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Abstract. The large time behavior of the solutions to a multi-dimensional viscous conservation
law is considered in this paper. It is shown that the solution time-asymptotically tends to the
planar rarefaction wave if the initial perturbations are multi-dimensional periodic. The time-decay
rate is also obtained. Moreover, a Gagliardo-Nirenberg type inequality is established in the domain
R x T"~!(n > 2), where T"~! is the n — 1-dimensional torus.
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1. introduction. We are concerned with a scalar viscous conservation law,
which reads in R™ as

Opu(z,t) + > 0i (fiu(z,1)) = Au(x,t), t>0,z€R", (1.1)
=1
where u(z,t) € R, 0; := 0y, (1 = 1,2,..,n) and A = Xn: 02; the fluxes f;(u) (i =
i=1

1,2,..,n) are smooth and f{'(u) > ag for some constant ag > 0.

It is well known [11, 21] that the one-dimensional (1-d) conservation law, i.e. the
right hand side of (1.1) is zero and n = 1, has rich wave phenomena including shocks
and rarefaction waves. A centered rarefaction wave uf*(x1,t) is an entropy solution
of the following Riemann problem

pult(z1,t) + 01 fr(uf(z1,1)) =0,
Uy, x1 <0, (12)

R
ut(x1,0) =
(1,0) Upr, 1 > 0,

with @; < @,, and has an explicit formula as

ala Z1 S f{(’al)t7
wfant) =9 (F)7HE), At < < fi(ant, (1.3)
Uy, x1 > f1(a,)t.

It is shown in [7, 12, 24, 10] that the rarefaction wave given in (1.3) is asymptotically
stable for both the inviscid and viscous conservation laws in L? framework provided
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that the initial perturbations are L? integrable. The analysis for the solutions of
conservation laws with periodic initial data is important, cf. [11, 3, 1, 2, 25, 26, 27]. In
particular, the large time behavior of the nonlinear waves under periodic perturbations
for viscous conservation laws is firstly investigated in [25] with the aid of maximum
principle. The 1-d rarefaction wave u*(x1,t) becomes the planar rarefaction wave in
the multi-dimensional (m-d) case. The main purpose of this paper is to use the energy
method to extend the work of [25] to the m-d case, i.e., to show whether the planar
rarefaction wave is stable or not under m-d periodic perturbations. Besides, we refer
to[5,7,8,9,16, 17,4, 13, 14, 6, 15] and the references therein for the other interesting
works about the stability of shocks, rarefaction waves and contact discontinuities.

Now we formulate the main result. Since the centered rarefaction wave given in
(1.3) is a weak solution and only Lipschitz continuous with respect to x1, we need to
construct a viscous version of rarefaction wave @f*(x1,t) to replace the original one.
Following [17, 24], @ (z1,t) can be constructed as a smooth solution of the viscous
conservation law (1.1), i.e.,

{ataR + 01 (f(aR)) = 924k,

~ U+, U — el —
UR(l‘l,O) — ungur + Uyr—UL € e

e (1.4)

2 eTlfeo1°

It is straightforward to check that

lim @f(z,0) =% <@, = lim a"(21,0).
T1——00 xr1—+00

Consider the scalar equation (1.1) with the following initial data

u(x,O) - U‘O(x) = ﬂR(‘TlaO) + ’LUO(LL'), r e R, (15)

n

where wq(x) is a m-d periodic function defined on the n-d torus T" = [] [0, 1]. Without
i=1

loss of generality (by adding the average constant onto u; and %,, respectively), one

can assume that

/n wo(x)dx = 0. (1.6)

We are ready to state the main theorem.

THEOREM 1.1. Assume that the periodic perturbation wo(z) € H[%]H(']T”) and
satisfies (1.6).
Then there exists a unique global smooth solution w of (1.1), (1.5) satisfying

[u@, t) = @ (@1, 8)]| p gy < CA+8) 72, £>0, (1.7)
where the constant C' > 0 is independent of t.

REMARK 1.2. Tt is shown in [10] that any viscous rarefaction waves connecting
same end states are time-asymptotically equivalent in the L°°(R) space with the rate
t=2. We remark that the stability result (1.7) also holds true for more general initial
values 4!%(x1,0) 4 vo(z1) +wo () instead of (1.5), where vg(x;) is any 1-d function in
LY(R) N HY(R).

REMARK 1.3. Theorem 1.1 is the first work concerning the m-d periodic per-
turbations around the nonlinear waves for conservation laws, which shows that the
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oscillations in all directions around the planar rarefaction wave decay to zero with the
rate £, even though the initial perturbations keep oscillating at infinity || — +oo.
In other words, the oscillations are eliminated due to the genuine nonlinearity of the
equation.

Let us outline the proof of Theorem 1.1. Motivated by [24] and [10] in which the
planar rarefaction waves are shown to be stable under m-d perturbations for the scalar
equation (1.1), we want to use the energy method to prove Theorem 1.1. However, the
initial periodic perturbation wg(z) is not integrable on R™, and has no any limit at far
fields. Thus, the effective energy method developed in the previous articles can not
be applied here directly. To overcome this difficulty, we construct a suitable ansatz
u(x,t) which contains the oscillations in the x; direction so that the oscillations in the
difference between the solution u and the ansatz @ is eliminated in the x; direction,
Le., (u—a)(z,t) € LL (R), This is the key point in our proof. Then the stability with
time-decay rates (1.7) can be obtained by the L? energy method developed in [10].

To prove Theorem 1.1, we establish a Gagliardo-Nirenberg type inequality in the
domain © := R x T*!, which is the second novelty in this paper. The Gagliardo-
Nirenberg (GN) inequality is very useful in the field of PDEs and usually holds in
the whole space R™ or in the domain with zero Dirichlet boundary condition. Let us
recall the GN inequality which reads as, for any 1 < p < 400 and integer 0 < j < m,

1V “HL@ gy = C ||Vmu||Lr(Rn) HUHLQ(R")a (1.8)

where % = % + (% — %) 0+ % (1-0), # < 6 <1 and C is a constant independent

of u. However, the n-d GN inequality (1.8) does not hold in the domain  generally
owing to the following counterexample.

Counterexample. It is noted that any 1-d function 0 # f(z1) € C°(R) is
periodic in the z; direction for ¢ = 2,--- ,n (one cannot exclude the 1-d case since
the initial perturbations satisfying (1 6) include the 1-d periodic functions). Then
corresponding to the case j = 0,p = ~%5,0 = m = r = 1 in (1.8), which is exactly the
n-d Sobolev inequality, one can let (g(z1) = f (d L21),d > 0, and a direct computation
implies that

1€all 725 () = CraalIValall 1oy » (1.9)

where C), 4 = 4" ||fHLﬁ(R)/Hf/HL1(R)~ Since Cy,q — 400 as d — 400, we

conclude that in general the n-d GN inequality (1.8) is not true in 2 without additional
conditions.

Instead, based on a function-decomposition in (3.3) below, we establish a
Gagliardo-Nirenberg type inequality on the domain €.

THEOREM 1.4 (GN type inequality on Q@ = R x T*"1). Let u € L4(Q) and
V™ € L™(Q) where 1 < q,r < 400 and m > 1, and u is periodic in the x; direction

n—1

fori=2,--- n. Then there exists a decomposition u(x) = 3. u™ (x) such that each
k=0

u®) satisfies the k 4 1-dimensional GN inequality (1.8), i.e.,

j : 1-6
[v7u®| <Ol Tl (1.10)

LP(Q)
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forany0<j<mandl <p<+oo satisfymg%:ﬁ—l—(% k+1)9k+ (1—6y)

and i < 0, < 1, with the following exceptional cases,
1) if 5 =0,rm < k+1 and g = +oo, additional assumption that u — 0 as
|z1| = 400 is required;
2) ifl<r<+ooandm—j— k%l s a non-negative integer, additional assump-
tion that 0 < 1 is required.
Hence, it holds that

n—1

HV U’HLP(Q < CZ ||VmUH () HU||1Lq(96 (1.11)
k=0

where the constant C' > 0 is independent of u.

REMARK 1.5. It is noted that the first term for £ = 0 on the right-hand side
(RHS) of (1.11) is necessary since u can be a 1-d function defined on R. For example,
considering the same function (4(z1) as in the counterexample, when corresponding
to the case j = 0,p=r=2and m = ¢ =1 in (1.11), a direct computation gives that

I6all 20y = CA> DNV Call T2y [ICall ey for any 0 <0 <1, (1.12)

where C' > 0 is independent of d. The estimate (1.11) can be true only for 6 = 6 = %
Otherwise, one can let d — 0+ if 6 < % and d — o0 if 0 > %, respectively to get the
contradiction.

REMARK 1.6. An interesting interpolation inequality involving V2w in the do-
main R x T? was established in [23].

The rest of the paper is organized as follows. Some preliminaries on the viscous
rarefaction waves and the construction of the ansatz are given in Section 2. Section 3
is devoted to the proof of Theorem 1.4 and an interpolation inequality, Corollary 3.5.
In Section 4, we show the desired a priori estimates, Theorem 4.2; thereafter, the
proof of Theorem 1.1 is completed.

2. Preliminaries and Ansatz. Some properties of the viscous rarefaction wave
are listed as follows.

LEMMA 2.1. The viscous rarefaction wave @'t(x1,t) solving (1.4) satisfies
R
tLIerOO [ (@" - u®) ("t)HLOO(]R) =0. (2.1)
Moreover, for any t > 0 it holds that
C
0 < 0ya’(x1,t) < min {t’ max (u(lf)/} Vz; € R, (2.2)
@ t) = ) (350) = 50) 1 gy < OO0, 23
H@lu HLP(R) <Cct ', p € [1,+00), (2.4)

where the constant C' > 0 is independent of t.

Proof. The L time-asymptotically equivalence (2.1) has been proved in [7, 10].

By the maximum principles for (1.4) and the equation of the derivative v = d;u%,

o — 0% + f'(af)v® + fl(a®)ov =0, (2.5)
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one can get that  sup |71R(x17t)| < Hu{fHLm(R) and 0 < O (zq1,t) <
T1€R,1>0

max (u{f)/ (71). Besides, it was shown in [19] that the solution @ of the 1-d con-
T1€

vex conservation law (1.4) satisfies the well-known Oleinik entropy condition, i.e.,
oal*(xy,t) < % for all 1 € R, where C' > 0 is independent of t.

Since @, < @ < @, and both @f and 04" are uniformly bounded, it follows
from (1.4) that

d 0 “+oo

dt [/ (ﬂR(Ilyt) *ﬂl) dxy +/ (ﬂr*ﬂR(‘Tl,t)) dei| <C, t>0,
o 0

which implies that

0 “+o00
/ (@ (@1, 1) — w) dor +/ (T, — @1, 0)) dey < C(L+1), ¢ 0,
0

— 00

and thus (2.3) holds true. And (2.4) can follow from

041 ey < 01"y [ 1" (o0 < P,

Now we construct the ansatz. Set

ﬂR(IL’l,t) — Uy

g(xht) = ) T € R, t Z 07 (26)

Uy — Uy

which is smooth, belongs to the interval (0,1) and satisfies 0yg(x1,t) > 0 for any
1 €R,t>0.

Let w;(z,t) and u,(z,t) denote the two periodic solutions of (1.1) (see [20] for the
global existence) with the respective periodic data

w(z,0) =w +wo(z) and wu.(x,0) =7u, +wo(x), xR (2.7)
And define
wi(z,t) = u;(x,t) —w;, i=1orr, (2.8)
which is a periodic function with zero average for any ¢t > 0. Then we have

LEMMA 2.2. If wo(z) € H[%]H(T”) satisfies (1.6), then for i =1 or r, it holds
that

. L N < N —2at > .
I Dl ry < C Mol ] €2 120 (2.9)

where the constants a > 0 and C' > 0 are independent of t.

Proof. The proof of Lemma 2.2 is based on basic L? energy estimates and the
Poincare inequality on T™, which is standard and thus omitted. O

We are ready to construct the ansatz as follows:

u(x,t) == w(x,t) (1 — g(x1,t)) + up(z,t)g(z1, 1), (2.10)
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which is periodic in the z; direction for i = 2, --- ,n. By direct calculations, the source
term induced by the ansatz @(z,t) is given as follows.

B+ 30, (filie.1))) — Aii(a, 1)

i=1

h(z,t) :

n

= (ur —w)g(l—g) Z [0 (ug, @) 0wy — o (wy, @) O;w,] (2.11)

i=1
+ (up — w) o1 (@7, 0) (@ — ™) O1g — 201 (w, — wy) Org,
where o;(u,v) := fol fl'(v+60(u—v))dd, i =1,--- ,n. Thus, the source term h(x,t)
is also periodic in the z; direction for i = 2,--- ,n.
LEMMA 2.3. Under the assumptions of Lemma 2.2, it holds that for any p €
[1, +o0],

. < , —at > )
”h( at)HLIJ(Q) <C Hw0||H[%]+2(Tn) e , =0, (2 12)

where o > 0 is the constant in Lemma 2.2, and C > 0 is independent of t.

Proof. By (2.3), (2.4) and Lemma 2.2, it is straightforward to check that (2.12)
holds for p = 1 and +o0o0. And for p € (1,400), (2.12) follows from the interpolation

1-1 1
1Bl < 1Al lIR]l7 - D

3. Interpolation inequality on = R x T*~!. Although the n-d GN inequal-
ity (1.8) does not hold in the domain = R x T"~! generally, it is true with an
additional condition, that is,

LEMMA 3.1. Let u € L1(Q), and its derivatives of order m, V™u € L"(2), where
m > 1 and 1 < r,q < +oo. And assume that w is periodic in the x; direction and
satisfies

/u(a:)dxl =0 foralli=2,3,-- n. (3.1)
T

Then the n-d GN inequality (1.8) holds true for w.

Proof. Following [18, Lecture II], it suffices to prove the following two extreme
cases.
1) For a.e. z € Q, it holds that

()" < / |81u|da:1H/|6iu|dxi. (3.2)
R s T

2) Forany 1 <i<mn,and 1 <¢< +00,1 <r < +o0, it holds that

v

/|8iu|pdxi <cC </|8i2u|rdxi>£ </|u|qdmi> : (3.3)

where 127 = %—|— %, and “ [ indicates the integral over Rif ¢ =1 or T if ¢ > 1.
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Thanks to (3.1), it is straightforward to show (3.2). And (3.3) for ¢ = 1 has been
verified in [18]. It remains to show this inequality on T = [0, 1] for ¢ > 1. In fact, for
any bounded interval I C R, it follows from [18, (2.7)] that

P

/|aiu|” dz; < C|I|MP~ (/}afur' da:i> ' +cu‘—(1+p—%) (/|uqui) q, (3.4)
I I I

where C' > 0 is independent of I. Since u is periodic in the x; direction with period
1, the first term on the RHS of (3.4) must be greater than the second one, as long
as the length of I is equal to a large integer N. Similar to [18, (2.8)], one can cover
[0, N] by finite intervals I; C [0,2N], at each of which, the first term on the RHS of
(3.4) (where I = I;) is either greater than or equal to the second one. The proof is to
repeat the one in [18]. However, to make this paper complete, we still give the details
here. First let k& > 0 be large enough (but fixed), and consider I = (0, %) in (3.4).
If the first term on the RHS is greater than the second one, set Iy = (0, %), and it
holds that

N 1+p—2 , H
/|(9iu|pdxigc<) (/ |07 u| dxz) , (3.5)
I k Iy

where the constant C' > 0 is independent of either k or N. Otherwise, if the second
term on the RHS of (3.4) is greater, then due to the choice of N, one can extend the
interval (0, %) to a larger one, I; C [0,2N], until the two terms become equal. Then

one has that
|O;ul’ dz; < C (/ lﬁfu‘rdxi) T (/ |uqui) ’ , (3.6)
Iy I Iy

where the constant C' > 0 is independent of either k£ or N. Starting at the end point
of I, one can repeat this process to set Io, I3, -, until [0, N] is covered. For fixed
k., there must be finitely many such intervals I;, each of which is contained in [0, 2N].
Then summing the estimates (3.5) and (3.6) together yields that

N N 1+p—§ N . ?
[ 1ol as < cn () [ 1ol ae,
0 k 0
2N b 2N 2
+C (/ |8Z-2ulrdxi> (/ lul? dml) .
0 0

Letting k& — 400, one has that

N 2N % 2N 2
/ |O;u|’ dz; < C (/ |8i2u‘rdxi> (/ ul? dmi> )
0 0 0

which yields (3.3) due to the fact that u is periodic in z; direction and £ + - = 1.0

REMARK 3.2. Lemma 3.1 means that the GN inequality (1.8) holds under the
additional condition (3.1). Nevertheless, it is difficult to verify (3.1) for the perturba-
tion u(x,t) — a(x,t) for any x; direction (i = 2,--- ,n) even though it holds initially,
ie., [pwo(z)dr; =0Vi=2,--- n, which is much stronger than the original condition
(1.6).
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To prove Theorem 1.1, we shall establish a GN type inequality on the domain
R x T"~! without any additional condition by applying Lemma 3.1 and the following
decomposition lemma.

For any k > 1, set

A = {u(x) is measurable on R x T with z; € R, and periodic in z; € T,
(3.7)
satisfying /u(m)dxl =0foralli=2--- k+ 1}.
T
Then for any function u € Ay, the k + 1-dimensional GN inequality (1.8) holds true.
We are ready to decompose general function v in terms of Ay, i.e.,

LEMMA 3.3 (Decomposition Lemma). One can decompose u(x) as follows,

n—1
u(z) = Zu(k)(m) a.e. x €, (3.8)
k=0
where
u® (x) = u(o)(zl) = / u(xy, o, -+, xp)dxs - - - day, (3.9)
']I‘nfl
u(k)(x): Z ui1,"'7ik(x17xi17"' 7Iik)7 k:L--' yn—1,
2<iy < <ip<n
where each u;, ... i (1, %4y, x4, ) € Ag. Moreover, for anym >0 and1 < p < 400,

it holds that

n—1
e T 2 IV ey < C IV ), (310)

k=12<i; <--<ix<n

vz

where C' > 0 is independent of u.

REMARK 3.4. To avoid excessive words, we omit the assumptions in Lemma 3.3
that the integrals (3.9) and

dxo - -dx, . .
/ u(x)u, 1<k<n-—-1, 2<i3<---<i,<n,
Tn—1—k d:r:“dxlk

should exist, here and hereafter we use [ (')% to denote the integral that
Tn—1-k ‘1 'k

is integrated with respect to xg, - - ,z, except for z;,, -, x;,.
Proof. Starting with u(®) defined in (3.9), set
dzo---dz, .
wi(x1, ;) :/ (u—u(o)) u, i=2,---,n. (3.11)
Tn—2 dl’l
It is straightforward to check that u;(z1, ;) € A;. Define u(M(z) := 3 u;. Assume
i=2
that for all | =1,2,--- |k — 1 with k > 2 and 2 < j; < --- < j; < n, all the functions
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Wiy gy = gy gy (@1, 34, 25,) € Ap and thus u) = > Uj, ... j, have
2<1<<ni<n
been well-defined. Then for any fixed sequence 2 < iy < - -+ < i < n, set

uiu'“,ik(xlv‘riu"' 7xik) (3'12)
k—1
drg -+ -dx
— _ (l)) 2 n
' /n—l—k (u ;u dxg, - dry,
k—2
dxry---dx
l 2 n
o G D D T
==t 1=0 2<j1 < <jr_1<n i ik
It is noted that for r =1,--- , k, one has
0 ifire ja"'vjkf )
/uj17"',jkf1dxir = op . {.1 . 1} (313)
T WUgy e g1 if (28 ¢ {Jlu"' 7]/671}'

Then it holds that

k—2

dl‘gdl‘
ivye in i, = ( (l)) .
/Tuh i dry, /Tnik Z“ dai, - dw;,_ dx; - dog,

dry - -dx,,
- Ujy e
L I Jdxg, - dag,

2<j1 < <jk 1<n

= Wiy, yipq g, yie — Win,ee i1y, ik

:O’

which means u;, ... ;, € Ay and then the decomposition (3.8) for function u holds. It
remains to show (3.10). It follows from (3.9) and Minkowski inequality that

1920 ey < IVt 1 e

H ||V;nuHLP(]R;dm1)
||V?“HLP(Q) )

LY (T Ydxo---dxy,)

where the last inequality is derived from the Holder inequality. Similarly, one can
obtain from (3.11) that for any 2 <i <mn,

197 w]) < [[v2 (w—u®)|

Lo (@) <2|Vv3 “HLp(Q

The remaining functions wu;, ... ;, defined in (3.13) can be proved in the same way,
and then the proof of Lemma 3.3 is completed. O

n—1
Proof of Theorem 1.4. We first decompose u(z) = > u*)(z) as in Lemma 3.3.
k=0
Then it follows from Lemma 3.1 and Lemma 3.3 that «(?) € L9(R), V"u(®) € L"(R),
and it satisfies the 1-d GN inequality (1.8); each w;, ... ;, € LI(Q), V" u, ... 5, € L"()
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and it satisfies the (k + 1)-d GN inequality (1.8). Hence,

[ e

< CH

[«

<C ||VmUHLr ) HU”Lq )}

LP(R) L7 (R) ‘

o) = 2 IVui il

2<i1 < <ip<n

C Z V™ u“’..’”|

2<i1 < <ip<n

ClIV™ulg lulpagsy,  1<k<n-1,

La(R)
ij (k)‘

1—6,
LT() ||ui17"'a7;k,||Lf1(§kZ)

IN

IN

where the indices fg,--- ,0,_1 are that introduced in Theorem 1.4. The proof is
finished. O

In order to use the LP energy method developed in [10], we shall establish the
following interpolation inequality by Theorem 1.4.

COROLLARY 3.5 (Interpolation Inequality in Q). For any 2 < p < oo and
1 < q <p, it holds that

1+Ww 1+’1‘ka
oo TlZEGE (3.14)

el e <CZHV\ )

where v = % (% — %) and the constant C = C(p,q,n) > 0 is independent of u.

ya
2

Proof. For the function v(z) = |u(z)|? , it follows from Theorem 1.4 that

n—1

1-6
H’U“LQ(Q) < c Z ||vv||L2(Q) HU||L2T:(Q) )
k=0

where%: (%—ﬁ)@k—kﬁ(l—gk) with%ﬁrk <land0<0,<1fork=

0,1,--- ,n — 1. This yields that

1-6
oo <OZHV| L (3.15)

L2(Q)
If 2 < p < 2q, choosing r, = % > % for k = 0,--- ,n — 1 can finish the proof. If
p > 2q, let % < r, < 1, which will be determined later. Since g < pri < p, it follows
from interpolation that

1—
el ey < Il el (3.16)
where pp = £251- € (0,1). Plugging (3.16) into (3.15) yields that
n—1
a 1-04) (1—0%)
lull ey <CZHVI E]] sy Il Nl o™ (317)
For £k = 0,1,---,n—1 with n > 2 and r; € (%,1)7 one can obtain by simple
calculations that
q
p "k ( 2(p — 2q) )
oe(1— ;) = x P e 2" q). 3.18
Ut = e, G99 19
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Thus, for any § € (2((’7 Qq)) 1) , there exist ro, 71, ,7,—1 € (5,1) such that py(1 —
0r) =6 for any k =0,1,--- ,n — 1. Then (3.17) yields that

P ﬁ (I—pp)(1—06y)
Jull e <CZHV| K T
2 (A—p)(1—=0x) _ 1
A direct calculation implies that (1 6) = 1+Zy’;p and e = R for all

k=0,---,n—1, where vy, = % (% — 5), and the proof is completed. O

LEMMA 3.6 ([10] Lemma 2.2). For any 2 < p < 0o, it holds that

d; (\au| )

where the constant C' > 0 is independent of u.

Proof. The inequality (3.19) has been established in [10] for the whole space R,
and it is still true in the domain € with the aid of integration by parts and the Holder
inequality as in [10]. O

|| ||£:?Q) ) i = ]-a N2 (319)

31' P
[0ull, Q) = L2()

4. A priori estimates and proof. Denote the perturbation by ¢(z,t) :=

u(x,t) — u(x,t), which is periodic in the x; direction for i = 2,--- ,n, and satisfies
06+ > 0 [fi(i+ ¢) — fi(@)] = D — h, (4.1)
i=1
o(x,0) = 0. (4.2)

REMARK 4.1. In fact, given the initial data ug(x) = @ (z1,0) + vo(x1) + wo ()
stated in Remark 1.2, the initial condition (4.2) turns to ¢(x,0) = vo(z1) € L*(R) N
H'(R) instead, which makes no difference in the following proof.

We shall prove the global existence and large time behavior of solution ¢(z, )
to the Cauchy problem (4.1) and (4.2). The global existence can be established by
obtaining the a priori estimates (4.3) and (4.4) below, since the local existence of the
solution ¢ to (4.1) with the initial data in L'(Q) N H(Q) is standard.

THEOREM 4.2 (A priori estimates). Assume that ¢(x,t) is the unique smooth
solution to (4.1),(4.2) for any t € [0,T], then it holds that
1,4
o) Loiy < Cp(L+8)7272  Vp € [1,+00), (4.3)
IVl o(y < Cp(L+8)71 T2, Wp e [2,+00), (4.4)
where the constants C' > 0 and C), > 0 are independent of t.

Proof. The uniform bound of [|¢(¢)[| (g, follows from the maximum principle
easily. And following the LP energy method as in [10], we first prove (4.3).

Step 1. We first show the L' estimates. Given § > 0, let S5(n) be a C? convex
approximation to the function ||, e.g.

_7774 , 773—5,
Ss) = -s+ 3 +%,  —0<n<é

7, n > 9.
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Multiplying S§(¢) on both sides of (4.1) yields that

0uS5(6) + S(0) [VoP + / SE) (1@ +n) — F1(@)) dy 0y
- Zaz-{m}—/o SYn) (FL(@+ ) — £1(8)) dy &y (@ — @) (45)
i=1
n [}
=3 [ sk (i) - fi@)an o Sicon
where
{0} = SHO)00 — S5(6) (i@ + /S ) (filii +n) — fi(@)) dn

Since S§ > 0, f{ > 0,0;af > 0 and |¢| < Ss5(¢), integrating (4.5) over Q, together
with Lemmas 2.2 and 2.3, gives that

[ Ssoyr < ce /Z fi(@+n) = f(@) dn) dz + C b s o

< Ce™ ™ n) || dn| dx + Ce™**
—at —at

< Ce ||¢||L1(Q) +Ce

<

Ce*‘”‘t/ Ss(¢)dx + Ce™
Q

where C' > 0 is independent of §. Then by the Gronwall inequality and letting § — 0+,
one has that

@l L1 () < C- (4.6)

For p € [2,400), multiplying (4.1) by |¢[" " ¢ yields that
¢
+p-1) / (FL(@+n) — F(@) g ~2dn 0,a"
0
“S ol - -1 / (Lt ) — F(@)liP~2dn 0y (i — ")
=1

5 6" +

~0-DY [ (i) - F@) Py 0 - o on (@)
i=2 70
where
(Y= [0 00ib — (fila+¢) — fi(@) |o]" % ¢
¢
+<p—1>/ (i@ +n) — fu(@) Inlr~2dn.
0
Since

¢
-1 / L+ ) — FL@)nlP~2dn 0™ > Cora gl > 0,
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then integrating (4.7) over (), together with Lemma 2.3, gives that

1 p
”(b””(“ i HV |¢|2 e H(alﬂR)p o)
1—1
< O 6l + C (1010y) Il ooy
<C e ||¢|| P(Q) + Ce . (48)

Multiplying (4.8) by (14 %)%, where 8 > 2 5 (p—1) is a constant, then integrating the
resulting equation over (0,7) yields that

dt
L2()

TP 0 iy + [ 0407|7102

IN

c/ —M1+@ﬂwmﬂnﬁ+c+c/‘1+w3wwmm

IN

00 [ a0 ol (19)

It follows from Corollary 3.5 and (4.6) that

T
0/‘u+wﬂwwmqm

29kpP
T
< CE / (1+1)°~ 1 ‘Vlcﬁl Lzz:: ||¢H;(w§z§ d
1 r -
< = 1 tﬁHV 2 dt + C (14 T)° 7P 4.10
_2/0(+) 1] LQ(Q)+(+) (4.10)

where 7, = &1 (1 - %) . This, together with (4.9), yields that

T D2 _p=1
A+ TV ATy + [ 0P [0, e v cem) =

Thus (4.3) holds for p € [2, +00). The case for p € (1, 2) follows from the interpolation.

Step 2. We now prove (4.4). Let v¢; := 9;¢. Taking the derivative on (4.1) with
respect to x; yields that

O+ 3 05 (F(@)0wi) + D05 [(F(@+ ) = (@) (9: +3)] = Dapi = Dih.

Multiplying the result by |t;|” -2 1;, we arrive at

0wl + lwvww%2+311ﬁ%maa3w#
- -1
=1

(4.11)

n

+(-1) Z (fi(@+¢) = f(@) (Bia + ) |¢i|p72 0jv;

=1

=0, ([l" "2 0k ) + (= 1) [l Outsih,
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where
{--~}=|w¢\p*2wiajwi— F@) [il” = (@ + @) — £5(@)) (@5t + 1) [P~ .

Then integrating ((4.11)) over  and using Lemma 2.3 yield that

1

‘Nrr)

d
il ey + |9 st

~R
i ™)

e [l ) + C / 10| || [9l” 2 | Vepa]

4.12
. (1.12)
0 [l 90l do+C [ il 9 bl de
12 IS
First, it follows from Lemma 2.3 that
2l —at B2 p=204
Ig:C/ ‘V|1/)1|2 (6 « |1/)7,|p) 2r eozp ¢ |h|d§C
Q
< LT[, Ce il gy + Ceo (54 (4.13)
-8 RERITEI) HILP(Q) ’ ’

where the Hélder inequality for 1 + pz—;f + = = 1is used. Following [10], one can claim

that

[ 1ot

In fact, we first decompose v := ||

1
P

Ak (4.14)

Ve |7 10t |

L2(Q)

[NS]

i as in Theorem 1.4, then

n—1
[ 1ol tw:l% |9 2o < 3 [ jol[o®] 170 o
Q k=0 Q
< 6l [0 g 190020y + 10lscey [0 o 1901 200y
n—1
+ Z [l L2ty (@) sy IVl 20
k=2 L4(Q) L k=1 (Q)
n—1 N s
< Z ||¢||L2<k+1>(9) HU||[2,2(Q) ||v”||22(9) )
k=0

which yields (4.14). Then combining (4.3) and (4.14), the term I in (4.12) satisfies
that

Iy < CA+07F il ) Hv il

(4.15)

< O+ il + < Hv wul ||

L2(Q)
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For Iy, if i # 1, it follows from the Holder inequality and (4.3) that

I < Cemat / 611 5 1|2 |V da

< Ce™ 9]l ey IWill e Hv ¥, (4.16)
< Ot 4 O Willhuggy + 5 [V 10il%]
If i =1, then
B< C [ ol Vil o+ Cet [ ollinl ™ (Vinlde. (417)

where the second term on the RHS of (4.17) can be estimated in the same way as in
(4.16). For the first term, one can use Lemma 3.6 to obtain that

2p _2p_
~R —2 ~R -5 P
/Q 01" 9] [in P2 [V | o < C |01 ) 1811217, va -

<C HaluRHLOO(Q) el ze ) + 3 Hv |¢1|5 L2

. (418
o (418
Thus, collecting equations (4.13) and (4.15) to (4.18) and applying (2.2), one has that

Wl + |7 10l

< Ce_“t—i—C(l—l—t) il e F O+ 0% e - (4.19)

L2(Q)

Multiplying (4.19) by (1 +¢)? with 8 > p + 1 and then integrating the result over
[0,T], one has that

07 IOy + [ 4091l

L2(Q)
< 00 [ A Oy @4 C [ (40 oyt (420
It follows from Lemma 3.6 that
T
/ <1+t>ﬂ*1 (0%
<cfavo 1HW|* ol Ei,
= (3 LQ(Q Lp(Q

< %/ a+0° |t

dt 1+48)f~"°
1€ / e

From (4.3), one can get that

T T p+2 p—1
[ astr ol ga<c [ aror o
0 0

<C(1+ T)ﬁ*p+%_
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The proof of (4.2) is finished. O

Proof of Theorem 1.1. Tt follows from Theorems Theorem 1.4 and (4.2) that

—0
1]l ey < GZ IV61%5 (0 1815ty

9

SCS(l—}—t)i[(l 2pk)6k+< )(1 ek)]
k=0

Pk k+1

where 0 = (L,7)9k+ (1 —0g), max{k+ 1,2} < pr < +o0 and 1 < ¢ < 400

for k=0,1,--- ,n—1. A d1rect calculation yields that

1 1 1 1 ko, 1
1 — o+ (=-—)-0 Fo >
( 2pk> i <2 2%)( k) = 2(k+1) — 27

which implies that

Thus,

(1]
2]

(3]

(4]
(5]
[6]

[7]

(8]

(9]

(10]

(11]

(12]

Q

1

[l oo ey = 18]l oo () < C(L48)72.

1

o= 0y < ey = 8% ey < O+,
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