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Abstract. In this paper we construct a fully compatible staggered Lagrangian algorithm for
the equations of two-dimensional elastic-plastic flows (FCSLAEP), with the hypo-elastic incremental
constitutive model, von Mises’ yielding condition and the Mie-Grüneisen equation of state. To
construct our scheme, we first reformulate all governing equations of elastic-plastic flows, including
the equations of deviatoric stress, into a hyperbolic system in the form of the divergence and the
gradient operators. Then, this hyperbolic system is discretized by adapting the method of support
operators and using some new vector identities of differential calculus. Moreover, we replace the
finite volume surface integrals with the line integrals and rewrite the equations of deviatoric stress
in the form of the internal energy on the right-hand side (so that one can use the gradient operator
on the velocity in the discrete form), to discretize the equations of deviatoric stress in order to
conserve the total energy and preserve the symmetry. Finally, the predictor-corrector technique is
used with respect to time to improve the accuracy. A number of numerical tests are carried out,
and the numerical results show that the proposed scheme FCSLAEP seems robust and convergent.
Moreover, the scheme is of the 2nd order accuracy, and conserves the total energy and preserves the
symmetry.
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1. Introduction. This paper aims at the construction of a fully compatible
staggered Lagrangian scheme for the equations of elastic-plastic flows with the hypo-
elastic incremental constitutive model, which was initially developed by Wilkins [1].

The early numerical simulations for the elastic-plastic hydrodynamic equations
with Wilkins’ model were carried out on staggered grids, based on the Lagrangian
approach[13, 14]. For the staggered Lagrangian approach, the physical variables are
defined in the cell center, while the velocity and the position are defined at the cell
corner. Therefore, the geometric conservation law (GCL) is satisfied [13]. However,
the equations of specific internal energy and momentum are discretized in different
control volumes, this makes the conservaion of total energy failed.

Driven by engineer applications, Dobrev, et al. proposed curvilinear finite ele-
ment methods for both hydrodynamics and elastic-plastic Lagrangian dynamics, and
further developed a multi-physics parallel arbitrary Lagrangian Eulerian (ALE) plat-
form MARBL to simulate multi-material hydrodynamic problems [3, 4, 5, 6]. For La-
grangian hydrodynamics, a curvilinear finite element method was proposed in [7], then
extended to a high-order curvilinear finite element method in [8]. In [9], a high-order
curvilinear finite element method was studied for axisymmetric Lagrangian hydrody-
namics, while the geometry validity of curvilinear finite elements was investigated in
[10]. Furthermore, a high-order curvilinear finite element method for elastic-plastic
Lagrangian dynamics was recently developed in [11] under the condition that the
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strong mass conservation has to be satisfied in any moving volume (in order to elimi-
nate the computation of the density from the numerical scheme), an additional condi-
tion which has to be a priori verified. In [8] an extension of the high order curvilinear
finite element method to Lagrangian hydrodynamics was investigated.

In the traditional Lagrangian numerical method, both the artificial and hour-
glass viscosity terms are used to suppress spurious numerical oscillations and to avoid
hourglass-type meshes. In [11] and [8], the so-called tensor artificial viscosity is em-
ployed in the framework of a finite element approach to compute moving shocks [12],
where the authors do not employ the hourglass viscosity term due to the use of moving
curvilinear meshes. Besides the staggered Lagrangian/ALE schemes, the Eulerian and
cell-centered Lagrangian schemes [13, 14] have also been proposed for elastic-plastic
flows. Maire et al. [13] developed a second-order cell-centered scheme by constructing
a node-solver. Cheng et al. proposed a compatible cell-centered scheme within the
framework of the Godunov method which is shown to satisfy GCL [14].

As mentioned at the beginning of this paper, we shall develop a fully compatible
staggered Lagrangian algorithm for elastic-plastic flows with Wilkins’ hypo-elastic
incremental constitutive model.

This paper focus on compatible staggered Lagrangian methods where equations of
momentum and specific internal energy are discretized on different grid. The artificial
viscosity is employed to simulate moving shocks in order to damp spurious numerical
oscillations. Furthermore, the hourglass viscosity is needed in the straight line grid
to resist hourglass-type grid appear. The viscosity appears in the total stress matrix
as a force and is taken as part of the corner force.

The compatible staggered Lagrangian hydrodynamics algorithm (CSLHA) for
fluid flows was initially introduced by Caramana et al. in [15], where the equations of
hydrodynamic flows are formulated in the form of the gradient and divergence opera-
tors, and discretized as a whole system by applying the method of support operators.
In [16] Barlow et al. applied CSLHA to the constrained optimization framework for
interface-aware sub-scale closure models for multi-material cells in Lagrangian and
ALE hydrodynamics. CSLHA was also applied to the equations of elastic-plastic
flows with the generic difference of deviatoric stress in [17, 18], where the constructed
algorithms are unfortunately compatible with the hypo-elastic constitutive model,
that means, the constructed algorithm do not rigorously satisfy the conservation of
total energy.

In this paper, based on the method of support operators, we shall construct a fully
compatible staggered Lagrangian algorithm for elastic-plastic flows which should sat-
isfy the conservation of total energy and other physical laws such as Newton’s second
and third laws(in the discrete form), and preserve the symmetry of solutions. There-
fore, we shall treat all the continuum equations, inclusive of the hypo-elastic constitu-
tive model, as a whole system in order to make our discretization satisfy the physical
laws, such as the conservation of total energy and Newton’s third law, etc. For elastic-
plastic flows, the hypo-elastic constitutive model [1], which models the equations of
the deviatoric stress, is independent of three balance laws, but should be compatibly
discretized as the other equations in the whole system in order to conserve the total
energy and the other physical properties. This makes the conserved discretization of
the total energy in a staggered Lagrangian algorithm for elastic-plastic flows more
challenging than that for hydrodynamic flows from [15]. For elastic-plastic flows, the
divergence operator acts both on the velocity field and on the stress tensor, while
the gradient operator acts on the velocity field. This makes the construction of a
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compatible discretization algorithm more complex than that for hydrodynamic flows
for which the gradient operator acts on the pressure and the divergence operator on
the velocity only. Moreover, the equations of deviatoric stress for elastic-plastic flows
are complicated and special treatments are needed.

Roughly speaking, the basic idea of our algorithm is that we can fortunately
reformulate all the equations of elastic-plastic flows, particularly together with the
hypo-elastic incremental constitutive model [1], as a whole system of the divergence
and gradient operators. Then, we can adapt the method of support operators to com-
patibly discretize the full system. Therefore, we call our algorithm the full compatible
staggered Lagrangian algorithm for elastic-plastic flows (FCSLAEP).

We should address here that exploiting the identity of operators:

∇ · (σ · �v) = σ : (∇�v) + �v · (∇ · σ) , (1)

and using the definition of the divergence operator on the velocity field, we first
discretize the divergence operator on the stress tensor. Then, the discretized gradient
operator on the velocity field can be derived from the conservation of total energy
and the identity of operators (1). Consequently, the conservation of total energy is
satisfied in a natural and compatible way.

This paper is organized as follows. In Section 2, the governing equations of elastic-
plastic flows with Wilkins’ hypo-elastic model are given in the two-dimensional planar
geometry, and fully transformed in the form of the gradient and divergence operators,
which is convenient to discrete via the method of support operators. In Section 3 we
construct a fully compatible Lagrangian algorithm, while in Section 5 we employ the
predictor-corrector technique to finally give the proposed scheme FCSLAEP of this
paper. Section 5 presents some numerical tests to validate FCSLAEP. The conclusions
are given in Section 6.

2. Governing equations and fundamental ideas. Assume that there is a
discrete volume element V that may deform in shape but through whose boundary
no mass flows. This is the basic assumption of all Lagrangian algorithms, and will
be called the Lagrangian assumption in what follows. Therefore, the original mass
present in the volume at some starting time, M0, is constant. At any later time, t, the
density, ρ, inside the given element is simply found from ρ = M0

V . Substituting this
expression into the continuity equation for mass, we obtain the so-called geometrical
conservation law:

1

V

dV

dt
= ∇ · �v ≡ ∂vr

∂r
+

∂vz
∂z

, (2)

where d
dt is the material derivative, V = 1/ρ and �v = (vr, vz).

Now, we consider the equation of motion with the force given as the gradient
of the stress tensor σ, and also, the associated equation for the internal energy e,
together with the incremental constitutive law for the deviatoric stress, written in the
Lagrangian form:

ρ
d�v

dt
= ∇ · σ, (3)

ρ
de

dt
= σ : (∇�v), (4)
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dS

dt
= 2μD0 − (SW −WS). (5)

Here the inner product of A and B is defined as A : B =
∑

aijbji (i.e., = tr(ATB))
for any pair of tensors. The stress tensor σ is decomposed into a pressure p and a
deviatoric stress S by σ = S − pI, which includes the components σij = Sij − pδij ,

τij = Sij ; D0 = D − 1

3
tr(D)I with the strain rate tensor D = 1

2

(
∇�v + (∇�v)

T
)
, and

tr(D) = ∇ · �v = ∂vr
∂r + ∂vz

∂z ; W = 1

2

(
∇�v − (∇�v)

T
)
and μ is the shear modulus. The

von Mises’ yielding condition is used to describe the elastic limit. In two dimensions,

it is given by S = S × min
(
1, σy/

√
3

2
(S : S)

)
, where σy is the yielding strength of

the material in simple tension.
To complete the system (3)–(5), an equation of state of the form p = p(ρ, e) has

to be specified. In this paper, for the equation of state we consider the following
Mie-Grüneisen model:

p(V, ε) =
a20(V0 − V )

[V0 − s(V0 − V )]
2
+

Γ(V )

V

[
ε− 1

2

(
a0(V0 − V )

V0 − s(V0 − V )

)2
]
. (6)

The full system (3)–(5) will be discretized so that the total energy is conserved.
To this end, we shall rewrite the equations of the deviatoric stress as the right-hand
side of the equations for the (specific) internal energy in the form of the gradient
operator. Then, we are able to discretize the full system of elastic-plastic flows in a
way similar to that for the system of hydrodynamic flows in which only the divergence
and gradient operators appear. Thus, applying the method of support operators, we
can construct full compatible discretization of the equations of elastic-plastic flows
by first defining the divergence operator discretization and then deriving the gradient
operator discretization.

First, we reformulate the evolution equations of the deviatoric stress as follows.

dS

dt
= N : (∇�v). (7)

where the tensors Nrz, corresponding to the deviatoric stress Srz, read as

Nrr =

(
4μ
3

−srz
srz − 2μ

3

)
,Nzz =

( − 2μ
3

srz
−srz

4μ
3

)

Nrz =

(
0 μ− szz−srr

2

μ+ szz−srr
2

0

)
.

We remark that the above tensors are not symmetrical, this brings some difficulties
in the construction of a fully compatible staggered Lagrangian algorithm for elastic-
plastic flows because the stress tensor is symmetric.

Next, we use the method of support operators to give the compatible staggered
discretization. We give some basic concepts and notations for the staggered quadri-
lateral grid formulation in the following Fig. 1.

A quadrilateral z is defined by points labeled as from 1 to 4 which are connected by
solid lines. The midpoint of solid lines grid is connected by the dash lines. The center
point z of the quadrilateral is defined by the simple average of the coordinates of four
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Fig. 1. Staggered grid of solid lines with center z and four nodes p

points denoted by p (the same as the center point of the quadrilateral which is made
by the midpoints of the opposite quadrilateral sides). For simplicity, the straight lines
make the “coordinate-line” mesh, while the dash lines connect the “median” meshes.
These correspond to the primary and dual grids, respectively. A staggered scheme
means that the velocity and position are defined at the cell point of the primary grid,
while the specific internal energy, pressure, and density, the strain tensor and the
deviatoric stress are constant inside of a quadrilateral cell. In general, those labels z
and p are always used as subscripts or superscripts with integer values that range over

all the cell points and grid corners, respectively. Therefore,
−→
C p=1

z is the vector from

a corner p = 1 to an ambient cell center z, while
−→
C z

p=1 is the vector from a ambient
cell center z to a corner p = 1. Summations are always performed with respect to

the lower index. Similarly, the forces
−→
f p=1

z and
−→
f z

p=1 satisfy Newton’s third law:
−→
f p=1

z = −−→
f z

p=1, a key relation to make our discretization satisfy the total energy

conservation. This relation is to say, the force
−→
f p=1

z from the cell z acts on the corner

p = 1, while the force
−→
f z

p=1 from the corner p = 1 acts on the cell z, both forces
appear simultaneity and possess the same magnitude, but in the opposite directions.

The concept of a “corner” is the same as that in [15]. The corner volume associated
with a cell point p and a cell z in two dimensions is the volume inside the surface
defined through the point p, the two midpoints of the lines through points p of cell z,
and the corner volumes to each quadrilateral cell. The corner mass, associated with
the point p and cell z, is defined as mz

p (which satisfies mz
p = mp

z), as the mass inside
the associated corner volume at some time t. The summations are always performed
with respect to the lower index. The corner mass is used as the primitive quantity
from which the grid and nodal, or grid point, masses can be constructed. The total
mass of point p(or z) can be obtained by summation of all corner masses of ambient
cells z (or points p) around the fixed point p (or cell z) as

Mp =
∑
z

mp
z, Mz =

∑
p

mz
p.

The Lagrangian assumption guarantees that Mz is a constant, However, Mp is
allowed to vary with time. Both the zonal and the corner masses are considered on a
totally equal footing and are constant. The grid and the nodal masses are composed
of the same objects that are simply added in a different order, it follows that the
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zonal and nodal masses in a problem are equal, that is to say,
∑
z
Mz =

∑
p
Mp. For

the nodal mass of some boundary point in a physical region, it is always assumed that
the corner masses exterior to that region are zero.

3. A fully compatible Lagrangian algorithm. In this section we give the
discretization of the equations of elastic-plastic flows with the help of the method of
support operators. The important feature in a staggered Lagrangian discretization
is that the momentum equations evolve in time at the nodes, while the evolutionary
equation of the specific internal energy is defined in the grids. Therefore, the equation
for the conservation of total energy is composed of a mix of the variable definitions.
This allows one to extend the Lagrangian assumption in a natural manner that elim-
inates under constrained modes of distortion [15], and to specify the discrete forces
without additional assumptions about the manner in which the work performed at
cell interfaces is to be divided into the kinetic and internal energies, as is necessary for
point-centered formulations when operator prescriptions for these forces are not avail-
able. However, care must be taken with staggered grid formulations so that logical
inconsistencies between quantities defined at nodes and grids do not occur.

Next, we utilize the momentum equation to introduce the important concept of
a corner force by using the forces of the strain tensor. Thus, we can define the total
energy on a single grid basis and extend it to the entire domain of integration. The
discretizd internal energy equation can be derived in a production form of a arbitrary
corner force and a zonal point velocity, which is identical to that obtained by a direct
discretization of the internal energy equation for the special case of forces that arise
from a strain tensor of piecewise constant in a grid.

The arbitrary corner force in the discretized internal equation can be chosen in
different manners, but should be kept identical to that in the discretized momentum
equations in order to preserve the conservation of total energy.

Denote the area, volume and mass of a cell z by Az, Vz and Mz, taking the

different coordinates into account. Denote by
−→
C p

z the point-vectors associated with
the accept force point p of a ambient cell z (z denotes the sum variable and p the fixed

point), then
−→
C 1

z = ( z4−z2
2

r2−r4
2

)T ,
−→
C 2

z = ( z1−z3
2

r3−r1
2

)T ,
−→
C 3

z = ( z2−z4
2

r4−r2
2

)T ,−→
C 4

z = ( z3−z1
2

r1−r3
2

)T .

The fully staggered compatible Lagrangian algorithm for the system (3)–(5) are
given by

Mp
d�vp
dt

=

∫
Vp

∇ · σdV =

∫
∂Vp

σd�s =
∑
z

�fp
z ≡ �Fp,

where �fp
z is the force that cell z acts on its point p. One should notice that �fp

z and �fz
p

obey Newton’s laws, such as Newton’s second and third laws. So, there are four forces
on a quadrilateral cell corresponding to its four nodes. As a point, there are four cells
around it, which contributes to the corner force of corner p. Define the divergence of
the velocity in the median mesh as follows.

(∇ · �v)z=1 = 1

Vz=1

∑
p

�vp · �Cz=1
p ,

which makes the divergence of the node velocity work on the cell z. This definition is
extended to the divergence of the stress tensor in coordinate-line meshes which makes
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the divergence of the stress tensor in cell z work on the nodes:

Vp(∇ · σ)p =
∑
z

�fp
z =

∑
z

(σz · �Cp
z ).

The above identity is used in discretizing the momentum equation with all artificial
forces, such as the artificial/hourglass viscosity, to update the acceleration, velocity

and node position at the (n+ 1)-th time level. Hence, �fp
z includes the bulk artificial

viscosity q, which is treated as part of the pressure when shocks arise, while the
hourglass viscosity is directly added to the force �fp

z .
Thus, the acceleration, velocity, node position, as well as the velocity at the

(n+ 1

2
)-time level (which we call the semi-time level velocity thereafter) are given by

an+1
p = 1

Mp

∑
z

�fp
z = 1

Mp

∑
z

(σz · �Cp
z ), (8)

�vn+1
p = �vnp + Δt

Mp

∑
z

�fp
z = �vnp + Δt

Mp

∑
z

(σz · �Cp
z ), (9)

�v
n+ 1

2
p =

1

2

(
�vnp + �vn+1

p

)
= �vnp + Δt

2Mp

∑
z

�fp
z = �vnp + Δt

2Mp

∑
z

(σz · �Cp
z ). (10)

On the other hand, based on the definition of the discretized divergence, we deduce
the discretized gradient of the velocity via the conservation of total energy as follows.

σz : (∇�v) = − 1

Vz

∑
p

(
�fz
p

)
· �vp = − 1

Vz

∑
p

(
σz · �Cz

p

)
· �vp, (11)

which is used in the discretization of the balance equation for the specific internal
energy in the following:

en+1
z = enz − Δt

Mn
z

∑
p

(
σz · �Cz

p

)
· �vp. (12)

The left-hand side of (11) is the inner product of the stress tensor with the velocity
gradient. Fortunately, the evolutionary equations of deviatoric stress can be rewritten
as the inner product of some tensor with the velocity gradient, and could be discretized
similarly to the evolutionary equation of the specific internal energy as follows.

Nrz : (∇�v) = − 1

Vz

∑
p

(
�fz
Nrz

)
· �vp = − 1

Vz

∑
p

(
Nrz · �Cz

p

)
· �vp,

which is used in discretizing the deviatoric stresses S∗n+1
rr , S∗n+1

zz , S∗n+1
rz as follows.

Sn+1
rz = Sn

rz −
Δt

V n
z

∑
p

(
Nrz · �Cz

p

)
· �vp. (13)

We point out here that the above discretization for the equations of deviatoric stress is
based on the finite volume surface integrals, a process similar to that for the gradient
operator on the right-hand side of the internal energy equation.
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For Lagrangian hydrodynamic flows, it is well-known that when the momen-
tum and internal energy equations are discretized with the line and finite volume
surface integrals to preserve symmetry, respectively, such a scheme is often called
“area-weighted scheme”. When both the momentum and internal energy equa-
tions are discretized with the finite volume surface integrals to preserve the total
energy, such a scheme is often called “volume-weighted scheme”. For the equa-
tions of elastic-plastic flows considered in this paper, however, a traditional “area-
weighted scheme”/“volume-weighted scheme” is not sufficient to guarantee symme-
try/conservation of total energy due to the presence of the additional equations of
deviatoric stress. In this paper we use the gradient operator to act on the velocity to
produce a deformation tensor, which includes diliational shear, and rotational compo-
nents. Consequently, the symmetry is achieved by replacing the finite volume surface
integrals with the line integrals in the discretization of the equations of deviatoric
stress:

Sn+1
z = Sn

z − Δt
An

z

Np
iz : (�vzp · −→C z

p). (14)

4. A fully compatible staggered Lagrangian algorithm for elastic-
plastic flows (FCSLAEP). In this section we present a second-order predictor-
corrector time-integration method for the fully compatible staggered Lagrangian
spatial-discretization for the equations of elastic-plastic flows.

4.1. Predictor step. The discretized momentum equation gives us the update
of the node velocity and node position, and thus the semi-time level velocity from
the new acceleration. Then, after the acceleration is updated, the slide lines and
the rigid wall boundary should be updated, thus possibly changing the value of the
semi-time level velocity, and consequently violating the conservation of total energy.
To circumvent such difficulties, and to introduce the proper entropy changes due
to shocks and to reduce possible spurious oscillations, we utilize the bulky artificial
viscosity qrb in the algorithm. The hourglass viscosity �fhgs is added in the discretized
momentum equation as follows.

Vp(∇ · σ)p =
∑
z

�fp
z =

∑
z

(σz · �Cp
z + �fhgs).

σz =

(
Srr − (p+ qrb) τrz

τrz Szz − (p+ qrb)

)
.

Then, the predictor step for the acceleration is given by

a∗n+1
p = 1

Mn
p

∑
z

(�fp
z )

n
= 1

Mn
p

∑
z

(σz · �Cp
z + �fhgs)

n
. (15)

The slide lines or rigid walls are computed to correct the time step, acceleration,
velocity and node position when they are involved in the problem. Then, based on
the corrected node vectors at the n-th time level, the predictor step for the velocity
reads as

�v∗n+1
p = �vnp + a∗n+1

p Δt, (16)

�v∗n+1/2
p =

1

2

(
�vnp + �v∗n+1

p

)
= �vnp + Δt

2
a∗n+1
p . (17)
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By virtue of (15)–(17), the specific internal energy and the deviatoric stresses in
the predictor step read as

e∗n+1
z = enz − Δt

Mn
z

∑
p

(σz · �Cz
p + �fhgs)

n · �v∗n+
1

2
p , (18)

S∗n+1
rz = Sn

rz −
Δt

An
z

∑
p

Nn
iz : (�v∗n+1/2

p · �Cn
p ). (19)

The local speed of sound for elastic-plastic flows is given by

C =
4μ

3
+ ρ0

∂p

∂ρ

∣∣∣∣
e

+ p

(
V

V0

)2
∂p

∂e

∣∣∣∣
ρ

.

Here the shear modulus also contributes to the local speed of sound which is used to
obtain the time step:

Δt = ctl
[
q +

√
q2 + C2

]−1

, q = q1l |∇ · v|+ q2C,

where ct < 0.5 is a given constant, l is the characteristic length of the cell; q1 and q2
are parameters. In this paper we take q1 = 1.5 and q2 = 0.06. The bulky artificial
viscosity force is given by

qrb := ρ0l |∇ · �v| (q2C + q1l |∇ · �v|) .
For resisting the hourglass distortion of the grid, the hourglass viscosity force is

given below

�fi = (−1)
i
a (�v1 − �v2 + �v3 − �v4) ,

where the coefficient a = Q
4
ρC

√
A and Q is a given constant.

Finally, the pressure is updated by the equation of state (i.e., the Mie-Grüneisen
model in this paper):

p∗n+1 = p(ρ∗n+1, e∗n+1).

4.2. Corrector step. In the corrector step, the physical variables are updated,
similarly to the process in the predictor step as follows.

an+1
p = 1

M∗n+1
p

∑
z

(�fp
z )

∗n+1

= 1

M∗n+1
p

∑
z

(σz · �Cp
z + �fhgs)

∗n+1

. (20)

�vn+1
p = �vnp + an+1

p Δt, (21)

�vn+1/2
p =

1

2

(
�vnp + �vn+1

p

)
= �vnp + Δt

2
an+1
p . (22)

en+1
z = enz − Δt

M∗n+1
z

∑
p

(σz · �Cz
p + �fhgs)

∗n+1 · �vn+
1

2
p . (23)
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The discretized evolutionary equations of deviatoric stresses S∗n+1
rr , S∗n+1

zz , S∗n+1
rz

read as follows.

Sn+1
rz = Sn

rz −
Δt

V ∗n+1
z

∑
p

(Nrz · �Cz
p )

∗n+1 · �vn+1/2
p .

The pressure in the corrector step is updated again by the equation of state:

pn+1 = p(ρn+1, en+1).

The above predictor-corrector process makes the current scheme FCSLAEP the
second-order accuracy. Moreover, the conservation of total energy still holds.

5. Numerical tests. In this section, we present a number of numerical examples
of both elastic-plastic and hydrodynamic flows to validate the proposed FCSLAEP.

5.1. Sod’s shock tube problem. (Hydrodynamic flow with the exact solu-
tion) The exact solution of this problem can assess the convergence and accuracy of
FCSLAEP for the hydrodynamic flow simulation. For this problem, the computation
domain is [0, 1]× [0, 0.1]. In order to test the convergence, we compute this problem
with 100× 5, 200× 5, and 400× 5, 600× 5, and 800× 5 cells, respectively. The CFL
number is taken to be 0.15 and the end time is t = 0.1. The computed pressure and
density with different cells are shown in Fig. 2, from which we clearly see that the
numerical solution converges to the exact solution.
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Fig. 2. Sod’s shock tube problem: Pressure and Density at t=0.1.

5.2. Volume detonation. (Compare with the LS-DYNA code) This example
assesses the conservation of total energy, where our FCSLAEP works as a simple
formulation for hydrodynamics. For this problem we take the initial data as ρ0 =
1.712g/cm3, the C-J detonation velocity is taken to be DJ = 7.98cm/us and the
pressure to be PJ = 29.5Gpa, A = 5.242, B = 0.07678, R1 = 4.2, R2 = 1.1, w = 0.34,
Q = 8.5KJ/cm3. The computational domain is (z, r) ∈ [0.0, 1.0]× [0.0, 0.1]. The grid
is 200 × 5, and CFL number is taken to be 0.1. The computed pressure values at
different time are listed in the left Fig. 3, while the values of total energy are given in
the right Fig. 3.

From Fig. 3 one clearly observes that the detonation wave computed by FCSLAEP
resolves better than that by the LS-DYNA code where a staggered compatible La-
grangian algorithm is also implemented. Moreover, the total energy computed by
FCSLAEP is conserved up to machine precision, and appears like a straight line.
while the total energy computed by the LS-DYNA code is not conserved and seems
decreasing with time.



THE 2ND FCSLAEP ALGORITHM 365

Fig. 3. Volume detonation test: Pressure comparison between FCSLAEP and the LS-DYNA
code, Total energy at T=0.3.

5.3. Accuracy test. This test problem is taken from the papers [14, 20, 21]
and has a smooth manufactured solution. Thus, we can use this problem to test
the convergence order of the current scheme for smooth solutions. For the prob-
lem setting, we refer to [14, 20, 21] for the details. In the simulation, the physical
constants/parameters are listed below: a = 10000m/s, s1 = 60 × 106Pa, the con-
stant internal energy e0 = 10−14, ρ0 = 8930kg/m3. The constants in EOS (6) are
a0 = 3940m/s, Γ0 = 2, s = 1.49, the shear module μ = 45 × 109Pa, the yielding
strength Y 0 = 90 × 109Pa. The computational domain is [0, 1] × [0, 1] and the end
time is taken to be t = 1. The periodic boundary condition is imposed, and the initial
data are

ρ = ρ0 {1− 0.1 sin(2πz)− 0.1 cos(2πr)}
u = v = a, e = e0,

szz = s1(cos(2πz)− sin(2πr)),
srr = −s1(sin(2πz)− cos(2πr)), szr = szz + srr.

With the above constants/parameters, the system (3)–(5) has a smooth manu-
factured solution in the form of

ρ = ρ0 {1− 0.1 ∗ sin [2π(z − at)]− 0.1cos [2π(r − bt)]} ,
u = v = a, e = e0,

szz = s1(cos(2π(z − at))− sin(2π(r − bt))),
srr = −s1(sin(2π(z − at))− cos(2π(r − bt))), szr = szz + srr.

The errors in the L2-norm between the computed solution by FCSLAEP and
the manufactured solution are listed in Table 1, from which one sees that FCSLAEP
achieves nearly the second-order accuracy. Moreover, the convergence order tends to
the 2nd one as grids are refined.

5.4. Elastic-plastic piston-like problem. (Elastic-plastic flow with the exact
solution) This test problem assesses the accuracy and convergence of FCSLAEP
in simulating an elastic-plastic piston-like problem of copper with the Mie-Grneisen
equation. This is a one-dimensional flow characterized by an analytical solution with
a moving stress shock in a piece of copper. For a piston-like problem, being given the
piston velocity, it is straightforward to solve the Riemann problem. The initial data of
the elastic-plastic piston-like problem, which are the same as in [13], are characterized
by: ρ0 = 8390kg/m3, a0 = 3940m/s, Γ0 = 2 and s = 1.49. The incremental elastic-
plastic constitutive law is characterized by the shear modulus μ = 45 × 109Pa, and
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Table 1

Errors in L2-norm between the numerical and manufactured solutions

N ρ Order szz Order
20 6.81236E-04 6.98149E-05
40 2.01365E-04 1.75834 2.21403E-05 1.65686
80 5.68793E-05 1.82384 6.56841E-06 1.75306
160 1.41352E-05 2.00861 1.64194E-06 2.00014

the yield strength Y0 = 90 × 106Pa. The computational domain is defined in polar
coordinates by (z, r) ∈ [0, 1]× [0, 0.1], with 100× 5, 200× 5, 400× 5, 600× 5, 800× 5,
1000× 5 cells.

The initial pressure is 1×105Pa and the initial velocity is zero. The left boundary
is a piston boundary with velocity vleft = 20m/s, whereas on the right, upper and
down boundaries of the computational domain, the wall boundary conditions are
imposed. The CFL number is taken to be 0.1 and the end time of the computation
is tend = 150× 10−6s.
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Fig. 4. Piston-like problem: Velocity, Pressure and Density.

The numerical results with different Δx are presented in Fig. 4 with the velocity
(Left), pressure (Middle) and density (Right) at the end time. From Fig. 4 one can
see that the numerical solution is converging to the exact solution in terms of the
values and shock locations. The leading elastic shock wave and the followed plastic
shock wave are well captured. Besides, there are no numerical oscillations near the
shock waves.
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5.5. Collapse of a thick-walled cylindrical Beryllium shell. (Elastic-
plastic flow) This test problem was initially proposed by Howell and Ball in [2]
to compute the collapse of a cylindrical beryllium shell. The initial inner and outer
radii of the shell are Ri = 80 × 10−3m and R0 = 100 × 10−3m, respectively. The
angle range of the computational field is [0, π

2
]. The initial pressure is taken to be

p0 = 105 Pa. This problem consists in computing the collapse of a cylindrical beryl-
lium shell undergoing an initial radial velocity field directed towards its center. The
initial velocity is towards the center of the shell and the initial radial velocity field is
−V0

Ri

r , where V0 is 417.1 m/s and r =
√
x2 + y2 is the radius.

The equation of state is given by the Mie-Grüneisen model:

p(V, ε) =
a20(V0 − V )

[V0 − s(V0 − V )]2
+

Γ(V )

V

[
ε− 1

2

(
a0(V0 − V )

V0 − s(V0 − V )

)2
]

(24)

with ρ0 = 1845kg/m3, a0 = 12870m/s, Γ0 = 2 and s = 1.124.
The initial kinetic energy of the shell is entirely converted into internal energy

through plastic dissipation. The final state of the shell at the end of collapse is
characterized by its inner and outer stopping radii which can be expressed analytically
in terms of the initial condition. The incremental elastic-plastic constitutive law
is characterized by the shear modulus μ = 151.9 × 109Pa, and the yield strength
Y0 = 330 × 106Pa. In this problem, on the left and right boundaries the reflected
boundary condition is imposed, while on the upper and down boundaries the free
boundary condition is implemented. For this problem, Maire et al. in [13] pointed
out that the analytic solution proposed by Howell and Ball in [2] is also suitable for
this problem with a different EOS.

The computed density and pressure by FCSLAEP at the end time tend = 130×
10−6s are given in Fig. 5, where three grids 20× 16, 40× 32 and 80× 64 are used in
order to demonstrate the convergence of the current scheme.

Z(cm)

r(
cm
)

0 2 4 6 8
0

2

4

6

8

Density
Frame 001 ⏐ 31 Oct 2019 ⏐

Z(cm)

r(
cm
)

0 2 4 6 8
0

2

4

6

8

Pressure
Frame 001 ⏐ 31 Oct 2019 ⏐

Fig. 5. Collapse problem: Density and Pressure

From Fig. 6 we see that the inner and outer stopping radii of the shell agree well
with the theoretical values, and the numerical solution is converging to the analytical
one. This shows that the current scheme seems to be convergent. From Fig. 6 one can
also observe that the changes of the inner and outer radii of the shell with time are
in good agreement with those of the analytical solution. This shows that FCSLAEP
seems to be symmetric.

The errors between the asymmetric (inner/outer) radius and the average (in-
ner/outer) radius are given in Fig. 7, from which we see that the computed density
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Fig. 6. Collapse problem: Stopping radii and energies.
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Fig. 7. Collapse problem: Asymmetric errors of the (inner/outer) radius.

and pressure seem symmetric, and moreover, the asymmetric errors are smaller than
1.0× 10−12.

6. Conclusions. In this paper, a fully compatible staggered Lagrangian al-
gorithm is constructed for the system of two-dimensional elastic-plastic flows with
Wilkins’s constitutive model. The basic idea in the construction is that all govern-
ing equations of elastic-plastic flows, including the equations of deviatoric stress, are
formulated into the form of the divergence and the gradient operators. Then, this
hyperbolic system is discretized by adapting the method of support operators as well
as an identity of operators, which has been employed to derive compatible sets of the
fundamental vector differential operators in the discrete form. Compared with [15],
the presence of the equations of deviatoric stress makes compatible discretization more
complicated, and the main differences in the discretization lie in the following: As is
well-known, the gradient operator acts on the pressure p in hydrodynamic flows, while
for elastic-plastic flows in the staggered case, it is the divergence (but not the gradi-
ent) operator that acts on the zone centered strain tensor (but not on the pressure p)
to produce a vector function at corners, which gives the temporal variation of the ve-
locity. The divergence operator also acts on the velocity to produce a scalar function
centered in a zone to model the temporal change of the volume and the deformation
tensor. Contrary to hydrodynamic flows, the gradient operator in elastic-plastic flows
acts on the velocity (but not on the pressure p) to produce a deformation tensor
that includes the diliational shear, and rotational components, and models the tem-
poral variation of the internal energy. Moreover, the (compatible) discretization of
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the equations of deviatoric stress, which plays an important role in conserving the
total energy and preserving the symmetry of solutions, exploits the ideas of replacing
the finite volume surface integrals with the line integrals and rewriting the equations
in the form with the internal energy on the right-hand side, so that one can use
the gradient operator on the velocity in the discrete form. Consequently, this makes
the current scheme FCSLAEP conserve the total energy and preserve the symmetry.
We have presented a number of numerical tests, which demonstrate the robustness
and convergence, the conservation of total energy and preservation of symmetry of
FCSLAEP.

Acknowledgments. The research of Jiang was supported by National Key R&D
Program (2020YFA0712200), National Key Project (GJXM92579), and NSFC (Grant
No. 11631008, No. 12072043), the Sino-German Science Center (Grant No. GZ 1465)
and the ISF-NSFC joint research program (Grant No. 11761141008).

REFERENCES

[1] M. L. Wilkins, Methods in computational physics, Volume 3, Chapter Calculation of elastic-
plastic flow, Academic Press, 1964, pp. 211–263.

[2] B. P. Howell and G. J. Ball, A free-Lagrange augmented Godunov method for the simulation
of elastic-plastic solids, J. Comput. Phys., 175 (2002), pp. 128–167.

[3] R. W. Anderson, V. A. Dobrev, T. V. Kolev, and R. N. Rieben, Research paper presented
at multimat2013 multi-material hydrodynamics simulations: monotonicity in high-order
curvilinear finite elements arbitrary Lagrangian-Eulerian remap, J. Numer. Mech. Fluids,
77 (2015), pp. 249–273.

[4] V. A. Dobrev, T. V. Kolev, R. N. Rieben, and V. Z. Tomov, Multi-material closure
model for high-order finite elements Lagrangian hydrodynamics, J. Numer. Mech. Fluids,
82 (2016), pp. 689–706.

[5] R. W. Anderson, V. A. Dobrev, T. V. Kolev, and R. N. Rieben, High-order multi-material
ALE hydrodynamics, SIAM J. Sci. Commput. 40:1 (2018), pp. B32–B35.

[6] R. N. Rieben and K. Weiss, The multiphysics on advanced paltform project, LLNL-TR-
815869, 2020/10/21.

[7] V. A. Dobrev, T. V. Kolev, and R. N. Rieben, Curvilinear finite elements for Lagrangian
Hdynamics, J. Numer. Mech. Fluids, 82 (2010), pp. 689–706.

[8] V. A. Dobrev, T. V. Kolev, and R. N. Rieben, High order curvilinear finite elements for
Lagrangian Hdynamics, SIAM J. Sci. Comput., 34:5 (2012), pp. B606–B641.

[9] V. A. Dobrev, T. E. Ellis, T. V. Kolev, and R. N. Rieben, High order curvilinear finite
elements for axisymmetric Lagrangian hydrodynamics, Computers & Fluids, 83 (2013),
pp. 58–69.

[10] A. Johnen, J. F. Remacle, and C. Geuzaine, Geometrical validity of curvilinear finite ele-
ments, J. Comput. Physics., 223 (2013), pp. 359–372.

[11] V. A. Dobrev, T. V. Kolev, and R. N. Rieben, High order curvilinear finite elements for
elastic-plastic Lagrangian dynamics, J. Comput. Physics., 237 (2014), pp. 1062–1080.

[12] V. A. Dobrev and R. N. Rieben, A Tensor artificial viscosity using a finite element approach,
J. Comput. Physics., 228 (2009), pp. 8336–8366.

[13] P.-H. Maire, R. Abgrall, J. Breil, R. Loubère, and B. Rebourcet, A nominally
second-order cell-centered Lagrangian scheme for simulating elastic-plastic flows on two-
dimensional unstructured grids, J. Comput. Physics., 235 (2013), pp. 626–665.

[14] J. Cheng, Y. Jia, S. Jiang, and M. Yu, A second order cell-centered Lagrangian method for
2D elastic-plastic flows, Commun. in Comput. Phys., 22 (2017), pp. 1224–1257.

[15] E. J. Caramana, D. Burton, M. J. Shashkov, and P. P. Whalen, The Construction of
Compatible Hydrodynamics Algorithm Utilizing Conservation of Total Energy, J. Comput.
Phys., 146 (1998), pp. 227–262.

[16] A. Barlow, R. Hill, and M. Shashkov, Constrained optimization framework for interface-
aware sun-scale dynamics closure models for multimaterial cells in Lagrangian and arbi-
trary Lagtangian-Eulerican hydrodynamics, J. Comput. Phys., 146 (2014), pp. 227–262.

[17] Z. Lin, Z. H.,and R. L. Wang, Compatible Hydrodynamics Algorithms and Their Applications,
GF report, 2006-05-30, 2006.



370 Y. JIA, S. JIANG AND J.-B. CHENG

[18] H. B. Zhou, J. Xiong, Y. Y. Wu, W. T. Liu, S. D. Zhang, etc, The artificial viscidity in
tensor form and its application in Compatible Hydrodynamics Algorithm, T04-ZJJE-08,
2004.

[19] D. E. Burton, Multidimensional Discretization of Conservation Laws for Unstructured Poly-
hedral Grids, Technical Report UCRL-JC-118306, Lawrence Livermore National Labora-
tory, 1994.

[20] P. J. Roache, Code verification by the method of manufactured solutions, Trans. ASME. J.
Fluids Engineering, 124 (2002), pp. 4–10.

[21] K. Salari and P. Knupp, Code verification by the method of manufactured solutions, Sandia
Report, Sandia National Laboratories, SAND2000-1444, 2000.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType true
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /FlateEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


