METHODS AND APPLICATIONS OF ANALYSIS. (© 2022 International Press
Vol. 29, No. 1, pp. 095-148, March 2022 004

STABILITY OF RAREFACTION WAVES FOR THE TWO-SPECIES
VLASOV-POISSON-BOLTZMANN SYSTEM WITH SOFT
POTENTIALS*

DONGCHENG YANG!T AND HONGJUN YU#

Dedicated to Professor Ling Hsiao on the occasion of her 80th birthday

Abstract. In this paper, we construct the global solutions near a local Maxwellian for the one-
dimensional two-species Vlasov-Poisson-Boltzmann system with soft potentials. The macroscopic
components of this local Maxwellian are the approximate rarefaction wave solutions to the associated
one-dimensional compressible Euler system. Then we prove the stability of the rarefaction waves for
the two-species Vlasov-Poisson-Boltzmann system in the weighted function space. Moreover, some
time decay rates of the disparity between two species and the electric field are obtained.
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1. Introduction. The dynamics of charged dilute particles (e.g., electrons and
ions) in the absence of magnetic effects can be described by the two-species Vlasov-
Poisson-Boltzmann(VPB) system

OFy +v-VoFy = V0 Vo Fy = Q(FL, FL) + Q(F4, Fl),
OF_ +v-VyF +V,6-V,F = Q(F_,F.)+Q(F_,F_), (1.1)
*AQZSZIR&(FJ,_ —F_)dv.

Here unknown functions Fy = Fly(¢,2,v) > 0 are the number distribution func-
tions for the ions (+) and electrons (-) with position x = (x1, 72, r3) € R3 and velocity
v = (v1,v2,v3) € R? at time t > 0, respectively. The self-consistent electric potential
¢ = ¢(t, ) is coupled with Fy through the Poisson equation (1.1),. The Boltzmann
collision operator Q(-,-) in (1.1) is given by

Q)= [, [ Blo =0l 0D90) = flog()) dedo, (12)

where f(v) = f(t,z,v), w € S?, with S? denoting the unit sphere R3 and the velocity

pairs (v, v,) before collision and (v, v}) after collision are given by

V=0 —[(v =) ww, v =0+ [(v—v.) ww,
in terms of the conservation laws of momentum and energy
vt =0+, o+ o = [0+ LR (1.3)
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96 D.-C. YANG AND H.-J. YU

due to the elastic collision of two particles. Under the Grad’s angular cutoff condition,
the Boltzmann collision kernel B(|Jv — v.|,) is assumed to satisfy

B(|lv —vi],9) = B(Y)|v —v,|", 0< B(V) < const.|cos?|, cosd) = ov)w

lv—v.| ’
where the exponent v € (—3, 1] is determined by the potential of intermolecular force,
which is classified into the soft potential case for —3 < v < 0, the Maxwell molecular
case for v = 0, and the hard potential case for 0 < v < 1 which includes the hard
sphere model with v = 1 and B(¥) = const.| cosd|. For the soft potentials, the case
—2 <7 < 0is called the moderately soft potentials while —3 < v < —2 is called the
very soft potentials, cf. [26] by Villani. In this paper we focus on the case —2 < v < 0.

In order to study the nonlinear stability of the rarefaction waves along the xi-
direction, we assume the slab symmetry in space and hence consider the single spatial
variable x € R. Therefore, we focus on the following one-dimensional bipolar VPB
system:

O Fy +v10:Fy — 0,00, Fy = Q(F4, Fy) + Q(F-, Fy),
OF + 010, F- + 8,00, F- = Q(Fy, F_) + Q(F_, F_), (1.4)
—0Opad = [ (Fy — F_)dw,

with initial values and the far field states satisfying

F+(07$7’U) :F_H)(J?,U) %M[pi,ui,ei](v)v as x — £00,
F_(0,2,v) = F_o(z,v) = M}, u, 6.(v), asx— Foo, (1.5)
0.(0,z) = ¢po(x) = 0, asax — £oo,
where (p4,ui,0y) # (p—,u_,0_) are two constant states with pL > 0, uy =
(u14,0,0)", 0+ > 0 and M, ., ¢,](v) are global Maxwellians defined by (1.9).
Firstly, we reformulate the bipolar VPB system (1.4). Motivated by some previous
works [16, 20], we consider the sum and difference of Fy and F_ and define
F,+F_ F.—F_
:7+; and F2=7+2 .

In terms of Fy and F», the system (1.4) can be written as follows

Fy

O Fy + 010, Fy — 0,00, Fo = 2Q(Fy, F),
atF2+'U18xF2 _aa:d)avlFl :2Q(F17F2)7 (16)
- :mv¢ =2 f]RS Fadv,

with the initial values and the far field states satisfying

Fi1(0,z,v) = Fio(w,v) = M}, uy9.(v), asx— oo,
F5(0,2,v) = Fy(z,v) = 0, as & — +o0, (1.7)
$2(0,2) = ¢z0(x) = 0, as ¥ — +o0.

Notice that the system (1.6) becomes the Boltzmann equation without external force

if F5 and ¢ are zero. The Boltzmann operator Q(-, -) has five collision invariants ¥;(v)
which are given by

1
To(v) =1, Y;(v)=v; (i=1,2,3), Ty(v)= §|v|2,
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satisfying
/3 U (0)Q(f, f)dv =0, fori=0,1,2,3,4.
R
Asin [17, 18], in terms of the solution F to the equation (1.6);, we introduce the

five conserved quantities, that is, the mass density p = p(t,z), momentum pu(t,x),
and the total energy p(e + 1|ul?)(t, ) defined by

p(t, ) = [z Yo(v)Fidv,
pu( t x) ng i(v)Fydv, fori=1,2,3, (1.8)
ple+ 3|ul)(t,2) = [ps Va(v)Fidv.

Here e(t,z) > 0 is the internal energy which is related to the temperature 6 by
e = %RG = 0 with the gas constant R taken to be % in this paper for convenience,
and u = u(t, x) is the fluid velocity.

We define the local Maxwellian M associated with the solution F} to the equation
(1.6)1 in terms of the fluid quantities of Fy as in (1.8) by

p(tvx) |’U—U(t,$)|2
M = M, t = - ). 1.9
el (0 0) = G gy P ( 2Rt ) ) (1.9)
We denote an L2 (R?) inner product as (h, g) fR3 v) dv. Then, the macroscopic
kernel space is spanned by the following five pair wise orthogonal base
v —=M, i(v)=%=M, fori=1,2,3,
XO( ) \{ - u)|(( ) [Rp0 N o (1'10)
X4(’U)_\/767( RO _3)M7 <X2)ﬁ]>:6lja l)j:0717273a4-
In light of (1.10), we define
4 »
Poh = h, =\xi, Pih=h— Pyh 1.11
0 ;< ) M>X ) 1 07, ( )

where Py and P; are called the macroscopic projection and the microscopic projection,
respectively. A function h(v) is called microscopic or non-fluid if

h(v)¥;(v)dv =0, fori=0,1,2,3,4. (1.12)
R3

For a non-trivial solution profile connecting two different global Maxwellians at x =
+00, we decompose the equation (1.6); and its solution with respect to the local
Maxwellian as

F=M+G, PF =M, PF =0aG, (1.13)

where the local Maxwellian M as (1.9) and G = G(t, z,v) represent the macroscopic
and microscopic component in the solution respectively. Then the equation (1.6);
becomes

(M + G) +v10:(M + G) — 0,00, F»
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due to Q(M,M) = 0. Multiplying (1.14) by the collision invariants ¥,;(v) (i =
0,1,2,3,4) and integrating the resulting equations with respect to v over R?®, one
gets the following macroscopic system

pt + (pul)ﬂﬂ =
(pul)t (p % ) + 832¢ fRS FQdU - - fRs U%Gxdv7
(pui)e + (puru;)e = *fRs v v;Gedv, i =2,3, (1.15)

(p(0 + |u\2))t + (pur (6 + %) + pur)e + 020 [ps v1Fadv
= — Jps 301[v[2Gydv.

Applying the projection operator P; to (1.14), one gets the following microscopic
system

Gt + P1(n1Gy) + Pi(viMy) — P1(0,00,, F») = LG + 2Q(G, G). (1.16)

Here Lj; is the linearized collision operator with respect to the local Maxwellian M
by

LuG = 2Q(G, M) +2Q(M,G),

and the null space N of Ly is spanned by the macroscopic variables y;, (i =
0,1,2,3,4). It follows by (1.16) that

G = Ly [Pi(viM,)] + L3/ O, (1.17)
and
0 := G¢ + Pi(n1Gy) — P1(0:00,, F2) — 2Q(G, G). (1.18)
We denote a given local Maxwellian

plt; ) v —aft, x)|2>

M = M, ;.4(v) = (@rROt, 2))32 P ( T 2RA(tx)

(1.19)

where its macroscopic variables (p, @, 0) = (p, @, 0)(t, ) is the approximate rarefaction
wave defined by (2.9) in Section 2. For simplicity, we choose (p4,us,601) in (1.5) to
be close enough to the state (1,0, %) As in [19], we will use a global Maxwellian

p=Mpy gz = (2)~ 2 exp{—|v|?/2}, which satisfies that there exists constant 79 > 0
small enough such that for all (¢, z)

3
|p(t,$) - 1| + |u(t,x)| + |9(t,1’) - §| < o,

1 3
= ot inf 6(t, x). 1.20
2 t>SoufeR (o) <3 3 = ix0mez (t2) (1.20)

In what follows, we define the perturbation (p, u, 5) = (p, u, 5) (t,x) and G= é(t, Zz,0)
as

@7aa§) :@7ﬁ,U7ﬂ,279_)(t,$), (1 21)
G=(G-G)(tzv), G=pgltzv), F=pft ). '
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Here the term G = G(t,z,v) is defined as

—ul?0,  (v—u) ﬂL}

Vai -1 v
G = Lo PronM{ =5 RY

(1.22)

Since the term Pj(v;M,) in (1.16) contains || (s, 0,)||?, which is not integrable
about ¢, we need subtract G from G to cancel this term as in [19]. Recall G = G+,/ug,
we can rewrite the equation (1.16) as

M—pu M—p G G
oig+v10,8 — L1g =I(g, +T g+ (—, —
t8 1028 18 (g \/ﬁ) ( NG g) (\/ﬁ \/ﬁ)
Po(v1/fid.g) 1 v —ul?0, (v—u)- U,
T M e Ro )

_A@A.G) 0G| P0:00,F)

N it N (1.23)

Here I and £; are defined by

I(f,9) = —=Q(if. Vig), Lrf = %{Qw, ViD +QUWER WY, (1.24)

Yz vz

and we have used the facts that

Elg = F(\/ﬁ7 g) + F(ga \/ﬁ)a

Py(viM,) = P1U1M{|U 2_}:9'29‘70 (w _];Lg.ﬁw} + LG, (1.25)
and
;ELMWg) - \/QE{Q(M» VAg)+Q( /g, M)} = L1g+T (g, M\/_EMHF(M\/_E”,g).

By the decomposition F; = M + G + Vg and Iy = /uf, we can rewrite the
equation (1.6), as

Of + v10,F + Opdpvr /i — Lof = F(M\/_ﬁu,f) + r(\fﬁ, )+ (g, f)
+6"c¢81)1 (M - ,u) + ar¢61)1G 8m¢av1(\/ﬁg)
NG NG NG
(1.26)
Here we have denoted
2 2
I = — Lof = — 27
and used the fact that
2 M —pu G
—Q(Fy, Fy) = Lof + T f I'(—,f I'(g,f).
\/EQ( 1 2) 2+ ( \/‘H 7)+ (\/ﬁ7)+ (g7)



100 D.-C. YANG AND H.-J. YU

Recalling that F, = ,/uf, then the Poisson equation (1.6)3 can be rewritten as

O = 2/RS Vifdo. (1.28)

Notice that the null space N; of L£; is spanned by the functions
{\/B,viy/i, [v]*/it} and the null space N of Lo is spanned by the single element
{\/m}, cf. [16]. We define orthogonal projection P, from LZ(R®) to ker N3, then
f=Pf +(I—-P)f.

To present the result in this paper, the following notations are needed. We shall
use (-,-) to denote the standard L? inner product in R? with its corresponding L2
norm | - |o. We also use (-,-) to denote L? inner product in R, or R, x R? with its
corresponding L? norm || - ||. Let a and 8 be nonnegative integer and a multi-indices
B = [B1, P2, B3], respectively. Denote a high order derivative

ag — 8;“851 98288

U1 V2 v3

If each component of 8 is not greater than the corresponding one of Bj we use the
standard notation 3 < 3. And 3 < 8 means that 3 < 3 and |3| < |A|. Cg is the usual
binomial coefficient. And C' denotes some generic positive (generally large) constant
and A denotes some generic positive (generally small) constant, where C' and A may
take different values in different places. The notation (v) = /14 |v|? and A = B
is used to denote that there exists constant ¢y > 1 such that c; B < A < ¢B.

Motivated by [23, 6, 30], we introduce the following time-velocity weight function

(v)?

w:=w(B)(t,v) = <U>M(l*|6|)e 2

92
(‘11+<1+t>‘13), L>18], q=(q1,92,93), (1.29)

where 0 < ¢q1,¢2 < 1, and g3 > 0 will be chosen later .
Denote weighted L? norms as

9B = [ wtloPde, NolBu= [ [ wlgPduaa.
R3 R JR3

Note that the Boltzmann collision frequency is

/RS /82 D)o — v | p(vs)dwdv, == (v)7. (1.30)

With (1.30), we define the weighted dissipation norms as

o= [ ventlaPde, NolZu= [ [ v)utlato)Pdvds,

And we also write |g]2 = |g]2,1, [9]s = |g[v,15 lg]] = llgll2,1 and [|g]l, =
Now, we define the following instant energy functional En;4(t) as

Enia®) = D 10°GEO@IP+ D 1058030
<N ol +1BI<N

+ D OB e + D 107000 (1.31)

la|+]B|<N la|<N
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Correspondingly, the dissipation rate functional Dy 4(t) is given by
Dnig)= Y 10°@@OHOIF+ D l105s()
1<|a|<N la|+[BI<N

+ D NOBEOI we + Y 10%0:0(1)]%. (1.32)

o +[BI<N lo] <N

2
vaw(pB)

Throughout this paper we assume the Sobolev index N > 6.
With the above preparation, the main result of the paper can be stated as follows.

THEOREM 1.1. Assume that (1.20) holds and (p",u",0")(§) be the Riemann
solution of Euler system (2.1)-(2.2) consists of one 3-rarefaction wave given by (2.6).
Let =2 < v < 0,1 > max{N,%—l—ﬁ}, g3 € (0,1 —3), any ¢1 > 0 and g2 > 0
small enough in (1.29) and § = |(p4+ — p—,uy — u_,04 — 6_)| be the wave strength
with § > 0 be small enough. There exist sufficient small constant eg > 0 and given
constant Cy > 0 such that if Eny,q4(0) + Cods < g for N > 6, then the Cauchy
problem (1.6)-(1.7) admits a unique global solution (Fy, Fy,0:¢). Moreover, it holds
that Fy (t,z,v) > 0 for the Cauchy problem (1.4)-(1.5) provided that it is so initially.

In addition, the following time-asymptotic behaviors holds true:

lim || Byt 2,0) = Miprurorie/) (v)
t—+o00 \//j

Furthermore, there exists a constant ¢ > 0 such that

12 = 0. (1.33)

S0P+ Y 10700l < Coo(l+1) "3, for g 20, (134)

la|<N-1 la|<N

and

2
SO0+ D 110%0.¢]* < Ceoe T for g >0, (1.35)
la|<N-1 la|<N

In what follows we shall review some previous works related to this paper. There
have been extensive studies on the existence and stability of wave patterns for the one-
dimensional Boltzmann equation. Around 1980, under the angular cutoff condition,
Caflisch and Nicolaenko constructed the shock profile solutions of the Boltzmann
equation in [2] for hard potentials. The stability of shock profile was proved by Liu-
Yu [17] with the zero total macroscopic mass condition by the energy method based on
the micro-macro decomposition and this result was later generalized to the case under
without zero mass condition in [35]. The nonlinear stability of rarefaction waves was
proved in [19, 34] for hard potentials and in [31] for soft potentials. And the stability
of contact discontinuities for hard potentials was proved in [14, 15]. Recently, there
were some works on the existence and stability of wave patterns for the VPB system.
The stability of rarefaction waves for the unipolar VPB system with hard sphere
model was proved in [4], and this result was generalized to the bipolar VPB system
in [5]. And the nonlinear stability of viscous shock waves and rarefaction waves for
the bipolar VPB system with hard sphere model was obtained in [20] and this result
was later generalized to the weighted function space in [32, 33] for the case of general
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hard potentials. Here we would like to mention that the stability of rarefaction waves
for the bipolar Vlasov-Poisson-Landau system was proved in [7]. In addition to the
above works, there are some other works, cf. [21, 28, 27] and the references therein.
The Boltzmann equation around global Maxwellians has been extensively studied in
[3, 6, 8,9, 10, 13, 23, 25, 30] and the references therein.

Although, the stability of rarefaction waves for the VPB system with hard po-
tentials has been heavily studied as mentioned above. But the case of general soft
potentials has remained open. Inspired by our previous works [32, 33|, we further
consider the one-dimensional bipolar VPB system with soft potentials near a local
Maxwellian in this paper. We construct the global solutions near a local Maxwellian
for the one-dimensional bipolar VPB system (1.6) with moderately soft potentials
and prove that the nonlinear large time-asymptotic stability of the rarefaction waves
to the solution F; and some time decay rates of the solution (Fy,¢,). Moreover,
we generalize the results with hard potentials in [20, 32, 33] to the case of general
moderately soft potentials.

Finally, we would like to mention our the proof methods in this paper. The two
different sets of decompositions of the solutions are crucially applied in this paper. For
the energy analysis of the first species F}, our proof is based on the decomposition
of the solutions for the Boltzmann equation with respect to the local Maxwellian
that was initiated by Liu-Yu [17] and developed by Liu-Yang-Yu [18]. We thus can
make use of the macro-micro decomposition to rewrite the nonlinear VPB system as
the form of the compressible Navier-Stokes-type system so that the analysis in the
context of the viscous conservation laws can be applied. As mentioned in [7, 31], since
we study the Boltzmann equation around a local Maxwellian and both the linearized
operators £, defined as (1.24) and L, defined as (1.27) have no a spectral gap as (3.5),
it gives rises to more analytic difficulties than the study on the perturbation of a global
Maxwellian. Since the term ||[@, 0,]||* is not integrable with respect to the time t,
we need to consider the subtraction of G(t,z,v) by G(¢,z,v) as (1.22) to cancel the
slow time decay terms. However, unlike hard potentials, now the inverse of linearized
operator, L&l defined as (1.16) is an unbounded operator in L?(R3), which leads to
considerable difficulties in our analysis. In order to handle the term involving L;j,
we will apply the Burnett functions and analyze the fast decay properties above the
velocity of the Burnett functions. For the Vlasov-Poisson-Landau system in [7], the
dissipation anisotropy norm related the linearized operator contains the derivative of
v and this can be used to absorb some velocity derivative. Notice that the dissipation
norm in (1.32) has no such a good property. In addition, due to that the background
is one-dimensional rarefaction wave profile as in [7], the nonlinear collision terms
show stronger nonlinear effects. Thus we use a new weight function w(5) as (1.29) to
overcome these difficulties. Then we follow the strategy in [7] to perform the energy
estimate while we are forced to take care of the role of the weight function w(p).

The rest of this paper is arranged as follows. In the next section, we will construct
and give some properties for the rarefaction waves. In section 3, we will give some
basic estimates used in the latter sections. We establish some non-weighted energy
estimates and weighted energy estimates in section 4 and Section 5, respectively. In
section 6, we shall derive the fast time decay rates of the electric field term and then
establish the existence of global solutions.

2. Approximate rarefaction waves. In this section, we will define the nonlin-
ear time asymptotic rarefaction wave profile for the Cauchy problem (1.6) and (1.7)
as in [22, 19, 20]. If we take the G, F5 and ¢ to be zero in (1.15), we obtain the
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following 1D compressible Euler system

pt + (pu1). =0,
(pur)e + (pui +p)e =0,

2.1
(pui)e + (purui), =0, i=2,3, @1)

Jul® Jul? -0

{ple+ 5500}, + {pmle+55-) +pur}, =0,

with the Riemann initial data
(p+au+79+)’ x>0,

9 50 t7 =0=— T7 7‘707" - 2.2
(00, 0)(,) e=o= (. 5, 05) () {<p,u,e>, T (22

where (p4,uq,0y) are given by (1.5). By using (2.1), (2.2) and the state equation
2 1
= Zp0 =kp*Pexp(S), k=-—, 2.3
p=gpb =kp”" exp(S5), e (2.3)
where S is the macroscopic entropy, we know that the Euler system (2.1) for (p,u1,.5)
has three distinct eigenvalues

Al(p7u175):u1+(_1)% pp<p7S)a Z.:173a A2(p7ulaS):ul'

The corresponding right eigenvectors are given as

Ti(pvuhs) - ((71)1;1 P \/pp(p7 S),O)t, 1= 1737 7”2(07“1,5) - (pS;07 7pp)ta

where p,(p, S) = %kp%es > 0. In terms of the two Riemann invariants of the i-th

eigenvalue \;(p,u1,S5), i =1, 3, we define the i-Rarefaction wave (i = 1, 3) as follows
(cf. [24])

Rl(p—aul—ae—) = {(pvuho) € R-‘r X R % IR-‘r | S= 5*7
U + \/15ke§p% =uj_ + v15ke%p§, p<p—, up >u_},
R3(p—au1—a9—) = {(,0,’(1,179) € R-l— X R x R-f— | S = S*y
up — \/15ke%p% =uj_ — \/15]@6’%[2%, p>p_, up >uj_}.
(2.4)

Here and to the end, S, = —2Inp_ +In(370_) + 1.

Without the loss of generality, we consider only the stability of 3-rarefaction
wave to the Euler system (2.1) with (2.2) in the present paper, and the stability
of 1-rarefaction wave can be treated similarly. The 3-rarefaction wave to the Euler
system (2.1) with (2.2) can be expressed explicitly by Riemann solution to the inviscid
Burgers equation

wt + ww, =0,

-, <0, 2.5
w(0,7) = {“" ‘ (2:5)
Wy, T > 0.

If two constants w_ < w, then (2.5) admits a centered rarefaction wave solution
w"(w,t) = w"(7) connecting w_ and wy in the form of, cf. [22],

- wo, $<w,
T —
w(?)_ %a w_<%§w+,
Wy, %>(JJ+.
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For (py,uy,04) € R3(p—,u_,0_), the 3-rarefaction wave (p",u",0")(%) to the Rie-
mann problem (2.1) with (2.2) can be defined explicitly by

A3(p—,u1—, %),  § < A3(p—,u1—,Ss),
As(p"(F)ui($),5:) = §5 Aslp— ui—, Sx) < § < Aslpss ur, Si),
A3(P4s U1+, S%), T > A3(p4, w14, Ss), (2.6)
Wf(2) — VIBke T (p7)H(2) = ui- — VIBke ¥ pt,
b=uy =0, 6(%)=3keS(p")5(%).
Since the above 3-rarefaction wave is only Lipschitz continuous, we shall construct
an approximate smooth rarefaction wave to the 3-rarefaction wave defined in (2.6).

Motivated by [22], the approximate smooth rarefaction wave can be constructed by
the Burgers equation

{wt L TE, =0,

E(O,x) = w(z) = M + "-’+ - tanh( ) (27)

By the method of characteristic curves, the solution @(t, ) to the problem (2.7) can
be given by

W(t,x) =w(xo(t,z)), x=uxo(t,z)+w(xo(t,))t. (2.8)

0)(t,z) to the 3-
2) can be defined

Correspondingly, the smooth approximate rarefaction wave (p

, U,
rarefaction wave (p”,u",0")(%) in (2.6) for the problem (2.1)-(2.

w(t,l’) = )\3(ﬁ(t ZC) 1(t,x),S*), w4 = )\3(P:|:7U1:i: S*)
Sx

iy (t,2) — V1bke = p3 (t,x) = uy_ — \/ﬁe%p Ug =tz =0, (2.9)
lim (ﬁ7a17é)(t7x) = (piauliaai)a é(t,.’l?) = % S %(t )

where W(t,r) is the solution of (2.7). Then the approximate smooth 3-rarefaction
wave (p, @, 0)(t, ) satisfies the following Euler system

pe + (pn)z = 0,

(pu1): + (put + p)x = 0,

(pui)e + (purtiy), =0, 1=2,3,
(p0): + (pur0) 4 + Piiaz = 0,

(2.10)

where p = Rpf. The following properties of (5, @, 0)(t, z) can be found in [22, 20].
LEMMA 2.1, Let 6 = |(py — p—,uy — u_,04 — 0_)|, the 3-rarefaction wave

(p,u,0)(t,z) satisfying

(i) Gy =13 =0, @1, >0, andl, = \/ge’%alx, VaeR,t>0.

(i) For anyt >0 and q € [1,400], there exists Cy > 0 such that

?mwh><nm<0nmwéﬂ+ﬂ**% (2.11)

104(p, i, 0)(t, )| La < Cqmin{s, (L +)~1}, j>2.
(iii) The approximation rarefaction wave and the inviscid rarefaction wave satisfy

: P ) roor ogry L
lim H(pvuae)(t7$) - (/0 , U ,9 )(;)HLOC =0.

t——+oo
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3. Basic estimates. In this section, we give some basic estimates to be used
in later energy analysis. Firstly, we recall the following Burnett functions defined in
[1, 8, 31]

2
A v|F —
Aj(“)—| |2

5 - 1
v; and Bj;(v) = vv; — géij|v|2 for i,7=1,2,3. (3.1)

Noticing that AJ(%)M and Bz‘j(f/%;)M are orthogonal to the null space KerL,

of the linearized operator Ljs, we can define A;(2=%) and B;;(“=%) such that

VRO VRO
PoA (i)/—u) = 0 P()B”(z)/l) = O and

IS
<
I
S
I
IS

Aj(ﬁ):L&l[Aj(\/ﬁ)M} and Bij(ﬁ):LM[Bij(\/m

The following lemma is borrowed from [31, Lemma 2.4].

LEMMA 3.1. The Burnett functions have the following properties:

° —<Ai7Al-> is positive and independent of i;

° </1i,Aj> =0 for any 1 +#j; (Ai,Bjk> =0 for any 1,7, k;

° <Eij,Bkj> = (Bkl,Bij> = (Bﬂ,Bkj>, which is independent of i, j, for
fized K, I;

(B”,B ;) is positive and independent of i, j when i # j;
<B”,BJJ> is positive and independent of i, j when i # j;

(B”, By;) is positive and independent of i;
<BU,BM> =0 wunless either (i,7) = (k1) or (I,k), or i=j and k=l;
(B“,B“> (B“,BJJ> = 2(BU,B i) holds for any i # j.

In terms of Burnett functions, the viscosity coefficient 1(6) and heat conductivity
coefficient k() can be represented by

~ v — U
0)=—RO | By (——)dv >0, i+ ]
,U,() RS J(\/ﬁ \/ﬁ)fv Z#]

A U= v—u
k() =—R%0 | A; A
( ) RS ]( \/ﬁ) ]( \/ﬁ
Notice that these coefficients are positive smooth functions depending only on 6.
Next, we give the following fast decay about the velocity v of the Burnett functions
which will be used frequently in the later energy estimates. It can be proved by similar
arguments as used in [7, Lemma 6.1] and is omitted for brevity.

)dv > 0. (3.3)

LEMMA 3.2. Suppose that U(v) is any polynomial of 1\)/%% such that U(v)]\/i €

(ker Ly7)* for any Mazwellian M = M[ﬁa@](v) where Lgz is as (1.16). For any
€ € (0,1) and any multi-index 3, there exists constant Cg > 0 such that

9 LU (0) M| < Cp(p, @, 0)A .

In particular, if the assumption (1.20) holds, there exists constant Cjg > 0 such that

v—1U v—1Uu

g+ 1B

105 A4;( )| < CgM'~. (3.4)

a
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Now, we turn to summarize some refined estimates for the collision operators L1,
Lo and T defined in (1.24) and (1.27). We first recall the properties of the linearized
operators £1 and Ls, cf. [12, 16].

LEMMA 3.3. For any g1 € Ni- and go € N3-, there exist constants o1 > 0 and
o9 > 0 such that

—(L1g1.g1) > olgrls,  —(L2g2.92) > 0agals. (3.5)

We also shall give the weighted estimates for £, and £,. It can be proved by
a straightforward modification of the arguments used in [23, Lemma 2] and we thus
omit its proof for brevity.

LEMMA 3.4. Let =3 < v < 0 and w = w(B) in (1.29) with ¢1 € [0,1) and
g2 € (0,1) small enough and L is the linearized operator either L1 or Ly. For any
|6 > 0 and for all e > 0, there exists Cc > 0 such that

—(w?(8)0sLg, 089) > 10912 sy —€ D 108,920 — Celglz. (3.6)
[811<18]

If |8] = 0, for any € > 0 small enough, there exists Cc > 0 such that

L
29

—(w?(0)Lg, g) > =912 0y — Cell?. (3.7)

In what follows we recall the weighted estimates on the nonlinear collision operator
I". By the translation invariant of the collision operator I', one has

03T (91,92) = D Car2C " I0(951 91,052 92), (3:8)
where the summation is over Sy + 81 + B2 = 8 and o1 + as = «, and I'Y is given by
(951 91,05290) = /]R ] /S o =0T B@0) 9, [ (0:)]05 91 (v)) 957 g2 (v ) dwdv,
= [, [ o= P B0 w1952 01 (02)05: 920 ..
LEMMA 3.5. Recall (3.8) with 8o+ 81+ B2 = 8, a1 + s = . Let =3 < <0

and w = w(P) in (1.29) with both q1 € [0,1) and g2 € (0,1) small enough, for any
€ > 0 small enough, we have

(w*(B)T(95" 91, 052 g2), 05 g3)|
CZ{ (105 g1)]2 + 1057 9112081 11052 92lv(82) |05 93lvwsy,  (3:9)
k<2

or

(w?(B )Fo(ag”gl, 292), 05 gs)|
< CZ {IVe (1052 g2) 12 + 1052 9212,0(82) 1105 91w () |08 93l vw(sy-  (3.10)
k<2
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Set ¢(v) = (V)™ = v(v)~! and £ > 0, it holds that

$‘T(g1,92)5 < C Y [ 105011315 6ol - (3.11)
[8]<2

Furthermore, under the conditions of (1.20), for |ay| > 1, one has
M —p
Vi
<c{lo™(puo)+ > 107 (0,u,0)107 (p. . 6)]

1<)’ [<[ou]

+ (e uxﬁw)l‘m'}\83592|v,w<ﬁ2>|3§93|u,w<ﬁ>7 (3.12)

(T°105, ( ), 052 g2), w*(B)95 93)]

and

M _
|<r0[aﬁ1<7“>,832921,w2</3>aggg>| < Cnol0%, 92lvan(m) 05 9wy (3:13)

Proof. We can obtain (3.9) (3.10) and (3.11) by employing the similar arguments
used to yield the estimates stated in [23, Lemma 3|, and thus their proofs are omit
for brevity. One also refers to [3, Lemma 3.2].

To prove (3.12) and (3.13), we choose a small constant €; > ¢ + ¢2, for any
and b > 0, then
M—p M=ty 2g,

Vi Vi

For the constant 1y > 0 in (1.20), there exists R > 0 large enough such that

/ 11195
[v|>R

0105 "= iy < C [ 105

M,
= BPav < o,

and

_ M—p, o 32 2
pwog(———)|7dv < C(lp— 1|+ |lu—=0|+ |0 — =|)* < Cr§.
[ s T o < Cllp =10l +10 517 < O

It follows by the above estimates and (1.30) that

M —p M —pu
i NG

This together with (3.9) and (1.9) gives (3.12) and (3.13). We thus complete the proof

of Lemma 3.5. 0

[(v)"5( ) ey + 1)’ 95 )3w(s) < Cio- (3.14)

Next, we prove some linear and nonlinear estimates, which are used in the later
section. The first estimates involving the linear terms I'( ]V\I/%” ,g) and I'(g, M\/%“ ).

LEMMA 3.6. Let |a| + |8] < N with N > 6 and w = w(B) in (1.29) with both
1 €10,1) and g2 € (0,1) small enough. Suppose that (1.20) holds and En 1,4(t) < €o
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with I > N. If we choose g > 0 in (1.20), 6 > 0 in Lemma 2.1 and €9 > 0 small
enough, for any € > 0, one has

M

(O5T(= 25 8) w*(B)O5h)] + (95T (g, =), w'(B)05h)

< Ce|l9gh1? s + C=(10 + 65 + /E0)Div,1,q(t), (3.15)

=
=

B

and

=

M—p

|(0°T( ,8),0°h)| + [(9°T (g, —=1),0°h)|

< Cel|0h||% + Ce(no + 05 + \/20)Di.1.4(1). (3.16)

3

Proof. We only consider the first term on the left hand side of (3.15) since the
second term of (3.15) can be treated in the same way. First note that

M—u 1%
ogr B)ozh)| < C (T[a5( ,052g], w?(B)ogh)|, (3.17
‘(B(\/ﬁ Bagh) < C Y| \/ﬁ)g2]()ﬂ)|( )
where the summation is over |51] + |B2] < |B] and |a1| + |az| = |a]. If |a1]| # 0 and

lag| + [51] < N/2 in (3.17), we can deduce from (3.12) and Lemma 2.1 that

0191 M — (o) a
(T3 ( ﬁ’“‘m gl w’(8)d5h)|

< C(10° (py 0) | oo + - - + (Pt 0) | 72 1052 &l a8 195 2l

< 05 RIS, wp) + Ce(0+ 1/ ENaa (05281, s)

< lOghI12 ) + C=(0F + /Eo) D q(t),

where we have used the following one-dimensional imbedding inequality

lg(@) |z < V2g(x)[lga(x)]|?, for g(z) € H'(R) C L¥(R).

Similarly, if |a1] # 0 and |as| + |B2| < N/2in (3.17), it holds that

01 9o M —
|05, ( NG

On the other hand, if |o;| = 0 in (3.17), we use (3.13) and the smallness of 79 to get

1), 052g], w? (B)05 )| < ellOFhI2 sy + C=(6% + E0)Dvg(t):

0rqaa M —
(T3, ( 7i

Plugging the above estimates into (3.17), we obtain

By oo
), 9528],w?(B)5 )| < ellOF R sy + CemoDniq(D).

M —p
Vi

Similar arguments as (3.18) imply

(95T ( ), w?(8)05h)| < Celloghll? q5) + C(0+ 0% + /E0) D g (1) (3.18)

M—p

77>,w2< )O5h)| < CellOghl2 s + Ce(o + 6% + /E0) Dy q(t).

(05T (g
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This completes the proof of (3.15). By Lemma 3.5 and the similar arguments as the
above we can prove that (3.16) holds and we omit the details for brevity. O

The second estimates are concerned with the nonlinear term F(T 7)

LEMMA 3.7. Let |a| + |B] < N with N > 6 and under the conditions of Lemma
3.6, for any € > 0, one has

G G
99T (—, —), w*(B)dh
‘(B(\/’E\/’E) (B)ogh)|
< CEl|OGRIZ ) + Co05 (1 +1)7F + Co(8% + VEo)Divag(t),  (3.19)
and
G G
|(0°T (—=, —=),0"h)|
f f
< Cel|0h||2 + C=65 (1 + )76 + Co(65 + \/20)Di.1.(t). (3.20)

Proof. Recall G = G + VHg, we can see that

G G G G é G
\f Vi \f \f \//7 Vi
By using (3.8), we can obtain
G
(95T ( ) B)agh)| < C Y I(I°105! (—=), 952 (—=)], w*(B)dgh)|, (3.22)
B \F \F B Z \/ﬁ B \/ﬁ B
where the summation is over |81] 4 |82| < |8] and |aq| + |ag| = |af. In view of (1.22),
(3.1) and (3.2), one can compute that
_ VRO,  v—u v—u
G t7 9 = 7‘4 +u LKB )
(t,z,v) N 1( ,—RG) Ui1g Bui( /;RG)
which implies that for 51 = (1,0,0),
— \/Eém V—U 1 v—u, 1
0p,G = oy —) + 1,0, B —_— 3.23
and
.G = \/RﬂmAl(v — u) B \/EGIQIAl(v — u)
Vo VRO 263 VR
_\/ﬁﬁmv Al(v—u) Uy \F&HvAl(v ) v—u
Vo VRO VRO Vo VRO 2R63
v—u U1 Uy v—u U120, (v — u) v—u
+ :cacB T =) . VUB - . VUB .
Bl eg) = hg 2w T Ve v rg)
(3.24)

And 8;G has the similar expression as (3.24). By (3.4) and the similar expansion as
the above, for any |@| > 1 and |8| > 0, we obtain

(0)*05(—=)2,u(5) < Cllars, ba]l, (3.25)

%Q\
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and

e

boa
)05 (—
[{v)"05 N
Here we used the fact that |(v)ow(B)u~2 M|, < C by (1.20) for any b > 0 and
e > 0 small enough with small positive constants ¢, g2 in (1.29). Owing to (3.25) and

(3.26), one thus get from (3.22), (3.10), the imbedding inequality and Lemma 2.1 as
well as Eny,4(t) < € that

Ma,w() < C{I0 e, 0a] + - - - + [0, 0] 10w, 0] }- (3.26)

G G
99T (—, —), w2(B)9%h
|(,8(\/ﬁ\/ﬁ) (B)ogh)|
< Cel|OgRII2 () + Co07 (L +1)7F + Co(85 + /Eg) Dy q(t)- (3.27)

For the second term on the right hand side of (3.21), we have from (3.8) and (3.9)
that

|<agr<£,g>,w2w>agh>\

N
<C ) II°05 (=), 95:8), w*(B)95h)|
Z f B
€ a1 € é [65) (6%
<cy Y [uvteos >1|2 105 (- o) HOS2 Bl (50) 105 Bl
k<2 Vi
(3.28)
where the summation is over |f8i| + |B2| < |B] and |ay| + |az| = |a|. If |oy| = 0 in

(3.28), we use (3.25), the imbedding inequality and Lemma 2.1 to get

(1“0(3(“(?) 0528),w* ()95 h)| < Cell 95 hl[}, u(s) + Ceb5 D ag(t).

If |ay| > 0 and || + |B1] < N/2 in (3.28), we have from (3.26) and the imbedding
inequality that

G
Vi
<o > > AIvil Mac”“‘ f H|+||3a1+a(f)||2w<,31)}||5 28llu,w(5) 105 hllv,w(s)

lo/|<1 k<2

1
< Cel|0FhI7 w(s) + Ce(35 + Vo) D iq(t)-

(%95 ( )78§§g)7w2(5)3§h)|

Similarly, if |a1] > 0 and |aq| + [81] > N/2 in (3.28), we also have

(o5] G Ct2 (03 (03 1
(T(051 (—=), 0528), w? (B)I5 h)| < CellOFhI7 sy + Ce(87 + v/E0)D.1.q(t)-
VI

Plugging the above estimates into (3.28), we obtain

Q é fe o 1
|(8/3'F(ﬁ7 g), w?(B)95h)| < Celldghll? ,5) + C= (6% + VE0)Dnig(t).  (3.29)
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By the similar arguments to (3.29), we can prove that the third term on the right
hand side of (3.21) has the same estimate.
By using (3.8), (3.9), (3.10) and the imbedding inequality, we deduce that

(95T (8. 8), w? (B)95h)| < ellOFhI? (s) + Cev/E0Dn.14(t)- (3.30)

The estimates from (3.27) to (3.30) yields that (3.19). We can deduce (3.20) by using
(3.9), (3.10) and the similar arguments as the above estimates. This ends the proof
of Lemma 3.7. 0

Lastly, we give the basic energy estimates of the terms [0%p||? and
0% (P, e, 0) 2.

LEMMA 3.8. Let |a] < N —1 and Eny4(t) < g0 with eg > 0 small enough, for
any € > 0 small enough, we have the following results that

10° 52> < = C(0°T1, 0 Pa)e + C{[10% [t 0] + |10 &2}
+C65(141)75 + Cy/20Dn4(1), (3.31)
and

10° (B, e, 00) 1> < CLNO™ (P, Ui, O [|* + (|10 |1}
+CO5(141)7% + C\/aoDng(t). (3.32)

Proof. Subtracting (2.10) from system (1.15), we obtain

pr+ (Pti)o = —(pliy + U19)a,

Uny + Uiy + 300 + 220, + 222 [0y Fodv = —J5 — [po v} S dv,

Uit + U Uig + U Ui = —% ng 010, Gpdv, =23, (3.33)
0y + 2001, + 110, + 222 (fo0 v1 Fadv — uy [ps Fadv)

=—J3 — %fw %vlv (v —2u)Gpdv,

where

_ 2 -
J2 = urtg + Ui, + *Pxp ,p
3 pp
By taking the derivative 0% of (3.33)y with |a] < N — 1 and taking the inner
product of the resulting equation with 0%p,, we get

2 ~ ~_ ~ =
, Jg = 5(917/11; + aulz) + (amul + exul) (334)

2§ a~ a~
(?ﬁa pacva pa:)

’ ’ 20_ . ~ ~ —~ ~ 2"’ ~
== X OO ()0 e 0 — (00, 0 ) — (0" ane + 502),0°7)

le’|<|e
al‘ o~ [ o [ GJE o~
—<aa<7¢’ Fydv), 0°p) — (0% Jo, 0 ) — ( / w0 (S50, ). (3:35)
R3 R3

In light of the imbedding inequality and Lemma 2.1 as well as En . 4(t) < €9, we get

’ ’ 2§ . —~ 1 7
> O8I0 ()0 5 0] < OBH(141)7F 4 CVEoDvg ).

le’|<|a
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By the integration by parts, (3.33); and the Moser-type calculus inequalities, one has
— (0%u14,0%pz) = —(0%u1,0%py)t — (0“1, 0% pt)
- (aaﬂlv aaﬁz)t - (aaalzaaa{*ﬁﬂlz - ﬁibﬂl - (ﬁ’zjl)r - alﬁm - ﬂlmﬁ})
— (8%1,0%Py)¢ + €]|0%Pe||? + Co||0%Urs||* + Céé(l + t)*% + C\/e0Dn,1,4(t).

The third term on the right hand side of (3.35) is dominated by

- 2~ -
|(8a (ﬁlulz + gez)» aapz”
< £]|0°Ba)1? + Cel|0% [, 0,2 + C=85 (1 + )75 + Cer/E0D,1,4(t).

Recalling Iy = \/uf and using the Moser-type calculus inequalities, we arrive at

On o~
(%2 [ Fad),0°5,)] < CVEiD (0.
R
The term containing Jo, we have from (3.34) and the elementary inequalities that
(0% T2, 0% )| < C66(1+1) 78 + Cy/EgDi1,4(t)-

Recalling G = G+ V/1g, we have from (3.26) and the Moser-type calculus inequalities
that

([ ot (S )av,0750)
R3 p
< |0 Pull” + Clln0gall” + C88 (14 )78 + Con/EoDr14(8).
By combining the above related estimates and choosing € > 0 small enough, we

can obtain the estimate (3.31). By using the system (3.33), we readily prove (3.32).
This completes the proof of Lemma 3.8. O

4. Non-weighted energy estimates. This section is devoted to deducing the
non-weighted energy estimates for the solutions of (1.6)-(1.7). We first derive the
lower order energy estimates in the subsection 4.1. Then we establish the high order
energy estimates in the subsection 4.2. Lastly, we give the main non-weighted energy
estimates.

4.1. Lower order energy estimates. The lower order energy estimates can
be stated as follows:

LEMMA 4.1. Let (Fy, F3,0,¢) be a solution to the system (1.6) and (1.7), and

suppose En i 4(t) < g for some g9 > 0 small enough. Then there exists Cq > 1 such
that

%{HgHZJrél{/Rndx—(L;}Pl[vl(élnM) QUMJM \fg)Jr)\/Rﬁlﬁrda:}}
ANV (7, i, 0)[12 + 1| (P T, )1 + |12}

< C{I|(Pa: i Oza)|1* + I8l + llgaal2} + CO5 (1 + )75

+C(no + 65 +E0)Dnig(t) +C Y 1006l F v 1.4(t). (4.1)

| <1
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Here the function n is defined by (4.7) and Fn 1,4(t) is given by

Fraa®) = Y H0)3e®)3um + Y 1{00FE@)5 .00 (4.2)

la+[BI<N || +IBI<N

Proof. In the following, we shall assume that En4(t) < go for some g9 > 0
small enough and we have from this and (1.20) that (p,u,0) and (p,u,0) are close
enough to the state (1,0, %) As in [17, 19], the following macroscopic entropy S will
be estimated for the lower order energy estimates. Set

—§p5’ = M In M dv.
2 R3

Multiplying (1.6); by In M and then integrating over v, we have by a direct calculation
that

3 3
(—ipS)t + (—ipuls)z + (/ v1G1In Mdv),
R3

—/ v1G(In M), dv — / 020y, FoIn Mdv = 0, (4.3)
R3 R3
where S = —2Inp+In(40) + 1 as in (2.3). We denote

2
{m = (m07m17m27m37m4)t = (p’ pUhPU%PU?nP(e + %))a

2
n = (no,n1,n2,ng,na)’ = (pur, pui + p, puyug, purus, pui (0 + %) + puy)*.
It follows that

ul? 5 u; . 1
(0o =S+ 2 (o) =M= 123, (0= (40

Rewrite the conservation laws (1.15) by

0
— Jgs VIGodv — 036 [ps Fodv
My + Ny = — Jps v102Gdv . (4.5)
— fRB 103G pdv
=5 Jps V1[0 Gudv — 009 [ga v1 Fadv

We define an entropy-entropy flux pair (1,¢) around a Maxwellian M = Mi;.4.5
(4, =0,i=2,3) as

q= 0{*%Pu15 + %ﬁﬂls + %Vm(PS”m:m “(n—mn)},
which further implies that
0= pf2(8) + 3000 () + fplu—uf?, (47)
q=un+ (u — u1)(p0 — pb),

where the convex function ®(s) = s —Ins — 1. There exists a constant ¢; > 1 such
that

Cl_l‘(ﬁaﬁ7§)|2 §77§01|(57ﬂ7§)|2 (48)



114 D.-C. YANG AND H.-J. YU
By the definition of (4.6) and a direct but tedious computation, we arrive at
M+ 4o — Vigasn: (0,48) — Va4 (0,35):
= B{(=58)0 + (=5 p118)a} + 309 (S e + 1)
= (/Rs(—fulélnM + gﬂlv% - ZU1|U|2)de)w + /R3 (v1(0In M), — gﬂlzv%)de

-@@¢/ém5mAMwﬁ%ﬁm 5@—§@¢/uﬁwu (4.9)
R3 2 R3 2 R3

It follows from the similar arguments as [20, 32] that there exists co > 0 such that

_{V (5,a,5" n-(pu,S)e + Vipa,54- (p,u,S)z}
3 2 - 0 _ 0 2. p 0

= ipﬁlx(ul —ﬂ1)2+§p0ﬂ1x¢)(§)+p0ﬂ1x (5)4— p@ (U1 —ﬂl)(gln§+ln§)
> ol (p° + Ut + 52) (4.10)

It holds that
- 3_ 3
/{98@/ By, Fo In Mdv + fulazqh/ Fodv — fam/ vngdv} d
2 s 2929 | s
30 360
/ /]RS y(z)’l)lFQ 2511,183;(,75}72 + §§U16x¢F2dU} dvdz.
By using this, (4.9) and (4.10), we arrive at

pn nd.’L‘+CQ|‘\/U1z p,ul, // v1(01n M), uuvl)dedx
RS

+// - ¢U1F2 §0u18 ¢FQ+ §*U18 (,ZSFQd’U}d’UdI (411)
R JR3

We first estimate the term involving 0,¢ in (4.11). Recall F;, = ,/uf, we have that
the second line of (4.11) is dominated by

Cll0sd || o (@]l + 101 [I£]l, < CvEDn.1,4(t). (4.12)

Now we estimate the first term on the right hand side of (4.11). By using (1.17)
and the self-adjoint property of LX/Il, one has

(@gmnM) ummwazj

_ — 3 P (UlMI) + 06
:(LN}Pﬂm(QmAl) — St o ) (4.13)
By using (3.1), (1.10) and (1.11), we have
RO, . v— 3 Oy A v—
Puonty) = Y0 g 0ty > S By (=M. (4.14)

Vo
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By this, (3.1) and a direct but tedious calculation, we arrive at

~ 3
Pyvy(61n M), M — §P1a1zv§M

o, » v—u
— VRO 9A1FM+9§ By M
VR 99 Ou; v—u
A M 9§ LBy )M (4.15)

By (3.2) and (4.15), one has

Ly} Pifvi(0ln M), — galzvf}M

\/Réez Ou;
_ \/5 Z J BlJ

On the other hand, we have from (3.3) and Lemma 3.1 that

K(9)
R?§’

). (4.16)

<A17A1> = - <Alijk> = 07 <Bjk71211> = 0; for any jvk = 1a2,37

and

4 (0 R . 9
(B, Buy) = _g% (Bi2, Bi2) = (Bus, Bis) = —%,

(Bi;,Bi;j) =0, for any i#j.
By using (4.14), (4.16), (3.3) and these relations, we have

(Ly/ Piv1(0ln M), — ‘;’ulx M, %M%
__(0) K(0) Ap@)
= g Pobs + g% 3 et
1(6) 4 p(0) ~ 1(0) 5

_T(UZEUQJ, + U3z U 31) + gﬁe + ﬁe(u21621 + u37;637;)~ (417)

Since both u(@) and k(0) are smooth functions of #, there exists ¢; > 1 such that
w(0), 5(0) € [c3*, c3). We use this, the imbedding inequality and the integration by
parts to obtain

6 2
/R(—]fw)a 0, +%00 )da

:/ (—9“(9)52+(9“( Jo.0+ 9 0 4790, 0)dx
R

RO? °°F RO?
s—A/|5$|2dx+0/|5|<|e‘m\+|éx||om|+\éx||5x|+|@|2>dx
R R

MOz + ClIO) oo (10l + 10117 + 1162]1)
M0 )1? + C65 (14 t)7% + C/20Dn1.4(1).
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And the other terms of (4.17) can be treated in the similar way as the above. It
follows that

) Py (v M,
(Lyf Prvr(fIn M), — %MﬂM, M)
2 M
— ([ ))? + 102]1%) + C85 (1 + )6 + C\/E0Dn.1.4(t). (4.18)

We still deal with the term involving © in (4.13). Recalling that
0=G+P (’UlGI) — Pl(émqbavng) — 2Q<G, G) (419)

We first consider the first term in (4.19). It follows from the fast decay of the Burnett
functions (3.4) and the similar arguments as (3.24) that

0,G ; ;
/ﬁklési\;ul2dvdw < COllltsst, OadlI* + Clll@nz, 2] - [ue, 61, (420)

For any multi-index $ and any b > 0, we have from (4.16), Lemma 3.2 and Lemma
2.1 that

// VRO Ly Prlvy (01In M), — 3uy,03] M |?
dvdx
RS M2
< O{||fe, 01> + 10 - [z, 6,]]|2}
< O|[th, 8,]||2 + CO5 (1 + )75 + C(3% + \/20) D (). (4.21)

Here we used the fact that, for any 0 < dy < d; and b > 0, [(v)’ud* M|, < C by
(1.20).
It follows from (4.20), (4.21), Lemma 2.1 and Lemma 3.8 that

_ _ 3 0, G
(L P[0y (01n M), — — SaviM, tﬁ)
(fL Pl[vl(GlnM) ffulxvl]M E)
M Vi
< Ce||(Pas i, 02)|? + Co08 (1 + 1) 7% + Co(0% + E0)Dyg(t).  (4.22)

By using the integration by parts about t, we get

_ 70

(L;}Pl[vl(alnM) . 5umvl]M \/;jg>
d VHE
-= (L P[0y (01n M), — 2u1mv1]M = )

_(a[L Pl[vl(Oln]\]\i) —Qulxv%]M]’ﬁg), (4.23)

Notice that the last line of (4.23) is dominated by

1 LMPl[vl(anM) 7% 1m’01

7 )|l
sd@ﬁ+@m@mmm@mﬁ+mmm

+C.68(141)75 4 C=(55 + \/20) D .14(t). (4.24)
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Recall G = G + \/ug, we thus have by (4.22), (4.23) and (4.24) that

. . 3 Xe
(LMlPl[vl(HlnM) 2u1xv1]M ;4)
< 4 g
< L (L3t Pulor @01, — o0, YPB34 ]2)
+C- (|| (Pras Tnws Oao) |12 + |8aal|2) + Co05 (1 +1)7F + Co(6% + /Eo) D q(t)-

(4.25)

For the second term in (4.19), it holds that
Pl’l}lG )l
M
< Cel|[tn, 02)]1% + Cellgel|? + C-65 (1 + 1) "% + C-(65 + \/20)Dnug(t).  (4.26)

For the third term in (4.19), recalling that F» = \/uf, we have from the integration
by parts that

_ = 3
‘(LJ\/;Pl[’Ul(GIHM) 2’UJ1$’Ul}M

3 P10, ¢0,, F
(L3 Pilvi(01n M), — Sli1ev V2| M, %)‘
1. L, P[v (@ln M), — UzUQ]M )
= [(p? 0D, (ML M LY, Opuf)). (4.27)

This can be controlled by C./e¢Dn, 4(t) by using (3.23), (4.16), Lemma 3.2 and
Lemma 2.1.
For the last term in (4.19), in view of (1.24), (4.21) and (3.20), we get

Q(GvG))‘
M
| \/>L Pl[vl(ﬂlnM) uhﬂ)f} (G G >|
M NN
< Ce||[g, O] |2 + Co68 (1 + )76 + Co(56 + v/20)Dvq(t)- (4.28)

Hence, combining the estimates (4.25), (4.26), (4.27) and (4.28), we have from (4.19)
that

_ - 3
(L Prlon (00 M), — Stnof] M,

. . 3 o
(LM1P1 [01(01n M), — 5ul,avf]M, M)

7;;(L P (0T M), — 5 M\/A;g)

A C (| (s T O 1 + 8|2 + g2
(| (P Tz, )| + ||gl|2) + Co0% (14 1)75 + Co(0% + \/20) Dviq(t). (4.29)

Substituting (4.29) and (4.18) into (4.13), for any € > 0 small enough, we obtain

ulxvl]

_ 3 G _ ~
([ (010 2, — 5uuvf1M, ) + Al + 18.12)
d /. _ _ Vg
< %(LMlpl[ul(elnM) 2u1w VM, )

O (|| (P Tras O | + || ]|2 + ||gmu,,>
FO([|(Pas s )| + l|gl|2) + Co0% (14 )75 + Co (3% + \/20) D1 qt). (4.30)



118 D.-C. YANG AND H.-J. YU

As a consequence, substituting (4.12) and (4.30) into (4.11) and taking suitably small
e > 0, we have from a suitable linear combination of the resulting equation and
Lemma 3.8 that

d
dt
+eo|Vaing (7, i, 0)1* + A (P T, 0|

< Cellgl? + Ce(l|(Paas Uras ) I + g ll2 + llgaall?)
+C.68(1+1) 7% 4 C-(67 + /20)Diiq(t). (4.31)

(/ndm (LX/[1P1[U1(§IHM) 2u1zv1]M fg)—i—)\/ﬁl,b}dx)

R

This completes the proof of lower order energy estimates for the macroscopic compo-
nent (p,u,0).

Next, we turn to deduce the lower order energy estimates for the microscopic
component g. Taking the inner product of (1.23) with g over R x R3, one has

(018 + 10,8 — L18,8)

M —p M —p G G
:Fga +7T 7g7g+1—‘7777g
(I( 7 )+ 1( NG ):8) + ( (\/ﬁ \/ﬁ) )
Po(v1,/fi0,8) 1 v —ul?0, (v—u)- Ty
+(7\/ﬁ ,8) — (ﬁ 1o M { SRO? R0 ¥
Pl(vlﬁxé) 3té P1(8r¢av1F2)
(ARG T oy (RGP0 T2 oy 4.32
(A 4 92 gy 4 (PO (4:32)
We will estimate each term for (4.32). First of all, we have from (3.5) that
(g + 0108~ L18,8) > 5 l8ll> + gl
From (3.16) and (3.20), we get
M —p M—pu G G
r ) ) + [(T ) ) + (T T = =)
I(T'(g \/ﬁ)g)l I((\/ﬁ g).8)l I((\/ﬁ\/ﬁ)g)\

< Cellg|l} + Co6% (14)7 + Celm + 8% + v/E0) Dov14(1).
In view of the properties of Py in (1.11) and using (1.20), one has

Po(v1/110:8)
\/ﬁ b

By the similar arguments as (4.14), one has

I( g)| < Cellgll} + Ccllga|l3-

v —u|?0, (v—u)- U,
PronM{ = s Ro )
VRO, . v—u L w—u
_ A M+S .8 M, 4.33
\/a l(m) ; 7 1](\/@) ( )
which implies that
1 |v—u|2§gg (v—u) - Uy 9 =i
p— M < 1> sV .
(Pl Loy o) < Gl + )
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For the term involving G in (4.32), we arrive at
|(P1(’U1816) 4+ &> atG
NN

Finally, we handle the complicated term containing 0,¢. We use I, = /uf and (1.11)
to get

P2 g)| < Cellg|l? + Co65(1+ )% + C(5% + /20) D g ().

Pl (aw¢8v1 FZ)
NG

By using (4.2), we have

v
I(am(%lf—@mqﬁ;lf, &)l < Cll0usgll = (|00, EI+I W) EDNgl < C D 1000l Fn1.4(t).

laf<1

PO [ax¢6v1 (\//jf)]
\/ﬁ .

= 0,00, f — awqa%f - (4.34)

By using (1.11) and the integration by parts, one has

0020y, (\/if)] _a

N (92000, (Vi) 30) x5 () F )|

< C||az¢||L°°||f”l/Hg”V < CVEoDiq(t).

It follows from the above three estimates that

Py (0,00, F: a
(POe90uF) oy Do) 4 C S 10200 Fvsa 1)
Vi la]<1

Substituting the above estimates into (4.32) and taking e > 0 small enough, we obtain

1d

5 71817+ Allgll} < Cllle B:11° + llga[12) + C6% (1 +1)78

+C (1o + 0% + E0)Dnag(t) + C Y (1006l Fiv,i.q(t). (4.35)

|| <1

In summary, for some suitably large constant Cy > 0 and any £ > 0 small enough,
the summation of (4.31) x Cy and (4.35) gives (4.1). We thus complete the proof of
Lemma 4.1. O

2. High order energy estimates. In this subsection, we first deduce the
high order spatial energy estimates of the fluid variables (p, u, §) and then we deduce
the high order spatial energy estimates of the microscopic component g. Lastly, we
give the spatial energy estimates of the function f in (1.6)s. The main high order
energy estimates can be stated as follows:

LEMMA 4.2. Under the conditions of Lemma 4.1, for any € > 0 and ng > 0 small
enough, there exist suitably large Co > 0 and suitably small k1 > 0 such that

Y m@+G Y 1R Y (07 + 510°060) + m (0} }

1<|al<N-1 1<|al<N Vi la| <N
X 10l X (0% + 0t + Y 107 w6}
1<]al<N lal<N 2<]al<N

< Cno+)|lgl% + C88 (1 + )76 + Celngo + 56 + \/20)Dvt.g(t)
+C D 10700 Fn (). (4.36)

la|<N
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Here H,(t), H(t) and Fn,4(t) are given by (4.41), (4.73) and (4.2), respectively.

Proof. We first derive the high order spatial energy estimates of the macroscopic
components (p, u, #). By (1.23) and (4.33), one has

VR ; v— ~ 2 v—u _
TR O M+ 5 X (B M )

M —u M —p G G
= —0g — 110, L I'(g, I , I'—,—
g — 010, + L1g +T'(g N/ )+ I( i g) + (\//7 ,u)
PO('Ul\//jamg) - Pl(vlazé) . @ + P1(8I¢av1F2) (4 37)
Vi Vi Vi vE '

u

In view of the linear independence of the functions Al(f/;Te) and Blj(”;{g) with
7 =1,2,3, we get

0, =Ri, U.=Rj1, j=12,3.

Here, by the elementary linear algebra, the terms R; are all of the form

(—Bug, VEC(0)) + (—010,g + L1g, VAC(0)) + D(g, L1

\/ﬁ
M—pu G G
+(I( 7i g)JrF(\F f) /g (v))
Py(v1y/10,8) - Py (v10,G) B @ Py (0900, F»)

N N

where ((v) is a different linear combination of the functions A ( \/IT) and By (2
with j =1,2,3.

For any 1 < |a] < N — 1 and some function (y(v), by the integration by parts
about ¢, we get

+ V¢ (v)),

o)

(0°(—Dig, V/1Co(v)), 0°0,) = —%(M& VG (v)),0°6,)

<aa<g, VHi0iCo(v)), 0°0) — (00 (g, \/1iCo (v)), 9°0,0)
(aa<g VI (v)), 0%0,) + Ce |0 (B, T, 02,) |

+Ce||3o‘gx||,% + C.68(141)78 + C(65 + /20)Dig(t).

Here we used Lemma 3.8, Lemma 2.1 and the elementary inequalities.
Recall L1g =T'(\/1t,9) +T'(g, /1), we deduce from (3.9) and (3.10) that

(0° (01028 + L18, V/1Co(v)),0°0) < Ce| 00| + Ccl|0°ga |2 + C-0°g2
+C65(1+1)7% + Co(8% + /Eo) D q(t)-
With (3.16) and (3.20) in hand, we see
M —pu M —pu G

(0*(I'(e, N )+ I( N g)+F(\f \F) VGo(v)), 0°0,)

< Ce)|0%0,||* + C68 (14 )"¢ + Ce(no + 85 + /20) Div,i.q(1).
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Recalling that Fy = \/uf and using (1.11), (3.24), (3.26), Lemma 3.2, Lemma 3.8 and
Lemma 2.1, one has
P, Oy .G G P1(0,¢0,, F ~
0(v1yi0eg)  Pi(v10,G)  9G n 1 (0200w, 2)’\/EC(U)>76Q9£)
Vi Vi Vi VB
< Cel| 00,1 + Cel|0°ga||2 + C=0%8 (1 +1)"F + +Co (6% + /Eo)Dv,1,q(1).

(0%(

It follows from the above estimates and any € > 0 small enough that

Oé~ d (6% (6% (6%
1076, < — —(9%(g, V1o (), 0 02) + Ce)|0% (P, i 02) | + Ccl|0° g |12
4+ C.)|0%g|12 4+ C-65 (1 +1)7% 4+ Ce(no + 65 + E0)Dnug(t).  (4.38)
For some function (,(v), similar arguments as (4.38) imply
e d (0% (0% (e ¥ 8o e -~ (03
”aauiEHQ S - %(8 <g7 \/ﬁ(u(v»v 0 uz) + 05”8 (pxaura ur)Hz + CEHa gmle,
+ C)|0%g|}, + Ced6 (1+1)78 + Celo + 0% + E0)Dg(t).  (4.39)

Combining (4.38), (4.39) and (3.31) and choosing £ > 0 small enough, we arrive at

% Yo H.W+A D 1051, 0)|

1<]a|<N-1 2<al<N
<C Y 0°gl2+ COF(1+ )78 + Clng + 67 + \/E0)Dv,iq(1)- (4.40)
1<|a|<N

Here, for 1 < |a| < N — 1 and C,, > C,, > 0, the function H,(t) is defined by
£ = /{aaa (&, VEiCo ()T + a0 (g, \/1iCa ()0 Ta + Cad®#10%po} d. (4.41)
R

Next we will deduce the derivative estimates for the microscopic component g.
In terms of (1.6)1, (1.24) and (1.25), one has

F F
(=) + 110, (—) — L1g

VH VH
e My Mo BCRNCS
=I(g, i ) +I( N g)+F(\f \F)
1 v —ul?0, (v—u)-u 090, F-
—&-ﬁPﬂnM{ T e N 2. (4.42)

Taking the derivative 0% of (4.42) with 1 < |a| < N and taking the inner product

with 22E1 Then we estimate this inner product term by term. We easily see
NG Y y

0*Fy o Fl) 8aF1> . H(? Fy ||2
i i) Tl

For the third term on the left hand side of (4.42), recalling that Fy = M + G + /g,
we have from (3.5) that

) + 010, (

(at( (4.43)

—(£10°g,0°g) > a1]|0°g||?.
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Notice that £19 = T'(\/it, g) +T'(g, \/1z), we have from (3.9), (3.10), (3.26) and Lemma
2.1 that

aa
)| < Cllo%gll. || ||u <el|0°gll2 + Co8% (1 +) 75 + Cv/EgD,iq(t).
f \/7 q

We now deal with the complicated term involving M. For |&| > 2, one has

. 0% 3090  (v—u)20%0 = 0% (v — u;)
M = M(p 20 " 2R +; RO )+

[(£10%g,

807 ad o 28& 3 a&i P — U
(o 0 ) (T2 20 L0 S Py

=J3+ J§ + J§. (4.44)

Here the terms J; and Js are the higher order derivatives of (p, u, ) with g and M —p
and Js is the low order derivatives with M. For |a| = 1, we use the integration by
parts to get

oM Opa M | J? Jz? J3

(Elaag,ﬁ):—(ﬁlg, Vi )——(hgﬁ)—(&g, \/ﬁ) (£1g,\/ﬁ

Since \‘;—1; € ker Ly, it follows that (£;g, \‘;—12,7) = 0. For the term \‘%, we have from
(3.9), (3.10)7 (3.13) and Lemma 2.1 that

).

(Lig 22 )I < Cllgll |2 || < Cmo(l1gll? + 105 (7, 0)[%) + C58 (1 + )75
\/> \/>
Similarly, it holds that
J2
(£1g, \f)‘ < Clgll IITHV < Celgll} + Co08 (1 +1)8 + Ce /20D 1,4(t).
Hence, for |a| = 1, we can deduce from the above related estimates that
0. M
[(£10:8, —— N )|

< C(no + )|l + Croll0e (7,7, B)||? + C0% (1 + )75 + Ce/20Div4(1).

For 2 < |a|] < N, carrying out the similar calculations as the above, we can obtain

M
£10°g,
(1g\/ﬂ)

Jo J& J&
—(L10%, 1) — (£,0%g, =2 L10%g, 22
(1g\/ﬁ)(1g\/ﬁ)(1g\/ﬁ)

< Clno +9)10°8ll} + Cnoll0° (., 0)|° + Ceb% (1+ £) % + Cey/ED14(1).
As a consequence, for the third term on the left hand side of (4.42), if |a] = 1, we get

9°F, - .
ul) < —a1l|%gll + Clno + &) (lgll + 10:2(p, @, 0)|*) + Cel|0g]l?

(Llaaga

+ C65(141)75 + Car/E0DN14(1). (4.45)
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If 2 < |a] < N, we have

0 F;

(£10%g, #1) < — al|0°gl2 + Clno + ) (10°gll7 + 10° (5, . 9)*)

+ C65(141)75 + Car/E0DN1.4(1). (4.46)
For 2 < |a] < N, we have from (3.26) and (4.44) that
O%F, 0%\ /ug 0°G 0*M
Ao ALY By LA AL
Vi VI Vi Vi
< C(|0%g||2 + 10%(7,10,0)]|?) + C3% (L +1) % + O\/EgDn,1,4(t).  (4.47)

For the first term on the right hand side of (4.42), if |a| = 1, we use the integration
by parts, (3.16) and (4.47) to obtain

M*,u 60‘F1 M*,Uz aerl
8QF ) sy T — ) — — r ) ’
(0°T(g 7h ) N ) (T(g N ) R )
< Ce(|0nagl2 + [102s (7., 0)||?) + C0% (1 4+ 1) 75
+C(no + 65 + /Z0)Diviq(t). (4.48)
If 2 < |a] < N, we get from (3.16) and (4.47) that
M— . 9°F ) _

9°I'(g, ), Ce(l|0*gll2 + [10°(5, . 0)|1%)
( Vi i) S

+C.66(141)76 4+ Ce(no + 05 + \/20)Dnig(t). (4.49)

The second term on the right hand side of (4.42) can be handled in the same way.
For the third term on the right hand side of (4.42), if |a| = 1, we can deduce from
the integration by parts, (3.20) and (4.47) that

Ch (\7\7) i)

- (N ). 22
T
Oz

< Cel =t L2 4 05t (14 6)7F 4 Cu(08 + V) D8

< Ce(|028lI2 + 1005, T, 0)|?) + CO5 (14 1) 76 + Co(55 + /20)Dwvq(t)- (450
If 2 < |a] < N, by (3.20) and (4.47), one has
G G, 0"F

TR R TR

) < Ce(ll0°gll? + 110%(5, @, 0)]*)

+C.05(141)78 + C(65 + /20)D.1.q(t). (4.51)

For the fourth term on the right hand side of (4.42), if |o| = 1, we can deduce from
(4.33), the imbedding inequality, Lemma 2.1 that

—ul?0, (v—u) Uy, O°M 1 _z
STg? } 7 ) < C65(1+1t)75 + C\/20Dn,1,4(t).

(\}ﬁaaPlle{ o
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Here we used the fact that [(v)ou=2 M|y < C for any b > 0 by (1.20). Moreover, it
also holds that

—u?0,  (v—u)- ., 0°(G+/18)
7 R A TR

< Ce|0°g||% + C.0% (1 + )7 + Co /20D 1,4 (1)

(\}ﬁaaPﬂ}lM{ |U

Therefore, for |a| = 1, we have from the above two estimates and Fy, = M + G + VHE
that

1 v —ul?0, (v—u) t,, O°F
— 0Py M
(\/ﬁa 101 { 2R02 R9 }’ \/ﬁ )
< Cel|0%g|) + C05(1+1) "6 + Cor/ZoDn1 (1) (4.52)

For 2 < |a] < N, we use (4.47) and the similar arguments as (4.52) to get

1 v —ul?0, (v—u) td,, O“F}
—0“Pyrvy M
(\/ﬁa 101 { 2R62 + RO }’ N )
< Ce(]|0°g|)? + 110 (5, @, )[|?) + C=65 (1 + )75 + Con/EgDnyg(t).  (4.53)

Finally, we handle the term containing 0,¢ in (4.42). Recall F;, = ,/uf, one has

8 (az¢8v1F2) _ m¢av18af+ Z Cglaa18x¢avlaa—a1f
Vi 1<] e [<]ef
_ cglamam%aa—alf. (4.54)
ja]<|al

If |y | < ‘%‘l, by using (4.2) and the imbedding inequality, we have

v — Q1 (% [65] —Q] (03
|(5a13m¢313a £,0°g)] < Cl|0™ Ou|| L[| ()0~ ][ (v)0g]|

<C Y 0% 00| Faaglt): (4.55)

lo/|<N
Similarly, if |%‘ < |a1| < e, it holds that

|(aalax¢%aa*alf,aag)|gc 3 0% 0.0 Fuvq(t): (4.56)

lo/[<N

Similarly, we also have

> O™ 0.¢0,,0°7F,0%g) < C D [10% 0udl Fnig(t).  (457)

1<on | < |/ |<N

By using (4.55), (4.56) and (4.57), we have from (4.54) that

D000 F2) pog) < (0,00,,0°8,0%8) + C S 0% 0ud| Fwaalt)  (4.59)

(
Vi lo/|<N



RAREFACTION WAVES FOR VPB SYSTEM 125

On the other hand, from the integration by parts, it holds that
0%(0,00y, Fp) 0%(M + G)

=
Hence, for 1 < |a| < N, we have from F} = M + G + /g and the estimates (4.58)

and (4.59) that
(aa(amavle) O°F,
N
<C Y 0% 0u0l|Fnag(t) + CO8(1+)78 + C(0% + y/E0)Dnag(t).  (4.60)

lo’[<N

) SCOs(1+1)75 + C(65 + /20)Dnag(t).  (4.59)

) = (0,00,,0°f,0%g)

In summary, for any € > 0 small enough, by the estimates from (4.43) to (4.60), we
arrive at

1d 8OLF o (6% (6%
i 2 I Pre 3 ol - S (2:00,0°,0%)

1<]al<N Vv 1<]a|<N 1<]al<N
<Clo+e){ D lovglz+ > 10°(5.40)°}
la|<N 2<]al<N
65 (1+ )78 4+ Ce(no + 65 + \/20) Dy (1)
+C > 0%0:0)| Fvg(t)- (4.61)

la|<N

Now we consider the energy estimates of the function f. Since kerLs is one
dimensional and the estimates of the macroscopic component of f can be compensated
through the Poisson equation (1.28), we will not separate f to be the macroscopic and
microscopic components. Taking 9 derivative of equation (1.26) with |o| < N and
taking the inner product of the resulting equation with 0*f, we obtain

(0°0f + v10°0,f + 0 Dpdv1 /i, 0°F) — (9°Laf, O°F)

_ o M_:LL (e fe G fe% feY «
o 8.r¢av1 (M*,Uf) @ a:cd)avlé Q Q a$¢avl (\/ﬁg) «
+(0 (—\//7 )+ 0 (7\//? ),0%F) + (0 (7\//7 ),0%fF). (4.62)

We will estimate each term for (4.62). Recalling that F; = ,/uf, one has from (1.6)2
that

(O, /1) + (V10,1 /1) = 0. (4.63)
From (4.63), (1.28) and the integration by parts, we get
(0%0zpv1/p, 0°F) = —(0%pv1+/11, 0,0%F)
_ 1 « af _ li [} 2
= 5(070,00° (~0u0) = 2 0°0u0]%. (4.64)
By the integration by parts, one has

1
(OO + v10%0,f + 0%Oppv1/1i, 0°F) = 4

1
_ = af 2 e 2 )
5 (10781 + S 07 0,]1)
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Note that f = Pof 4+ (I — P»)f, we have from (3.5) that
—(0%Laf ,0°F) > 02| 0%(1 — Po)f||2.
By using (3.16), (3.29) and (3.30), we obtain

M —p G

o°T ) +0°T(—,f),0%F) + (0°T'(g, f),0°f

(0°I( N ) ( N ), 0°f) + (0°T'(g, £), 0°f)
< Cel| 0[5 + Celmo + 65 + v/Z0) D q(0).

By using (1.20), (3.25), (3.26) and the imbedding inequality, we get

o 8z¢8v1 M_N « ax(;savlé
@ (#) + 0N (————

Vi Vi
As for the last term of (4.62), we perform the similar calculations as (4.55)-(4.57) to
get

),0°F) < C(ny + 0% + \/20)Dv14(1)-

8a(6$¢6m(\//7g)) 7 8af) - (&gé@vlaag, aaf) <C Z ||aalaw¢||]:N7l,q(t)~
\/ﬁ [o/[<N

Combining the above estimates, for any € > 0 small enough, we arrive at

1 d (67 1 (67 (e} (67 (&3
D 0°F1% + 5[10%0u0]%) + 02 Y 10X = Pl — D (92000,0"g,0°F)

2dt
lal<N la]<N la|<N

(

< Ce 3 [0°FI + Celno + 68 + VE)Dna(t) +C Y [10°0u] Futat)- (4.65)

[a]<N la|<N
By the integration by parts, one has
- Z (aw¢av1aafa aag) - Z (8a:¢av1aagvaaf) = _(aw¢av1ga f)a (466)
1<|a|<N la| <N
which is dominated by C||0;||Fn,1,4(t). By this, (4.61) and (4.65), we arrive at
d 0°F ) 1
rASD Iy IR SN Gl L)
1oy VE ey

A ol A Y 10Y T - RE|?

1<la|<N lal<N
Co+e){ Y lo%lz+ > 10°Gwo)*+ Y llo°f)2}
laj<N 2<]a|<N laj<N
+COF(1+ )78 + Ce(po + 0% + E) D (t) + C Y (10020 Fq(t). (4.67)

lo| <N

Notice that Pof and the electric field 0,¢ are not included in the dissipation of
(4.67). Next we shall derive these estimates. Letting P»of = a(t,x),/p, we have from
(1.26) that

Oza+ 0,00 =(—0uf, v1y/11) + (—v10, (I — Pz)fa viy/p) + (L2(I = P)f, v1y/p)
- <P<M¢‘ﬁ“ ), 01 V) + <r< ), v1 Vi) + (T(&, ), v1 Vi)

am¢6v1 (M - M) + 6:1:¢81116 + aw¢6v1(\/ﬁg)
Vi Vi Vi

+( V). (4.68)




RAREFACTION WAVES FOR VPB SYSTEM 127

Taking 0* derivative of equation (4.68) with |a| < N — 1 and we shall estimate each
term. By using (4.63) and the fact that P>f = a(t, z),/1, one has

aaat + (83080‘(1 — Pg)f, V1 \/ﬁ> =0. (469)
By using this and the integration by parts, we have
d
(—0:0°F, 01 /1), 0,0%2) < == ((0°f, v1/), 0,0%a) + C0,0%(T = Po)f][3.
Recalling that Log = I'(\/11, g) in (1.27), we have from (3.9) that

(<7’U1(9m8a(1 — Pg)f, ’Ul\/ﬁ> + <£26a (I — Pg)f, Ul\/ﬁ>, Gzaaa)
< Ce|d:0%al|* + Cc[| 0,0 (L = Py)E|[} + C:[|0(L — Py)f][}.

By the similar arguments as (3.18), (3.29), (3.30) and Lemma 3.5, we have

M—p G
8T ) + 09T (—, £) + 8°T(g, £), v1 /1), 9.0%a
((0°T( NG ) (\/ﬁ ) (g, 1), v1v/11) )
< Cel0,0%al® + Celno + 6% +yE0) > 10782

lo|<[ex|

For the last line of (4.68), owing to the fact that G and ,/ug satisfy (1.12), one has

,'Ul\/ﬁ> = - Id)(p - 1)

<a:r¢av1 (M - M) + ax(bavla + am¢av1(\/ﬁg)
Vi NG Vi

By using the fact that |p — 1] < 19, we have

(—0°(020(p — 1)), 0,0a) < €l|0,0%a + C-(no + 65 + Eg) > (0% Du0l|*.

la/[<N
By using the Poisson equation (1.28) and the fact that P»f = a(t, x),/j, one has
(070, ¢, 0,0%a) = — (0% Oprp, 0*a) = 2||0%a?.

Hence, for || < N —1 and any € > 0 small enough, by using the above estimates, we
can deduce

10,0%al* + [|[0*a]|?
d
< ~O2((0°F,v1V/R), 0:0%0) + C[9,0° (T P)E[2 + C0° (T~ Po)f |2

+C (o + 0% ++/20) Y (10 EI2 + 1107 0:0]%)- (4.70)

la/|<N

On the other hand, by taking the inner product of (4.68) with 9,¢ and then the
similar arguments as (4.70), we arrive at

d
lall* + 112561 < = C = (£, v1v/71), 020) + C10.(1 — P)EL
+ Ol — P)E|2 + Clno + 65 + e (IE]|2 + 10:0]7).  (4.71)
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By using (4.70), (4.71) and the fact that [|0* Pof]| = ||0%a(t, z)|| = [|0%0rs ]|, we have

d

> (07 Pof|* 4 110°0:6]*) < — ZH() +C Y7 1|0 (X~ RSl
a] <N o] <N
+C(mo + 6% +z0) S (10 + [0°0:0]7).  (4.72)

la|<N

Here the function H(t) is defined as

H(t)=C Y (0°f,01y/p),0:0%) + (£, v1/), 0:)

la|<N -1

<C Y (10°FI + [0 0.6]1%) (4.73)

la|<N

As a consequence, we get from (4.67) and (4.72)xx; with a small constant x; > 0
that

d O*F, N 1.
Y IR Y 10+ 510 0el?) + ki H (D)}
1<|al<N v la|<N

A D ol A Y (1013 + (1070911

I<lel<N lo|<N

<Clo+e)( Y. 10%m.a,0)* +llgl|?) + C-05 (1 +1)7%
2<]al<N

+C (0 + 0% + /20) D () + C Y 0%020|| Fiv1q(1)- (4.74)

|| <N
Here we have used the smallness of ¢ > 0, 6 > 0 and 79 > 0 and

1017 < Cllo™(X = P)E|[; + Cll0* P[5 (4.75)

In summary, for suitably large constant Cy > 0 and any € > 0 small enough, we can
obtain (4.36) by (4.74)xC4 and (4.40). This completes the proof of Lemma 4.2. O

4.3. First main energy estimates. We will give the estimates for the pure
spatial derivatives of the solution without the velocity weight by Lemma 4.1 and
Lemma 4.2.

LEMMA 4.3. Under the conditions of Lemma 4.1, one has

d — .~
ZEN (1) + AV (7, i, )
AL (108l + 107612 + loronel?) + Y 10%(5 @ 0)I1°}

la|<N 1<]a|<N
< O85(1+1)75 + C1go + 0% + /20) Dyt g(t)
+C S 0°0.0]| Fra(t). (4.76)

la|<N
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Here Fn,4(t) is given by (4.2) and é;vv(t) is given by

&v(t) = {l1gl? + Co{ [ e — (L5 Pl (010 0),
_%ﬂlwvf]M, %) —|—)\/ ﬂlﬁxdx}}
2D SRR AR S D

1<|a|<N-1 1<|a|<N \/ﬁ

+ 37 (o) + \aamn %)+ mH )}, (4.77)

la|<N

for constants Cs > Cy > 1, where H,(t) and H(t) are given by (4.41) and (4.73),
respectively.

Proof. Letting C5 > C; > 1, we see the estimate (4.76) follows from (4.36)x C
and (4.1) by further taking ¢ > 0, 19 > 0 small enough. This finishes the proof of
Lemma 4.3. O

5. Weighted energy estimates. This section is devoted to deducing the
weighted energy estimates for the solution of (1.6) and (1.7) in order to close the
energy estimates.

5.1. Pure spatial derivative estimates. The pure spatial derivative estimates
of the solution with the weighted function can be stated as follows.

LEMMA 5.1. Under the conditions of Lemma 4.1, it holds that

aoz
AP IR DR LoD DR TR

la|<1 2<|a|<N la|<N

q q Yo% Yo} Q (0%
+A E HQt = (100013, + [1(0)0*E13,,) + X Y (10°8l2,. + [0°F17,.,)
|<N la|<N

<C Z 105w, 0)*+C > ([0°gll2 + [0°F]12 + 1|0° 0. ¢]|?)

1<]a|<N o] <N

+C88 (1+4)75 + Cno + 0% +vE0)Drig(t) +C D [090:0]| Fag(t).  (5.1)

lo| <N

Here Fn,1,4(t) and w = w(0) are defined by (4.2) and (1.29), respectively.

Proof. We take the derivative 0% of (1.23) with |o| < 1 and then take the inner
product with w?(0)0%g over R x R? to get

(0,0%g, w*(0)0°g) + (v110,0%g, w*(0)0°g) — (£L10g, 2( )3a )

— (9°T(g, \/ﬁ”waanM \/‘ﬁ“,g>,w2<0>aa g) + (0°T(-= N f> (0)0°g)
Py(v Oy v u2§ U —U) - Uy 9 o
+(8"°(1\\gg) fa"P” ! zRalz : RG) hwt(0)0%)

0Py (110,G)  9°0,G 0% Py (0,90, F
W00 G) | TOE o g)org) 4 (P00 )

R Vi Vi

W?(0)0°g).  (5.2)
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Now we will estimate (5.2) term by term. Recalling the weight function w = w(0) in
(1.29), one has

« « lLd « 4243 «
(0,0°g, w*(0)0°g) = 5&\@ gl3,. + WH(U)@ g3,

And the second term on the left hand side of (5.2) vanishes by integration by parts.
By (3.7), one has

1
—(£:0%g,w*(0)0%g) = 5[0l — Cll0"glly-

By (3.15) and (3.19), we see
M—p &), w?(0)0%g)| + [(0°T (-, jxuﬂ(maagﬂ

M—p
N
< Ce||0°g||2 , + C08 (1 + 1) 78 + Celngo + 85 + v/20) D q(t)-

[(0°T (g, ) +0°T(

=
=

By (1.11), the imbedding inequality and Lemma 2.1, one has
0% Py(v14/110:8)

I Vi
< Cel|0°g|2 ., + Co)|0%ga |2 + C=65 (1 + )75 + Cer/E0Di,1,4(t),

,w?(0)0%g))|

where we have used the fact that |[(v)?u~2 M=y, < C for any b > 0 and some
positive constants €, g1, g2 small enough by (1.20).
It follows from (4.33), the imbedding inequality and Lemma 3.2 that

‘(L —ul?0, (v—u)
VE 2R62 RO
< Cel|0°g|2 ., + Ce)| [0, 076, )||* + Co65 (1 + )75 + Cer/E0D 14(1).
By (3.24), (3.26) and Lemma 3.8, we have
KW&M@@+&W§
N N
< Ce)|0”gl[2,, + Co08 (14 1) 8 + C(65 + v/E0) D 1(t).

9% Prvy M { i e }w?(0)0%g)|

,w?(0)0°g)|

Now we deal with the complicated term containing 0,¢. First note that

8apl(a:c¢av1F2) _ aa _ Ha v _ 8ap0[81¢8”1(\/ﬁf)]
— 9%(0290u,f) — 0%(0:0 5 f) N - (53)

For |a| <1, we get from the imbedding inequality and (4.2) that

(0% (9500, F), w*(0)0g) |

[yl [yl

<C Y 10 0u] L= 1(0) F (0) 77 hw(0)8,, 0% ][ (v) F w(0)0*g]|

ler|<lal

<C Y 110:0% ()00, 0% E (| (0) g

lo'[<N

<C D 10:0% Gl FN14(8), (5-4)

/| <N

|2,(0)
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where we used the fact that (v >*‘< Y=l (0) = <v>%w(1) < (v)w(1) for |y| < 2 by

(1.29).
Similarly we also have

|(0°(0:65 ), 0(0)0°g) | < C 7 (1020 8l Fivsad). (5.5)

lo/|[<N

It follows from (1.10), (1.11) and the elementary inequalities that

aapo [&ﬁqﬁam (\/ﬁf)] w2(
\/ﬁ 9

Hence, by the estimates from (5.3) to (5.6), we get

(— 0)0°g)| < CO8 (1 +1)7¢ + C\/eoDniq(t).  (5.6)

aapl(ax¢61;1F2)

2 O 804
I( Vi ,w?(0)9°g) |
< O8F(1+1)7F + CVenDngt) +C > [10:0% 6| Fnaq(t).

lo/|[<N

Collecting the above related estimates and taking € > 0 small enough, we arrive at

> (gl

4243 o 12 a |12
Bt 5 e 100078l + N0l

|| <1
< O {10%a, 0°0.)1* + 10°glI2 + 0% 12} + C > 10:0%¢] Fuv.1q(t)
la|<1 la|<N
+C85(1+1)78 4+ C(no + 65 + /20)Diig(t). (5.7)

Next, we consider the higher order weighted spatial derivative estimates for the

microscopic component g. We take the derivative 0% of (4.42) with 2 < |o|] < N and
then take the inner product with w? (0)6—\/’%71 to get

@Dt O + 0 ), w0 ) — (g o))
=" Tlg, “=t) + 0Tt ), w0 ) + (0T Th) w0
+ \FaaPlle{ L 5 g;'? £ U *;2 ey w?(0) 5;/?)
(0 w0 ), (5.8)
We will estimate (5.8) term by term. First note that
Ot 0T = ST 4 g e 0 T e (59)

Next we estimate the last term in (5.9). Recalling that Fy = M + G + /ug, we have
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from (4.44), (3.26), the imbedding inequality and Lemma 2.1 that

0“Fy

2
U w
1o)== 15,
oM 0°G
2 ,Uaag2w_ v 2w_ v 2w
10)0° gl = 110) ~—== 3.0 = o)1
> |(0)0°g|[3., — Clo%(7, 1, 0)||* — C3% (1 +1)"5 — C\/EgDnayglt).  (5.10)

Here we have used the fact that [(v)u~2 M'~¢|y,, < C by (1.20) for any b > 0 and
some positive constants €, q1, g2 small enough.

The second term on the left hand side of (5.8) vanishes by the integration by
parts. For the third term, recalling that £,g =I'(\/it,g) + I'(g, /t) and using (3.9),
(3.10), (3.26), (4.44) and Lemma 2.1, we have

8“(M+@))‘
\/ﬁ
< C||0°g|| + Cl0%(5. @, 0)||> + C35 (1 + ) 7% + /20D 1,4(1).

‘(‘claag? ’11)2 (0)

From (3.7), we obtain
1
—(£10%g,w*(0)0"g) > 5 [0°gll},.. — Cll0"glly.

It follows from the above two estimates that
0*Fy

(£10%, w*(0) N

v,w

1 o~
)< — 5H3“gll2 +C10*(p, w, 0)|)?
+C||0%g||2 + C68 (1 4)76 + C\/zgDrig(t).  (5.11)

For 2 < |a| < N, by the fact that F; = M + G + /ug, we have from the similar
arguments as (4.47) that

0 Fy 2 2 ~ ~ N2
<c(10“gll;.., + 0% (p, w0
N | (10%glly,w + 10%( M)

[[w(0)
+C65(141)76 4+ C/20DN1.4(1). (5.12)
By this, (3.15) and (3.19), one has

s M= M- OF G GO
(00, =25 +0°T(==F 8 w0)” T 0

< Ce(|0°g2 0 + 10%(5, @, 0)[|?) + Co88 (1 +1) 75 + Ce (10 + 0 + v/E0)Divyiq (1)

)| +[(0°T( )|

We now estimate the last line of (5.8). With the help of (4.33) and (5.12), we arrive
at

—ul?0, (v—wu)-Uy, o, 0F
2R6? mo » O NG )

< Ce([0°g|12 ., + 10%(7, 7, 8)||?) + C=65 (1 + )75 + Cer/EoD,1,4(1).

1
’ (ﬁaaPlle{ |U
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Then we deal with the complicated term containing d,¢. Recalling Fy = ,/uf, one
has

0 (ax¢av1F2) — ax¢8vlaaf+ Z Cglaalaxd)avlaafoqf
v 1<|a1/<]al
- Y O OMO.eg 0N
la1|<|e

For 1 < |ay| < %‘ with 2 < |a] < N, similar arguments as (5.4) imply

[(0%1 0,0, 0~ £, W (0)0"g) |
05} m — x—Q] m (6%
< C0°1 826 | (v) = (v) " w(0)0,, 0%~ £l (v) = w(0)0*g]|
<C D 0 0:0)| Fuvaglt). (5.13)
lo/'[<N
Here we used the fact that (v)l%‘@)_”'w(O) = <v>%w(1) < (v)w(1) for |y| < 2 by
(1.29).
For % < |ag] < |af with 2 < o] < N, we have from the similar arguments as

(5.13) that

(070 00900, 0° £, w2(0)0%g) | < C D 0% 02| Fiv(8)- (5.14)
la/[<N
By (5.13) and (5.14), one has
Yo e 070,60,,0° E,w(0)0°g) | < C Y (0% b Fivglt):
1<]on|<|af la’|<N
Similarly, it holds that
[65] v — Q] (6% OLI
Do 1000507 Ew(0)0%) S C D (10% el Fvgt).
ERSET lo/|<N
For 2 < |a] < N, we have from the above estimates that

(80‘(8m¢8v1F2)
N
<C D 0 0:0)|1 Fivgt). (5.15)

la[<N

) w2 (0)8ag) - (ard)am 8af7 U)2 (O)aag)

For 2 < |a| < N, by the integration by parts and the fact that F; = ,/uf, one has

0% (00, Fa) w2(0) 80‘(M+é))|
i i)
:AW%mwwmmxwmwﬁM+GM|

< C85(1+1)75 + C(67 + /e0)D.1q(t). (5.16)

I(
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By the estimates (5.15), (5.16) and the fact that F; = M + G + \/ug, we can obtain

0%(0300y, Fo) 5, 0% e 2
} - az U1 fa >
( i w(O)\/ﬁ) (0200,,0°f, w*(0)0°g)
< C6T(1+1)78 + C(07 + VE0)Dnag(t) + C > 07 06l Fivag(t).  (5.17)

lo/|[<N

Hence, we have from those above estimates and small € > 0 that

1d, 0%F 4243 9
> —| 130+ 57 e 1()0%gl3,
R YAV S(L+ t)ite

A0 — (0:00,,0°F,0%(0)0°g) |
<C > (103w 0)|? + |o°gl2) + Co5 (1 + )75

2<|a|<N
+C (0o + 0% + 20) Dnag(t) + C D [0%00¢]| Fivig(2)- (5.18)
la|<N

This ends the proof of the high order weighted spatial energy estimates of g.

Now, we turn to deduce the weighted estimates of the function f. Taking
0 derivative of equation (1.26) with || < N and taking the inner product with
w?(0)0°f, we obtain

(0“0 F, w?(0)0%F) + (V100 £, w? (0)0*F) + (0% Dy pv1 /11, w? (0)O*F)

M —p G
= (0%Lof , w?(0)0%f) + (0°T ) +0°T(—, f) +0°T'(g, f), w?(0)0°f
(2())((\/ﬁ)(\/ﬁ) (g, 1), w"(0)0°f)
ax¢6v (M *,U') aacd)av é 2
+(O¥(—————) + 0 (———=—), w*(0)0*f
(0%( NG ) ( N ), w(0)0°f)
8I¢8U1 (\/ﬁg) 2
+(0¢ ,w(0)0°f). 5.19
(0%( NG ), w(0)0°f) (5.19)
We will estimate (5.19) term by term. Recalling the weight function w = w(0) in

(1.29), one has

(9,0°F, w2(0)d°F) =

q243 age2
— ot .
2dtH + 2(1 +t)1+q3 ||<’U> ||2,w

And the second term on the left hand side of (5.19) vanishes by the integration by
parts. It holds that

|(0%0x6v1 /i, w?(0)0°F)| < C|0*0,0)* + CllO°E[7,
where we used the fact that [(v)u2w2(0)]; < C by (1.29) for any b > 0 and some
positive constants ¢;, g2 small enough. It follows from (3.7) that
1
(L0 E P )0) > S0, — ClloH .
By the similar arguments as (3.15), (3.29) and (3.30), we obtain

M,uf

(071 )+ a&w\fﬁ )+ 0°T(g, £), w?(0)0°F)

< Cel| 0|2, + Celino + 65 + /20) D q(t)-
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In terms of (1.20), (3.14), (4.44), Lemma 2.1 and the imbedding inequality, we arrive
at

e aw¢av1 (M B :U’> 1o 81¢avlé w2 fe
(07 (F= ) +0%( ) w07
< C(mo + 6% + v/Z0) D g(t). (5.20)

For the last term of (5.19), we have from the similar arguments as (5.15) that

(8a (02000, (\/ﬁg))
\/ﬁ
< (0:60,,0%g,w*(0)0°F) + C > 0% 0x0|| Fiv1.q(1)-

o/ |<N

,w?(0)0°f)

By taking € > 0 small enough, we have from the above estimates that

1d 4243
——||0“f||2 __feds 9F)|2
||Z<:N{2 a1 + 3y 1000781

FAOE2,, — (000,08, w? (0)0°F) |
<C Y (1070012 + |0°FII2) + C (o + 65 + /E0) Div.1,4(t)

la| <N

+C D 107000 Fv (D). (5.21)

la|<N

By the integration by parts and the direct calculations, we have

= Y (0:00,,07F,w*(0)0°g)

2<]a|<N
— > (0:60,0%g,w*(0)0°F) < C Y (|00 6| F1.4(t). (5.22)
la|<N laf<1

By this, (5.7), (5.18) and (5.21), we have that (5.1) holds. This completes the proof
of the weighted spatial energy estimates of the functions g and f. O

5.2. Mixed spatial-velocity derivative estimates. The mixed spatial-
velocity spatial derivative estimates of the solution with the weighted function can be
stated as follows.

LEMMA 5.2. Under the conditions of Lemma 4.1, we have

N-1 N—|af d
> Clar D2 Ci Y 105l + 195815, }
la|=0 J=1 [8]=3

)\q2QJ (e 2 apel2 fe 2 apl2
3 g (1)l + 1@ + (105l +1951.0) )
la|+|BI<N,[B]>1

<C 3 {108l + 10°F12 + 100781 o+ 10:0°F112.0 + 1002011 + 1107 [, 6]}
lal<N—1

+OST(L41)78 + Clno + 65 + vE0) Drvg(t) +C > 000011 Fn1.4(t). (5.23)

la|<N
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Here Fn1,4(t) and w = w(B) are defined by (4.2) and (1.29), respectively.

Proof. We take the derivative 9§ of (1.23) with |a| + |3| < N and |3| > 1 and

then take the inner product of the resulting equation with w? (ﬁ)agg over R x R3 to
get

(0:05 g, W (B)958) + (110058, w* (B)05 g)
+(C5 1 0:05_., 8, w*(B)05g) — (05 L1g,w”(B)I5 8)

= @57, ")+ O5T (Mt ), w (B)ofe) + (OBT(, 0w ()0e)
+(a§(W) 8‘1(#P1U1M{|U2;;26 (”’gg“}),w?(ﬁ)agg)
(05 (PREED) o5 ) w(@)oe) + (05 (MO w 9)05m). (5.24)

Here e; = (1,0,0). We shall estimate (5.24) term by term. First note that

4293

[} fe 2
(@35& (5)35g) m||<v>85g||2,w-

2dt

And the second term on the left hand side of (5.24) vanishes by the integration by
parts. By (1.29), one has

1(0:05_., 8, w*(B)938)] < Cll{v)~F w(B)0:05_, gll| (v) 2w(B) 05 gl
= C[[{v) 2 (v) w(B - €1)0, 05 ., 8ll[|(v) 2w(B)05 g
< ell058ll} w + Cell 0205 _c, 8II3, w(p—cy)- (5.25)
Here we have used that w(f) = (v)Yw(5 — ey) for |8 —e1] = 8] — 1 by (1.29).
It follows from (3.6) that

—(05 L1, w*(B)058) > 1058l —c > 105 817 e — C=ll0”gll2.
[B11<18]

J
2

ol
2

By (3.15) and (3.19), we get

M — M — 2 o o G G 2 fey
s 758 @R+ [O5T(—, o) (925 )

< Cel|0gglly + C® (L4)7F + Celiio + 6% + \E0) D 1,4(0)-
By (1.11), (4.33) and the imbedding inequality as well as Lemma 2.1, we arrive at
Py(v14/110,8) 1 o —ul?0, (v—u)- U,
o(DONVHTE)y  ga( = pry M
(05 (R ey,
< Ce|l95g)12  + Ce 08012 + Cc |0, Ou)|® + C0F (14 1)
+C=(5% + Vo) D1 (1):

For the term containing G, we have from (1.11), (3.25), (3.26), Lemma 3.8 and Lemma
2.1 that

)+ 05T (

w?(6)958)|

Pl(vlawé) 8156 2
0 (————=) =905 (—),w*(B)05
|07~ 982w (9)25)|
< Ce|95g|2 ., + C-0% (1 + )75 + C=(8% + \/E0) D ,q(1).
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For the last term of (5.24), recalling F> = \/uf and using (1.11), one has

a Pl(ax¢8vlF2) _ na a U1 o P0[8x¢61)1(\/ﬁf)]
(T = 559,00, - 05 0,05 1) — 5 (2 IR (20)
We now expand the first term on the right hand side of (5.26) as
05 (0,00, f) = 9,005 0y, f + Z Coto* 10,905 Oy, . (5.27)

loa|<|ex|

Notice that the last term of (5.27) vanishes when |a| = 0. For 1 < |a —a;| < & with
|a| # 0, we have

(071 0,405 0y, £, w? ()05 8) |
a—ai bl - [e%1 bl «
< OO0z = I{(v) = (0) " (8)u, 35 £ [|(v) T w(B)O5 g
< Ol 00| o< [[{0) 00, 05 £l 2, 8 1en) 1 (V) D5 8 | 2,0

<C Y 0% 00 Fnaglt). (5.28)

lo/[<N

Here we have used that (v)~"lw(8) = w(B+e;) and <v>% < (v) for |y| < 2 by (1.29)
and e; = (1,0,0).
For & <|a —a;| < N with |a| # 0, the similar arguments as (5.28) imply

(077 0,00,,05 £, w*(3)058)| < C Y (0% 0w Fuq(t)- (5.29)
lo/|[<N
With the help of (5.28) and (5.29), we have from (5.27) that
(050200, £), w* (B)958) < (0:0050,,f,w?(B)058)
+C Y 0% 00| Faglt). (5.30)

o’ |<N
Next we expand the second term on the right hand side of (5.26) as
[ v @ (7 U1 —Q1 ]‘ —€ [ —Q1
aﬁ(am?lf) = Y (o H0p = 05" f+§c§ 197 0,05-01F),  (5.31)
lar| <l
where e; = (1,0,0). If |ay| < %, we have
010,610 + S OO 910,605 F, w?(5)05
( x¢2 8 +2g e 905, 7w(),8g)
< Cll0%1 020l o= ([[{v) I3 ™ Fll2,[[{(v) 5 8ll2,w + 10527 Fll2,(8—e1) 105 8ll2,0)
<C Y 0¥ 0] Fwiglt): (5.32)

lo/|<N

Here we have used the fact that w(8) < w(f8 — ey) by (1.29). If ‘%l < lag| < o, we
also have

e} v —Qq 1 —€1 9o a—Qg o7
(0 1am¢51aﬁ f+ 505 01 0,005-2 £, w?(B) 05 g)
<C > 0% 0:0) Fivag(t). (5.33)

/| <N
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With the help of (5.32) and (5.33), we have from (5.31) that

(63 v (63 a/
(08 (Da05 £), w*(5)058) < C Y 0% 0u] vt g0)- (5:34)
la/|<N
The last term on the right hand side of (5.26) can be dominated by
B0[0:¢0, (/if)]
NG
By (5.30), (5.34) and (5.35), we have from (5.26) that

(95 ( ), w?(B)958)| < Cy/ED.1.4(t). (5.35)

<83<W>,w2<ﬁ>agg>  (0:60500mE, 0 (8)05E)
< C\eoDnyg(t) +C Z ||aa/8x¢||FN,l,Q(t)~ (5.36)

lo'[<N

Hence, for |a| + || < N with || > 1 and any € > 0 small enough, we have from the
above estimates that

5 1058+ S )05 el o + MOl — (22005008, u?(3)05)
<Ce Y 105,80 sy + Ce(10:05 e, B gs—ery + 10782 + 10°0:8
181]<8]
+10% g, B:][*) + C8% (L4 1)7F + Celpo + 65 + VE0) Dy 14(1)
+C D 0% 0011 Fwna(t). (5.37)
la/[<N

This completes the proof of the weighted mixed derivative estimates of the function
g.

In the following, we deduce the weighted mixed derivative estimates of the func-
tion f. Taking the derivative 95 to (1.26) with |a| + [8] < N and |B| > 1, for
e1 = (1,0,0), one has

0,058 + 010,03F + O 0,05_, £ + 05 (0pdvr /1) — 95 Lof

Y M_/J’ a G 1o} o aw(baUl(M_/”L)
= OT(= 2 0) 0T (o) + 05T, )+ 0 (2 2=
0,00, G o, 0000y,
#05(%200C) 1 o HETE)) (5.39)

We take the inner product of (5.38) with w2(ﬂ)8gf over R x R3 and then estimate
term by term. First of all, one has
1

d 9243
et 2 apey _ — TV gae|2 le%
(ataﬁ fa w (ﬁ)aﬁ f) - 92 dt ||aﬂf||2,w + 2(1 + t)1+q3 ||<U>6ﬁf

2
2w

And the inner product of the second term vanishes by the integration by parts. By
the similar arguments as (5.25), one has

|(a$agfelf7w2(ﬂ)agf)| < E||8gf“12/,w + CEHGJUagfelfnlzj,w(,Bfel)'
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It follows that

(95 (Owprv/1), w?(B)OFE)| < el|OFEIIS ., + Cell0“00]*.
By (3.6), one has
(O3Lok W (D)FE) > 05812 — = D NO5EIZ ) — Coll0 12
18:1<|8
By the similar arguments as (3.15), (3.29) and (3.30), we have

M — G
(95T ( \/ﬁ”,f) + agr(ﬁ, £) + 95T (g, £), w?(8)951))|

< Ce||05£12 5 + Ce(no + 6% + /E0)Div,1.q(1).

Following the similar methods used as (5.20), we can obtain

o 8I¢a’01 (M — M oY aw¢a’l)1é « e
(8/3(\/11)) + 03 (7), w?(B)05E)| < C(no + 65 + /20) D, q(t)-
By using the similar method used as (5.30) and (5.34), we arrive at
8w¢8v1(\/ﬁg) 2
05 (—————=),w”(B)o5f
(95 ( N ), w*(B)0gt)
< (0200, 058, w (B)03E) +C Y (0% 0p|| F1q(t). (5.39)

la/|<N
Hence, for |a| + || < N with || > 1 and any £ > 0 small enough, we arrive at
4243 ape(l2 a2 a 2 o7
B dt||aﬁf“2 w Wn@mﬁﬂb,w + )‘”aﬁf”y,w - (3m¢3v13/5g,w (ﬁ)aﬁf)
< Ce Y NOBEIR i) + Ce (10005, Bl wgo—cyy + IO°EIE + 10°0:011%)
1B11<18]
+C. (0 + 6% + VE)Divig(t) +C Y (10 020 Fviq(t). (5.40)

lo/[<N

This completes the proof of the weighted mixed derivative estimates of the function
f.

In summary, for |a| + |5| < N with |5] > 1 and any € > 0 small enough, we have
from (5.37) and (5.40) that

1d 4293
5 (1058l3., + 195£13.,) +

+M(105 817 + 19517 1)

<Ce Z {||3glg||12/,w(51) + ||5§1f||12,,w(51)}
[B11<18|
+C{10.05_., 2 Vw(B e1) +||8a:8§—elf||12,,w(ﬁ—e1)}
+C {10712 + |0°F]2 + 10 0u || + 0% [, 0] *} + C=08 (1 + )75
+C. (0 + 65 + VE)Divig(t) + C Y (10 02| Fv1q(t). (5.41)

|/ [<N

W(H <U>a§g||§,w + | <U>a§f||§,w)
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Here we have used the fact that
- (8I¢8§8v1f, wg(ﬂ)ﬁgg) - ((%gb@vlagg,wQ(ﬁ)@gf)
<O 0% 00| Fraglt). (5.42)
la’|<1

Notice that the coefficients in the second term of the second line in (5.41) is large.
We will use the induction in |5| and then suitably choose ¢ > 0 small enough to this
term. By the suitable linear combinations, we can obtain (5.23). This ends the proof
of Lemma 5.2. 0

5.3. Second main energy estimates. In this subsection, we will give the
weighted energy estimates to the solution in terms of Lemma 5.1 and Lemma 5.2.

LEMMA 5.3. Under the conditions of Lemma 4.1, we have

d ra AQQQ3 Yo' 2 aell2
%SN(t) + m]:N,l,q + )\l %@v {lloggll? .. + 105El7 . }

<C Y GEwOIP+C Y {10l + 10°FI7 + 10°0:4]*}

I<[a[<N la|<N

+CEF (L+1)7F + Clo + 0% + v/20) D) + C D 0°0:0]| Fg(t). (5.43)

lal<N

Here the function gN(t) is given by

~ 8 F
O S N0+ S 1 B+ S 10°13.,)

la|<1 2<|a|<N f o] <N
N—|a|
+ Z Cla| Z C;j Z {1105 gll5 ., + 105 €115 ., } (5.44)
lor]=0 J=1 |Bl=j

for some large constant Cy >0 and Fniq(t) is given by (4.2).

Proof. For some suitably large constant Cy > 0, the estimate (5.43) follows from
(5.1)xCy and (5.23). This completes the proof of Lemma 5.3. O

6. The Proof of Main Result. In this section, we shall prove our main theo-
rem. To this end, we first need to establish the crucial time decay rates of the electric
field term. Then we prove the a priori estimate is closed and establish global solution
for the system (1.6) and (1.7). Finally, we prove the time asymptotic stability of
rarefaction waves for the solution of the system (1.6) and (1.7).

6.1. Time decay rates of the electric field. In this subsection, we follow the
methods in [11] and make use of the smallness of the wave strength and the instant
energy functional to establish the following lemma.

LEMMA 6.1. Suppose Enyq(t) < g9 for N > 6 and | > max{N, 1 + ﬁ} with
—2<~v<0. Foranyqs >0, any 1 € [0,1) and g3 € [0,1) small enough in (1.29).
If we choose ng > 0 in (1.20), 6 > 0 in Lemma 2.1 and g9 > 0 small enough, one has

Yo 0P+ Y 110°0:0]* < Ceo(L+6)"*4, g1 >0, (6.1)

la|<N-1 lal<N
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and there exists ¢ > 0 such that that

STONEP+ S 100,02 < Ceoe T g s 0. (62)

lal<N-1 lal<N
Proof. We have from (4.62) with |a| < N — 1, (4.63), (4.64) and (3.5) that

L0812 + 510°0:61) + 02l (L~ P2
M_M ap é « « «

NG j)+8 (\/ﬁ £),0%f) + (0°T'(g, f), 0“f)
)+8a(8z¢am(M_M)) 8af)+(8a(ax¢8vl(\/ﬁg))7aaf). (6.3)

Vi Vi Vi
By (3.8), (3.12), (3.13), (3.26), the imbedding inequality and Lemma 2.1, one has

|(8"T(M\/_EM, f)+ 80‘1“(?, f),0%f)| + |(0°T'(g, ), 0°f)|
< Clno +68)[0°FII + C08 +1/Emvoo®) D IIOVEE  (6.4)
la/|[<N -1
On the other hand, we also have
|<aa<mjg(;>+aa< ORI o)
< Clno + 0% + \/En0.0( Z Haa £)2 + 0% 0.0]1%). (6.5)
la/|<N—

For the last term of (6.3), we have

0% (05 POy, (\/ﬁg)) _
= E C (0 D90, 0 V' g 5”5}(#) Lga—aa g).
\/ﬁ [ar <]

If |o| < |a|/2, we have from the imbedding inequality that

(070,00, 0° = g — 0 0,05 0"~ g, 0°F)|
< C{llw) 20,07 gl + [1{v) T g }|(0) 28 0% 02 -

<C\Exaot) > (1072 + 110% 0.0]12). (6.6)

lo/|<N-1
Here we have used the fact that, for —2 <~ <0,
()77 < (v >'7'(H) and (v)" 2t < (o)l

Ly (6.7)

that is [ > max{ ‘ |
~y
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Similarly, if |a1]/2 < |a1| < |a|, one has
(0% 0y 0y, 07~ M1 g 80‘189@ Lgo—aig §of)
< OyEnaolt) > {0~ f||§ + 110 0,017} (6.8)
la/|<N-1

By using the above estimates and En ;,0(t) < g9 with [ > max{N, % + ﬁ}, we arrive
at

1d 1
2 Z {llo°f1* + 5”8(13”5“2} + o2 Z [0%(X— P)E?
la|<N -1 le|<N
< Clo+0%+vE0) Y. {02 + (1000} (6.9)
la|<N—1

By the similar arguments as (4.72), we can obtain

Y (107 Rof|P + (107 0.9]%)

|a|<N 1

<——H1 )+C > lo*(T - P2

lo|<N—1
+C(no + 05 +z0) D (|10°F]2 +1|0°0.01?). (6.10)
la] <N -1

Here the function H(t) is defined as
=C Y (0%, viv/i), 0:0%a) + CO((f, 01 /i), 020)
la|<N-2

<C Y0 (0P + 10°0:6]7). (6.11)

la|<N-1
For some positive constants 79, J, €9 and ko small enough, we have from (6.9) and
(6.10) that

tG VA S {19°8)2 + 19°0. 4]} < 0. (6.12)

la|<N-1

d

Here the function G(t) is given by
1
>o {191 + 519°0:0] + vaH (1)}
la|<N—1

ST {l10°F)? + 16°0.0)1%} (6.13)

la|<N—1

In what follows we establish the polynomial time decay by the interpolation meth-
ods developed in [11]. For || < N — 1 and [ > 2, we have

et = [ W%<v>—*%\aaf|2<%+ﬁ’dvdx

<of // 19°8 vz // )ICD g 2 ) T (6.14)
R3 R3
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which further implies that

10°F]12 > A0*E] T || (0) -2 9o ||~ 7
> A|oof| 5= { sup_ En—110(s)} "7 (6.15)
Similarly, we can obtain
1090, 8])% = [[0°0,0] 75 [|0%D, ] =3
> A|0%0, 6| 5 { s Enorio(s)} . (6.16)

It follows from (6.12), (6.13), (6.15) and (6.16) that

d 21 1
LG) + MG { sup En_140(s)} 73 < 0. (6.17)
dt 0<s<T

By the fact that supg< <7 En—1,1,0(5) < €0, We solve this inequality to get

G(t) < C sup En_y0(s)(L+1)~ Y, (6.18)
0<s<T

By the Poisson equation (1.28) and the fact that Pof = a(t,2),/it, we have
—0pe¢ = 2a(t,z) and ||0“Pf|| =~ [|[0%a(t, z)||. (6.19)

This implies that

Yoo lovoelP = Y0 0%0ndlP<C Y 0REF<C Y (0]

1<|a|<N o] <N-1 lo] <N -1 la]<N-1
(6.20)

The estimate (6.1) follows from this, (6.18) and (6.13).

We now turn to prove the stretched exponential time decay by the splitting meth-
ods developed in [11]. For any ¢ > 0, €2 > 0 and o(1+%)2 > 1, one has by —2 <~y <0
that

H@“f”?,:// <v>"|8“f|2dvdax+// ()10 2 dvda
R J(v)<o(1+t)<2 R J (v)>o(14t)e2

z{g(1+t)62}—\'v\// 0°F 2 dud
& J ) <o(140)2

— oL+ 0} o~ folt+ 02y [ 0" dud.
R

(v)>o(1+)e2

For ¢; > 0 and ¢ € [0, 7], the last term on the above inequality is dominated by

{9(1+t)62}7w// o3 () =G o7 (1412
R J(v)>e(14t)¢2

< Clo(1 + 1)} Plem 2P +0™2 qup gy 1 (s).
0<s<T

O“f|*dvda
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It follows from the above estimates that

197 > fo(L+ )2} 0E> = Clo(1 + )=} e 2™ sup Exyyq(s).
0<s<T

For o(1+1¢) > 1 and —2 <~ < 0, we see
10°0:011* > {o(1 + )2}~ 1[[0%8.0]>.

With the help of the above two inequalities, we have from (6.12) that

d q1 2 252
—G(t) + Mo(1+ 1)} MG(t) < C{o(1 + )2} Mem 2@ D™ qup En_14(s),
dt 0<s<T

which further implies that

di(ee(t)G(t)) < CefW{p(1 + 15)62}_‘7‘6_%92(1"'”262 sup En—1.1,4(8). (6.21)

t 0<s<T
Here €(t) is defined as
A1+ t)L=e=h
(1= eay)el”

Noticing that G(0) < C'supg<g<r EN—1,1,4(s) for any T' > 0 by (6.13). It follows from
(6.21) that

et) = (6.22)

t
G(t) < Ce™O (1 + / o1 +5)2) P FETIds) sup En_1(5)
0 0<s<T
< Ce™ ™ sup En_1,1.4(5). (6.23)
0<s<T
Here we have chosen o > 0 large enough and e; = ﬁ and ¢; > 0 such that

t
/ ee(s)(g(l + 8)52)_” 6_%92(1+S)262d8 < 0.
0

Hence, combining (6.23) with (6.13) and taking e = ﬁ in (6.22), we have

S (0] + 0°0.0?) < Czge= e+

la|<N-1

The estimate (6.2) follows from this and (6.20). We thus complete the proof of Lemma
6.1. 0

6.2. Global existence. In this subsection, we are now in a position to complete
the proof of Theorem 1.1. By a suitable linear combination of (4.76) and (5.43), we
can obtain

d 4 Aq2q3

ady s 1) 4 4248
giEnralt) + (1+t)i+as

< O (1+1)7F + O + 0% + o) D (8) + C D [0°0:6 | Fg(t).  (6.24)

la|<N

FN1q() + AV (p, ur, 0)|* + ADn 1.4(2)
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Here Dy 1 4(t) and Fy 14(t) are defined by (1.32) and (4.2), respectively, and & x ; 4(t)
is given by

Enig(t) = CsEn(t) + En(D), (6.25)

for some suitably large constant C > 0, where Ey (t) and Ey(t) are defined by (4.77)
and (5.44), respectively.

Assuming En 1 4(t) < g9 for N > 6 and | > max{N, 3 + ﬁ} with =2 <y < 0 and
q = (q1, 2, q3) with both ¢; > 0 and ¢ > 0 small enough and ¢3 € (0,7 — 3) in (1.29),
we have from (6.1) and (6.24) that

d— Aq2q3 — o~ ~  \|12
pENLa(t) + WIN,l,q(t) + Al[Vte (P, 1, 0)[|” + AD 1,4(t)

< 0165 (141)75. (6.26)

Here we have further used the smallness of 70, 6 and g9. In view of (6.25), (4.77),
(5.44), (1.31) and Lemma 2.1, there exists a constant C' > 1 such that

C M ENL4(t) = 68) < Enig(t) < C(Eniq(t) + 55). (6.27)

)

Assume that Ex;,4(0) < &1 and for some T > 0, we make a priori estimate as follows

sup Enigq(t) < Coler + (5%) = €0, (6.28)
0<t<T

with Cy = 3(C? + CC; + C), where 79 > 0, ¢g > 0 and § > 0 are small enough. It
follows from (6.26) that

sup EN’l’q(t) < EN’Z’Q(O) + 01(5%
0<t<T

This together with (6.27) and (6.28) implies that

sup Enigq(t) < C sup Enyq(t) + Co6 < C(Enq(0) + C’léé) + 055
0<t<T 0<t<T

< C%En1.4(0) + (C? + CCy + C)§5 < Coley +68) =eo.  (6.29)

Thus the a priori estimate (6.28) is closed.

The local existence of the solutions for the VPB system (1.1) near a global
Maxwellian was proved in [9, 10]. By a straightforward modification of the argu-
ment there, we can obtain the local existence of the solutions for the VPB system
(1.4) and (1.5) with Fy (¢, z,v) > 0 under the conditions of Theorem 1.1. For brevity,
we omit the proof. By the a priori estimate (6.28) and the local existence of the
solutions, the standard continuity argument, we can obtain the global existence and
uniqueness of the solutions for the VPB system (1.6) and (1.7).

Next, we need to justify the time asymptotic stability of planar rarefaction waves
as (1.33). In fact, for any ¢ > 0, we have from (6.26) that

t
Englt) + A/ Dy 1,4(s)ds < Ceo. (6.30)
0
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In terms of (3.26), the expression of d,M and 9, M = 0:M; 5 g in (1.19), we have
from the imbedding inequality and Lemma 2.1 that

| =2
NG
For —2 < < 0, we have by (1.32) and | > N with N > 6 that

1%+ || fHQ < 055 (1+1)” s+ CDn 1,q(t).

gz 11> = 11(v)" 2l < CDx,14(2)-

Since Fj = M + G + V118, it follows from the above two estimates that

(Fl _M) H2

M)z o Gz oo
7 C{II [ +|| =12 + gl *}

\/ﬁ Vi
< CDyg(t) + CO5(1+1)75. (6.31)

From (4.42), one has

0,0, (—

M Fy M —pu M —pu
- V100 (—=) + 0L g+8xr g, + 0, 8
) B 0 + 0T (e ) (Y )
—ul?0, (v—u)- U,

P

= 0,0, (

az ¢8v1 F2
NG

1
7) + 781P1’U1M{ |U

VE B )

(6.32)

For any [ > 1 —|—| P with =2 < <0, (v)~ 7+ < (v)PIL Thus we have

[010228]1% < Cll(v) "2 10508 ]l7 < CDN g (1).
By using this, (1.19), (4.44), (3.26), (1.20) and Lemma 2.1, we arrive at

— ul?0,

F 1 v
2 142
P+ 010sa(—2)IP + | =0 PronM { s

Vi !

_ _ _ M G
S C”(ﬁwtaaztyewt)HQ + ||(ﬁwaaw79w) ) (ﬁta’ahet)HQ + ||7]189ﬂ(ﬁ)”2 + ||'U181$(ﬁ)”2

< OS5 (1+1)"% + CDyy4(t). (6.33)

||at8m(

PO Ty

Sl=

Note that £19 = I'(\/it, 9) + I'(g, /1), we have from (3.11) that

M — M —
10, L1l + |0.T (g, ——=)|I> + 0.1 (-, )| < CDw4(t).

Vil Vi

By using (3.21), (3.24), (3.26), (3.11) and Lemma 2.1, we arrive at

w¢8v1 F2

N )I? < C85(1+1)"6 + CDu.1q(t).

192 T°( )+ o

7\7
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It follows from (6.32) and the above estimates that

F - .
||atagc(17)||2 < OS5 (1+1)"% + CDyy4(t). (6.34)

By this, (6.30) and (6.31), one has

/;oo IIWIQdH/OWW \F) 12|dt < C(eo + 65),

which implies that

F— M),
tim L2z
t—+o00 Vi
By this and the imbedding inequality, we get
L —M
lim sup |M|§ =0. (6.35)
t=+00 zcR \/ﬁ
By Lemma 2.1, we can obtain
M aa — Miyr ur or
lim sup| [p.4.6] le”,u”67] 2 =0. (6.36)
=400 ;R \/ﬁ

Therefore, the time asymptotic convergence of the solution F} to the 3-rarefaction
wave M, ,» ¢} can be derived directly from (6.35) and (6.36). Then the proof of
Theorem 1.1 is completed.
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