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Abstract. In this paper, we construct the global solutions near a local Maxwellian for the one-
dimensional two-species Vlasov-Poisson-Boltzmann system with soft potentials. The macroscopic
components of this local Maxwellian are the approximate rarefaction wave solutions to the associated
one-dimensional compressible Euler system. Then we prove the stability of the rarefaction waves for
the two-species Vlasov-Poisson-Boltzmann system in the weighted function space. Moreover, some
time decay rates of the disparity between two species and the electric field are obtained.
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1. Introduction. The dynamics of charged dilute particles (e.g., electrons and
ions) in the absence of magnetic effects can be described by the two-species Vlasov-
Poisson-Boltzmann(VPB) system⎧⎪⎨⎪⎩

∂tF+ + v · ∇xF+ −∇xφ · ∇vF+ = Q(F+, F+) +Q(F+, F−),
∂tF− + v · ∇xF− +∇xφ · ∇vF− = Q(F−, F+) +Q(F−, F−),
−Δφ =

∫
R3(F+ − F−) dv.

(1.1)

Here unknown functions F± = F±(t, x, v) ≥ 0 are the number distribution func-
tions for the ions (+) and electrons (-) with position x = (x1, x2, x3) ∈ R

3 and velocity
v = (v1, v2, v3) ∈ R

3 at time t ≥ 0, respectively. The self-consistent electric potential
φ = φ(t, x) is coupled with F± through the Poisson equation (1.1)3. The Boltzmann
collision operator Q(·, ·) in (1.1) is given by

Q(f, g) =

∫
R3

∫
S2

B(|v − v∗|, ϑ){f(v′∗)g(v′)− f(v∗)g(v)} dωdv∗, (1.2)

where f(v) = f(t, x, v), ω ∈ S
2, with S

2 denoting the unit sphere R
3 and the velocity

pairs (v, v∗) before collision and (v′, v′∗) after collision are given by

v′ = v − [(v − v∗) · ω]ω, v′∗ = v∗ + [(v − v∗) · ω]ω,

in terms of the conservation laws of momentum and energy

v + v∗ = v′ + v′∗, |v|2 + |v∗|2 = |v′|2 + |v′∗|2, (1.3)
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due to the elastic collision of two particles. Under the Grad’s angular cutoff condition,
the Boltzmann collision kernel B(|v − v∗|, ϑ) is assumed to satisfy

B(|v − v∗|, ϑ) = B(ϑ)|v − v∗|γ , 0 < B(ϑ) ≤ const.| cosϑ|, cosϑ =
(v − v∗) · ω
|v − v∗| ,

where the exponent γ ∈ (−3, 1] is determined by the potential of intermolecular force,
which is classified into the soft potential case for −3 < γ < 0, the Maxwell molecular
case for γ = 0, and the hard potential case for 0 < γ ≤ 1 which includes the hard
sphere model with γ = 1 and B(ϑ) = const.| cosϑ|. For the soft potentials, the case
−2 ≤ γ < 0 is called the moderately soft potentials while −3 < γ < −2 is called the
very soft potentials, cf. [26] by Villani. In this paper we focus on the case −2 ≤ γ < 0.

In order to study the nonlinear stability of the rarefaction waves along the x1-
direction, we assume the slab symmetry in space and hence consider the single spatial
variable x ∈ R. Therefore, we focus on the following one-dimensional bipolar VPB
system: ⎧⎪⎨⎪⎩

∂tF+ + v1∂xF+ − ∂xφ∂v1F+ = Q(F+, F+) +Q(F−, F+),

∂tF− + v1∂xF− + ∂xφ∂v1F− = Q(F+, F−) +Q(F−, F−),
−∂xxφ =

∫
R3(F+ − F−)dv,

(1.4)

with initial values and the far field states satisfying⎧⎪⎨⎪⎩
F+(0, x, v) = F+0(x, v)→M[ρ±,u±,θ±](v), as x→ ±∞,

F−(0, x, v) = F−0(x, v)→M[ρ±,u±,θ±](v), as x→ ±∞,

φx(0, x) = φx0(x)→ 0, as x→ ±∞,

(1.5)

where (ρ+, u+, θ+) �= (ρ−, u−, θ−) are two constant states with ρ± > 0, u± =
(u1±, 0, 0)t, θ± > 0 and M[ρ±,u±,θ±](v) are global Maxwellians defined by (1.9).
Firstly, we reformulate the bipolar VPB system (1.4). Motivated by some previous
works [16, 20], we consider the sum and difference of F+ and F− and define

F1 =
F+ + F−

2
and F2 =

F+ − F−
2

.

In terms of F1 and F2, the system (1.4) can be written as follows⎧⎪⎨⎪⎩
∂tF1 + v1∂xF1 − ∂xφ∂v1F2 = 2Q(F1, F1),

∂tF2 + v1∂xF2 − ∂xφ∂v1F1 = 2Q(F1, F2),

−∂xxφ = 2
∫
R3 F2dv,

(1.6)

with the initial values and the far field states satisfying⎧⎪⎨⎪⎩
F1(0, x, v) = F10(x, v)→M[ρ±,u±,θ±](v), as x→ ±∞,

F2(0, x, v) = F20(x, v)→ 0, as x→ ±∞,

φx(0, x) = φx0(x)→ 0, as x→ ±∞.

(1.7)

Notice that the system (1.6) becomes the Boltzmann equation without external force
if F2 and φ are zero. The Boltzmann operator Q(·, ·) has five collision invariants Ψi(v)
which are given by

Ψ0(v) = 1, Ψi(v) = vi (i = 1, 2, 3), Ψ4(v) =
1

2
|v|2,
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satisfying ∫
R3

Ψi(v)Q(f, f)dv = 0, for i = 0, 1, 2, 3, 4.

As in [17, 18], in terms of the solution F1 to the equation (1.6)1, we introduce the
five conserved quantities, that is, the mass density ρ = ρ(t, x), momentum ρu(t, x),
and the total energy ρ(e+ 1

2 |u|2)(t, x) defined by⎧⎪⎨⎪⎩
ρ(t, x) =

∫
R3 Ψ0(v)F1dv,

ρui(t, x) =
∫
R3 Ψi(v)F1dv, for i = 1, 2, 3,

ρ(e+ 1
2 |u|2)(t, x) =

∫
R3 Ψ4(v)F1dv.

(1.8)

Here e(t, x) > 0 is the internal energy which is related to the temperature θ by
e = 3

2Rθ = θ with the gas constant R taken to be 2
3 in this paper for convenience,

and u = u(t, x) is the fluid velocity.
We define the local Maxwellian M associated with the solution F1 to the equation

(1.6)1 in terms of the fluid quantities of F1 as in (1.8) by

M = M[ρ,u,θ](t, x, v) =
ρ(t, x)

(2πRθ(t, x))3/2
exp

(
− |v − u(t, x)|2

2Rθ(t, x)

)
. (1.9)

We denote an L2
v(R

3) inner product as 〈h, g〉 = ∫
R3 h(v)g(v) dv. Then, the macroscopic

kernel space is spanned by the following five pair wise orthogonal base{
χ0(v) =

1√
ρM, χi(v) =

vi−ui√
Rρθ

M, for i = 1, 2, 3,

χ4(v) =
1√
6ρ
( |v−u|2

Rθ − 3)M, 〈χi,
χj

M 〉 = δij , i, j = 0, 1, 2, 3, 4.
(1.10)

In light of (1.10), we define

P0h =

4∑
i=0

〈h, χi

M
〉χi, P1h = h− P0h, (1.11)

where P0 and P1 are called the macroscopic projection and the microscopic projection,
respectively. A function h(v) is called microscopic or non-fluid if∫

R3

h(v)Ψi(v) dv = 0, for i = 0, 1, 2, 3, 4. (1.12)

For a non-trivial solution profile connecting two different global Maxwellians at x =
±∞, we decompose the equation (1.6)1 and its solution with respect to the local
Maxwellian as

F1 = M +G, P0F1 = M, P1F1 = G, (1.13)

where the local Maxwellian M as (1.9) and G = G(t, x, v) represent the macroscopic
and microscopic component in the solution respectively. Then the equation (1.6)1
becomes

∂t(M +G) + v1∂x(M +G)− ∂xφ∂v1F2

= 2Q(G,M) + 2Q(M,G) + 2Q(G,G), (1.14)
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due to Q(M,M) = 0. Multiplying (1.14) by the collision invariants Ψi(v) (i =
0, 1, 2, 3, 4) and integrating the resulting equations with respect to v over R

3, one
gets the following macroscopic system⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

ρt + (ρu1)x = 0,

(ρu1)t + (ρu2
1 + p)x + ∂xφ

∫
R3 F2dv = − ∫

R3 v
2
1Gxdv,

(ρui)t + (ρu1ui)x = − ∫
R3 v1viGxdv, i = 2, 3,

(ρ(θ + |u|2
2 ))t + (ρu1(θ +

|u|2
2 ) + pu1)x + ∂xφ

∫
R3 v1F2dv

= − ∫
R3

1
2v1|v|2Gxdv.

(1.15)

Applying the projection operator P1 to (1.14), one gets the following microscopic
system

Gt + P1(v1Gx) + P1(v1Mx)− P1(∂xφ∂v1F2) = LMG+ 2Q(G,G). (1.16)

Here LM is the linearized collision operator with respect to the local Maxwellian M
by

LMG = 2Q(G,M) + 2Q(M,G),

and the null space N of LM is spanned by the macroscopic variables χi, (i =
0, 1, 2, 3, 4). It follows by (1.16) that

G = L−1
M [P1(v1Mx)] + L−1

M Θ, (1.17)

and

Θ := Gt + P1(v1Gx)− P1(∂xφ∂v1F2)− 2Q(G,G). (1.18)

We denote a given local Maxwellian

M = M[ρ̄,ū,θ̄](v) =
ρ̄(t, x)

(2πRθ̄(t, x))3/2
exp

(
− |v − ū(t, x)|2

2Rθ̄(t, x)

)
, (1.19)

where its macroscopic variables (ρ̄, ū, θ̄) = (ρ̄, ū, θ̄)(t, x) is the approximate rarefaction
wave defined by (2.9) in Section 2. For simplicity, we choose (ρ±, u±, θ±) in (1.5) to
be close enough to the state (1, 0, 3

2 ). As in [19], we will use a global Maxwellian

μ = M[1,0, 32 ]
= (2π)−

3
2 exp{−|v|2/2}, which satisfies that there exists constant η0 > 0

small enough such that for all (t, x)

|ρ(t, x)− 1|+ |u(t, x)|+ |θ(t, x)− 3

2
| < η0,

1

2
sup

t≥0,x∈R
θ(t, x) <

3

2
< inf

t≥0,x∈R
θ(t, x). (1.20)

In what follows, we define the perturbation (ρ̃, ũ, θ̃) = (ρ̃, ũ, θ̃)(t, x) and G̃ = G̃(t, x, v)
as {

(ρ̃, ũ, θ̃) = (ρ− ρ̄, u− ū, θ − θ̄)(t, x),

G̃ = (G−G)(t, x, v), G̃ =
√
μg(t, x, v), F2 =

√
μf(t, x, v).

(1.21)
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Here the term G = G(t, x, v) is defined as

G = L−1
M P1v1M

{ |v − u|2θ̄x
2Rθ2

+
(v − u) · ūx

Rθ

}
. (1.22)

Since the term P1(v1Mx) in (1.16) contains ‖(ūx, θ̄x)‖2, which is not integrable
about t, we need subtract G from G to cancel this term as in [19]. Recall G = G+

√
μg,

we can rewrite the equation (1.16) as

∂tg + v1∂xg − L1g = Γ(g,
M − μ√

μ
) + Γ(

M − μ√
μ

,g) + Γ(
G√
μ
,
G√
μ
)

+
P0(v1

√
μ∂xg)√
μ

− 1√
μ
P1v1M

{ |v − u|2θ̃x
2Rθ2

+
(v − u) · ũx

Rθ

}
−P1(v1∂xG)√

μ
− ∂tG√

μ
+

P1(∂xφ∂v1
F2)√

μ
. (1.23)

Here Γ and L1 are defined by

Γ(f, g) =
2√
μ
Q(
√
μf,

√
μg), L1f =

2√
μ
{Q(μ,

√
μf) +Q(

√
μf, μ)}, (1.24)

and we have used the facts that

L1g = Γ(
√
μ,g) + Γ(g,

√
μ),

P1(v1Mx) = P1v1M
{ |v − u|2θ̃x

2Rθ2
+

(v − u) · ũx

Rθ

}
+ LMG, (1.25)

and

1√
μ
LM (

√
μg) =

2√
μ
{Q(M,

√
μg)+Q(

√
μg,M)} = L1g+Γ(g,

M − μ√
μ

)+Γ(
M − μ√

μ
,g).

By the decomposition F1 = M + G +
√
μg and F2 =

√
μf , we can rewrite the

equation (1.6)2 as

∂tf + v1∂xf + ∂xφv1
√
μ− L2f = Γ(

M − μ√
μ

, f) + Γ(
G√
μ
, f) + Γ(g, f)

+
∂xφ∂v1(M − μ)√

μ
+

∂xφ∂v1
G√

μ
+

∂xφ∂v1(
√
μg)√

μ
.

(1.26)

Here we have denoted

Γ(f, g) =
2√
μ
Q(
√
μf,

√
μg), L2f =

2√
μ
Q(μ,

√
μf), (1.27)

and used the fact that

2√
μ
Q(F1, F2) = L2f + Γ(

M − μ√
μ

, f) + Γ(
G√
μ
, f) + Γ(g, f).
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Recalling that F2 =
√
μf , then the Poisson equation (1.6)3 can be rewritten as

−∂xxφ = 2

∫
R3

√
μfdv. (1.28)

Notice that the null space N1 of L1 is spanned by the functions
{√μ, vi

√
μ, |v|2√μ} and the null space N2 of L2 is spanned by the single element

{√μ}, cf. [16]. We define orthogonal projection P2 from L2
v(R

3) to kerN2, then
f = P2f + (I− P2)f .

To present the result in this paper, the following notations are needed. We shall
use 〈·, ·〉 to denote the standard L2 inner product in R

3
v with its corresponding L2

norm | · |2. We also use (·, ·) to denote L2 inner product in Rx or Rx × R
3
v with its

corresponding L2 norm ‖ · ‖. Let α and β be nonnegative integer and a multi-indices
β = [β1, β2, β3], respectively. Denote a high order derivative

∂α
β = ∂α

x ∂
β1
v1 ∂

β2
v2 ∂

β3
v3
.

If each component of β is not greater than the corresponding one of β, we use the

standard notation β ≤ β. And β < β means that β ≤ β and |β| < |β|. C β̄
β is the usual

binomial coefficient. And C denotes some generic positive (generally large) constant
and λ denotes some generic positive (generally small) constant, where C and λ may
take different values in different places. The notation 〈v〉 = √

1 + |v|2 and A ≈ B
is used to denote that there exists constant c0 > 1 such that c−1

0 B ≤ A ≤ c0B.
Motivated by [23, 6, 30], we introduce the following time-velocity weight function

w := w(β)(t, v) = 〈v〉|γ|(l−|β|)e
〈v〉2

2 (q1+
q2

(1+t)q3
)
, l ≥ |β|, q = (q1, q2, q3), (1.29)

where 0 ≤ q1, q2 < 1, and q3 ≥ 0 will be chosen later .
Denote weighted L2 norms as

|g|22,w ≡
∫
R3

w2|g|2dv, ‖g‖22,w ≡
∫
R

∫
R3

w2|g|2dvdx.

Note that the Boltzmann collision frequency is

ν(v) =

∫
R3

∫
S2

B(ϑ)|v − v∗|γμ(v∗)dωdv∗ ≈ 〈v〉γ . (1.30)

With (1.30), we define the weighted dissipation norms as

|g|2ν,w ≡
∫
R3

ν(v)w2|g(v)|2dv, ‖g‖2ν,w ≡
∫
R

∫
R3

ν(v)w2|g(v)|2dvdx.

And we also write |g|2 = |g|2,1, |g|ν = |g|ν,1, ‖g‖ = ‖g‖2,1 and ‖g‖ν = ‖g‖ν,1.
Now, we define the following instant energy functional EN,l,q(t) as

EN,l,q(t) =
∑
|α|≤N

‖∂α(ρ̃, ũ, θ̃)(t)‖2 +
∑

|α|+|β|≤N

‖∂α
β g(t)‖22,w(β)

+
∑

|α|+|β|≤N

‖∂α
β f(t)‖22,w(β) +

∑
|α|≤N

‖∂α∂xφ(t)‖2. (1.31)
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Correspondingly, the dissipation rate functional DN,l,q(t) is given by

DN,l,q(t) =
∑

1≤|α|≤N

‖∂α(ρ̃, ũ, θ̃)(t)‖2 +
∑

|α|+|β|≤N

‖∂α
β g(t)‖2ν,w(β)

+
∑

|α|+|β|≤N

‖∂α
β f(t)‖2ν,w(β) +

∑
|α|≤N

‖∂α∂xφ(t)‖2. (1.32)

Throughout this paper we assume the Sobolev index N ≥ 6.
With the above preparation, the main result of the paper can be stated as follows.

Theorem 1.1. Assume that (1.20) holds and (ρr, ur, θr)(xt ) be the Riemann
solution of Euler system (2.1)-(2.2) consists of one 3-rarefaction wave given by (2.6).
Let −2 ≤ γ < 0, l ≥ max{N, 1

2 + 1
|γ|}, q3 ∈ (0, l − 3), any q1 ≥ 0 and q2 > 0

small enough in (1.29) and δ = |(ρ+ − ρ−, u+ − u−, θ+ − θ−)| be the wave strength
with δ > 0 be small enough. There exist sufficient small constant ε0 > 0 and given
constant C0 > 0 such that if EN,l,q(0) + C0δ

1
6 ≤ ε0 for N ≥ 6, then the Cauchy

problem (1.6)-(1.7) admits a unique global solution (F1, F2, ∂xφ). Moreover, it holds
that F±(t, x, v) ≥ 0 for the Cauchy problem (1.4)-(1.5) provided that it is so initially.

In addition, the following time-asymptotic behaviors holds true:

lim
t→+∞ ‖

F1(t, x, v)−M[ρr,ur,θr](x/t)(v)√
μ

‖L∞
x L2

v
= 0. (1.33)

Furthermore, there exists a constant c > 0 such that∑
|α|≤N−1

‖∂αf‖2 +
∑
|α|≤N

‖∂α∂xφ‖2 ≤ Cε0(1 + t)−(2l−4), for q1 ≥ 0, (1.34)

and ∑
|α|≤N−1

‖∂αf‖2 +
∑
|α|≤N

‖∂α∂xφ‖2 ≤ Cε0e
−c(1+t)

2
2+|γ|

, for q1 > 0. (1.35)

In what follows we shall review some previous works related to this paper. There
have been extensive studies on the existence and stability of wave patterns for the one-
dimensional Boltzmann equation. Around 1980, under the angular cutoff condition,
Caflisch and Nicolaenko constructed the shock profile solutions of the Boltzmann
equation in [2] for hard potentials. The stability of shock profile was proved by Liu-
Yu [17] with the zero total macroscopic mass condition by the energy method based on
the micro-macro decomposition and this result was later generalized to the case under
without zero mass condition in [35]. The nonlinear stability of rarefaction waves was
proved in [19, 34] for hard potentials and in [31] for soft potentials. And the stability
of contact discontinuities for hard potentials was proved in [14, 15]. Recently, there
were some works on the existence and stability of wave patterns for the VPB system.
The stability of rarefaction waves for the unipolar VPB system with hard sphere
model was proved in [4], and this result was generalized to the bipolar VPB system
in [5]. And the nonlinear stability of viscous shock waves and rarefaction waves for
the bipolar VPB system with hard sphere model was obtained in [20] and this result
was later generalized to the weighted function space in [32, 33] for the case of general
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hard potentials. Here we would like to mention that the stability of rarefaction waves
for the bipolar Vlasov-Poisson-Landau system was proved in [7]. In addition to the
above works, there are some other works, cf. [21, 28, 27] and the references therein.
The Boltzmann equation around global Maxwellians has been extensively studied in
[3, 6, 8, 9, 10, 13, 23, 25, 30] and the references therein.

Although, the stability of rarefaction waves for the VPB system with hard po-
tentials has been heavily studied as mentioned above. But the case of general soft
potentials has remained open. Inspired by our previous works [32, 33], we further
consider the one-dimensional bipolar VPB system with soft potentials near a local
Maxwellian in this paper. We construct the global solutions near a local Maxwellian
for the one-dimensional bipolar VPB system (1.6) with moderately soft potentials
and prove that the nonlinear large time-asymptotic stability of the rarefaction waves
to the solution F1 and some time decay rates of the solution (F2, φx). Moreover,
we generalize the results with hard potentials in [20, 32, 33] to the case of general
moderately soft potentials.

Finally, we would like to mention our the proof methods in this paper. The two
different sets of decompositions of the solutions are crucially applied in this paper. For
the energy analysis of the first species F1, our proof is based on the decomposition
of the solutions for the Boltzmann equation with respect to the local Maxwellian
that was initiated by Liu-Yu [17] and developed by Liu-Yang-Yu [18]. We thus can
make use of the macro-micro decomposition to rewrite the nonlinear VPB system as
the form of the compressible Navier-Stokes-type system so that the analysis in the
context of the viscous conservation laws can be applied. As mentioned in [7, 31], since
we study the Boltzmann equation around a local Maxwellian and both the linearized
operators L1 defined as (1.24) and L2 defined as (1.27) have no a spectral gap as (3.5),
it gives rises to more analytic difficulties than the study on the perturbation of a global
Maxwellian. Since the term ‖[ūx, θ̄x]‖2 is not integrable with respect to the time t,
we need to consider the subtraction of G(t, x, v) by G(t, x, v) as (1.22) to cancel the
slow time decay terms. However, unlike hard potentials, now the inverse of linearized
operator, L−1

M defined as (1.16) is an unbounded operator in L2(R3), which leads to
considerable difficulties in our analysis. In order to handle the term involving L−1

M ,
we will apply the Burnett functions and analyze the fast decay properties above the
velocity of the Burnett functions. For the Vlasov-Poisson-Landau system in [7], the
dissipation anisotropy norm related the linearized operator contains the derivative of
v and this can be used to absorb some velocity derivative. Notice that the dissipation
norm in (1.32) has no such a good property. In addition, due to that the background
is one-dimensional rarefaction wave profile as in [7], the nonlinear collision terms
show stronger nonlinear effects. Thus we use a new weight function w(β) as (1.29) to
overcome these difficulties. Then we follow the strategy in [7] to perform the energy
estimate while we are forced to take care of the role of the weight function w(β).

The rest of this paper is arranged as follows. In the next section, we will construct
and give some properties for the rarefaction waves. In section 3, we will give some
basic estimates used in the latter sections. We establish some non-weighted energy
estimates and weighted energy estimates in section 4 and Section 5, respectively. In
section 6, we shall derive the fast time decay rates of the electric field term and then
establish the existence of global solutions.

2. Approximate rarefaction waves. In this section, we will define the nonlin-
ear time asymptotic rarefaction wave profile for the Cauchy problem (1.6) and (1.7)
as in [22, 19, 20]. If we take the G, F2 and φ to be zero in (1.15), we obtain the
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following 1D compressible Euler system⎧⎪⎪⎪⎨⎪⎪⎪⎩
ρt + (ρu1)x = 0,

(ρu1)t + (ρu2
1 + p)x = 0,

(ρui)t + (ρu1ui)x = 0, i = 2, 3,{
ρ(e+ |u|2

2 )
}
t
+

{
ρu1(e+

|u|2
2 ) + pu1

}
x
= 0,

(2.1)

with the Riemann initial data

(ρ, u, θ)(t, x) |t=0= (ρr0, u
r
0, θ

r
0)(x) =

{
(ρ+, u+, θ+), x > 0,

(ρ−, u−, θ−), x < 0,
(2.2)

where (ρ±, u±, θ±) are given by (1.5). By using (2.1), (2.2) and the state equation

p =
2

3
ρθ = kρ5/3 exp(S), k =

1

2πe
, (2.3)

where S is the macroscopic entropy, we know that the Euler system (2.1) for (ρ, u1, S)
has three distinct eigenvalues

λi(ρ, u1, S) = u1 + (−1) i+1
2

√
pρ(ρ, S), i = 1, 3, λ2(ρ, u1, S) = u1.

The corresponding right eigenvectors are given as

ri(ρ, u1, S) = ((−1) i+1
2 ρ,

√
pρ(ρ, S), 0)

t, i = 1, 3, r2(ρ, u1, S) = (pS , 0,−pρ)t,

where pρ(ρ, S) = 5
3kρ

2
3 eS > 0. In terms of the two Riemann invariants of the i-th

eigenvalue λi(ρ, u1, S), i = 1, 3, we define the i-Rarefaction wave (i = 1, 3) as follows
(cf. [24])

R1(ρ−, u1−, θ−) = {(ρ, u1, θ) ∈ R+ × R× R+ | S = S∗,

u1 +
√
15ke

S
2 ρ

1
3 = u1− +

√
15ke

S∗
2 ρ

1
3−, ρ < ρ−, u1 > u1−},

R3(ρ−, u1−, θ−) = {(ρ, u1, θ) ∈ R+ × R× R+ | S = S∗,

u1 −
√
15ke

S
2 ρ

1
3 = u1− −

√
15ke

S∗
2 ρ

1
3−, ρ > ρ−, u1 > u1−}.

(2.4)

Here and to the end, S∗ = − 2
3 ln ρ− + ln( 43πθ−) + 1 .

Without the loss of generality, we consider only the stability of 3-rarefaction
wave to the Euler system (2.1) with (2.2) in the present paper, and the stability
of 1-rarefaction wave can be treated similarly. The 3-rarefaction wave to the Euler
system (2.1) with (2.2) can be expressed explicitly by Riemann solution to the inviscid
Burgers equation ⎧⎪⎨⎪⎩

ωt + ωωx = 0,

ω(0, x) =

{
ω−, x < 0,

ω+, x > 0.

(2.5)

If two constants ω− < ω+, then (2.5) admits a centered rarefaction wave solution
ωr(x, t) = ωr(xt ) connecting ω− and ω+ in the form of, cf. [22],

ωr(
x

t
) =

⎧⎪⎨⎪⎩
ω−, x

t ≤ ω−,
x
t , ω− < x

t ≤ ω+,

ω+,
x
t > ω+.
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For (ρ+, u+, θ+) ∈ R3(ρ−, u−, θ−), the 3-rarefaction wave (ρr, ur, θr)(xt ) to the Rie-
mann problem (2.1) with (2.2) can be defined explicitly by⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

λ3(ρ
r(xt ), u

r
1(

x
t ), S∗) =

⎧⎪⎨⎪⎩
λ3(ρ−, u1−, S∗), x

t ≤ λ3(ρ−, u1−, S∗),
x
t , λ3(ρ−, u1−, S∗) < x

t ≤ λ3(ρ+, u1+, S∗),
λ3(ρ+, u1+, S∗), x

t > λ3(ρ+, u1+, S∗),

ur
1(

x
t )−

√
15ke

S∗
2 (ρr)

1
3 (xt ) = u1− −

√
15ke

S∗
2 ρ

1
3−,

ur
2 = ur

3 = 0, θr(xt ) =
3
2ke

S∗(ρr)
2
3 (xt ).

(2.6)

Since the above 3-rarefaction wave is only Lipschitz continuous, we shall construct
an approximate smooth rarefaction wave to the 3-rarefaction wave defined in (2.6).
Motivated by [22], the approximate smooth rarefaction wave can be constructed by
the Burgers equation{

ωt + ω ωx = 0,

ω(0, x) = ω(x) = ω++ω−
2 + ω+−ω−

2 tanh(x).
(2.7)

By the method of characteristic curves, the solution ω(t, x) to the problem (2.7) can
be given by

ω(t, x) = ω(x0(t, x)), x = x0(t, x) + ω(x0(t, x))t. (2.8)

Correspondingly, the smooth approximate rarefaction wave (ρ̄, ū, θ̄)(t, x) to the 3-
rarefaction wave (ρr, ur, θr)(xt ) in (2.6) for the problem (2.1)-(2.2) can be defined
by ⎧⎪⎪⎨⎪⎪⎩

ω(t, x) = λ3(ρ̄(t, x), ū1(t, x), S∗), ω± = λ3(ρ±, u1±, S∗),

ū1(t, x)−
√
15ke

S∗
2 ρ̄

1
3 (t, x) = u1− −

√
15ke

S∗
2 ρ

1
3−, ū2 = ū3 = 0,

lim
x→±∞(ρ̄, ū1, θ̄)(t, x) = (ρ±, u1±, θ±), θ̄(t, x) = 3

2ke
S∗ ρ̄

2
3 (t, x),

(2.9)

where ω(t, x) is the solution of (2.7). Then the approximate smooth 3-rarefaction
wave (ρ̄, ū, θ̄)(t, x) satisfies the following Euler system⎧⎪⎪⎪⎨⎪⎪⎪⎩

ρ̄t + (ρ̄ū1)x = 0,

(ρ̄ū1)t + (ρ̄ū2
1 + p̄)x = 0,

(ρ̄ūi)t + (ρ̄ū1ūi)x = 0, i=2,3,

(ρ̄θ̄)t + (ρ̄ū1θ̄)x + p̄ū1x = 0,

(2.10)

where p̄ = Rρ̄θ̄. The following properties of (ρ̄, ū, θ̄)(t, x) can be found in [22, 20].

Lemma 2.1. Let δ = |(ρ+ − ρ−, u+ − u−, θ+ − θ−)|, the 3-rarefaction wave
(ρ̄, ū, θ̄)(t, x) satisfying

(i) ū2 = ū3 = 0, ū1x > 0, and θ̄x =
√

2
5 θ̄

1
2 ū1x, ∀ x ∈ R, t ≥ 0.

(ii) For any t ≥ 0 and q ∈ [1,+∞], there exists Cq > 0 such that{
‖(ρ̄, ū1, θ̄)x(t, ·)‖Lq ≤ Cq min{δ, δ 1

q (1 + t)−1+ 1
q },

‖∂j
x(ρ̄, ū1, θ̄)(t, ·)‖Lq ≤ Cq min{δ, (1 + t)−1}, j ≥ 2.

(2.11)

(iii) The approximation rarefaction wave and the inviscid rarefaction wave satisfy

lim
t→+∞ ‖(ρ̄, ū, θ̄)(t, x)− (ρr, ur, θr)(

x

t
)‖L∞ = 0.
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3. Basic estimates. In this section, we give some basic estimates to be used
in later energy analysis. Firstly, we recall the following Burnett functions defined in
[1, 8, 31]

Âj(v) =
|v|2 − 5

2
vj and B̂ij(v) = vivj − 1

3
δij |v|2 for i, j = 1, 2, 3. (3.1)

Noticing that Âj(
v−u√
Rθ

)M and B̂ij(
v−u√
Rθ

)M are orthogonal to the null space KerLM

of the linearized operator LM , we can define Aj(
v−u√
Rθ

) and Bij(
v−u√
Rθ

) such that

P0Aj(
v−u√
Rθ

) = 0, P0Bij(
v−u√
Rθ

) = 0, and

Aj(
v − u√
Rθ

) = L−1
M [Âj(

v − u√
Rθ

)M ] and Bij(
v − u√
Rθ

) = L−1
M [B̂ij(

v − u√
Rθ

)M ]. (3.2)

The following lemma is borrowed from [31, Lemma 2.4].

Lemma 3.1. The Burnett functions have the following properties:
• −〈Âi, Ai〉 is positive and independent of i;
• 〈Âi, Aj〉 = 0 for any i �= j; 〈Âi, Bjk〉 = 0 for any i, j, k;

• 〈B̂ij , Bkj〉 = 〈B̂kl, Bij〉 = 〈B̂ji, Bkj〉, which is independent of i, j, for
fixed k, l;

• −〈B̂ij , Bij〉 is positive and independent of i, j when i �= j;

• 〈B̂ii, Bjj〉 is positive and independent of i, j when i �= j;

• −〈B̂ii, Bii〉 is positive and independent of i;
• 〈B̂ij , Bkl〉 = 0 unless either (i, j) = (k, l) or (l, k), or i=j and k=l;

• 〈B̂ii, Bii〉 − 〈B̂ii, Bjj〉 = 2〈B̂ij , Bij〉 holds for any i �= j.

In terms of Burnett functions, the viscosity coefficient μ(θ) and heat conductivity
coefficient κ(θ) can be represented by

μ(θ) =−Rθ

∫
R3

B̂ij(
v − u√
Rθ

)Bij(
v − u√
Rθ

)dv > 0, i �= j,

κ(θ) =−R2θ

∫
R3

Âj(
v − u√
Rθ

)Aj(
v − u√
Rθ

)dv > 0. (3.3)

Notice that these coefficients are positive smooth functions depending only on θ.
Next, we give the following fast decay about the velocity v of the Burnett functions

which will be used frequently in the later energy estimates. It can be proved by similar
arguments as used in [7, Lemma 6.1] and is omitted for brevity.

Lemma 3.2. Suppose that U(v) is any polynomial of v−û√
Rθ̂

such that U(v)M̂ ∈
(kerL

̂M
)⊥ for any Maxwellian M̂ = M[ρ̂,û,̂θ](v) where L

̂M
is as (1.16). For any

ε ∈ (0, 1) and any multi-index β, there exists constant Cβ > 0 such that

|∂βL−1
̂M
U(v)M̂ | ≤ Cβ(ρ̂, û, θ̂)M̂

1−ε.

In particular, if the assumption (1.20) holds, there exists constant Cβ > 0 such that

|∂βAj(
v − u√
Rθ

)|+ |∂βBij(
v − u√
Rθ

)| ≤ CβM
1−ε. (3.4)
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Now, we turn to summarize some refined estimates for the collision operators L1,
L2 and Γ defined in (1.24) and (1.27). We first recall the properties of the linearized
operators L1 and L2, cf. [12, 16].

Lemma 3.3. For any g1 ∈ N⊥1 and g2 ∈ N⊥2 , there exist constants σ1 > 0 and
σ2 > 0 such that

−〈L1g1, g1〉 ≥ σ1|g1|2ν , −〈L2g2, g2〉 ≥ σ2|g2|2ν . (3.5)

We also shall give the weighted estimates for L1 and L2. It can be proved by
a straightforward modification of the arguments used in [23, Lemma 2] and we thus
omit its proof for brevity.

Lemma 3.4. Let −3 < γ < 0 and w = w(β) in (1.29) with q1 ∈ [0, 1) and

q2 ∈ (0, 1) small enough and L̃ is the linearized operator either L1 or L2. For any
|β| > 0 and for all ε > 0 , there exists Cε > 0 such that

−〈w2(β)∂βL̃g, ∂βg〉 ≥ |∂βg|2ν,w(β) − ε
∑

|β1|≤|β|
|∂β1g|2ν,w(β1)

− Cε|g|2ν . (3.6)

If |β| = 0, for any ε > 0 small enough, there exists Cε > 0 such that

−〈w2(0)L̃g, g〉 ≥ 1

2
|g|2ν,w(0) − Cε|g|2ν . (3.7)

In what follows we recall the weighted estimates on the nonlinear collision operator
Γ. By the translation invariant of the collision operator Γ, one has

∂α
βΓ(g1, g2) ≡

∑
Cα1α2

α Cβ0β1β2

β Γ0(∂α1

β1
g1, ∂

α2

β2
g2), (3.8)

where the summation is over β0 + β1 + β2 = β and α1 + α2 = α, and Γ0 is given by

Γ0(∂α1

β1
g1, ∂

α2

β2
g2) ≡

∫
R3

∫
S2

|v − v∗|γB(ϑ)∂β0
[μ1/2(v∗)]∂α1

β1
g1(v

′
∗)∂

α2

β2
g2(v

′)dωdv∗

−
∫
R3

∫
S2

|v − v∗|γB(ϑ)∂β0 [μ
1/2(v∗)]∂α1

β1
g1(v∗)∂α2

β2
g2(v)dωdv∗.

Lemma 3.5. Recall (3.8) with β0 + β1 + β2 = β, α1 + α2 = α. Let −3 < γ < 0
and w = w(β) in (1.29) with both q1 ∈ [0, 1) and q2 ∈ (0, 1) small enough, for any
ε > 0 small enough, we have

|〈w2(β)Γ0(∂α1

β1
g1, ∂

α2

β2
g2), ∂

α
β g3〉|

≤ C
∑
k≤2

{|∇k
v(μ

ε∂α1

β1
g1)|2 + |∂α1

β1
g1|2,w(β1)

}|∂α2

β2
g2|ν,w(β2)|∂α

β g3|ν,w(β), (3.9)

or

|〈w2(β)Γ0(∂α1

β1
g1, ∂

α2

β2
g2), ∂

α
β g3〉|

≤ C
∑
k≤2

{|∇k
v(μ

ε∂α2

β2
g2)|2 + |∂α2

β2
g2|2,w(β2)

}|∂α1

β1
g1|ν,w(β1)|∂α

β g3|ν,w(β). (3.10)
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Set ς(v) = 〈v〉−γ = ν(v)−1 and � ≥ 0, it holds that

|ς�Γ(g1, g2)|22 ≤ C
∑
|β|≤2

|ς�−|β|∂βg1|2ν |ς�g2|2ν . (3.11)

Furthermore, under the conditions of (1.20), for |α1| ≥ 1, one has

|〈Γ0[∂α1

β1
(
M − μ√

μ
), ∂α2

β2
g2], w

2(β)∂α
β g3〉|

≤ C
{
|∂α1(ρ, u, θ)|+

∑
1≤|α′|≤|α1|

|∂α1−α′
(ρ, u, θ)||∂α′

(ρ, u, θ)|

+ · · ·+|(ρx, ux, θx)||α1|
}
|∂α2

β2
g2|ν,w(β2)|∂α

β g3|ν,w(β), (3.12)

and

|〈Γ0[∂β1
(
M − μ√

μ
), ∂α

β2
g2], w

2(β)∂α
β g3〉| ≤ Cη0|∂α

β2
g2|ν,w(β2)|∂α

β g3|ν,w(β). (3.13)

Proof. We can obtain (3.9) (3.10) and (3.11) by employing the similar arguments
used to yield the estimates stated in [23, Lemma 3], and thus their proofs are omit
for brevity. One also refers to [3, Lemma 3.2].

To prove (3.12) and (3.13), we choose a small constant ε1 > q1 + q2, for any β
and b > 0, then

|〈v〉b∂β(M − μ√
μ

)|22,w(β) ≤ C

∫
R3

μ−ε1 |∂β(M − μ√
μ

)|2dv.

For the constant η0 > 0 in (1.20), there exists R > 0 large enough such that∫
|v|≥R

μ−ε1 |∂β(M − μ√
μ

)|2dv ≤ Cη20 ,

and ∫
|v|≤R

μ−ε1 |∂β(M − μ√
μ

)|2dv ≤ C(|ρ− 1|+ |u− 0|+ |θ − 3

2
|)2 ≤ Cη20 .

It follows by the above estimates and (1.30) that

|〈v〉b∂β(M − μ√
μ

)|2ν,w(β) + |〈v〉b∂β(
M − μ√

μ
)|22,w(β) ≤ Cη20 . (3.14)

This together with (3.9) and (1.9) gives (3.12) and (3.13). We thus complete the proof
of Lemma 3.5.

Next, we prove some linear and nonlinear estimates, which are used in the later
section. The first estimates involving the linear terms Γ(M−μ√

μ ,g) and Γ(g, M−μ√
μ ).

Lemma 3.6. Let |α| + |β| ≤ N with N ≥ 6 and w = w(β) in (1.29) with both
q1 ∈ [0, 1) and q2 ∈ (0, 1) small enough. Suppose that (1.20) holds and EN,l,q(t) < ε0



108 D.-C. YANG AND H.-J. YU

with l ≥ N . If we choose η0 > 0 in (1.20), δ > 0 in Lemma 2.1 and ε0 > 0 small
enough, for any ε > 0, one has

|(∂α
βΓ(

M − μ√
μ

,g), w2(β)∂α
βh)|+ |(∂α

βΓ(g,
M − μ√

μ
), w2(β)∂α

βh)|

≤ Cε‖∂α
βh‖2ν,w(β) + Cε(η0 + δ

1
6 +

√
ε0)DN,l,q(t), (3.15)

and

|(∂αΓ(
M − μ√

μ
,g), ∂αh)|+ |(∂αΓ(g,

M − μ√
μ

), ∂αh)|

≤ Cε‖∂αh‖2ν + Cε(η0 + δ
1
6 +

√
ε0)DN,l,q(t). (3.16)

Proof. We only consider the first term on the left hand side of (3.15) since the
second term of (3.15) can be treated in the same way. First note that

|(∂α
βΓ(

M − μ√
μ

,g), w2(β)∂α
βh)| ≤ C

∑
|(Γ0[∂α1

β1
(
M − μ√

μ
), ∂α2

β2
g], w2(β)∂α

βh)|, (3.17)

where the summation is over |β1| + |β2| ≤ |β| and |α1| + |α2| = |α|. If |α1| �= 0 and
|α1|+ |β1| ≤ N/2 in (3.17), we can deduce from (3.12) and Lemma 2.1 that

|(Γ0[∂α1

β1
(
M − μ√

μ
), ∂α2

β2
g], w2(β)∂α

βh)|

≤ C
(‖∂α1(ρ, u, θ)‖L∞ + · · ·+ ‖(ρx, ux, θx)‖|α1|

L∞
)‖∂α2

β2
g‖ν,w(β2)‖∂α

βh‖ν,w(β)

≤ ε‖∂α
βh‖2ν,w(β) + Cε(δ +

√
EN,l,q(t))‖∂α2

β2
g‖2ν,w(β2)

≤ ε‖∂α
βh‖2ν,w(β) + Cε(δ

1
6 +

√
ε0)DN,l,q(t),

where we have used the following one-dimensional imbedding inequality

‖g(x)‖L∞ ≤
√
2‖g(x)‖ 1

2 ‖gx(x)‖ 1
2 , for g(x) ∈ H1(R) ⊂ L∞(R).

Similarly, if |α1| �= 0 and |α2|+ |β2| ≤ N/2 in (3.17), it holds that

|(Γ0[∂α1

β1
(
M − μ√

μ
), ∂α2

β2
g], w2(β)∂α

βh)| ≤ ε‖∂α
βh‖2ν,w(β) + Cε(δ

1
6 +

√
ε0)DN,l,q(t).

On the other hand, if |α1| = 0 in (3.17), we use (3.13) and the smallness of η0 to get

|(Γ0[∂α1

β1
(
M − μ√

μ
), ∂α2

β2
g], w2(β)∂α

βh)| ≤ ε‖∂α
βh‖2ν,w(β) + Cεη0DN,l,q(t).

Plugging the above estimates into (3.17), we obtain

|(∂α
βΓ(

M − μ√
μ

,g), w2(β)∂α
βh)| ≤ Cε‖∂α

βh‖2ν,w(β)+Cε(η0+ δ
1
6 +

√
ε0)DN,l,q(t). (3.18)

Similar arguments as (3.18) imply

|(∂α
βΓ(g,

M − μ√
μ

), w2(β)∂α
βh)| ≤ Cε‖∂α

βh‖2ν,w(β) + Cε(η0 + δ
1
6 +

√
ε0)DN,l,q(t).
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This completes the proof of (3.15). By Lemma 3.5 and the similar arguments as the
above we can prove that (3.16) holds and we omit the details for brevity.

The second estimates are concerned with the nonlinear term Γ( G√
μ ,

G√
μ ).

Lemma 3.7. Let |α| + |β| ≤ N with N ≥ 6 and under the conditions of Lemma
3.6, for any ε > 0, one has

|(∂α
βΓ(

G√
μ
,
G√
μ
), w2(β)∂α

βh)|

≤ Cε‖∂α
βh‖2ν,w(β) + Cεδ

1
6 (1 + t)−

7
6 + Cε(δ

1
6 +

√
ε0)DN,l,q(t), (3.19)

and

|(∂αΓ(
G√
μ
,
G√
μ
), ∂αh)|

≤ Cε‖∂αh‖2ν + Cεδ
1
6 (1 + t)−

7
6 + Cε(δ

1
6 +

√
ε0)DN,l,q(t). (3.20)

Proof. Recall G = G+
√
μg, we can see that

Γ(
G√
μ
,
G√
μ
) = Γ(

G√
μ
,
G√
μ
) + Γ(

G√
μ
,g) + Γ(g,

G√
μ
) + Γ(g,g). (3.21)

By using (3.8), we can obtain

|(∂α
βΓ(

G√
μ
,
G√
μ
), w2(β)∂α

βh)| ≤ C
∑

|(Γ0[∂α1

β1
(
G√
μ
), ∂α2

β2
(
G√
μ
)], w2(β)∂α

βh)|, (3.22)

where the summation is over |β1|+ |β2| ≤ |β| and |α1|+ |α2| = |α|. In view of (1.22),
(3.1) and (3.2), one can compute that

G(t, x, v) =

√
Rθ̄x√
θ

A1(
v − u√
Rθ

) + ū1xB11(
v − u√
Rθ

),

which implies that for β1 = (1, 0, 0),

∂β1
G =

√
Rθ̄x√
θ

∂v1A1(
v − u√
Rθ

)(
1√
Rθ

) + ū1x∂v1B11(
v − u√
Rθ

)
1√
Rθ

, (3.23)

and

∂xG =

√
Rθ̄xx√
θ

A1(
v − u√
Rθ

)−
√
Rθ̄xθx

2
√
θ3

A1(
v − u√
Rθ

)

−
√
Rθ̄x√
θ
∇vA1(

v − u√
Rθ

) · ux√
Rθ

−
√
Rθ̄xθx√

θ
∇vA1(

v − u√
Rθ

) · v − u√
2Rθ3

+ū1xxB11(
v − u√
Rθ

)− ū1xux√
Rθ

· ∇vB11(
v − u√
Rθ

)− ū1xθx(v − u)

2
√
Rθ3

· ∇vB11(
v − u√
Rθ

).

(3.24)

And ∂tG has the similar expression as (3.24). By (3.4) and the similar expansion as
the above, for any |ᾱ| ≥ 1 and |β̄| ≥ 0, we obtain

|〈v〉b∂β̄(
G√
μ
)|2,w(β̄) ≤ C|[ū1x, θ̄x]|, (3.25)
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and

|〈v〉b∂ᾱ
β̄ (

G√
μ
)|2,w(β̄) ≤ C

{|∂ᾱ[ū1x, θ̄x]|+ · · ·+ |[ū1x, θ̄x]||∂ᾱ[u, θ]|}. (3.26)

Here we used the fact that |〈v〉bw(β̄)μ− 1
2M1−ε|2 ≤ C by (1.20) for any b ≥ 0 and

ε > 0 small enough with small positive constants q1, q2 in (1.29). Owing to (3.25) and
(3.26), one thus get from (3.22), (3.10), the imbedding inequality and Lemma 2.1 as
well as EN,l,q(t) < ε0 that

|(∂α
βΓ(

G√
μ
,
G√
μ
), w2(β)∂α

βh)|

≤ Cε‖∂α
βh‖2ν,w(β) + Cεδ

1
6 (1 + t)−

7
6 + Cε(δ

1
6 +

√
ε0)DN,l,q(t). (3.27)

For the second term on the right hand side of (3.21), we have from (3.8) and (3.9)
that

|(∂α
βΓ(

G√
μ
,g), w2(β)∂α

βh)|

≤ C
∑

|(Γ0(∂α1

β1
(
G√
μ
), ∂α2

β2
g), w2(β)∂α

βh)|

≤ C
∑∑

k≤2

∫
R

{|∇k
v [μ

ε∂α1

β1
(
G√
μ
)]|2 + |∂α1

β1
(
G√
μ
)|2,w(β1)}|∂α2

β2
g|ν,w(β2)|∂α

βh|ν,w(β)dx,

(3.28)

where the summation is over |β1| + |β2| ≤ |β| and |α1| + |α2| = |α|. If |α1| = 0 in
(3.28), we use (3.25), the imbedding inequality and Lemma 2.1 to get

|(Γ0(∂α1

β1
(
G√
μ
), ∂α2

β2
g), w2(β)∂α

βh)| ≤ Cε‖∂α
βh‖2ν,w(β) + Cεδ

1
6DN,l,q(t).

If |α1| > 0 and |α1| + |β1| ≤ N/2 in (3.28), we have from (3.26) and the imbedding
inequality that

|(Γ0(∂α1
β1
(
G√
μ
), ∂α2

β2
g), w2(β)∂α

β h)|

≤ C
∑

|α′|≤1

∑
k≤2

{‖∇k
v [μ

ε∂α1+α′
β1

(
G√
μ
)]‖+ ‖∂α1+α′

β1
(
G√
μ
)‖2,w(β1)

}‖∂α2
β2

g‖ν,w(β2)‖∂α
β h‖ν,w(β)

≤ Cε‖∂α
β h‖2ν,w(β) + Cε(δ

1
6 +

√
ε0)DN,l,q(t).

Similarly, if |α1| > 0 and |α1|+ |β1| ≥ N/2 in (3.28), we also have

|(Γ0(∂α1

β1
(
G√
μ
), ∂α2

β2
g), w2(β)∂α

βh)| ≤ Cε‖∂α
βh‖2ν,w(β) + Cε(δ

1
6 +

√
ε0)DN,l,q(t).

Plugging the above estimates into (3.28), we obtain

|(∂α
βΓ(

G√
μ
,g), w2(β)∂α

βh)| ≤ Cε‖∂α
βh‖2ν,w(β) + Cε(δ

1
6 +

√
ε0)DN,l,q(t). (3.29)
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By the similar arguments to (3.29), we can prove that the third term on the right
hand side of (3.21) has the same estimate.

By using (3.8), (3.9), (3.10) and the imbedding inequality, we deduce that

|(∂α
βΓ(g,g), w

2(β)∂α
βh)| ≤ ε‖∂α

βh‖2ν,w(β) + Cε
√
ε0DN,l,q(t). (3.30)

The estimates from (3.27) to (3.30) yields that (3.19). We can deduce (3.20) by using
(3.9), (3.10) and the similar arguments as the above estimates. This ends the proof
of Lemma 3.7.

Lastly, we give the basic energy estimates of the terms ‖∂αρ̃‖2 and

‖∂α(ρ̃t, ũt, θ̃t)‖2.
Lemma 3.8. Let |α| ≤ N − 1 and EN,l,q(t) < ε0 with ε0 > 0 small enough, for

any ε > 0 small enough, we have the following results that

‖∂αρ̃x‖2 ≤− C(∂αũ1, ∂
αρ̃x)t + C

{‖∂α[ũ1x, θ̃x]‖2 + ‖με∂αgx‖2
}

+ Cδ
1
6 (1 + t)−

7
6 + C

√
ε0DN,l,q(t), (3.31)

and

‖∂α(ρ̃t, ũt, θ̃t)‖2 ≤ C
{‖∂α(ρ̃x, ũx, θ̃x)‖2 + ‖με∂αgx‖2

}
+ Cδ

1
6 (1 + t)−

7
6 + C

√
ε0DN,l,q(t). (3.32)

Proof. Subtracting (2.10) from system (1.15), we obtain⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

ρ̃t + (ρ̃ũ1)x = −(ρ̄ũ1 + ū1ρ̃)x,

ũ1t + ū1ũ1x + 2
3 θ̃x + 2θ̄

3ρ̄ ρ̃x + ∂xφ
ρ

∫
R3 F2dv = −J2 −

∫
R3 v

2
1
Gx

ρ dv,

ũit + ũ1ũix + ū1ũix = − 1
ρ

∫
R3 v1viGxdv, i = 2, 3,

θ̃t +
2
3 θ̄ũ1x + ū1θ̃x + ∂xφ

ρ (
∫
R3 v1F2dv − u1

∫
R3 F2dv)

= −J3 − 1
ρ

∫
R3

1
2v1v · (v − 2u)Gxdv,

(3.33)

where

J2 = ũ1ū1x + ũ1ũ1x +
2

3
ρx

ρ̄θ̃ − ρ̃θ̄

ρρ̄
, J3 =

2

3
(θ̃ū1x + θ̃ũ1x) + (θ̃xũ1 + θ̄xũ1). (3.34)

By taking the derivative ∂α of (3.33)2 with |α| ≤ N − 1 and taking the inner
product of the resulting equation with ∂αρ̃x, we get

(
2θ̄

3ρ̄
∂αρ̃x, ∂

αρ̃x)

= −
∑

|α′|<|α|
Cα′

α (∂α−α′
(
2θ̄

3ρ̄
)∂α′

ρ̃x, ∂
αρ̃x)− (∂αũ1t, ∂

αρ̃x)− (∂α(ū1ũ1x +
2

3
θ̃x), ∂

αρ̃x)

−(∂α(
∂xφ

ρ

∫
R3

F2dv), ∂
αρ̃x)− (∂αJ2, ∂

αρ̃x)− (

∫
R3

v21∂
α(

Gx

ρ
)dv, ∂αρ̃x). (3.35)

In light of the imbedding inequality and Lemma 2.1 as well as EN,l,q(t) < ε0, we get∑
|α′|<|α|

Cα′
α |(∂α−α′

(
2θ̄

3ρ̄
)∂α′

ρ̃x, ∂
αρ̃x)| ≤ Cδ

1
6 (1 + t)−

7
6 + C

√
ε0DN,l,q(t).
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By the integration by parts, (3.33)1 and the Moser-type calculus inequalities, one has

− (∂αũ1t, ∂
αρ̃x) = −(∂αũ1, ∂

αρ̃x)t − (∂αũ1x, ∂
αρ̃t)

=− (∂αũ1, ∂
αρ̃x)t − (∂αũ1x, ∂

α{−ρ̄ũ1x − ρ̄xũ1 − (ρ̃ũ1)x − ū1ρ̃x − ū1xρ̃})
≤− (∂αũ1, ∂

αρ̃x)t + ε‖∂αρ̃x‖2 + Cε‖∂αũ1x‖2 + Cδ
1
6 (1 + t)−

7
6 + C

√
ε0DN,l,q(t).

The third term on the right hand side of (3.35) is dominated by

|(∂α(ū1ũ1x +
2

3
θ̃x), ∂

αρ̃x)|
≤ ε‖∂αρ̃x‖2 + Cε‖∂α[ũ1x, θ̃x]‖2 + Cεδ

1
6 (1 + t)−

7
6 + Cε

√
ε0DN,l,q(t).

Recalling F2 =
√
μf and using the Moser-type calculus inequalities, we arrive at

|(∂α(
∂xφ

ρ

∫
R3

F2dv), ∂
αρ̃x)| ≤ C

√
ε0DN,l,q(t).

The term containing J2, we have from (3.34) and the elementary inequalities that

|(∂αJ2, ∂
αρ̃x)| ≤ Cδ

1
6 (1 + t)−

7
6 + C

√
ε0DN,l,q(t).

Recalling G = G+
√
μg, we have from (3.26) and the Moser-type calculus inequalities

that

|(
∫
R3

v21∂
α(

Gx

ρ
)dv, ∂αρ̃x)|

≤ ε‖∂αρ̃x‖2 + Cε‖με∂αgx‖2 + Cεδ
1
6 (1 + t)−

7
6 + Cε

√
ε0DN,l,q(t).

By combining the above related estimates and choosing ε > 0 small enough, we
can obtain the estimate (3.31). By using the system (3.33), we readily prove (3.32).
This completes the proof of Lemma 3.8.

4. Non-weighted energy estimates. This section is devoted to deducing the
non-weighted energy estimates for the solutions of (1.6)-(1.7). We first derive the
lower order energy estimates in the subsection 4.1. Then we establish the high order
energy estimates in the subsection 4.2. Lastly, we give the main non-weighted energy
estimates.

4.1. Lower order energy estimates. The lower order energy estimates can
be stated as follows:

Lemma 4.1. Let (F1, F2, ∂xφ) be a solution to the system (1.6) and (1.7), and

suppose EN,l,q(t) < ε0 for some ε0 > 0 small enough. Then there exists C̃1 � 1 such
that

d

dt

{
‖g‖2 + C̃1

{∫
R

ηdx− (L−1
M P1[v1(θ̄ lnM)x − 3

2
ū1xv

2
1 ]M,

√
μg

M
) + λ

∫
R

ũ1ρ̃xdx
}}

+λ
{‖√ū1x(ρ̃, ũ1, θ̃)‖2 + ‖(ρ̃x, ũx, θ̃x)‖2 + ‖g‖2ν

}
≤ C

{‖(ρ̃xx, ũxx, θ̃xx)‖2 + ‖gx‖2ν + ‖gxx‖2ν
}
+ Cδ

1
6 (1 + t)−

7
6

+C(η0 + δ
1
6 +

√
ε0)DN,l,q(t) + C

∑
|α|≤1

‖∂x∂αφ‖FN,l,q(t). (4.1)
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Here the function η is defined by (4.7) and FN,l,q(t) is given by

FN,l,q(t) =
∑

|α|+|β|≤N

‖〈v〉∂α
β g(t)‖22,w(β) +

∑
|α|+|β|≤N

‖〈v〉∂α
β f(t)‖22,w(β). (4.2)

Proof. In the following, we shall assume that EN,l,q(t) < ε0 for some ε0 > 0
small enough and we have from this and (1.20) that (ρ, u, θ) and (ρ̄, ū, θ̄) are close
enough to the state (1, 0, 3

2 ). As in [17, 19], the following macroscopic entropy S will
be estimated for the lower order energy estimates. Set

−3

2
ρS =

∫
R3

M lnM dv.

Multiplying (1.6)1 by lnM and then integrating over v, we have by a direct calculation
that

(−3

2
ρS)t + (−3

2
ρu1S)x + (

∫
R3

v1G lnMdv)x

−
∫
R3

v1G(lnM)xdv −
∫
R3

∂xφ∂v1F2 lnMdv = 0, (4.3)

where S = − 2
3 ln ρ+ ln( 4π3 θ) + 1 as in (2.3). We denote{

m = (m0,m1,m2,m3,m4)
t = (ρ, ρu1, ρu2, ρu3, ρ(θ +

|u|2
2 ))t,

n = (n0, n1, n2, n3, n4)
t = (ρu1, ρu

2
1 + p, ρu1u2, ρu1u3, ρu1(θ +

|u|2
2 ) + pu1)

t.

It follows that

(ρS)m0
= S +

|u|2
2θ

− 5

3
, (ρS)mi

= −ui

θ
, i = 1, 2, 3, (ρS)m4

=
1

θ
. (4.4)

Rewrite the conservation laws (1.15) by

mt + nx =

⎛⎜⎜⎜⎜⎝
0

− ∫
R3 v

2
1Gxdv − ∂xφ

∫
R3 F2dv

− ∫
R3 v1v2Gxdv

− ∫
R3 v1v3Gxdv

− 1
2

∫
R3 v1|v|2Gxdv − ∂xφ

∫
R3 v1F2dv

⎞⎟⎟⎟⎟⎠ . (4.5)

We define an entropy-entropy flux pair (η, q) around a Maxwellian M = M[ρ̄,ū,S̄]

(ūi = 0, i = 2, 3) as{
η = θ̄{− 3

2ρS + 3
2 ρ̄S̄ + 3

2∇m(ρS)|m=m̄ · (m− m̄)},
q = θ̄{− 3

2ρu1S + 3
2 ρ̄ū1S̄ + 3

2∇m(ρS)|m=m̄ · (n− n̄)}, (4.6)

which further implies that{
η = ρθ̄Φ( ρ̄ρ ) +

3
2ρθ̄Φ(

θ
θ̄
) + 3

4ρ|u− ū|2,
q = u1η + (u1 − ū1)(ρθ − ρ̄θ̄),

(4.7)

where the convex function Φ(s) = s − ln s − 1. There exists a constant c1 > 1 such
that

c−1
1 |(ρ̃, ũ, θ̃)|2 ≤ η ≤ c1|(ρ̃, ũ, θ̃)|2. (4.8)
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By the definition of (4.6) and a direct but tedious computation, we arrive at

ηt + qx −∇[ρ̄,ū,S̄]η · (ρ̄, ū, S̄)t −∇[ρ̄,ū,S̄]q · (ρ̄, ū, S̄)x
= θ̄{(−3

2
ρS)t + (−3

2
ρu1S)x}+ 3

2
θ̄∇m(ρS)|m=m̄(mt + nx)

=
( ∫

R3

(−v1θ̄ lnM +
3

2
ū1v

2
1 −

3

4
v1|v|2)Gdv

)
x
+

∫
R3

(v1(θ̄ lnM)x − 3

2
ū1xv

2
1)Gdv

+θ̄∂xφ

∫
R3

∂v1F2 lnMdv +
3

2
ū1∂xφ

∫
R3

F2dv − 3

2
∂xφ

∫
R3

v1F2dv. (4.9)

It follows from the similar arguments as [20, 32] that there exists c2 > 0 such that

−{∇[ρ̄,ū,S̄]η · (ρ̄, ū, S̄)t +∇[ρ̄,ū,S̄]q · (ρ̄, ū, S̄)x}

=
3

2
ρū1x(u1 − ū1)

2 +
2

3
ρθ̄ū1xΦ(

ρ̄

ρ
) + ρθ̄ū1xΦ(

θ

θ̄
) +

3

2
ρθ̄x(u1 − ū1)(

2

3
ln

ρ̄

ρ
+ ln

θ

θ̄
)

≥ c2ū1x(ρ̃
2 + ũ2

1 + θ̃2). (4.10)

It holds that∫
R

{
θ̄∂xφ

∫
R3

∂v1F2 lnMdv +
3

2
ū1∂xφ

∫
R3

F2dv − 3

2
∂xφ

∫
R3

v1F2dv
}
dx

=

∫
R

∫
R3

{
− 3

2

θ̃

θ
∂xφv1F2 − 3

2

θ̄

θ
ũ1∂xφF2 +

3

2

θ̃

θ
ū1∂xφF2dv

}
dvdx.

By using this, (4.9) and (4.10), we arrive at

d

dt

∫
R

ηdx+ c2‖
√
ū1x(ρ̃, ũ1, θ̃)‖2 ≤

∫
R

∫
R3

(v1(θ̄ lnM)x − 3

2
ū1xv

2
1)Gdvdx

+

∫
R

∫
R3

{
− 3

2

θ̃

θ
∂xφv1F2 − 3

2

θ̄

θ
ũ1∂xφF2 +

3

2

θ̃

θ
ū1∂xφF2dv

}
dvdx. (4.11)

We first estimate the term involving ∂xφ in (4.11). Recall F2 =
√
μf , we have that

the second line of (4.11) is dominated by

C‖∂xφ‖L∞(‖ũ1‖+ ‖θ̃‖)‖f‖ν ≤ C
√
ε0DN,l,q(t). (4.12)

Now we estimate the first term on the right hand side of (4.11). By using (1.17)
and the self-adjoint property of L−1

M , one has(
[v1(θ̄ lnM)x − 3

2
ū1xv

2
1 ]M,

G

M

)
=

(
L−1
M P1[v1(θ̄ lnM)x − 3

2
ū1xv

2
1 ]M,

P1(v1Mx) + Θ

M

)
. (4.13)

By using (3.1), (1.10) and (1.11), we have

P1(v1Mx) =

√
Rθx√
θ

Â1(
v − u√
Rθ

)M +
3∑

j=1

∂uj

∂x
B̂1j(

v − u√
Rθ

)M. (4.14)



RAREFACTION WAVES FOR VPB SYSTEM 115

By this, (3.1) and a direct but tedious calculation, we arrive at

P1v1(θ̄ lnM)xM − 3

2
P1ū1xv

2
1M

=
√
Rθθ̃xÂ1(

v − u√
Rθ

)M + θ
3∑

j=1

∂ũj

∂x
B̂1j(

v − u√
Rθ

)M

−
√
Rθ̃θx√
θ

Â1(
v − u√
Rθ

)M − θ̃

3∑
j=1

∂uj

∂x
B̂1j(

v − u√
Rθ

)M. (4.15)

By (3.2) and (4.15), one has

L−1
M P1[v1(θ̄ lnM)x − 3

2
ū1xv

2
1 ]M

=
√
Rθθ̃xA1(

v − u√
Rθ

) + θ
3∑

j=1

∂ũj

∂x
B1j(

v − u√
Rθ

)

−
√
Rθ̃θx√
θ

A1(
v − u√
Rθ

)− θ̃
3∑

j=1

∂uj

∂x
B1j(

v − u√
Rθ

). (4.16)

On the other hand, we have from (3.3) and Lemma 3.1 that

〈A1, Â1〉 = −κ(θ)

R2θ
, 〈A1, B̂jk〉 = 0, 〈Bjk, Â1〉 = 0, for any j, k = 1, 2, 3,

and

〈B11, B̂11〉 = −4

3

μ(θ)

Rθ
, 〈B12, B̂12〉 = 〈B13, B̂13〉 = −μ(θ)

Rθ
,

〈B1i, B̂1j〉 = 0, for any i �= j.

By using (4.14), (4.16), (3.3) and these relations, we have

〈L−1
M P1[v1(θ̄ lnM)x − 3

2
ū1xv

2
1 ]M,

P1(v1Mx)

M
〉

= −κ(θ)

Rθ
θxθ̃x +

κ(θ)

Rθ2
θ̃θ2x −

4

3

μ(θ)

R
u1xũ1x

−μ(θ)

R
(u2xũ2x + u3xũ3x) +

4

3

μ(θ)

Rθ
θ̃u2

1x +
μ(θ)

Rθ
θ̃(u2xũ2x + u3xũ3x). (4.17)

Since both μ(θ) and κ(θ) are smooth functions of θ, there exists c3 > 1 such that
μ(θ), κ(θ) ∈ [c−1

3 , c3]. We use this, the imbedding inequality and the integration by
parts to obtain∫

R

(−κ(θ)

Rθ
θxθ̃x +

κ(θ)

Rθ2
θ̃θ2x)dx

=

∫
R

(− θ̄κ(θ)

Rθ2
θ̃2x + (

θ̄κ(θ)

Rθ2
θ̄x)xθ̃ +

κ(θ)

Rθ2
(θ̄x + θ̃x)θ̄xθ̃

)
dx

≤ −λ
∫
R

|θ̃x|2dx+ C

∫
R

|θ̃|(|θ̄xx|+ |θ̄x||θx|+ |θ̄x||θ̃x|+ |θ̄x|2)dx

≤ −λ‖θ̃x‖2 + C‖θ̃‖L∞(‖θ̄xx‖L1 + ‖θ̄x‖2 + ‖θ̃x‖2)
≤ −λ‖θ̃x‖2 + Cδ

1
6 (1 + t)−

7
6 + C

√
ε0DN,l,q(t).
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And the other terms of (4.17) can be treated in the similar way as the above. It
follows that

(L−1
M P1[v1(θ̄ lnM)x − 3

2
ū1xv

2
1 ]M,

P1(v1Mx)

M
)

≤− λ(‖ũx‖2 + ‖θ̃x‖2) + Cδ
1
6 (1 + t)−

7
6 + C

√
ε0DN,l,q(t). (4.18)

We still deal with the term involving Θ in (4.13). Recalling that

Θ = Gt + P1(v1Gx)− P1(∂xφ∂v1
F2)− 2Q(G,G). (4.19)

We first consider the first term in (4.19). It follows from the fast decay of the Burnett
functions (3.4) and the similar arguments as (3.24) that∫

R

∫
R3

|∂tG√
μ
|2dvdx ≤ C‖[ū1xt, θ̄xt]‖2 + C‖[ū1x, θ̄x] · [ut, θt]‖2. (4.20)

For any multi-index β and any b ≥ 0, we have from (4.16), Lemma 3.2 and Lemma
2.1 that ∫

R

∫
R3

|〈v〉b√μ∂βL
−1
M P1[v1(θ̄ lnM)x − 3

2 ū1xv
2
1 ]M |2

M2
dvdx

≤ C{‖[ũx, θ̃x]‖2 + ‖θ̃ · [ux, θx]‖2}
≤ C‖[ũx, θ̃x]‖2 + Cδ

1
6 (1 + t)−

7
6 + C(δ

1
6 +

√
ε0)DN,l,q(t). (4.21)

Here we used the fact that, for any 0 < δ2 < δ1 and b > 0, |〈v〉bμδ1M−δ2 |2 < C by
(1.20).

It follows from (4.20), (4.21), Lemma 2.1 and Lemma 3.8 that(
L−1
M P1[v1(θ̄ lnM)x − 3

2
ū1xv

2
1 ]M,

∂tG

M

)
=

(√μL−1
M P1[v1(θ̄ lnM)x − 3

2 ū1xv
2
1 ]M

M
,
∂tG√
μ

)
≤ Cε‖(ρ̃x, ũx, θ̃x)‖2 + Cεδ

1
6 (1 + t)−

7
6 + Cε(δ

1
6 +

√
ε0)DN,l,q(t). (4.22)

By using the integration by parts about t, we get(
L−1
M P1[v1(θ̄ lnM)x − 3

2
ū1xv

2
1 ]M,

√
μ∂tg

M

)
=

d

dt

(
L−1
M P1[v1(θ̄ lnM)x − 3

2
ū1xv

2
1 ]M,

√
μg

M

)
−

(
∂t[

L−1
M P1[v1(θ̄ lnM)x − 3

2 ū1xv
2
1 ]M

M
],
√
μg

)
. (4.23)

Notice that the last line of (4.23) is dominated by∥∥∥μ 1
2−ε∂t[

L−1
M P1[v1(θ̄ lnM)x − 3

2 ū1xv
2
1 ]M

M
]
∥∥∥‖μεg‖

≤ ε‖g‖2ν + Cε(‖(ρ̃xx, ũxx, θ̃xx)‖2 + ‖gxx‖2ν)
+Cεδ

1
6 (1 + t)−

7
6 + Cε(δ

1
6 +

√
ε0)DN,l,q(t). (4.24)
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Recall G = G+
√
μg, we thus have by (4.22), (4.23) and (4.24) that(

L−1
M P1[v1(θ̄ lnM)x − 3

2
ū1xv

2
1 ]M,

∂tG

M

)
≤ d

dt

(
L−1
M P1[v1(θ̄ lnM)x − 3

2
ū1xv

2
1 ]M,

√
μg

M

)
+ Cε(‖(ρ̃x, ũx, θ̃x)‖2 + ‖g‖2ν)

+Cε(‖(ρ̃xx, ũxx, θ̃xx)‖2 + ‖gxx‖2ν) + Cεδ
1
6 (1 + t)−

7
6 + Cε(δ

1
6 +

√
ε0)DN,l,q(t).

(4.25)

For the second term in (4.19), it holds that

|(L−1
M P1[v1(θ̄ lnM)x − 3

2
ū1xv

2
1 ]M,

P1v1Gx

M
)|

≤ Cε‖[ũx, θ̃x]‖2 + Cε‖gx‖2ν + Cεδ
1
6 (1 + t)−

7
6 + Cε(δ

1
6 +

√
ε0)DN,l,q(t). (4.26)

For the third term in (4.19), recalling that F2 =
√
μf , we have from the integration

by parts that

|(L−1
M P1[v1(θ̄ lnM)x − 3

2
ū1xv

2
1 ]M,

P1∂xφ∂v1
F2

M
)|

= |(μ 1
2−ε∂v1(

L−1
M P1[v1(θ̄ lnM)x − 3

2 ū1xv
2
1 ]M

M
), ∂xφμ

εf)|. (4.27)

This can be controlled by C
√
ε0DN,l,q(t) by using (3.23), (4.16), Lemma 3.2 and

Lemma 2.1.
For the last term in (4.19), in view of (1.24), (4.21) and (3.20), we get

|(L−1
M P1[v1(θ̄ lnM)x − 3

2
ū1xv

2
1 ]M,

Q(G,G)

M
)|

= |(
√
μL−1

M P1[v1(θ̄ lnM)x − 3
2 ū1xv

2
1 ]M

M
,Γ(

G√
μ
,
G√
μ
))|

≤ Cε‖[ũx, θ̃x]‖2 + Cεδ
1
6 (1 + t)−

7
6 + Cε(δ

1
6 +

√
ε0)DN,l,q(t). (4.28)

Hence, combining the estimates (4.25), (4.26), (4.27) and (4.28), we have from (4.19)
that (

L−1
M P1[v1(θ̄ lnM)x − 3

2
ū1xv

2
1 ]M,

Θ

M

)
≤ d

dt

(
L−1
M P1[v1(θ̄ lnM)x − 3

2
ū1xv

2
1 ]M,

√
μg

M

)
+Cε(‖(ρ̃xx, ũxx, θ̃xx)‖2 + ‖gx‖2ν + ‖gxx‖2ν)
+Cε(‖(ρ̃x, ũx, θ̃x)‖2 + ‖g‖2ν) + Cεδ

1
6 (1 + t)−

7
6 + Cε(δ

1
6 +

√
ε0)DN,l,q(t). (4.29)

Substituting (4.29) and (4.18) into (4.13), for any ε > 0 small enough, we obtain(
[v1(θ̄ lnM)x − 3

2
ū1xv

2
1 ]M,

G

M

)
+ λ(‖ũx‖2 + ‖θ̃x‖2)

≤ d

dt

(
L−1
M P1[v1(θ̄ lnM)x − 3

2
ū1xv

2
1 ]M,

√
μg

M

)
+Cε(‖(ρ̃xx, ũxx, θ̃xx)‖2 + ‖gx‖2ν + ‖gxx‖2ν)
+Cε(‖(ρ̃x, ũx, θ̃x)‖2 + ‖g‖2ν) + Cεδ

1
6 (1 + t)−

7
6 + Cε(δ

1
6 +

√
ε0)DN,l,q(t). (4.30)
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As a consequence, substituting (4.12) and (4.30) into (4.11) and taking suitably small
ε > 0, we have from a suitable linear combination of the resulting equation and
Lemma 3.8 that

d

dt

(∫
R

ηdx− (L−1
M P1[v1(θ̄ lnM)x − 3

2
ū1xv

2
1 ]M,

√
μg

M
) + λ

∫
R

ũ1ρ̃xdx
)

+c2‖
√
ū1x(ρ̃, ũ1, θ̃)‖2 + λ‖(ρ̃x, ũx, θ̃x)‖2

≤ Cε‖g‖2ν + Cε(‖(ρ̃xx, ũxx, θ̃xx)‖2 + ‖gx‖2ν + ‖gxx‖2ν)
+Cεδ

1
6 (1 + t)−

7
6 + Cε(δ

1
6 +

√
ε0)DN,l,q(t). (4.31)

This completes the proof of lower order energy estimates for the macroscopic compo-
nent (ρ̃, ũ, θ̃).

Next, we turn to deduce the lower order energy estimates for the microscopic
component g. Taking the inner product of (1.23) with g over R× R

3, one has

(∂tg + v1∂xg − L1g,g)

= (Γ(g,
M − μ√

μ
) + Γ(

M − μ√
μ

,g),g) + (Γ(
G√
μ
,
G√
μ
),g)

+(
P0(v1

√
μ∂xg)√
μ

,g)− (
1√
μ
P1v1M

{ |v − u|2θ̃x
2Rθ2

+
(v − u) · ũx

Rθ

}
,g)

−(P1(v1∂xG)√
μ

+
∂tG√
μ
,g) + (

P1(∂xφ∂v1
F2)√

μ
,g). (4.32)

We will estimate each term for (4.32). First of all, we have from (3.5) that

(∂tg + v1∂xg − L1g,g) ≥ 1

2

d

dt
‖g‖2 + σ1‖g‖2ν .

From (3.16) and (3.20), we get

|(Γ(g, M − μ√
μ

),g)|+ |(Γ(M − μ√
μ

,g),g)|+ |(Γ( G√
μ
,
G√
μ
),g)|

≤ Cε‖g‖2ν + Cεδ
1
6 (1 + t)−

7
6 + Cε(η0 + δ

1
6 +

√
ε0)DN,l,q(t).

In view of the properties of P0 in (1.11) and using (1.20), one has

|(P0(v1
√
μ∂xg)√
μ

,g)| ≤ Cε‖g‖2ν + Cε‖gx‖2ν .

By the similar arguments as (4.14), one has

P1v1M
{ |v − u|2θ̃x

2Rθ2
+

(v − u) · ũx

Rθ

}
=

√
Rθ̃x√
θ

Â1(
v − u√
Rθ

)M +
3∑

j=1

ũjxB̂1j(
v − u√
Rθ

)M, (4.33)

which implies that

∣∣( 1√
μ
P1v1M

{ |v − u|2θ̃x
2Rθ2

+
(v − u) · ũx

Rθ

}
,g)

∣∣ ≤ Cε‖g‖2ν + Cε‖[ũx, θ̃x]‖2.
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For the term involving G in (4.32), we arrive at∣∣(P1(v1∂xG)√
μ

+
∂tG√
μ
,g

)∣∣ ≤ Cε‖g‖2ν + Cεδ
1
6 (1 + t)−

7
6 + Cε(δ

1
6 +

√
ε0)DN,l,q(t).

Finally, we handle the complicated term containing ∂xφ. We use F2 =
√
μf and (1.11)

to get

P1(∂xφ∂v1F2)√
μ

= ∂xφ∂v1f − ∂xφ
v1
2
f − P0[∂xφ∂v1(

√
μf)]√

μ
. (4.34)

By using (4.2), we have

|(∂xφ∂v1f−∂xφ
v1
2
f ,g)| ≤ C‖∂xφ‖L∞(‖∂v1f‖+‖〈v〉f‖)‖g‖ ≤ C

∑
|α|≤1

‖∂x∂αφ‖FN,l,q(t).

By using (1.11) and the integration by parts, one has

∣∣(P0[∂xφ∂v1(
√
μf)]√

μ
,g)

∣∣ = ∣∣∣ 4∑
j=0

(〈v〉− γ
2

1√
μ
〈(∂xφ∂v1(

√
μf)),

χj

M
〉χj , 〈v〉

γ
2 g)

∣∣∣
≤ C‖∂xφ‖L∞‖f‖ν‖g‖ν ≤ C

√
ε0DN,l,q(t).

It follows from the above three estimates that∣∣(P1(∂xφ∂v1F2)√
μ

,g)
∣∣ ≤ C

√
ε0DN,l,q(t) + C

∑
|α|≤1

‖∂x∂αφ‖FN,l,q(t).

Substituting the above estimates into (4.32) and taking ε > 0 small enough, we obtain

1

2

d

dt
‖g‖2 + λ‖g‖2ν ≤ C(‖[ũx, θ̃x]‖2 + ‖gx‖2ν) + Cδ

1
6 (1 + t)−

7
6

+C(η0 + δ
1
6 +

√
ε0)DN,l,q(t) + C

∑
|α|≤1

‖∂x∂αφ‖FN,l,q(t). (4.35)

In summary, for some suitably large constant C̃1 > 0 and any ε > 0 small enough,
the summation of (4.31) × C̃1 and (4.35) gives (4.1). We thus complete the proof of
Lemma 4.1.

4.2. High order energy estimates. In this subsection, we first deduce the
high order spatial energy estimates of the fluid variables (ρ̃, ũ, θ̃) and then we deduce
the high order spatial energy estimates of the microscopic component g. Lastly, we
give the spatial energy estimates of the function f in (1.6)2. The main high order
energy estimates can be stated as follows:

Lemma 4.2. Under the conditions of Lemma 4.1, for any ε > 0 and η0 > 0 small

enough, there exist suitably large C̃2 > 0 and suitably small κ1 > 0 such that

d

dt

{ ∑
1≤|α|≤N−1

Hα(t) + C̃2

{ ∑
1≤|α|≤N

‖∂
αF1√
μ

‖2 +
∑

|α|≤N

(‖∂αf‖2 + 1

2
‖∂α∂xφ‖2) + κ1H(t)

}}

+λ
{ ∑

1≤|α|≤N

‖∂αg‖2ν +
∑

|α|≤N

(‖∂αf‖2ν + ‖∂α∂xφ‖2) +
∑

2≤|α|≤N

‖∂α(ρ̃, ũ, θ̃)‖2
}

≤ C(η0 + ε)‖g‖2ν + Cεδ
1
6 (1 + t)−

7
6 + Cε(η0 + δ

1
6 +

√
ε0)DN,l,q(t)

+C
∑

|α|≤N

‖∂α∂xφ‖FN,l,q(t). (4.36)
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Here Hα(t), H(t) and FN,l,q(t) are given by (4.41), (4.73) and (4.2), respectively.

Proof. We first derive the high order spatial energy estimates of the macroscopic
components (ρ̃, ũ, θ̃). By (1.23) and (4.33), one has

1√
μ

(√R√
θ
Â1(

v − u√
Rθ

)M
)
θ̃x +

1√
μ

3∑
j=1

(
B̂1j(

v − u√
Rθ

)M
)
ũjx

= −∂tg − v1∂xg + L1g + Γ(g,
M − μ√

μ
) + Γ(

M − μ√
μ

,g) + Γ(
G√
μ
,
G√
μ
)

+
P0(v1

√
μ∂xg)√
μ

− P1(v1∂xG)√
μ

− ∂tG√
μ

+
P1(∂xφ∂v1F2)√

μ
. (4.37)

In view of the linear independence of the functions Â1(
v−u√
Rθ

) and B̂1j(
v−u√
Rθ

) with

j = 1, 2, 3, we get

θ̃x = R1, ũjx = Rj+1, j = 1, 2, , 3.

Here, by the elementary linear algebra, the terms Rj are all of the form

〈−∂tg,√μζ(v)〉+ 〈−v1∂xg + L1g,
√
μζ(v)〉+ Γ(g,

M − μ√
μ

)

+〈Γ(M − μ√
μ

,g) + Γ(
G√
μ
,
G√
μ
),
√
μζ(v)〉

+〈P0(v1
√
μ∂xg)√
μ

− P1(v1∂xG)√
μ

− ∂tG√
μ

+
P1(∂xφ∂v1

F2)√
μ

,
√
μζ(v)〉,

where ζ(v) is a different linear combination of the functions Â1(
v−u√
Rθ

) and B̂1j(
v−u√
Rθ

)

with j = 1, 2, 3.
For any 1 ≤ |α| ≤ N − 1 and some function ζθ(v), by the integration by parts

about t, we get

(∂α〈−∂tg,√μζθ(v)〉, ∂αθ̃x) = − d

dt
(∂α〈g,√μζθ(v)〉, ∂αθ̃x)

+(∂α〈g,√μ∂tζθ(v)〉, ∂αθ̃x)− (∂α∂x〈g,√μζθ(v)〉, ∂α∂tθ̃)

≤ − d

dt
(∂α〈g,√μζθ(v)〉, ∂αθ̃x) + Cε‖∂α(ρ̃x, ũx, θ̃x)‖2

+Cε‖∂αgx‖2ν + Cεδ
1
6 (1 + t)−

7
6 + Cε(δ

1
6 +

√
ε0)DN,l,q(t).

Here we used Lemma 3.8, Lemma 2.1 and the elementary inequalities.
Recall L1g = Γ(

√
μ, g) + Γ(g,

√
μ), we deduce from (3.9) and (3.10) that

(∂α〈−v1∂xg + L1g,
√
μζθ(v)〉, ∂αθ̃x) ≤ Cε‖∂αθ̃x‖2 + Cε‖∂αgx‖2ν + Cε‖∂αg‖2ν

+ Cεδ
1
6 (1 + t)−

7
6 + Cε(δ

1
6 +

√
ε0)DN,l,q(t).

With (3.16) and (3.20) in hand, we see

(∂α〈Γ(g, M − μ√
μ

) + Γ(
M − μ√

μ
,g) + Γ(

G√
μ
,
G√
μ
),
√
μζθ(v)〉, ∂αθ̃x)

≤ Cε‖∂αθ̃x‖2 + Cεδ
1
6 (1 + t)−

7
6 + Cε(η0 + δ

1
6 +

√
ε0)DN,l,q(t).
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Recalling that F2 =
√
μf and using (1.11), (3.24), (3.26), Lemma 3.2, Lemma 3.8 and

Lemma 2.1, one has

(∂α〈P0(v1
√
μ∂xg)√
μ

− P1(v1∂xG)√
μ

− ∂tG√
μ

+
P1(∂xφ∂v1F2)√

μ
,
√
μζ(v)〉, ∂αθ̃x)

≤ Cε‖∂αθ̃x‖2 + Cε‖∂αgx‖2ν + Cεδ
1
6 (1 + t)−

7
6 ++Cε(δ

1
6 +

√
ε0)DN,l,q(t).

It follows from the above estimates and any ε > 0 small enough that

‖∂αθ̃x‖2 ≤− d

dt
(∂α〈g,√μζθ(v)〉, ∂αθ̃x) + Cε‖∂α(ρ̃x, ũx, θ̃x)‖2 + Cε‖∂αgx‖2ν

+ Cε‖∂αg‖2ν + Cεδ
1
6 (1 + t)−

7
6 + Cε(η0 + δ

1
6 +

√
ε0)DN,l,q(t). (4.38)

For some function ζu(v), similar arguments as (4.38) imply

‖∂αũx‖2 ≤− d

dt
(∂α〈g,√μζu(v)〉, ∂αũx) + Cε‖∂α(ρ̃x, ũx, ũx)‖2 + Cε‖∂αgx‖2ν

+ Cε‖∂αg‖2ν + Cεδ
1
6 (1 + t)−

7
6 + Cε(η0 + δ

1
6 +

√
ε0)DN,l,q(t). (4.39)

Combining (4.38), (4.39) and (3.31) and choosing ε > 0 small enough, we arrive at

d

dt

∑
1≤|α|≤N−1

Hα(t) + λ
∑

2≤|α|≤N

‖∂α(ρ̃, ũ, θ̃)‖2

≤ C
∑

1≤|α|≤N

‖∂αg‖2ν + Cδ
1
6 (1 + t)−

7
6 + C(η0 + δ

1
6 +

√
ε0)DN,l,q(t). (4.40)

Here, for 1 ≤ |α| ≤ N − 1 and Cα � Cα > 0, the function Hα(t) is defined by

Hα(t) =

∫
R

{Cα∂
α〈g,√μζθ(v)〉∂αθ̃x + Cα∂

α〈g,√μζu(v)〉∂αũx + Cα∂
αũ1∂

αρ̃x} dx. (4.41)

Next we will deduce the derivative estimates for the microscopic component g.
In terms of (1.6)1, (1.24) and (1.25), one has

∂t(
F1√
μ
) + v1∂x(

F1√
μ
)− L1g

= Γ(g,
M − μ√

μ
) + Γ(

M − μ√
μ

,g) + Γ(
G√
μ
,
G√
μ
)

+
1√
μ
P1v1M

{ |v − u|2θx
2Rθ2

+
(v − u) · ūx

Rθ

}
+

∂xφ∂v1F2√
μ

. (4.42)

Taking the derivative ∂α of (4.42) with 1 ≤ |α| ≤ N and taking the inner product
with ∂αF1√

μ . Then we estimate this inner product term by term. We easily see(
∂t(

∂αF1√
μ

) + v1∂x(
∂αF1√

μ
),
∂αF1√

μ

)
=

1

2

d

dt
‖∂

αF1√
μ
‖2. (4.43)

For the third term on the left hand side of (4.42), recalling that F1 = M +G+
√
μg,

we have from (3.5) that

−(L1∂
αg, ∂αg) ≥ σ1‖∂αg‖2ν .



122 D.-C. YANG AND H.-J. YU

Notice that L1g = Γ(
√
μ, g)+Γ(g,

√
μ), we have from (3.9), (3.10), (3.26) and Lemma

2.1 that

|(L1∂
αg,

∂αG√
μ
)| ≤ C‖∂αg‖ν‖∂

αG√
μ
‖ν ≤ ε‖∂αg‖2ν + Cεδ

1
6 (1 + t)−

7
6 + C

√
ε0DN,l,q(t).

We now deal with the complicated term involving M . For |ᾱ| ≥ 2, one has

∂ᾱM = M
(∂ᾱρ

ρ
− 3∂ᾱθ

2θ
+

(v − u)2∂ᾱθ

2Rθ2
+

3∑
i=1

∂ᾱui(vi − ui)

Rθ

)
+ · · ·

=
(
μ+ (M − μ)

)(∂ᾱρ

ρ
− 3∂ᾱθ

2θ
+

(v − u)2∂ᾱθ

2Rθ2
+

3∑
i=1

∂ᾱui(vi − ui)

Rθ

)
+ · · ·

= J ᾱ
1 + J ᾱ

2 + J ᾱ
3 . (4.44)

Here the terms J1 and J2 are the higher order derivatives of (ρ, u, θ) with μ and M−μ
and J3 is the low order derivatives with M . For |α| = 1, we use the integration by
parts to get

(L1∂
αg,

∂αM√
μ

) = −(L1g,
∂xxM√

μ
) = −(L1g,

J2
1√
μ
)− (L1g,

J2
2√
μ
)− (L1g,

J2
3√
μ
).

Since
J2
1√
μ ∈ kerL1, it follows that (L1g,

J2
1√
μ ) = 0. For the term

J2
2√
μ , we have from

(3.9), (3.10), (3.13) and Lemma 2.1 that

|(L1g,
J2
2√
μ
)| ≤ C‖g‖ν‖ J

2
2√
μ
‖ν ≤ Cη0(‖g‖2ν + ‖∂xx(ρ̃, ũ, θ̃)‖2) + Cδ

1
6 (1 + t)−

7
6 .

Similarly, it holds that

|(L1g,
J2
3√
μ
)| ≤ C‖g‖ν‖ J

2
3√
μ
‖ν ≤ Cε‖g‖2ν + Cεδ

1
6 (1 + t)−

7
6 + Cε

√
ε0DN,l,q(t).

Hence, for |α| = 1, we can deduce from the above related estimates that

|(L1∂xg,
∂xM√

μ
)|

≤ C(η0 + ε)‖g‖2ν + Cη0‖∂xx(ρ̃, ũ, θ̃)‖2 + Cεδ
1
6 (1 + t)−

7
6 + Cε

√
ε0DN,l,q(t).

For 2 ≤ |α| ≤ N , carrying out the similar calculations as the above, we can obtain

(L1∂
αg,

∂αM√
μ

)

= −(L1∂
αg,

Jα
1√
μ
)− (L1∂

αg,
Jα
2√
μ
)− (L1∂

αg,
Jα
3√
μ
)

≤ C(η0 + ε)‖∂αg‖2ν + Cη0‖∂α(ρ̃, ũ, θ̃)‖2 + Cεδ
1
6 (1 + t)−

7
6 + Cε

√
ε0DN,l,q(t).

As a consequence, for the third term on the left hand side of (4.42), if |α| = 1, we get

(L1∂
αg,

∂αF1√
μ

) ≤− σ1‖∂αg‖2ν + C(η0 + ε)(‖g‖2ν + ‖∂xx(ρ̃, ũ, θ̃)‖2) + Cε‖∂αg‖2ν

+ Cεδ
1
6 (1 + t)−

7
6 + Cε

√
ε0DN,l,q(t). (4.45)
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If 2 ≤ |α| ≤ N , we have

(L1∂
αg,

∂αF1√
μ

) ≤− σ1‖∂αg‖2ν + C(η0 + ε)(‖∂αg‖2ν + ‖∂α(ρ̃, ũ, θ̃)‖2)

+ Cεδ
1
6 (1 + t)−

7
6 + Cε

√
ε0DN,l,q(t). (4.46)

For 2 ≤ |ᾱ| ≤ N , we have from (3.26) and (4.44) that

‖∂
ᾱF1√
μ
‖2ν ≤ C‖∂

ᾱ√μg√
μ

‖2ν + ‖∂
ᾱG√
μ
‖2ν + ‖∂

ᾱM√
μ
‖2ν

≤ C(‖∂ᾱg‖2ν + ‖∂ᾱ(ρ̃, ũ, θ̃)‖2) + Cδ
1
6 (1 + t)−

7
6 + C

√
ε0DN,l,q(t). (4.47)

For the first term on the right hand side of (4.42), if |α| = 1, we use the integration
by parts, (3.16) and (4.47) to obtain(

∂αΓ(g,
M − μ√

μ
),
∂αF1√

μ

)
= −(Γ(g, M − μ√

μ
),
∂xxF1√

μ

)
≤ Cε(‖∂xxg‖2ν + ‖∂xx(ρ̃, ũ, θ̃)‖2) + Cεδ

1
6 (1 + t)−

7
6

+Cε(η0 + δ
1
6 +

√
ε0)DN,l,q(t). (4.48)

If 2 ≤ |α| ≤ N , we get from (3.16) and (4.47) that(
∂αΓ(g,

M − μ√
μ

),
∂αF1√

μ

) ≤ Cε(‖∂αg‖2ν + ‖∂α(ρ̃, ũ, θ̃)‖2)

+Cεδ
1
6 (1 + t)−

7
6 + Cε(η0 + δ

1
6 +

√
ε0)DN,l,q(t). (4.49)

The second term on the right hand side of (4.42) can be handled in the same way.
For the third term on the right hand side of (4.42), if |α| = 1, we can deduce from
the integration by parts, (3.20) and (4.47) that(

∂αΓ(
G√
μ
,
G√
μ
),
∂αF1√

μ

)
=

(
Γ(

G√
μ
,
G√
μ
),
∂xxF1√

μ

)
≤ Cε‖∂xxF1√

μ
‖2ν + Cεδ

1
6 (1 + t)−

7
6 + Cε(δ

1
6 +

√
ε0)DN,l,q(t)

≤ Cε(‖∂xxg‖2ν + ‖∂xx(ρ̃, ũ, θ̃)‖2) + Cεδ
1
6 (1 + t)−

7
6 + Cε(δ

1
6 +

√
ε0)DN,l,q(t). (4.50)

If 2 ≤ |α| ≤ N , by (3.20) and (4.47), one has(
∂αΓ(

G√
μ
,
G√
μ
),
∂αF1√

μ

) ≤ Cε(‖∂αg‖2ν + ‖∂α(ρ̃, ũ, θ̃)‖2)

+ Cεδ
1
6 (1 + t)−

7
6 + Cε(δ

1
6 +

√
ε0)DN,l,q(t). (4.51)

For the fourth term on the right hand side of (4.42), if |α| = 1, we can deduce from
(4.33), the imbedding inequality, Lemma 2.1 that

( 1√
μ
∂αP1v1M

{ |v − u|2θx
2Rθ2

+
(v − u) · ūx

Rθ

}
,
∂αM√

μ

) ≤ Cδ
1
6 (1 + t)−

7
6 + C

√
ε0DN,l,q(t).
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Here we used the fact that |〈v〉bμ− 1
2M |2 ≤ C for any b ≥ 0 by (1.20). Moreover, it

also holds that

( 1√
μ
∂αP1v1M

{ |v − u|2θx
2Rθ2

+
(v − u) · ūx

Rθ

}
,
∂α(G+

√
μg)√

μ

)
≤ Cε‖∂αg‖2ν + Cεδ

1
6 (1 + t)−

7
6 + Cε

√
ε0DN,l,q(t).

Therefore, for |α| = 1, we have from the above two estimates and F1 = M +G+
√
μg

that

( 1√
μ
∂αP1v1M

{ |v − u|2θx
2Rθ2

+
(v − u) · ūx

Rθ

}
,
∂αF1√

μ

)
≤ Cε‖∂αg‖2ν + Cεδ

1
6 (1 + t)−

7
6 + Cε

√
ε0DN,l,q(t). (4.52)

For 2 ≤ |α| ≤ N , we use (4.47) and the similar arguments as (4.52) to get

( 1√
μ
∂αP1v1M

{ |v − u|2θx
2Rθ2

+
(v − u) · ūx

Rθ

}
,
∂αF1√

μ

)
≤ Cε(‖∂αg‖2ν + ‖∂α(ρ̃, ũ, θ̃)‖2) + Cεδ

1
6 (1 + t)−

7
6 + Cε

√
ε0DN,l,q(t). (4.53)

Finally, we handle the term containing ∂xφ in (4.42). Recall F2 =
√
μf , one has

∂α(∂xφ∂v1F2)√
μ

= ∂xφ∂v1∂
αf +

∑
1≤|α1|≤|α|

Cα1
α ∂α1∂xφ∂v1∂

α−α1f

−
∑

|α1|≤|α|
Cα1

α ∂α1∂xφ
v1
2
∂α−α1f . (4.54)

If |α1| ≤ |α|
2 , by using (4.2) and the imbedding inequality, we have

|(∂α1∂xφ
v1
2
∂α−α1f , ∂αg)| ≤ C‖∂α1∂xφ‖L∞‖〈v〉∂α−α1f‖‖〈v〉∂αg‖

≤ C
∑
|α′|≤N

‖∂α′
∂xφ‖FN,l,q(t). (4.55)

Similarly, if |α|2 < |α1| ≤ |α|, it holds that

|(∂α1∂xφ
v1
2
∂α−α1f , ∂αg)| ≤ C

∑
|α′|≤N

‖∂α′
∂xφ‖FN,l,q(t). (4.56)

Similarly, we also have∑
1≤|α1|≤|α|

Cα1
α |(∂α1∂xφ∂v1∂

α−α1f , ∂αg)| ≤ C
∑
|α′|≤N

‖∂α′
∂xφ‖FN,l,q(t). (4.57)

By using (4.55), (4.56) and (4.57), we have from (4.54) that

(
∂α(∂xφ∂v1

F2)√
μ

, ∂αg) ≤ (∂xφ∂v1∂
αf , ∂αg) + C

∑
|α′|≤N

‖∂α′
∂xφ‖FN,l,q(t). (4.58)



RAREFACTION WAVES FOR VPB SYSTEM 125

On the other hand, from the integration by parts, it holds that

(∂α(∂xφ∂v1F2)√
μ

,
∂α(M +G)√

μ

) ≤ Cδ
1
6 (1 + t)−

7
6 + C(δ

1
6 +

√
ε0)DN,l,q(t). (4.59)

Hence, for 1 ≤ |α| ≤ N , we have from F1 = M + G +
√
μg and the estimates (4.58)

and (4.59) that(∂α(∂xφ∂v1F2)√
μ

,
∂αF1√

μ

)− (∂xφ∂v1∂
αf , ∂αg)

≤ C
∑
|α′|≤N

‖∂α′
∂xφ‖FN,l,q(t) + Cδ

1
6 (1 + t)−

7
6 + C(δ

1
6 +

√
ε0)DN,l,q(t). (4.60)

In summary, for any ε > 0 small enough, by the estimates from (4.43) to (4.60), we
arrive at

1

2

d

dt

∑
1≤|α|≤N

‖∂
αF1√
μ
‖2 + σ1

∑
1≤|α|≤N

‖∂αg‖2ν −
∑

1≤|α|≤N

(∂xφ∂v1∂
αf , ∂αg)

≤ C(η0 + ε)
{ ∑
|α|≤N

‖∂αg‖2ν +
∑

2≤|α|≤N

‖∂α(ρ̃, ũ, θ̃)‖2}
+Cεδ

1
6 (1 + t)−

7
6 + Cε(η0 + δ

1
6 +

√
ε0)DN,l,q(t)

+C
∑
|α|≤N

‖∂α∂xφ‖FN,l,q(t). (4.61)

Now we consider the energy estimates of the function f . Since kerL2 is one
dimensional and the estimates of the macroscopic component of f can be compensated
through the Poisson equation (1.28), we will not separate f to be the macroscopic and
microscopic components. Taking ∂α derivative of equation (1.26) with |α| ≤ N and
taking the inner product of the resulting equation with ∂αf , we obtain

(∂α∂tf + v1∂
α∂xf + ∂α∂xφv1

√
μ, ∂αf)− (∂αL2f , ∂

αf)

= (∂αΓ(
M − μ√

μ
, f), ∂αf) + (∂αΓ(

G√
μ
, f), ∂αf) + (∂αΓ(g, f), ∂αf)

+
(
∂α(

∂xφ∂v1
(M − μ)√
μ

) + ∂α(
∂xφ∂v1G√

μ
), ∂αf

)
+

(
∂α(

∂xφ∂v1(
√
μg)√

μ
), ∂αf

)
. (4.62)

We will estimate each term for (4.62). Recalling that F2 =
√
μf , one has from (1.6)2

that

〈∂tf ,√μ〉+ 〈v1∂xf ,√μ〉 = 0. (4.63)

From (4.63), (1.28) and the integration by parts, we get

(∂α∂xφv1
√
μ, ∂αf) = −(∂αφv1

√
μ, ∂x∂

αf)

=
1

2
(∂αφ, ∂t∂

α(−∂xxφ)) = 1

4

d

dt
‖∂α∂xφ‖2. (4.64)

By the integration by parts, one has

(∂α∂tf + v1∂
α∂xf + ∂α∂xφv1

√
μ, ∂αf) =

1

2

d

dt
(‖∂αf‖2 + 1

2
‖∂α∂xφ‖2).
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Note that f = P2f + (I− P2)f , we have from (3.5) that

−(∂αL2f , ∂
αf) ≥ σ2‖∂α(I− P2)f‖2ν .

By using (3.16), (3.29) and (3.30), we obtain

(∂αΓ(
M − μ√

μ
, f) + ∂αΓ(

G√
μ
, f), ∂αf) + (∂αΓ(g, f), ∂αf)

≤ Cε‖∂αf‖2ν + Cε(η0 + δ
1
6 +

√
ε0)DN,l,q(t).

By using (1.20), (3.25), (3.26) and the imbedding inequality, we get

(∂α(
∂xφ∂v1(M − μ)√

μ
) + ∂α(

∂xφ∂v1G√
μ

), ∂αf) ≤ C(η0 + δ
1
6 +

√
ε0)DN,l,q(t).

As for the last term of (4.62), we perform the similar calculations as (4.55)-(4.57) to
get

(
∂α(∂xφ∂v1(

√
μg))√

μ
, ∂αf)− (∂xφ∂v1∂

αg, ∂αf) ≤ C
∑
|α′|≤N

‖∂α′
∂xφ‖FN,l,q(t).

Combining the above estimates, for any ε > 0 small enough, we arrive at

1

2

d

dt

∑
|α|≤N

(‖∂αf‖2 + 1

2
‖∂α∂xφ‖2) + σ2

∑
|α|≤N

‖∂α(I− P2)f‖2ν −
∑

|α|≤N

(∂xφ∂v1∂
αg, ∂αf)

≤ Cε
∑

|α|≤N

‖∂αf‖2ν + Cε(η0 + δ
1
6 +

√
ε0)DN,l,q(t) + C

∑
|α|≤N

‖∂α∂xφ‖FN,l,q(t). (4.65)

By the integration by parts, one has

−
∑

1≤|α|≤N

(∂xφ∂v1∂
αf , ∂αg)−

∑
|α|≤N

(∂xφ∂v1∂
αg, ∂αf) = −(∂xφ∂v1g, f), (4.66)

which is dominated by C‖∂xφ‖FN,l,q(t). By this, (4.61) and (4.65), we arrive at

d

dt

{ ∑
1≤|α|≤N

‖∂
αF1√
μ
‖2 +

∑
|α|≤N

(‖∂αf‖2 + 1

2
‖∂α∂xφ‖2)

}
+λ

∑
1≤|α|≤N

‖∂αg‖2ν + λ
∑
|α|≤N

‖∂α(I− P2)f‖2

≤ C(η0 + ε)
{ ∑
|α|≤N

‖∂αg‖2ν +
∑

2≤|α|≤N

‖∂α(ρ̃, ũ, θ̃)‖2 +
∑
|α|≤N

‖∂αf‖2ν
}

+Cεδ
1
6 (1 + t)−

7
6 + Cε(η0 + δ

1
6 +

√
ε0)DN,l,q(t) + C

∑
|α|≤N

‖∂α∂xφ‖FN,l,q(t). (4.67)

Notice that P2f and the electric field ∂xφ are not included in the dissipation of
(4.67). Next we shall derive these estimates. Letting P2f = a(t, x)

√
μ, we have from

(1.26) that

∂xa+ ∂xφ =〈−∂tf , v1√μ〉+ 〈−v1∂x(I− P2)f , v1
√
μ〉+ 〈L2(I− P2)f , v1

√
μ〉

+
〈
Γ(

M − μ√
μ

, f), v1
√
μ
〉
+

〈
Γ(

G√
μ
, f), v1

√
μ
〉
+

〈
Γ(g, f), v1

√
μ
〉

+
〈∂xφ∂v1(M − μ)√

μ
+

∂xφ∂v1G√
μ

+
∂xφ∂v1(

√
μg)√

μ
, v1
√
μ
〉
. (4.68)
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Taking ∂α derivative of equation (4.68) with |α| ≤ N − 1 and we shall estimate each
term. By using (4.63) and the fact that P2f = a(t, x)

√
μ, one has

∂αat + 〈∂x∂α(I− P2)f , v1
√
μ〉 = 0. (4.69)

By using this and the integration by parts, we have

(〈−∂t∂αf , v1
√
μ〉, ∂x∂αa) ≤ − d

dt
(〈∂αf , v1

√
μ〉, ∂x∂αa) + C‖∂x∂α(I− P2)f‖2ν .

Recalling that L2g = Γ(
√
μ, g) in (1.27), we have from (3.9) that

(〈−v1∂x∂α(I− P2)f , v1
√
μ〉+ 〈L2∂

α(I− P2)f , v1
√
μ〉, ∂x∂αa)

≤ Cε‖∂x∂αa‖2 + Cε‖∂x∂α(I− P2)f‖2ν + Cε‖∂α(I− P2)f‖2ν .

By the similar arguments as (3.18), (3.29), (3.30) and Lemma 3.5, we have

(
〈
∂αΓ(

M − μ√
μ

, f) + ∂αΓ(
G√
μ
, f) + ∂αΓ(g, f), v1

√
μ
〉
, ∂x∂

αa)

≤ Cε‖∂x∂αa‖2 + Cε(η0 + δ
1
6 +

√
ε0)

∑
|α′|≤|α|

‖∂α′
f‖2ν .

For the last line of (4.68), owing to the fact that G and
√
μg satisfy (1.12), one has

〈∂xφ∂v1(M − μ)√
μ

+
∂xφ∂v1G√

μ
+

∂xφ∂v1(
√
μg)√

μ
, v1
√
μ
〉
= −∂xφ(ρ− 1).

By using the fact that |ρ− 1| < η0, we have

(−∂α(∂xφ(ρ− 1)), ∂x∂
αa) ≤ ε‖∂x∂αa‖2 + Cε(η0 + δ

1
6 +

√
ε0)

∑
|α′|≤N

‖∂α′
∂xφ‖2.

By using the Poisson equation (1.28) and the fact that P2f = a(t, x)
√
μ, one has

(∂α∂xφ, ∂x∂
αa) = −(∂α∂xxφ, ∂

αa) = 2‖∂αa‖2.

Hence, for |α| ≤ N − 1 and any ε > 0 small enough, by using the above estimates, we
can deduce

‖∂x∂αa‖2 + ‖∂αa‖2

≤ −C d

dt
(〈∂αf , v1

√
μ〉, ∂x∂αa) + C‖∂x∂α(I− P2)f‖2ν + C‖∂α(I− P2)f‖2ν

+C(η0 + δ
1
6 +

√
ε0)

∑
|α′|≤N

(‖∂α′
f‖2ν + ‖∂α′

∂xφ‖2). (4.70)

On the other hand, by taking the inner product of (4.68) with ∂xφ and then the
similar arguments as (4.70), we arrive at

‖a‖2 + ‖∂xφ‖2 ≤− C
d

dt
(〈f , v1√μ〉, ∂xφ) + C‖∂x(I− P2)f‖2ν

+ C‖(I− P2)f‖2ν + C(η0 + δ
1
6 +

√
ε0)(‖f‖2ν + ‖∂xφ‖2). (4.71)
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By using (4.70), (4.71) and the fact that ‖∂αP2f‖ ≈ ‖∂αa(t, x)‖ ≈ ‖∂α∂xxφ‖, we have
∑

|α|≤N

(‖∂αP2f‖2 + ‖∂α∂xφ‖2) ≤ − d

dt
H(t) + C

∑
|α|≤N

‖∂α(I− P2)f‖2ν

+C(η0 + δ
1
6 +

√
ε0)

∑
|α|≤N

(‖∂αf‖2ν + ‖∂α∂xφ‖2). (4.72)

Here the function H(t) is defined as

H(t) = C
∑

|α|≤N−1

(〈∂αf , v1
√
μ〉, ∂x∂αa) + (〈f , v1√μ〉, ∂xφ)

≤ C
∑
|α|≤N

(‖∂αf‖2 + ‖∂α∂xφ‖2). (4.73)

As a consequence, we get from (4.67) and (4.72)×κ1 with a small constant κ1 > 0
that

d

dt

{ ∑
1≤|α|≤N

‖∂
αF1√
μ
‖2 +

∑
|α|≤N

(‖∂αf‖2 + 1

2
‖∂α∂xφ‖2) + κ1H(t)

}
+λ

∑
1≤|α|≤N

‖∂αg‖2ν + λ
∑
|α|≤N

(‖∂αf‖2ν + ‖∂α∂xφ‖2)

≤ C(η0 + ε)(
∑

2≤|α|≤N

‖∂α(ρ̃, ũ, θ̃)‖2 + ‖g‖2ν) + Cεδ
1
6 (1 + t)−

7
6

+Cε(η0 + δ
1
6 +

√
ε0)DN,l,q(t) + C

∑
|α|≤N

‖∂α∂xφ‖FN,l,q(t). (4.74)

Here we have used the smallness of ε > 0, δ > 0 and η0 > 0 and

‖∂αf‖2ν ≤ C‖∂α(I− P2)f‖2ν + C‖∂αP2f‖2ν . (4.75)

In summary, for suitably large constant C̃2 > 0 and any ε > 0 small enough, we can
obtain (4.36) by (4.74)×C̃2 and (4.40). This completes the proof of Lemma 4.2.

4.3. First main energy estimates. We will give the estimates for the pure
spatial derivatives of the solution without the velocity weight by Lemma 4.1 and
Lemma 4.2.

Lemma 4.3. Under the conditions of Lemma 4.1, one has

d

dt
ẼN (t) + λ‖√ū1x(ρ̃, ũ1, θ̃)‖2

+λ
{ ∑
|α|≤N

(‖∂αg‖2ν + ‖∂αf‖2ν + ‖∂α∂xφ‖2
)
+

∑
1≤|α|≤N

‖∂α(ρ̃, ũ, θ̃)‖2
}

≤ Cδ
1
6 (1 + t)−

7
6 + C(η0 + δ

1
6 +

√
ε0)DN,l,q(t)

+C
∑
|α|≤N

‖∂α∂xφ‖FN,l,q(t). (4.76)
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Here FN,l,q(t) is given by (4.2) and ẼN (t) is given by

ẼN (t) =
{
‖g‖2 + C̃1

{∫
R

ηdx− (L−1
M P1[v1(θ̄ lnM)x

−3

2
ū1xv

2
1 ]M,

√
μg

M
) + λ

∫
R

ũ1ρ̃xdx
}}

+C̃3

{ ∑
1≤|α|≤N−1

Hα(t) + C̃2

{ ∑
1≤|α|≤N

‖∂
αF1√
μ
‖2

+
∑
|α|≤N

(‖∂αf‖2 + 1

2
‖∂α∂xφ‖2) + κ1H(t)

}}
, (4.77)

for constants C̃3 � C̃1 � 1, where Hα(t) and H(t) are given by (4.41) and (4.73),
respectively.

Proof. Letting C̃3 � C̃1 � 1, we see the estimate (4.76) follows from (4.36)×C̃3

and (4.1) by further taking ε > 0, η0 > 0 small enough. This finishes the proof of
Lemma 4.3.

5. Weighted energy estimates. This section is devoted to deducing the
weighted energy estimates for the solution of (1.6) and (1.7) in order to close the
energy estimates.

5.1. Pure spatial derivative estimates. The pure spatial derivative estimates
of the solution with the weighted function can be stated as follows.

Lemma 5.1. Under the conditions of Lemma 4.1, it holds that

1

2

d

dt

{ ∑
|α|≤1

‖∂αg‖22,w +
∑

2≤|α|≤N

‖∂
αF1√
μ
‖22,w +

∑
|α|≤N

‖∂αf‖22,w
}

+λ
∑
|α|≤N

q2q3
(1 + t)1+q3

(‖〈v〉∂αg‖22,w + ‖〈v〉∂αf‖22,w
)
+ λ

∑
|α|≤N

(‖∂αg‖2ν,w + ‖∂αf‖2ν,w)

≤ C
∑

1≤|α|≤N

‖∂α(ρ̃, ũ, θ̃)‖2 + C
∑
|α|≤N

(‖∂αg‖2ν + ‖∂αf‖2ν + ‖∂α∂xφ‖2
)

+Cδ
1
6 (1 + t)−

7
6 + C(η0 + δ

1
6 +

√
ε0)DN,l,q(t) + C

∑
|α|≤N

‖∂α∂xφ‖FN,l,q(t). (5.1)

Here FN,l,q(t) and w = w(0) are defined by (4.2) and (1.29), respectively.

Proof. We take the derivative ∂α of (1.23) with |α| ≤ 1 and then take the inner
product with w2(0)∂αg over R× R

3 to get

(∂t∂
αg, w2(0)∂αg) + (v1∂x∂

αg, w2(0)∂αg)− (L1∂
αg, w2(0)∂αg)

= (∂αΓ(g,
M − μ√

μ
) + ∂αΓ(

M − μ√
μ

,g), w2(0)∂αg) + (∂αΓ(
G√
μ
,
G√
μ
), w2(0)∂αg)

+(∂αP0(v1
√
μ∂xg)√
μ

− 1√
μ
∂αP1v1M

{ |v − u|2θ̃x
2Rθ2

+
(v − u) · ũx

Rθ

}
, w2(0)∂αg)

−(∂
αP1(v1∂xG)√

μ
+

∂α∂tG√
μ

,w2(0)∂αg) + (
∂αP1(∂xφ∂v1F2)√

μ
,w2(0)∂αg). (5.2)
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Now we will estimate (5.2) term by term. Recalling the weight function w = w(0) in
(1.29), one has

(∂t∂
αg, w2(0)∂αg) =

1

2

d

dt
‖∂αg‖22,w +

q2q3
2(1 + t)1+q3

‖〈v〉∂αg‖22,w.

And the second term on the left hand side of (5.2) vanishes by integration by parts.
By (3.7), one has

−(L1∂
αg, w2(0)∂αg) ≥ 1

2
‖∂αg‖2ν,w − C‖∂αg‖2ν .

By (3.15) and (3.19), we see

|(∂αΓ(g,
M − μ√

μ
) + ∂αΓ(

M − μ√
μ

,g), w2(0)∂αg)|+ |(∂αΓ(
G√
μ
,
G√
μ
), w2(0)∂αg)|

≤ Cε‖∂αg‖2ν,w + Cεδ
1
6 (1 + t)−

7
6 + Cε(η0 + δ

1
6 +

√
ε0)DN,l,q(t).

By (1.11), the imbedding inequality and Lemma 2.1, one has

|(∂
αP0(v1

√
μ∂xg)√

μ
,w2(0)∂αg)|

≤ Cε‖∂αg‖2ν,w + Cε‖∂αgx‖2ν + Cεδ
1
6 (1 + t)−

7
6 + Cε

√
ε0DN,l,q(t),

where we have used the fact that |〈v〉bμ− 1
2M1−ε|2,w ≤ C for any b ≥ 0 and some

positive constants ε, q1, q2 small enough by (1.20).
It follows from (4.33), the imbedding inequality and Lemma 3.2 that

|( 1√
μ
∂αP1v1M

{ |v − u|2θ̃x
2Rθ2

+
(v − u) · ũx

Rθ

}
, w2(0)∂αg)|

≤ Cε‖∂αg‖2ν,w + Cε‖[∂αũx, ∂
αθ̃x]‖2 + Cεδ

1
6 (1 + t)−

7
6 + Cε

√
ε0DN,l,q(t).

By (3.24), (3.26) and Lemma 3.8, we have

|(∂αP1(v1∂xG)√
μ

+
∂t∂

αG√
μ

,w2(0)∂αg
)|

≤ Cε‖∂αg‖2ν,w + Cεδ
1
6 (1 + t)−

7
6 + Cε(δ

1
6 +

√
ε0)DN,l,q(t).

Now we deal with the complicated term containing ∂xφ. First note that

∂αP1(∂xφ∂v1
F2)√

μ
= ∂α(∂xφ∂v1f)− ∂α(∂xφ

v1
2
f)− ∂αP0[∂xφ∂v1(

√
μf)]√

μ
. (5.3)

For |α| ≤ 1, we get from the imbedding inequality and (4.2) that∣∣(∂α(∂xφ∂v1f), w
2(0)∂αg

)∣∣
≤ C

∑
|α1|≤|α|

‖∂α1∂xφ‖L∞‖〈v〉 |γ|
2 〈v〉−|γ|w(0)∂v1∂α−α1f‖‖〈v〉 |γ|

2 w(0)∂αg‖

≤ C
∑
|α′|≤N

‖∂x∂α′
φ‖‖〈v〉∂v1∂α−α1f‖2,w(1)‖〈v〉∂αg‖2,w(0)

≤ C
∑
|α′|≤N

‖∂x∂α′
φ‖FN,l,q(t), (5.4)
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where we used the fact that 〈v〉 |γ|
2 〈v〉−|γ|w(0) = 〈v〉 |γ|

2 w(1) ≤ 〈v〉w(1) for |γ| ≤ 2 by
(1.29).

Similarly we also have∣∣(∂α(∂xφ
v1
2
f), w2(0)∂αg

)∣∣ ≤ C
∑
|α′|≤N

‖∂x∂α′
φ‖FN,l,q(t). (5.5)

It follows from (1.10), (1.11) and the elementary inequalities that

∣∣(−∂αP0[∂xφ∂v1(
√
μf)]√

μ
,w2(0)∂αg

)∣∣ ≤ Cδ
1
6 (1 + t)−

7
6 + C

√
ε0DN,l,q(t). (5.6)

Hence, by the estimates from (5.3) to (5.6), we get

∣∣(∂αP1(∂xφ∂v1F2)√
μ

,w2(0)∂αg
)∣∣

≤ Cδ
1
6 (1 + t)−

7
6 + C

√
ε0DN,l,q(t) + C

∑
|α′|≤N

‖∂x∂α′
φ‖FN,l,q(t).

Collecting the above related estimates and taking ε > 0 small enough, we arrive at

∑
|α|≤1

{1

2

d

dt
‖∂αg‖22,w +

q2q3
2(1 + t)1+q3

‖〈v〉∂αg‖22,w + λ‖∂αg‖2ν,w
}

≤ C
∑
|α|≤1

{‖[∂αũx, ∂
αθ̃x]‖2 + ‖∂αg‖2ν + ‖∂αgx‖2ν

}
+ C

∑
|α|≤N

‖∂x∂αφ‖FN,l,q(t)

+ Cδ
1
6 (1 + t)−

7
6 + C(η0 + δ

1
6 +

√
ε0)DN,l,q(t). (5.7)

Next, we consider the higher order weighted spatial derivative estimates for the
microscopic component g. We take the derivative ∂α of (4.42) with 2 ≤ |α| ≤ N and
then take the inner product with w2(0)∂

αF1√
μ to get

(∂t(
∂αF1√

μ
), w2(0)

∂αF1√
μ

) + (v1∂x(
∂αF1√

μ
), w2(0)

∂αF1√
μ

)− (L1∂
αg, w2(0)

∂αF1√
μ

)

=(∂αΓ(g,
M − μ√

μ
) + ∂αΓ(

M − μ√
μ

,g), w2(0)
∂αF1√

μ
) + (∂αΓ(

G√
μ
,
G√
μ
), w2(0)

∂αF1√
μ

)

+ (
1√
μ
∂αP1v1M

{ |v − u|2θx
2Rθ2

+
(v − u) · ūx

Rθ

}
, w2(0)

∂αF1√
μ

)

+ (∂α(
∂xφ∂v1F2√

μ
), w2(0)

∂αF1√
μ

). (5.8)

We will estimate (5.8) term by term. First note that

(∂t(
∂αF1√

μ
), w2(0)

∂αF1√
μ

) =
1

2

d

dt
‖∂

αF1√
μ
‖22,w +

q2q3
2(1 + t)1+q3

‖〈v〉∂
αF1√
μ
‖22,w. (5.9)

Next we estimate the last term in (5.9). Recalling that F1 = M +G+
√
μg, we have
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from (4.44), (3.26), the imbedding inequality and Lemma 2.1 that

‖〈v〉∂
αF1√
μ
‖22,w

≥ ‖〈v〉∂αg‖22,w − ‖〈v〉
∂αM√

μ
‖22,w − ‖〈v〉

∂αG√
μ
‖22,w

≥ ‖〈v〉∂αg‖22,w − C‖∂α(ρ̃, ũ, θ̃)‖2 − Cδ
1
6 (1 + t)−

7
6 − C

√
ε0DN,l,q(t). (5.10)

Here we have used the fact that |〈v〉bμ− 1
2M1−ε|2,w ≤ C by (1.20) for any b ≥ 0 and

some positive constants ε, q1, q2 small enough.
The second term on the left hand side of (5.8) vanishes by the integration by

parts. For the third term, recalling that L1g = Γ(
√
μ,g) + Γ(g,

√
μ) and using (3.9),

(3.10), (3.26), (4.44) and Lemma 2.1, we have

|(L1∂
αg, w2(0)

∂α(M +G)√
μ

)|

≤ C‖∂αg‖2ν + C‖∂α(ρ̃, ũ, θ̃)‖2 + Cδ
1
6 (1 + t)−

7
6 + C

√
ε0DN,l,q(t).

From (3.7), we obtain

−(L1∂
αg, w2(0)∂αg) ≥ 1

2
‖∂αg‖2ν,w − C‖∂αg‖2ν .

It follows from the above two estimates that

(L1∂
αg, w2(0)

∂αF1√
μ

) ≤− 1

2
‖∂αg‖2ν,w + C‖∂α(ρ̃, ũ, θ̃)‖2

+ C‖∂αg‖2ν + Cδ
1
6 (1 + t)−

7
6 + C

√
ε0DN,l,q(t). (5.11)

For 2 ≤ |α| ≤ N , by the fact that F1 = M + G +
√
μg, we have from the similar

arguments as (4.47) that

‖w(0)∂
αF1√
μ
‖2ν ≤ C(‖∂αg‖2ν,w + ‖∂α(ρ̃, ũ, θ̃)‖2)

+Cδ
1
6 (1 + t)−

7
6 + C

√
ε0DN,l,q(t). (5.12)

By this, (3.15) and (3.19), one has

∣∣(∂αΓ(g,
M − μ√

μ
) + ∂αΓ(

M − μ√
μ

,g), w2(0)
∂αF1√

μ
)
∣∣+ ∣∣(∂αΓ(

G√
μ
,
G√
μ
), w2(0)

∂αF1√
μ

)
∣∣

≤ Cε(‖∂αg‖2ν,w + ‖∂α(ρ̃, ũ, θ̃)‖2) + Cεδ
1
6 (1 + t)−

7
6 + Cε(η0 + δ

1
6 +

√
ε0)DN,l,q(t).

We now estimate the last line of (5.8). With the help of (4.33) and (5.12), we arrive
at

∣∣( 1√
μ
∂αP1v1M

{ |v − u|2θx
2Rθ2

+
(v − u) · ūx

Rθ

}
, w2(0)

∂αF1√
μ

)∣∣
≤ Cε(‖∂αg‖2ν,w + ‖∂α(ρ̃, ũ, θ̃)‖2) + Cεδ

1
6 (1 + t)−

7
6 + Cε

√
ε0DN,l,q(t).
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Then we deal with the complicated term containing ∂xφ. Recalling F2 =
√
μf , one

has

∂α(∂xφ∂v1F2)√
μ

= ∂xφ∂v1∂
αf +

∑
1≤|α1|≤|α|

Cα1
α ∂α1∂xφ∂v1∂

α−α1f

−
∑

|α1|≤|α|
Cα1

α ∂α1∂xφ
v1
2
∂α−α1f .

For 1 ≤ |α1| ≤ |α|
2 with 2 ≤ |α| ≤ N , similar arguments as (5.4) imply∣∣(∂α1∂xφ∂v1∂

α−α1f , w2(0)∂αg
)∣∣

≤ C‖∂α1∂xφ‖L∞‖〈v〉 |γ|
2 〈v〉−|γ|w(0)∂v1

∂α−α1f‖‖〈v〉 |γ|
2 w(0)∂αg‖

≤ C
∑
|α′|≤N

‖∂α′
∂xφ‖FN,l,q(t). (5.13)

Here we used the fact that 〈v〉 |γ|
2 〈v〉−|γ|w(0) = 〈v〉 |γ|

2 w(1) ≤ 〈v〉w(1) for |γ| ≤ 2 by
(1.29).

For |α|2 ≤ |α1| ≤ |α| with 2 ≤ |α| ≤ N , we have from the similar arguments as
(5.13) that∣∣(∂α1∂xφ∂v1∂

α−α1f , w2(0)∂αg
)∣∣ ≤ C

∑
|α′|≤N

‖∂α′
∂xφ‖FN,l,q(t). (5.14)

By (5.13) and (5.14), one has∑
1≤|α1|≤|α|

Cα1
α

∣∣(∂α1∂xφ∂v1∂
α−α1f , w2(0)∂αg

)∣∣ ≤ C
∑
|α′|≤N

‖∂α′
∂xφ‖FN,l,q(t).

Similarly, it holds that∑
|α1|≤|α|

|(∂α1∂xφ
v1
2
∂α−α1f , w2(0)∂αg)| ≤ C

∑
|α′|≤N

‖∂α′
∂xφ‖FN,l,q(t).

For 2 ≤ |α| ≤ N , we have from the above estimates that

(
∂α(∂xφ∂v1F2)√

μ
,w2(0)∂αg)− (∂xφ∂v1∂

αf , w2(0)∂αg)

≤ C
∑
|α′|≤N

‖∂α′
∂xφ‖FN,l,q(t). (5.15)

For 2 ≤ |α| ≤ N , by the integration by parts and the fact that F2 =
√
μf , one has

|(∂
α(∂xφ∂v1F2)√

μ
,w2(0)

∂α(M +G)√
μ

)|

= |(∂α(∂xφf
√
μ), ∂v1(

w2(0)∂α(M +G)

μ
))|

≤ Cδ
1
6 (1 + t)−

7
6 + C(δ

1
6 +

√
ε0)DN,l,q(t). (5.16)
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By the estimates (5.15), (5.16) and the fact that F1 = M +G+
√
μg, we can obtain

(
∂α(∂xφ∂v1F2)√

μ
,w2(0)

∂αF1√
μ

)− (∂xφ∂v1∂
αf , w2(0)∂αg)

≤ Cδ
1
6 (1 + t)−

7
6 + C(δ

1
6 +

√
ε0)DN,l,q(t) + C

∑
|α′|≤N

‖∂α′
∂xφ‖FN,l,q(t). (5.17)

Hence, we have from those above estimates and small ε > 0 that∑
2≤|α|≤N

{1

2

d

dt
‖∂

αF1√
μ
‖22,w +

q2q3
2(1 + t)1+q3

‖〈v〉∂αg‖22,w

+λ‖∂αg‖2ν,w − (∂xφ∂v1∂
αf , w2(0)∂αg)

}
≤ C

∑
2≤|α|≤N

(‖∂α(ρ̃, ũ, θ̃)‖2 + ‖∂αg‖2ν) + Cδ
1
6 (1 + t)−

7
6

+C(η0 + δ
1
6 +

√
ε0)DN,l,q(t) + C

∑
|α|≤N

‖∂α∂xφ‖FN,l,q(t). (5.18)

This ends the proof of the high order weighted spatial energy estimates of g.
Now, we turn to deduce the weighted estimates of the function f . Taking

∂α derivative of equation (1.26) with |α| ≤ N and taking the inner product with
w2(0)∂αf , we obtain

(∂α∂tf , w
2(0)∂αf) + (v1∂

α∂xf , w
2(0)∂αf) + (∂α∂xφv1

√
μ,w2(0)∂αf)

= (∂αL2f , w
2(0)∂αf) + (∂αΓ(

M − μ√
μ

, f) + ∂αΓ(
G√
μ
, f) + ∂αΓ(g, f), w2(0)∂αf)

+(∂α(
∂xφ∂v1(M − μ)√

μ
) + ∂α(

∂xφ∂v1G√
μ

), w2(0)∂αf)

+(∂α(
∂xφ∂v1(

√
μg)√

μ
), w2(0)∂αf). (5.19)

We will estimate (5.19) term by term. Recalling the weight function w = w(0) in
(1.29), one has

(∂t∂
αf , w2(0)∂αf) =

1

2

d

dt
‖∂αf‖22,w +

q2q3
2(1 + t)1+q3

‖〈v〉∂αf‖22,w.

And the second term on the left hand side of (5.19) vanishes by the integration by
parts. It holds that

|(∂α∂xφv1
√
μ,w2(0)∂αf)| ≤ C‖∂α∂xφ‖2 + C‖∂αf‖2ν ,

where we used the fact that |〈v〉bμ 1
2w2(0)|2 ≤ C by (1.29) for any b ≥ 0 and some

positive constants q1, q2 small enough. It follows from (3.7) that

−(L2∂
αf , w2(0)∂αf) ≥ 1

2
‖∂αf‖2ν,w − C‖∂αf‖2ν .

By the similar arguments as (3.15), (3.29) and (3.30), we obtain

|(∂αΓ(
M − μ√

μ
, f) + ∂αΓ(

G√
μ
, f) + ∂αΓ(g, f), w2(0)∂αf)|

≤ Cε‖∂αf‖2ν,w + Cε(η0 + δ
1
6 +

√
ε0)DN,l,q(t).
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In terms of (1.20), (3.14), (4.44), Lemma 2.1 and the imbedding inequality, we arrive
at

|(∂α(
∂xφ∂v1

(M − μ)√
μ

) + ∂α(
∂xφ∂v1G√

μ
), w2(0)∂αf)|

≤ C(η0 + δ
1
6 +

√
ε0)DN,l,q(t). (5.20)

For the last term of (5.19), we have from the similar arguments as (5.15) that

(∂α(∂xφ∂v1(
√
μg))√

μ
,w2(0)∂αf

)
≤ (

∂xφ∂v1∂
αg, w2(0)∂αf

)
+ C

∑
|α′|≤N

‖∂α′
∂xφ‖FN,l,q(t).

By taking ε > 0 small enough, we have from the above estimates that∑
|α|≤N

{1

2

d

dt
‖∂αf‖22,w +

q2q3
2(1 + t)1+q3

‖〈v〉∂αf‖22,w

+λ‖∂αf‖2ν,w − (∂xφ∂v1∂
αg, w2(0)∂αf)

}
≤ C

∑
|α|≤N

(‖∂α∂xφ‖2 + ‖∂αf‖2ν) + C(η0 + δ
1
6 +

√
ε0)DN,l,q(t)

+C
∑
|α|≤N

‖∂α∂xφ‖FN,l,q(t). (5.21)

By the integration by parts and the direct calculations, we have

−
∑

2≤|α|≤N

(∂xφ∂v1∂
αf , w2(0)∂αg)

−
∑
|α|≤N

(∂xφ∂v1
∂αg, w2(0)∂αf) ≤ C

∑
|α|≤1

‖∂x∂αφ‖FN,l,q(t). (5.22)

By this, (5.7), (5.18) and (5.21), we have that (5.1) holds. This completes the proof
of the weighted spatial energy estimates of the functions g and f .

5.2. Mixed spatial-velocity derivative estimates. The mixed spatial-
velocity spatial derivative estimates of the solution with the weighted function can be
stated as follows.

Lemma 5.2. Under the conditions of Lemma 4.1, we have

N−1∑
|α|=0

C|α|

N−|α|∑
j=1

Cj

∑
|β|=j

d

dt

{‖∂α
β g‖22,w + ‖∂α

β f‖22,w
}

+
∑

|α|+|β|≤N,|β|≥1

{ λq2q3
2(1 + t)1+q3

(‖〈v〉∂α
β g‖22,w + ‖〈v〉∂α

β f‖22,w) + λ(‖∂α
β g‖2ν,w + ‖∂α

β f‖2ν,w)
}

≤ C
∑

|α|≤N−1

{
‖∂αg‖2ν + ‖∂αf‖2ν + ‖∂x∂

αg‖2ν,w + ‖∂x∂
αf‖2ν,w + ‖∂α∂xφ‖2 + ‖∂α[ũx, θ̃x]‖2

}

+Cδ
1
6 (1 + t)−

7
6 + C(η0 + δ

1
6 +

√
ε0)DN,l,q(t) + C

∑
|α|≤N

‖∂α∂xφ‖FN,l,q(t). (5.23)
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Here FN,l,q(t) and w = w(β) are defined by (4.2) and (1.29), respectively.

Proof. We take the derivative ∂α
β of (1.23) with |α| + |β| ≤ N and |β| ≥ 1 and

then take the inner product of the resulting equation with w2(β)∂α
β g over R× R

3 to
get

(∂t∂
α
β g, w

2(β)∂α
β g) + (v1∂x∂

α
β g, w

2(β)∂α
β g)

+(Cβ−e1
β ∂x∂

α
β−e1g, w

2(β)∂α
β g)− (∂α

βL1g, w
2(β)∂α

β g)

= (∂α
βΓ(g,

M − μ√
μ

) + ∂α
βΓ(

M − μ√
μ

,g), w2(β)∂α
β g) + (∂α

βΓ(
G√
μ
,
G√
μ
), w2(β)∂α

β g)

+(∂α
β (

P0(v1
√
μ∂xg)√
μ

)− ∂α
β (

1√
μ
P1v1M

{ |v − u|2θ̃x
2Rθ2

+
(v − u) · ũx

Rθ

}
), w2(β)∂α

β g)

−(∂α
β (

P1(v1∂xG)√
μ

)− ∂α
β (

∂tG√
μ
), w2(β)∂α

β g) + (∂α
β (

P1(∂xφ∂v1F2)√
μ

), w2(β)∂α
β g). (5.24)

Here e1 = (1, 0, 0). We shall estimate (5.24) term by term. First note that

(∂t∂
α
βg, w

2(β)∂α
β g) =

1

2

d

dt
‖∂α

β g‖22,w +
q2q3

2(1 + t)1+q3
‖〈v〉∂α

β g‖22,w.

And the second term on the left hand side of (5.24) vanishes by the integration by
parts. By (1.29), one has

|(∂x∂α
β−e1g, w

2(β)∂α
β g)| ≤ C‖〈v〉− γ

2 w(β)∂x∂
α
β−e1g‖‖〈v〉

γ
2 w(β)∂α

β g‖
= C‖〈v〉− γ

2 〈v〉γw(β − e1)∂x∂
α
β−e1g‖‖〈v〉

γ
2 w(β)∂α

β g‖
≤ ε‖∂α

β g‖2ν,w + Cε‖∂x∂α
β−e1g‖2ν,w(β−e1)

. (5.25)

Here we have used that w(β) = 〈v〉γw(β − e1) for |β − e1| = |β| − 1 by (1.29).
It follows from (3.6) that

−(∂α
βL1g, w

2(β)∂α
β g) ≥ ‖∂α

β g‖2ν,w − ε
∑

|β1|≤|β|
‖∂α

β1
g‖2ν,w(β1)

− Cε‖∂αg‖2ν .

By (3.15) and (3.19), we get

|(∂α
βΓ(g,

M − μ√
μ

) + ∂α
βΓ(

M − μ√
μ

,g), w2(β)∂α
β g)|+ |(∂α

βΓ(
G√
μ
,
G√
μ
), w2(β)∂α

β g)|

≤ Cε‖∂α
β g‖2ν,w + Cεδ

1
6 (1 + t)−

7
6 + Cε(η0 + δ

1
6 +

√
ε0)DN,l,q(t).

By (1.11), (4.33) and the imbedding inequality as well as Lemma 2.1, we arrive at

|(∂α
β (

P0(v1
√
μ∂xg)√
μ

)− ∂α
β (

1√
μ
P1v1M

{ |v − u|2θ̃x
2Rθ2

+
(v − u) · ũx

Rθ

}
), w2(β)∂α

β g)|

≤ Cε‖∂α
β g‖2ν,w + Cε‖∂αgx‖2ν + Cε‖∂α[ũx, θ̃x]‖2 + Cεδ

1
6 (1 + t)−

7
6

+Cε(δ
1
6 +

√
ε0)DN,l,q(t).

For the term containing G, we have from (1.11), (3.25), (3.26), Lemma 3.8 and Lemma
2.1 that ∣∣(∂α

β (
P1(v1∂xG)√

μ
)− ∂α

β (
∂tG√
μ
), w2(β)∂α

β g
)∣∣

≤ Cε‖∂α
β g‖2ν,w + Cεδ

1
6 (1 + t)−

7
6 + Cε(δ

1
6 +

√
ε0)DN,l,q(t).
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For the last term of (5.24), recalling F2 =
√
μf and using (1.11), one has

∂α
β (

P1(∂xφ∂v1F2)√
μ

) = ∂α
β (∂xφ∂v1f)− ∂α

β (∂xφ
v1
2
f)− ∂α

β (
P0[∂xφ∂v1(

√
μf)]√

μ
). (5.26)

We now expand the first term on the right hand side of (5.26) as

∂α
β (∂xφ∂v1f) = ∂xφ∂

α
β ∂v1f +

∑
|α1|<|α|

Cα1
α ∂α−α1∂xφ∂

α1

β ∂v1f . (5.27)

Notice that the last term of (5.27) vanishes when |α| = 0. For 1 ≤ |α−α1| ≤ N
2 with

|α| �= 0, we have∣∣(∂α−α1∂xφ∂
α1

β ∂v1f , w
2(β)∂α

β g
)∣∣

≤ C‖∂α−α1∂xφ‖L∞‖〈v〉 |γ|
2 〈v〉−|γ|w(β)∂v1∂α1

β f‖‖〈v〉 |γ|
2 w(β)∂α

βg‖
≤ C‖∂α−α1∂xφ‖L∞‖〈v〉∂v1∂α1

β f‖2,w(β+e1)‖〈v〉∂α
βg‖2,w

≤ C
∑
|α′|≤N

‖∂α′
∂xφ‖FN,l,q(t). (5.28)

Here we have used that 〈v〉−|γ|w(β) = w(β+e1) and 〈v〉 |γ|
2 ≤ 〈v〉 for |γ| ≤ 2 by (1.29)

and e1 = (1, 0, 0).
For N

2 ≤ |α− α1| ≤ N with |α| �= 0, the similar arguments as (5.28) imply∣∣(∂α−α1∂xφ∂v1∂
α1

β f , w2(β)∂α
β g

)∣∣ ≤ C
∑
|α′|≤N

‖∂α′
∂xφ‖FN,l,q(t). (5.29)

With the help of (5.28) and (5.29), we have from (5.27) that(
∂α
β (∂xφ∂v1f), w

2(β)∂α
β g

) ≤ (
∂xφ∂

α
β ∂v1f , w

2(β)∂α
β g

)
+C

∑
|α′|≤N

‖∂α′
∂xφ‖FN,l,q(t). (5.30)

Next we expand the second term on the right hand side of (5.26) as

∂α
β (∂xφ

v1
2
f) =

∑
|α1|≤|α|

Cα1
α (∂α1∂xφ

v1
2
∂α−α1

β f +
1

2
Cβ−e1

β ∂α1∂xφ∂
α−α1

β−e1
f), (5.31)

where e1 = (1, 0, 0). If |α1| ≤ |α|
2 , we have(

∂α1∂xφ
v1
2
∂α−α1

β f +
1

2
Cβ−e1

β ∂α1∂xφ∂
α−α1

β−e1
f , w2(β)∂α

β g
)

≤ C‖∂α1∂xφ‖L∞(‖〈v〉∂α−α1

β f‖2,w‖〈v〉∂α
βg‖2,w + ‖∂α−α1

β−e1
f‖2,w(β−e1)‖∂α

β g‖2,w)
≤ C

∑
|α′|≤N

‖∂α′
∂xφ‖FN,l,q(t). (5.32)

Here we have used the fact that w(β) ≤ w(β − e1) by (1.29). If |α|2 ≤ |α1| ≤ |α|, we
also have (

∂α1∂xφ
v1
2
∂α−α1

β f +
1

2
Cβ−e1

β ∂α1∂xφ∂
α−α1

β−e1
f , w2(β)∂α

β g
)

≤ C
∑
|α′|≤N

‖∂α′
∂xφ‖FN,l,q(t). (5.33)
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With the help of (5.32) and (5.33), we have from (5.31) that(
∂α
β (∂xφ

v1
2
f), w2(β)∂α

β g
) ≤ C

∑
|α′|≤N

‖∂α′
∂xφ‖FN,l,q(t). (5.34)

The last term on the right hand side of (5.26) can be dominated by

|(∂α
β (

P0[∂xφ∂v1(
√
μf)]√

μ
), w2(β)∂α

β g
)| ≤ C

√
ε0DN,l,q(t). (5.35)

By (5.30), (5.34) and (5.35), we have from (5.26) that

(∂α
β (

P1(∂xφ∂v1F2)√
μ

), w2(β)∂α
β g)−

(
∂xφ∂

α
β ∂v1f , w

2(β)∂α
β g

)
≤ C

√
ε0DN,l,q(t) + C

∑
|α′|≤N

‖∂α′
∂xφ‖FN,l,q(t). (5.36)

Hence, for |α|+ |β| ≤ N with |β| ≥ 1 and any ε > 0 small enough, we have from the
above estimates that

1

2

d

dt
‖∂α

β g‖22,w +
q2q3

2(1 + t)1+q3
‖〈v〉∂α

β g‖22,w + λ‖∂α
β g‖2ν,w −

(
∂xφ∂

α
β ∂v1f , w

2(β)∂α
β g

)
≤ Cε

∑
|β1|≤|β|

‖∂α
β1
g‖2ν,w(β1)

+ Cε

(‖∂x∂α
β−e1g‖2ν,w(β−e1)

+ ‖∂αg‖2ν + ‖∂α∂xg‖2ν

+‖∂α[ũx, θ̃x]‖2
)
+ Cεδ

1
6 (1 + t)−

7
6 + Cε(η0 + δ

1
6 +

√
ε0)DN,l,q(t)

+C
∑
|α′|≤N

‖∂α′
∂xφ‖FN,l,q(t). (5.37)

This completes the proof of the weighted mixed derivative estimates of the function
g.

In the following, we deduce the weighted mixed derivative estimates of the func-
tion f . Taking the derivative ∂α

β to (1.26) with |α| + |β| ≤ N and |β| ≥ 1, for
e1 = (1, 0, 0), one has

∂t∂
α
β f + v1∂x∂

α
β f + Cβ−e1

β ∂x∂
α
β−e1f + ∂α

β (∂xφv1
√
μ)− ∂α

βL2f

= ∂α
βΓ(

M − μ√
μ

, f) + ∂α
βΓ(

G√
μ
, f) + ∂α

βΓ(g, f) + ∂α
β (

∂xφ∂v1(M − μ)√
μ

)

+∂α
β (

∂xφ∂v1G√
μ

) + ∂α
β (

∂xφ∂v1
(
√
μg)√

μ
). (5.38)

We take the inner product of (5.38) with w2(β)∂α
β f over R × R

3 and then estimate
term by term. First of all, one has

(∂t∂
α
β f , w

2(β)∂α
β f) =

1

2

d

dt
‖∂α

β f‖22,w +
q2q3

2(1 + t)1+q3
‖〈v〉∂α

β f‖22,w.

And the inner product of the second term vanishes by the integration by parts. By
the similar arguments as (5.25), one has

|(∂x∂α
β−e1f , w

2(β)∂α
β f)| ≤ ε‖∂α

β f‖2ν,w + Cε‖∂x∂α
β−e1f‖2ν,w(β−e1)

.
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It follows that

|(∂α
β (∂xφv1

√
μ), w2(β)∂α

β f)| ≤ ε‖∂α
β f‖2ν,w + Cε‖∂α∂xφ‖2.

By (3.6), one has

−(∂α
βL2f , w

2(β)∂α
β f) ≥ ‖∂α

β f‖2ν,w − ε
∑

|β1|≤|β|
‖∂α

β1
f‖2ν,w(β1)

− Cε‖∂αf‖2ν .

By the similar arguments as (3.15), (3.29) and (3.30), we have

|(∂α
βΓ(

M − μ√
μ

, f) + ∂α
βΓ(

G√
μ
, f) + ∂α

βΓ(g, f), w
2(β)∂α

β f)|

≤ Cε‖∂α
β f‖2ν,w(β) + Cε(η0 + δ

1
6 +

√
ε0)DN,l,q(t).

Following the similar methods used as (5.20), we can obtain

(∂α
β (

∂xφ∂v1(M − μ)√
μ

) + ∂α
β (

∂xφ∂v1G√
μ

), w2(β)∂α
β f)| ≤ C(η0 + δ

1
6 +

√
ε0)DN,l,q(t).

By using the similar method used as (5.30) and (5.34), we arrive at(
∂α
β

(∂xφ∂v1(√μg)√
μ

)
, w2(β)∂α

β f
)

≤ (
∂xφ∂v1∂

α
β g, w

2(β)∂α
β f

)
+ C

∑
|α′|≤N

‖∂α′
∂xφ‖FN,l,q(t). (5.39)

Hence, for |α|+ |β| ≤ N with |β| ≥ 1 and any ε > 0 small enough, we arrive at

1

2

d

dt
‖∂α

β f‖22,w +
q2q3

2(1 + t)1+q3
‖〈v〉∂α

β f‖22,w + λ‖∂α
β f‖2ν,w −

(
∂xφ∂v1∂

α
β g, w

2(β)∂α
β f

)
≤ Cε

∑
|β1|≤|β|

‖∂α
β1
f‖2ν,w(β1)

+ Cε

(‖∂x∂α
β−e1f‖2ν,w(β−e1)

+ ‖∂αf‖2ν + ‖∂α∂xφ‖2
)

+Cε(η0 + δ
1
6 +

√
ε0)DN,l,q(t) + C

∑
|α′|≤N

‖∂α′
∂xφ‖FN,l,q(t). (5.40)

This completes the proof of the weighted mixed derivative estimates of the function
f .

In summary, for |α|+ |β| ≤ N with |β| ≥ 1 and any ε > 0 small enough, we have
from (5.37) and (5.40) that

1

2

d

dt
(‖∂α

β g‖22,w + ‖∂α
β f‖22,w) +

q2q3
2(1 + t)1+q3

(‖〈v〉∂α
β g‖22,w + ‖〈v〉∂α

β f‖22,w)

+λ(‖∂α
β g‖2ν,w + ‖∂α

β f‖2ν,w)
≤ Cε

∑
|β1|≤|β|

{‖∂α
β1
g‖2ν,w(β1)

+ ‖∂α
β1
f‖2ν,w(β1)

}
+Cε

{‖∂x∂α
β−e1g‖2ν,w(β−e1)

+ ‖∂x∂α
β−e1f‖2ν,w(β−e1)

}
+Cε

{‖∂αg‖2ν + ‖∂αf‖2ν + ‖∂α∂xφ‖2 + ‖∂α[ũx, θ̃x]‖2
}
+ Cεδ

1
6 (1 + t)−

7
6

+Cε(η0 + δ
1
6 +

√
ε0)DN,l,q(t) + C

∑
|α′|≤N

‖∂α′
∂xφ‖FN,l,q(t). (5.41)
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Here we have used the fact that

− (∂xφ∂
α
β ∂v1f , w

2(β)∂α
β g)− (∂xφ∂v1∂

α
β g, w

2(β)∂α
β f)

≤ C
∑
|α′|≤1

‖∂α′
∂xφ‖FN,l,q(t). (5.42)

Notice that the coefficients in the second term of the second line in (5.41) is large.
We will use the induction in |β| and then suitably choose ε > 0 small enough to this
term. By the suitable linear combinations, we can obtain (5.23). This ends the proof
of Lemma 5.2.

5.3. Second main energy estimates. In this subsection, we will give the
weighted energy estimates to the solution in terms of Lemma 5.1 and Lemma 5.2.

Lemma 5.3. Under the conditions of Lemma 4.1, we have

d

dt
ÊN (t) +

λq2q3
(1 + t)1+q3

FN,l,q + λ
∑

|α|+|β|≤N

{‖∂α
β g‖2ν,w + ‖∂α

β f‖2ν,w
}

≤ C
∑

1≤|α|≤N

‖∂α(ρ̃, ũ, θ̃)‖2 + C
∑
|α|≤N

{‖∂αg‖2ν + ‖∂αf‖2ν + ‖∂α∂xφ‖2
}

+Cδ
1
6 (1 + t)−

7
6 + C(η0 + δ

1
6 +

√
ε0)DN,l,q(t) + C

∑
|α|≤N

‖∂α∂xφ‖FN,l,q(t). (5.43)

Here the function ÊN (t) is given by

ÊN (t) =C̃4

{ ∑
|α|≤1

‖∂αg‖22,w +
∑

2≤|α|≤N

‖∂
αF1√
μ
‖22,w +

∑
|α|≤N

‖∂αf‖22,w
}

+
N−1∑
|α|=0

C|α|

N−|α|∑
j=1

Cj

∑
|β|=j

{‖∂α
β g‖22,w + ‖∂α

β f‖22,w
}

(5.44)

for some large constant C̃4 > 0 and FN,l,q(t) is given by (4.2).

Proof. For some suitably large constant C̃4 > 0, the estimate (5.43) follows from

(5.1)×C̃4 and (5.23). This completes the proof of Lemma 5.3.

6. The Proof of Main Result. In this section, we shall prove our main theo-
rem. To this end, we first need to establish the crucial time decay rates of the electric
field term. Then we prove the a priori estimate is closed and establish global solution
for the system (1.6) and (1.7). Finally, we prove the time asymptotic stability of
rarefaction waves for the solution of the system (1.6) and (1.7).

6.1. Time decay rates of the electric field. In this subsection, we follow the
methods in [11] and make use of the smallness of the wave strength and the instant
energy functional to establish the following lemma.

Lemma 6.1. Suppose EN,l,q(t) < ε0 for N ≥ 6 and l ≥ max{N, 1
2 + 1

|γ|} with

−2 ≤ γ < 0. For any q3 ≥ 0, any q1 ∈ [0, 1) and q2 ∈ [0, 1) small enough in (1.29).
If we choose η0 > 0 in (1.20), δ > 0 in Lemma 2.1 and ε0 > 0 small enough, one has∑

|α|≤N−1

‖∂αf‖2 +
∑
|α|≤N

‖∂α∂xφ‖2 ≤ Cε0(1 + t)−(2l−4), q1 ≥ 0, (6.1)
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and there exists c > 0 such that that∑
|α|≤N−1

‖∂αf‖2 +
∑
|α|≤N

‖∂α∂xφ‖2 ≤ Cε0e
−c(1+t)

2
2+|γ|

, q1 > 0. (6.2)

Proof. We have from (4.62) with |α| ≤ N − 1, (4.63), (4.64) and (3.5) that

1

2

d

dt
(‖∂αf‖2 + 1

2
‖∂α∂xφ‖2) + σ2‖∂α(I− P2)f‖2ν

≤ (∂αΓ(
M − μ√

μ
, f) + ∂αΓ(

G√
μ
, f), ∂αf) + (∂αΓ(g, f), ∂αf)

+(∂α(
∂xφ∂v1G√

μ
) + ∂α(

∂xφ∂v1(M − μ)√
μ

), ∂αf) + (∂α(
∂xφ∂v1

(
√
μg)√

μ
), ∂αf). (6.3)

By (3.8), (3.12), (3.13), (3.26), the imbedding inequality and Lemma 2.1, one has

|(∂αΓ(
M − μ√

μ
, f) + ∂αΓ(

G√
μ
, f), ∂αf)|+ |(∂αΓ(g, f), ∂αf)|

≤ C(η0 + δ
1
6 )‖∂αf‖2ν + C(δ

1
6 +

√
EN,0,0(t))

∑
|α′|≤N−1

‖∂α′
f‖2ν . (6.4)

On the other hand, we also have

|(∂α(
∂xφ∂v1G√

μ
) + ∂α(

∂xφ∂v1(M − μ)√
μ

), ∂αf)|

≤ C(η0 + δ
1
6 +

√
EN,0,0(t))

∑
|α′|≤N−1

(‖∂α′
f‖2ν + ‖∂α′

∂xφ‖2). (6.5)

For the last term of (6.3), we have

∂α(∂xφ∂v1(
√
μg))√

μ
=

∑
|α1|≤|α|

Cα1
α (∂α1∂xφ∂v1∂

α−α1g − ∂α1∂xφ
v1
2
∂α−α1g).

If |α1| ≤ |α|/2, we have from the imbedding inequality that

|(∂α1∂xφ∂v1∂
α−α1g − ∂α1∂xφ

v1
2
∂α−α1g, ∂αf)|

≤ C
{‖〈v〉− γ

2 ∂v1
∂α−α1g‖+ ‖〈v〉− γ

2 +1∂α−α1g‖}‖〈v〉 γ
2 ∂αf‖‖∂α1∂xφ‖L∞

≤ C
√
EN,l,0(t)

∑
|α′|≤N−1

(‖∂α′
f‖2ν + ‖∂α′

∂xφ‖2). (6.6)

Here we have used the fact that, for −2 ≤ γ < 0,

〈v〉− γ
2 ≤ 〈v〉|γ|(l−1) and 〈v〉− γ

2 +1 ≤ 〈v〉|γ|l,
that is l ≥ max{3

2
,
1

2
+

1

|γ| }. (6.7)
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Similarly, if |α1|/2 < |α1| ≤ |α|, one has

(∂α1∂xφ∂v1∂
α−α1g − ∂α1∂xφ

v1
2
∂α−α1g, ∂αf)

≤ C
√
EN,l,0(t)

∑
|α′|≤N−1

{‖∂α′
f‖2ν + ‖∂α′

∂xφ‖2
}
. (6.8)

By using the above estimates and EN,l,0(t) < ε0 with l ≥ max{N, 1
2 + 1

|γ|}, we arrive
at

1

2

d

dt

∑
|α|≤N−1

{‖∂αf‖2 + 1

2
‖∂α∂xφ‖2

}
+ σ2

∑
|α|≤N

‖∂α(I− P2)f‖2ν

≤ C(η0 + δ
1
6 +

√
ε0)

∑
|α|≤N−1

{‖∂αf‖2ν + ‖∂α∂xφ‖2
}
. (6.9)

By the similar arguments as (4.72), we can obtain∑
|α|≤N−1

(‖∂αP2f‖2 + ‖∂α∂xφ‖2)

≤ − d

dt
H1(t) + C

∑
|α|≤N−1

‖∂α(I− P2)f‖2ν

+C(η0 + δ
1
6 +

√
ε0)

∑
|α|≤N−1

(‖∂αf‖2ν + ‖∂α∂xφ‖2). (6.10)

Here the function H1(t) is defined as

H1(t) = C
∑

|α|≤N−2

(〈∂αf , v1
√
μ〉, ∂x∂αa) + C(〈f , v1√μ〉, ∂xφ)

≤ C
∑

|α|≤N−1

(‖∂αf‖2 + ‖∂α∂xφ‖2). (6.11)

For some positive constants η0, δ, ε0 and κ2 small enough, we have from (6.9) and
(6.10) that

d

dt
G(t) + λ

∑
|α|≤N−1

{‖∂αf‖2ν + ‖∂α∂xφ‖2
} ≤ 0. (6.12)

Here the function G(t) is given by

G(t) =
∑

|α|≤N−1

{‖∂αf‖2 + 1

2
‖∂α∂xφ‖2 + κ2H1(t)

}
≈

∑
|α|≤N−1

{‖∂αf‖2 + ‖∂α∂xφ‖2
}
. (6.13)

In what follows we establish the polynomial time decay by the interpolation meth-
ods developed in [11]. For |α| ≤ N − 1 and l > 2, we have

‖∂αf‖2 =

∫
R

∫
R3

〈v〉γ 2l−4
2l−3 〈v〉−γ 2l−4

2l−3 |∂αf |2( 2l−4
2l−3+

1
2l−3 )dvdx

≤ C
(∫

R

∫
R3

〈v〉γ |∂αf |2dvdx
) 2l−4

2l−3
(∫

R

∫
R3

〈v〉|γ|(2l−4)|∂αf |2dvdx
) 1

2l−3

, (6.14)
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which further implies that

‖∂αf‖2ν ≥ λ‖∂αf‖ 2(2l−3)
2l−4 ‖〈v〉|γ|(l−2)∂αf‖− 2

2l−4

≥ λ‖∂αf‖ 2(2l−3)
2l−4 { sup

0≤s≤T
EN−1,l,0(s)}− 1

2l−4 . (6.15)

Similarly, we can obtain

‖∂α∂xφ‖2 = ‖∂α∂xφ‖
2(2l−3)
2l−4 ‖∂α∂xφ‖− 2

2l−4

≥ λ‖∂α∂xφ‖
2(2l−3)
2l−4 { sup

0≤s≤T
EN−1,l,0(s)}− 1

2l−4 . (6.16)

It follows from (6.12), (6.13), (6.15) and (6.16) that

d

dt
G(t) + λG(t)

2l−3
2l−4 { sup

0≤s≤T
EN−1,l,0(s)}− 1

2l−4 ≤ 0. (6.17)

By the fact that sup0≤s≤T EN−1,l,0(s) < ε0, we solve this inequality to get

G(t) ≤ C sup
0≤s≤T

EN−1,l,0(s)(1 + t)−(2l−4). (6.18)

By the Poisson equation (1.28) and the fact that P2f = a(t, x)
√
μ, we have

−∂xxφ = 2a(t, x) and ‖∂αP2f‖ ≈ ‖∂αa(t, x)‖. (6.19)

This implies that∑
1≤|α|≤N

‖∂α∂xφ‖2 =
∑

|α|≤N−1

‖∂α∂xxφ‖2 ≤ C
∑

|α|≤N−1

‖∂αP2f‖2 ≤ C
∑

|α|≤N−1

‖∂αf‖2.

(6.20)

The estimate (6.1) follows from this, (6.18) and (6.13).
We now turn to prove the stretched exponential time decay by the splitting meth-

ods developed in [11]. For any � > 0, ε2 > 0 and �(1+t)ε2 ≥ 1, one has by −2 ≤ γ < 0
that

‖∂αf‖2ν =

∫
R

∫
〈v〉≤�(1+t)ε2

〈v〉γ |∂αf |2 dvdx+

∫
R

∫
〈v〉>�(1+t)ε2

〈v〉γ |∂αf |2 dvdx

≥ {�(1 + t)ε2}−|γ|
∫
R

∫
〈v〉≤�(1+t)ε2

|∂αf |2 dvdx

= {�(1 + t)ε2}−|γ|‖∂αf‖2 − {�(1 + t)ε2}−|γ|
∫
R

∫
〈v〉>�(1+t)ε2

|∂αf |2 dvdx.

For q1 > 0 and t ∈ [0, T ], the last term on the above inequality is dominated by

{�(1 + t)ε2}−|γ|
∫
R

∫
〈v〉>�(1+t)ε2

e
q1
2 〈v〉2−

q1
2 �2(1+t)2ε2 |∂αf |2dvdx

≤ C{�(1 + t)ε2}−|γ|e− q1
2 �2(1+t)2ε2 sup

0≤s≤T
EN−1,l,q(s).
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It follows from the above estimates that

‖∂αf‖2ν ≥ {�(1 + t)ε2}−|γ|‖∂αf‖2 − C{�(1 + t)ε2}−|γ|e− q1
2 �2(1+t)2ε2 sup

0≤s≤T
EN−1,l,q(s).

For �(1 + t)ε2 ≥ 1 and −2 ≤ γ < 0, we see

‖∂α∂xφ‖2 ≥ {�(1 + t)ε2}−|γ|‖∂α∂xφ‖2.
With the help of the above two inequalities, we have from (6.12) that

d

dt
G(t) + λ{�(1 + t)ε2}−|γ|G(t) ≤ C{�(1 + t)ε2}−|γ|e− q1

2 �2(1+t)2ε2 sup
0≤s≤T

EN−1,l,q(s),

which further implies that

d

dt

(
eε(t)G(t)

) ≤ Ceε(t){�(1 + t)ε2}−|γ|e− q1
2 �2(1+t)2ε2 sup

0≤s≤T
EN−1,l,q(s). (6.21)

Here ε(t) is defined as

ε(t) =
λ(1 + t)1−ε2|γ|

(1− ε2|γ|)�|γ| . (6.22)

Noticing that G(0) ≤ C sup0≤s≤T EN−1,l,q(s) for any T > 0 by (6.13). It follows from
(6.21) that

G(t) ≤ Ce−ε(t)(1 +

∫ t

0

eε(s){�(1 + s)ε2}−|γ|e− q1
2 �2(1+s)2ε2ds) sup

0≤s≤T
EN−1,l,q(s)

≤ Ce−ε(t) sup
0≤s≤T

EN−1,l,q(s). (6.23)

Here we have chosen � > 0 large enough and ε2 = 1
2+|γ| and q1 > 0 such that∫ t

0

eε(s)(�(1 + s)ε2)−|γ|e−
q1
2 �2(1+s)2ε2ds <∞.

Hence, combining (6.23) with (6.13) and taking ε2 = 1
2+|γ| in (6.22), we have

∑
|α|≤N−1

(‖∂αf‖2 + ‖∂α∂xφ‖2) ≤ Cε0e
−c(1+t)

2
2+|γ|

.

The estimate (6.2) follows from this and (6.20). We thus complete the proof of Lemma
6.1.

6.2. Global existence. In this subsection, we are now in a position to complete
the proof of Theorem 1.1. By a suitable linear combination of (4.76) and (5.43), we
can obtain

d

dt
EN,l,q(t) +

λq2q3
(1 + t)1+q3

FN,l,q(t) + λ‖√ū1x(ρ̃, ũ1, θ̃)‖2 + λDN,l,q(t)

≤ Cδ
1
6 (1 + t)−

7
6 + C(η0 + δ

1
6 +

√
ε0)DN,l,q(t) + C

∑
|α|≤N

‖∂α∂xφ‖FN,l,q(t). (6.24)
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Here DN,l,q(t) and FN,l,q(t) are defined by (1.32) and (4.2), respectively, and EN,l,q(t)
is given by

EN,l,q(t) = C̃5ẼN (t) + ÊN (t), (6.25)

for some suitably large constant C̃5 > 0, where ẼN (t) and ÊN (t) are defined by (4.77)
and (5.44), respectively.

Assuming EN,l,q(t) < ε0 for N ≥ 6 and l ≥ max{N, 1
2 +

1
|γ|} with −2 ≤ γ < 0 and

q = (q1, q2, q3) with both q1 ≥ 0 and q2 > 0 small enough and q3 ∈ (0, l− 3) in (1.29),
we have from (6.1) and (6.24) that

d

dt
EN,l,q(t) +

λq2q3
(1 + t)1+q3

FN,l,q(t) + λ‖√ū1x(ρ̃, ũ1, θ̃)‖2 + λDN,l,q(t)

≤ C1δ
1
6 (1 + t)−

7
6 . (6.26)

Here we have further used the smallness of η0, δ and ε0. In view of (6.25), (4.77),
(5.44), (1.31) and Lemma 2.1, there exists a constant C̄ > 1 such that

C̄−1(EN,l,q(t)− δ
1
6 ) ≤ EN,l,q(t) ≤ C̄(EN,l,q(t) + δ

1
6 ). (6.27)

Assume that EN,l,q(0) ≤ ε1 and for some T > 0, we make a priori estimate as follows

sup
0≤t≤T

EN,l,q(t) < C0(ε1 + δ
1
6 ) = ε0, (6.28)

with C0 = 3(C̄2 + C̄C1 + C̄), where η0 > 0, ε0 > 0 and δ > 0 are small enough. It
follows from (6.26) that

sup
0≤t≤T

EN,l,q(t) < EN,l,q(0) + C1δ
1
6 .

This together with (6.27) and (6.28) implies that

sup
0≤t≤T

EN,l,q(t) < C̄ sup
0≤t≤T

EN,l,q(t) + C̄δ
1
6 < C̄(EN,l,q(0) + C1δ

1
6 ) + C̄δ

1
6

≤ C̄2EN,l,q(0) + (C̄2 + C̄C1 + C̄)δ
1
6 < C0(ε1 + δ

1
6 ) = ε0. (6.29)

Thus the a priori estimate (6.28) is closed.

The local existence of the solutions for the VPB system (1.1) near a global
Maxwellian was proved in [9, 10]. By a straightforward modification of the argu-
ment there, we can obtain the local existence of the solutions for the VPB system
(1.4) and (1.5) with F±(t, x, v) ≥ 0 under the conditions of Theorem 1.1. For brevity,
we omit the proof. By the a priori estimate (6.28) and the local existence of the
solutions, the standard continuity argument, we can obtain the global existence and
uniqueness of the solutions for the VPB system (1.6) and (1.7).

Next, we need to justify the time asymptotic stability of planar rarefaction waves
as (1.33). In fact, for any t > 0, we have from (6.26) that

EN,l,q(t) + λ

∫ t

0

DN,l,q(s)ds ≤ Cε0. (6.30)
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In terms of (3.26), the expression of ∂xM and ∂xM = ∂xM[ρ̄,ū,θ̄] in (1.19), we have
from the imbedding inequality and Lemma 2.1 that

‖ (M −M)x√
μ

‖2 + ‖Gx√
μ
‖2 ≤ Cδ

1
6 (1 + t)−

7
6 + CDN,l,q(t).

For −2 ≤ γ < 0, we have by (1.32) and l ≥ N with N ≥ 6 that

‖gx‖2 = ‖〈v〉|γ|/2gx‖2ν ≤ CDN,l,q(t).

Since F1 = M +G+
√
μg, it follows from the above two estimates that

‖ (F1 −M)x√
μ

‖2 ≤ C
{‖ (M −M)x√

μ
‖2 + ‖Gx√

μ
‖2 + ‖gx‖2

}
≤ CDN,l,q(t) + Cδ

1
6 (1 + t)−

7
6 . (6.31)

From (4.42), one has

∂t∂x(
F1 −M√

μ
)

= −∂t∂x( M√
μ
)− v1∂xx(

F1√
μ
) + ∂xL1g + ∂xΓ(g,

M − μ√
μ

) + ∂xΓ(
M − μ√

μ
,g)

+∂xΓ(
G√
μ
,
G√
μ
) +

1√
μ
∂xP1v1M

{ |v − u|2θx
2Rθ2

+
(v − u) · ūx

Rθ

}
+ ∂x(

∂xφ∂v1F2√
μ

).

(6.32)

For any l ≥ 1
2 + 1

|γ| with −2 ≤ γ < 0, 〈v〉− γ
2 +1 ≤ 〈v〉|γ|l. Thus we have

‖v1∂xxg‖2 ≤ C‖〈v〉− γ
2 +1∂xxg‖2ν ≤ CDN,l,q(t).

By using this, (1.19), (4.44), (3.26), (1.20) and Lemma 2.1, we arrive at

‖∂t∂x( M√
μ
)‖2 + ‖v1∂xx( F1√

μ
)‖2 + ‖ 1√

μ
∂xP1v1M

{ |v − u|2θx
2Rθ2

+
(v − u) · ūx

Rθ

}‖2
≤ C‖(ρ̄xt, ūxt, θ̄xt)‖2 + ‖(ρ̄x, ūx, θ̄x) · (ρ̄t, ūt, θ̄t)‖2 + ‖v1∂xx( M√

μ
)‖2 + ‖v1∂xx( G√

μ
)‖2

+‖v1∂xxg‖2 + C‖(ūxx, θ̄xx)‖2 + ‖(ρx, ux, θx) · (ρ̄x, ūx, θ̄x)‖2
≤ Cδ

1
6 (1 + t)−

7
6 + CDN,l,q(t). (6.33)

Note that L1g = Γ(
√
μ, g) + Γ(g,

√
μ), we have from (3.11) that

‖∂xL1g‖2 + ‖∂xΓ(g, M − μ√
μ

)‖2 + ‖∂xΓ(M − μ√
μ

,g)‖2 ≤ CDN,l,q(t).

By using (3.21), (3.24), (3.26), (3.11) and Lemma 2.1, we arrive at

‖∂xΓ( G√
μ
,
G√
μ
)‖2 + ‖∂x(∂xφ∂v1F2√

μ
)‖2 ≤ Cδ

1
6 (1 + t)−

7
6 + CDN,l,q(t).
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It follows from (6.32) and the above estimates that

‖∂t∂x(F1 −M√
μ

)‖2 ≤ Cδ
1
6 (1 + t)−

7
6 + CDN,l,q(t). (6.34)

By this, (6.30) and (6.31), one has∫ +∞

0

‖ (F1 −M)x√
μ

‖2dt+
∫ +∞

0

| d
dt
‖ (F1 −M)x√

μ
‖2|dt < C(ε0 + δ

1
6 ),

which implies that

lim
t→+∞ ‖

(F1 −M)x√
μ

‖2 = 0.

By this and the imbedding inequality, we get

lim
t→+∞ sup

x∈R
| (F1 −M)√

μ
|22 = 0. (6.35)

By Lemma 2.1, we can obtain

lim
t→+∞ sup

x∈R
|M[ρ̄,ū,θ̄] −M[ρr,ur,θr]√

μ
|22 = 0. (6.36)

Therefore, the time asymptotic convergence of the solution F1 to the 3-rarefaction
wave M[ρr,ur,θr] can be derived directly from (6.35) and (6.36). Then the proof of
Theorem 1.1 is completed.

Acknowledgment. Hongjun Yu expresses his great gratitude to his supervisor,
Professor Ling Hsiao, for her many years of supports and helps. The research of the
authors was supported by the GDUPS 2017 and the NNSFC Grant 11371151.

REFERENCES

[1] C. Bardos, F. Golse and D. Levermore, Fluid dynamical limits of kinetic equations: I.
Formal derivation, J. Stat. Phys., 63 (1991), pp. 323–344; II. Convergence proofs for the
Boltzmann equation, Comm. Pure Appl. Math., 46 (1993), pp. 667–753.

[2] R. E. Caflisch and B. Nicolaenko, Shock profile solutions of the Boltzmann equation, Comm.
Math. Phys., 86 (1982), pp. 161–194.

[3] R. J. Duan, Y. J. Lei, T. Yang and H., J. Zhao, The Vlasov-Maxwell-Boltzmann system
near Maxwellians in the whole space with very soft potentials, Comm. Math. Phys., 351:1
(2017), pp. 95–153.

[4] R. J. Duan and S. Q. Liu, Global stability of the rarefaction wave of the Vlasov-Poisson-
Boltzmann system, SIAM J. Math. Anal., 47:5 (2015), pp. 3585–3647.

[5] R. J. Duan and S. Q. Liu, The Vlasov-Poisson-Boltzmann system for a disparate mass binary
mixture, J. Stat. Phys., 169:3 (2017), pp. 614–684.

[6] R. J. Duan, T. Yang and H. J. Zhao, The Vlasov-Poisson-Boltzmann system for soft poten-
tials, Math. Models Methods Appl. Sci., 23:6 (2013), pp. 979–1028.

[7] R. J. Duan and H. J. Yu, The Vlasov-Poisson-Landau system near a local maxwellian, Adv.
Math., 362 (2020), 106956.

[8] Y. Guo, Boltzmann diffusive limit beyond the Navier-Stokes approximation, Comm. Pure Appl.
Math., 59 (2006), pp. 626–687.

[9] Y. Guo, The Vlasov-Poisson-Boltzmann system near Maxwellians, Comm. Pure Appl. Math.,
55 (2002), pp. 1104–1135.

[10] Y. Guo, The Vlasov-Maxwell-Boltzmann system near Maxwellians, Invent. Math., 153:3
(2003), pp. 593–630.



148 D.-C. YANG AND H.-J. YU

[11] Y. Guo, The Vlasov-Poisson-Landau system in a periodic box, J. Amer. Math. Soc., 25 (2012),
pp. 759–812.

[12] Y. Guo, Classical solutions to the Boltzmann equation for molecules with an angular cutoff,
Arch. Ration. Mech. Anal., 169 (2003), pp. 305–353.

[13] L. Hsiao and H. J. Yu, On the Cauchy problem of the Boltzmann and Landau equations with
soft potentials, Quart. Appl. Math., 65:2 (2007), pp. 281–315.

[14] F. M. Huang, Z. P. Xin and T. Yang, Contact discontinuities with general perturbation for
gas motion, Adv. Math., 219 (2008), pp. 1246–1297.

[15] F. M. Huang and T. Yang, Stability of contact discontinuity for the Boltzmann equation, J.
Differential Equations, 229 (2006), pp. 698–742.

[16] J. Jang, Vlasov-Maxwell-Boltzmann diffusive limit, Arch. Ration. Mech. Anal., 194 (2009),
pp. 531–584.

[17] T. P. Liu and S. H. Yu, Boltzmann equation: Micro-macro decompositions and positivity of
shock profiles, Comm. Math. Phys., 246 (2004), pp. 133–179.

[18] T. P. Liu, T. Yang and S. H. Yu, Energy method for the Boltzmann equation, Physica D,
188 (2004), pp. 178–192.

[19] T. P. Liu, T. Yang, S. H. Yu and H. J. Zhao, Nonlinear stability of rarefaction waves for
the Boltzmann equation, Arch. Ration. Mech. Anal., 181 (2006), pp. 333–371.

[20] H. L. Li, Y. Wang, T. Yang and M. Y. Zhong, Stability of nonlinear wave patterns to
the bipolar Vlasov-Poisson-Boltzmann system, Arch. Ration. Mech. Anal., 228:1 (2018),
pp. 39–127.

[21] H. L. Li, T. Wang and Y. Wang, Stability of the superposition of a viscous contact wave with
two rarefaction waves to the bipolar Vlasov-Poisson-Boltzmann system, SIAM J. Math.
Anal., 50:2 (2018), pp. 1829–1876.

[22] A. Matsumura and K. Nishihara, Asymptotics toward the rarefaction wave of the solutions
of a one-dimensional model system for compressible viscous gas, Japan J. Appl. Math., 3
(1986), pp. 1–13.

[23] R. M. Strain and Y. Guo, Exponential decay for soft potentials near Maxwellian, Arch.
Ration. Mech. Anal., 187:2 (2008), pp. 287–339.

[24] J. Smoller, Shock waves and reaction-diffusion equations, New York: Springer, (1994).
[25] S. Ukai, On the existence of global solutions of mixed problem for non-linear Boltzmann equa-

tion, Proc. Jpn. Acad., 50 (1974), pp. 179–184.
[26] C. Villani, A review of mathematical topics in collisional kinetic theory, Handbook of math-

ematical fluid dynamics, Vol. I, North-Holland, Amsterdam, (2002), pp. 71–305.
[27] S. Wang and T. Wang, Stability of planar rarefaction wave to the 3D bipolar Vlasov-Poisson-

Boltzmann system, Math. Models Methods Appl. Sci., 30:1 (2020), pp. 23–104.
[28] T. Wang and Y. Wang, Stability of superposition of two viscous shock waves for the Boltzmann

equation, SIAM J. Math. Anal., 47 (2015), pp. 1070–1120.
[29] T. Wang and Y. Wang, Nonlinear stability of planar rarefaction wave to the three-dimensional

Boltzmann equation, Kinet. Relat. Models, 12:3 (2019), pp. 637–679.
[30] Q. H. Xiao, L. J. Xiong and H. J. Zhao, The Vlasov-Poisson-Boltzmann system with angular

cutoff for soft potentials, J. Differential Equations, 255:6 (2013), pp. 1196–1232.
[31] Z. P. Xin, T. Yang and H. J. Yu, The Boltzmann equation with soft potentials near a local

Maxwellian, Arch. Ration. Mech. Anal., 206 (2012), pp. 239–296.
[32] D. C. Yang and H. J. Yu, Stability of rarefaction waves for the bipolar Vlasov-Poisson-

Boltzmann system, J. Math. Anal. Appl., 479:2 (2019), pp. 1781–1840.
[33] D. C. Yang and H. J. Yu, Stability of rarefaction waves for the bipolar Vlasov-Poisson-

Boltzmann system with Hard Potentials, preprint.
[34] T. Yang and H. J. Zhao, A half-space problem for the Boltzmann equation with specular

reflection boundary condition, Comm. Math. Phys., 255 (2005), pp. 683–726.
[35] S. H. Yu, Nonlinear wave propagations over a Boltzmann shock profile, J. Amer. Math. Soc.,

23 (2010), pp. 1041–1118.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType true
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /FlateEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


