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ON THE HEAT EQUATION WITH DRIFT IN L;;1*

N. V. KRYLOV'

Abstract. In this paper we deal with the heat equation with drift in Ly ;. Basically, we prove
that, if the free term is in L, with high enough ¢, then the equation is uniquely solvable in a rather
unusual class of functions such that dyu, D?u € Ly, with p < d+ 1 and Du € L.
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1. Introduction and first main result. Let R¢ be a Euclidean space of points
v = (z,...,2%), d > 2. Define R¥*! = {(t,z) : t € R,z € R?} and for R > 0,
t,z) € R introduce

Br(z)={yeR%:|y—z| <R}, Br=DBg(0), Cr=I[0,R?) x Bg,

CR(lf, JJ) =Cr+ (t,l‘).

Let b(t,x) be Borel R%-valued function on R4*! such that for any R > 0, (t,z) €
Rd+1

IBIE s ) < BHTR, (1.1)

Lat41(Cr(t,>

where b, R > 0, is a continuous nondecreasing bounded function.
For f € L, (R9*+1) vanishing for ¢ > 1 we want to investigate the equation

Ou+ Au+b'Dju = f (1.2)
in the class of functions u € [y, Wp2((=T, 1) xR?) such that u = 0 for ¢ = 1, where
p < d+ 1, qis large enough, 9; = %, D; = %, and by W,»*(Q) we mean the set of

functions u such that (Sobolev derivatives) u, dyu, Dyu, D;Dju € L,(Q),4,j =1,...,d.
The norm in W,-?(Q) is introduced in an obvious way.

A somewhat unusual feature of this problem is that b'D;u & L,((0,1) x R?) for
arbitrary u € W%((0,1) x R?) even vanishing for ¢ = 1. Therefore, if we solve (1.2)
and plug the solution into an equation with different b of the same class, we will
generally not obtain a function in L, even locally. The author is aware of only three
similar occasions for equation with the drift term this time growing linearly in z,
when the solutions are sought for in usual Holder or Sobolev spaces without weights.
These are found in [1], [2], [3]. As there, the phenomenological explanation of why
b*D;u can be controlled is that, as a solution, u admits a probabilistic representation
which shows that, if in some direction the drift is very big, the solution along the
drift is almost constant, so that the gradient is almost orthogonal to the drift. This
argument does not work if u is just any arbitrary function and it shows that b*D;u
should not be treated as a perturbation but rather as an integral part of the operator

L = 9; + A +b'D;. This is the main reason why we concentrate on first estimating
Du.
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196 N. V. KRYLOV

Here is our first main result. For T € (0,00) set R%: = (0,7) x R9.

THEOREM 1.1. Additionally to (1.1) suppose that

||b||Ld+1(R‘1i) < 0Q.
Letpe (1,d+ 1) and

__ pld+1)
q—qp.—d+17p.

Let f have support in C and belong to L,(C1). Then there exists b= IAJ(d,p) > 0 such
that if beo < b, then equation (1.2) has a unique solution such that

dwu, D*u € L,(RY), Du € L,(RY),

and u(1,-) = 0. Furthermore, there exist constants Ny = Ni(d,p) and Ny =
Nle”LdJrl(]Rz{l) such that

18¢u, D?ullp,, ey < Nallfllr, ey + Nill £l reys
”DUHLQ(R‘{Z) < N1||f||Lq(R;1)~

REMARK 1.1. 1. In the second part of the paper we relax the condition by, < b
to by < b and allow f to be any function in L, N L, but ¢ > g,. The arguments there
are based on some results for diffusion processes with measurable coefficients and are
better adapted to be generalized for fully nonlinear parabolic equations with VMO
main part.

2. From our proofs one can see that one can replace (1.1) with the requirement
that b belongs to more general Morrey classes. We prefer (1.1) for only one reason
that in the second part of the paper we use some results from [8] which are proved, so
far, only for b € L, , with d/p+ 1/q = 1 satisfying a condition which becomes (1.1)
if p=q.

3. Hongjie Dong kindly showed the author the way to prove the existence part in
Theorem 1.1 by using the theory of parabolic Morrey’s spaces. This way is probably
the one G. Lieberman had in mind writing his Theorem 25 in [10] (without proof).
However, as far as the author understands, this theorem does not cover Theorem 1.1
let alone Theorem 3.1 in what concerns the range of parameters.

REMARK 1.2. Once we have (1.1) the smallness can be always achieved by
replacing b with Ab, where A\ is sufficiently small (of course, this will change the
equation).

Also note that (1.1) does not imply higher summability of b. For instance, take o €
(0,d), 8 € (0,1) such that «+25 = d+1 and also take a continuous bounded function
h(t), 7 > 0, with h(0) = 0 and consider the function g(t,z) = [t|#|z|~*h(|z]).
Observe that

[ stswavds=p [ (s Pyl holy) dyds
Cp(t,x) Cy(t,z")

where t' = t/p?, o' = 2/p. It is not hard to see that the last integral is a bounded
function of (p,t’,2’) which tends uniformly to zero as p | 0. Hence, the function
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b = ¢g'/(@+D satisfies (1.1) and even by, = 0. Also clearly for any p > d + 1 one can

find h, o and B above such that ¢'/(@+1) ¢ Ly oc-

REMARK 1.3. Theorem 1.1 is about the solvability of the terminal value problem
with zero terminal data. Concerning nonzero data we refer the reader to Remark 3.2.

2. Auxiliary results. Set Ly = 0, +A. If ' is a measurable subset of R*! and

f is a function on I" we denote

ﬁfdz—u{/rfdz,

where |I'| is the Lebesgue measure of I and z stands for (¢, z).

LEMMA 2.1. Letv € Wll’Q(C’R) and assume that Lov = 0 in Cr. Then, for

k€ (0,1/4],

][CKR ][Cm |Dv(z1) — Dv(z2)| dz1dze < N(d)k ][CR |Du(2)| dz.

Proof. Since Dv satisfies the same equation, it suffices to prove that

][ ][ [v(z1) —v(z2)|dz1dze < Nk ][ |v(z)] dz.
C,;R CKR CR

Self-similar transformations allows us to assume that R = 1.
We know (see, for instance, theorem 8.4.4 of [4]) that

][ ][ [v(z1) — v(22)| dz1dze < Nk sup(|0:v + |Dv|) < Nksup |v],
C,@ C,{ Cm 2K

where the last supremum is easily estimated through

/ |v| dz.
Cq

The lemma is proved. O

For 7 € (1,d + 2) introduce

. m(d+2)
T =T
d+2—m

and observe that, if 7 < d + 1,

™ <m(d+1)/(d+1~7)=:qx,

(2.1)

|0°Diull ., < ||bl|Lgs | Dul L, , whereas by embedding theorems dyu, D*u € L, only
implies that Du € L;«. This presents the main obstacle on the way of “usual”
Sobolev space PDE theory for the operator L when lower-order terms are treated as

perturbations. -
Define 'Cr = Cgr \ ({t = 0} x Bgr) and introduce the notation

R
R

g
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LEMMA 2.2. Let w € WY2(Cg) and assume that Low = f in Cr and w =0 on
8/03. Then

#Dwl|z, . (cr) < N(d, T)RHflL,(Cn)- (2.2)

Proof. Rescaling allows us to assume that R = 1. In that case the W}!2(C})-norm
of w is estimate through the L,(C7)-norm of f. After that it only remains to use
embedding theorems. The lemma is proved. O

This result is used below with 1 in place of 7*.

LEMMA 2.3. Let u € WY2(CR). Introduce Lou = f. Then, for k € (0,1/4], with
N = N(d,n),

][ ][ |Du(z1) — Du(z2)| dz1dzs
Ckr Cxr

< Nk ][ [Du(z)|d= + N~ R( ][ | f\”dz)l/ " (2.3)
Cr C

R

Proof. Introduce v € W1?(Cg) such that Lov = 0 and v = u on 9'Ck and let
w=u—v. Then Low = Lou = f and using Lemmas 2.1 and 2.2 we get

][ ][ |Dv(z1) — Dv(22)| dz1dze < Nk ][ |Dv| dz,
CHR CNR

Cr

][ |Dv|dz§][ |Du\dz—|—][ |Dw| dz
Cr Cr Cr

1/7
§][ |Du\dz+NR<][ |f|”dz) ,
CR CR

1/7
][ ][ |Dw(z1) — Dw(z2)| dz1dze < N572d74R( ][ [f1™ dz) .
CNR CNR CR

These computations imply (2.3) and the lemma is proved. O

THEOREM 2.4. Let m € (1,d+ 1) and u € W}Y2(CR). Set f = Lu. Then, for
k € (0,1/4], with N = N(d, ),

][ ][ |Du(z1) — Du(z2)| dz1dzs
CKR CK,R
_ 1/qx
< NH][ |Du(z)| dz —&—NbR/de*‘l(][ | Dul= dz) !
Cr C

R

+NRR24( ][C If| dz)l/ﬂ. (2.4)

R

This result follows from (2.3) and the fact that by Holder’s inequality

(][CR 6™ [ Dul™ dz) v < (][CR b+ dz)l/(dJrl) ( ][C (Dt dZ)l/qﬂ.

R
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The last term in (2.4) presents certain inconvenience which forced us to assume
that f = 0 outside C;. We use the parabolic Hardy-Littlewood maximal function
Mg(z) defined as the supremum of

][ lg| dxdt
c

over all cylinders C' = C,.(s,y) containing z.

LEMMA 2.5. Let g > 0 have support in Cy and be integrable. Let z € R4+,
k € (0,1/4]. Then for any R > 0 and zy € Cxr(z)

R”][ gdxdt < NMg(z) + N (|20 +1)”*d*2/ gdxdt,
CR(Z) Cl

where |z0| = \/|to| + |xo| and N = N(d, ).

Proof. Introduce C' := C3(—1,0) which is a cylinder strictly containing C; and
consider a few cases.
Case zg € C. If R <1, then by definition

R" ][ gdxdt < Mg(z).
Cr(z)
However, if R > 1, then

R™ ][ gdxdt < NRT—472 / gdrdt < N | gdxdt < NMg(z).
Cr(2) C1 C1

Case zy & C',to < —1. In this case in order for the intersection of Cr(z) and
C; be nonempty we have to have tq + R*> > 0 and |zo| — 2R < 1, that is R >
max(+/|tol, (1/2)(|zo] — 1)). By taking into account that |tg| > 1 it is not hard to see
that

max(y/[tol, (1/2)(|zol — 1)) > v(V/Ito] + |0 + 1),
where v > 0 is an absolute constant. In that case

1
R”][ gdxdthR”_d_Q/ gdmdtSN—/ gdxdt.  (2.5)
Cr(2) I3 (L+]20))4277 Je,

Case zy & C,to > 3. This time Cr(z) N Cy # 0 only if 1 + R? > t5 and
lzo| = 2R < 1, that is R > max(v/tg — 1, (1/2)(|zo| — 1)), which leads to (2.5) again.

Case zg & C,to € [-1,3]. Here |z9| > 2 and Cr(z)NCy # 0 only if |z9| —2R < 1,
that is R > (1/2)(|zo| — 1) > (1/8)(Jxo| + 1), which leads to (2.5) again. The lemma
is proved. O

Here is the main a priori estimate. Recall that p € (1,d+1) and ¢ = p(d+1)/(d+
1—p).

LEMMA 2.6. Let u € Upoo Wh2((=T,1) x R?) and Du € Lg((—o0,1) x R?).
Assume that u(1,-) =0, f := Lu € Ly((—0c0,1) xR%), and f has support in Cy. Then
there exists a constant b = B(d, p) > 0 such that, if by < b, then

1 Dullz, (—o0,1)xre) < NI fllL,c)s (2.6)
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where N = N(d,p).

Proof. We extend u and f as zero for ¢t > 1. Let C be the collection of Cg(t, z),
R > 0, (t,z) € R4 TFor functions h = h(z) on R¥*! for which it makes sense
introduce

h*(z) = sup ][ ][ |h(21) — h(22)| dz1dzs.
cec,Jco Jo
C>z
Observe that if 2 € R¥*! and 2 € C € C, then owing to Theorem 2.4 and Lemma
2.5 with = (1+p)/2

][ ][ ‘Du(zl) — Du(zQ)| dz1dzs
Cc JC
< NuM|Du|(z) + Nboor 244 (M(IDuI"")(Z)) v
/T
+1\m‘2"l_4(M(lfl’T)(Z))1 + N&2 Y £l e h(2),

where h(z) = (|z| + 1)'~(@+2)/7 Due to the arbitrariness of C' > z one can replace
here the left-hand side with (Du)?(z). Observe that, v := ¢, ((d + 2)/m — 1) =
(d+2—7m)(d+1)/(d+1—7)>d+2and

/ (2] + 1) 0=@2/m g2 = N [ (] + 12 da < oo.
Rd+1 Rd

Then by the Fefferman-Stein theorem and by the Hardy-Littlewood maximal
function theorem (observe that ¢ > ¢.) we get

DUl L, (—o0,1)xe) < N1(K + ook )| Dullr, (—oo,1)xrey + NET2H FllL,cn)-

To obtain (2.6) now it only remains to choose first small x and then b so that Ni(k+
bk=24=%) < 1/2. The lemma is proved. O

Proof of uniqueness in Theorem 1.1. Let f = 0, our goal is to show that the only
solution u with the specified properties is zero. Since Lou = —b'D;u € L,(R{), we
have that u € W,2(R{).

Now fix a to > 0 close to zero, such that u(to,-) € W2(R?) and for t < to define w
as a solution given by means of the heat semigroup of the equation Low = 0, t < ¢y,
with terminal data w(to,:) = u(to,-). For t € [tg, 1] set w = u. Then w is of class
Urso Wp?((=T,1) x R?) and satisfies Low + Iys,b'Diw = 0 in (—o0,1) x R? with
zero terminal condition. By using the explicit representation of w for ¢ < ¢y and the
fact that by assumption Du € L,(R¢), one easily shows that Dw € L,((—o0, 1) x R%).
But then owing to (2.6), Dw = 0 and Low = 0 in (—oc,1) x R and Lou = 0 in
(tg, 1) x R9. Tt follows that u = 0 for ¢ € [to, 1] and since ¢y can be chosen arbitrarily
close to 0 , u = 0 in RY, and the uniqueness of solutions is established. O

Now comes the last step needed to prove the existence part in Theorem 1.1.

LEMMA 2.7. Let f € C°(Cy), f = 0 outside Cy, and b € C§°(R1). Define
u as the classical solution of Lu = f for t < 1 with terminal condition u(1,-) = 0.
Assume that bes < b. Then

HDuHLq(R‘f) < N||f||Lq(R;i)a (2.7)
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where N = N(d,p). Furthermore,
||atu7D2u||Lp(lR‘f) < M fllz, ey + Nall fllz, ®a), (2.8)

where Ny = N(d,p)||bllz,,, ®e), N2 = Na(d,p).

Proof. The existence of smooth bounded w is a classical result. For ¢ < 0, define
u(t, z) as the solution of Lou = 0 with terminal data «(0,-). For ¢ < 0, u(t, z) is just
a caloric function and it is represented by means of the fundamental solution of the
heat equation. Furthermore, we have ¢ > (d + 2)/(d + 1) so that simple estimates
show that Du € L,((—00,1) x R?). Now (2.7) follows from Lemma 2.6.

Estimate (2.7) and Holder’s inequality show that

”biDiU’”L,}(R‘f’) <ol ray 1 Dull L, (may < 00,

which implies that f —b'D;u € L,(R{), so that (2.8) is a classical result. The lemma
is proved. O

Proof of Theorem 1.1. The uniqueness part is taken care of above. To prove
the existence, take f,, € C§°(Cy) converging to f € L,(C1) and b, € C$°(RIH)
converging to b in Lgy1(R{) and having br the same for all n (just use mollifiers
and cut-off’s). Then by Lemma 2.7 we have solutions u,, of Lou, + b Du, = f,
admitting estimates (2.7) and (2.8) with u,, and f,, in place of u and f and with the
constants independent of n. Now to prove the theorem it only remains to check that,
if Du,, — Du weakly in L,(R¢), then

biDiu" — lez’U,

weakly in L,(R{). As we have seen a few times the sequence b°D;u™ is bounded in
L,(RY), so we need

ob' D™ dz — db'Diudz
R{ R{
for any ¢ € L,/p—1)(R{). The latter holds indeed, since by Hélder’s inequality
@b € Lgj(g—1)(RY). The theorem is proved. O

3. Case when by, is small. We suppose that assumption (1.1) is satisfied and
101l 2.4y, (re+1y < 00. For 6 € (0,1) take the finite continuous function N(d,d + 1,4)
introduced in Theorem 2.3 of [7] and assume that there exists R € (0, 00) such that

N(d,d+1,1/2)bg < 1.

Next, let dy = do(d,1/2, R) € (d/2,d) be taken from [7].
Below, in Theorem 3.1 (for 6 =1/2) p € [dy +1,d + 1) and

p(d+1)
LR A

THEOREM 3.1. There is a constant b > 0, depending only on d, R, p, q, E@,
101l 2.4y s (Re+1y, and the function N(d,d +1,-), such that if

br, < b (3.1)
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for an Ry € (0, R], then there exists a constant Ny, depending only on what b depends
on and on Ry and be, such that for any A > Ny and f € L,(RY) N Ly (R4TY) there
exists a unique solution of Lu — Au = f in the class of functions such that

Oyu, D*u € Ly(R™Y),  Du € Ly(R™),  we LR N L, (R, (3.2)
We prove Theorem 3.1 after some preparations. For v € (0,1) and p > 0 introduce
the restricted sharp function of h by the formula

hﬁhp(z) = sup {I,(h, ) : 20 € (0,00) X R 7 € (0,p],Cr(20) 2 z}, (3.3)

1/~
IT,(h,Z) = ( ][ ][ |h(Z1) — ]’L(ZQ)P d21d222> .
CT(Z) CT(Z)

Here is Theorem C.2.4 of [6].

THEOREM 3.2. Let g € (1,00), k € (0,1], R € (0,00), and h € Ly(Cr(142x))-
Then

where

#hllL,(cn) <N ﬁhi,nRHLq(CR) + N&™ bl cr)> (3.4)
where x = (d + 2)/v and the constants N depend only on d,~, and q.
We also need a very particular case of Theorem 5.3 of [8].
THEOREM 3.3. There is v € (0,1) depending only on d, R such that for any

Re (0,R], ue W%, (Cr)

DullL )y < NRAS gy sncn) + NR S5¢ v,

where f = Lu and the constants N depend only on d,dy, R, Bﬁ and the function

N(d,d+1,-).

By combining this with embedding theorems (see, for instance, Lemma 2.3.3 in
[9]) and taking into account that dy + 1 > d/2 + 1 we come to the following.

LEMMA 3.4. For~y from Theorem 3.3 and the same type of constants N, for any
Re (0,R], e €(0,1], and u € Wdl(;il(CR) we have

HD’UJHLW(CR) < NR Hf||Ld0+l(CR) + N5(2d07d)/(do+l)R Hatu’ DQUHLdOH(CR)
4+ Ne—(d+2)/(do+1) p—1 -HJU’”LdOJrI(CR)’
or taking e = R, where a« = (d + 2)/(2dy — d),
-HDUHL'\/(CR) <NR -|+f||LdO+1(CR) +NR£ -Hatuﬂ D2uHLd0+1(CR) +NR™" -HJMHLdO+1(CR)’
where f = Lu, € = 1+ (d+2)/(do + 1), and n = (d +2)*(do + 1)1 (2dp — d)* + 1.

REMARK 3.1. Below we use the fact that by Holder’s inequality if ¢ > dg+ 1 and
k € (0,1] that

W)l Lagsrcr) £ HfllLgcn) < N(d) HfllLy(Crionn)-



HEAT EQUATION WITH DRIFT IN Lgyq 203
LEMMA 3.5. Letp € [do +1,d+ 1) and

q > (p-

Take v € (0,1], R € (0,R], and u € W}*(Cryaxr). Set f = Lu. Then

#DullL, ey < N+ bra™ ™) 4DullL, (Crraen) + NBE X A |1, (Criarn)
+Nr™XRE #0u, D2u||Ld0+1(cR) + N&™XR™" {ul[z, oy (cn),  (3:5)
where x = x V (2d +4) and the constants N depend only on d,dy, R, p,q, BE and the
function N(d,d+1,-).

Proof. Let h = Du. Then for z € Cr, r < R, 2y € (0,00) x R%, and Cy,.(20) > 2
we have Cy(z0) C Cry2rgr. It follows from Theorem 2.4 that

/ap

_ 1
Ler(hy 20) < N(k + byr =204 ( ][ || dmdt)

Cr(ZO)

1/

N R ][ [f1P dudt) !
Cr(z0)

Hence, on Cg

7 1/q
hi wr(2) S N(k+ bRH72d74)( ][ Icq, s n|h|? d:cdt) !

Cy(z0)

1/p
+NRm’2d’4( ][ IopanlfI? dzdt)
C

7'(30)
7 2d-4 q Yap
S N(/ﬁ?+bR/€ )(M(ICR+2K,R|I/L‘ p)(z)>
1/p
VR (M (Tl 1) ()
For ¢ > ¢, by Hardy-Littlewood

Hhi,ﬁRHLq(CR) < N(’% + BRK“_2d_4)HhHLq(CR+2nR) + NRK_Qd_4||f||Lq(CR+2NR)

and this along with Theorem 3.2, Lemma 3.4, and Remark 3.1 yields the desired
result.

Now we are going to replace C' with C'(z) in (3.5) thus obtaining an inequality
between two functions on R9*! and then take the L,-norms of both sides as a functions
on R¥*1. We need a lemma.

LEMMA 3.6. Let h be a nonnegative function on R¥! and let oo > g >t > 1,
r,s € [1,00) be such that

1
1‘1‘7:7—’—77 (36)
Then for any R € (0, 00)

1/q _ /s 1
(/]Rd B ooy d2) " < N@R- DA il (3
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Proof. Observe that
HhllL, (cn(zy = NR™2hE 5 Lo, (2).
Therefore, the left-hand side of (3.7) is
NR™ (d+2)/t||ht *ICRHL (i)

By Young’s inequality the L,/-norm of the above convolution is dominated by

= NRDP|IRY| g

158 2, ra+1) | o

and the result follows.
Under the conditions of Lemma 3.5 we see that (3.5) with C(z) in place of C
yields

[Dul| L gasry < N(k +brr=>4)||Dul| L, gasry + NREX|| fllp,@arr) + 1,

where I is the sum of the L,(R%*1)-norms of the last two terms in (3.5) with C(2) in
place of C. To estimate these we use Lemma 3.6 by taking ¢t = do + 1, r = p/t, and
s > 1 defined from (3.6). Then we see that

1/q
(/ 00, D2, CR(Z))dz) < NR-@D/21/0 9,0, D2ul, gy,
Rd

where (d+2)1/p—1/q) < (d+2)/(do+1) = & — 1. Similarly we treat the last term
in (3.5) and conclude that
|1 Dullr,, ra+1y < Ni(k 4 bre~ )| Dull, a1y + NRETX| £l 1, me+r)
+Nk™XR|| O, DzuHLP(RdH)
+N:‘£_XR_(d+2)(l/p_1/Q)_n||U||Lp(Rd+1). (3.8)

We fix £ so that Nk < 1/4, observe that N; depends only on d,dy, R, p, q, BE,
and the function N(d,d~+1,-), and in the future will only concentrate on R such that

Nabp < 1/4,

where Ny = N;x~297%. In that case provided that the left-hand side of (3.8) is finite
we get
| Dullr,, ra+1y < NR| fllz,ra+1y + NRlOyu, D*ul|f, pa+r)
+NR_(d+2)(1/p_l/q)_nHu||LP(Rd+1)- (3.9)

THEOREM 3.7. Under the conditions of Lemma 3.5 there exists b> 0, depending
only on d,do, R, p,q, br, ||bllL,.,®at1), and the function N(d,d+1,-), such that, if

br, < b is satisfied for an Ry € (0, R], then for any u € C§°(R*1) and X > 0,

185w, D*ul, ga+1y + [ Dul L, @ary + (A = N)Jullz, @y + (A = N)||ul L, @)
< NHLU — )‘u”Lq(Rd+1) + NHLU — )\U||Lp(]Rd+1)7 (3.10)
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where N depend only on d,do, R, p,q, Ro, br, beo, 1| Loy (e+1y, and the function

N(d,d+1,)
Proof. By Theorem 5.2 of [7] for A > 1

)\HUHLP(R‘H’l) < NHLU - /\u||Lp(Rd+1)7 /\”uHLq(Rd"'l) < NHLU - >\U||Lq(Rd+1).

It follows that it suffices to prove (3.10) for A = 0.
By classical results

10, D*ul| 1, ma+ry < N\ Loul| 1, @a+ry < N||Lul , ga+r) + Nol|b* Diul 1, masr),

where the last term by Holder’s inequality is dominated by the product
||b||L,i+1(Rd+1)HDUHLCIP(R""'l) and, for any € > 0,

||Du||Lqp (RA+1) < EHDU’HLP* (Rd+1) + N(€)||Du||Lq(Rd+1)
< Nse|| O, D2u||Lp(Rd+1) + N(€)||Du||Lq(Rd+l), (3.11)

where p* = p(d+2)/(d+ 2 — p) and the last inequality is a consequence of embedding
theorems. Hence,

NQHbiDiU||LP(Rd+1) S N35||8tu, D2u||Lp(Rd+1) + N(5)||Du||Lq(Rd+1).
We also take into account (3.9) and conclude that

||6tu, D2u||Lp(Rd+1)

< NHLuHLP(Rd*l) + N3€||6tu, D2U||Lp(]Rd+1)
+N(e) (R||Lu||Lq(Rd+1) + R|0u, D*ul|, ma+ry + R_ﬁ”uHLP(R‘H’l))a

where 8 > 0 is defined obviously. We choose and fix € > 0 so that N3e < 1/4 and
after that we make the final choice for b and Ry by requiring not only Nibgp, < 1/4,
but also N(g)Ry < 1/4. Then we get

10, D*ul L, ma+1y < N Lullp, ®a+1) + N[ Lull L, @asry + Nllull, @)

After that it only remains to use (3.9) again. The theorem is proved. O

Proof of Theorem 3.1. Uniqueness follows from Theorem 5.2 of [7]. To prove
the existence, first assume that b is bounded, smooth, and belongs to Lgy; (R1).
Then by classical results (for any A > 0) we have a unique solution in W}2(R% ) N
W;’Q(Rd+1). Actually, it is probably hard to find this result in the literature. The
reader may like to repeat the proof of the similar result for elliptic equations with
variable coefficients given in Section 11.6 of [5]. Alternatively one can treat the first-
order terms as perturbations as usual and invoke Theorem 5.2 (for equations with
measurable coefficients) of [7] for estimating the zeroth order norm of u. These com-
ments relate to the situation which is far more general than ours and there should
be a shorter way to get what we need here. Then take ¢ € C§°(R**!) with unit
integral and support in the unit ball, for n = 1,2, ... define (,(z) = n?*t1¢(nz), and let
b, = bx(,. Observe that the quantities by remain the same for all b,,. Therefore, for
an appropriate Ny, for the solution u,, of (Lo + b%, D;)u,, — Au,, = f for A\ > Ny we ob-
tain uniform estimates of the left-hand sides of (3.10) with u,, in place of u. By finding
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u with the properties in (3.2) and a subsequence n’ such that d;u,, D*u, — dyu, D*u
weakly in L,(R**"), Du,, — Du weakly in Ly(R*™') and in Lg, (R*) (see (3.11)),
and u,, — u weakly in L,(R%*1), and observing that then b, D;u,, — b'D;u weakly
in LP(R“{‘H)7 we easily pass to the limit in Lot + b, Ditnr — My = f. The theorem
is proved. O

As a corollary of this theorem we obtain the following result about solvability of
terminal-value problem with zero data at the final time. This result is obtained just
by taking f(t,z) = 0 for t > T" and multiplying functions by e*’.

THEOREM 3.8. LetT € (0,00), p € [do+1,d+1), ¢ > qp, and let f € L,((0,T) x
RY) N Ly((0,T) x RY). Assume that condition (3.1) is satisfied. Then there exists
a unique solution of the equation Lu = f in (0,T) x R? with terminal condition
u(T,-) = 0 in the class of functions such that

Owu, D*u € Ly((0,T) xRY),  Du e L,((0,T) x RY),
u € Ly((0,T) x RY) N L, ((0,T) x RY).

REMARK 3.2. In Theorem 3.8 the terminal data is zero. One can easily consider
more general data, say g(x) such that there exists g € (W2 NW22)((T, T+ 1) x RY)
such that g(T,x) = g(z) and g(T' + 1,2) = 0. Indeed, then one would apply Theorem
3.8 with T'+ 1 in place of T to b(t,z) ;<1 in place of b and fLicr + (0:g + Ag) Iy~
in place of f.

4. Application to Ité’s equations. As we know from [7] there are weak solu-
tions of the equation

t

xp=wy+ | b(s,xs)ds, (4.1)
0

where w; is a d-dimensional Wiener process.

THEOREM 4.1. Assume (3.1) and [|b] 1, , (ra+1) < 00. Then all solutions of (4.1)
have the same finite-dimensional distributions.

Proof. Asis quite common we will rely on solutions of the corresponding parabolic
equations and use It6’s formula. The only difficulty is that we have to prove that the
formula is applicable with our u and b.

Take T > 0 and a smooth bounded f (¢, z) with compact support and let u be the
function from Theorem 3.8. It is convenient to extend u(t, x) for ¢ > T as zero. This
was actually the way it was meant to be constructed, by solving the equation with
f(t,z) =0 for t > T. Introduce u,, = (, * u. By Ito’s formula for any stopping time
T<Tandt<T

T T
Un (T, 1) = wp(t, 24) +/ Lu,(s,2zs)ds +/ Duy, (s, xs) dws.
t t
As for any stochastic integral one can choose 7,, T T such that

E(/tm Duy (s, xs) dws | }'f) =0.
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In that case
E(un(Tn,xm) | .7:5”) = uy,(t,2¢) + E(/ /Lun(s,xs) ds | .7-";”) (4.2)
¢

According to Theorem 4.9 of [7]

Tn T
E/ |Luy, — Lu|(s,z5) ds < E/ |Luy, — Lul|(s, z5) ds
t t
<N+ 1)@y yr(Lug — Ly 1, ((0,7)xRa)s

where ®,(t,z) = exp(—vA(|z| + v/1)8) and x and @ are independent of T, u,, u.
Observe that d;u,, D?u,, — dyu, D*u in L,((0,T) x R?) and, owing to the fact that
Du,, — Du in any L.((0,T) x RY) (f € L.(R¥1)) for any r € (g, 00), we also
have (by Hélder’s inequality) b'D;u, — b'D;ju in L,(T'), where I' C (0,7) x R4
is any standard cylinder with base that is unit ball. It turns out that because of
that @17 (b'Dyu,, — b'Dyju) — 0 in L, ((0,T) x RY) and ®y7(Lu, — Lu) — 0 in
L,((0,T) x RY).

Indeed, let ¢ be the indicator of Cy. Then as we said above, by Holder’s inequality,
for any r > qp,

In(t,x) = [|C(t =z = )bl D(un = w17, ((0,7)xre)
< NIbIL,, 1D (un = W (0,7)xra):

which shows that I,,(¢,z) — 0 uniformly on R?*1. After that it only remains to note
that
@116 DGt~ O 12 (0.1

T+1
— N/0 /Rd IC(t = 2 — )@y /p|b] | D(wn — u)l HILP((O,T)de) dadt

T+1
< N/ / By ot ) (b, ) didz — 0,
0 R4

where the last inequality holds because ((t — s,z — y)®y,7(s,y) and ((t — s,z —
y)®1/7(t, ) are comparable.
By similar reasons

T
E/ [ Lul(s, xs) ds < N(1+T)X|| @17 Lullr, ((0,7)xre) < 00
t
Also observe that by embedding theorems u in ¢t < T', and, hence, u,, in t < T are

uniformly continuous (even Hélder continuous since p > d/2 + 1). This allows us to
pass to the limit in (4.2) and conclude that

—u(t, xt) / f(s,zs)ds | ]ﬂ) (4.3)

Now suppose that for some n =0,1,2,..., any 0 <ty <t; < .. <t, (not; if n=20)
and any continuous fo(x), ..., f,(2) with compact support the quantity

Efo(zty) - oo fulze,)
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is independent of which solution of (4.1) we take. Automatically, of course, the same
holds if fi’s are just bounded and continuous.

This induction hypothesis holds true for n = 0, because (4.3) with ¢ = 0 implies
that

T
/ Ef(s,zs)ds and, hence, Ef(s,xy)
0

is independent of which solution of (4.1) we take.
To show that the induction works observe that by using (4.3) with ¢t = ¢, T =
tn41 we get that

Efo(xto)....-fn(ztn)/t " b (s ma) ds

n

is independent of which solution of (4.1) we take. As above this leads to the conclusion
that

Efo(wiy) oo frlwe, ) f(tnr1s Te, )

is independent of which solution of (4.1) we take. This, obviously, proves the theorem.
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