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Abstract. In this paper, we prove the global well-posedness of 3D inhomogeneous incompressible
Navier-Stokes equations with initial velocity to be sufficiently small in the critical Besov space,

BS/f “for1 < p < 6 and with initial density in the critical Besov space and bounded away from

vacuum. The key ingredient used in the proof lies in a new estimate to the pressure term. In
particular, our result improves the previous ones by Abidi et al. (2013) [3], Zhai and Yin (2017) [32],
Burtea (2017) [6] and so on.
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1. Introduction. We consider the well-posedness of the following 3D incom-
pressible inhomogeneous Navier-Stokes equations with initial data in the critical Besov
spaces so that the initial density is bounded away from vacuum and without any size
restriction:

Oip+div(ipu) =0 in Ry x R3,
O(pu) + div(pu @ u) — pAu+ Vo =0
divu = 0,

pli=o0 = po, Pu|t:0 = Polo,

(1.1)

where p = p(t,z) € Ry, u = u(t,r) € R? and 7 = n(¢t,z) € R stand for the den-
sity, velocity field and pressure of the incompressible fluid respectively. The positive
constant p designates the viscous coefficient (we shall take it to be 1 in sequel for sim-
plicity). This system describes a fluid which is obtained by mixing several immiscible
fluids that are incompressible and that have different densities. It can also describe a
fluid containing a melted substance.

It is obvious that this system (1.1) has the following energy law

1

¢ 1
3 [ttt ol [ IVut ) et = 5 [ m@ho@Pde. (12)

which can be formally obtained by taking the L? inner product of the momentum
equation of (1.1) with u and using integration by parts and divu = 0.

Based on the energy law (1.2), Kazhikov [22] first proved the global existence of
strong solutions to (1.1) with initial velocity small in H'(R*) and with initial density
in L>®(R?) and away from vacuum. The uniqueness of such solutions was obtained
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only lately in [30]. Simon [31] constructed global weak solutions to (1.1) with finite
energy (see also the book by Lions [27] with the variable viscosity).

The other interesting feature of the system (1.1) is the scaling invariance property:
if (p,u, ) is a solution of (1.1) on [0, 7] xR?, then the rescaled triplet (p, u, 7)y defined
by

(pyu, M)A (1 ) C (p(A2, M), (A28, Ax), A2r(A2t Ax)), A€R (1.3)
is also a solution of (1.1) on [0,7/A%] x R®. This leads to the notion of critical
regularity.

To consider the well-posedness of the system (1.1) with initial data in the critical
spaces, it is convenient to write (1.1) as

da4+u-Va=0 in Ry xR
u+u-Vu—(1+a)(Au+Vr) =0,
divu = 0,
(a;u)|t=0 = (a0, uo),

where a & % — 1 in case the density is away from zero.

Before proceeding, we recall the definitions of dyadic operators and Besov spaces.
For u € S}, we set
VieZ, Aju d:efgo(2_jD)u and  Sju = Z Ajiu=x(277D)u,

J'<i—1

where x(7) and ¢(7) are smooth functions such that

3 8 :
Ccr<2 E —ir) =
Supp <pC{T€]R/ 4_7’|_3} and V7 >0, A (2777) =1,
JEL
Supp x C {T eR/ |7 < é} and VreR, x(1)+ g e(2777) = 1.
— 3 )

720

DEFINITION 1.1. Let (p,7) be in [1,00]? and s in R. Let us consider u in S} (R?),
which means that u is in S'(R?) and satisfies lim ||Sjulp~ = 0. We set
j——o0

lull gy, = (214l 20)

jGZ’W(Zy

o if s < % (or s = 4 if r = 1), we define B;’T(Rd) def {ue Sy (RY) | llul

P
00}

eifkeNandif 4+k < s < q4k+1(ors=2+k+1ifr=1),
then we define B;yr(]Rd) as the subset of u in Sj (R?) such that @”u belongs
to B;;k(Rd) whenever |3 = k.

Ny <
Bp‘r

We remark that BSyQ(Rd) coincides with the classical homogeneous Sobolev spaces
H* (Rd). Similarly, we can also define the inhomogeneous Besov space B;’,q(Rd). For
simplicity, we henceforth denote B, (R?) by B(R?) and B (R?) by Bs(RY).
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. d
Given initial data (ag,uo) in the critical Besov space Bj  (R%) N L>*(RY) x

BQ% _1(Rd) for d > 2 and ap small, Danchin [9] proved the unique local solvability
of the system (1.4). Abidi [1] extended the result in [9, 10] to the case of (1. ) with

variable viscosity. More precisely, given initial data (ag,ug) € By ; (R?) x B P (Rd)
with 1 < p < 2d and

laoll o + lluoll a1 < co
BY BY

for ¢g sufficiently small, then he proved the global existence of solutions to (1.4) and
the uniqueness of such solutions was only proved for p € (1,d). Abidi and Paicu [4]
further generalized the result in [1] with different integral indices for ag and wg. The
end point result in this direction is due to Danchin and Mucha [14] with a¢ being

a
small in the multiplier space of By _1(Rd) for p € (1,2d), which in particular solved
the uniqueness issue which was left open in [1].
On the other hand, motivated by [28], Paicu and the second author [29] improved
the smallness condition in [1, 4] to !

(llaoll s + lull v ) exp(Con 2l .. ) < con
B{ B, * B P

p

for some positive constants ¢y, Cp and 1 < ¢ < p < 6 with + — % <i

We observe that all the previous mentioned results require the initial density to
be a small perturbation of some positive constant. In general, Ladyzhenskaya and
Solonnikov [23] proved the unique solvability of (1.1) in a bounded smooth domain
with Dirichlet boundary condition on the velocity field. More precisely, given initial
velocity ug € WZ_%”’(Q), p > d, vanishing on 92 and py € C'(Q) bounded away
from zero, they obtained global well-posedness in dimension d = 2 as well as local
well-posedness in dimension d = 3; if, in addition, wug is small in W2 5P (Q), then
global well-posedness result holds.

Concerning initial data in the critical space and without any size restriction for
the initial density, Abidi, Gui and the second author [2] first proved the global well-

posedness of (1.1) with initial velocity being sufficiently small in B (R‘n’) and the initial

3
inhomogeneity in By (Rg) so that the initial density is bounded away from vacuum.
They also investigated similar type of result with initial velocity in the critical Besov
space with negative index, viz,

3
(ao,uo) € B (R?) x BP "(R®) with qe[1,2], pe[3.4] (1.5)
1 1 1 1
and5+5> andf—gg

Yet motivated by the study of (1.4) with small density, one may expect that
the index p in (1.5) should belong to (1,6). Toward this direction, Zhai and Yang [32]
obtained the local existence result if 1 < ¢ < p,p € (1, ‘E’*T‘/ﬁ) and %—% < % < %—i— 1
To prove the uniqueness of such solution, they need more restrictions than that in
[3]. When g = p, Burtea in [6] extended the result to the range of p € (6/5,4).
Very recently, Zhai and Yin [33] considered the system (1.4) with variable viscosity

IThroughout this paper, all the space norms are defined for functions in R® without specific
mention.



510 C. QIAN AND P. ZHANG

and extended the range to 1 < ¢ < p < 6 but with the additional assumption:
laollBMmo < o for some g¢ sufficiently small.

Let us mention that in all these aforementioned works, the density has to
be at least in the Besov space Bg/o%(Rd), which excludes the density function
with discontinuities across some hypersurface. We observe that L“(Rd) is the
largest scaling invariant space for the density function. Lately, rapid progresses
[15, 17, 16, 18, 21, 24, 25, 26] have been made for the well-posedness of (1.4) with
initial density in the bounded function space. Especially in [34], the second author
proved the global existence of strong solutions to (1.1) with initial density in L>°(R®)
having a positive lower bound and with initial velocity being sufficiently small in the

critical Besov space 82% (RS). This result exactly corresponds to the celebrated well-
posedness result of Fujita-Kato in [20] devoted to the classical Navier-Stokes system.
The main contribution of the present paper is to consider the well-posedness of
(1.4) with initial data satisfying (1.5) for 1 < p < 6 and without any smallness
assumption on initial density. We also remove the restriction of the relationship
1 <qg<pin (1.5).
The main result of this paper states as follows:

THEOREM 1.2. Let 1 < p,q < 6 with max{% — %,% — %} < % < %—i— %. Let
3 3_
ao € B (R®), ug € BY 1(]Rg) with divug = 0, and
l+ag=>b>0. (1.6)

Then there exists a positive time T so that (1.4) has a unique solution (a,u) €
3

3 3_ 3
C([0,T]; B¢ (R3)) xC([0,T); By 1(}R?’)) ﬂLl([O,T];B§+1(R3)). Moreover, there exists
a small constant ¢ depending on ||lag]| s so that if

B‘I

luoll 51 < c (1.7)

and 2 < p < 6, then (1.4) has a unique global solution (a,u) satisfying

lal__ s 4l s+l sa VAl s
L*(Bg') LBy ) Ly(By ) Ly(By )
<C(llaoll 3 +lluoll 3 )exp (OVE). (1)

REMARK 1.3. As is well-known in the previous references, the main difficulty to
work the well-posedness of (1.4) without smallness assumption on the density function
lies in the estimate of the pressure function. For instance in [3], the authors dealt
with the estimate of the pressure function by ||V7||11(z2), which needs the condition
(1.5), and in [6, 32, 33|, the authors handled the estimate of pressure function by
||V7THL%(32/1;)—3/2). In this paper, we shall handle the estimate of the pressure function

by ||V7r||L%V which makes us to have the full range of p € (1,6).

(BYF2y

The sketch of the paper is as follows: In Section 2, we shall collect some basic
facts on Littlewood-Paley analysis and recall some known estimates; then in Section 3
we apply the Littlewood-Paley theory to study the linearized inhomogeneous Navier-
Stokes type equations. With these estimates, we shall prove the local well-posedness
part of Theorem 1.2 in Section 4. Finally in the last section, we present the proof to
the global existence part of Theorem 1.2.

Let us complete this section with the notations we are going to use in this context.
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Notations. Let A, B be two operators, we denote [A, B] = AB — BA, the com-
mutator between A and B. For a < b, we mean that there is a uniform constant C,
which may be different on different lines, such that a < Cb. We shall denote by (al|b)
(or (a|b)r2) the L?(R?) inner product of a and b. For X a Banach space and I an
interval of R, we denote by C(I; X) the set of continuous functions on I with values in
X, and by Cp(I; X) the subset of bounded functions of C(I; X). For ¢ € [1,+0o0], the
notation L([; X) stands for the set of measurable functions on I with values in X,
such that ¢ — || f(¢)||x belongs to L(I). We always denote the Fourier transform
of a function u by @ or F(u), {¢;r}jez a generic element in the sphere of ¢"(Z) and
(¢j)jez (vesp. (dj)jez) a generic element in the sphere of ¢2(Z) (resp. ((Z)).

2. Preliminaries.

2.1. Basic facts on Littlewood-Paley theory. For the convenience of the
readers, we recall some basic facts on Littlewood-Paley theory from [5].

In order to obtain a better description of the regularizing effect of the transport-
diffusion equation, we will use Chemin-Lerner type spaces LqT(B;).

DEFINITION 2.1. Let s < % (respectively s € R), (¢,p) € [1, +oc]? and T €
10, +00]. We define E%(B;) as the completion of C([0,T]; Sx(R?)) by the norm

T 1
def i a
gy 02 ( [ 185 50l )" < oc,
JEZ 0
with the usual change if ¢ = cc.

LEMMA 2.2 (Lemma 2.1 of [5]). Let B a ball of R®, and C a ring of R®, let 1 <
p2 < p1 < 0o. Then there holds:

if Supp @ C 2B = [|0%a| e < 27UH3Q/P2=1/P0) | g1 14, 0

< 279N sup [|0%al| e .

if Supp @ C 27C = ||a||zm <
la]=N

We shall also frequently use Bony’s decomposition in homogeneous context:

ww =T, v + Tyu + R(u, v) = Tuv + T{,u with T, def Z S’j,luA'jv and
=4
. def . ~ ~ def . j.e def . . (21)
R(u,v) = ZAjuAjv, Aju = Z Ajv, Thu'= ZSj+2vAju.
JEZ l7—3"1<1 JEZ

We now recall some important laws of product in Besov spaces and some com-
mutator estimates.

LEMMA 2.3 (see [5]). Let 1 <p,q < oo, =3min{,1—;} <s<1+3min{ ], },
3
VaeB§ and b € B;_l. Then there holds

(4, albllr 5 ;27| Vall s Bl (2:2)
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LEMMA 2.4 (see [5]). For any positive real number s and any (p,r) € [1,00]?,

the space L> N By . is an algebra, and a constant C' exists such that

s+1

(Ifllz=<llg|

Ifgll;, < By, + £, llglL=), (2.3)

S

(2.3) holds with B3, being replaced by BS,.

LEMMA 2.5 (Lemma 2.5 of [32]). Let 1 < p,q < 00,81 < 2752 < 3min{%,%
and sy + s > 3max{0, % + % - 1}. For any (a,b) € Bg' x B2, we have

< |lal g (2.4)

0]

Jab], 5

Sl+a‘27%
p

REMARK 2.6. It is easy to observe from Lemma 2.5 that

1 1 1 1 1
< ot t o2 1

||abHB§4 S ||a||qu ||bHB§4 it 3 <53ty (2.5)
1 1 1 1 1

b < b f -t <-<-4- 2.6

|a Hspgfg S ||a||qu|| HBE% L R T (2.6)
2 1 1 2 1

labll s_o Sllall bl s_p if 7 —=<-< o+ -, (2.7)
BP Ba BY 3 ¢ " p~3 ¢

As an application of the above basic facts on Littlewood-Paley theory, we prove
the following commutaor’s estimates:

LEMMA 2.7. For 1 < p,q <6, one has

: ; 1 1 1

. < g.9- (-1 A s s if — < 4=
14 o], S 427G Pllall sy Wbl 35 of <o+ 3 (28)
. . 11 1 2 1

A a|, <d2 G2 b f -~ <-< 24 2.9
145, alp]l,, < d; lall gl 2 o 5= <p <3+ 29

Proof. Let us first consider the case when ¢ > p. By applying Bony’s decomposi-
tion (2.1) and then using a standard commutator’s process, we write

[4;,alb = [4;, Ta]o + 4;(Tya) - T} ,a. (2.10)

Due to the support properties to the Fourier transform of the terms in T,b, we deduce
from Lemma 2.97 of [5] that

14, Talbllie S277 ) [ VSk-1al Lol 4;b]| o

li—k[<4

Yet it is casy to observe that | VSy_ial|~ < dp2% ||al 3.1, so that we obtain
By

~

L o
114 Tulbllze £ 4275 al sy bl | Vs € R. (2.11)
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For the term Aj(Téa), we split the estimate into two cases. For the first case when
q>p¢€ (1,2], again due to the support properties to the Fourier transform of terms
in Tja, we get
14;(Ta)lee S D NAjalallSjezb] 2o .
J'2j—No
Observing that for s < %, we deduce from Lemma 2.2 that HSj/+2b||L% <

2(3-9)7"||p|| 5. , which implies that

14;(Ta)ller S D dp27 CF D a]

gatz
J1zi= Mo X ; (2.12)
Sl gy bllgy € -5 <s<
B 2 q
Along the same line, for the case when ¢ > p € (2,6), we have
. . 37] . .
14 (Tya)lle S 27 > (A allpallSjmd] Lo
Jj'2j—3
Notice that ||S;+2b]|rs < 279'5|b|| g if s < 0, from which, we infer
. 5 .
14;F il 207 37 dy2 CHt D ol gy
J1=i=No (2.13)
<d; 2770t ) ]| o, bl g i — (1 + §) <s5<0
~ 4y B§+% Bs 2 ¢ .
Similarly, we have
1% pallee S > NAjallz=llSe AjbllLs
J'2j—No
SUApler Y el sy (2.14)
Jj'2j—No Ba

<2 B al) oy bl Vs € R
Taking s = % — 3 in (2.11-2.14) leads to (2.8) for ¢ > p. The other case when
g < p in (2.8) has been proved in Lemma 2.9 of [32].
While by taking s = %— 2in (2.11-2.14), we obtain (2.9) for ¢ > p. For case when
q < p, all the terms except the second one in (2.10) can be proved as in the previous
case. It remains to handle the second term in (2.10). Indeed if 1 < ¢ < p < 2, we

have ”Sj'”bHL% < 2j’(%*1)|\b|| 3> and |4 allre < 2g =)’ | Ajral|La, so that
A r (11— 1 . .
wunwmsfmp>§jnmwmwwwﬁ%
j'>3—No
$ 29079 Ejd23stpmu
3'>7—No

$ 277Gl sl

q

3_o
P
p

3 _
BY
1-7
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For the second case when 1 < ¢ < p € [2,6], we observe that 2—” >q & 1 + 1 > 1so

that we can take r between ¢ and 2P which satisfies 1 5 <3 + < 1. Then 1t follows
from Lemma 2.2 that

’;7] . .
1A;(Ta)lle 27 > Ajallr]|Sj+abl e
j'>j—No

l 1_1

> dp2 G Dlall sy ]
J3'2j—No B
S2iGs dlkw|a+1HbH e
1-7

oo

S

—2

A
o

3
3P
By,

This completes the proof of (2.9) for ¢ < p. Therefore, we finish the proof of this
Lemma. O

REMARK 2.8. It follows from the proof of Lemma 2.7 that for 1 < p,q < 6,

. 1 1 1
, < i(2-2) e bt 2
19145 abll,, S 427G lall gy libll 33 if 2 < 5, (215)
; 3_5 .11 1 2 1
IVI4;,alb||,, < dj2” i(3- 2)”‘1”5?% ||b||B§;2 if 5 - p < ) <3+ v (2.16)

Indeed notice from the support properties to terms in (2.10), we only need to handle
the estimate of the term V71 ,a. By Lebnitz formula, we have
J

i/ / i/
VTAjb TVA ba + TAija.

The estimate to the term 77 ; a can be followed along the same line as (2.12)-(2.14).

VAb
Whereas to handle the remaining term, we distinguish the case when p > ¢ and p < q.

In case ¢ < p < 6, we have

15, Valle S Y 14, Vallzo]|SjzAjbl|

j'Zj—No
. _s(3_1
Al Y. dp27G3)|ja Si+
§2j—No Ba
<d;270673)|a|| s, Vs eR.
Bd
While for p < ¢ < 6, we have
7%, Vallee S D 145 Vallze |82 Agbll o
3'2j7—No
SNl 30 dp2 G a] sy
aq
/>‘7 NO q

S dj27j(5*§)||aHB%+% Hb”BZ.oo Vs e R.
g .

[\l

Taking s =
(2.16).

and s = % — 2 in the above inequalities gives rise to (2.15) and

3w
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2.2. Some known estimates. For the reader’s convenience, we recall the fol-
lowing two propositions concerning the estimate of the pressure function, the proof
of which can be found, for instance, in [12, 6]:

PROPOSITION 2.9 (see [12]). Consider a € L>°(R®) and a constant a such that
a>a>0.

For all vector fields f with coefficients in LQ(R?’), there exists a tempered distribution
T unique up to constant functions such that Vr € L? (]R3) and equation

—div (aV) = div f (2.17)
is satisfied. In addition, we have
al|lValze < 1Qfllzz, (2.18)

where Q = Id — P and P is the Leray projector over divergence-free vector fields.

6 . .
ProrosITION 2.10 (sge [6]). Let ¢ <p <6 withp# 2 and1 < q < oo satisfy
3—t<i<i+laeBi(R) with
l14+a>£k>0.

_3 _3
2 2

Let f € B” (R*) and VT € B” (R?) solve the equation
—div ((1 4+ a)Vr) = div f. (2.19)

Then we have

w

3 _
BP 2
17

IVl s
B]p)2

g Sl S)HQfH (2.20)

REMARK 2.11. As far as we know, such a estimates for elliptic equation with
variable coefficients in Besov space is first given by Zhai and Yin in [32], and then it
is improved by Burtea [6]. Indeed it follows from Proposition 2.9 that the estimate
(2.20) also holds for p = 2.

We also recall the estimate for transport equation:

PROPOSITION 2.12 (see Proposition 3.1 in [4]). Let (p,q) € [1, oo] —1 -2
s<1+3m1n{7 = z'f —|— <1, 0r—1——<s<1—|—3m1n{7 - z'f —|— >1, and
r € [1,00] (resp s=1 Jr 3m1n{p q} with r =1). where ¢’ is the con]ugate exponent
of q. Let v be a divergence free vector field with Vv € Ll([O,T];BE,« N L>=(R3))
(resp. v € Ll([O,T];le)Jr%(R?’))). Given f € Ll([O7T];B§,T(R3)) and let ag € B;,T
and a € C([0,T7; BS’T(R3)) solves

2.21
a|t:0 = agp. ( )

{ Owa+u-Va=f,

There holds for 0 <t <T

B, +C{/Ot||a(7

Mg, U'()dr + IfIILg(B;T)} . (222)
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where U (t def fo Vv || dr (resp. U(t) Lf fg vl 1y3d7). Similar inequality
rNL> B, *
holds for the mhomogeneous Besov spaces. ’
REMARK 2.13. If f =0 and % — % < % then we have further
lall s S llaoll eV, (2.23)
Ly (Bg) B4
la—Smal__ s S Z 27 || Ajaol| Lo + laall 3 (eCV(t) - 1), (2.24)

where V (t = fo |lv]| st dr.

3. A priori estimate to the linearized equation of (1.1). The goal of
this section is to investigate the a priori estimate to smooth enough solutions of the
following linearized equations of (1.1), which will be the key ingredient to prove the
local well-posedness part of Theorem 1.2.

Owu+v-Vu—(1+a)(Au—Vr) = f,
divu = 0, (3.1)

U|t:0 = Up-

The main result states as follows:

PROPOSITION 3.1. Let p,q,ug be given by Theorem 1.2. Let (a,v, f) be smooth
enough functions satisfy 1 +a > b > 0 and divev = 0. Then for any smooth enough
solution (u, V) of the system (3.1) on [0,T], if there exist some sufficiently small
positive constant ¢ and some integer m € 7. such that

12
(1—|—Ha|| g) la—Smal. s <c and |a| s <C, (3.2)
B Ly B L (B

there holds
t
||u||~ = +Hu|| 2o +||V7TH 3, S/ o]l §+1||UH 3
=By Ly (Bf Ly(Bf

+ HUOII s+ 27 (Apa(t) +2) 12/ lull 31 A7 + 27 (Amat ) +1)° IIfH

3
(BE)
" ) ) N A (3.3)
+24m<Ama<t>+1>6 / (el o, +||vuz||v||z“)||u|| o, dr
0 BY  BP B B BY
t
2 ()1 D [ (Il s+ 0 g )l sy dr, e 0.7
0 By By By
Here in all that follows, we always denote
B 'nB, if 3 - p<6
p2 9 o = 9
Ama(t) 25 S mall ey and By Y 270 6
B tnBT?if 1<p<s.
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Proof. Writing a as Sy,a + (a — Sy,a). We observe from (3.2) that

) . b
1+Sma:1+a+(5ma—a)2§. (3.5)
Correspondingly, we write the u equation of (3.1) as
Ou+v-Vu—(1+ Spa)(Au—Vr) =f + E, with 36)

E,, =(a — S,,0a) (Au— V).
We now decompose the proof of Proposition 3.1 into the following steps:

Step 1. The estimate of ||ul| .  z_, + [Jul| 3., -
LEBy ) LyBg )

LetP = I+V(—A)~tdiv be the Leray projection operator. Applying the operator
PA; to (3.6) gives

O Aju+PA; (v Vu— (1+ Spa)(Au— V7)) =PA;(f + En).
By applying a standard commutator process, we find
~PA; (1+ Sma)Au) =—div ((1+ Sma)AjVu) +VSpa-A;Vu—[PA;, S,,a]Au.
We thus get

5tAju +v- VAju — div ((1 + Sma)A'jVu) = f[IP’A'j, v|Vu 57
—PA;($maVr) + PA(f + Ep) + [PA;, $palAu— VSia- AjVu.,

Due to dive = 0, by multiplying (3.7) by |A.ju\p’2Aju and then integrating the
resulting equality over R, we obtain

1d, . , L o
};&HAjuHip —/R3 div ((1 + Sma)A;Vu) - |AjulP2Ajuda
< Al (IBAj o1l + 1A o + 14, B (33)
+ [PA; (Sma¥ )|, + [PA;, Smal A, + [V Sma - A;Vullz).

It follows from (3.5) and (11) of [8] that

) . . . L e (p—1 s
— /]R3 div ((1 + Spma)A;Vau) - |Ajul? 2Audx > -5 <p2> 27| Ajully,.  (3.9)

By applying Lemma 2.3, we find
IPA;, 0] Vul|,, S dj()27 G VVo| alful s .,
By By

[P4j. Smalull,, < ds (027G 980l s IVall 5.

Whereas observing that P(S,,aVr) = P(V(S,an) — 1V8,a)) = —P(xV8,,a). We
deduce from a similar proof of Lemma 2.5 that

. . 3 . 1 1 1
IPA; (SmaV)llee S dj(1)277G 1>||vsmallg§*%llv7rlllg§;% by <gty
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and

. s )
14, Ellze S di ()27 % Vlla = Small s (lull 50 + V7] 5-)- (3.10)
BY B BP

Finally it is easy to observe that
|V Sma - A;Vul o <[V Smallpes|| AVl e
< ;)27 GV S mal| s ul| s
Bl BrY

q P

By substituting above estimates into (3.8) and using the fact that

~

. . 3
1$mall 5o S 20F " Sl for any 7>
Bf]

we deduce that

d . . S 3
l1Asuller + 271 Al < d;(t)2 G 1)(Ilfll sy H vl sl s
By By By

~

+lla = Spall 3 (el 31 + 1971 30)

P

14+8)m
2T Sl (2% full g + 19 33))-
p.2

Integrating the above inequality over [0,t] and multiplying it by 27 (%_1), and then
summing up the resulting inequality over j € Z and using (3.2), we achieve

] = + full "% Huo\l 31+ |/l

3
=By Li(BY

" / ol sl 5 dr+\|a—sma|| eI s )
0

3
L (Bg) Li(By

t
4 )
2

)

33
Ly (BY )

m

+o(3+i)m ||sma\|mm (2%

ul s +[VAl s
Li(BY) Ly(BY,

Step 2. The estimate of ||Vr|| 3, .
Li(By )

In order to do it, we get, by first applying the space divergence to the equation
(3.6) that

div {(1 + a)Vr} = — div (v - V) + div (S,,aAu)

) (3.12)
+div{(a — Sma)Au} + div f.

Applying the dyadic operator A; to (3.12) gives

div (1 + Spma)VA;7) = —div A; (v - V) + div Aj(Spalu) + div A;
+div A; ((S’ma —a)(Vr — Au)) — div [4;, S,na] V.

Taking L? inner product of the above equation with |A;7x[P~2A ;7 and using (3.9), we
find

2| Ajmllee <

(Qj\|Ajf||Lp+||Ajdiv(v-Vu)||Lp+||diVAj(SmaAu)||Lp _
3.13

+27]|4;(($ma — a)(Vr — Aw))|,, + [|div[4;, Sma]wum).

Iz
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We now estimate term by term in (3.13). Due to divv = 0, we have div(v-Vu) =
div(u - Vv). So that applying (2.5) yields

4 div(v- Vu)lor S 4027 2|V s ull 5. (314

To deal with the estimate of the term div (S,,aAu), we need the following Lemma,
the proof of which will be postponed after the proof of Proposition 3.1.

LEMMA 3.2. Let s,p,q scufisfys—i—%—?>0if%—i—%gl7 0T1+S—%>0if
%+%>1. We have

. 3
| div(SmalAu)|| . 5p3_3 SIS for s <1+ P (3.15)
BP P q
Applying (3.15) for s =1+ % yields
ldiv A; (Smadru)|ze < d;(6)2” 72|V al allull . (3.16)
By B

For the last term in (3.13), we get, by applying (2.15), that

ldiv [A;, Sma] V1o S dj(£)27 5727 S al sith IVl (3.17)

Thanks to (3.2), by inserting the estimates, (3.10), (3.14), (3.16) and (3.17) into
(3.13), we deduce that

341 m
1971, 20, S 25 Smal oo (2%l , g #1971 sy )
Ly(By ) +(By ppz )
(3.18)
+ s, +|la—Sna 3 ||u 3+/v3 U3d7’
191, e, + =Sl sl s+ ] ]
By summing (3.11) and (3.18) and then using (3.2), we obtain
lull sy Allull sy +IVAll_ s -1 NHUOH 3 1+||f|| 34
sy 1Y 1(BY By
(§+;)m - m
+28a 2 ||Sma\|L§°<LQ)(22HU|| a +||Vr o ala ||U| 3+1||u|| 3, dr.
Li(BY) L}(BP

1 1
Note that ||ull EIS lull?5 ,llull?s,,, we get, by applying Young’s inequality, that
By s By

BP
ol s, + el e + IV o
LBy ) Li(By Lisr
t
3 .
Slholl g1 411 s + 20D ISl [l s dr (g
P

3 .
2

341 m,
/ lollgoallul g 7+ 26507 Sl o 1971, oy

3_
Li(BY,
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Step 3. The estimate of (3.3) for p € [3/2,6).

In this step, we shall focus on the case when % < p < 6. We first deduce from
(3.12) and Proposition 2.10 that

IVl 2 g < (1+lall §)(HU'VUH s g FlSmadull ,
352 qu p2 2 p2 2
” ” (3.20)
+ (@ = Sma)Aall 4, +IfI 4 4 ).
5Py 8Py
Due to dive =0, v - Vu = div(v ® u), we get, by applying Lemma 2.4, that
lo-Vul 2-g Sl sllull 2-g + vl 2y llull s (3.21)
p p P p p
It follows from (2.6) that
14;((a = Sma)Au)|| 53 < lla—Small slull 5.1, (3.22)
By Bi By
14;(Smadu)|l s_s S [|Small 4 [lul e
By B By
Inserting the above estimates into (3.20) and using (3.2) gives rise to
IVl 5o, S 2 ISl anlul sy I sy
p2 P By )
) 1 3
tla=Snal o [yl ar
LE(B4) Jo BY Br
(3.23)

t 1 1 3 1
(ool
0 BP BP BP B
1 1 3 1
g ol el )
BY BY Bj Bj

Then by substituting (3.23) into (3.19) and using Young’s inequality, we obtain
lall . sy +llull s + ||V7T|| s
oc(BP ) LI(B ) P

t P t P
2m 42
S luoll g4 + 27 A () (L + Al /||u|| -
D

N , B ) 5 . (3.24)
+ 27 (14 Ama(t)) /(||v\|3§,1uv|\3§+l+||v|\2§,1|\v||2§+1)|\u|| ., dr
0 BE BE BE BE By

P P P r

)

)
where A,,,(t) is given by (3.4). This proves (3.3) for p € [3/2,6).

L} (B,

t
[ ol gl 5o dr+ (2% Ana(t) + 1))
0 BY BY

e

Step 4. The estimate of ||Vr|| S
LI(BP )

As in the previous step, we shall handle term by term in (3.13). The estimate
of |4, div(v- Vu)|rr and ||A;((a — Sma)AuHLp has been given by (3.21) and (3.22)
respectively. For the remaining terms, we first get, by applying (2.6), that

_3.

-2

14;((a— Sma)Vrl|,, S ;)2 G- ]a— 3 Small 3 IV,

ﬁmw
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While applying (3.15) for s = 1 + % yields

Idiv A (Smadw)llze < d; ()2 G2 Sall oy lull 5.

Applying (2.16) gives

. H . (3 _5YVs, ~
Idiv (45, SmalValle £ d;2” G D Sall sy V7] s .
B, By

By inserting the above estimates into (3.13) and using (3.2), we deduce that
V]|
L

3-3
G

<2(%+%)m Sma o (Tq u
SIS el (ol

+IAL sy

LiBy *

s 4+ ||Vl 3 )
(By) Ly(B )

t P

. t 1 3
+ |la — Sa ;/u“ ul|[*s . dr
JrllaSnal _a s el
t (3.25)
3 } 3 3
oo A P P P T
0 BY B BY BY
1 1
+ll
B B

)
ZJ%+1HU||B%_1||U||B§+1 T.

P

Step 5. The estimate of ||Vr|] L os, with1<p< 3.
L r

t P

Once again, we shall start with (3.13). Firstly due to dive = 0 and p < 6,
v+ Vu = div(v ® u), so that
: (s
1450 Tl 5 027 F (ol g ol g + o]y )

It follows from (2.7) that

. . s .
14;((a = Sma)@u—Vm)|, £ ;027G a = Snall s (full s + 1V s-2)
Whereas due to % + % > %, we get, by applying (3.15) with s = %, that

14, div(Smadu)|r S d;(#)2”C7 [ Small s full s
B¢ By

To handle the commutator term in (3.13), we need the following Lemma, the
proof of which will be postponed after the proof of Proposition 3.1.

LeEMMA 3.3. For 1 < p,q <6, one has

A;, SmalVllze S ds(0)2~ G2 Sall s 4 IV 12, (3.26)
qu
| div[4;, Smal Ve < d; ()2~ G =[S pall sy V7]l (3.27)
BY
1 1 1
with 1<p<§ and — < —+ —.
p 6 q

521
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By using above inequalities, we find

3m
V| < 20" |Small e (o l1ull HIA se

~

Ll BP ) I(BP LI(BP )

+ 2(5_§)m|‘sma||LOO(Lq ||V7T||L1(L2)

(3.28)
+lla = Spal_ / Il bl dr
t
+/ (1ol gl 3o + ol g sl 3 )
0 B ;v
Step 6. The estimate of (3.3) for p € (1,3/2).
In this step, we use (3.12) and Proposition 2.9 to get
IValle S o~ Vullee + ISmadullz + |(@ = Sma)du| | +1Iflle (3:29)

3 3
For case of 1 < p < 2, we have B} Z(RY) — L*(R?), 1t 1s enough for estimate

every term on the right hand side of (3.29) in the space of B” (RS) However, these
estimates are already obtained by Step 3. As a result, it comes out

IVallLy ey S 2qm||~’>“maHL<>°(m)|IUII

3
2

+IsI
LiBE )

3,1 3 _
T BP
P By

. t 1 3
+ |la — Sia 3 / ul|* ul|* dr
o= Smal_ 3 [ty \|B§+1
¢ B . g . (3.30)
o N (PSP P
0 B BY BP

ya P p p

3 1
+ ||u||23 1||u||23+1||v\\;%,1||v||;%+1)dT.

p P

We remark that the advantage of (3.30) than (3.25) is that the pressure term does
not appear on the right-hand side of (3.30).

By inserting (3.30) into (3.28), we get for 1 < p < 3

< —3 A2
[Vl kS Ama(t)HuIIL%(BPg)+2 2 Ao (B[l . )
-% ' “allFs b
+ (2% Apa(t) + Dl — Spal| 2 / (lall Ml + llull s Jull ) dr
L8B4 ) Jo Br BE B BY

~ 2 Apa( /Hvll% 1||v\|23+1IIUH4s 1||u||4a+1d7
P

2% At U z U z v T v T d
+ ma()/o I ||Bp%,1|\ ”5,,%“” \|B§,1|| ||Bp%+1 T+||f||L%(B§72)

m

t
+ ol sllull s_, +|v]| s_,||lul| s)dr+272A 3_3 .
O s+ 1l ) SCIE Y

(3.31)



WELL-POSEDNESS OF 3D INCOMPRESSIBLE INHOMOGENEOUS NSE 523

As m € ZT, by inserting (3.31) into (3.25), we arrive at

IVrll | aog S2FAma@(+ Ama(@)lull o+ AnaOllull | aiy
Ly(By %) L} (By) Li(Bg *)
2 ~ "l g 3
+ (Ana®+1)" (la = Smal s /(Hull poallell syl % el 3+1)d7
~Bd)Jo BY BY BY BY

t 1 1 3 1 1 1 3 1
L A P P P PO P PP TP TP KL
0 BY Br Br Br BP BP BP BP

p P P p

t
+27Ama(t)/ (ol sllull s_y +loll s flull 3)dr+22 Ama@IF = 5,
0 BY BY BY BY Li(BY )

p

_3 -
2

+ (Ama(t) + 1)2(I 7]
Li(

oy
s o

(3.32)

Finally, by summing up the estimates (3.19) and (3.32) and then applying Young’s
inequality to resulting one, we obtain (3.3). This finishes the proof of Proposition
3.1.0

REMARK 3.4. In the particular case when v = u in Proposition 3.1, we have

lull. sy +|ull ;+1 + IVl 3, <Cexp (C’t24m(Ama(t) + 2)12)
Lee B:ﬁ Ll(BP LI(BP

t p t p t P )

% (ol 32 + 2" (Ama(®) + 12UF | 2
By Li(By)
t
2O a6+ D2 [l s+l g+ el sl 3 ) ).
0 BY B By By

’ ’ (3.33)

In fact, we only need to replace the estimates of || A;(v - Vu)||r» by the following
ones when v = wu:

lu-Vull s S luewul s S luly Sl sallel s
P 2 D P P

5 3
Sllull s flul Sl s full®

HU'VUHB?% S IIU®UIIB§7% ; 51 . e
P P
3 1
[l VUH 2 2N||U®U|| aon Sllull s llull s S lull®sllull®s .-
P P D D

P P

With some bookkeeping, we find

lul syl s VAl s
LBy ) Lt(B ) L{(BY )
t
Sluoll -y + 24 (Apma(t) +2)*2 [ lul| s_, dr
By 0 BrY

P

t
F2O (A0 + 02 [ (el [l ) dr
0 By By

P

/ lal] 3+1||u|| s 0 d7 + 27 (A (t) +1)° Hfll

3 .
(B3)

Applying the Gronwall’s inequality leads to (3.33).



524 C. QIAN AND P. ZHANG

Let us now present the proof of Lemmas 3.2 and 3.3.

Proof of Lemma 3.2. Indeed due to divu = 0, by applying Bony’s decomposition,
we write

div (SmaAu) = Tvs'maA“ + divTaySma + div R(Sma, Au). (3.34)
We first observe that due to s < 1 + %, there holds || Sx_1VSmalr~ <
2(%+1_8)k\\5ma||33 and thus
14;(Tog, o A0)llr S 1Sk-1VSmallL< || AxAul|
lj—k|<4

< d; ()23 370)3)18,a)

Bs ’LLH

For the second term in (3.34), we first handle the case when ¢ <p
[div A (TauSma)|r S27 > [1Sk-1Aul| || ApSmall o
li—k|<4
<Y 30 Tl o AeSal o
lj—k|<4

S dy(t)2- (3 He—a)d S malls el s

P

while for case of p < ¢, we have HSk—lAUHL% S dk(t)Z(%—%H)kHuH s and
& 5

[div Aj(TauSma)lle S27 > [[Sk- 1Au| | e | ApSmal| L
[i—k|<4

<28l

BZ u||B%.

For the last term of (3.34), we shall distinguish the case when %4—% <1and I%—l—é > 1.
Incase%—I—égl,thereisrzlsuchthat l:l—l—lannd

ldiv A;(R(Sma, Aw))||r» S 272°G75)7 3 1 AkSmall pal| A Aul| o
E>j—3

VST 2 a8

k>j—3

S dj(2- ==

~

'ﬁmoa

where in the last step, we used the fact that s — 2 + % > 0.
Whereas for the case when % + % > 1, we have p < ¢’ = q% and then

ldiv A (R(Sma, Aw))||ze S 20757 37 | AuSimal ol ArAul o
k>j—3

2(4—7)] Z 9—k(1+s-2) ’Cdk()HSmaHB;H““ 3
BP
k>j—3 !

<2

3
if 1+s—->0.
q



WELL-POSEDNESS OF 3D INCOMPRESSIBLE INHOMOGENEOUS NSE 525

As a result, it comes out (3.15). O

Proof of Lemma 3.3. By applying Bony’s decomposition and a standard commu-
tator’s process, we write

[4;, SmalVr = [A;, Ty JVr =T, o Sma+ A;TgrSma+ AjR(Spa, V). (3.35)

We henceforth handle term by term in (3.35).
For the first term on the right-hand side of (3.35), we first deal with the case when
p < 2 so that there is r satisfying % = % + %, which together with the fact: % < % + %,

implies that r > ¢, from which, we infer ||Sy,_1VSyallL- < dk(t)ZSk(k%) ||Sma||Bg,
q

1
3 )

and
14, Tg, JVe S277 Y 1Sk-1VSmal e | Ap V|2
li—k|<4
C(3_9)i ¢
Sd(1)20 2”IIS'maHBgf% V| L2,
while for the case when p > 2, we have || Sy_1VSmalp~ < di(t)2% ||Sma|| ~1 and
thus
. . . g_é . . .
A, Tg JVrle S277 S 2018, VSallp | Ap V]2
|j k\<4
Sdi2 e ]||Sma|| -1 IV Lz
For the term T’ S'ma we decompose the estimate into two cases. When 1 <

q < p, we deduce from Lemma 2.2 that

||T2N,r5ma||m§ > N ASmall e | Ski2d; V| e
k>i—No

<24, Vnle Y a2 DSl sy (336)
k>j—No Ba

< d;(t)2 G2 S all sy V2.
Bq

For second case when ¢ > p, due to % < %Jr %, i p > 2, then we deduce from Lemma
2.2 that
|7 A,9n Smallr > | AkSmallalSk28; V| 2
k>j—No
(141 1 —(2-1
<2 Vnle 3T 02 Sl sy (3.37)
k>j—N By

< d; 277D Sall sy [V Le
By *?

For the term A;Tv,Sma, when ¢ < p, we have ||Sy_1 V7|~ < 2% |Vr| .2, and
thus

14, T xSmalle S Y 1 AkSmallo[|Sk—1 V| oo
lj—k|<4

< d2 (32 ||sma|| Yz
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and when ¢ > p, it follows from Lemma 2.2 that ||S'k,1V7T||L% <

1

93(s i3k V7| L2, and thus
14T rSmallr S 1Ak SmallLallSi—1 V| 2e
li—kl<4

< ;0272918 ] g4 IVlee:

Finally let us turn to the last term, AjR(Sma, V), in (3.35). When 1 < g < 2,
we have ¢’ > 2, we thus deduce from Lemma 2.2 that

1A, R(Sma, V) oo S 220750 37 ArS,al pall AVl e
k>j—3
< 23 k; di(t kHSma”Bq%*%HVW”LQ
>j—3

<d;2 (5720 HS’maH a_y [Vl .

Similarly when ¢ > 2, we get

1A; B(Sma, Vi)lle S 297G 4575) 37 | A puallpe]| Ax Vi 2
k>j—3
<290+573) N a2~ D)8l sy (Ve
k>j—3 Bi *

< d;27 G728 al| 2y ||V e,
B *?

By summing up the above estimate, we conclude the proof of (3.26).

On the other hand, due to the support properties to the Fourier transform of
the terms in (3.35), in order to prove (3.27), it remains to check the estimate of
div (T’ S ) Indeed applying Lebnitz formula, we get

div(T) o, Sma) =T , Sma+T o VSnma. (3.38)

It follows from the derivation of (3.36) and (3.37) that

~

175, anSmallr S di(6)27 G| all sy V7|12
i B

We now turn to the estimate of the second term in (3.38). Corresponding to (3.36),
when 1 < p < % and % < % + %, we deduce from Lemma 2.2 that

[ AWVSmaHLPS > ||AkVSmCLHL5%||5’lc+2AjV7T||L6

k>j—No
m ‘
B

3

S2|Vrlle Y de(t)

k>j—No

< ;276|180
B

[N

IVl L2,

3_1
q 2
q,

where we use the fact that 1 <p < 3 3 and 1 5<% + = 505 > 4 This completes the
proof of (3.27). O
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4. Proof of Theorem 1.2: Existence. In this section, we shall apply the a
priori estimate obtained in the previous section to prove the local well-posedness part
of Theorem 1.2.

THEOREM 4.1. Under the assumption of Theorem 1.2, there is a positive time T

3 3
such that (1.4) has a unique local solution (a,u) € Cy([0,T]; By ) x Cp([0,T]; Bf 'n
3
Ll([O,T];B;,’H)). Furthermore, if ¢, which depends on |lag| =, is small enough in
Bq

(1.7), then T > 1, and there holds

q

[l s ] g1, (O, V| 3 Sluoll son (41)
L= (0118 ) LN (0.T]:B} LY([0.T}:B]) A

Moreover, for any to > 0, there holds

[l 3 A [lu] 342+ [V 3
L= ([to,T];B ) L ([to, T]:By ) L ([to, T8y )
< ||a0H s HuoH 3 (1+to~ )exp <C||u0|| ) . (4.2)

4.1. Existence part of Theorem 4.1. As usual, we shall first construct ap-
proximate solutions of (1.4), and then perform the uniform estimates for such approxi-
mate solutions, finally the local existence of solutions to (1.4) follows by a compactness
argument.

Step 1. Construction of approximate solutions.
For n € N, let

def - def -
ag Spao — S_pao  and ug = Spug — S_pup.

Then it follows from Theorem 0.2 of [10] that the system (1.4) has a unique local-in-
time smooth solution (a”,u™, V™) on [0,7™] with the initial data (af,u{).
Step 2. Uniform estimates of the approximate solutions.

We shall search a suitable small T < inf,enT™ such that (a™,u™, V™) is uni-
formly bounded in the space

def Foo Foo(pp L 1 ppt! 1 a1
Br I3 (B]) x (LFBy )NLpBy ) x Lp(Bp ),
where p, ¢ are given in Theorem 1.2.

def _,, def o
In order to do so, we denote u?(t) = e!u? and @” = u™ — u}. Then it is easy

to observe that

||U7ZH~T ; 1N HUOH and
||u2||~ 3+1 < ZQJ - _Ct22j)||AjU0HLP, (4.3)
jET
and (a™,u", V") solves
0" + (uf + ") - Va™ =0,
ou™ +ul -V — (1+a")(Au™ — V") = H,, (4.4)

diva™ =0,
(an7ﬂn) ‘t:(): (ag,()),
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where

def

H, % —un  vul — ™Vl —a" - Vi + a"Aul.

3
For ag € By, we fix m € N by

m % 1nf{k; €N |3 2% | Aaollzs < cob(L+ laoll_; ) 12} (4.5)
>k
for some sufficiently small positive constant cg, which will be chosen later on.
Notice that div (u} +@™) = 0, we get, by applying Proposition 2.12 to o™ that

a" gf,agex(CVu" s+ || Van g)
Jo7l, 3, S ool s esp(COTuEL o 1937 )

< B4) (4.6)
n n n n
la®lzge (2o < llagllee < llaolle  and fla™|[ze(z) < llagllLe < llaoll 2
q
On the other hand, under assumption that
(1+ [l ) 2a™ = Sma™|_ s < 2cob, (4.7)
B¢ LF(Bq)
we deduce from Proposition 3.1 and (4.4) that
def _
A L I L e
Fmy ) LBy ) LBy )
SBman (t {/ ||u"|| 3 dr + [|H,|| s
Li(By)
t (4.8)
+/ (||UL||33 1||UL||33+1 - ||UL||23+1)HUJ”” 3, d7
0 B B By

t
b [ gl o+ T3l g+ T2 ) dT},
0 By B} BP B
where Bppqn (t) % 24m(Aman (t) + 2)2.
While due to divu} = diva™ = 0, we get, by applying the law of product, (2.5)
and (2.7), that

Ml

3
P
P

s/ (I QR s 30l s O 3+ )
P P IJ

P
Hla®] 1(IIU"|| s+ [lu”| 3+1)+||a"|| s (gl s+ [luzl] g))df
P P P q BP BP
By applying Young’s inequality, we get

"l

<fuzll | s.0 +nla

B ol s s
ma (1) ”t IPTC T L™
t
0B @) [ (180 g0 s+ 1y Iy
0 p Bp qu B;
+ [JuZ ] é+1(||ULH s+ |lut] s ) Ul s_,
p p Bp Bpp

AP sy ] sl sy 4+ a1 s [l z_l)dﬂ
BP By BP B¢ By

’ (4.9)
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Yet thanks to (4.6) and the definitions of A,,qn (t), Byan (t), we have
def S3m ¢ n 3m
Aman (1) = 20" [[Sma” || Lz £y S 29 ||ao]| La
Binan (£) 2 29 (Apan () +2)'2 < 27 (20 ag| o +2) 2.

For simplicity, we henceforth denote C), to be a constant, which depends only on
m and ||ag|| 3. Then by inserting (4.9) into (4.8) and then choosing 7 sufficiently
LiNB
small, we arrive Zw
Zo(t) <Co{t(luil? 5o, +llaol®s Jugll 5o )
Ly i, LEB )

n n
(gl g+ laoll )l

L& By ) q LB

t
+/ (Ilﬂ"||231+||a"|| s+ D(7)
0 B BP

with D(t) %

+1

)

T leo

[[a"]]

i dr} (4.10)

Wiy N

[

2
s g s

L+l 2 + i
By B BE B}

3
p

3 1 1 1
Flluzl®s I l®s gl ®s ezl s, -
BP BP P P
P P P P

Applying Gronwall’s inequality to (4.10) leads to

t

2u(®) < Coesxo(C [ D) {t(lug|® 5, -+ laol? s ]

0 LBy ) B4 L
4 Z2(t) +tZ3(t) + ([luh s+ llaoll 2) ]l s }
AOFZO + (il s+ ool g) gl s
Yet it follows from (4.3) that
t 4

[ D@ar S luall gy + (4 thuol sy + ¥ uoll ¥y, + ol + e ual] )

0 By BY Br BY By

p

().

Thus, under the assumptions of (1.7) and (4.7), we deduce from (4.3) for ¢t <1,

2,(0) < Cu(Z20) 4 Z3(0) + et + 32570 (1) | djugller). (a1
jE€EZ

For any sufficiently small € > 0, which will be chosen later on, there exists Ny € N so
that

3 25D (1 —e_Ct22j) 14 u0l|Le <

Jj=>No

DN | ™

While we observe that

o e o
S 2670 (126 djuollr < Ct 3 25| Aol < C20 ] .
J<Mo J<No B

Let us take

70 in (77, 7)) and 71 4 min (1, (2Cme(1 + QQNO))*%) (4.12)
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Then we deduce from (4.11) that
Zn(t) < O (Z2(t) + Z2(t)) +e for t<TY. (4.13)

We define

T d:efsup{thl, Zn(t) < 2e }. (4.14)
We claim that 77 = T} as long as ¢ is sufficiently small. Otherwise if T} < T}, we

take ¢ < &1 with &1 being determined by C,, (g1 + 5%) < i. Then we deduce from
(4.13) that

4
Zn(t) < 3€ for t <TY,

which contradict with the definition of T defined by (4.14). This in turn shows that
TF =Ty.
By virtue of (4.14), we get, by applying (4.3) and (4.6) that for ¢t < T,

la™|_ s < Cllao|l .
L (Bf) BY

So that ¢ < T, we get, by applying (2.24) (see also Proposition 3.2 of [3]) that

" 120 0 & n 12
(T+]la"]. =2 ) [la" = Swma”| 5 <C(1+ [|aol s)
L (B 2 (BZ) B;

Ty ) 7 \Pq

x {3 27 1450010 + llaol|

jzm

exp|C(]|la"” 3., + ||ut 3 —1)},
(explC0N,, g+, 2 )]

3
q
B‘I

which together with e —1 < ze® for x > 0, (1.7), (4.3), (4.5) and (4.14) ensures that

(Ul o) lla" = Sl 2 < eobt+ C(1+ flan]l )" (c+20). (4.15)

Ly (B) Ly (B)
We take ¢ in (1.7) and € to be so small that
1+ laoll »)"(c+2) < Seob,
B 2
then (4.15) ensures that

(T+fla™ . s )a™ = Sma™|_ s < Scob.
L (B{) Lo (BS

1 aq Tl(q)

N w

Then a continuous argument shows that 77" < T and thus 77" = T} defined in (4.14).
This together with (4.3) and (4.6) ensures

{a",u", V1" },en  is uniformly bounded in Er,. (4.16)

Step 3. Convergence of the approximation solutions

Thanks to(4.16), we can repeat the same argument as that in Step 3
to the proof of Theorem 5.1 in [9] (see also [3]) to show that there exists
a subsequence of {a”,u",Vﬂ'”}neN which converges to a solution {a,u,Vr},
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3 3
which belongs to Cy([0, Tb]; B4 (R?)) x Cy([0, To]; BP YR N LU0, 1] B T (R?)) x
3 _
LY([0,T); By (R3)) of (1.4). Moreover, there exists some integer m so that
(1+ ||aH~ 3 ) lla — ma|| 3 < 2cob. (4.17)
Bq LF(Bg)

Step 4. Large time well-posedness of (1.4) for small initial velocity.
Let (a™,u™, Vx™) be the unique solution of (1.4) with initial data (af,uf). We
denote

d_ef n n n
X)W AN IV

Then under the assumption of (4.7), we get, by applying Remark 3.4 and (4.6), that

Xut) SCexp (Cont) (lluall s+ (X2(E) + X3(0) + X2(1))
v (4.18)
<Cp exp (Crnt) (||u0|\8%,1 +X5(1) +X§(t>).

While thanks to (4.5), we get, by applying (2.24) to a™ equation of (1.4), that
< cob+ laol 3 (exp(CoXe ) ~ 1)

S Cob-l- COX”(t)HQOHB% exp(C’oXn(t))
' (4.19)

(L+lla™_ s ) Plla™ = Span||

3
(Bq ) LF(Bg)

So that (4.18) holds provided that
COXn(t)H@O”B% exp(Co X, (t)) < cobd. (4.20)

We henceforth take ||u0|| _, to be so small that

16A% (1 + |jao|| = )|luol| =_, exp (4A) < min{l,cob} with A =max{Cy,Cy,}.
B¢ By

(4.21)
Then we claim that there exists a positive time 7" > 1 so that
Xn(T) < 2Ch||uo|l 2_.1exp(2Cy,) .
By
Indeed, let
T* L sup{T > 0: X,,(T) < 2C,[uo| s_, exp (2C,) }. (4.22)
By

Then for T' < T', it is easy to observe that (4.20) holds by (4.21). If T* < 2, then
we infer from (4.21) that T' < T*

Crnexp (Crn T) (X (t) + X (1)) <

N

which together with (4.18) implies

1
Xn(T) < Cpyexp (2Cy) ||ugl] s_, + ZXW(T)7
By
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and thus

4
Xn(T) < ng exp (2Cy,) ||u0||B%,1. (4.23)
This contradicts (4.22), and thus 7% > 2.

Hence we deduce from Proposition 2.12 and (4.22) that

||a”H~ s < Cllag]| se“X"® < Cpllaol| . (4.24)
7 (B4) B{ B¢

Therefore, (a™,u™, V™) is uniformly bounded in E7- and (4.1) holds for u".
With such estimates of (a™,u", Va™), we can repeat the argument in Step 3
to conclude that the lifespan to the solution (a,u, V) obtained there is greater

than 1. Furthermore there holds (4.1) except the term of ||V7|| 3_3 and
LYo, 185 7)
[|Ou]] . Indeed the estimate of ||V7r|| s, for 1 <p< 3 can be deduced
Ll[OT]B) Ly(By, )

from (3.28) and (3.30). Whereas the estimate of HVTFH ;_% for 2 <p < 6 can be
Li(B )

obtained by a direct application of (3.23). And then the estlmate of ||Opul| i

L1([0,T]:B5)

follows from the equation (1.4). This completes the existence part of Theorem 4.1.

2. Uniqueness part of Theorem 4.1. In order to do so, we first consider
the a priori estimates for following linearized system:

O — (1+a)Au+ (1+a)Vr = f in Ry x R?,

divu = g,
Oyg = div R, (4.25)
u|t:0 =0.

PROPOSITION 4.2. Let p,q be given Theorem 1.2 and a satisfy (3.2). Let (u, V)
be a smooth enough solution of (4.25). Then there holds

el lull | ave 4 [(Gpu, V)

3 3
Ly (By) Ly(BY ) Ly (By)
t

[ull s dr+[I(f, Vg, R
0 By

(4.26)
LiBEY

Proof. Along the same line to the proof of Proposition 3.1, we first get, by a
similar derivation of (3.11)), that

[Jull - = +flull s,
L (By 7(35 Y
52(1+q)m||5ma||Lgo(Lq)(||u|\ s +Val o sg) (4.27)
2 LiBE ?)
+IA s - +|la — S ol vl e
Li(sy ©B) LiBE )
and
| ||~ it llull s
L p,2 ) L(sz )
Jrq)WL||S77"LC’/HL°C L ||u|| 3_1 +||V7T|| 3_3
(o) s Lt 2)) (4.28)
+||f|| pin + lla— ma|| o IVl sy
p2 ) t q) t( p,2 )
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andf0r1<p<%

Jull 3-2, + [ull
Leo(BP Ll BP)
< 9% Sma socray (2™ ||u s, +||Vrm 3_
ST IS palipan @l oo IVEIL a) wa9)
+IAl s Alla=Smal s VR s,
LyBg ) L (Bg ) Ly(Bg )

In order to handle the estimate of the pressure function, we apply div to the u
equation (4.25) to get

div (1 + Spna) V) =div (Vg — R) + div (SpalAu)

+ div ((Sma —a)(Vr = Au)) +div f. (4.50)

Thanks to (4.30), we get, by a similar derivation of (3.18), that

1,3 . m
IVrl sy 26T Sl pe ey (2% u]

~

O ’ ueh i
+ , Vg, R 3, + a—Sma 3 ||u 3
G50 B, amr ] ||L§O(qu)|| Iyt
By summing up (4.27) and (4.31) and then using (3.2), we obtain
u 3 +u + ||V 3_
o, + Il g 19 s
< 2088 "Nl Fll g 197 g

+(f, Vg, R)|

3 .
Ly(By )

While thanks to (4.30), we get, by a similar derivation of (3.23), that for 2 <p <6

s 3 <|la=Smna U 3
ity Slo—Snal_ g

vl 0
2

)

3m
+20"Spall e allull sy N VE R alg
Lt(B: ) Li(By, ")

Then by inserting (4.33) into (4.32) and then applying Young’s inequality, we find

[l

3
By )

v A [l
) 1

(Ama(t) + 1)

t(:D% 17%+1+H 7-‘-Ht

s2m (f,Vg,R)| s

L (By)

+ 27" (Apma(t) + 1)%[|Small oo (z.0) | ul|
LI(BD)

(4.34)

t
+24m(Ama(t)+1)4/ | 5., dr.
0 By

Similarly, we can derive the estimate of ||ul| _
t

_3 from (4.28) and (4.33). We
)

3
p
P

thus conclude the proof of (4.26) for 2 < p < 6.
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For the case of 1 < p < %, we have

Vel sy 2GS allpe o (lul s + V7l al)
L%(Bzg) ) L%(BP 1(85 ) (435)
+(f; Vg, R) s_g lla=Small s full sy
| HL%(B; %) LE@h LeE )
Whereas we get, by a similar derivation of (3.28) that for 1 < p < %
S_Lymy ¢ =z
19l 3 2GSl @Y Il 3+ 1970
(By 1 %) Li(B) (4.36)
VLR s +la—Small s ull s
LiBg ) LE(Bd) Li(By)

To handle the estimate of ||V7r||L%(L2), by taking divergence to the u equation of
(4.25), we have

div ((1 + a)Vr) = div (aAu) + div (f + Vg — R)
Applying Proposition 2.9 yields

Va2 < llalull s + (£, Vg, R)| L2 -

o

3_3
2

Notice that for 1 < p <2, Bf *(R®) < L?(R?), so that we infer

<
IV7llLyze) S ||a||L°°(Bq [ . 1/, V97R)||L%(Bpgfg)- (4.37)
3
Since a € L3P (B ), by combining (4.32) and (4.35)-(4.37), we find
full . sy Al g IVl s
By Li(By LBy )
S 2™ (Ama(t) + 1) ||(f,V9, R) s
LI(BE)
m ~ 4.38
+ 2™ (Apa(0) + DS mall e llul s (4.38)
Li(By)
t
+212m(Ama(t)—|—1)12/ lull s, dr.
0 By
By the same way, we apply (4.29), (4.36) and (4.37) to get
full . s Fllull s +[[VAl] s,
LeBE ) LI(BE) LiBE )

52m(Ama(t)+1)HS’ma”Lt"°(L‘1)Hu” 1(B” 1)+(A (t)+1)2

< (1. Vg R | e sy +ISmalliman(lul | s +lull | s.)).
| HL%(B;’ “sp ) el L3B]) ,(3;*2>)

(4.39)

Thus, combining (4.38) and (4.39) and then using Young’s inequality, we get the
inequality (4.26) for 1 < p < 2 Finally, by using the first equation of (4.25), we easy
to get the estimate of ||8tu|| . The proof of this proposition is finished. O

B )

P
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As in [14, 15, 19, 21], we shall prove the uniqueness part of Theorem 4.1 by
using the Lagrangian formulation of (1.4). Toward this, let us recall some basic facts
concerning Lagrangian coordinates and trajectories of particles from [14]. We first
observe from the existence result of Theorem 4.1 that by choosing T to be sufficiently
small, there holds

r _1
/ ||Vu|| 3 dt § (4.40)
So that for any y € R®, the following ordinary differential equation has a unique

solution on [0, T7:

dX(ty) _

DU X () = oty Xyl = 3. (441)

An integration in time leads to the following relation between the Eulerian coordinates
x and the Lagrangian coordinates y:

t
=X(t,y)=y+ / v(T,y)dr. (4.42)
0
Let Y(t,-) be the inverse mapping of X(¢,-). Then V,Y (t,z) = (V,X(t,y))""! for
x=X(t,y). If |V,X —Id|| 1 is small enough, we have
) k
V.Y = (Id+ (V,X —1d)~" =) (-1 ( V,u(7,y) dT) : (4.43)

k=0

Let A(t,y) := (V,X(t,y))"! = V.Y (t,x) and AT the transpose matrix of A. Then
one has

Veu(t,z) = A(t,z) T Vyo(t,y), diveu(t,z) = div, (At y)v(t,y)).
While by applying the chain rule, one also has
div,(A)=AT .V,
where “:” denotes the Frobenius inner product for matrices. Asin [14, 15], we denote
V. AT v, dive div,(4), and A, div,V,,
bt.y) < alt. X (1)), vlt.y) Eu(t. X (1), and P(ty) S w(t, X(5y)).
Notice that for any ¢ > 0, the solution of (1.4) obtained in Theorem 4.1 satisfies the

smoothness assumption of [15, Proposition 2], so that the triple (b, v, VP) defined by
(4.44) fulfills

(4.44)

0:b =0,

ov—(1+b)(Ayv—V,P)=0

w = (1+5)(Auv ) (4.45)
div,v =0,

bli—o = ao, v|t=0 = uo.
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Obviously, b = b(t,y) = aop(y) for all t > 0 and is independent of the solution u. More-
over, it follows from Proposition 3.7 in [13] that (v, VP) shares the same regularities
as (u, V).

Let (ai,u;,m;),i = 1,2, be two solutions of (1.4) which satisfy (4.1). Let
Xi, (vi, B;), A;, i = 1,2 be given by (4.42) and (4.44). Then the pair (v, dP), where

def def
ov zev2—v1, 5P = P, — Py,

solves the system

Oov — (14 ap)(Adv — VIP) =0 f1 + 0 fa,
div v = dg,

009 = divoR,

(5’U|t:0 = 0,

(4.46)

with

51 % (1 + ap)[(1d — A])VSP — 6ATV Py,

5f2 C (1 + ag)div[(A24] — Id)Vév + (A2 A] — A, A])Var],

4f (14 — Ay) : Dév — 6A : Doy,

dg
def
SR Y 0,[(1d — Ay)dv] — 9, [6 Avy].

Let us first handle the estimate of 64 % Ag — Aq, which will be frequently used in the

sequel. Notice that for the matrices C;(¢,y) def fot Vyvi(r,y)dr, i = 1,2, we observe
from (4.43) ¢f. [15, 21] that

oo k—1 . t .
sA(Ly) =33 < /0 v, 60 dT) ch1d, (4.47)
k=1 =0

The term C;(t,y) can be estimated in view of (4.43) (with V,Y replaced by V,X)
and (4.40) by

t 1 1 1
|Ci(t,y)|§/0 |Voui (T, X(7,y)|dT - SUPW X(r gkz:: g =3 1=1,2.

As a result, it comes out
‘ S B
I6A(ty| < ec1 [ |Vou(r,y)|dr, ¢ = Zk(i) < 0. (4.48)
0 k=1

Moreover, as proved in the appendix of [14], we have the following estimates:

10cAll s S 1Dvil| s, i=1,2,
BY BE

[6Al s SIDév| s,
L (BY) L}(BY) (4.49)
|A; — Id|| 3 <||Dv,u s, i=1,2, '
L (BF) LiE)
[0:8A[ 5y §||v1,v2|| a [[Dév]l s A [0v]] s
L3 (BY (B7) LEBE) L3(BF)
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Set

def
3G(t) = [|ov || I ||5v|| st [[(Bov, VOP)|| s .
~(B2) LY(BE)
Then we deduce from Proposition 4.2 and (4.46) that
t
mmg/ﬂ&mghﬂmﬂm;w%mm r
0 BE Li(By)) (4.50)
SG(t) + (|(6f1,0f2,Vég,oR)|| s .
Li(By))
To prove the uniqueness of the solutions, we shall prove dG(t) = 0 for small enough ¢

Let us handle term by term on the right-hand side of (4.50). Indeed it follows
from (4.49), product laws and interpolation in Besov spaces that

oA, g)<(1+Ha0||Bg)(||(Id—Az~T)V5P|| lg%)+||5AVP1|| ))
SlIad-A47)) s ||V6PH +||6A|| a ||VP1H
L= (BY) Bé’ > (By Bp’“)
< (||v 3 + ||V P, 3 )OG
< (I QHL%(BEH) [ 1||t 5)
and
I6f2 s SI(A24; —Id)Vov| 5., +[[(A24; — A1A)Vui]| 5.,
LE(BY) LI(BY ) LIBY )

3+1 +||V'U1|| s ||0Al 34
LE(BE) L (BY )

LY(BP
t(BP P t P

S(1d - A, 1d — A 3||V5UH
Lo (BF

t

(”UlH 3+1 + HUQH 3+1 )6G( )
Li(BY LBy )

Along the same line, we have

Vgl 3 S 104 42): Dov—54: D]
(BE) LBy )
< . .
S ||U2||L% 341 ||V50||L%(l§§+l) + ||DU1||L%(B§)H5AHL?O(B§+1)
< (|lv 3., +||lv 3 0G(t
S (lleall LsE | 1||L%(B§;+1)) (t)
and
< _
5l g2 S1000a= A6ull o +lodsAnll s
§\|v2|| B ool s +|Dvafl s ||3t5v|| 3
+(BS < (B5) LBy Li(BS)
+HU1|| . HV5UH - +0A[ s O] s
L3 (BY) L (By) Li(B;
1
Sl gon Il s+ B0l 360
t(Bp LE(BY Li( p)

By substituting the above estimates into (4.50), we arrive at
0G(t) S p(1)dG(t)

for some positive continuous function ¢(¢) which tends to 0 as ¢ — 0. Thus, the
uniqueness on [0, 7] can be obtained by a standard argument.

(4.51)
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4.3. Higher regularity part of Theorem 4.1. Let (a”,u™,7™) be the ap-
proximate solution of (1.4) constructed in Step 4 of Section 4.1. Then for 0 < 7 <
to < t < T* with T* being determined by (4.22), we deduce by a similar proof of
(3.11) and (3.18) that

™l 3 A+ [lu” 2 +Ivatil 3
Leo([r,t];:85) Ll([ tiBg LY([1.t]:85)

S JJul(r + — Sma u' —Vﬂ'" 5 + |7V S,,a” 3
[l + 0" = Sma™)(A IR C S
+Z2” I[PA;, Sma™ | Au™ || 1o + |V Sma™ - A; V™| 1) + lu™ - Va©| s .

; LY([r,t];B5)
JEZL
(4.52)
It follows from the law of product in Besov spaces that
- T / ol 3
Li([r
l(@" = $ma™)(Au" — V)| ; sna S | gl =V
LY([r,t];B]) oo ([ t]Bq LY([r,t];85)
7"V Sma”| 5 S[IVSma| s V"] E
LY([r,t;B]) Loo ([r,t]iB4) LI([rtiBg )
and
Z 2%j(||[IPAj, Sma™Vu"|| e + |[VSma™ - A;Vu™ | 1»)
JEZ
S IV Sma| 3 flu”] ERe
Leo([,t]:B4) LY ([rtl:By )
Substituting the above estimate into (4.52) results in
™| s o+ [lu” = + V™| 3
Lee([7,t]:85) LY([r,th:B7 L([r,th:B5)
< u(m)|| = + 20D a v + ||u”
S Jlu >HB§ loollse (1927, sou +7)
+fla" ~ Sypa”] L | Au” — Tr7| + [, Il 50
Lee [Tt]Bq L' (] T,]Bp

By applying smallness of (4.17), (4.1) and Gronwall’s inequality, one has

[l ] s A+ [l + [Vl
L= (frt1BF) LY ([ s

3 3
5 L([7,t1:B])
< ol 2 ()l + luGr >|| 1) exp(Cll”|

Ll([mt];zsp%“))'

Integrating the above inequahty for 7 over [07150], and then dividing the resulting
inequality by ¢y and (4.1) leads to

u”|| _ 3 u" 3., +|IVA" 3
gty HI s IR
laol s "
S 2 ([ gar s [l g o) esp(cll o)
lo 0 Br 0 B L([0,;BF )

_1
S llaoll s llwoll s+ (1+t07%) exp(Cluoll 5-.).
B¢ BY, By
Then along with the compactness argument in Step 3 of Section 4.1 implies (4.2), and
we thus complete the proof of Theorem 4.1.
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5. Proof of Theorem 1.2: Global existence. This section is devoted to the
global existence part of Theorem 1.2. The main idea of the proof is similar to that of
[3], so that we only outline its proof here.

3 3_
We first deduce from Theorem 4.1 that: given ag € By (R®) and ug € By 1(]R?’)

with |lug|| 2_; being sufficiently small, the system (1.4) admits a unique local solution
By

3 3_ 3
(a,u) satisfying a € C([0,T*); B¢ (R*)) and u € C([0,T*); BE )ﬁLlUC([O,T*); B;’H)
for some T* > 1. Moreover there exists t; € (0,1) so that

el 31 e S Mol 3 (51)

Let us decompose the velocity u = v 4+ w, where v satisfies the classical Navier-Stokes
equations

ow—+v-Vu—Av+Vr, =0,

dive = 0, (5.2)

V=1, = u(t1),
and (p,w) solves the equations

Bup+ div (p(v +w))) =0,
poyw + p(v 4+ w) - Vw — Aw + Vr, = (1 — p) (0w + v - Vo) — pw - Vo,
divw = 0,

pli=t, = p(t1), wl=, =0.

(5.3)

Thanks to (5.1), we deduce from the classical theory of Navier-Stokes equations

3_ 3
[7] that (5.2) has a unique global solution v € C([t1, +00); By 1) N LY([t1, +oo; B,ﬁ’ﬂ)
satisfying

Il sy + ™
% ([t,00)BY ) Li([tr,00)iB2 )

+ (0w, Vm)ll R SRS Hu(t1)||Bp%71.

(5.4)

We also recall the following lemma from [3]:

LEMMA 5.1. Let (v,m,) be the unique global solution of (4.26). Then for s; €
[%7 % +2] and s2 € [* — é] there hold

”UHL"O([tl,oo);B,Sl) + [[(Av, C7v)||L1([t1,oo);za=51) < luoll sy,

y4 P P

|00l 7oc 1 00):B852) T ||(3tAU»atV7v)||L1([t1,oo) Bl S ||U0|| 315
([t1,00);:8,%)

vl L2((t1,00);250) + [[AY = V) [ L2 (11 00)s200) S IIUOII 3_
p

Then the proof of the global existence part of Theorem 1.2 reduces to the proof
of the global existence of solutions to (5.3). For simplicity, in what follows, we just
present the a priori estimates for smooth enough solutions of (5.3) on [0,7%).
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LEMMA 5.2. Let 1 < p,q <6 wzthmax{i—%,%—%}< % < %—i—% and ug, ag
satisfy the assumption of Theorem 1.2, there exist two positive constants co,c3 so that
forty <t <T*

lllze e sz2) + 1Vllze e aize) < Clluoll 2 -, (5.5)

t
IVl iy + [ (calduwlts + cal VPl +19mE:) & < Clluol s .
1 P
(5.6)

where C' is independent of t.

Proof. The proof of this lemma is similar to Lemmas 5.1 to 5.3 of [3]. For
convenience of the readers, we present some details below. Thanks to (1.6), one
deduce the transport equation of (5.3) that

(14 flaoll 2) ™" < p(tx) <" (5.7)

Thanks to (5.7), we get by taking the L? inner product of the w equation of (5.3)
with w, we find

) dt”waLz + ||Vw||L2
:/ (1= p)(Ov +v- Vo) + pw - Vo) - wdz (5.8)
R3
< Clla(@w +v - Vo)l 2 [Vpwl z2 + C V| o< || /pwl|72

It is easy to observe that

Hao||LquooHatv+v~Vv||B%, if ¢g<2
la(Opw + v - Vo)|lL2 < i )
laol[Lal|Orv + v - Vol[go, if ¢>2
m
laoll allAv =Vl s, if ¢<2
BIZ BIJ
! r ) . (5.9)
HaollB? [Av — V?TUHB?%%, if ¢q>2
Applying the assumptions of p, g in Theorem 1.2, we observe that for ¢ > 2
2
2y,
2<q<6 q
3 1 3 33
1 1 1 1 1y =<>--+2€e[5,2+1], (5.10)
3 o<, <3t p 2 q¢ pp
¢ °F q 3 3 3 3 3
S ttleb -1l
P 2 q p p

Therefore, we obtain
S IVBuls + 9wl < CITulpuld: +C (xosa @ d0 - Fmll g

+X q>m()HAU—-VﬂvH1)g+g>Hv¢uﬂL%
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Applying Gronwall’s inequalities yields

t
ol o + IVl ) < Cexp( [ 19071 ar)
1

x (X[qsz] (@)]|Av = V|| + Xig>2 (@) | Av — V|

3 3_3.3 )
L ([t2,t):85)) Li([tr 818y *7)

< (||u(t 3, + ||lugll 3_,)exp(Cllu 3,)
(a0l 3+ + ol 3 ) exp (ol 3

< Clluol| =4,
By

where we used the of Lemma 5.1 and (5.4) that

X[g<2)(q)[|Av — V%H + Xig>21 (@) [|Av — V7, ||

3_3,3
LY([t,th:BF 2 7)
< O(lutta)l g+ ool 5-.)

3
Lt ([t1,t]:By)

This finishes the proof of (5.5).
To prove (5.6), we get, by taking the L? inner product of the w equation of (5.3)
with %Aw and using (5.7), that

Aw 2
A2,
Aw
:/ ((1—p)(@tv—i—v-Vv)+pw~Vv—p(v+w)~Vw—V7rw)-7dsr:
R3

S Ivwlia +

Aw
<||=—= 7 | 22 (la(@v + v - Vo)l 2 + [[Vw| 2]v] o
+ lwll L2 IVollze + [[Vwllzsllwllzs + [Vwl£2).-

Notice that we already have the estimate of ||a(0;v 4+ v - Vv)|| 2, and the remaining
terms can be handled as the ones in Lemma 5.2 of [3]. Then along the same line to the
proof of Lemma 5.2 of [3], we obtain (5.6). This completes the proof of this lemma. O

LEMMA 5.3. Let 1 < p,q <6 wzthmax{f—é,l—%} <<l 1 andug, ag

satisfy the assumption of Theorem 1.2, for t;1 <t < T*, there holds
HVQIUHLOO([tht];L?) + IVwe || 2t ,43;22) + ||v2wHL2([t17t];L6) <C (5.11)
with C being independent of t.
Proof. By applying 0; to the w equation of (5.3) and use 1 — p = ap, we write
pwir + p(v + w) - Vwy — Awg + (V)
=[1-p)( O +v-Vv), — [pw- V] — p(v +w) - Vw — p(v +w), - Vw — pywy.
By taking the L? inner product of the above equation with d,w, we get

1d

3 dt”\[thLz + ||th||L2 = /R3 lap(Oyv + v - Vv)]yw, dz —/ [pw - Vo]yw; dz

R3
- /3 (pe(v+w) - Vw — p(v + w); - Vw + pywy ) wy da.
R-
(5.12)
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Due to a; = —div (a(v + w)) and p; = —div (p(v + w)), by using integration by parts,
we find

/ [ap(Opv + v - V)]|pwy do = / ap(v +w) - V(0w + v - Vo)wy dz
R? R?
+ / ap(Opw + v - Vo) (v +w) - Vwy da + / apOi(Opv 4+ v - Vo)wy d.
R? R?

As a result, it comes out

1d

§a||\/ﬁwt||%2 +||th||iz 211+12+I3+I4+I5 (513)

with
L= /]Ra ap(v+w) - V(O + v - Vo)w, dz,
I, = /]R3 ap(Ov + v - Vo) (v + w) - Vwy d,
I3 = /]1&3 apdy (0w + v - Vo)wy dz,
I4:—/Rsptwt-(wt+(w+v)-Vw+w-Vv)dx,
15:f/Rgpwt-((w+v)t-Verwt-Verw-Vvt)dx.

Let us handle term by term above. We first observe that

L] < Vow 2][(v + w) | Lolla V(Av = Vi, )| s
< ||\/,5wze|\L2(||vHBg7% +IVwlze)laV(Av = V)| s,

and
V(Ap_ _ lallLa ]|V (Av — Vi, )| e, if ¢<3
la V(Av — V)|l s < lalol V(A0 = V)| a0, i g >3
IIaol\BgIIAU—VﬂvllBg+u if ¢<3
laoll = ||Av — V|| 3,34, if ¢>3’
BY Br e
where we use the fact for ¢ > 3
3
3<qg<6 qfqg>p,
1 1 1 1 1 =4
< l<clg4cz 3 3 3 3
2 6 - 4+-=1le[--1,-).
q p q P [p )

This gives rise to

\L] < Cllvpwellzz (vl 2y + [IVwllz2)
BP

(5.14)

X (X[q§3] (@)]lAv — Vﬂ'U”B%+1 + X[g>3) (@)l Av — V7Tu\\g%+g_1)-
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For Iy, we have

[l2| < ClVwi| p2[|Av — V|| L (laol|Le< lwllz2 + [lav]|L2),

and
lavl lallzz([v][ze, if ¢g<2
av .
L2 < ||aHLq‘|U||Lq2:12, if ¢>2
laoll =llvfl =, it ¢g<2
B By
||aoHqu||U|| FAENEE if ¢>2
<,

where we use the condition (5.10). Then we deduce from Lemma 5.2 and Young’s
inequality that

1
[I2| < E\\thlliz +C|Av = V|| Fee. (5.15)

While by repeating the argument as in (5.9) and (5.10), we find
[ Is| <Cll\/pw|r2]la (9:Av — 0, V)| L2

<Cllvpwlos ( X< (@)@dv — 07| 5 (5.16)

+ Xg>2/ (D 1(0:Av — 0, V) ||

343 .
)

To deal with I, we use the transport equation of (5.3) and integration by parts to
get

oy
T o

Iy = 7/ p(v+w) wy - (8;(w—+v) - Vw+ (w+v) - VOw + dw - Vo +w - Vo;v) da
R3
72/ pwy - (w+v) - Vwy) dz — / p(v+ w) dwy - ((w+v) - Vw+w - Vv) da
R3 R3
= Iy + lao + 3.
It is easy to observe that

|Zaa| < Jlwellzellv + wllze (IV (v + w) | e [Vl 2 + o+ w] e [ V?w]| 2
+ [ Vollzel|Vewllzz + [ V20l ollwl]2)

IN

1
gIVediz + Cl1AwlZ: + [IVolis + [1V*0l7e),

N

[La2| < |lv/pwil 2o + wll Lo [V | 2

1

75 Vwilze + Clvpwdiza ()12 + [Vl 2 [ V2wl 12),
Ls| < [[Vwllzz (v + wlfe [Vwllzz + v+ w] e[ Vol| ollw]| o)

IN

IN

1
T5IVedlze + CIvlze + [Vols + [[Aw]).
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As a result, it comes out

1
L] < ZIVwlze + Clvllz~ + IVollZs + [Aw]Ze + [VZ0llZs)
+ Cllvpwelze (IvllZee + [IVewllz2 [ VZw]|2).

(5.17)

Finally let us turn to the estimate of I5, which can be dealt with as follows

15| < llv/pwellze (Jlvell < [ Vwll Lz + [[well e[| Vao]| o
+llvpwll 2l Vol e + Vel o Jwl|z2)
< 16||th||L2 + Cllvpwellz: (IVwl L2 V2wl L2 + [Vl )
+ CllVewel (lvell s +llvell s4y)-
By By

(5.18)

By inserting the estimates (5.14-5.18) into (5.13), we arrive at
3 dt||fwt|\L2 + | Vwll7e < Cllvpwilgzf1(t) + Clly/pwillz f2(8) + Cf(t) - (5.19)
with

A1) = [Vl 2l V2wl 2 + [ Vol + [[0]] 2,

f2(t) = \|Ut|| 3 + X[g<2)(9)]|(OrAv —3tV7Tv)|| 3 +Xq>2]( )||(3tAU—3tV7Fv)HBg-g+g
+||vt|| 344 + X[¢<3] (@)||Av — v7Tv|| 3+1 +X[q>3]( Ay — VWvHB%+%—1v
Pl P

f3(t) = [|Av = V[T + ol T + [V0llZs + [AwlZ2 + V0] Lo

Applying Gronwall’s inequality to (5.19) gives
t
IVpuw®l + [ 19ue)]ade
ty
t t
< Cep(C [ A1) (IVpm(el + [ (Vo) olt) + St
t1 ty

(5.20)

Yet it follows from (5.4), Lemma 5.1 and 5.2 that

/tl (i) + f2(t) + f3(¢)]dt' < C

with C' being independent of ¢.
Whereas by taking L? inner product of the w equation of (5.3) with w; at t = ¢y,
and then in view the proof of (5.9)

|(pwo(t) e < Cla(ta) @ +v - Vo)1) 2
< Cxpusa @A = Tm) ()] s + X (@) A0 = Imol| 5 5.3)

<cC.
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As a consequence, we deduce from (5.20) that

t
sup  ||\/pwi(t)]32 +/ ||th(t’)||iz dt’ < C. (5.21)
te[t1,T*) ty

At last, we also can recover the second space derivative estimate of w which is same
the Lemma 5.3 in [3], and we omit the detail here. We thus finish the proof of this
lemma. O

As a conclusion, we obtain the following theorem:

THEOREM 5.4. Under the assumption of Theorem 1.2 with 2 < p < 6, (1.4) has a
unique global solution (a,u, V) satisfying (1.8) provided that ||uo|| =_, is sufficiently
B

3

P

P
small.

The proof of this theorem is same to [33], and we omit it here, and finally by
combining this theorem with Theorem 4.1, we complete the proof of Theorem 1.2.
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