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1. Introduction. In this paper, we consider the following reaction-advection-
diffusion equation

∂u

∂t
= Δu+ q(x)

∂u

∂y
+ f(u), for all t ∈ R, (x, y) ∈ R

2, (1.1)

where the advection coefficient q(x) belongs to C0,δ(R) for some δ > 0, and satisfies

∀x ∈ R, q(x + L) = q(x) and

∫ L

0

q(x) dx = 0 (1.2)

for some L > 0. The second condition for q is a normalization condition. The
nonlinearity f is assumed to satisfy the following conditions⎧⎪⎨

⎪⎩
f is defined on R, Lipschitz continuous, and f ≡ 0 in R \ (0, 1),
f is a concave function of class C1,δ in [0,1],

f ′(0) > 0, f ′(1) < 0, and f(s) > 0 for all s ∈ (0, 1).

(1.3)

A typical example of such a function f is the quadratic nonlinearity f(u) = u(1− u),
which was initially considered by Fisher [5], Kolmogorov, Petrovsky and Piskunov [14].
The equation (1.1) arises in various biological models, such as population dynamics
and gene developments where u stands for the relative concentration of some substance
(see [1], [7] for details). In combustion, the equation (1.1) can be used to describe
the models of flames in a shear flow, like in simplified Bunsen flames models with a
perforated burner, and u stands for the normalized temperature.

In fact, we are interested in the traveling front solutions of (1.1) which have the
form

u(t, x, y) = φ(x, y + ct)

for all (t, x, y) ∈ R × R
2, and for some positive constant c which denotes the speed

of propagation in the vertical direction. Thus, we are led to the following elliptic
equation

Δφ+ (q(x) − c)∂yφ+ f(φ) = 0, for all (x, y) ∈ R
2, (1.4)
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where the notation ∂yφ means the partial derivative of the function φ with respect to
the variable y.

We assume that the solutions φ of the equation (1.4) are normalized so that
0 ≤ φ ≤ 1. We look in this paper for solutions of (1.4) which satisfy the following
type of “conical” conditions at infinity⎧⎪⎪⎨

⎪⎪⎩
lim

l→−∞
sup

(x,y)∈C
−
α,β,l

φ(x, y) = 0,

lim
l→+∞

inf
(x,y)∈C

+
α,β,l

φ(x, y) = 1,
(1.5)

where α and β are given in (0, π) such that α+ β ≤ π and the lower and upper cones
C−

α,β,l and C+
α,β,l are defined as follows:

Definition 1.1. For each real number l, the lower cone C−
α,β,l is defined by

C−
α,β,l = {(x, y) ∈ R

2, y ≤ x cotα+ l whenever x ≤ 0

and y ≤ −x cotβ + l whenever x ≥ 0}
and then the upper cone is defined by

C+
α,β,l = R

2 \ C−
α,β,l.

(See the figure 1 for a geometrical description).

0 x

y

l

α β

C−α,β,l

C+

α,β,l
φ → 1 as l → +∞

φ → 0 as l → −∞

Fig. 1. the lower and upper cones C
−
α,β,l

and C
+
α,β,l

.

In order to motivate our study, let us first recall some related known results. For
the Fisher-KPP equation without advection, Hamel and Nadirashvili [8] proved that
there exists an infinite-dimensional manifold of entire solutions (which are defined
for all time and for all point x ∈ R

N ). In particular, there are infinite-dimensional
manifolds of (planar or nonplanar) traveling fronts. Then, Huang [12] proved the
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stability of these planar or nonplanar traveling fronts with or without compact sup-
ported perturbations. For the reaction-advection-diffusion equations of the type (1.1),
a well-known paper about this issue is the one by Berestycki and Hamel [1], where
the authors investigated the reaction-diffusion equations with periodic advection in a
very general framework, and gave the existence of the pulsating traveling fronts (some
of their results will be recalled below).

Haragus and Scheel [10, 11] considered some equations of the type (1.4) with α and
β close to π/2. Later, in our previous paper [4], we considered the reaction-advection-
diffusion equation of type (1.1) and its corresponding elliptic equation (1.4) equipped
with conical conditions (1.5) for general angles α and β and for general periodic shear
flow. We proved the existence, nonexistence and monotonicity for the solutions of the
semilinear elliptic equation (1.4) with the non-standard conical conditions at infinity
(1.5). For the stability of these curved fronts, we refer to our recent paper [13].

Recalling the existence of the curved fronts, in our previous paper [4], we construct
a subsolution and a supersolution for our problem by mixing, in different ways, two
pulsating traveling fronts coming from opposite sides (left and right) and having
different angles with respect to the vertical axis but having the same vertical speed
in some sense. A very natural question is how about mixing different traveling fronts
coming from different directions with different speeds more than two? For example,
let’s say, by mixing infinite different traveling fronts? That’s just the main interest of
the present paper. Although some generalizations are certainly possible, there are also
some difficulty containing the existence for reaction-diffusion models of the type (1.4)
in heterogeneous media and with non-almost-planar conical conditions at infinity.

For the monotonicity of the traveling fronts, also in our previous paper [4], we
first established a generalized comparison principle in unbounded domains of the form
C+

α,β,l, then together with further estimates on the behavior of any solution φ of the

problem (1.4)-(1.5) in the lower cone C−
α,β,l, we proved that the traveling wave solution

is increasing in the direction of y-axis. In the present paper, we generalize the above
monotonicity in one direction of y-axis to an open cone directed by y-axis. The main
method employed here is the so-called “sliding techniques” which are similar to those
done by Berestycki and Nirenberg [3].

Before stating the main result of this paper, we first give some notions.

Notation 1.1. Let γ ∈ (0, π/2], q = q(X) and f = f(u) be two functions
satisfying (1.2) and (1.3) respectively. Let M = (mij)1≤i,j≤2 be a positive definite
symmetric matrix, that is

∃ c1 > 0, ∀ξ ∈ R
2,

∑
1≤i,j≤2

mi,jξiξj ≥ c1|ξ|2,

where |ξ|2 = ξ21 + ξ22 for any ξ = (ξ1, ξ2) ∈ R
2. c∗M,q sin γ,f > 0 denotes the minimal

speed of propagation of traveling fronts 0 ≤ u ≤ 1 in the vertical downwards direction
−e = (0,−1) for the following reaction-advection-diffusion problem⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∂u
∂t

= div(M∇u) + q(X) sin γ ∂u
∂Y

+ f(u), t ∈ R, (X,Y ) ∈ R
2,

∀τ ∈ R, u(t+ τ,X + L, Y ) = u(t+ τ,X, Y ) = u(t,X, Y + cτ), for

all (t,X, Y ) ∈ R× R
2,

u(t,X, Y ) −→
Y→−∞

0, u(t,X, Y ) −→
Y→+∞

1,

(1.6)

where the above limits hold locally in t and uniformly in X. The existence and further
qualitative properties of such fronts follow from [1, 6, 9].
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For any γ ∈ (0, π), we set

M =

[
1 cos γ

cos γ 1

]

in the problem (1.6). Then, there exists a positive constant c∗M,q sin γ,f = c∗γ such that
for any cγ ≥ c∗γ , the problem (1.6) admits a solution (cγ , ϕγ). For any α and β in
(0, π) such that α+ β < π, we define

Γc = {γ ∈ (0, π);β ≤ γ ≤ π − α, c sin γ = cγ ≥ c∗γ},

where c is the positive constant in the equation (1.4), which denotes the speed of the
propagation. LetM be the set of all non-negative and nonzero Radon measures μ on
Γc (0 < μ(Γc) < +∞).

The main results of this paper is the following two theorems.

Theorem 1.1 (Existence). Let q(x) be a globally C0,δ(R) function (for some
δ > 0) satisfying (1.2). Let f be a nonlinearity satisfying (1.3). Then, for any given
α and β in (0, π) with α + β < π and for any c > 0 such that Γc 
= ∅, the equation
(1.1) admits a curved fronts with speed c satisfying the condition (1.5). Namely, there
exists a map μ �→ φμ, from M to the set of curved fronts of (1.4) and (1.5).

Remark 1.1. If we can prove that the map μ �→ φμ is one-to-one (in other words,
for μ1 
= μ2, the corresponding curved fronts ϕμ1 and ϕμ2 are different), then the
problem (1.1) and (1.5) admits an infinite-dimensional manifold of traveling fronts.
But, it is still open and will be our further consideration.

Remark 1.2. If
c∗α

sinα

= c∗β

sin β
, without loss of generality, we can assume

c∗α
sinα

>
c∗β

sin β
, then for any given c ≥ c∗ = max

(
c∗α

sinα
,

c∗β
sin β

)
, there exists ε > 0 such that

(β, β + ε) ⊆ Γc (by the continuity of c∗γ with respect to γ), which implies that the set

Γc is not empty. If
c∗α

sinα
=

c∗β
sin β

, then for any given c > c∗, there exists ε > 0 such

that the set Γc contains (β, β + ε)∪ (π−α− ε, π−α), which is not an empty set too.

Theorem 1.2 (Monotomocity). Under the assumptions of Theorem 1.1, if φ is
a solution of the problem (1.4)-(1.5), then ∂φ

∂ν
(x, y) > 0 for all (x, y) ∈ R

2, where ν is
a unit vector in R

2 satisfying

ν · ν0 > cos

(
arcsin

(
2
√
f ′(0)− |q0|

c

))
,

with q0 = maxx∈R q(x), namely, ν belongs to the open cone directed by ν0 = (0, 1)

with angle arcsin

(
2
√

f ′(0)−|q0|

c

)
.

Remark 1.3. In fact, in our previous paper [4], we proved that the traveling wave
is increasing in the direction ν0 = (0, 1). In the present work, we generalize the above
monotonicity in one direction of ν0 to an open cone directed by ν0. Motivated by the
work of Berestycki and Nirenberg [3], we will use the method of sliding techniques to
prove the monotonicity of the traveling waves.
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2. Proof of the main results. In this section, we prove the existence and
monotonicity of curved fronts. Let us first give the following lemma which will be
used in the proof of our main theorems.

Lemma 2.1. If f(s) is a concave function of class C1,δ in [0, 1] and satisfies the
assumptions (1.3), and f(s) is defined by 0 for all s > 1, then
(i) f(s) is a sub-additive function, that is, f(s+ t) ≤ f(s) + f(t), for all s, t ∈ (0, 1);
(ii) f(s) ≤ f ′(0)s, ∀s ∈ [0, 1];
(iii) f ′(s) ≤ f ′(0), ∀s ∈ [0, 1];
(iv) f ′(s) ≤ f(s)/s, ∀s ∈ (0, 1].

Proof. All of the conclusions in this lemma can be proved by the definition of
concave functions with f(0) = 0 directly, and we omit the details here.

Proof of Theorem 1.1. We employ the method of super- and subsolution to prove
that for any given α and β in (0, π) with α + β < π and for any c > 0 such that
Γc 
= ∅, the problem (1.1) and (1.5) admits a curved front with speed c.

Step 1: Construction of a subsolution. Let ϕ̂(x, y) be a function defined by

ϕ̂(x, y) =
1

μ(Γc)

∫
Γc

ϕγ(x, x cos γ + y sin γ)dμ(γ).

As a consequence of the Lebesgue’s dominated convergence theorem, the function
ϕ̂(x, y) is of class C2(R2) and it satisfies

Δϕ̂(x, y) + (q(x) − c)∂yϕ̂(x, y)

=
1

μ(Γc)

∫
Γc

div(M∇ϕγ(x, x cos γ + y sin γ))dμ(γ)

+
1

μ(Γc)

∫
Γc

(q(x)− c) sin γ∂Y ϕγ(x, x cos γ + y sin γ)dμ(γ)

=− 1

μ(Γc)

∫
Γc

f(ϕγ(x, x cos γ + y sin γ))dμ(γ)

≥− f

(
1

μ(Γc)

∫
Γc

ϕγ(x, x cos γ + y sin γ)dμ(γ)

)
=− f(ϕ̂),

since f is concave on [0, 1]. Thus, ϕ̂ is a subsolution of the equation (1.4). Noticing
the fact that both of the functions ϕα(x,−x cosα+y sinα) and ϕβ(x, x cos β+y sinβ)
solve the equation (1.4), we are informed that the function φ

μ
(x, y) defined by

φ
μ
(x, y) = max (ϕα(x,−x cosα+ y sinα), ϕβ(x, x cosβ + y sinβ), ϕ̂(x, y))

is a subsolution of the equation (1.4). Moreover, by construction and since α+β < π,
we know that φ

μ
satisfies lim

l→+∞
inf

(x,y)∈C
+
α,β,l

φ
μ
(x, y) = 1.

Step 2: Construction of a supersolution. For each λ ∈ R and γ ∈ Γc, call k(λ, γ)
the principal eigenvalue of the operator

Lλ,γψ := ψ′′ + 2λ cos γψ′ + (λ2 + λq(x) sin γ + f ′(0))ψ

acting on the set

E = {ψ ∈ C2(R);ψ(x + L) = ψ(x), for all x ∈ R}.



330 R. HUANG, Y. REN AND J. YIN

Then, the number

λγ = min{λ > 0, k(λ, γ) = cγλ = cλ sin γ}

is well-defined (see [6]). Let ψγ(x) denote the unique positive principal eigenfunction
of Lλ,γ with λ = λγ such that

‖ψγ‖L∞(R) = 1.

Let ϕ̃(x, y) be a function defined by

ϕ̃(x, y) =
1

μ(Γc)

∫
Γc

eλγ (x cos γ+y sin γ)ψγ(x)dμ(γ).

Then, the function ϕ̃(x, y) is of class C2(R2) and satisfies

Δϕ̃(x, y) + (q(x)− c)∂yϕ̃(x, y) + f(ϕ̃)

≤ Δϕ̃(x, y) + (q(x)− c)∂yϕ̃(x, y) + f ′(0)ϕ̃

=
1

μ(Γc)

∫
Γc

eλγ(x cos γ+y sin γ)(Lλγ ,γψλ − cγλγψλ)dμ(γ)

= 0.

Thus, ϕ̃(x, y) is a supersolution of the equation (1.4). As we have done in the proof of
the Theorem 1.1 [4], by the sub-additivity of f , we know that the following function

φ̄μ(x, y) = min (ϕα(x,−x cosα+ y sinα) + ϕβ(x, x cosβ + y sinβ) + ϕ̃(x, y), 1)

is a supersolution of the equation (1.4). Furthermore, we can prove that the superso-
lution φ̄μ(x, y) satisfies

lim
l→−∞

inf
(x,y)∈C

−
α,β,l

φ̄μ(x, y) = 0. (2.1)

Obviously, it suffices to prove

lim
l→−∞

inf
(x,y)∈C

−
α,β,l

ϕ̃(x, y) = 0.

We assume by contradiction that there exist ε > 0, (xn, yn) ∈ C−
α,β,ln

, ln ≤ 0 and
ln → −∞ as n→ +∞, such that

lim
n→+∞

inf
(xn,yn)∈C−

α,β,ln

ϕ̃(xn, yn) = ε > 0. (2.2)

Then, for any given β ≤ γ ≤ π − α, we have

0 ≤ eλγ(xn cos γ+yn sin γ)ψγ(xn) ≤ ψγ(xn) ≤ 1

and

lim
n→+∞

inf
(xn,yn)∈C

−
α,β,ln

eλγ(xn cos γ+yn sin γ)ψγ(xn) = 0.
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Thus, it follows from the Lebesgue’s dominated convergence theorem that

lim
n→+∞

inf
(xn,yn)∈C

−
α,β,ln

ϕ̃(xn, yn)

=
1

μ(Γc)

∫
Γc

lim
n→+∞

inf
(xn,yn)∈C

−
α,β,ln

eλγ(xn cos γ+yn sin γ)ψγ(xn)dμ(γ) = 0.

So, the assumption (2.2) is false, and thus, the condition (2.1) is satisfied.
Finally, it follows from the result of [7] that

ϕγ(x, y) ≤ eλγyψλ(x)

holds for all (x, y) ∈ R
2. So, ϕ̂(x, y) ≤ ϕ̃(x, y) for all (x, y) ∈ R

2. Then, we have
0 ≤ φ

μ
(x, y) ≤ φ̄μ(x, y) ≤ 1 in R

2. Thus, for any c ≥ c∗ and μ ∈ M, the problem

(1.4)–(1.5) admits a curved front (c, φμ) such that φ
μ
≤ φμ ≤ φ̄μ. The proof of this

theorem is then complete.

Now we are in the position to prove the monotonicity of the fronts. We first have
the following lemma, which is the key lemma to prove the monotonicity of the fronts.

Lemma 2.2. Let u(x, y, t) be an entire solution of (1.1) such that the fields ut

u

and
∇x,yu

u
are globally bounded. Then, for each vector ρ = (ρ1, ρ2) ∈ R

2 such that

|ρ| < 2
√
f ′(0)− |q0|, where q0 = maxx∈R q(x), one has ut + ρ · ∇x,yu > 0 in R

2 × R.

Proof. To this end, it is enough to prove that ∂tu(x, y, t) + ρ · ∇x,yu(x, y, t) ≥ 0
for all (x, y, t) ∈ R

2 × R. Indeed, suppose the latter is true. By a simple calculation,
on can find that the function U = ∂tu+ ρ ·∇x,yu satisfies a linear parabolic equation.
Then, from the parabolic maximum principle, we are informed that U > 0 for all
(x, y, t) ∈ R

2 × R, and the conclusion of Lemma 2.2 will follow.
Let us now denote by v(x, y, t) the function

v(x, y, t) =
∂tu(x, y, t) + ρ · ∇x,yu(x, y, t)

u(x, y, t)
.

By assumption, this function v is globally bounded and one then only has to prove
that infR2×R v ≥ 0.

Suppose by contradiction that infR2×R v = −ε < 0. There exists a sequence
(xn, yn, tn) ∈ R

2 × R such that v(xn, yn, tn) → −ε as n → +∞. Up to extraction of
some subsequence, two and only two cases may occur:

Case 1: u(xn, yn, tn)→ α ∈ (0, 1] as n→ +∞,
Case 2: u(xn, yn, tn)→ 0 as n→ +∞.
Let us first deal with Case 1. After a straightforward calculation, it is found that

the function v satisfies

vt = Δv + 2
∇x,yu

u
· ∇x,yv + q(x)

∂v

∂y
+ (f ′(u)− f(u)

u
)v +

ρ1q
′(x)

u

∂u

∂y
.

Let us set

un(x, y, t) = u(x+ xn, y + yn, t+ tn),

vn(x, y, t) = v(x+ xn, y + yn, t+ tn),

qn(x) = q(x+ xn).
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From the standard parabolic estimates, the functions un converge in C1
loc(Rt) and

C2
loc(R

2
x,y) to a function u∞(up to extraction of some subsequence). The function u∞

is such that 0 ≤ u∞ ≤ 1 and it solves

∂tu∞ = Δu∞ + q∞
∂u∞

∂y
+ f(u∞) in R

2 × R.

Furthermore, since u(xn, yn, tn) → α ∈ (0, 1] as n → +∞, one has u(0, 0, 0) =
α > 0. Therefore, the function u∞(x, y, t) is positive everywhere (because of the
strong parabolic maximum principle) and the globally bounded sequences of functions
∇x,yun

un
, f ′(un) and

f(un)
un

converge to the globally bounded functions
∇x,yu∞

u∞
, f ′(u∞)

and f(u∞)
u∞

, respectively.
Similarly, the globally bounded functions vn converge to a globally bounded func-

tion v∞, which is equal to

v∞ =
∂tu∞ + ρ · ∇x,yu∞

u∞
.

The function v∞ is such that v∞(x, y, t) ≥ −ε for all (x, y, t) ∈ R
2×R and v∞(0, 0, 0) =

−ε. Furthermore, v∞ satisfies

∂tv∞ = Δv∞+2
∇x,yu∞

u∞
·∇x,yv∞+ q(x)

∂v∞
∂y

+(f ′(u∞)− f(u∞)

u∞
)v∞+

ρ1q
′(x)

u∞

∂u∞

∂y
.

The point (0, 0, 0) is a global minimum for the function v∞ and v∞(0, 0, 0) = −ε < 0.

On the other hand, u∞(0, 0, 0) = α ∈ (0, 1] and f ′(α)− f(α)
α
≤ 0 since the function f

is concave on [0, 1] and f(0) = 0. Then it follows that v∞ ≡ −ε in R
2 ×R

−. In other

words,
∂tu∞+ρ·∇x,yu∞

u∞
≡ −ε < 0 in R

2 × R
−. Since u∞ is positive, one gets

∂tu∞ + ρ · ∇x,yu∞ < 0 in R
2 × R

−. (2.3)

But, since u∞ is a solution of ∂tu∞ = Δu∞+q(x)∂u∞
∂y

+f(u∞) such that u∞ ≤ 1, one

has either u∞ ≡ 1 or u∞ < 1. The case u∞ ≡ 1 is in contradiction with (2.3). The
case u∞ < 1 means that the function u∞ is a solution of (1.1), such that 0 < u∞ < 1.
Specially, when ρ1 = 0, ω(t) = u(0, ρ2t, t) = φ(0, (ρ2 + c)t) → 0 as t → −∞. But
this positive function ω is decreasing for t ≤ 0 by (2.3). One has then reached a
contradiction. As a conclusion, Case 1 is ruled out.

Let us now deal with Case 2. Up to extraction of some subsequence, one has

u(xn, yn, tn)→ 0, as n→ +∞.

Let us set

ωn(x, y, t) =
u(x+ ρ1t+ xn, y + ρ2t+ yn, t+ tn)

u(xn, yn, tn)
e

1
2 (ρ1x+ρ2y), (x, y, t) ∈ R

2 × R.

Since the fields ut

u
and

∇x,yu

u
are globally bounded, there exists a constant C such

that ωn(x, , y, t) ≤ eC(|x|+|y|+|t|) for all (x, y, t) ∈ R
2 × R and all n. In particular, the

sequence {ωn} is locally bounded and the functions (x, y, t) �→ u(x+xn, y+yn, t+ tn)
approach 0 locally in R

2 × R. On the other hand, each function ωn satisfies

∂tωn = Δωn + qn
∂ωn

∂y
+

(
f(u)

u
− 1

4
|ρ|2 − 1

2
ρ2qn

)
ωn, (x, y, t) ∈ R

2 × R.
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From standard parabolic estimates, the function ω∞ solves

∂tω∞ = Δω∞ + q∞
∂ω∞

∂y
+

(
f(u)

u
− 1

4
|ρ|2 − 1

2
ρ2q∞

)
ω∞, (x, y, t) ∈ R

2 × R. (2.4)

and it satisfies

∀t ∈ R, ∀(x, y) ∈ R
2, ω∞(x, y, t) ≤ eC(|x|+|y|+|t|). (2.5)

Due to the definition of ωn and to the choice of (xn, yn, tn), one has

∂tωn(0, 0, 0) =
∂tu(xn, yn, tn) + ρ · ∇x,yu(xn, yn, tn)

u(xn, yn, tn)
= v(xn, yn, tn)→ −ε,

as n→ +∞. Hence,

∂tω∞(0, 0, 0) = −ε. (2.6)

For each point x0 ∈ R, we can first freeze q∞(x) at x0. So, the equation (2.4) can
be written as

∂tω∞ = Δω∞ + q∞(x0)
∂ω∞

∂y
+

(
f(u)

u
− 1

4
|ρ|2 − 1

2
ρ2q∞(x0)

)
ω∞. (2.7)

For any τ > 0 and (λ, μ) ∈ R
2, we define a function as follows

p(λ, μ, τ) =
1

4πτ
e(f

′(0)− 1
4 |ρ|

2− 1
2ρ2q∞(λ))τ−λ2+|μ+q∞(λ)τ|2

4τ . (2.8)

Because of (2.5), (2.7) and (2.8), ω∞(x, y, t) can be written as

ω∞(x, y, t) =

∫ +∞

−∞

∫ +∞

−∞

ω∞(ξ, η,−k)p(x0, y − η, t+ k)dξdη,

for all k > |t|. Then let q∞(x) melt, that is, let x change in R, we obtain

ω∞(x, y, t) =

∫ +∞

−∞

∫ +∞

−∞

ω∞(ξ, η,−k)p(x− ξ, y − η, t+ k)dξdη,

for all k > |t|. As a consequence,

∂tω∞(x, y, t) =

∫ +∞

−∞

∫ +∞

−∞

ω∞(ξ, η,−k)∂tp(x− ξ, y − η, t+ k)dξdη.

Notice that

∂τp(λ, μ, τ) = − 1

τ
p+

(
f ′(0)− 1

4
|ρ|2 − 1

2
ρ2q∞(λ) +

λ2 + μ2 − q2∞(λ)τ2

4τ2

)
p

≥ − 1

τ
p+

(
f ′(0)− 1

4
|ρ|2 − 1

2
ρ2q∞(λ) − q2∞(λ)

4

)
p

holds for all τ > 0 and (λ, μ) ∈ R
2. Since ω∞ is nonnegative, it follows that

∂tω∞(x, y, t) ≥
∫ +∞

−∞

∫ +∞

−∞

ω∞(ξ, η,−k)·(
− 1

(t+ k)
+ f ′(0)− 1

4
|ρ|2 − 1

2
ρ2q∞(x− ξ)− q2∞(x− ξ)

4

)
pdξdη.



334 R. HUANG, Y. REN AND J. YIN

Passing to the limit k → +∞ in the above formula leads to

∂tω∞(x, y, t) ≥
∫ +∞

−∞

∫ +∞

−∞

ω∞(ξ, η,−k)·(
f ′(0)− 1

4
|ρ|2 − 1

2
ρ2q∞(x − ξ)− q2∞(x− ξ)

4

)
pdξdη.

Now we need to prove that

f ′(0)− 1

4
|ρ|2 − 1

2
ρ2q∞(λ) − q2∞(λ)

4
≥ 0. (2.9)

In fact, since |ρ| ≤ 2
√
f ′(0)− |q0|, we have (|ρ|+ |q∞(λ)|)2 ≤ 4f ′(0), that is,

4f ′(0)− q2∞(λ) ≥ |ρ|2 + 2|ρ| · |q∞(λ)|.
Then, we have

f ′(0)− q2∞(λ)

4
≥ 1

4
|ρ|2 + 1

2
ρ2q∞(λ),

which implies that the inequality (2.9) holds. Since ω∞ ≥ 0, one gets ∂tω∞(x, y, t) ≥ 0
for all (x, y, t) ∈ R

2 × R. That is in contradiction with (2.6). Therefore, Case 2 is
ruled out too and the proof of Lemma 2.2 is complete.

Let us now come back to the proof of Theorem 1.2.

Proof of Theorem 1.2. Let ν ∈ S be such that

ν · ν0 > cos arcsin

(
2
√
f ′(0)− |q0|

c

)
, where ν0 = (0, 1).

Let ρ be the vector defined by

ρ = (c(ν0 · ν)ν − cν0) = (c sin γ cos γ,−c cos2 γ).
One has

|ρ|2 = (c2 sin2 γ cos2 γ + c2 cos4 γ)

= c2 cos2 γ

< c2

(
1− cos2

(
arcsin

(
2
√
f ′(0)− |q0|

c

)))

= (2
√
f ′(0)− |q0|)2.

Let us now check that the function u satisfies the assumptions of Lemma 2.2, that
is to say that ut

u
and

∇x,yu

u
are globally bounded. Indeed, since u is written as

u(x, y, t) = φ(x, y+ ct), one has ut

u
= c

∂yφ

φ
and ∂xu

u
= ∂xφ

φ
,
∂yu

u
=

∂yφ

φ
. Therefore, one

only has to check that ∂xu
u

= ∂xφ
φ

,
∂yu

u
=

∂yφ

φ
is bounded. Since φ is a positive solution

of Δφ + (q(x) − c)∂φ
∂y

+ f(φ) = 0 in R
2, Schauder interior estimates and Harnack-

type inequalities imply that there exists K > 0, such that |∂xφ(x, y)| ≤ Kφ(x, y),
|∂yφ(x, y)| ≤ Kφ(x, y), which was the desired result. As a consequence, Lemma 2.2
can be applied and yields ∂tu+ ρ · ∇x,yu > 0 in R

2×R. Due to the definition of v, it
follows that cν0 · ∇v + ρ · ∇v > 0 in R

2, i.e. c(ν0 · ν)ν · ∇v > 0. Since ν0 · ν > 0 and
c > 0, one gets ν · ∇v > 0 in R

2. The proof of Theorem 1.2 is complete.
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letin Université d’Etat à Moscou (Bjul. Moskowskogo Gos. Univ.), Série Internationale,
Section A, 1 (1937), pp. 1–26.



336 R. HUANG, Y. REN AND J. YIN



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType true
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /FlateEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


