*) rr-1 s dt

then



272 G. GONG, Z. XU AND H. ZHAO

holds for each oo > 0. Here

wlta) = (140 e HL g = [ w0, (2.5)

If we define the perturbation (p(t, ), (t, ), {(t,x)) by

(p(t,x),¥(t, x),((t,x)) = (v(t,x) — V(t,z),u(t,z) — U(t,x),0(t, ) — O(t,x)), (2.6)

then by combining (1.18) with (1.1),(1.2), one can find that the perturbation

71/}3? 207
Uy, Uy
¢t+(pp+)x#<v ) — Ry,

(C’vC + avf* — aV@4)t + (puy — pyUy) = <H( _

v
dzy
2t = (U2> — ¢z,
((P(t, x)v /(/)(tv iE), C(tv x)a Z(tv x)) |t:0 = (900(:1")7 ¢0($)7 C(](m)a Z()(‘T)) y T E R.
Here R;(i = 1,2) are defined by (1.19).
Suppose that (¢(t, z),¥(t, x),((t,z)) is a suitably regular solution of the Cauchy

problem (2.7) defined on [0, 7] x R for some 7" > 0, then we can get from Lemma 2.2
that

LEMMA 2.3. Let w(t,z) be defined by (2.5) and suppose that (¢(t,x),v(t, ),
C(t,x)) is a suitably reqular solution of the Cauchy problem (2.7) defined on [0,T] x
satisfying

Ml_l < ’U(t,l') < M17 M_l < 9(t l’) < M23 |U(t LE)| < M3a v(t? ) € [07T) X Rv

M= sup [lo(7)]l + sup [ ()l + sup [[¢(T)],
T€[0,t) T€[0,t T€[0,t)

then for a € (0, %] with Cy being the positive constant appeared in the estimate (2.1),
there exists a positive constant C, which depends only on «, such that the following
estimate holds for 0 <t <T

t
/ / (@2 + % + CQ) w?dzds
0 JR
T
< MY MZTIONS M7 MY Mg M2 / / pzdxdt (2.8)
0 R

T
+ MY MO My MO / / (@2 + 2 + (2) dadt.
0 R

Proof. For the corresponding nonlinear stability result with small initial pertur-
bation for 1D compressible Navier-Stokes equations, such a lemma is proved in [8].
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Since our main purpose here is to consider the nonlinear stability result with large
initial perturbation, we need to show the dependence of the right hand side of the
estimate (2.8) on the solution (¢ (¢, z), ¥ (t, z), ((t, z)).

To prove (2.8), it is easy to see that

p(v,0) —py =v~ <<R—C)C+ 36— p+90>

where & := C,¢ + (avd* — aVO?).
Denoting by

f= / (t.v)dy,
one can get that
1FC e < A +075, fiCt)lle < (1 +1)75 (2.9)

Multiplying (2.7), by v*(p—p4)f, integrating the resulting equation over R leads
to

% /]R [w(p — ps))* wdz

= (/szUQ(p—er)fda:)t—/vat¢(p—p+)fd$—/RU¢f [v(p = p+)], dx

—/Rv%(p—m)ftdw—/R(p—p+)2vvzfdw+u/R (if - l{f) [0 (p—py)f], da
+ [ Rt piysds (2.10)
R
6
= <A¢U2(p—p+)fdx> +ZK1'-
t =1
Equation (2.7), tells us that
K = - (R— S [woscn g [ woro-pousds
P (0000

_f/qﬂ f(u”«' — )dm+ /Rﬂ/wfdx—f//\qﬁzwvfdl“ (2.11)

2
-2 / P folde — / prodPuida

7 .
_ <R 3) /vafctda:qL;K;.

Using Holder inequality and Young inequality, we can deduce from Lemma 2.1
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and (2.9) that

[K1| + [ K3 | < OM||g,||? +CM(1 +1)73,
|K3) < OMEME(L+ )% ([al® + 1IGal? + lleal?)
+OMIMIM?(1+1)73,
|K3| < CM? M|, ||* + CMPMsM?(1+1) 72,
|K3| < OM Mo M?(1 + )%,

K| < CMy My / pad,
R
IKQch/w%AM+CMUWN”HwM%+CM%LHY2
R
1 _
K]+ 151 = [ pevttuida + OM (ol + lleal) + CMA 1+ 1)
R
|K3| < CMPMSM?(1+1)" %,
musCMﬂﬁqéwuw%wm+0MMQmQW+wm%

+OMIMEMO (1 + 1)~
Ks| < OM3 M2 2 2 D+ OM3MEIM?(1 +t)72
|Ks| < P M3 (16 1P + N[0 + lloall?) + CMP My M?(1 + 1)
|Kg| < CM2MAM?(1+1¢)"%

Combining (2.10), (2.11), (2.12)-(2.22), we can get that

//{KR_>C+€ p+<pr+p+vw2}w2dx

(2.12)

(2.20)
(2.21)

(2.22)

(2.23)

C, g
< (R=G) [woscas st a [ (IGIP+ lnl? + lal?)
0

T
+C M, M3 / / pzdxdt + CMFMETEMO,
0 R

Similarly, if we take h = C,€ + pyp in Lemma 2.2, we can deduce from
that

(he,hg®) 15 + J1 < COMYMYTP (5 + 77)/((2 + " wde
R
C
+fM{‘M§+5Ms (NGl + llpall® + Nz l1?)
+OM2ME / pzdr + CMPMB(1+1)" 2,

where 77 > 0 can be chosen sufficiently small and

Jy = —/Rh(p — py)YagPde.

(2.7),

(2.24)
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Since p; = 1, , one can deduce that

3y, — {/U*lhg2¢[h+(3R—cv)c—2p+so] dm}
R

t

~a v e bt (BR = C)C - 2pap]wnda
2a Jp

1/ _
+§/v *usg®@[(h+ (3R — Cu)¢ — 4pyp) (h — (3R — Cy)¢ + 4pyp) + 2p1 ph] dx
R

+/l; <I€(U,/U0)0x _ H(V7‘(;))®x> U—192¢[2h+ (SR _ C’U)C _ 4p+§0]}zdm (225)

up  UZ

—M/ (— — —) v g0 [2h + (B3R — C,)¢ — 4py o] dx
R\ U \%
+ / Rov ™ 'g*0[2h + (3R — C\,)¢ — 4py o] dx:

R

- / Mpzv g% p [2h 4 (3R — C,)¢ — 4p1]dz — (3R — C) / v P hedx
R R

6
— (3R —Cy) / v gt hGdz + Y T

t R i=1

= {/Rv_lthLp [h+ (3R — Cu)¢ — 2p+ ) dx}

Similarly, one can get that

|JH < OMEMS (|G |1? + llpal|?) CMFMEM =% (1 4+ )73, (2.26)
T2 < CMYMEM? (|G |® + ¢l + lla|?) CMIMEM?(1+8)72,  (2.27)
T3] < CMOMES (|G| + lal®) + CMEMPTH(1 + )73, (2.28)
[Ji] < OMI My M ([[¢a]® + [|U]%) (2.29)
TP < CMPME(1+1)73, (2.30)
781 < euptp [ guda. (2.31)

Combining (2.24), (2.25), (2.26)-(2.31), we can finally get that
4 C
/ /(Cv€+p+<p)2w2 < (R— ”)/v_ngthdw
o Jr 3 /) Jr
T
+OMEME My [ (G + l? + e ) @ (232)
T
+C M} My / / pzdxdt + CMIMZTS,
o Jr
Combining (2.32) and (2.23), one can deduce
T
/ / (¢* + ¢ + %) w’dzds
o Jr

T
< MY MEYTOMS + oM ME / /(wuf+flg?h) Cedaxdt
0 R

(2.33)

T T
+ M MET3 Mg M / / pzdxdt + MY M0 Mz MO / / (@2 + 2 + () dadt.
0 R 0 R
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Noticing that (; satisfies

(Cu + av®) ¢ + KR - 4Cv) ¢+ 4§”€ - p+s@} v g

3
+(py + a@MU, + 4a[p©? + C(6% + 60 + ©?)]0, (2.34)
2 2
— (n(vﬁ)@x _ s @)93”) + 1 <u"” - U‘”) — Ry + Mz,
v \%4 " v \%4

from (2.34) and by employing similar method, the second term in the right hand side
of (2.33) can be estimated as follows

/OT/R (Yof + v 'g*h) Gdadt

T
< OMPMy™2M° + C’MfMSHZM?’/O (ICall? + lleal® + lloall?) dt (2.35)

T
+C M3 M3 Ms / / pzddt.
0 R

Putting the above estimates (2.33) and (2.35) together, we can then complete the
proof of Lemma 2.3. O

To prove Theorem 1.1, for some positive constants 0 < T' < 400, M; > 0(i =
1,2,3), we first define X ([0, T]; My, Ma, M3), the set of functions for which we seek
the solution (p(t, x),¥(t, x),((t,x), 2(t,x)) of the Cauchy problem (2.7), as follows

X ([0, T]; My, M2, M3)

= (ap(t,x),w(t,x),g“(t,a:),z(t,x)) *]Ml_1

For the local solvability of the Cauchy problem (2.7), we can get that (cf. [32])

PROPOSITION 2.4 (Local solvability result). Let the initial data
(vo(x),uo(x),00(x), z0(x)) satisfy the conditions stated in Theorem 1.1, then
there exists a sufficiently small positive constant t1 > 0, which depends
only on V, V, ©, © and mg, such that the Cauchy problem (2.7) ad-
mits a unique solution (p(t,x),v(t,x),((t,z),z(t,x)) € X([O,tl];max{z_l,V},
max{0~",0},2(|U(0,z)| L~ +mo)) and satisfies

(), (1), <(1), 2(1) ||, < 2l(vo(@), uo(x), b0 (), 20(x))lly

for allt € [0,t1].

Suppose now that the local solution (p(¢,x),9¥(t,x),((t,x), z(t,z)) constructed
in Proposition 2.4 has been extended to the time interval [0,7] (" > t;) and
satisfies (p(t,x), ¥(t,x),C(t,x), z(t,x)) € X ([0,T]; M1, Ma, M3) for some positive
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constants M; (i = 1,2,3) satisfying M; > max{V 'V}, My > max{V 'V}
and Mz > 2(]JU(0,2)||L= + mo) (without loss of generality, we can assume that
M; > 1(i = 1,2,3) in the rest of this paper), we now turn to deduce the following a
priori estimates on (p(t, ), ¥(t, x), (¢, x), z(t, x)).

PROPOSITION 2.5 (A priori estimates). Let (o(t,z),¥(t,x),((t,x), 2(t,x)) €
X ([0,T); My, Ma, M3) be a solution to the Cauchy problem (2.7) defined on the strip
Iy =[0,T] x R, then if § > 0 is assumed to be sufficiently small such that

MM, (14 M%) § < 1
holds with M := sup |[|(¢(t),¥(t), ()|, then we can deduce that

t€[0,7)
Dyt <w(t,x) < Dy, (t,z) €[0,T] x R,
O(t,x) < Dy, (t,x)€[0,T] xR, (2.36)
Dy min{@(s, x)}
z€R

<s<t<T R
H(tx)_l—i—(t—s)mln{e(sx)}’ Ossstshze

and the following estimate

T
10,0000 [+ [ (el + 10(5). G0, 2 )R d < Ca (237

holds for all 0 < t < T. Here D( = 1,2,3) and Cy are some uniform positive
constants which depends only on V., V, ©, © and my.

Once Proposition 2.5 is proved, the unique local solution (p(t,x),¥(t,x),
¢(t,x), z(t,x)) constructed in Proposition 2.4 can be extended step by step to a global
one by using the continuation argument designed in [21]. Thus to prove our main re-
sult Theorem 1.1, we only need to prove Proposition 2.5 and the following lemma is
devoted to deducing the basic energy type estimate.

LEMMA 2.6. Under the assumptions listed in Proposition 2.5, then if 6 > 0
chosen sufficiently small such that

1
CM1100M2100b+100M3 (1 +M6) 5 < 5’

where C' is a fized positive constant whose precise range can be specified in the proof
of this lemma, we can get that the following estimates

0<z(t,z) <1, (2.38)
t
/Rz(t,a:)dx—k/o /Rd)(s,x)z(s,x)da:ds < Cs, (2.39)
t
/RZQ(t,x)dx —|—/O /R (522320 + ¢z2> (s,z)dxds < Cs, (2.40)

and

/ (t,x der/ / < G 9)42 + q:) (s, z)dxds < Cs (2.41)
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hold for all (t,z) € [0,T] x R. Here

1, v 0 G 9 (009 9
== RO ( — C,00 ( — = 30° + 200 + ©7)
1= q0* + RO® () + (@>+3”C< 200+ 67)
O(z)=xz—1—Inz, x>0
and Cs is some positive constant depending only on V., V, ©, © and mg, but inde-
pendent of My, My and Ms.

Proof. The estimate (2.38) can be obtained by applying the maximum principle
to (1.1)4, while the estimates (2.39) and (2.40) are standard L' and L?—estimates
for the scalar parabolic equation (1.1)4. To prove (2.41), we can get by multiplying

1 1
(2.7)1 by RO (v — =1, (2.7)2 by ¢ and (2.7)3 by ¢ and then adding the resulting

Vv 0
identities together that
1 2 v 0 Hoo C >‘¢Z<
<2w + ROD (V) +C,00 <@>)t+ Sy = Q4 Lo —wRi - 2R+ =5, (242)

where R;(i = 1,2) are given by (1.19), L and @Q are defined as follows:

pon(f =)o pags § (0D _HEE0) oy

\% v \%
B 1 1 v RO 9
@=-Fre ( B v) Vet RO () = 1 Vi
—% (av(94 — aV®4)t — g (puz — p+Us) (2.44)
Co 0 11
+@6t4 - C,0,P <@> + (P —p+)¢m — pab Uy <U - V>
C0C —0:¢ K(v,0)0, B k(V,0)0, LS ﬁ B Uig
02 v \% 0 \ v v )

Now we turn to control those terms related to the terms in the right hand side of
(2.42). To this end, since the solution (p(t, z),1(t, x), (¢, x), 2(t,x)) of the Cauchy
problem (2.7) is assumed to belong to X ([0, T]; My, My, M3), we can first get that

v 2 2 4 2 2
@(V)SCMlcp, @(@> < OM2C2.

Thus we can get from Lemma 2.1 that

¢ v RO_, Cy . o 0
oy 22 “ve,c? - ~ 2.4
/O/R<R®t<l>(v> T Vit h0C — 0,08 (®>)dxds (2.45)
t 2
< CMfMgé/ /(1—1—3)_1@*701% (I¢(s,2)[* + [o(s,2)|?) dads.
0o Jr
and
/t/ U, 11 dzds (2.46)
o JRr eV .

¢ . t O 22 ]
< 1/ /—ﬂe id:cds+CMfM§5/ /(1+s)—1e*ﬁ\¢|2dxds+chM§6. (2.47)
8 Jo Jr vl o Jr
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On the other hand, noticing

CuC (ui  UZ\ Ko 21C0sUs pUZCp
0 \ v 1% vl T 0 Vo '’

G — 0. (/@(U,G)@w _ w&(V, @)@x)
v

02 Vv
_ E(0,0)0 5 K(0,0)0:(06 | K(v,0)0,
N 062 G v6? + 0V Cop
_K(v,0) = K(V, e)C o _ 8Os +G) (K(v,0) (V.0
vl e 62 v \% ’
and
1 ¢ 1 n ¢

R0 (1= ) o= § (@8~ VO, - & (pus sV + 0 i)

(& 2 (ap2 2)) _ 4“7” 2 3 2 RU; ., ROU,
( vC? (30 +29@+@))t ©:C? (367 +200 +0%) — B+ =Gy
B 7 (Vi (6 = 0%) +40%0,p)

we can get from the Cauchy inequality and Lemma 2.1 that
20(1h Uy 2
( Hevels _ o g;ff) dxds (2.48)
t 5
< 7/ /—¢§dxds+CM12M§5/ /(1+s)—1e—% (ISP + []?) dads
8 Jo Jr v0 o Jr
+COMEM3S,
)0.(C:  K(v,0)0, k(v 0) — (V. O)
( v92 + Vo Catp " €O, | dxds| (2.49)

0) f ¢
< 7/ /%gﬁddeCMfMgma/ /(1+s)—1 -5 (\<|2+|<p| ) dads
8Jo Jr vl 0 Jr
+OMPMIH36,

(2.50)

0:((0z + ) (K(v,0) k(V,0)
02 ( T )da:ds

v
I 0)0 ¢ 22
< f/ /Mg‘gdeCMfMgb”&/ /(1+s)—1e*% (IS + [¢]?) dads
8Jo Jr w02 0o JR
+OMEMZT35,

dav 5 o RU. , ROU,
( 0.¢* (30° + 200 + 6°) 7 ¢+ Vo Co (2.51)

< CM%Mg(s/ /(1+S)_1 - (|<|2+ o] )dl‘ds,
0 JR
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and

/ot/R (aec (Ve (0" - ©%) + 493@t¢)) ‘ (2.52)

t 2
< C’M;lé/ /R(l + 5)716_CllT (IC]? + |¢l?) dads.
0

With the above estimates in hand, if we integrate (2.42) with respect to ¢ and z
over [0,t] x R, we can obtain by (2.39), Lemma 2.3 and the estimates (2.45)-(2.52)

that
t 2
¥y k(v, )
/Rn(t,x)dx—f—/o ~/]R<U9+ 02

t 2
<O0(1) 4+ CMPIMPTs <1 +/ /(1 +s)le T (ISP + [#]?) dxds) (2.53)
0 JR

C+ q;z) dxds

t 2
< O(1) + CMEMI2 My (1 + M) § (1 +/ / (”S’e’f) 2y 9;?) dxds) .
0 JR

If 6 > 0 is chosen sufficiently small such that
1
C MO MO0 Ny (14 MY 6 < 3 (2.54)
we can get from (2.53) that

/Rn(t,:c)der/ot/R (ﬁ+ “(59729)

t
< O(l)+CM120M27b+23M3M65/ /
0 JR

¢C+ q;f) dzds (2.55)

0 2
@3“" dxds.
v

Now we turn to estimate the last term in the right hand side of (2.55). For this
purpose, one has by multiplying (2.7)2 by P2 that
v

Ao R C)
_ {wﬂi N pe(wi)%ﬂ (2.56)
N { (Pu(v,0) = pv(V:0) Vepw  (po(v,0) —pe(V, @))@z%}

v V

V2 2

+
v V2 v

{ﬂ@xem <1 1) + 1z Vo Uy < 1 1 )} 1PV Ry,
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Integrating (2.56) with respect to ¢ and z over (0,¢) x R yields

H soz //RR%dd
<11+ //[1/}2 UG)%Cx]dde

I

+/Ot/R{(pu(vﬂ)—pv(Va@))Vx% N (pe(vﬁ)—pe(‘ﬂ@))@x%}dms

v v

Iz

t
ppeUse (11 ppaValsg (1 1
[ I 2.
A ot G Al Vet Ko

I3

//( UV2 " )dwds.

Iy

For the estimate of I;(j 1,2,3,4), we can get from the fact that
(p(t,x),(t, x),((t, z), 2(t,z)) € X ([0, T]; My, Ma, M3), Lemma 2.1 and Cauchy’s in-
equality that

I <g/ ROD% s (2.58)

R v3
pOYP2 r(v,0)0¢2
+c<||9 // duds + MPUMH // ML s

2 2
/ /R P2 duds 1O CMlM”S/ / (“@w wv, 99)294 )dxds,
v

L<c / / 082 deds + () MIM] (2.59)
R

[ [V G0 1)+ 1621 (ol + 7)) s

// S%d ds 4 C(e)CM; M3§ //1+5 et (¢, )| 2dzds,
R
e f [
//vafmd ds+ C(e CM1M25/ / (14 )2 o5
R
t 0 2 t 2
1435/ /R ;D””dﬂcds—kC(e)CMsz/ / (“@¢I|Vz|2+|R12> dads
R
<g/ / Szjmd ds + C(e)O MO Mo (1+/ /“@%d d) (2.61)
R

t
%d ds + C(e )CMsz/ /(|UM|2+|U9,:VI|2) \o|2dwds

o|?dzds, (2.60)

and
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Substituting (2.58)-(2.61) into (2.57), we can derive that

H % tH // S%dasds
R

< O(1) —|—CM19M256/ /(1+s)—1 -

2
FOMEMITE (1 4 6) / /( i Q)C )d:cds

Noticing that Lemma 2.3 tells us that
t 0112
M35 [ [ (107 p(s,0), (5.0) Pdads

< OMP MMy (14 M%) 6 (1 +/ / <6% + W) dwds) (2.63)

6?2

(cp Q)|?dxds (2.62)

if we assume that ¢ > 0 is sufficiently small such that (2.54) holds, then we can get
from (2.62) and (2.63) that

H (%) // %d:cd

t
< O(1) + CMP My 24 My (1+M6)(1+5)//(f§ (z;aé;)e)dxds. (2.64)
0 JR

(2.55) together with (2.64) imply that

/ txdx—i—//( wg)g? “;Z)dds

<O(1) + CMPEMPT3M; (1+ M) 5 (1+/ /( + A, 9)<2>dxds) (2.65)

62

From (2.65), one can deduce (2.41) immediately if we take ¢ > 0 sufficiently small
such that (2.54) holds. This completes the proof of Lemma 2.6. O

3. Uniform positive bounds for the specific volume. In this section, we
want to derive the uniform-in-time pointwise bounds for the specific volume v(t, x).
To this end, we first have the following result whose proof is similar to the proof of
Lemma 3.1 in [5] and thus we omit the details for brevity.

LEMMA 3.1. Let aq, as be the two positive roots of the equation y—logy—1 = Cj
with C5 being the positive constant appeared in (2.6). Then for each k € Z and t > 0,
we can get that

k41 k+1
a; < / o(z, t)dx, / Oz, t)dr < as. (3.1)
k k

Consequently, each t > 0, there exist ay(t),br(t) € [k, k + 1] such that

ar < ot art)),  O(t b)) < as. (3.2)

where O(t,x) 1= Y2 G(t,2) = &L
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The next lemma is concerned with a rough estimate on 6(¢,z) in terms of the
2 2
entropy dissipation rate functional V() = [ (% + 5(2’9@%) (t,z)dx.

LEMMA 3.2. For0<m < b+717w € R (without loss of generality, we can assume
that x € Q = (=k — 1,k + 1) for some k € Z), we can deduce that

107 (8, 2) — 0™ (¢, by (£))| S VE(t) + 1 (3.3)
holds for 0 <t <T and consequently
0, z)*" <1+V(t), 2€Q 0<t<T (3.4)
b—1
provided that § > 0 is chosen sufficiently small such that My?* 6 < 1.
Proof. From (1.4), we have
|07 (8, ) — 0™ (¢, bk (1))
5/‘W%m@ﬂm@m+gm@ﬂm
Qp

,U02m )é (/ K(U 9) 2 ); _
< ——dx — T g +/ 0™ L (t,2) |©,(t, x)| dx
(/leﬂgb [ [ ) fetea)

1 b—1
SVE() +M,* 62
<VI(t) + 1.
Here we have used the assumption 0 < m < b+71, boundedness of Qy, (3.1) and the
b—1
assumption that § > 0 is sufficiently small such that M,? 6% < 1.0

Motivated by the work of [15] and [20], our next lemma is concerned with a local
representation of v(t,z) by using the following cut-off function ¢ € W1>°(R):

1, r<k+1,
o) =¢ k+2—z, k+1<z<k+2, (3.5)
0, x> k+2.

LEMMA 3.3. Under the assumptions stated in Proposition 2.5, we have for each
0<t<T that

= B(t,x 1 [ Bta)Qu(rap(ne)
o) = B Qi I /0 B(r,2)Q(r) dr, xeQy. (3.6)

Here

B(t,z) := vo(x) exp {1 [ () = ute.) so(y)dy} |

1
t k42
Q(t) :==exp {;/0 /]H_1 o(r, y)}, (3.7)
o:=—p(v,0)+ iy

v
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With the above presentation in hand, we can derive uniform-in-time pointwise
bounds of v(t, z) by repeating the argument used in [5, 21], hence we omit the proof
for brevity.

LEMMA 3.4. Under the conditions of the Proposition 2.5. Then there exists a
positive constant Co which depends only on V.,V .0, © and mg such that

Cy' <w(t,z) < Cy, V(t,x) €[0,T] xR. (3.8)

With the estimate (3.8) on the uniform positive lower and upper bounds on the
specific volume v(t, ) in hand, we now control the term [, (t)||* in terms of [|0]|o.
Such an estimate will be frequently used later on.

LemMMA 3.5. Under the conditions of Proposition 2.5, then for 0 <t < T, we can
get that

t
o) + / / b2duds < 1+ [[6]mx{t(T-0)+} (3.9)

provided that § > 0 is chosen sufficiently small.

Proof. Now the estimate (3.8) tells us that the specific volume v(t, z) is uniformly
bounded from below and above, then the term Iy in (2.57) can be re-estimated as in
the following:

t 0 2 02 2 I}
L ga/ /R P drds + C(e) <|o||oo+ HH]’@(”)H ) (3.10)
0 R e}

v3 (v,0)py(v,0)

t 2
< /R("/’xdeO(E) (14 10l + 0150
0 JR

V3

Here (7 — b)4 := max{0,7 — b}.

With (3.10) in hand, we can get (3.9) by combining the estimate (2.8) obtained
in Lemma 2.3, the estimate (3.8), (2.57), (2.59), (2.60) and (2.61). This completes
the proof of Lemma 3.5. O

Next, we derive an estimate on the term fg 42z (5)]|* ds in terms of ||6]|oc, Which
plays a key role in deriving the upper bound of 6(t, ).

LEMMA 3.6. Under the conditions of Proposition 2.5, then for 0 <t < T, we

have

t
Il ()1 +/0 [¢aa () 1* dr S 1+ [|6]| 32 <t T03, (3.11)

Proof. First, multiplying (2.7), by —ts,, we get that

2 2
o (%) + e — v,

(P P+)z1/) oV oV 1% ( )

vV?2 V2V v2 '
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Then, we can get by integrating the above identity with respect to t and = over
(0,t) x R and by employing Cauchy’s inequality, Sobolev’s inequality, (3.8) and (3.9)

that
/%d +//m/1mdd
/ //”/}xzdxds—i—c )/Ot/R [(1+96) ‘CI|2+|(VI7@;E)‘2|SO|2+|9S0;1;‘2

+CIVL? + (1+60%) 107102 + Uzo® + | Ral* + UZgE + U VL[
UG+ V2 + 2 dads
/ / Vet s 1 0 (0) (11 018D + 0]Lm<0--0) (3.13)

“(
[ Vel el 5
)

<2€/ /M¢zxdxds+c(6 (1+Helll+nnx{1(7 b)+}

w2
+(1+\|9||§Omax{1’<7*b>+})/0 /R;ﬁdxds)

<26/ /M¢”“dxds+0( ) (1 o200

By choosing € > 0 small enough, we can get (3.11) from (3.13). The proof of
Lemma 3.6 is complete. O

4. Uniform upper bound of the absolute temperature. In this section,
we are in a position to derive an estimate on the upper bound of 6 (¢,2). For this
purpose, motivated by [19, 21], we set

X(t) := /Ot/]R (14 60°"3(s, 2)) (2 (s, z)dzds,
Y(t):= 32?0;7)” {/R (1+6%(s,2)) Ci(sw)dx} , (4.1)
Z(t) := sztlol,)t) {/ngm(s,x)dx}

and then try to deduce certain estimates among them by making use of the special
structure of system (2.7) under our considerations.

LEMMA 4.1. Under the assumptions listed in Proposition 2.5, we have for all
0<t<T that

10(t)| LS 1+ Y (£) 75, (4.2)
sup ()P }S 14208, ea(t)le S 1+ 2(0)%. (4.3)

T€(0,t)
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Proof. We assume without loss of generality that z € [-k — 1,k + 1] for some
k € Z and x > by (t). Then

(9(t7 l‘) - ®(t7 x))2b+3

x

= (0(t,bx(1)) — O(t, by (1)) >+ + (2b + 3) /b " (0(t,2) = O(t,2))*" " ¢, (t,y)dy

/Zﬂl (1 +9 (g)) dm] 2 UR (0 -0)* Cidx]%

2043
SI+[E-0)@)lx Y2(),

2b+3

ST+ -0)@l

2
oo

from which we can deduce (4.2) by using Cauchy’s inequality.
The proof of (4.3) follows easily by employing the Gagliardo-Nirenberg inequality
and the Sobolev inequality. This completes the proof of Lemma 4.1. O

Our next lemma is to show that X (¢) and Y'(¢) can be controlled by Z(t).

LeEMMA 4.2. Under the assumptions listed in Proposition 2.5, if we assume fur-
ther that § is chosen sufficiently small such that M26(b+1)5 < 1, then we have for
0<t<T that

X +Y(t) S1+ 20, (4.4)
where
6b+ 9 6b+ 9
= . 4.
& maX{12b+12—8max{1,(7—b)+}’ 16b+8} (45)

Proof. As in [19, 21], we set

¥ k(v,€) K10 | RofPt!

K@,e):/o T’fdg: R (4.6)

Then, we have from the estimate (3.8) that

Kt(v, 9) = KU(Ua 9)% + KQ(”? Q)Ct + Kv(vv Q)Uz + KG(”& 0)925;
KI(U7 0) - KU(’U? 9)@% + KQ(U, G)CI + KU (U, e)vx + K@(”? 6)®£7

Kat(v,0) = (Ko (v, 0)C), + Koo (v, 0) (V0 + Us)
+Koo (v, 0) (G + O1)] pz + Ky (v, 0) s (4.7)
+ Koo (0,0) (¢ + Us) + Koo (0,0) (G + O)] Vo + Ko (v,0) Uz
+ [Kypo (v, 0) (e + Us) + Koo (v,0) (¢ + O4)] O + Kg(v,0)O 44,
Ky (0,0)] + Koo (v,0)] S 6, [Ko(v,0)] S1+6°,
Koo (v, )] S 1, Koo (v, 0)] < 6°.
To simplify the presentation, in the rest of this paper, we use K,p,e, P, E to

denote K(v,8),p(v,0),e(v,0), p(V,0),e(V,0), respectively. Then multiplying (2.7),
by K; and integrating the resulting identity with respect to t and z over (0,t) x R,
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we can get that

t t t
/ / eoKo(Pdads + / / (KoCs) (KoCz), dads — / / KoKooUy(2dzds
0 R 0 R 0 R

t
:/ / (KoKoo(tO% + K5(tOun + KoKup(104 Vi) dxds
o Jr

Is

t OP,
+/ / {KGKGGC?:@)& + KoKpoltpeOr — KoKy (o (e Ve — (t‘)pg - eeE@ 6) UzKQCt} dxds
0o Jr

Ig
t t
+ / / KoKy (2epodods — / / KoKy (oo Codrds (4.8)
0

Ig

//(Aqﬁ __— (V"?)@ ))Kgctdmds

Iy

t t 2
- / / Opo Koy Cedrds + / / oG s
o JRr o JR v

I1o Ii1

To yield the desired estimate among X (¢), Y (t) and Z(t) based on (4.8), we first
find from (3.8), (4.1) and (4.7) that the first two terms in the left hand side of (4.8)
can be estimated as follows:

t t
2 > 3 b\ 2 >
/O /ReeK@gt dzds N/o /R(1 +ab®) (1+0") (Pdads > X (1) (4.9)

and

i 1 1
| [ ace) (o), dads = 5 [ 1060) ()P o= 5 [ (o) (0.0 do
0 JR 2 Jr 2 Jr
>Y(t) - C. (4.10)
Now for the terms Ij(k = 5,6,...,11) in the right hand side of (4.8), we can get
from Lemma 2.1, (2.8) and (4.7) that I5 can be bounded as

I5 < eX(t) + C(e) /t/ (1 6™72) [0a]" + (14 6%7%) 0,7
R
+(140079) |®$\2\Vx|2} drds (4.11)
< eX(6)+Ce) [(1+ M) o+ (14 M) 0F 4+ (14 MY )
(

< eX(t) + Cle).

Here we have used the fact that 6 > 0 is chosen sufficiently small such that
M2max{3b—5,6(b—l),b—3}5 g 1. (412)

For Ig, since

Ope(v,0) ©OPo(V,0)
eg(v, 9) E@(V, @)

S el +[¢] (4.13)
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and by employing Taylor’s formula, we have for 0 < w < 1 that
0
/C2dx:2/¢> — ) (WO + (1 —w)0)* de <1+ M3, (4.14)
R R e
we can deduce from Lemma 2.1, (2.41), (3.9), (3.11), (4.7), (4.13) and (4.14) that

L (1+6°) 061
IGSEX(t)—FCH@t”Loo/ /W~(1+9b+1) dxds
0o Jr

t - 1+0%) 0|,
e)// (14679 lou o, 2+ LT O1GT U)ez 0 |Val?
0 JR

+ (14 60"%) (* +¢?) |Uw\2] dzds (4.15)

M

< eX(t) + C(e) '(1 + Mgf?’*max{l’(”)”) 5+ M26*
+ (L4 M) 5+ 6% (L+ MY
<eX(t)+ Cle).
Here § > 0 is chosen sufficiently small such that

M2max{b—3+ma><{1,(7—b)+}7b+3}(5 <1 (4.16)

Now for I7, we can get by combining the estimates (2.41), (4.2), (4.3), and (4.7)

that
9b O|¢
ns [ [ G2l S o2
v

(1+Y( )2b+3) (1+Z(t)%> (4.17)
<Y (1) + C(e) (1 + Z(t )mb+s) .
To deal with Ig, we first deduce by employing Sobolev’s inequality, the estimates
(2.41) and (3.9) that

2
Ol o, 2ar

Lo

Ig <6X(t)+C'(e)/t

0

< eX (1) +C(e) (1+ Jolfmx=0+1)

(KD%Y | g
v xT

R
2 3
< eX(t) + Cle) (1+||9H0moax{1’<7*b)+}) </t/02n(v,0)‘<”(1”;))@> dmds)
0 JR x

(] [

max{1,(7—b)4 }
< eX(t) +Cle) <1 YY) e )
2 3
dxds) .

o I

J

[N
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To estimate J, one has from (2.7)3, Lemma 2.1, (2.41), (4.3) and (4.13) that

t
<[] [(Heb“) 2+ (14 6"2) 67207
0 R

Ops  OPs\’
+(1+6°72) ¢l (e: - E@®) UZ+ (1+6"2) )

2
+ (1 +6"T2) UL + (14 6°72) 9222 + (14 62) L‘;@ (k(v’ 9)9””) ] }dxds

e |4
o[ o)),

JU,

! pOY2

ST+ / / [(1 + M) G+ g (L 0T+ (14 071F) (¢4 7) U:f} dads
0 JR

2
dzds (4.19)

t @ 2
(M) S (L4018 [l [ [ 2o dnas
0 R 'Ue
t
+ (14 ME+®) 53 +(1+||9||gjﬂ+2)/ /¢z2dxds
R

5

<1+ X(t) <1+Y(t)2b”’) YY) + (1+Y(t) s

+Y( ) 2b+3 + J’l

and J? can be further estimated as follows

t
JOS / / (146°72) {9%3695 +07V2OL + 00T + 0770 + 67,
0
L2, 4 (14 62) 02 (2 + V2) } duds
t t
< (1+ 022 / 1022« llgal?dr + (14 [6]2+2) / / V202 drds
0 0 R

Lr(1+00) el
+ / / %-(He%“) ©2dxds (4.20)

t t
+(1+H9||§Z)/ /@ida;ds+(1+\|a||§g+2)/ /@ixda:ds
0 R 0 R

< (1+ MEH) (5% + 54)
<1.

Here we have used the fact that 6 > 0 is chosen sufficiently small such that
M5 <1 (4.21)

in deducing (4.19) and (4.20).
The combination of (4.19)-(4.20) yields

b+11

J<S14+X(1) (1 +Y(t )%”) +Y ()" 4+ Z1)7 (4.22)

b+3 b+B+2

_|_Y(t) 2613 Z( )4 + Y(t) 203
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and by inserting (4.22) into (4.18), we can derive that

Is < e (X(1) + Y (1) +C (e) <1 + Z(f) T > . (423)

where we have used the two facts that b > 4 and 0 < 8 < min{3b + 4, 5b — 8}.
As to the term Iy, we have from Lemma 2.1, (2.40) and the assumption 0 < g <
b+ 6 that

v s (222

SeX(tHC(e)/Ot/R %(W):] dxds

< eX(t) +C (o) (1+ 16]H072 + 63 (1+M§+3)) (4.24)
<e(X®)+Y@)+Cle),

} |Ct| dxds

(146°72) ¢%2% + (1 + 6"?)

while for the term I, we apply (4.7) and the assumption b > 4 to know that

t
1105/ /(1+9b)9(1+a93) |tho G| dads
0 JR

< eX(t)+C(e) /Ot/R (1+6°75) %gdxds (4.25)

< ex(t)+C(9 (1+ 7 (0)H5)
<e(X(@#)+Y()+C(e).

It suffices to bound the term I7;. To this end, we conclude from Lemma 2.1 and
(4.7) that

Ly < eX(t)+C () /Ot/R (1+6"7%) (5 + Uy) dads (4.26)

< eX(t)+C(e) (1 + /Ot/R (1+6"7%) wgdxds> .

For the last term in the right hand side of (4.26), we can derive by using Sobolev’s
inequality, Lemma 3.6 and (2.41) that

t
//(1+0b*3)¢;‘dxds
0 JR
t
S (11007 [ 1l ol i

t
S (1 00%) [P (427

t 3 t 3
5 (1+ H0||l;;2+2ma)({17(7*b)+}) (/O ||7/}:EH2 d7'> </0 wax”Q dT)

< 1 + H9||1;071+3max{1,(77b)+} ,

~
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and we can get by (4.26), (4.27) and the assumption b > T that
I <e(X(@)+Y(®)+C(e). (4.28)

Substituting (4.9), (4.10), (4.11), (4.15), (4.17), (4.23), (4.24), (4.25) and (4.28)
into (4.8) and by choosing ¢ > 0 small enough yields (4.4) provided that we choose
0 > 0 sufficiently small such that (4.12), (4.16) and (4.21) hold. This completes the
proof of Lemma 4.2. O

The following lemma is to show that Z(t) can also be controlled by X (¢) and
Y (¢).

LEMMA 4.3. Under the conditions stated in Proposition 2.5, then § > 0 is as-
sumed to be sufficiently small such that

MSS <1, (4.29)
then we have for all 0 <t < T that
Zt) S1+ X)) +Y (1) + Z(). (4.30)
Here
Ao 609 (4.31)

T 8b+ 12 — dmax{L, (7T —b)4}

Proof. Differentiating (2.7), with respect to ¢ and multiplying it by 1, we can

obtain
(5), 2 (- murmn()) 0,

v

(p—P);, + He |, (4.32)

02

where, Hy = [* Uy (t,y)dy.
Integrating the above identity (4.32) with respect to ¢ and x over (0,t) x R, we
conclude that

2 t 2
/%dz+/ /me dxds
R 2 o Jr Y

:/wgtdﬁ//(uwt Vo4 U2+ tibuatalle _ sl —i—th/Jm)d:cds
R 0 JR

Iz

t
+ /O /]R (p— P), rpduds. (4.33)
Iis

Now we turn to estimate It (k = 12,13) term by term. To this end, we use (4.29),
(2.41) and (3.8) to deduce that

K l“/’tzx i 1/)35 2 2 4 2 2
I <e¢ —2dxds + C (e) pe (Gwz + é)Uz) +U, +Uz; + |Hy|” | dads
o Jr U o Jr\ 0
i o 5
< e/ / S dyds 4 C (e) ((1 +Y (1) 2b+3) (1 + Z(t)2> +d+ 54M2) dxds
o Jr U

6b+9

< e/ot/R %?"”dmds +C (e) (1 LY () + Z(t)m) . (4.34)
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To deal with I3, noticing that

[(p—P),)* S (14a%0°) G + 10 (¢* +¢* (1 +6Y))
UL+ CUR + v + UZe?, (4.35)

we can get from Lemma 2.1 and (2.41) that

! ) ‘ 2
Ilgge/ /—md:vds—i—C(e)/ /|(p—P)t| dxds
0o Jr U 0 JR
< ! p7, ‘ 2 2 4 2
<e| [ Bdgas+c(e) | X0+ | N0di~ (Il + (1+ 1613 ) 1<) ar
o Jr Y 0

t 2 t
+/ /&-(Ha?’) dmds+/ 1oAY dT] (4.36)
0 R 0 0

Se/t/lw?g”dxds—l—C(e) (L+X(t)+Y(t)+ 0 (1+ M3))
o Jr Y

A
§e/0 /RdederC(e)(lJrX(t)+Y(t)).

If we choose € > 0 small enough, then we can deduce from (4.33)-(4.36) and (3.8)
that

t
/ Vide + / / V2 drds <1+ X () + Y () + Z(t)5+3 (4.37)
R 0 JR

Now we are in a position to yield an estimate on [ 2.dz. To do so, firstly, (2.7),
tells us that

Patho + PaUs + Vathy + VolUs
v

+§ (e + (p(v,0) — P(V,0)), + U4]. (4.38)

’(/):vw = - wa

On the other hand, Lemma 2.1, (4.29), (3.9), (4.2) and (4.14) show that

I = P

S [ [ @GP (Ve 0)F il + (146 |(V2, 02)PICP + 162 | o
YO+ (1410720 (1 o) 6t (14 15) - (4.39)
S1+Y ().

Then, we can deduce from Lemma 3.6, (3.9), (4.3), (4.37)-(4.39) and Young’s inequal-
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ity that
[vhdes [ (2024 B2+ 02V2 4 VU2 U2, 02
R R

+(p(v, 0) — P(V,0)),|” + |Ut\2) da

2 2 2 2
STHXE) +Y () + ZOF + [0alfe 02l + [Uall < llee
2 2 2 2
Vel zee 190l + IVl 7o 1017 + 1T ” + U (4.40)

6b+9
S L+ X() + Y () + Z()TT T 4 6 (14 M)
max{1,(7—b) } 3
+ (1 + m)w) (1+2m%)

ma{ 22 oo )
SI—FX(t) +Y(t)+Z(t) 8b+8 > BbFI2—dmax{1,(7T-0) 1] J

Having obtained (4.40), the estimate (4.30) follows by employing the definition
of Z(t). This completes the proof of Lemma 4.3. O

From Lemmas 4.1-4.3, if we let b > 17 then one can get that

6b+9 6b+ 9

12b+ 12 — 8max{1, (7 —b)4+}’ 16b+8} '
60+ 9

8b+ 12 — 4max{1,(7—b)+}

we can derive from the estimates (4.4) and (4.30) that Y(¢) < 1. Then the desired
upper bound on 0 (t,z) follows from (4.2) immediately. Therefore, we can deduce
from Lemmas 2.1-4.3 that

A= max{

Ay =

<1,

LEMMA 4.4. Under the conditions stated in Proposition 2.5, there exists a positive
constant Cy which depends only on' V., V, ©, © and my, such that

0(t,z) <Cq, V(t,z)e|0,T]xR. (4.41)
Moreover, we have for 0 <t < T that

H(CP»?/% C7 2y Py wanz/}tv C:m wza:) (t)||2

2
(VO s Gos o s ) (7)1 (4.42)
and
! 4
| e lsgey am S 1 Il oy S 1 (4.43)
5. ngher order energy estimates. Now we deduce nice bounds on the terms
fo |Coa(7)|)? dr and ||zo(¢)]|*. The following lemma is concerned with the estimate on
Jo 1Gea ()] dr

LEMMA 5.1. Under the assumptions listed in Proposition 2.5, we have for 0 <
t <T that

G0 + / [Cea ()2 dr S 1. (5.1)
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Proof. In order to get (5.1), we multiply (2.7), by (4 to get that

2 2
o () + M (),

VeEy
= 9P91/Jm4m; epe @P@ lffuisz ’{(U? 9)@xa:<zzr )\QSZsz
= Tl UsGow = - -
€o € Eeo veg vey eo
K Koy
Vo€ Vey
al sy L (HV0)0
veg (Sr 02)" Gaa + - ( v C

Integrating the above identity with respect to ¢ and z over (0,¢) x R, one can
deduce by using Lemma 2.1, (2.40), (2.41), (3.8), (4.13), Lemma 4.4 and Sobolev’s
inequality that

t
/ ””dx—i—//mdxds
K(v, 0)C2s pgvz | (@ + %) Ules  w(v,0)03,
<o [ e [ [ [ S 0
1 (V,0)0, € ¢2 2
*(a(xfl)aum+awm+%

+U; +(024+C) (P2 +VH + G+ @f;] dxds

// (v, ) ”dxds (5.2)

+C(e) [/ (H9 I3 + 1Uallie + 10213 IVall® + 6o IGeoll) dr +6

//(W (i ;) e (g (%) ) o)
<2// r(v, ) ”d ds+C(e).

With (5.2) in hand, the estimate (5.1) follows immediately by choosing € > 0
small enough. This completes the proof of Lemma 5.1. O

Next, we turn to derive the desired bound on |z (¢)]|°>. In fact, we have the
following lemma.

LeEmMMA 5.2. Under the conditions of Proposition 2.5, we can obtain for any
0<t<T that

22 ()11 +/0 l2a(T)|1” dr S 1. (5:3)

Proof. To begin with, we multiply (2.7), by z,, to derive

2 2
z dz 2dv, 2.2
Oy (2> + 5 (), = —— g 02
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Integrating the above identity with respect to ¢t and x over (0,¢) X R, we can get that

/ =2 dx +// mdmd —/zo—xdx—k/ / <dvzgz—|—¢zzm> dxds. (5.4)
R 2 o Jr v

For the last term in the right hand side of (5.4), we can get from Lemma 2.1,
(3.8), (3.9), Lemma 4.4 and Sobolev’s inequality that

[ (e
<e// mdxds—!—C’ // v2 dxds

// “dd+c // (V2 +¢2) 22 + ¢2°) dads (5.5)
<[ [ s o (146 + [ el ar)
SQG/O/]RT;”dxds—i—C(e).

Plugging (5.5) into (5.4) and choosing € > 0 small enough, we can obtain (5.3)
immediately. O

6. A local-in-time lower bound on the absolute temperature and the
proof of Theorem 1.1. The following lemma will give a local-in-time lower bound
on O(t,x). To this end, we can deduce by repeating the method used in [21] that

LEMMA 6.1. Under the assumptions stated in Proposition 2.5, then for each
0<s<t<T and xz € R, the following estimate

C’min{@(s, x)}
- 1—|—(t—s) m1n{9( x)}

0(t,z) > (6.1)

holds for some positive constant C' which depends only on V., V, ©, © and my.

With Lemma 2.6, Lemma 3.4, Lemma 3.5, Lemma 3.6, Lemma 4.4, Lemma 5.1,
Lemma 5.2 and Lemma 6.1 in hand, if we choose g > 0 sufficiently small such that

(14 M%) M0 ag (14 MO 8y < Cg (6.2)

holds for some positive constant Cg depending only on V, V, ©, © and myg, then
for 0 < 0 < dp, we can deduce that the results stated in Proposition 2.5 hold. Once
we obtained Proposition 2.5, Theorem 1.1 can be proved by using the continuation
argument designed in [21] and we omit the details for brevity.
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