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GLOBAL WELL-POSEDNESS AND LARGE TIME BEHAVIOR TO
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Abstract. We study the Cauchy problem for the 2D incompressible MHD-Boussinesq equations
without thermal diffusion. We prove the global existence and uniqueness of the solutions for suitably
regular initial data. To obtain large time decay properties of the solutions, we insert an artificial
thermal damping term. By applying the classical Fourier splitting methods, we derive optimal large
time decay rates of the solutions and their first-order derivatives.
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1. Introduction. This paper is concerned with the global well-posedness and
large time decay properties of solutions to the Cauchy problem for the 2D incompress-
ible MHD-Boussinesq system. The standard incompressible Boussinesq equations for
MHD convection in R™ can be written as

du+u-Vu+Vr—V-(u(f)Vu) =b- Vb + be,,

00 +u-VO—-V - (k(0) V) =0, (1.1)
db+u-Vb—-V:(rv(#) Vb) =b - Vu, '
V-u=0, V-b=0,

where the functions u = u(x,t), 0§ = 0(x,t), # = m(x,t) and b = b(x,t) represent
the velocity field, the temperature, the pressure and the magnetic field respectively.
The parameter () > 0 denotes the fluid viscosity, x(6) > 0 the thermal diffusivity,
v(0) > 0 the electrical resistivity of the fluid and e,, = (0,--- ,0, 1) the unit vector in
the n-th direction in R™.

Physically, the MHD-Boussinesq system may be used to model the convection of
an incompressible flow driven by the buoyance effect of a thermal fluid and the Lorenz
force generated by the magnetic field of the fluid. In fact, system (1.1) is a combina-
tion of the incompressible Boussinesq equations of fluid dynamics and the Maxwell’s
equations of electromagnetism where the displacement current can be neglected (see,
e.g., [31]).

The MHD-Boussinesq system is closely related to many classical systems. When
the temperature and magnetic effects are neglected, i.e., # = 0, b = 0, system (1.1)
reduces to the well-known incompressible Navier-Stokes equations which have been
extensively studied by physicists and mathematicians. When 6 = 0, system (1.1)
reduces to the incompressible magnetohydrodynamics (MHD) system which describes
the motion of electrically conducting fluids and reflects the basic physical conservation
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laws, and has ample applications in applied sciences such as astrophysics, geophysics
and plasma physics. Besides its physical applications, the mathematical study of the
MHD system has also been widely pursued (see, e.g., [9, 12, 17, 21, 23, 24, 28, 29, 35,
36, 37, 41, 45, 50]). Finally, when the Lorentz force is neglected, that is, b = 0, system
(1.1) reduces to the Boussinesq equations which are the zeroth-order approximation to
the coupling between the Navier-Stokes equations and the thermodynamic equations,
and describe many geophysical phenomena in atmospheric and oceanographic sciences
(see, e.g., [38, 40]). We remark that the global well-posedness of the Boussinesq system
with full or partial viscosity coefficients has attracted extensive attention (see, e.g.,
[1, 8, 10, 11, 25, 27, 32, 34, 48, 49]). In particular, the global regularity issue for the
Boussinesq system with zero viscosity and zero diffusion is still open.

For the 2D MHD-Boussinesq system (1.1) with positive and temperature-
dependent viscosity coefficients p(0), (0) and v(6), Bian and Gui [3], Bian and Liu
[5] obtained the global well-posedness and the exponential time-decay rates for the
Cauchy problem and the initial-boundary value problem respectively. Moreover, Bian
and Gui [3], and Bian, et al. [4] justified the stability and instability respectively of
such a 2D system in a fully nonlinear dynamical setting from mathematical points of
view. On the other hand, for the 3D MHD-Boussinesq system with constant u,v > 0
and k = 0, Larios and Pei [33] proved a Prodi-Serrin-type global regularity criterion
in terms of only two velocity and two magnetic components. In addition, Larios and
Pei [33] obtained the local well-posedness of solutions to the 3D MHD-Boussinesq
system for the three cases: p, v,k > 0; p=v =k =0; and p,v > 0,k = 0.

In the 2D case, Bian [2] established the global well-posedness for the initial-
boundary value problem of the MHD-Boussinesq system with constant u,v > 0 and
k=0, ie.,

Jou+u-Vu+Vr—puAu=Db- Vb + ey,
8t9+u~V9=0,
db+u-Vb—vAb=Db- Vu,

V-u=0, V-b=0.

(1.2)

Besides the basic well-posedness issue, other important properties such as the
large time behavior and asymptotic structure of the solutions may also be relevant
in physical applications. Such questions have been extensively studied for many im-
portant PDE models including the Navier-Stokes equations, the MHD system, and
the Boussinesq equations, etc. (see, e.g., [6, 22, 26, 41, 49, 50]). However, for system
(1.2), the large time behavior of its solutions remains unknown. Even for the Cauchy
problem, there are no published results available on the well-posedness and large time
decay properties of the solutions. Motivated by this, we are devoted to investigating
this problem.

For completeness, we will first establish the global existence and uniqueness of
solutions to the Cauchy problem for system (1.2) as follows.

THEOREM 1.1. Let (ug,0p,bo) € H*(R?), s > 2 and V-uy = V - by = 0.
Then there exists a unique global solution (u,8,b) to system (1.2) such that u,b €
C(0,T; H*(R?)) N L?(0,T; H*1(R?)) and 6 € C(0,T; H*(R?)) for any T > 0.

For the proof of Theorem 1.1, it is sufficient to establish the estimates of
|(Vu,Vb)||«. To achieve this, we take the curl on (1.2), and (1.2), to obtain

{6tQ+u~VQ—uAQ_b~Vj+810, 13

atj +u- Vj — I/Aj =b-VQ + 2[811)1(81’11,2 + 827.L1) — 81u1(8lb2 —+ 821)1)],
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where Q@ = V4. u = Qius — douy and j = V5 - b = 01by — Oub; represent the
scalar vorticity function and the current density function respectively. For system
(1.3), we first establish the global bounds of ||(€, j)||, for p € [2,00) and then use
the Brezis-Wainger inequality (see, e.g., [7]) to further establish the global bounds
of ||((VQ, Vj)||p. Next, by applying the Gagliardo-Nirenberg interpolation techniques
(see, e.g., [39]) and the Calderén—Zygmund inequality, we derive the global bounds of
[[(Vu, Vb)| s, and then the regularity estimates of the solutions.

To obtain large time decay properties of the solutions, we study the 2D incom-
pressible MHD-Boussinesq equations (1.2) with an artificial thermal damping term in
the temperature equation

du+u-Vu+ Vr — pAu=Db- Vb + ey,
00 +u-VO+71710 =0,
Ob+u-Vb—-—vAb=Db: Vu,

V-u=0, V-b=0,

(1.4)

where 7 > 0 and the 776 term in (1.4), describes the thermal damping. Compared
with system (1.2), the only difference in system (1.4) is the appearance of the term
7716, which will not change the conclusion of Theorem 1.1. The well-posedness of
solutions to system (1.4) can be similarly established with minor modifications and
we omit it to avoid repetition.

In the absence of the thermal damping term 7716 in (1.4), the temperature equa-
tion is then a pure transport equation. It is difficult to capture decay estimates of 6,
and even if the dissipation terms Au and Ab are present in the u and b equations, it
is possible that ||u(-,t)|]2 and ||b(-,¢)||2 can grow monotonically (see, e.g., [1, 48]). To
overcome this, we consider the large time behavior of solutions to MHD-Boussinesq
system with thermal damping. Here, for simplicity, we set 4 = v =7 = 1 in (1.4).
Our main results can be stated as follows.

THEOREM 1.2. Let (u,0,b) be the solution of system (1.4) with initial data
(ug, 0o, bg) € L*(R?) N L?(R?) and V -ug =V -bg = 0. Then it holds that

[u( 6|2 + b 62 < Cr(1+1)"%, for all ¢>0.
If in addition, (ug, bg) € H*(R?), then it also holds that
[Vu(-, t)|]2 + [Vb(-, t)|la < Co(1+t)"%,  for all ¢>0.

Here the constant Cy depends on ||uo||1, |[boll1, |00ll1; [[uollz, |[boll2 and ||6g]l2 only,
the constant Cy depends on ||ug||1, [|boll1, [|€oll1, l|wollm, [bollz: and |02 only.

To establish the large time decay rates of the solutions and their first-order deriva-
tives, we apply the Fourier splitting methods of Schonbek [42, 43, 44] and Wiegner
[46], see also [13, 14, 15] for details. Due to the lack of a dissipation term A@ for the
temperature equation in system (1.4), we are not able to derive the decay estimates
for 0 similar to those for u and b. In addition, we remark that the time decay rates
(1+1)"2 for ||Ju(-,t)||2 and ||b(-,t)||> are optimal in the sense that they coincide with
the decay rate of the solution to the heat equation.

The remainder of the paper is organized as follows. First we state some basic
tools in Section 2. In Section 3, we establish the a priori estimates of solutions to
system (1.2) and prove the global existence and uniqueness of solutions. In Section 4,
we apply the Fourier splitting methods to establish the large time decay rates of the
solutions to system (1.4).
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2. Preliminaries. In this section, we state some useful tools which are needed
in later sections.

LEMMA 2.1 (Gagliardo-Nirenberg interpolation inequality [39]). Let 1 < p,q,r <
0o, and 0 < 7 < m be nonnegative integers such that

1 ] 1 1
_j:a<—m)+(].—0l)7 i<a§]_,
P n

r n q m

then every function f : R™ v R that lies in LY(R™) with m*™ derivatives in L"(R™)
also has j* derivatives in LP(R™). Furthermore, it holds that

D7 fllp < CID™ FII N fllg
where the constant C' depends upon the indices n,m,j,q,r and a only.

COROLLARY 2.1. Let f : R? — R. Then it holds that

(W) Wl < CUAIZINANG, i f e o ®);

@) IVflla < ClAIVA A3, i f e HAR?);
@) Iflloe < CULISNVEAISZ, iE f € H(R?);
@) Ifllo < CUAISIVEFLS, if f e HY(R?),
where the above constants C' are independent of f.

LeEmMA 2.2 (Elliptic regularity [19, 20]). Consider the elliptic equation —Af =g
in R?. If g € LP(R?), p € (1,00), then there exists a unique solution f € W?P(R?)
satisfying [g. fdx =0 and |[|[V2f|l, < Cllg|l, where the constant C depends only on
p.

LEMMA 2.3 (Fourier transform and Plancherel’s identity [19]). Let v € L*(R")
and v = Fu be its Fourier transform defined by

. 1 —izg
=——— ¢ dx, e R™.
0(§) @m) /Rn e v(x)dz, &
Then © € L*(R™) and |||z = ||v||2. PFurthermore, v can be recovered from © by the

inverse Fourier transform

_ 71,[) T :# em.gﬁ
o) = (F)@) = g [ e C i) de

With the help of the Fourier transform, we can express
H*(R") = {v € L2(R™) : (1+[€2)*2 8(¢) € LQ(R")} . 5>0.

Also we denote by A® = (=A)*/? where A%v = F~1(|¢]*0) for v € H*(R?) and
[A, B] = AB — BA the standard commutator notation. Then we have the following
commutator estimates (see, e.g., [16, 30, 47]).

LEMMA 2.4. Assume that p, p2, ps € (1,00), p1,ps € [1,00] with
1 1 1 1 1
+

p pi p2 P opa
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Let f,g be smooth functions such that Vf € LPr, AS~1g € LP2, ASf € LP3, g € LP*.
Then it holds that

1A*(£9) = FAgllp < CUIV Fllp 1A gllpe + A" Fllps g llp)

where s > 0 and the constant C' depends on s, p, p1, p2, p3 and ps only.

COROLLARY 2.2. Let f € H*(R?)NL>(R?), s > 0, and let g be a divergence-free
vector field that satisfies Vg € H*(R?) N L (R?). Then it holds that

1A% g - VIfll2 < CIVgllocll fIlm + Vgl m2 [ flloc),  for €' independent of f and g.
If, in addition, Vf € L>(R?), then it holds that

IA®, g - VIflle < CUIVgllooll fllzs + gl |V flloo), for C independent of f and g.

LEMMA 2.5 (Brezis-Wainger inequality [7, 18]). Let f € W4(R") N WP (R")
with || fllwer <1, where k,s € (0,00), p € (1,00), q € [1,00] and kp =n < sq. Then
1t holds that

1 lloc < C [1 41087 (14| f )],

where 1/p' + 1/p =1 and the constant C depends on k,p, s,q and n only.

3. Global well-posedness. To prove the global existence and uniqueness of
solutions to system (1.2) in Theorem 1.1, we first establish the following a priori
estimates for system (1.2).

PROPOSITION 3.1. Assume that the initial data (ug,0p,bg) € H*(R?),s > 2 and
V-uyg=V-by=0. Let (u,0,b) be a smooth solution of system (1.2). Then for any
T > 0, it holds that

[(w,0,0)|| Lo 0,7315) + [[(w, D) [ 220,73 11541) < C,
where the constant C depends only on T, |[ug|| g, ||bollz: and ||0o] .
The proof of Proposition 3.1 is divided into six subsections.
3.1. Global H' estimates. We start with the basic energy estimates.

LEMMA 3.1. Letu and 0 be sufficiently smooth functions satisfying 9,0+u-VO = 0
with 0y € LP(R?), 1 < p < oco. Then for all t > 0, it holds that ||0(-,t)||l, = [|6o]l,-

Proof. Consider the characteristics (Lagrangian coordinates) x = x(y;t) defined
by

{ & =ulxt),

Then we have, along the characteristics,

do(x(y;t),t) 00 Ox; 00 B
dt Zaxz o —or T VI=ED
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Therefore we obtain
0(x(y;t),t) = 0(x(y;0),0) = 0(y,0) = Op(y), for all ¢>0.

Since 0(x,t) = Oy (y) for x = x(y; t), it follows that ||0(-,t)]|cc = ||f0||cc- Furthermore,
we have for any p > 1,

x

97t”d:/0 i), )P
[ Jotet)dx = [ oty -

o0x
Zldy = | 160(y)P dy.
8y‘ y /RJO(y)' y

By using the volume-preserving property of incompressible flows, it is clear that the

condition V - u = 0 implies that the Jacobian g—;‘ = 1. Thus we obtain

[ oexorax= [ o ay.
R2 R?
that is, ||0(-, )|, = ||6o|l, for all t > 0. O

LEMMA 3.2. Letu: R"™ — R” with V-u =0, v,w : R® = R be sufficiently
smooth functions. Then for any continuous function g : R — R, it holds that

/R2(u'VU)TUd!E-I—/RQ(u-Vw)vdm:O, /R2(11'Vv)g(v)d:v:0.

Furthermore, in the case of vector functions v,w : R™ — R", it holds that

/u~Vv-wdsc—|—/ u-Vw:-vdxr =0, /u-Vv-vda:zO7
R2 R2 R?

where [ u- Vv -wdr = [p.(u-V)v-wdr = Z Jaz w007 wI da.

i,7=1
LEMMA 3.3. Let (u,6,b) be a smooth solution of system (1.2). Under the as-
sumptions of Lemma 3.1, if in addition, (ug,bg) € L?(R?), then it holds that

T T
sup ([u(- D2+ [b(£)]2) + 24 / IV 8)|2 ds + 20 / IVb(-,8)|Zds < C

0<t<T
where the constant C' depends only on T, ||uo|l2, |[boll2 and ||0o]|2-

Proof. By taking the L?-inner product of (1.2), with u and (1.2), with b respec-
tively, we derive

1d

5 7 allz + bI) + | Va3 + | Vb5 = / fez - udz,
R2

where we have used, as consequences of the incompressibility conditions V-u = 0 and
V -b =0 and Lemma 3.2, the following relations

/u-Vu-udw:/ u-Vb-bdxr =0, b-Vb-udx + b-Vu-bdr=0.
R2 R2 R2 R2

By applying Holder’s inequality and Young’s inequality, Lemma 3.1, we obtain

1
5 77 (2 + 11BlI3) + el Vi3 + v VBIIZ < |10]l2[ulla < 5 [16oll2(all3 + 1+ [[bII2),
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and hence by applying Gronwall’s inequality, we now obtain

T T
sup ([[ul3 + [BJ2 + 1) + 20 / Va2 d + 20 / | Vb2 dt
0<t<T 0 0
< eTl%llz(Jlug 13 + ||bo|3 + 1).

This completes the proof of Lemma 3.3. O
Next, we establish the H' estimates of u and b.

LEMMA 3.4. Under the assumptions of Lemma 3.3, if in addition, (ug,bg) €
HY(R?), then it holds that

T

T
sup (IVaC- Ol + IVbCO8) +p [ [Auts)ds+o [ [ab(.s)[3ds <
0<t<T 0 0

where the constant C depends only on T, |[uo|| g1, ||bollg: and [|6o]|2.

Proof. Taking the inner products of (1.2); with —Au and (1.2), with —Ab
respectively, we obtain

1d
§£(|IVUH§ +[VB[3) + plAull? + v[|Ab|3
=— Geg-Audac—i—Q/ u-Vb - Abdzx,
R? R2

where, similar to Lemma 3.2, the conditions V-u = 0 and V-b = 0 imply the relations
/ u-Vu-Audzx =0,
R2
/ u'Vb'Abdx:—/ b~Vb-Audx—/ b-Vu-Abdz.
R2 R2 R2

By using Holder’s inequality, Corollary 2.1, Lemma 2.2 and Young’s inequality, we
get

1d
5 77 IVullz + [VbI2) + pll Auls + v]|Ab]3

g/ 10es| | Al dx+C/ V| [Vb||Vb| dz

R2 R2

< [|0]l2l|Aullz + C|[Vull2|| Vb3

[0]12[|Aullz + C[[Vull2||Vb]2[| Ab]|2

i v

§||AU||§ + §|\Ab||§ + C||0]5 + C[[Vull3[Vb]]3, (3.1)

IN N

and by further applying Gronwall’s inequality, we obtain

T T
sup ([|[Vull3 + \\Vb|\§)+u/ IIAuH%dHV/ | Ab)|3 dt
0<t<T 0 0
< (Va2 + [Who |2 + CT||6o2) e{Ce” Uluoll3+IPal3+T10019)} < (7).

This completes the proof of Lemma 3.4. O
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3.2. Global WP estimates for u and b. In this subsection, we derive the
global LP—estimates for the scalar vorticity function 2 = 0yus — douq and the scalar
current density function j = d1by — 02b .

LEMMA 3.5. Under the assumptions of Lemma 3.4, if in addition, (ug,bg) €
WLP(R?), 6y € LP(R?) for any 2 < p < oo, then it holds that

190 Lo 0,520y + 7]l Lo (0, 7;20) < C
where C depends on T, ||ug|lw1.e, ||bollwir and ||6o], only.

Proof. For p =2, we obtain from Lemma 3.4 and Lemma 2.2 that

T T
sup (1212 + 7]12) + s / IVQUZdt+ v / Vilzat<c. (32
0<t<T 0 0

Next, we consider the case of 2 < p < oo, which is divided into the following three
steps.

Step 1. Multiplying (1.3), with |Q|?~2( and integrating over R?, we obtain

pdt/ Q7 d + (p— D) /R VORIP2 da

:/ (b.w)m|p—29dx+/ (9,0)|QP~2 Q da.
R2 R2

Then by integration by parts, Holder’s inequality, Young’s inequality and Corollary
2.1, we obtain

pdt/ QP dz + (p— 1) /|m| Q72 da
<(—/ voPRiapde + ¢ / bR da

+(7/ |VQ? QP2 da + / 10?72 dx

(- - (- ) , N i )) -
. IVQPIQP2 de + L |b| 2 1|2 12012 % + lefzles=
R2 K 2

p—1)u _ . _ p—1 _
< WD T wapiop 2 s clblalablalio 2+ 2= Dol

which, after dividing both sides by ||Q||§’2 and using Young’s inequality, Lemma 3.1
and Lemma 3.3, implies that

d . .
1215 < ClbllllAbll2 (5115 + ClIOIE < C(L+ [ABIR)IS]Z + Cllollz.  (3:3)
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Step 2. Repeating the above procedures for the current density function j, we
multiply (1.3), with |j|P~2j to obtain

1d p 2] p—2
2z d -1 P2
pdt/RQ 417 dz + (p )V/R2\VJ| I x

= / (b-VQ) |j|p72j dx + 2/ [01b1(01u2 + O2u1) — O1u1(O1b2 + O201)] ‘].|p72]. dz
R2 R2

— 1) 9 i -1 p— D
<= / Vil de + 2L / IR 2 dz + C|Vullzp ] Vb2 ll5112~"
2 R2 2u R2

IN

p—1)v q2) . p— p—1 ip— ip—
CR [ 9Pl do P IR + OVl Tl 15

IN

p—1Lv 2 i i
B [ 19iPL de+ Cll|Ab QU115 + Clul bl

Dividing both sides of the above inequality by [|7]2~2, and using Young’s inequality,
Lemma 2.1, Lemma 3.3, Lemma 3.4, we obtain

d,. .
315 < Clbll2 | AblI2[Q1l5 + Clull sz b= 151,

< C(|Ibl3 + [Ab[3)[1215 + C(l[ullz + [|Aull2) (b2 + [|AB]2)([7]} + 1)
< C(1+[|ABS)Q]7 + C(1 + [Aull2) (1 + [[Ab]2) (I3[ + 1)
< C(IQUG + IF1) (1 + [|Ab]3 + [|Aul) + C(1 + [Ab[I3 + [|[Aul3).  (3.4)

Step 3. By summing up the inequalities (3.3) and (3.4), we have
d .
<91 + 1512)
< o(Qly + 1151 + [Ab]3 + |Aul3) + Cll6ol; + C(1 + [|Ab]3 + [|Aulf3).

By Gronwall’s inequality, we obtain

. T 2 2 .
sup (19215 -+ [17) < el CIAPIEIAD A (1020 5+ o + CT00]
0<t<T
T
+C [ (14 |AbIS + aul3) dt)
0

By Lemma 3.4, we have fOT(||Ab||§ + ||Au||3)dt < C(T). Therefore, it follows that
sup (/|2 +17]2) < C(T). This completes the proof of Lemma 3.5. O

0<t<T

Next, we establish the global L*>°-estimates for u and b.

LEMMA 3.6. Under the assumptions of Lemma 3.5, it holds that

sup ([[u(,t)]lsc + [Ib(-,t)[l00) < C
0<t<T

where C" depends only on T, ||ug||wie, [[bollwrr and |6y, 2 < p < oco.

Proof. First, by the Gagliardo-Nirenberg interpolation inequality, we obtain

p—2

[ullse < Cpllullz"™ [Vulp"™, 2<p<co. (3.5)
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By the Calderéon-Zygmund inequality, we have
[Vull, < Cp[|Qflp, 1 <p < oo (3.6)

Then by inequalities (3.5) and (3.6), Lemma 3.3, Lemma 3.5, it follows that

2

lulloe < ClullF7 QU7 < €. 2<p < oo

Similarly, we can obtain ||b||s < C. This completes the proof of Lemma 3.6. O

3.3. Global W?? estimates for u, b. We first establish the global WP—
estimates for €2 and j as follows.

LEMMA 3.7. Under the assumptions of Lemma 3.5, if in addition, (ug,bg) €
W2P(R2), 6y € WHP(R?) for any 2 < p < oo, then it holds that

IVQ £ 0,7527) + IVill Lo 0,150y + VO] oo 0,150y < C

where C depends only on T, ||ug|lwzr, |[bollwzr and ||6o||wie.

Proof. Step 1. By taking the first-order partial differential operator 9; = 9/0,,,
i =1,2, on (1.3),, and multiplying the resulting equation with |9;Q[P~29;2, we obtain

/ 10:Q|P dx + (p — 1) / |Vo;,Q% |0:Q[P~2 da
p dt
= —/ [0i(u - V)] 0;Q20;Q/P 2 d —|—/ [0i(b - V)] 9:Q0;QP~2 dx
R2 R2
+/ [82(819)] 629 \81»Q|”_2 dx
R2
== 1) [ (@0 FPOPdr— (p-1) [ (b Vi) 0100 de
R2 R2
—(p-— 1)/ (010) 20902 da.
R2
By using Holder’s inequality, Young’s inequality, we obtain

dt/ 0,00 do + (p— 1) /|vam 0,072 da
p

gi/ 020 |92 d + 22— 1) / a2 VO |00 da
v Do / |afﬂ|2|aisz|P-2dx+— / b V51200072 da
+(7/ 0202 9,072 d + 21 / 10,6 10,072 da

S R +2( = jul oo
2= D sy + = voval-2

—Dp
< B0 [ voponp do+ 22l vl
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. 2p—1)(p—2
o2 V515 + A=l =2)
bp

4(p —1
(Ae—D) b2 Ve
i

2(p—1 -1 -2
+M”v9”§ + w”VQ”g
Ph Ph

Then by summing over 4, and using Lemma 3.6, it follows that
1d (p—1u 20912 2 ;
S IVl + T/w V=P [VQP~=de < C(IVQT + VIl + VO (3.7)

Step 2. Taking the first-order partial differential operator 0; on (1.3),, and taking
the inner product of the equation with |9;j|P~20;7, we obtain

pdt/ 03P dz + (p — 1) / V0|2 |07~ d

_ / 0(u - V)] 04 |8 P2 da + / 0,(b - V)] 9,5 0,2 da
R2 R2

2 62'[81171 (31’&2 + 82U1) - 81111(81172 + 82b1)] 61] |ai.j‘p72 dx
R2

— 1) / (- V) 925 10,51P2 de — (p— 1) / (b- V)2 |8:jP2 da
R2

R2

—2(p — 1)/ (011 (D1uz + Dour) — B1us (Orba + 02b1)] 075 (0i4|P 2 da
R2

s<—/ 92317 0117~ 2dw+—/ V512 o1
+ / 107417 055"~ da: i) / |b|? [VQ|? 9,572 da
el M T B S T

g(p;” [ 1vouP o2 as + 22Dl v
V20 Dz vaziviig + MHVuHépn%n%pnwng*

<& [ vapor 2+ XD vl
+4@V>b||§o||m||;;+(jjy()nbnionwnz
S22 yvug, vbig, + L= =2 g

Then by summing over i, and using the Calderén-Zygmund inequality, Lemma 3.5
and Lemma 3.6, we obtain

(p _1)V/ 212 S p—2

py W 7 P

LIVl 22 [ R vt

UIVills + IVl (lulZ + b2 + 1) + Cl[Vull5, [ Vb5,

<C
< C(IVilly + IVQIR) (lullZ, + b2, + 1) + ClQE, 1515,
< C(IVilly + IVall; +1). (3.8)
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Step 3. Repeating the above procedures for 0, we take the first-order partial
0; = 0/0y,, i = 1,2, on (1.2),, take the inner product of the resulting equation with
|0;0/P=29;60, and sum over i to obtain

1d
Sl VOl < IVl VOl (3.9)
Summing up the inequalities (3.7), (3.8) and (3.9), we obtain

d .
2 UIVQIE + VIR + VIR
< C([IVulloe + DAIVQIE + IV + Vo5 + 1) (3.10)
By the Brezis-Wainger inequality, for f € L?(R?) N W1P(R?), it holds [10] that

1Fllee < O+ [9512) [1+log? (1 + 1V 1,)] +Cllfllee 2<p < o0, (311)
Then we obtain from (3.10)—(3.11) and Lemma 3.5 that
%(HVQHZ +IVilly + 11Vel3)
< OO+ ([Vulla + [Vl [1 +log? (1 + [V2ul,)] (19905 + 315+ (V6] +1)
< CO+ (90 + [9902) [1+1og? (1 + [V (VUL + (V515 + V6] +1)
< CA+(IVQI3) [1+log(L+ VR + IVl + IVOID)] (Vs + V3]
+[IVO|F 4 1).
Setting X () = [VQI[Z + || Vi[5 + [[VO|2 + 1 and ¢(t) = 1 + ||[VQ|3, we have

% < Co(t)(1 +log X)X.

By Gronwall’s inequality, we obtain
1+1log X (t) < (1+log Xo) e Jo o,

By inequality (3.2), it is clear that ¢(¢) € L'(0,7T). Then it follows that X < C(T),
and hence we have sup (|[VQ|E + |[Vj[|5 + [|[VO|P) < C(T). This completes the
0<t<T

proof of Lemma 3.7. 0
Next, we establish the global W >-estimates for u and b.
LEMMA 3.8. Under the assumptions of Lemma 3.7, it holds that

sup ([[Vu(:,t)lle + [VB(, t)]loc) < C
0<t<T

where C' depends only on T, ||ug||wzr, |[bollw2r and ||6o]|wie, 2 <p < oco.
Proof. Similar to the proof of Lemma 3.6, by applying the Gagliardo-Nirenberg
interpolation inequality and the Calderén-Zygmund inequality, we can derive

=2 _p_ P2 _p
IVulleo < ClIVully" [V2ulp" < CllQll" " VO™, 2<p<cc.

Then by using Lemma 3.5 and Lemma 3.7, it follows that sup [[Vu|. < C. Simi-
0<¢<T

larly, we can obtain sup [|Vbl||s < C. This completes the proof of Lemma 3.8. 0
0<t<T
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3.4. H? estimates. This subsection is devoted to obtaining the global H*-bound
for u, b and 0, namely, completing the proof of Proposition 3.1.

Proof of Proposition 3.1. Applying the operator A* = (—A)/2 to both sides of
(1.2) and then multiplying the equations with A®u, A0, A®b respectively, we get the
following energy estimates

1d
5 77 (Nallzr- + DliZr + 10117) + plVulZ. + [ Vbl
:/ [As,u~V]u-Asudx—/ [A°,b-V]b-Audz+ [ Oes-(—A)udz
R? R? R?
+/ [As,u~V]b-Adex—/ [As,b~V]u-Asbdx—|—/ (A%, u- V|0 A0 da
R? R? R?
6
=> 1, (3.12)
i=1

where we used the equalities
/ u-VA°u-A°udr =0, / u-VA*b - A’bdx =0, / u-VA®0 - A°0dx =0,
R2 R2 R2
and
/ b~VASb-Asudx—|—/ b-VA*u-A°bdzx = 0.
R2 R2
In the following, we will frequently apply the commutator estimates in Corollary 2.2.
We now estimate the above six terms one by one. By applying the Hoélder in-
equality, Corollary 2.2 and the Young’s inequality, we obtain
Iy + I < [|[A% u- V]ul2[[A%ul[z + [[[A%, b - V]b]| 2 [[A*ull;
< C([IVullso|fullzs + [l z- [[Vulloo)[ullzs + C([|Vb]|oo[[b]| 22
+Ibll 2 [IVl|oo) [0l £
< O|[Vulls[[ullf« + CVblloc bl - [[ul| -

< C(IVullss + [IVblloe) (a7 + [blZ-),

1 1
ulle < 101G + 5l

I < |10l <35
Iy + Is < ||[A%, u- V]b|l2[|A®bllz + [[[A%, b - V]ul]2[|[A"b]|2
< C([Vullss[Ibllzs + [[ulla: [[VDloo) bl s + C([| VD]l oo 0| £
bl 2+ [Vul[oo) ||| 25
< C||Vullos bl + Cl[VD|loolul z: [b] 2+
< C(|IVullos + [|Vb]loo) (0l F + [bl|7), (3.15)
Is < [[[A%,u- V]O|2]|A%0]]2
< C(IVullso 0]l s + [Vl 224 (1011 00)116]| 25

I
< C|IVullool0l7- + S 1Vl + ClOIIZ 16117 - (3.16)

—

3.13)

—

3.14)

Then substituting (3.13)-(3.16) into (3.12), we obtain

d
S (allzre + bll7. + 116]7) + pllValz. + 20| Vbl
< C(llullZs + b7 + 1017 ) (IVulloo + Vbl + 0115 + 1) (3.17)
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By Gronwall’s inequality, Lemma 3.1 and Lemma 3.8, it follows that

T T
sup ([ulr. + [bl3 + 1613.) + / IVulf3. di + 20 / Vb3, di
0<t<T 0 0
< (woll%- + IDoll3r + [16o]|%.) € Jo (190l t Vbl +I0 % +1) d8 < (),

This completes the proof of Proposition 3.1. O
3.5. Existence of strong solutions.

THEOREM 3.1. Suppose that the initial data (ug, 0o, bg) € H*(R?), s > 2 and V-
uyg = V-bg = 0. Then there exist strong solutions (u,0,b) of system (1.2) globally in
time such that u,b € C(0,T; H*(R?)) N L?(0,T; H*T1(R?)) and 6 € C(0,T; H*(R?))
for any T > 0.

Proof. The proof of the existence of solutions is based on the Friedrichs method,
which is also known as the “modified Galerkin method”. For any small € > 0, let j be
a positive radial compactly supported smooth function whose integral equals 1 and
Je be a Friedrichs mollifier defined by

. ) 1 =z
Je = jexu, where j. = 6—23(;)
Let P denote the Leray projector onto divergence-free vector field. In addition, it is
known that

J2=J., P*=P, PJ.=JP. (3.18)
Next, we consider the following regularized MHD-Boussinesq equations

opu. + PJ(Jeu. - VJou.) — pAPJu, = PJ(Jbe - VJ.be) + PJ(0cez),

Otbe + PJ(Ju. - VIb.) —vAPJb. = PJ(JDb. - VJu.), (3.19)
Ol + J.(Jeu - VJO,.) =0, '
(ue, be, 05)(56, 0) = Je(uo, bo, 90)

According to the Cauchy—Lipschitz theorem, we can obtain the existence of a unique
smooth solution (u, 6, b,) in short time. Thanks to (3.18), (Pu,, Pb,,0.) and (J.u,,
Jcbe, J.b0.) are also solutions of system (3.19) with the same initial data. By unique-
ness, the solution to system (3.19) also solves the following system

du. + PJ.(u. - Vu,) — pAPu, = PJ.(b, - Vb,) + PJ.(b.es),
d;b. + PJ.(u - Vb,) — vAPb, = PJ.(b, - Vu,),

0. + J.(u. - VO.) =0, (3.20)
V-u =V-b. =0,

('l,'l€7 b67 96)(13, 0) = JE(U(), bo, 90)

Since J. and PJ, are orthogonal projectors in L?, similar to Proposition 3.1, we get
u., b, € L>=(0,T; H) N L*(0,T; H*), 6. € L>(0,T; H®). (3.21)

Then there exists a subsequence, still denoted by (u, be, 6.), and a triplet (u,b,0)
satisfying

u,b € L>®(0,T; H*) N L*(0,T; H¥™Y), 0 € L>(0,T; H®). (3.22)
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By using the Holder inequalities and the Sobolev embeddings inequalities (H! — L*),
we can get u. @ u., b, @b, u. @b, b, ®u.,ulb. € L?(0,T; L?). Then we obtain from
system (3.20) that (d;u.,d;b.,d;0.) € L*(0,T; H-'). Noticing that the embedding
L? — H~! is locally compact, by the Aubin-Lions compactness lemma, we further
get that as e — 0,

u.—u in C0,T;H )N L*0,T;L?),
b. —b in C(0,T;H )N L*0,T;L%),
6. — 0 in C(0,T; H ')nL*0,T;L?),

where — denotes the strong convergence. This enables us to pass to the limit to obtain
a global solution (u,b,#) in R? x [0,T] for any T > 0. From standard arguments
depending on the time continuity of (u,b,6) in H~'-norms, (3.21) and (3.22), it is
easy to prove that (u, b, 0) is weakly continuous. This completes the proof of Theorem
3.1. 0

3.6. Uniqueness of strong solutions. To finish the proof of Theorem 1.1, it
remains to prove the uniqueness of strong solutions. Suppose that (u,6;,b;) and
(ug, 02, by) are two solutions of system (1.2) with the regularity specified in Theorem
3.1. Setting

U:ul_u27 6):01_023 B:bl_b27 H:ﬂ-l_ﬂ-Qa
then (U, ©, B, II) satisfies

U,+u; - VU+U: Vuy + VIl — AU =b; - VB + B - Vby + Oe¢s,
@t—l—ul-V@—i—U-VHg:O,

B;,+u;-VB+U-Vby; —vAB =b; - VU + B - Vu,, (323)
V.U=0, V-B=0,

(U,0,B)(z,0) = 0.

Multiplying the first three equations of (3.23) with U, ©, B respectively and in-
tegrating over R? yields

(IT1I3 + 1©113 + IBII3) + ul| VU3 + »[ VBI|3

DN | =

e

t

U~Vu2-UdCE+/

B Vb, -Udz + Oey - Udx
R2 R2

R2

—/ U- Vb, -Bdz + B-Vug-Bd:c—/ (U-V6,)0 da
R2 R2 R2

L. (3.24)

|
.Mm

i=1

For the six terms I;, ¢ = 1,2,--- 6 above, by using Holder’s inequality, the
Sobolev embeddings inequalities (H® < W1 with s > 2) and Young’s inequality,
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we obtain

6
> 1 < IVuslloo U3 + 2 Vba|lo[Bll2[Ull2 + O]l Ul
i=1

+[Vuz ][ BII3 + Vo[l [ Ul2]|©]2
1 1
< Clluz]|u-[1U3 + Cliballa= (IBI5 + 1U3) + 511015 + 51013

+Cluz]| g B3 + Cl162] = (T3 + [1©]3)
< C(IU13 + O3 + IBII3) (luzl = + b2l = + |62 - + 1).

Plugging the above estimates into (3.24), one gets

d
(015 + 0[5 + IBI) + 2ul|VUI|3 + 2v[ VB3
< C([U3 + 1O + Bl (luzll = + [Ib2]lrr= + (162 = + 1),

which implies, after applying Gronwall’s inequality and Theorem 3.1, that

t t
||U\|%+||@||§+||B\|§+2u/o HVUHédH?V/O VB dt
< (|UoI2 + [|©0]13 + |IBo|3) eC Jo (luzllms +l2 |l s +102 ] s +1) dt _

for any t € [0,T]. Thus we obtain the uniqueness U = © = B = 0. This completes
the proof of Theorem 1.1.

4. Large-time decay of solutions. In this section, we prove Theorem 1.2 by
applying Schonbek’s Fourier splitting methods that decompose the frequency space
into two time-dependent sub-domains [42, 43, 44, 46]. To this end, we first derive
some auxiliary results which are needed later.

LEMMA 4.1. Let u and 0 be sufficiently smooth functions satisfying 0,0 + u -
VO +6 =0 and 6y € LP(R?) with 1 < p < co. Then for all t > 0, it holds that

10C, )l = e~ [16ollp-

Proof. By using an integrating factor ef, we get 9; (¢!0) + u - V (¢!§) = 0. By
Lemma 3.1, we obtain

le”0C,t)llp = I6llp,  lle"0C, )l = 160l
which implies that
10COllp = e~ l0ollp,  10C, )]0 = ™" |60l oc-

This completes the proof of Lemma 4.1. O

LEMMA 4.2. Suppose that the initial data (ug,60g,bo) € L'(R?) N L2(R?) with
V:-uy=V-by=0, and (u,0,b) is the solution of system (1.4). Then it holds that

t
\ﬁ(g,t)|+\b(§,t)\§C+C|§|/ (Jlull3 + ||bl|3) ds, for all &€ R? and t > 0.
0

Proof. We can rewrite (1.4); and (1.4), as

ou—Au=P(-V-(u®u)+ V- (b@b)+fdes), (4.1)
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and
Ob—Ab=V - (—u®b+b®u), (4.2)

where P is the Leray projection operator with Pf = f — VA~V - f for vector f.
First, applying the Fourier transform to (4.1), we get

twe
GE

@ﬁ@¢>+mﬁﬁ@¢>=(l ){—5«ﬁ&ﬁn@¢>+§«BEﬁb@¢y+%xawL

and hence we have

am“m@m=%WQ—ﬁ%)&aﬁ@m@ww«&%mw+%ﬁw}

Then it follows that
t
~ €124~ 120 — — ~
(€01 < P Go(e)] + [ e {[g[aTue, o) + B S B(E )] + [Beal | ds
0
t — —— o~
<fuoll+ [ { €@z + NP Bl + ol | ds
t
SWMh+A{MW®Mh+H%®bm+Wm}%
t t
SMM+C/KMM?WM@%+Aeﬂ%M%
0
t
SWMh+CAEMM@+%ﬁMwW%m

t
<o Clel [ (ulf+ bl ds
0
Next, applying the Fourier transform to (4.2), we get

Ab(&, 1) + € B(E,t) = —€-u@b(, 1) + € - b u(é, ¢),

which implies
t
wKJMSfm%m@n+/e*““ﬂﬂwu®ua@wwwb®maﬁnw
0
t
S%ﬂrﬁ/EMN®Mh+%®uMMS
0

t
§c+conw@+w@m&

This completes the proof of Lemma 4.2. O

4.1. L? decay of solutions. In this subsection, we establish the L? decay rates
of solutions to system (1.4).

THEOREM 4.1. Let (u,0,b) be the solution of system (1.4). Assume that the
initial data (ug,0g,bo) € L'(R?) N L?(R?) with V -ug = V -bg = 0. Then for all
t >0, it holds that

[l )2 + b, B)lla < C(L+1)7%
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where the constant C' depends on |[uo||1, ||boll1, |6oll1, [[uoll2, [[boll2 and ||6o]|2 only.

Proof. Multiplying (1.4), with u and (1.4), with b respectively, and using Lemma
4.1, we obtain
Ld 2 2 2 2
57 (allg +bll2) + [Vl + [Vb[z = [ fex-udz < ||0]|2[ul2
2dt R2

< se”'l0oll2(llullz + 1+ bl3).  (4.3)

N |

By Gronwall’s inequality, we can derive
[ull3 + [[bll5 + 1 < (|luoll3 + [Iboll3 + 1) ell®ll2.

Substituting the above estimates into the right-hand side of (4.3), we obtain
d
£(||u||g + ||b||3) + |[Vu||2 + ||[Vb|j2 < Ce™" for C independent of t. (4.4)

Applying Lemma 2.3 to (4.4), we get

4 b 3 N t
GURCOB+IBC.OB + [ 16P(GF + BPdg< cer. (49)
R2

By applying the Fourier splitting method, we decompose the whole space R? into
two time-dependent subdomains: R? = S(¢) U S(¢)¢ where

2. 102 < .2 g'(t)
St) =R S <ri(t) = ==+, (4.6)
g(t)
and ¢(t) is a continuous function of ¢ with g(0) = 1, g(¢) > 0 and ¢'(t) > 0. Then by
multiplying g(¢) on both sides of (4.5), we obtain

4
dt

<g/() [ (8608 + B OF) de +Calt)e™" (47)

(s ORI + 1B +a(6) [ 16 (GI7 + (B de

Thanks to (4.6), we have
olt) [ IR + [BP) de
_ 271312 gz d
o(t) [3 6P+ D) de 900 /

S(t

| |€P(aP + bP) de
2o() [ IePURE + B

200 [ (< b as

—g/() [ (aP+ By —g' ) [ (aP + B de

S(t)
then we obtain from (4.7) that

d ~ 2 e 2 / ~12 T2 —t
— lg@)(J|a(-, t)|l5 b(-,)]3)]| <g'(t u b|*)d¢ + Cg(t)e™". (4.8
i [OURC O+ IO <90 [ (82 + B e+ g, 49)
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By Lemma 4.2, we have

~ t 2
/ (|ﬁ|2+|b|2)d5§c/ {1+5|2 U (||u||§+||b§)ds} }d§
S(t) S(t) 0
t 2
C dé +C 24 2 1 IblI2)d
<o f e (/wm s) ([l -+ o3 as)
r(t) r(t) t
<c| pdp+c</0 p2pdp> ([ iz + v13as)

< O2(1) + O () ( / <||u|%+||b||%>ds) |

Then substituting the above estimates into (4.8) yields

& [oORC 018 + 15, 013)]

dt
’ 2 / 3 t 2
WOL T ([l + w13 as) +g<t>e-f]. (49)

Let £(t) = [Q(E D)3 + b 1)13 = [ulz, )]3 + [b(x, £)[3. Then it follows that

t "(5))2 1(s))3 s 2
g(t)e(t) < (0) +C /0 [(gg((s))) +((5; ((S))))Q ( /0 5(7)d7> +g(s)e‘51 ds. (4.10)

Taking g(t) = [log(e +t)]* in (4.10), and using Lemma 3.3, we get

log(e + 1) £(t) < £(0) + C / l‘i(i‘;j) + (e+13)3 +[1og(e+s)]3es} ds

[ e+s (e + )2 s
O—i—C/ (e+s)2+(e+s)3+(e+8)36 ]ds

2

<cC

[ 1
<e(0)+ C’/ + (e + 8)36_3:| ds
e+ s

< Clog(e + ).

Therefore, we have
e(t) < Cllog(e + )] 72 (4.11)

Next, taking g(t) = (1 +¢)? in (4.10), and using Holder’s inequality, we obtain

(1+t)25(t)§5(0)+0/t 1+ is </Oss(r)d7'>2+(1+s)2651 ds

<C(1+1¢) —I—C/ (1+4s)” (/056(7')dr> ds
C(1+1¢) +C// T)drds

_C(1+t)+C(1+t)/0 £2(s) ds.
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Therefore, due to (4.11), we get
t
(1+t)e(t) <C+ C/ e%(s) ds
0
t

<C+ C/O e(s)(L+s) {(1+s) log(e + )] 2} ds. (4.12)

It is clear that
/000(1 + 5) " Hlog(e + 5)] 2 ds < 0.
Then by Gronwall’s inequality, we obtain
(1+t)e(t) < Cel 5™ (1+s) " log(et+s)] ~2 ds} <,
and thus we have
a3 + b OlI3 < CA+1)7

This completes the proof of Theorem 4.1. O

4.2. Decay of the first-order derivatives of the solutions. We now turn
to the large time behavior of the first-order derivatives of solutions to system (1.4).

THEOREM 4.2. Under the assumptions of Theorem 4.1, if in addition, (ug, by) €
HY(R?), then for all t > 0, it holds that

||vu('7t)||2 + HVb(’t)H2 < C(l + t>_1

where the constant C' depends on |ugl|l1, [|boll1, [oll1, [[uollz:, [Pollzr and ||6o||2
only.

Proof. Step 1. Multiplying (1.4); with u and (1.4), with b respectively and
integrating over R?, we obtain the estimate as follows, which is the same as (4.3)

1d
5 77 ([1all3 + blI2) + [Vall5 + Vb3 < [|6]>[ull>. (4.13)
Multiplying both sides of (4.13) by (1 +¢)° with & to be determined later, we have

% [+ 0°([ul3 + [B3)] + 21+ 8)°(IVull3 + [|Vb]3)

< S(L+ 0 ([full3 + [B]3) +2(L +6)°[lull2]|6]]2.

By using Lemma 4.1 and Theorem 4.1, we derive

% [+ 0°([ul3 + [B3)] + 21+ 8)°([Vull3 + [|Vb]3)

<COA+1)0° 24 Cet(1+1)073,

After integration over [0, ], we obtain
t
(L +0° (a3 + b, 0)13) + 2/0 (L+9)°(IVu(, 9)l3 + IVb(-, s)[13) ds

t t
< ||u0||§+||b0||§+c/ (1+45)°2 ds+C/ e (14 s)° 2 ds. (4.14)
0 0
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In order for the right-hand side of (4.14) to be bounded by C' independent of ¢, we
take 0 < § < 1 to make the following estimates hold

/ (1+5)° %ds <C, / 678(].4»5)67%(18 <C.
0 0
Then it follows that
(1+6)° (a3 + [Ip(, 8)]13)
t
+2/ (1+9)°([IVu(- ) [3 + [[Vb(- 8)[3) ds < C (4.15)
0

where 0 < § < 1 and the constant C is independent of .
Step 2. Multiplying (1.4), with —Au and (1.4); with —Ab respectively and
integrating over R?, we can obtain the following estimate, which is the same as (3.1)

d
S (IVal3 + [IVBI5) + [Aull3 + [ Ab3
< C([Vull3 + [ VB[V + Cl10]3. (4.16)

Multiplying both sides of (4.16) by (1 +¢)'*%, 0 < § < 1, we have

d
- [+ (Va3 + [VBID)] + (1+ ) (| Aul3 + [|Ab]I3)

<@+ 0)(1+1)°(|Vul3 + [Vb]3) + C(1 + )" (|Vul3 + |[Vb]3)| Vb3
+C(1+ )03

By Gronwall’s inequality, we obtain
(L+6)"*(|Vul3 +[|Vb]3) t
< (lquoI% +[[Vbo|l3 + (1 +4) /0 (1+)°(IVu(s)[13 + [ Vb(s)|[3) ds
+C /t(l +5)110(s)13 ds) ACJ3 IV ds})
0
Then by using the inequality (4.15) and Lemma 4.1, it follows that
1+ 6)*([Vul3 + (| Vb]3)
< (IVuoll3 + [Vbo[l3 + C + C / S (Lt )48 del€ 00 TR )
0
< ([Vuoll3 + | Vol + 0)el @ LT IVEEIE S} < ¢,
Therefore, we obtain
[Vul2+ Vb2 <C(1+t)~ ) 0<d<1. (4.17)

Step 3. Recalling the inequality (4.16), using the inequality (4.17) and Lemma
4.1, we derive

d
S (IVullz + [VbI[2) + [ Aull3 + [|Ab]3
< C(IVull3 + [ VB[3) Vb3 + ClI8]5 < C(1 +1)~ 3+ - Ce™". (4.18)
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Applying Lemma 2.3 to (4.18), we get
d R ~ N ~
y {/g2|£2<|u<57t>2-+b<5,tn2>d5} +—/g2I£P(Iu(£7tﬂ2-+Ib(§7tﬂz)d£

<CO(141)~FF2) L Cet. (4.19)

By applying Schonbek’s splitting method, we decompose the whole Fourier space
R? into two time-dependent subdomains: R? = B(t) U B(t)¢ where

B = {e e v g < 2 (4.20)

with k£ to be determined later.
Subsequently, we get from (4.19)

i | R 0r + e o) e
<= [ JEREDP + (e s+ €1+ )7E0 4 0

f—/ 14RO + B(E D) de -+ C(1 1)) 4 0t
B(t)*

< [ PR NP + B ) de + O+ 1) 4 Cet

1+t Jpe
= )| k 20155 2.5 2
- 1+t/|f| 6O+ DO+ 7 [ IERGRE O + [ble o) e

+C(1+1)~C+2) L Cet
<17 L IEPGRE O + Bl P de +

+C(141)"C+2) L Cet,

2

T o (560 B 1) de

and hence
d R ~
i | [ e or + e P e +

SC(1+t)’2/ (G, D + [BE, 1)) dé + C(1 + )2 4 Ce
Rz

o7 L€ GRE NP + Bie. ) de

Multiplying (1 4 ¢)* on both sides, using Lemma 2.3 and Theorem 4.1, we obtain

d
dt

<C(1+t)k / ([ O + (&, 1)) de + C(1 + )20 L (1 4 t)ke
R2

o [P 0P + Ble ) ac]

<CA+F 34 CA+8)FC2) L o1 +t)ke .

We take 2 < k < 26 + 1 to guarantee that the following estimates hold,

/ (14 )k~ g5 < C, / (1+s)fe *ds < C,
0 0
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the constants C' are independent of ¢. Then after integration over [0,t], we

t
(L+8)*(IVull3 + [[Vb]3) < [Vuoll3 + |Vbol[3 +C/O (1+s)"2ds

t t
+C/ (1 + 5)k=(2+29) ds+C/ (1+s)*e %ds
0 0
< Va3 + [[Vboll5 + C(1 +1)*?
+C/ (1+s)’€*<2+25>ds+0/ (1+s)ke *ds
0 0

<O+ C(1+t)k2

and hence we have

Vul2 4+ |[Vb|2<CA+t) " +CA+t)2<C(1+1)2

Therefore, the proof of Theorem 1.2 is completed. O
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