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Abstract. In this paper, we consider the Cauchy problem for an aggregation equation with
supercritical dissipation and an additional mixing mechanism of advection by an incompressible
flow, where the attractive kernel is a non-negative radial decreasing kernel with a Lipschitz point at
the origin. Without advection, the solution of equation blows up in finite time. Under a suitable
mixing condition on the advection, we show the global existence of the solution with large initial
data. Firstly, we study enhanced dissipation effect of mixing mechanism of advection by a linear
equation with fractional dissipation. The main idea of proof is based on the Gearhart-Priiss type
theorem. Next, we establish the L°°-criterion of solution and obtain the global L>° estimate. We
give a new proof, which is based on a new observation for mixing mechanism and the RAGE theorem.
Finally, the nonlinear maximum principle on tours is applied to get the L estimate of solution.
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1. Introduction. We consider the following aggregation equation on tours T¢
with fractional dissipation in the presence of an incompressible flow

Ou+ Av-Vu+V - (uVK xu) + v(=A)2u =0, t>0,z €T, (11)
(0, z) = up(x), x € T4 .
Here u(t,z) is a real valued function of ¢ and z, T? = [—3, )% is the periodic box

with dimension d > 2, the quantity v = v(z) is a divergence-free vector field which is
an ambient flow, and A is a positive constant. The attractive kernel K is a periodic
convolution kernel. The v > 0 and 0 < o < 1 are parameters controlling the strength
of the dissipation term. The nonlocal operator (—A)?% is known as the Laplacian of

the order 5, which is defined by

@

(=) 2 p(x) = FH(E"3(O))(x), @R, (1.2)

where F~! is inverse Fourier transformation. The kernel K is a nonnegative radial
decreasing kernel with a Lipschitz point at the origin. We consider

K(x)=e"l, zeR? (1.3)

In this paper, we consider the tours T, on which the definitions of (—A)?% and the
kernel K are different from those in (1.2) and (1.3). The fractional Laplacian operator
needs a kernel representation. The details can be referred to Section 2. Similar to
the discussion in [28], the nonlinear effect of equation (1.1) comes from the behavior
of the attractive kernel K near the origin. We pose the following assumptions on the
attractive kernel K

*Received September 19, 2020; accepted for publication June 25, 2021.

fSchool of Mathematical Sciences, Shanghai Jiao Tong University, Shanghai, 200240, P. R. China
(binbinshi@sjtu.edu.cn).

£School of Mathematical Science, CMA-Shanghai and Institute of Natural Science, Shanghai Jiao
Tong University, Shanghai 200240, P. R. China (wkwang@sjtu.edu.cn).

547



548 B. SHI AND W. WANG

(1) K is a periodic convolution kernel, which is smooth and converges to zero
rapidly as |z| increases away from the origin,
(2) K = el on B.(0) for some 0 < ¢ < 1.
Without advection, the equation (1.1) is an aggregation equation with fractional
dissipation

Ou—+ V- (uVEK xu) +v(=A)2u=0 u(0,2) =up(z), =R (1.4)

There are three different ranges to the parameter « for the equation (1.4), namely,
0<a<l,a=1and 1 < a < 2, known as the supercritical, critical and subcriti-
cal regimes respectively. Aggregation equations of the form (1.4) with more general
kernels arise in many problems in biology, chemistry and population dynamics. For ex-
ample, if K = |z|%,1—d < 8 < 0,d > 2, the equation (1.4) is a generalized Keller-Segel
equation, which has been studied extensively and the solution can blow up in finite
time for large initial data. One can refer to [7, 8, 9, 16, 27, 28, 32, 37, 38, 44, 45, 46]. If
K =e 1*l .1y > 0,d > 2, Li and Rodrigo show that the solution of equation (1.4) blows
up in finite time under the supercritical dissipation. For the critical case, the solution
globally exists with small initial data, and for the subcritical case, there exists global
solution for generalized initial data. See [34, 35, 36] for details. For more studies, one
can also refer to [6, 33, 43].

As the kernel K is non-negative, decreasing, radial and with a Lipschitz point at
the origin, we can rewrite the gradient of K as follows (see [34])

VK:ak%—i—S(x), xe, a#0. (1.5)
If Q = RY K = e 1*l then S(z) € LY(R?) N L>®(RY) is continuous at x = 0 with
S(0) =0 and VS(x) € L'(R?). For Q = T¢, according to the assumptions of K, the
properties of VK and S(z) are similar to those in the case of R%. In R? the VK
scales as \%I near the origin, so the equation (1.4) which is not a scaling invariant can
be approximated by the homogeneous version

3tu+V-(u% su) +v(=A)2u=0, reRL (1.6)

The solution of equation (1.6) is invariable under scaling

un(t, ) = AT y( A, ). (1.7)
Suppose that the critical space is LP<, in the sense that ||ux(¢,)||zre = ||u(t, )] Lre-
One can get
d
L 1.8
b a+d-1 (18)

For 0 < a < 1, p. > 1, the L' estimate of equation (1.6) is subcritical, and the
solution blows up in finite time (see [34]).

Enhanced dissipation effect of mixing mechanism is an interesting phenomenon for
the equations with dissipative and convective terms. It means that when convection
v-V is added to the equation, the dissipation effect will be enhanced and the solution
of the equation has a faster decaying. For incompressible vector field v, there are two
cases studied by many scholars recently. First, v is shear flow, we can refer to [2, 49],
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and some specific shear flows are considered to the linear Navier-Stokes equation.
For example, Coutte flow (see [4]), Poiseuille flow (see [42]), Kolmogorov flow (see
[39, 50, 51]). Secondly, Constantin, Kiselev, Ryzhik, and Zlatos (see [13]) defined
the relaxation enhancing flow, and proved that v is relaxation enhancing flow if and
only if v -V has no nontrivial H' eigenfunction. Similarly Constantin, Hopf et.al (see
[28]) defined the a-relaxation enhancing flow. The details are introduced in Section
2. Some other studies and examples of relaxation enhancing flow can be also referred
to [22, 23, 31, 32].

Recently, the chemotaxis in fluid has been studied (see [12, 18, 19, 40, 41, 48, 52]).
The possible effects result from the interaction of chemotactic and fluid transport
process. Many people get interested in the suppression of blow up in the chemotactic
model with mixing mechanism. Kiselev, Xu (see [32]), Hopf, Rodrigo (see [28]), and
Shi, Wang (see [47]) obtained the global solution of Keller-Segel system by the mixing
mechanism of relaxation enhancing flow. Bedrossian and He (see [3, 26]) showed that
the enhanced dissipation effect and the global classical solution of Keller-Segel system
with shear flow.

Our goal is to show that the blowup solution of (1.1) can be suppressed through
the enhanced dissipation effect of relaxation enhancing flow. This question is moti-
vated by the works of Kiselev et. al (see [32]), Hopf et. al (see [28]) and Shi et. al
(see [47]). In this paper, we consider the equation (1.1) with supercritical dissipation
(0 < a < 1), the dimension is any d > 2 and we take v = 1 for the convenience of
discussion. According to (1.7), in order to get the global classical solution of equation
(1.1), we need to establish global LP(p > W‘l_l) estimate of the solution. In fact,
since 0 < a < 1, the L? estimate of solution is supercritical, and we can get global
classical solution by the global L? estimate. However, in this paper, we consider the
LP(p = o0) estimate of solution for the convenience of discussion and to avoid the
complex energy inequalities.

For the analysis of mixing mechanism to relaxation enhancing flow, the RAGE
theorem (see Lemma 2.7) is an important technique, see [13, 28, 32, 47] for the details.
Recently, Wei introduced a new method, which is based on the Gearhart-Priiss type
theorem, the author considered the linear equation

Oy — Au+ Av - Vu = 0. (1.9)

The main idea is to consider the resolvent estimate of operator —A + Av -V by
contradiction, which is perfect and simple for analyzing the mixing mechanism of
relaxation enhancing flow. The detail can be referred to [49] and Section 2. In
this paper, we first consider linear equation with mixing mechanism and fractional
dissipation, and get the enhanced dissipation effect by the same method as [49]. Tt
can be seen as an extension of equation (1.9). For the L? estimate of solution to
equation (1.1), we want to obtain the smallness by the Gearhart-Priiss type theorem,
however there are some technical difficulties coming from nonlinear estimates. Based
on the idea of contradiction in [49] and the RAGE theorem, we give a new proof,
which is a new observation of the mixing mechanism and simplifies the analysis. The
key idea is to define ®(A) in (4.45), which describes the time and frequency of solution
to equation (1.1), see Lemma 4.5 in Section 4 for more details. And we obtain the
L*° estimate of the solution through nonlinear maximum principle on tours, which is
introduced in [47]. The detail can be referred to Lemma 2.3 and appendix.
Our main result is

THEOREM 1.1. Let 0 < a < 1,d > 2, for any initial data uo(z) > 0,uo(x) €
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H3(T4) N L>(T4), there exists a smooth incompressible flow v and a positive constant
Ao = A(a,ug,d), such that for A > Ay, the unique solution u(t,x) of equation (1.1)
is global in time and

u(t,z) € C(RT, H3(T4) N L>=(T%)).

REMARK 1. The smooth incompressible flow v is weakly mizing (see Definition
2.5).

In the following, we briefly state our main ideas of the proof. Firstly, we establish
the L*-criterion of solution to equation (1.1). Namely, the global classical solution of
equation (1.1) exists if the L° norm of solution is uniformly bounded. Next, we obtain
the L™ estimate of the solution to equation (1.1). The local L2, LP and L estimates
of the solution are obtained by energy estimate, where we need to choose p > g, since
we only consider ||VK||r:,||AK]|z: is bounded and apply the nonlinear maximum
principle (see Lemma 2.3). Based on the RAGE theorem and contradiction, the local
L? estimate of the solution is small by enhanced dissipation effect. Combining with
the local L? and L* estimate of the solution, we deduce that the local LP(p > g)
norm of the solution is controlled by its initial data. Using the nonlinear maximum
principle, the local L norm is estimated by the initial data. Repeating the above
process, the local L?, LP? and L™ estimate of the solution are extended to all time.
Thus, we get the uniform L> estimate.

This paper is organized as follows. In Section 2, we introduce the properties of
the nonlocal operator and the functional space. The mixing mechanism of relaxation
enhancing flow is also introduced in this section. In Section 3, we get the enhanced
dissipation effect of relaxation enhancing flow by linear equation with mixing mech-
anism and fractional dissipation. In Section 4, we give the proof of Theorem 1.1 by
a new technique. First, we establish the local existence and L*°-criterion. Next, we
get the L™ estimate of solution to equation (1.1). In Section 5, we give the proofs
of the Gearhart-Priiss type theorem and nonlinear maximum principle on tours as
appendix.

Throughout the paper, C stands for universal constant that may change from line
to line.

2. Preliminaries. In the follows, we provide some auxiliary results and nota-
tions.

2.1. Nonlocal operator. The fractional Laplacian is a nonlocal operator and
it has the following kernel representation on T¢ (see [10, 11])

a _ f(x) = f(y)
(=A)2 f(z) = Ca’dk%;d P.V. /Td Wdy, (2.1)
where
B 2ar(d+o¢)
“t T mr(-9)|

The following results are important lemmas.



AGGREGATION EQUATION WITH SUPERCRITICAL DISSIPATION 551
LeEMMA 2.1 (Positivity Lemma, see [15, 29] ). Suppose 0 < a < 2,Q = R? T9
and f,(—=A)5 f € LP, where p > 2. Then

2 [ AVEIFIB 2 P2 A\S
pA«A)m)MSLVIf(Mfm-

LEMMA 2.2 (see [1]). Suppose 0 < a < 2,Q =R T and f € S(). Then

LEMMA 2.3 (Nonlinear maximum principle, see [47]). Let f € S(T¢) and denote
by x the point such that

f(@) = max f(z),

zeTd

and f(T) > 0, then we have the following

(-A)F£(@) > Claydp) LD T 22)
”fHLdb
1@ < Ol D)l (23)

REMARK 2. Nonlinear maximum principle is an important technique for getting
the L™ estimate of solution to equation (1.1), the detail can be refered to Section 4.
And the Lemma 2.8 has been proved in [47], we will also give the proof in the appendix.

2.2. Functional spaces and inequalities. We write LP(T?) for the usual
Lebesgue space

LP(TY) = {f measurable s.t./ |f(z)[Pdx < oo} ,
Td

the norm for the LP space is denoted as || - ||», it means

Il = [ 1rpar) "

with natural adjustment when p = co. The homogeneous Sobolev norm || - || .,

15 = 1252 = D kIR (2.4)

kezd\{0}
and the non-homogeneous Sobolev norm || - || g+,
£ = 1F1Z2 + £

For some standard inequalities, one can refer to [5, 21, 24].
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2.3. Enhanced dissipation and mixing mechanism. Given an incompress-
ible vector field v = wv(z), which is Lipschitz in spatial variables. If we define the
trajectories map by (see [13, 32, 47])

d
%tbt(x) = u(Dy(z)), Po(z) =z

Then define a unitary operator U = U* acting on L?(T%) as follows

U'f(x) = f(®; '(2)), f(z)e L*(T?).
We take

g—{rerm) [ sas=o. 2o},
Td
and for a fixed ¢ > 0, denote
U=U" (2.5)

First, we introduce the definition of a-relaxation enhancing flow, the details can
be referred to [28].

DEFINITION 2.4. Let 0 < a < 2, a divergence-free Lipschitz vector field v = v(z)
is called a-relazation enhancing if the corresponding unitary operator U does not have
any non-constant eigenfunctions in H 2 (T4).

In particular, we recall the definition of weakly mixing (see [13, 32]).

DEFINITION 2.5. The incompressible flow v is called weakly mizing, if v = v(x)
is smooth and the spectrum of the operator U is purely continuous on G.

REMARK 3. In fact, the definition in [13] is 2-relazation enhancing flow, and the
weakly mizing is a-relaxzation enhancing flow for any 0 < a < 2. Some examples can
be referred to [13, 22, 23, 28, 32].

Let us denote w(t, ) is the unique solution of the equation

Ow + Av-Vw =0, w(0,z) = up(z), (2.6)
there is the following lemma (see [28, 32]).

LEMMA 2.6. Suppose that 0 < a < 2, v(x) is a smooth divergence-free vector
field. Let w(t, ) be the solution of (2.6). Then for everyt >0 and py € H? , we have

lwt, M g < F(ADluoll ;g

F(t) = exp ( /O tD(v)ds) ,

2a+d+2
4

where

and

D(v) < CJ|(=4A) vl| 2.
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We denote by 0 < /\1% < /\2% < < /\§ < --- the eigenvalues of (—A)% and by
€1,€2, -+ ,en, - the corresponding orthogonal eigenvectors on T?. Let us also denote
by Py the orthogonal projection on the subspace spanned by the first IV eigenvectors
e1,€ea, -+ ,eny and

S = {6 € L*|llgll> = 1}. (2.7)

The following lemma is an extension of the well-known RAGE theorem (see [13,
17, 32]).

LEMMA 2.7. Let U? be a unitary operator with purely continuous spectrum defined
on L*(T9). Let K C S be a compact set. Then for every N and o > 0, there exists
T.=T(N,o,K,U") such that for all T > T, and every ¢ € K, we have

1 T
T/ | PyU |3 2dt < 0.
0

Next, we introduce enhanced dissipation effect of relaxation enhancing flow via
resolvent estimate (see [49]). Let X be a Hilbert space, we denote by || - || the norm
and by (,) the inner product. Let H be a linear operator in X with the domain D(H),
it is defined as follows (see [30, 49])

DEFINITION 2.8. A closed operator H in a Hilbert space X is called m-accretive
if the left open half-plane is contained in the resolvent set p(H) with

(H+ N 'eB(X), [[(H+XN7Y <(ReN)™', Re\>0,
where B(X) is the set of bounded linear operators on X .

REMARK 4. An m-accretive operator H is accretive and densely defined (see
[30]), namely, D(H) is dense in X and Re(Hf, f) >0 for f € D(H).

tH

If —H is a generator of a semigroup e~ ", we denote

V(H) = inf{||(H =i\ f| : f € D(H),A € R, |[f]| = 1}. (2.8)

The following result is the Gearchart-Priiss type theorem for accretive operators
(see [49]).

LEMMA 2.9. Let H be an m-accretive operator in a Hilbert space X. Then for
any t > 0, we have

et )| < e+,

REMARK 5. For the convenience of reading, the proof of Lemma 2.9 is introduced
as an appendiz in Section 5. We can also see [20, 49] for more details.

Consider the operator
H=Hjs=-A+Av-V, (2.9)
and denote Uy (A) = ¥(H), if v is relaxation enhancing flow, then

A1—1>I-Eoo qjl(A) = oo,

the details can be referred to [49].
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3. Enhanced dissipation effect of a-relaxation enhancing flow. Consider
linear equation with mixing mechanism and fractional dissipation

du+ (—A)2u+ Av-Vu =0, u(0,z)=ug(z), t>0, zeT? (3.1)

where v = v(z) is a-relaxation enhancing flow . We denote

H=Hy=(-A)2+Av-V, 0<a<2, (3.2)
and
D(H) = H*Ng.
And define
Wy(A) = U(H). (3.3)

REMARK 6. According to the Definition 2.8, the H in (3.2) is a m-accretive
operator.

First, let us state the enhanced dissipation effect of a-relaxation enhancing flow.

THEOREM 3.1. Let 0 < « < 2, suppose that u(t,x) is solution of equation (3.1)
with ug(x) € D(H), v is a a-relaxation enhancing flow. For any ey > 0,19 > 0, there
exists a Ag = A(w, ug,d, €g,to), such that for A > Ay, we have

[[u(to, -)ll2 < €olluoll2-

REMARK 7. The enhanced dissipation effect of a-relaxation enhancing flow has
been studied through the RAGE theorem (see [13, 28]). In this paper, we studied it by
using the method of the resolvent estimate of operator H in (3.2), we can also refer

to [49].
Next, we give an important lemma, it is as follows

LEMMA 3.2. Let 0 < o < 2, v is a-relazation enhancing flow, then

Alj)riloo l112 (A) = +OO7

where Wo(A) is defined in (3.3).
Proof. We only claim that Eminf Us(A) < +oo implies that U has a nonzero
)
eigenfunction in H?% (T%) NG, where U is defined in (2.5). In this case, there exists a

sequence {A4,,}°°_; and constant §y € R, such that ml—lg—loo Ay, = 400 and

\I/Q(Am) < (50, m=1,2,---. (34)

Combining (2.8), (3.3) and (3.4), we imply that for any fixed m, there exists \,, €
Ra fm € D(H), such that ||f7nHL2 =1 and

[(Ha,, — i/\m)meLZ < do. (3.5)
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According to Cauchy-Schwartz inequality and (3.5), one has
IA% finll72 = Re(fns 9m) < | fmllc2lgmllc2 < do, (3.6)
where
gm = (Ha,, — iAm) frn- (3.7)

Thus there exists fo € HZ(T?) and a subsequence of {f,,}>°_,, still denote by
{fm}55_4, such that

fm = fo in L*(T%) (3.8)
is strongly convergence and one has
[follzz =1, fo€G.

According to the definition of (3.7) and the property of fractional Laplacian, we know
that for any f € H'(T), one has

(gm, f) = <A%fm7A%f> + AV -V i, ) = A (fm, £ (3.9)
As f € H%(T?) and H_I}n A, = 0o, we deduce by (3.5), (3.8) and (3.9) that

<gmaf> - <A%fm7A%f>
A,

(0 Vs f) = 15 s ) =

— 0, m — oo, (3.10)

where we use the

{gms ) = (A2 frs A2 )] < Nlgmllz2 | Fllzz + A% fallz2|AZ £l 2
< Sollfllze + 6E A% £l 1o

As v is divergence-free and (3.8), one has
<U'vfm7f>:_<fm7v'vf>_>_<f0av'vf>:<v'vf0af>7 m — 00, (311)
and

<fm7f>*><f05f>7 m — OQ.

Notes that the (3.11) indicates that v-V fy is well defined in the sense of inner product.
Combining (3.10) and (3.11), one has

tim i3 (f ) = {0 Vo, ). (3.12)

m——+oo

Since H % (T?) is dense in H'(T%), then there exist f; € H'(T%), such that

|(fo = f1, fo)| = [{fo, fo) — (fo, f1)] <

b

N =

without loss of generality, we assume that (fo, f1) = % If we take f = f1, one has

(fm, f1) = (fo, f1) = (fo, f1) = % £0, m — oo.
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Therefore we deduce by (3.12) that
1 A L.
3 X ZE — (v Vo, f1) =i\
Then for every f € H'(T%), one has

. . Am
12/\<f0, f> - ml_lg_loozﬂ<f’rm f> - <U ' vav f>
If A =0, one can know that fj is a constant, this is contradictory to fo € G. Then

v-Vify=12\fo, fo#0.

Thus fy is a nonzero eigenfunction of operator U in H % (T%) NG, this contradicts the
definition that v is a-relaxation enhancing flow. So we have

This completes the proof of Lemma 3.2. O

REMARK 8. The proof idea of Lemma 3.2 comes from [49].

The proof of Theorem 3.1. Combining Lemma 2.9 and Lemma 3.2, if A is large
enough, then

u(to, )llzz < Ce™ ™ |lug|l 2 < eolug] 22

This completes the proof of Theorem 3.1. O

4. The proof of Theorem 1.1 . In this section, we consider an aggregation
equation with supercritical dissipation (0 < a < 1) and weakly mixing. The existence
of global classical solution to equation (1.1) with large initial data is proved.

4.1. Local existence and continuation criterion. We state our results start-
ing with an existence of local solution and continuation. In this case we have the
following

THEOREM 4.1. Let 0 < a < 1,d > 2. Given initial data ug > 0,uq € H>(T4) N
L>=(T%), there exists a time T* = T(ug) > 0 such that the non-negative solution of
equation (1.1)

u(t,z) € C([0,T*], H3(T¢) N L°°(TY)).
Moreover, if for a given T, the solution verifies the following bound

lim sup |Ju(T,)||Le < 00,
t=To<r<t

then it may be extended up to time T + 0 for small enough § > 0. Furthermore, if
up € LY(T?), then the L' norm of the solution of equation (1.1) is preserved for all
time, namely ||ul|p1 = ||uol| L1

Proof. The proofs of local existence and the u > 0 are standard method, the L!
norm conservation is obviously. In this paper, we only prove the continuous criterion,
namely, we derive a priori bound on the higher order derivatives in terms of L° norm
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of the solution. Assume u(t,z) is the solution of equation (1.1) and |u(t,)||Le is
bounded. Let us multiply both sides of (1.1) by (—A)?u and integrate over T?, to
obtain

Hu|| —|—A/ v - Vu(—A)Pude
T (4.1)
+ / (=A)2u(=APudr + | V- (uVEK *u)(—A)3udz = 0.
Td Td
For the second term of the left-hand side of (4.1), we use step-by-step integration and
the incompressibility of v to obtain

‘A/ v - Vu(—A)Pudz| < C’A||v||ca||u\|i[3 (4.2)
Td

And the third term of the left-hand side of (4.1) is equal to

/Td(—A)%u(—A)?’udx = [lull?s1g- (4.3)

For the fourth term of the left-hand side of (4.1), we split it into two pieces

/ V- (uVK *u)(—A)>udz :/ Vu- VK xu(—A)3udz
Te Td
(4.4)
+/ uAK x u(—A)3udz.
Td

Integrating by parts, the first term of the right-hand side of (4.4) is expressed as
follows

Vu - VK *u(—A)3udx ~ Z )- D3 YVK u)D?udz, (4.5)
Td

where [ = 0,1,2,3 and D denotes any partial derivative. According to the definition
of K in Section 1, we know that VK € L'(T%),AK € L'(T9), then there exists
constant Cy > 0, one has

VK| 2 < Co,  [[AK| 12 < Co. (4.6)
When [ = 0,1, for 1 < ¢1,92 < 0o, we deduce by Young’s, Holder’s inequality and
Gagliardo-Nirenberg inequality that

Z D (Vu) - D3 YV K % u)D*udx < C||Dul| o1 || D>ul| a|u| s

1-6 146,46
< Cllullza™ a2l %

< Cllul| 5"+

)

where
1 1 1 12 1
i 171 J— d ¢ 9, — & d g
- =13 1> 2= 1 3 1
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Then for [ = 2, we get

D*(Vu) - D(VK * u)D’udz < || AK * | [ull3s < Collullz<|u]

2
T4 H3>

and when [ = 3, one has

D3(Vu) - (VK % u)D?udx = —1 D3u)?2AK % udzx.
2

Td Td

Therefore, we have
L Ve VI u(=A)*ude < O(||ull 5" % + [l o= llull s )- (4.7)
For the second term of the right-hand side of (4.1), similar to (4.5), one has

3

/ uAK x u(—A)3udz ~ Z D'uD?* Y AK % u)D3udz. (4.8)
T4 =0 J1e

When [ = 1, 2, the similar with above, to obtain

2
Z D'uD?* Y AK % u)D3udx < C||u||}L-I";el's'%7
1=1 /T

and [ = 0, for 2 < py < 0o, we deduce by Holder’s inequality and Young’s inequality
that
/Td uD?(AK x u)D*udx < Cllul|%;.
When [ = 3, one has
» D*u(AK s u)D?udz < |AK x ul| o |[ul|3s < Cllull%,.

Then we have
/w uAK s u(=A)udz < C(||ul 5570 + [|ul|%,)- (4.9)
According to (4.7) and (4.9), to obtain
5 V- (uVE u)(—=A)udz < C(||ul 5 + [Jull%,)- (4.10)
Combining (4.1), (4.2), (4.3) and (4.10), we have

d 0146
Zlulle < =2lullfarg + C(Alvllos + Dllulls + Cllull " . (4.11)

For any 1 < py < 00, as |lul|re: is bounded, then by Gagliardo-Nirenberg inequality,
one has
1
—lul?ssg < =Citllullyys < =Cllull

P (4.12)
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where

dd 4 19 94 + 2a
P2

’y:

2d
s, +6—d
Combining (4.11) and (4.12), we have
d
S lulifs < =Cllully, + C(Allvlles + DllulFs + Cllull 7, (4.13)

and choose po, such that
~v > max{2,1+ 6; + 6-}.

By the differential inequality (4.13), then the conclusion can easily be deduced. This
completes the proof of Theorem 4.1. O

REMARK 9. In fact, there exists a constant C = C(A,t) such that ||ul| zs < C if
A is large enough.

4.2. Local estimates of the solution to equation (1.1). We establish the
local L2, LP(p > 4) and L™ estimates of the solution to equation (1.1). A useful

lemma is as follows

LEMMA 4.2. Let 0 < a < 1,d > 2, u(t,z) is the local solution of equation (1.1)
with initial data ug(z) > 0. If u € LP(T4), 1< p < oo, and denote

u(t) = u(t,Ty) = maxu(t,z). (4.14)
zeTe
Then we have
u(t) < C(d, p)|lullzr, (4.15)
or
d i
LU < Ot — Cla, d,p) e (4.16)
“ full 2

Proof. For any fixed ¢t > 0, using the vanishing of a derivative at the point of
maximum, we see that

8tu(t,ft) = %ﬂ(t), Av - V’U/(t,ft) = O, (417)
and
V- (uVK xu)(t,T:) = Vu- VK s u(t,Ti) + uAK * u(t, 7). (4.18)

For the first term of the right-hand side in (4.18), one has

Vu- VK xu(t,T;) =0, (4.19)
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and for the second term of the right-hand side of (4.18), we deduce by Young’s in-
equality that

uAK xu(t,T;) < ||[uAK * u||
< |lull o [[AK * ul| e (4.20)
< ullz [AK |22 = @ |AK ]| 1.

Thus, combining (1.1), (4.6), (4.17), (4.18), (4.19) and (4.20), we implies that the
evolution of u follows

d

Ns)

i — Cou? < 0. (4.21)
According to Lemma 2.3, one has
’lj(t) < O(d,p)”U”Lp,

if not, we obtain

d_ . altid
U < Coui? — C(a,d,p)%.
HU’”Ldp
This completes the proof of Lemma 4.2. O
If the initial data ug satisfies
ug € H3(T) N L>®°(T), up > 0. (4.22)
Without loss generality, suppose that
uollzz < Bo,  luo —ullr < Do, |luollze= < O, (4.23)
where
_ 1 d _
U= | up(x)dx, p>—, Cu >2C(d,p)(Do+7), (4.24)
T4| Jra «@

and C(d,p) is defined in Lemma 2.3. And we denote

(SIS

By =min{ (B2 —?)?, Lﬂ . (4.25)
(2Cx +u) 7

REMARK 10. According to the L' mnorm of solution to equation (1.1) is conser-
vation, then B2 —u* > 0.

Firstly, we establish the local estimate of solution to equation (1.1).

LEMMA 4.3. Let 0 < a < 1,d > 2, u(t,x) is the local solution of equation (1.1)
with initial data ug(x). Suppose that ug(x) satisfies (4.22)-(4.24). Then there exists
a time 7, > 0, for any 0 <t < 7, such that

Hu(t7 ) _EHL2 < 2(33 _HQ)%7 Hu(t7 ')”LP < 2(D0 +ﬂ>7 Hu(t, ')||L°° < 20x.
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Pr OOf. Combining (421) and (—A) 2 ’lj > 0, one has
d o< C ~2 (4 26)
—U ou. .

Define

1
T0 :min{mo,T*},

where T* is defined in Theorem 4.1. As ||ug||r~ < Cu, by solving (4.26), then for
any 0 <t < 79, we get

Let us multiply both sides of (1.1) by |u[P~2u and integrate over T¢, to obtain

1d
f—||u|\1£p+A/ v - Vulu|P~?udx
pdt Td
(4.28)
—|—/ (—A)%u|u|p_2udx—|—/ V(uVK *u)|ulP~2udz = 0.
Td Td

When 0 <t < 79, the fourth term of the left-hand side of (4.28) can be estimated as

-1
V(uVEK #u)|ulP2pde < 2= ||AK «ul| 1< |ull?,
T P (4.29)
2C0Coo(p — 1) P
< — l[ullZe-

Thus, we deduce by the standard energy estimate, (4.28) and (4.29) that
d »
Zlulls < =2llul? 1175 +2CoCo(p = DullZ,- (4.30)

Let us multiply both sides of (1.1) by u — % and integrate over T%, to obtain

1
5%”11 - ﬂ||2L2+A/ v-Vu(u —u)dz
B (4.31)
+ / (=A)2u(u—a)dz + | V(uVK *u)(u—u)dz = 0.
Td Td

For any 0 < t < 79, the fourth term of the left-hand side of (4.31) can be estimated
as

V(uVEK *xu)(u—u)dr

Td
1
= -3 /Td(u —1)?AK % udz + /Td uAK x (u—1u)(u —u)dx (4.32)
1 _ _
< SIAK i flullps llu =Tl 7e + [AK | ull o llu — a7
< 3CoCoollu — 7.

Then

d _ —
Sl =lle < —2flul% g +6CoCocllu — w72 (4.33)
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If denote

pln2 In2 } (4.30)

L= mm {TO’ 200Co(p — 1)’ 3CCn

then for any 0 < ¢ < 71, we deduce by (4.30) and (4.33) that
lu(t, ) = allze < 2(B3 =55, Jlu(t, )| < 2Do +7).
According to (4.27) and the definition of 71, for any 0 < ¢ < 71, we have
[|u(t, e <2Cs, 0<t<m.

This completes the proof of Lemma 4.3. O
Next, an approximation lemma is as follows.

LEMMA 4.4. Let 0 < a < 1,d > 2, the vector field v(x) is smooth incompressible
flow. Let u(t,z),w(t,z) be the solutions of equation (1.1) and (2.6) respectively with
ug € H3(T?) N L*®(T%),ug > 0. Then for every t € [0,T)], we have

d
Jile—wlie < —llullys + F(A8?(luoll s + Collullns [lullz2
+ 2CO(HVUHL2HU”L2 + JlullZ2)lluoll -

where F(t) be defined in Lemma 2.6, and F(t) € L7390, 00).
Proof. By (1.1) and (2.6), to obtain the equation

O(u—w)+ Av-V(u—w) + (=A)2u+ V- (uVEK *u) = 0. (4.35)

Let us multiply both sides of (4.35) by u — w and integrate over T¢, then

||u w||L2+A/ v-V(u—w)(u—w)dz

2 dt
(4.36)
+ / (—A)2u(u—w)dz+ | V- (uVK xu)(u —w)dz = 0.
Td Td
As the incompressibility of v, the second term of the left-hand side of (4.36) is
A/ v-V(u—w)(u—w)dz=0. (4.37)
Td

The third term of the left-hand side of (4.36) can be estimated as

A)% (u —w)dx:/

Td

and by Holder’s inequality, to obtain

a 1
|8 b <l ol < 5l + g lollys. (439
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Then we deduce by (4.38) and (4.39) that
o 2 L2 Lo
Td(—A) 2u(u —w)de = ull g — 5”“”,’,% - QHWHH%' (4.40)
The fourth term of the left-hand side of (4.36) can be written as

V- (uVEK xu)(u— w)dz
B (4.41)

= V- (WwVK xwude — [ V- (uVEK % u)wdz.
Td Td

For the first term of the right-hand side of (4.41), one has

1
V- (uVK *u)udr = —5/ u? AK * udx

Td Td
1
< §||AKHL1HU||L°°||UH2L2 (4.42)
Co
< 7HU||L°°||UH%2,

and for the second term of the right-hand side of (4.41), we get

V- (uVK xu)wdr < ||V - (uVK xu)| p1]|w| L=
Td

4.4
< (IVull 2 IV *ull g2 + [ul g2 | AK % ull o) wll e 443

< Co(Vull gz llull e + llull72) lwl <,

where [|[VK]|| 1, ||AK]| 1 is bounded. By Young’s inequality, (4.41), (4.42) and (4.43),
to obtain

OO 2
V- (uVK xu)(u—w)dr < —||u||pee||ul]f2
[,V VK s —whde < Pl i

+ Co(Vul| 2 lull 2 + [full72) o] o -
Combining (4.36), (4.37), (4.40), (4.44 ) and Lemma 2.6, we have

d
Pl —wl|te < —llull? s + F(A)?|uoll3 ¢ + Collull e |lulZ.
+2Co (| Vull g2 [[ul 2 + [ull72) [[uo]| Lo -
This completes the proof of Lemma 4.4. O

The mixing mechanism of relaxation enhancing flow have been studied by Kiselev
et. al and Wei. Motivated by their work, we consider an aggregation equation with
fractional dissipation and a-relaxation enhancing flow. A new proof is introduced,
the main is based on RAGE theorem and contradiction. Let us denote u(t,z) is a
solution of equation (1.1) with initial data ug(z). Define
_ g MRl L [AS ]

d(A) = = inf . 4.45
(4) 20 lu—1ul2, t20 [lu —ul|2, (4.45)

We establish an important estimate of ®(A), this is a new observation for mixing
mechanism.
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LEMMA 4.5. Let 0 < o < 1,d > 2, for any initial data ug(x) > 0,up(z) €
H3 (TN L>(TY). Suppose that u(t,z) is solution of equation (1.1) with ug(x). If v is
weakly mizing, then for fixed ¢ is small, there exists £(t) C [0, 1] and |X(t)| > 11 —¢o,
such that for any t € X(t), we have

ALHJIrloo D(A) = +o0, (4.46)

where ®(A) is defined in (4.45), |X(t)| is measure of ¥(t), and 0 < &g < F-.

Proof. Tf (4.46) is not true, then there exists X1 (¢) C [0,71] and |1 (t)| > &g, such

that there exists a sequence {A,,}2°; and constant §; € R, such that lirf A, =
n—-+00

400, for any A,,n=1,2,---, one has

Azl
sup JATullL, ”iHL; <4 (4.47)
tex (t) llu— “||L2

Without loss of generality, we assume that % (¢) = [0,£0] and for any ¢ € [0,&¢], one
has

|u—7alzz > B, (4.48)
where Bj is defined in (4.25). According to (4.47), to obtain
IAZ w2 < 61l — a3, (4.49)
We choose N, such that
AZ > 46, (4.50)
If |(I — Pn)(u—)||32 > fllu—1l%., we deduce by (4.50) that
IABul3a > A% (1= Py)ul2e > AZ (T = Px)(u—m)|f22 > 6 u—al3a  (4.51)

This is contradictory to (4.49), then
—\112 1 12
I = Py)(u=a)z2 < 7 llu—aL.. (4.52)

Combining (4.48) and (4.52), we have

_ 3 _ 3
1P =Bl 2 Tl — s > 282 (15)
Define the compact set IC C S by
K={¢esS|lol%s <A}, (4.54)

where S is defined in (2.7). Let U? is the unitary operator associated with weakly
2
sreey» then we get T, = T.(N, 0, K, U),

which is the time provided by Lemma 2.7. As lil_{_l A, = 400, there exists a constant
n——+0oo

No = N(T,,e0), when n > Ny, define 7 as follows

mixing flow u in the Definition 2.5. Fix o =

_ T
-

T

§ €0, (455)
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and ug(z) satisfies (4.23). Then for the solution u(t,z) of equation (1.1), we deduce
by Lemma 4.3 that

lu(t, ) =2 < 2(B3 = @)%, |u(t, )= <2Cos, 0<t<T, (4.56)

where 7 is defined in (4.34). For the equation (2.6), we deduce by the definition of
U that

w(t,z) —a = U (up(x) — ).
Combining the definition of K in (4.54), (4.49) and (4.50), to obtain

-
07} c ]C7
[uo — |12

then we deduce by the Lemma 2.7 and the definition of 7 in (4.55) that

1 /7 1 /7
! / | Py (e — )2t = - / | Py U (g — )| 2t
T Jo T Jo

o s (" i L0 )
= Mo [ pyuAet M0 2, g
/ IO e e

|U0 u||L2/ ||P UA t UO ) ||L2dAnt (457)

— |2
_ luo — Tl

e [ ||PNUS||£O s
< olluo 3, < 7B
Since (up —@)/||up — @l|z2 € K, by the definition of K, one has
luoll2, g < A¥lluo — 22 < AF(BE — ). (4.58)
For any ¢ € [0,71], as ||u(t, )| L2, [Ju(t,-)||z~ are bounded and |[u(t,-)|/z: is conserva-
tion, then for any 1 < py < oo, the ||u(t, )| Lo is bounded by interpolation inequality.

According to Theorem 4.1, we choose suitable pg and by Gagliardo-Nirenberg inequal-
ity, we deduce that there exists C; = C'(A,t) < oo, such that

IVullzz < Cllull o [ully < Cry t € (0,7, (4.59)
where
1_1_ 1
d
03 = i_;_:l)l(]’ 0<b3<1
2 d Po

Combining (4.23), (4.56), (4.58), (4.59) and Lemma 4.4, for any 0 < t < 71, to obtain

d o
a||u —w|]2: < AZF(Aut)%(BE —1?) 4+ 8CoCoo Bi + 8C) B2 (CoC1 + Bo) (460)

<AZF(A,)A(B2 —2) + 8CoB2(Cae + CooCy + Bo).
N 0 0
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As F(t) is a locally bounded function, then there exists a constant N; =
N(T.,N,d,up) > Ny, when n > Ny, and according to (4.55), we have

/)A%FQMQ%BS—ﬂ%-%&%BﬂC&‘FCwC“+B“m
0

)\% B2 _ =2 Te
< w/ F(t)%dt 4+ 8Cy B2 (Coe + CouCy + Bo)T
n 0

< B
- 8

Therefore, integrating from 0 to ¢ on both sides of (4.60), where 0 < ¢ < 7, to obtain

u(t, ) —w(t, )% < %. (4.61)

Furthermore, by the estimates (4.57) and (4.61), one has

1 /7 - 2 (7 -
= / | P (u(t, ) — ) |[2adt < / | Py (w(t, ) — ) [2.dt
T Jo T Jo

2 T
+;/ | Pn (u(t, ) — w(t, )| 2dt (4.62)
0
B}
<5
We deduce by (4.53) that
L[ _ 3 .1 [T 3
;AIWMWM%%M%MZZQ;AlﬁZZﬁ. (4.63)

Contradiction between (4.62) and (4.63), so we have

lim ®(A) = +oo, te(t).
A—+4o0

This completes the proof of Lemma 4.5. O
REMARK 11. For (4.48), if there exists ty € [0,e0],t2 > 0, such that

[u(ta, ) —ullL2 < By

then the local solution can be extended to [0, + t2], the detail can be referred to the
proof of Proposition 4.6.

REMARK 12. In this paper, we only consider the %(t) = [eo, 1] for convenience
of discussion. The result of general case is the same as [eg, 1], and the proof is also
simalar.

4.3. Global L™ estimate. We establish global L>° estimate of the solution to
equation (1.1) by mixing mechanism.

PROPOSITION 4.6 (Global L* estimate). Let 0 < oo < 1,d > 2, suppose u(t,x) is
the solution of equation (1.1) with initial data ug > 0,ug € H*(T%) N L>(T9), and v
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is a weakly mizing. Then there exists positive constant Ay = A(ug,d) and Cpe, such
that for A > Agy, we have

lu(t, )| < Cre, te€[0,+00].

Proof. As ug € H?*(T?) N L>(T9), without loss of generality, we assume wug(z)
satisfies (4.22)-(4.24). Combining (4.33) and the definition of ®(A) in (4.45), one has

L~ < ~22(A)u — T3 + 6CoCollu T3, € 0] (464)
According to Lemma 4.5, without loss of generality, we can assume that
3(t) = [eo, 11]-
By solving the (4.64), one has
u(r,-) = Tll 2 < e”(PATIREE=0 1y (e, ) — a1 2. (4.65)
As

AETOO@(A) = +o0, tE€l[eg, T,

then there exists a positive constant Ay, when A > Ay, we deduce by Lemma 4.3 and
(4.65) that

[u(r1, ) =2 < Bi. (4.66)

Combining Lemma 4.3, (4.66) and interpolation inequality, to obtain

lurr,) = lle < llu— w72 o~ w3 < Do,
then
[u(r1,-)||r < Do+ (4.67)
According to [|ug — @|/r < Dy and Lemma 4.3, for any 0 < ¢t < 71, one has
lu(t, )llLe < 2(Do + ).
Denote

ﬁ(t) = u(taft) = gI;Ié%ﬂ‘}éu(t’ 1:)7

then by nonlinear maximum principle, if ¢ € [0, 71] and @(¢) satisfies (4.15), it means
u(t) < C(d,p)|lut,)||r <2C(d,p)(Do+ 1) < Coo. (4.68)
If not, then u(t) > 2C(d, p)(Do + 1), and u(t) satisfies (4.16), then

d b
%a < —u-CsuttT, telo,m], (4.69)
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where
_ Cla,d,p)
We set
n = max{z|z? — 2z — Csz'T'd =0},
and denote

Cre = max {2C(d, p)(Do + 1), 7, [[uol| L=} ,
as a > %, then

pOZ
1+ P22 o
T

Solving the differential inequality of (4.69), we deduce that
u(t) < Cpre, teel0,m]. (4.70)
Combining with (4.68) and (4.70), for any ¢t €€ [0, 1], one has
Jut, Vg < Croe.

For the solution u(t, ) of equation (1.1), by the same argument as above, we deduce
that for any n € Z*, one has

llu(71, )||e < Do + .
By the similar to (4.67) and (4.70), we obtain
l[u(t, )L~ < Cpee.

This completes the proof of Proposition 4.6. O

REMARK 13. Without loss of generality, we can assume Cs = Cpe for the
completeness of proof.

The proof of Theorem 1.1. According to Theorem 4.1 and Proposition 4.6, we
finish the proof of Theorem 1.1. O

5. Appendix. In this paper, the Gearhart-Priiss type theorem (see, Lemma
2.9) and nonlinear maximum principle on tours (see Lemma 2.3) are two important
technique, and have been proved in reference of [49] and [47]. For the convenience of
reading, we give the proof as the appendix.

The proof of Lemma 2.9. Let ¥ = W(H). Since D(H) is dense in X, we only
need to prove that

le™ fl < ™™ 2| fll, VfeDH), t=0. (5.1)

For f € D(H),t >0, let g(t) = |[e " f||2. Since H is accretive, g(t) is decreasing for
t > 0, and we only need to prove (5.1) for t¥ > 7. In this case, ¥ > 0. Denote

o=ty mt— o g m b =4
T AT A T AT
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For x € C0,1], x(0) = x(I) = 0, set

fi(s) = x(8)e™Hf, fas) = X/ (s)e™ f.
Then for any ¢ € [0,1], one has

O f1+ Hfr= fa

Take Fourier transform in ¢

l

F00 = / Fi(s)e Mds, j=1,2, AeR.

0
Then

fo(A) = (iA+ H) fi(N).
By the definition of ¥ in (2.7), to obtain

£ = | (M)

We use Plancherel’s Theorem to conclude

569

_1 o _1 o
Il f2llz2(o,0,x) = (27) "2 || fall L2, x) = (27) " 2| fillL2,x) = Yl fillz2(j0,0,x)- (5-2)

By the definition of f1, fo and g, the (5.2) become

l l
[ xeratsds = v [ x(sPats)as.
0 0
Now we choose x as follows

sin Us, 0<s<ty,
x(s) = e" 75 /V2, ty <5 <ty
eVTsin(U(l — s5)), ta <s<l

Set
h(s) = X'(s)* — ©*x(s)*.

According to the (5.3), one has

1
/ h(s)g(s)ds >0,
0
and
U2 cos(Us), 0<s<t,
h(s) =140, l1 < s <ty
W2e2VI=2T cog(2U (1 — 8)), ta <s<I.
Therefore

0, 0<s<tiort3<s<lI,
h(S):O tlgsftg,
0 tQSSStg.

(5.3)
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Since g(t) is decreasing and t € [to, t3], then

h(s)g(s) < h(s)g(0) 0<s<t,
h(s)g(s) =0 t1 <s <ty
h(s)g(s) < h(s)g(t) ta <s <t
h(s)g(s) <0 t<s<ts,
h(s)g(s) < h(s)g(ts), t3<s<lI
So
l t l
0< /0 h(s)g(s)ds = /0 h(s)g(s)ds —|—/t h(s)g(s)ds
t ¢ l
< /0 h(s)g(0)ds —l—/t h(s)g(t)ds +/t h(s)g(ts)ds (5.5)
< S9(0) — 50 +0
Therefore,

g(t) < e 2¥H2mg(0),
which implies that
le™  fll < eI fl = e TR ]

This completes the proof of Lemma 2.9. O

Next, we give the proof of Lemma 2.3, some other nonlinear maximum principle
can be referred to [10, 14, 25].

The proof of Lemma 2.3. We take R > 0 a positive number and define

Ni(R) = {re BO.R)| @) - f@ -0 > 1)

and

M = min |7 —
ygggrldlw yl,

where OT? represents the boundary of the periodic box T?¢. Without loss of generality,
we assume that M > i. If

R< M, (5.6)

then, we have

If we denote
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then
_ — _ f(@)
Ny(R)={A e B(0,R)|f(T) — f(T— ) < I
and

It = [ @ npanz [ - apanz (L2 )

thus, we obtain

INa(R)| < <2||pr>p'

f(@)
According to the definition of (2.1), we have
a L f@) —f@—N)
— 2 > V. 7 s 00 7
(=A)2 f(T) > CoaP.V. y jde d\

f(@) — fT—N)
> Cy.qP.V. D)
T ew e
f@ 1
Z Cot,dT Rd+a

We deduce by (5.7), the definition of Ni(R) and Na(R) that

|N1(R)].

[Ni(R)| = |B(0, R)| — [Na(R)| > waR? — ﬂ@)) |

where wy is the volume per sphere, then we get

(~A)E(7) > Congiiad <wde - (%)p) .

o2 e\
wart =2 (4700 )

ne (5 C)) - () G

By (5.8) and (5.9), we have

We take R such that

thus

L Cew?  MRS@TT @)
2 (2) " gt (Mler) 5 sy
= C(oud,p)f(f)pFT

T
(ralrs
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(5.7)

(5.8)

(5.9)

y
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If R does not fulfill (5.6), then

G ) o

so we conclude that

2
@)
M3 ()

[fllze < C(d, ) fllLe-

This completes the proof of Lemma 2.3. O
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