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Abstract. In this paper we prove the existence and monotonicity of curved fronts in a periodic
shear flow by mixing infinite different traveling fronts coming from different directions with different
speeds. This is a generalization of our previous work [4].
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1. Introduction. In this paper, we consider the following reaction-advection-
diffusion equation

ou %

— = Au+q(x) a9 + f(u), for allt € R, (z,y) € R? (1.1)

ot

where the advection coefficient ¢(z) belongs to C%°(R) for some § > 0, and satisfies

L
VeeR, ¢g(zx+L)=q(xr) and /0 q(z) de =0 (1.2)

for some L > 0. The second condition for ¢ is a normalization condition. The
nonlinearity f is assumed to satisfy the following conditions

f is defined on R, Lipschitz continuous, and f =0in R\ (0, 1),
f is a concave function of class C*+ in [0,1], (1.3)

F(0) >0, f/(1) <0, and f(s) >0 for all s € (0,1).

A typical example of such a function f is the quadratic nonlinearity f(u) = u(1 —u),
which was initially considered by Fisher [5], Kolmogorov, Petrovsky and Piskunov [14].
The equation (1.1) arises in various biological models, such as population dynamics
and gene developments where u stands for the relative concentration of some substance
(see [1], [7] for details). In combustion, the equation (1.1) can be used to describe
the models of flames in a shear flow, like in simplified Bunsen flames models with a
perforated burner, and u stands for the normalized temperature.

In fact, we are interested in the traveling front solutions of (1.1) which have the
form

u(t,z,y) = ¢(x,y + ct)

for all (t,z,y) € R x R%, and for some positive constant ¢ which denotes the speed
of propagation in the vertical direction. Thus, we are led to the following elliptic
equation

A¢ + (q(x) — €)0yp + f(¢) =0, forall (z,y) € R?, (1.4)
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where the notation 9,¢ means the partial derivative of the function ¢ with respect to
the variable y.

We assume that the solutions ¢ of the equation (1.4) are normalized so that
0 < ¢ < 1. We look in this paper for solutions of (1.4) which satisfy the following
type of “conical” conditions at infinity

lim  sup  ¢@(z,y) =0,
l——o0 (I,y)GC;,B,L (1 5)
lim inf  o(z,y) =1, '

=400 (myy)eci’ﬁ’l

where « and 8 are given in (0, 7) such that o+ 8 < 7 and the lower and upper cones
c 5.l and C;r 5, are defined as follows:

a)

DEFINITION 1.1. For each real number , the lower cone C 5, is defined by

Copr=1(x,y) €R? y<azcota+1 whenever z <0
and y < —xzcot 41 whenever x>0}
and then the upper cone is defined by
+ w2\ o
Ca,ﬁ,l =R \Ca,ﬁ,l'
(See the figure 1 for a geometrical description).

A

Y

C+

8l ¢ —1lasl— +oo

o
|Y

¢ —0asl— —o0

Fic. 1. the lower and upper cones Cz;,ﬁ,l and C;r’ﬁ’l.

In order to motivate our study, let us first recall some related known results. For
the Fisher-KPP equation without advection, Hamel and Nadirashvili [8] proved that
there exists an infinite-dimensional manifold of entire solutions (which are defined
for all time and for all point € RY). In particular, there are infinite-dimensional
manifolds of (planar or nonplanar) traveling fronts. Then, Huang [12] proved the
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stability of these planar or nonplanar traveling fronts with or without compact sup-
ported perturbations. For the reaction-advection-diffusion equations of the type (1.1),
a well-known paper about this issue is the one by Berestycki and Hamel [1], where
the authors investigated the reaction-diffusion equations with periodic advection in a
very general framework, and gave the existence of the pulsating traveling fronts (some
of their results will be recalled below).

Haragus and Scheel [10, 11] considered some equations of the type (1.4) with « and
B close to /2. Later, in our previous paper [4], we considered the reaction-advection-
diffusion equation of type (1.1) and its corresponding elliptic equation (1.4) equipped
with conical conditions (1.5) for general angles o and § and for general periodic shear
flow. We proved the existence, nonexistence and monotonicity for the solutions of the
semilinear elliptic equation (1.4) with the non-standard conical conditions at infinity
(1.5). For the stability of these curved fronts, we refer to our recent paper [13].

Recalling the existence of the curved fronts, in our previous paper [4], we construct
a subsolution and a supersolution for our problem by mixing, in different ways, two
pulsating traveling fronts coming from opposite sides (left and right) and having
different angles with respect to the vertical axis but having the same vertical speed
in some sense. A very natural question is how about mixing different traveling fronts
coming from different directions with different speeds more than two? For example,
let’s say, by mixing infinite different traveling fronts? That’s just the main interest of
the present paper. Although some generalizations are certainly possible, there are also
some difficulty containing the existence for reaction-diffusion models of the type (1.4)
in heterogeneous media and with non-almost-planar conical conditions at infinity.

For the monotonicity of the traveling fronts, also in our previous paper [4], we
first established a generalized comparison principle in unbounded domains of the form
C+7 51> then together with further estimates on the behavior of any solution ¢ of the

problem (1.4)-(1.5) in the lower cone C 5, we proved that the traveling wave solution

is increasing in the direction of y—axis.ain the present paper, we generalize the above
monotonicity in one direction of y-axis to an open cone directed by y-axis. The main
method employed here is the so-called “sliding techniques” which are similar to those
done by Berestycki and Nirenberg [3].

Before stating the main result of this paper, we first give some notions.

NoTATION 1.1. Let v € (0,7/2], ¢ = ¢(X) and f = f(u) be two functions
satisfying (1.2) and (1.3) respectively. Let M = (m;j)1<i j<2 be a positive definite
symmetric matrix, that is

Je; >0, VE € R?, Z m; ;&5 > c1l€)?,

1<i,5<2

where |€]? = &2 + &2 for any € = (&1,&2) € R Chrgsiny, > 0 denotes the minimal
speed of propagation of traveling fronts 0 < u <1 in the vertical downwards direction
—e = (0,—1) for the following reaction-advection-diffusion problem

9u — div(MVu) + ¢(X)siny 3% + f(u), t € R, (X,Y) € R,
VreR, ut+ 7 X+LY)=ult+7,X,Y)=ut,X,Y +ec7), for
all (t,X,Y) € R x R?,

ut, X,Y) — 0, ut,X,Y) — 1,
Y ——o00 Y 400

(1.6)

where the above limits hold locally in t and uniformly in X. The existence and further
qualitative properties of such fronts follow from [1, 6, 9].



328 R. HUANG, Y. REN AND J. YIN

For any v € (0,7), we set

M= { 1 cosvy }
cos 7y 1

in the problem (1 6). Then, there exists a positive constant ¢}, , ., ; = ¢ such that
for any ¢, > cZ, the problem (1.6) admits a solution (c,,¢,). For any a and S in
(0,7) such that a+ f <, we define

Fe={ye(Om;f<sysm—acsiny=c, 2},

where ¢ is the positive constant in the equation (1.4), which denotes the speed of the
propagation. Let M be the set of all non-negative and nonzero Radon measures ;. on
e (0 < p(le) < 400).

The main results of this paper is the following two theorems.

THEOREM 1.1 (Existence). Let q(x) be a globally C%%(R) function (for some
6 > 0) satisfying (1.2). Let f be a nonlinearity satisfying (1.3). Then, for any given
a and B in (0,7) with o + 8 < 7 and for any ¢ > 0 such that T'. # 0, the equation
(1.1) admits a curved fronts with speed ¢ satisfying the condition (1.5). Namely, there
exists a map p > ¢, from M to the set of curved fronts of (1.4) and (1.5).

REMARK 1.1. If we can prove that the map p — ¢,, is one-to-one (in other words,
for w1 # po, the corresponding curved fronts ¢, and @, are different), then the
problem (1.1) and (1.5) admits an infinite-dimensional manifold of traveling fronts.
But, it is still open and will be our further consideration.

REMARK 1.2. If o A£ SicTﬁﬁ, without loss of generality, we can assume Ca

sin « sin
. . .
B K Co B ;
Shp then for any given ¢ > ¢ = max ( 5, S ) there exists € > 0 such that

(B,6+¢)CT. (by the contmuzty of ¢ with respect to vy), which implies that the set

T, is not empty. If - G = bm,@, then for any given ¢ > c*, there exists € > 0 such

that the set I'c contains (ﬁ BH+e)U(r—a—e,m—a), whzch is not an empty set too.

THEOREM 1.2 (Monotomocity). Under the assumptions of Theorem 1.1, if ¢ is
a solution of the problem (1.4)-(1.5), then %(:ﬂ,y) > 0 for all (z,y) € R?, where v is
a unit vector in R? satisfying

V- Vg > COS <arcsm <2f’(()c)—|qo|>> ,

with o = maxgecgr q(x), namely, v belongs to the open cone directed by vy = (0,1)

with angle arcsin <WS)_|‘1°) '

REMARK 1.3. In fact, in our previous paper [4], we proved that the traveling wave
is increasing in the direction vy = (0,1). In the present work, we generalize the above
monotonicity in one direction of vy to an open cone directed by vy. Motivated by the
work of Berestycki and Nirenberg [3], we will use the method of sliding techniques to
prove the monotonicity of the traveling waves.



CURVED FRONTS IN A PERIODIC SHEAR FLOW 329

2. Proof of the main results. In this section, we prove the existence and
monotonicity of curved fronts. Let us first give the following lemma which will be
used in the proof of our main theorems.

LEMMA 2.1. If f(s) is a concave function of class C%0 in [0,1] and satisfies the
assumptions (1.3), and f(s) is defined by O for all s > 1, then
(1) f(s) is a sub-additive function, that is, f(s+1t) < f(s)+ f(t), for all s,t € (0,1);
(i) f(s) < f'(0)s, Vs €0,1];
(#ii) f'(s) < f'(0), Vs €0, 1];
(iv) f'(s) < f(s)/s, Vs € (0,1].

Proof. All of the conclusions in this lemma can be proved by the definition of
concave functions with f(0) = 0 directly, and we omit the details here. 0

Proof of Theorem 1.1. We employ the method of super- and subsolution to prove
that for any given o and § in (0,7) with o + 8 < 7 and for any ¢ > 0 such that
I'. # 0, the problem (1.1) and (1.5) admits a curved front with speed c.

Step 1: Construction of a subsolution. Let ¢(x,y) be a function defined by

. 1 / :
o(r,y) = ——— p~(x, zcosy 4+ ysiny)du(y).
@) = Ly o )du()

As a consequence of the Lebesgue’s dominated convergence theorem, the function
@(z,y) is of class C?(R?) and it satisfies

A(f?(l’,y) + (q(x) - C)ay(f?(,f, y)
1

div(MV oy (z, z cosy + ysinvy))du(y)

+
=
=
o F\
\

(T"e)
1

=

(q(x) — ¢) sinyOy (@, x cosy + ysiny)du(7y)
r

[ @y (z, 2 cosy 4+ ysiny))du(y)

:_NFC) r
1
AV

since f is concave on [0,1]. Thus, ¢ is a subsolution of the equation (1.4). Noticing
the fact that both of the functions ¢, (z, —x cosa+ysina) and pg(x, x cos f+ysin )
solve the equation (1.4), we are informed that the function Q#(x, y) defined by

L (z, 2 cosy + ysin W)dﬂ(7)>

Q#(:v,y) max (¢q(r, —zcosa + ysina), pg(z, z cos B + ysin f), $(x,y))

is a subsolution of the equation (1.4). Moreover, by construction and since a+ 8 < T,

we know that d) satisfies lim inf ¢ (x,y)=1.
l—+o0 (z, y)GCQ 5. L*H

Step 2: Construction of a supersolution. For each A € R and v € T, call k(),~)
the principal eigenvalue of the operator

Lyt = 9" +2xcos )’ + (X% + Ag(z) siny + f'(0))
acting on the set

E={yecC*R);¢(x+ L) = (x), for all z € R}.
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Then, the number
Ay =min{ > 0,k(\,7) = ¢y A = cAsiny}

is well-defined (see [6]). Let ¢ (z) denote the unique positive principal eigenfunction
of Ly with A = A, such that

[yl = 1.
Let ¢(x,y) be a function defined by

~ _ 1 Ay ( cos y+y sin )
Blag) = = [ PETIRIG @),

c

Then, the function @(x,y) is of class C?(R?) and satisfies

< Ad(z,y) + (a(@) — )0y @(z,y) + f'(0)p

1 5 sin
=y I L = e A )u)

=0.

Thus, ¢(x,y) is a supersolution of the equation (1.4). As we have done in the proof of
the Theorem 1.1 [4], by the sub-additivity of f, we know that the following function

¢p(z,y) = min (pq (x, —zcosa + ysina) + pg(z, xcos B+ ysin ) + ¢(z,y),1)

is a supersolution of the equation (1.4). Furthermore, we can prove that the superso-
lution ¢, (x,y) satisfies

lim inf  ¢u(x,y)=0. (2.1)

l——o00 (Iyy)EC;’ﬁ’l
Obviously, it suffices to prove

lim inf  @(z,y) =0.
l——o0 (%y)ec(;g,z

We assume by contradiction that there exist ¢ > 0, (z,,yn) € 0;5 1, ln < 0 and
l, = —00 as n — 400, such that

lim inf P(n,Yn) =€ > 0. (2.2)

=0 (2, yn)€C 4,
Then, for any given § < v < 7 — «, we have
0 < eMEncosytunsinny, () <4p (z,) < 1
and

lim inf  eM@ncosytunsinyyy (g ) =,

N0 () EC 4,
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Thus, it follows from the Lebesgue’s dominated convergence theorem that

lim inf o(Tn,y
n—-+o00 (@n,yn)€CT 5. SD( " n)

o 1 . . Ay (T cOS Y+yn siny) _
—i5/ o wr Uy (@a)dp() = 0.

o, B,ln
So, the assumption (2.2) is false, and thus, the condition (2.1) is satisfied.
Finally, it follows from the result of [7] that

py(,) < eMa(2)

holds for all (z,y) € R?. So, ¢(z,y) < H(x,y) for all (x,y) € R*. Then, we have
0< Qu(x,y) < ¢u(x,y) < 1in R% Thus, for any ¢ > ¢* and u € M, the problem

14 l.v; a(hllils a cur \/e(l h()]ll C, (5 SllCh l]lal (5 S (5 S (5 . Ihe pl()()f ()f l]liS
H —n H H
theorem iS hen Complete. Li

Now we are in the position to prove the monotonicity of the fronts. We first have
the following lemma, which is the key lemma to prove the monotonicity of the fronts.

LEMMA 2.2, Let u(z,y,t) be an entire solution of (1.1) such that the fields %*

Ve yu

and === are globally bounded. Then, for each vector p = (p1,p2) € R? such that
lp| < 24/f(0) — |qo|, where go = max,cr q(z), one has uy + p -V u >0 in R? x R.

Proof. To this end, it is enough to prove that dyu(x,y,t) + p - Vg yu(z,y,t) > 0
for all (z,y,t) € R? x R. Indeed, suppose the latter is true. By a simple calculation,
on can find that the function U = O,u+ p- V, yu satisfies a linear parabolic equation.
Then, from the parabolic maximum principle, we are informed that U > 0 for all
(r,y,t) € R? x R, and the conclusion of Lemma 2.2 will follow.

Let us now denote by v(z,y,t) the function

8tu(xay7t) +p- VI, U(Iayvt)
vo(x,y,t) = D) ’

By assumption, this function v is globally bounded and one then only has to prove
that infpayr v > 0.

Suppose by contradiction that infrzygpv = —e < 0. There exists a sequence
(s Ynstn) € R? x R such that v(z,, yn,tn) — —€ as n — +o00. Up to extraction of
some subsequence, two and only two cases may occur:

Case 1: u(Tpn, Yn,tn) = a € (0,1] as n — +oo,

Case 2: uw(zp, Yn,tn) — 0 as n — 4o0.

Let us first deal with Case 1. After a straightforward calculation, it is found that
the function v satisfies

Vit v flu),  pid'(z) u
v = Avt 200 - Vagu (o) g+ () = S P+ =g
Let us set
Un(iﬂayaf) (!E-f-fﬂmy‘f'ymt-i-tn),

=u
Vn(2,y,1) = V(T + Tn, Y + Yn, t + 1),
gn(x) = q(x + ).
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From the standard parabolic estimates, the functions u, converge in C} (R;) and
CE.(RZ ) to a function us (up to extraction of some subsequence). The function uq.

is such that 0 < us < 1 and it solves

0
Orttoe = AMttog + g 5= + flusc) in B? x .
Y
Furthermore, since w(Zn,Yn,tn) — « € (0,1] as n — 400, one has u(0,0,0) =
a > 0. Therefore, the function ues(z,y,t) is positive everywhere (because of the
strong parabolic maximum principle) and the globally bounded sequences of functions
f(un) Va

v’zii“", f'(un) and S converge to the globally bounded functions ~%%>, f’(uc)

and f(uu—“ﬁ, respectively.
Similarly, the globally bounded functions v,, converge to a globally bounded func-
tion v, which is equal to

o atuoo + P vm,yuoo
oo — oo .

The function v is such that veo (z,y,t) > —e for all (z,y,t) € R2xR and v (0,0,0) =
—e. Furthermore, v, satisfies

vx,yuoo 8’000

8151)00 - Avoo + 2 . vx,y’Uoo + Q(x)

Uoo Oy Uoo Uy Oy
The point (0,0, 0) is a global minimum for the function v and v (0,0,0) = —e < 0.
On the other hand, 1 (0,0,0) =« € (0,1] and f/(a) — % < 0 since the function f

is concave on [0, 1] and f(0) = 0. Then it follows that vy = —¢ in R? x R™. In other
words, 2teetPVeytoo — o - iy R2 x R™. Since ue is positive, one gets

Moo + p Vaytioo <0 in RZ x R™. (2.3)

But, since uq is a solution of Oyt = Auoo—kq(:z:)ag—;" + f(ueo) such that us < 1, one
has either uo = 1 or us < 1. The case uy =1 is in contradiction with (2.3). The
case Uy < 1 means that the function ue is a solution of (1.1), such that 0 < ue < 1.
Specially, when p; = 0, w(t) = u(0, p2t,t) = ¢(0, (p2 + ¢)t) — 0 as t — —oo. But
this positive function w is decreasing for ¢ < 0 by (2.3). One has then reached a
contradiction. As a conclusion, Case 1 is ruled out.

Let us now deal with Case 2. Up to extraction of some subsequence, one has

u(x’ﬂ7yn7tn) — 07 as n — +00.

Let us set

u(x + pit + Tp, y + pot + Yo, t +t,)
u(xnvyn; tn)

wn(;[;7y, t) = e%(le-i-sz)7 (x,y, t) c R2 % R.

Since the fields #+ and W are globally bounded, there exists a constant C' such
that wy,(z,,y,t) < eCUzIHWIHID for all (z,y,t) € R? x R and all n. In particular, the
sequence {wy, } is locally bounded and the functions (x,y,t) — w(z+ Zpn, Y+ Yn, t +tn)
approach 0 locally in R x R. On the other hand, each function w, satisfies

Owy, ( fw) 1| 2 1

6twn = AWn + Qna—y + - §p2qn) Wy ($7y7t) € ]RQ x R.

u 4



CURVED FRONTS IN A PERIODIC SHEAR FLOW 333

From standard parabolic estimates, the function we, solves

B Owoo flu)y 1, 5 1 5
atwoo—Awoo+QOo(x9y+(u_4|p| _502%0 Woo, (xvyat)eR x R. (24)

and it satisfies
Ve R, V(x,y) € R?, woo(a,y,t) < eCUIFlylHIE), (2.5)
Due to the definition of w,, and to the choice of (x,,Yn,t,), one has

atu(xnv Yn, tn) + P vx,yu(zna Yn, tn)
(T, Yny tn)

8twn(05 07 O) = = U(.In, Yn, tn) — —€

as n — +o0o. Hence,
Ow(0,0,0) = —e. (2.6)

For each point x¢ € R, we can first freeze ¢ () at zp. So, the equation (2.4) can
be written as

OtWoo = Aweso + 4o (:CO) w 4

e (o (A YN1) IR Y)

For any 7 > 0 and (), u) € R?, we define a function as follows

L 31612~ Epagee (37— Atlibgze 2 (2.8)

A p—
P(A, 1, 7) o

Because of (2.5), (2.7) and (2.8), weo (2, y,t) can be written as
—+oo —+oo
woo (7, Y, 1) = / / woo (&1, —k)p(x0,y — n,t + k)d&dn,
for all k > |¢|. Then let goo(x) melt, that is, let = change in R, we obtain
+oo +oo
anclant) = [ [ wnl€n —Rple - €.y~ .t + kyded,
for all k > |t|. As a consequence,

+oo +oo
8tWoo (:Eu Y, t) = / / Woo (57 7, _k)atp(x - 57 y—-n, t+ k)dfdn

Notice that

1 1 1 N+ p? = g2 (V)72
Orp(\ ) = —p+ (f'<o>—4|p|2—2p2qoou>+ v g >p
1 1 1 2 ()
>——p+ (f’(0> — o = 520 (V) - "OO()) »
T 2 4

holds for all 7 > 0 and (\, i) € R%. Since wy, is nonnegative, it follows that

+oo +oo
8twoo(x7ya t) 2/ / Woo(éﬂ?a _k)
1

(g +710) G — poante — - B ) e
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Passing to the limit & — 400 in the above formula leads to

+oo +oo
8twoo (E y, / / Weo 5 n— )
1 qgo T —
(770 = {19 = joamto = ) = =7 ) pacan
Now we need to prove that

2
£1(0) ~ 716l - 3o () — 2

In fact, since |p| < 24/ f"(0) — |qo|, we have (|p| + |goo(N)])? < 4f(0), that is,
4f'(0) = a3 (N) = |pl* + 2lp] -+ [gse (V)]

> 0. (2.9)

Then, we have

2 (\) 1 1
J'(0) — q°°4( ) > ZIpI2 + ipZQOo()\)u

which implies that the inequality (2.9) holds. Since ws, > 0, one gets drwoo (z, y,t) > 0
for all (z,y,t) € R? x R. That is in contradiction with (2.6). Therefore, Case 2 is
ruled out too and the proof of Lemma 2.2 is complete. O

Let us now come back to the proof of Theorem 1.2.

Proof of Theorem 1.2. Let v € S be such that

24/ 1(0) —
V- 1y > cosarcsin (Jc()|q0|>, where vy = (0,1).
c

Let p be the vector defined by
p = (c(vo-v)v — cvy) = (csinycosy, —ccos? ).
One has

Ip|? = (c¢? sin® y cos® v + ¢? cos™ )

= c?cos®y

< c? (1 — cos? <arcsin <2\/— Iqo|>>>

= (2v/f'(0) = laol)*.

Let us now check that the function wu satisfies the assumptions of Lemma 2.2, that
is to say that <t and W are globally bounded. Indeed, since u is written as

u(z,y,t) = ¢(x,y +ct), one has “ = cazf and 8” = aff, Bzu = %‘b Therefore, one

only has to check that 6;—“ = asz, ajiu = y¢ is bounded Since ¢ is a positive solution

of Ap + (q(x) — c)g—“; + f(¢) = 0 in R?, Schauder interior estimates and Harnack-
type inequalities imply that there exists K > 0, such that |0.¢(z,y)| < Ké(x,y),
[0y0(z,y)| < K¢(x,y), which was the desired result. As a consequence, Lemma 2.2
can be applied and yields dyu+ p -V, ,u > 0 in R? x R. Due to the definition of v, it
follows that cvg - Vo + p- Vo > 0 in R?, ie. ¢(vo-v)v - Vo > 0. Since v - v > 0 and
¢ > 0, one gets v - Vv > 0 in R2. The proof of Theorem 1.2 is complete. O
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