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A TRANSMISSION PROBLEM FOR WAVES UNDER
TIME-VARYING DELAY AND TIME-VARYING WEIGHTS∗
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Abstract. This manuscript focuses on in the transmission problem for one dimensional waves
with time-varying weights on the frictional damping and time-varying delay. We prove global exis-
tence of solutions using Kato’s variable norm technique and we show the exponential stability by the
energy method with the construction of a suitable Lyapunov functional.
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1. Introduction. In this paper we investigate global existence and decay prop-
erties of solutions for a transmission problem for waves with time-varying weights and
time-varying delay. We consider the following system

utt(x, t)− auxx(x, t) + μ1(t)ut(x, t) + μ2(t)ut(x, t− τ(t)) = 0 in Ω×]0,∞[,

vtt(x, t)− bvxx(x, t) = 0 in ]L1, L2[×]0,∞[,
(1.1)

where 0 < L1 < L2 < L3, Ω =]0, L1[∪]L2, L3[ and a, b are positive constants.
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The system (1.1) is subjected to the transmission conditions

u(Li, t) = v(Li, t), i = 1, 2

aux(Li, t) = bvx(Li, t), i = 1, 2,
(1.2)

the boundary conditions

u(0, t) = u(L3, t) = 0 (1.3)
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and initial conditions

u(x, 0) = u0(x), ut(x, 0) = u1(x) on Ω,

ut(x, t− τ(0)) = f0(x, t− τ(0)) in Ω×]0, τ(0)[,
v(x, 0) = v0(x), vt(x, 0) = v1(x) on ]L1, L2[,

(1.4)

where the initial datum (u0, u1, v0, v1, f0) belongs to a suitable Sobolev space.
In the first equation of (1.1), 0 < τ(t) is the time-varying delay and μ1(t) and

μ2(t) are time-varying weights acting on the frictional damping. As in [20], we assume
that

τ(t) ∈W 2,∞([0, T ]), ∀T > 0 (1.5)

and that there exist positive constants τ0, τ1 and d satisfying

0 < τ0 ≤ τ(t) ≤ τ1, τ ′(t) ≤ d < 1, ∀t > 0. (1.6)

We are interested in proving the exponential stability for the problem (1.1)-(1.4).
In order to obtain this, we will assume that

max{1, a
b
} < L1 + L3 − L2

2(L2 − L1)
. (1.7)

As described in [6], the assumption (1.7) gives the relationship between the boundary
regions and the transmission permitted. It can be also seen as a restriction on the
wave speeds of the two equations and the damped part of the domain. It is known that
for Timoshenko systems [25] and Bresse systems [3] the wave speeds always control
the decay rate of the solution. It is an interesting open question to investigate the
behavior of the solution when (1.7) is not satisfied.

Time delay is the property of a physical system by which the response to an
applied force is delayed in its effect, and the central question is that delays source
can destabilize a system that is asymptotically stable in the absence of delays, see
[7, 8, 9, 26].

Transmission problems are closely related to the design of material components,
attracting considerable attention in recent years, e.g., in the analysis of damping
mechanisms in the metallurgical industry or smart materials technology, see [4, 24] and
the references therein. Studies of fluid structure interaction and the added mass effect,
also known as virtual mass effect, hydrodynamic mass, and hydroelastic vibration
of structures were initiated by H. Lamb [14] who investigated the vibrations of a
thin elastic circular plate in contact with water. Experimental study of impact on
composite plates with fluid-structure interaction was investigated in [13].

From the mathematical point of view a transmission problem for wave propagation
consists on a hyperbolic equation for which the corresponding elliptic operator has
discontinuous coefficients. We consider the wave propagation over bodies consisting of
two physically different materials, one purely elastic and another subject to frictional
damping. The type of wave propagation generated by mixed materials originates a
transmission (or diffraction) problem.

To the best of our knowledge, the first contribution to the literature regarding
transmission problems with time delay was given by A. Benseghir in [6]. More pre-
cisely, in [6] the transmission problem

utt − auxx + μ1ut(x, t) + μ2ut(x, t− τ) = 0, in Ω×]0,∞[,

vtt − bvxx = 0, in ]L1, L2[×]0,∞[.
(1.8)
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with constant weights μ1, μ2 and time delay τ > 0 was studied. Under an appropriate
assumption on the weights of the two feedbacks (μ1 < μ2), it was proved the well-
posedness of the system and, under condition (1.7), it was established an exponential
decay result.

The results in [6] were improved by S. Zitouni et al. [27]. There, the authors
considered the problem with time-varying delay τ(t) of the form

utt − auxx + μ1ut(x, t) + μ2ut(x, t− τ(t)) = 0, in Ω×]0,∞[,

vtt − bvxx = 0, in ]L1, L2[×]0,∞[
(1.9)

and proved the global existence and exponential stability under suitable assumptions
on the delay term and assumption (1.7). The systems (1.8), (1.9) without delay have
been investigated in [5].

The transmission problem with history and delay was considered by G. Li et al.,
in [17] where the equations were expressed as

utt−auxx+

∫ ∞

0

g(s)uxx(x, t− s)ds+μ1ut(x, t)+μ2ut(x, t− τ) = 0, in Ω×]0,∞[,

vtt−bvxx = 0, in ]L1, L2[×]0,∞[.
(1.10)

Under suitable assumptions on the delay term and on the function g, the authors
obtained exponential stability result for two cases. In the first case, they considered
μ2 < μ1 and for second case, they assumed that μ2 = μ1.

S. Zitouni et al., [29] extended the results in [17] for varying delay. In [29] was
proved existence and the uniqueness of the solution by using the semigroup theory
and the exponential stability of the solution was obtained by the energy method for
the following problem

utt−auxx+

∫ ∞

0

g(s)uxx(x, t−s)ds+μ1ut(x, t)+μ2ut(x, t− τ(t))=0, in Ω×]0,∞[,

vtt−bvxx=0, in ]L1, L2[×]0,∞[.
(1.11)

Stability to localized viscoelastic transmission problem was considered by Muñoz
Rivera et al., [19] where they considered the system

ρφtt + σx = 0, in ]0, L0[∪]L0, L1[∪]L1, L[×]0,∞[,

σ(x, t) = α(x)ϕx − k(x)ϕxt − β(x)ϕxt = 0,
(1.12)

where ρ, α, k and β are discontinuous in L0, L1 and are bounded and C1 in each
of the open intervals ]0, L0[, ]L0, L1[ and ]L1, L[. The authors investigated the ef-
fect of the positions of the dissipative mechanisms on a bar with three components
]0, L0[, ]L0, L1[, ]L1, L[, and showed that the system is exponentially stable if and only
if the viscous component is not in the center of the bar. In other case, they showed the
lack of exponential stability, and that the solutions still decay but just polynomially
to zero.

The case of time-varying delay has already been considered in other works, such
as [12, 16, 22, 28]. A wave equation with time-varying delay and nonlinear weights was
considered in the recent work of Barros et al., [2] where it was studied the equation
given by

utt − uxx + μ1(t)ut + μ2(t)ut(x, t− τ(t)) = 0, in ]0, L[×]0,+∞[. (1.13)
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Under proper conditions on nonlinear weights μ1(t), μ2(t) and τ(t) the authors proved
global existence of solutions and obtained an estimate for the decay rate of energy.

In the present work we improve the results in [27] where, for constant weights
μ1(t) = μ1, μ2(t) = μ2 and under adequate assumptions regarding the weights and
time-varying delay it was proved the well posedness and singularity of solutions by
using the semigroup theory. There, the authors also showed exponential stability by
introducing an appropriate Lyapunov functional.

Here we consider a transmission problem with time-varying weights and time-
varying delay, which is the main characteristic of this work. Although there are some
works on laminated beam and on Timoshenko system with delay, all of them consider
constant weights, i.e., μ1 and μ2 are constants. To the best of our knowledge, there
is no result for these systems with nonlinear weights. Moreover, since the weights are
nonlinear, a difficulty comes in: the operator is non autonomous. This makes hard
the use semigroup theory to study well-posedness. To overcome it we use the Kato’s
variable norm technique together with semigroup theory to show that the system is
well-posed.

The remainder of this paper is organized as follows. In section 2 we introduce
some notations and prove the dissipative property for the energy of the system. In
the section 3, by using Kato’s variable norm technique (see [10]) and under some
restriction on the non-linear weights and the time-varying delay, the system is shown
to be well-posed. In section 4, we present the result of exponential stability by energy
methods, and by using suitable sophisticated estimates for multipliers to construct an
appropriated Lyapunov functional.

2. Preliminaries. We start by setting the following hypothesis:
(H1) μ1 : [0,+∞[→]0,+∞[ is a non-increasing function of class C1 satisfying∣∣∣∣μ′

1(t)

μ1(t)

∣∣∣∣ ≤M1, 0 < μ0 < μ1(t), ∀t ≥ 0, (2.1)

where M1 and μ0 are positive constants.
(H2) μ2 : [0,+∞[→ R is a function of class C1, which is not necessarily positive

or monotone, such that

|μ2(t)| ≤ βμ1(t), (2.2)

|μ′
2(t)| ≤M2μ1(t), (2.3)

for some 0 < β <
√
1− d and M2 > 0.

As in Nicaise and Pignotti [20] we introduce the new variable

z(x, ρ, t) = ut(x, t− τ(t)ρ), (x, ρ) ∈ Ω×]0, 1[, t > 0. (2.4)

It is easily verified that the new variable satisfies

τ(t)zt(x, ρ, t) + (1− τ ′(t)ρ)zρ(x, ρ, t) = 0

and the system (1.1) is equivalent to the system

utt(x, t)− auxx(x, t) + μ1(t)ut(x, t) + μ2(t)z(x, 1, t) = 0 in Ω×]0,∞[,

vtt(x, t)− bvxx(x, t) = 0 in ]L1, L2[×]0,∞[,

τ(t)zt(x, ρ, t) + (1− τ ′(t)ρ)zρ(x, ρ, t) = 0 in Ω×]0, 1[×]0,∞[,

(2.5)
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subject to the transmission conditions

u(Li, t) = v(Li, t), i = 1, 2,

aux(Li, t) = bvx(Li, t), i = 1, 2,
(2.6)

the boundary conditions

u(0, t) = u(L3, t) = 0, (2.7)

and the initial conditions

u(x, 0) = u0(x), ut(x, 0) = u1(x) on Ω,

v(x, 0) = v0(x), vt(x, 0) = v1(x) on Ω,

z(x, ρ, 0) = ut(x,−τ(0)ρ) = f0(x,−τ(0)ρ), (x, ρ) in Ω×]0, 1[.
(2.8)

For any regular solution u of (2.5), we define its energy at time t > 0 as

E1(t) =
1

2

∫
Ω

(|ut(x, t)|2 + a|ux(x, t)|2
)
dx,

E2(t) =
1

2

∫ L2

L1

(|vt(x, t)|2 + b|vx(x, t)|2
)
dx.

The total energy is defined by

E(t) = E1(t) + E2(t) +
ξ(t)τ(t)

2

∫
Ω

∫ 1

0

z2(x, ρ, t) dρ dx, (2.9)

where

ξ(t) = ξ̄μ1(t) (2.10)

is a non-increasing function of class C1 in [0,+∞[ and ξ̄ be a positive constant such
that

β√
1− d

< ξ̄ < 2− β√
1− d

. (2.11)

Our first result states that the energy is a non-increasing function.

Lemma 2.1. Let (u, v, z) be a solution to the system (2.5)-(2.8). Then the energy
functional defined by (2.9) satisfies

E′(t) ≤ −μ1(t)

(
1− ξ̄

2
− β

2
√
1− d

)∫
Ω

u2
t dx (2.12)

− μ1(t)

(
ξ̄(1− τ ′(t))

2
− β

√
1− d

2

)∫
Ω

z21(x, ρ, t) dx

≤ 0.

Proof. For any fixed t > 0 we multiply the first and second equations of (2.5)
by ut(x, t) and vt(x, t) respectively. Then, integrating by parts on Ω and ]L1, L2[
respectively, we get

1

2

d

dt

∫
Ω

(
u2
t + au2

x

)
dx =− μ1(t)

∫
Ω

u2
t dx− μ2(t)

∫
Ω

z(x, 1, t)ut dx+ a [uxut]∂Ω , (2.13)
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1

2

d

dt

∫ L2

L1

(
v2t + bv2x

)
dx = b [vxvt]

L2

L1
. (2.14)

Now multiplying the third equation of (2.5) by ξ(t)z(x, ρ, t) and integrating on
Ω×]0, 1[, we obtain

τ(t)ξ(t)

∫
Ω

∫ 1

0

zt(x, ρ, t)z(x, ρ, t) dρ dx = −ξ(t)

2

∫
Ω

∫ 1

0

(1− τ ′(t)ρ)
∂

∂ρ
(z(x, ρ, t))2 dρ dx,

and consequently we have

d

dt

(
ξ(t)τ(t)

2

∫
Ω

∫ 1

0

z2(x, ρ, t) dρ dx

)
=

ξ(t)

2

∫
Ω

z2(x, 0, t) dx (2.15)

− ξ(t)(1− τ ′(t))
2

∫
Ω

z2(x, 1, t) dx

+
ξ′(t)τ(t)

2

∫
Ω

∫ 1

0

z2(x, ρ, t) dρ dx.

From (2.9), (2.13), (2.14), (2.15) and using the conditions (2.6) and (2.7), we obtain

E′(t) =
ξ(t)

2

∫
Ω

u2
t dx−

ξ(t)(1− τ ′(t))
2

∫
Ω

z2(x, 1, t) dx (2.16)

+
ξ′(t)τ(t)

2

∫
Ω

∫ 1

0

z2(x, ρ, t) dρ dx

− μ1(t)

∫
Ω

u2
t dx− μ2(t)

∫
Ω

z(x, 1, t)ut dx.

Due to Young’s inequality, we have

μ2(t)

∫
Ω

z(x, 1, t)ut dx ≤ |μ2(t)|
2
√
1− d

∫
Ω

u2
t dx+

|μ2(t)|
√
1− d

2

∫
Ω

z2(x, 1, t) dx. (2.17)

Now inserting (2.17) into (2.16), we obtain

E′(t) ≤ −
(
μ1(t)− ξ(t)

2
− |μ2(t)|

2
√
1− d

)∫
Ω

u2
t dx

−
(
ξ(t)

2
− ξ(t)τ ′(t)

2
− |μ2(t)|

√
1− d

2

)∫
Ω

z2(x, 1, t) dx

+
ξ′(t)τ(t)

2

∫
Ω

∫ 1

0

z2(x, ρ, t) dρ dx

≤ −μ1(t)

(
1− ξ̄

2
− β

2
√
1− d

)∫
Ω

u2
t dx

− μ1(t)

(
ξ̄(1− τ ′(t))

2
− β

√
1− d

2

)∫
Ω

z2(x, 1, t) dx

≤ 0.

Hence, the proof is complete.
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3. Global solution. In this section, our goal is to prove existence and unique-
ness of solutions to the system (2.5) - (2.8). This is the content of Theorem 3.2.

We begin by introducing the vector function U = (u, v, ϕ, ψ, z)T , where ϕ(x, t) =
ut(x, t) and ψ(x, t) = vt(x, t). The system (2.5)-(2.8) can be written as{

Ut −A(t)U = 0,
U(0) = U0 = (u0, v0, u1, v1, f0(·,−, τ(0)))T , (3.1)

where the operator A(t) is defined by

A(t)U =

⎛
⎜⎜⎜⎜⎝

ϕ(x, t)
ψ(x, t)

auxx(x, t)− μ1(t)ϕ(x, t)− μ2(t)z(x, 1, t)
bvxx(x, t)

− 1−τ ′(t)ρ
τ(t) zρ(x, ρ, t)

⎞
⎟⎟⎟⎟⎠ . (3.2)

Now, taking into account the conditions (1.2)-(1.3), as well as previous results
presented in [6, 15, 17, 27], we introduce the set

X∗ = {(u, v) ∈ H1(Ω)×H1(]L1, L2[)/u(0) = u(L3) = 0, u(Li) = v(Li),

aux(Li) = bvx(Li), i = 1, 2}.
We define the phase space as

H = X∗ × L2(Ω)× L2(]L1, L2[)× L2(Ω×]0, 1[)
equipped with the inner product

〈U, Û〉H =

∫
Ω

(ϕϕ̂+ auxûx) dx+

∫ L2

L1

(
ψψ̂ + bvxv̂x

)
dx+ ξ(t)τ(t)

∫
Ω

∫ 1

0

zẑ dρ dx, (3.3)

for U = (u, v, ϕ, ψ, z)T and Û = (û, v̂, ϕ̂, ψ̂, ẑ)T .
The domain D(A(t)) of A(t) is defined by

D(A(t)) = {(u, v, ϕ, ψ, z)T ∈ H/(u, v) ∈ (
H2(Ω)×H2(]L1, L2[)

) ∩X∗, (3.4)

ϕ ∈ H1(Ω), ψ ∈ H1(]L1, L2[), z ∈ L2
(
]0, L[;H1

0 (]0, 1[)
)
, ϕ = z(·, 0)}.

Notice that the domain of the operator A(t) does not dependent on time t, i.e.,

D(A(t)) = D(A(0)), ∀t > 0. (3.5)

A general theory for non autonomous operators given by equations of type (3.1)
has been developed using semigroup theory, see [10], [11] and [23]. The simplest way
to prove existence and uniqueness results is to show that the triplet {(A,H, Y )}, with
A = {A(t)/t ∈ [0, T ]}, for some fixed T > 0 and Y = A(0), forms a CD-systems (or
constant domain system, see [10] and [11]). More precisely, the following theorem,
which is due to Tosio Kato gives the existence and uniqueness results and is proved
in Theorem 1.9 of [10] (see also Theorem 2.13 of [11] or [1]). For convenience let state
Kato’s result here.

Theorem 3.1. Assume that
(i) Y = D(A(0)) is dense subset of H,
(ii) (3.5) holds,
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(iii) for all t ∈ [0, T ], A(t) generates a strongly continuous semigroup on H and
the family A(t) = {A(t)/t ∈ [0, T ]} is stable with stability constants C and
m independent of t (i.e., the semigroup (St(s))s≥0 generated by A(t) satisfies
‖St(s)u‖H ≤ Cems‖u‖H, for all u ∈ H and s ≥ 0),

(iv) ∂tA(t) belongs to L∞
∗ ([0, T ], B(Y,H)), which is the space of equivalent classes

of essentially bounded, strongly measurable functions from [0, T ] into the set
B(Y,H) of bounded linear operators from Y into H. Then, problem (3.1) has
a unique solution U ∈ C([0, T ], Y )∩C1([0, T ],H) for any initial datum in Y .

Using the time-dependent inner product (3.3) and the Theorem 3.1 we get the
following result of existence and uniqueness of global solutions to the problem (3.1).

Theorem 3.2 (Global solution). For any initial datum U0 ∈ H there exists a
unique solution U satisfying

U ∈ C([0,+∞[,H)

for problem (3.1). Moreover, if U0 ∈ D(A(0)), then
U ∈ C([0,+∞[, D(A(0))) ∩ C1([0,+∞[,H).

Proof. Our goal is then to check the assumptions (i)-(iv) of Theorem 3.1 to the
problem (3.1). First, we show that D(A(0)) is dense in H. The proof will follow
the method used in [21] with the appropriate changes imposed by the nature of our

problem. Let Û = (û, v̂, ϕ̂, ψ̂, ẑ)T ∈ H be orthogonal to all the elements of D(A(0)),
namely

0 = 〈U, Û〉H =

∫
Ω

(ϕϕ̂+ auxûx) dx+

∫ L2

L1

(
ψψ̂ + bvxv̂x

)
dx (3.6)

+ ξ(t)τ(t)

∫
Ω

∫ 1

0

zẑ dρ dx,

for U = (u, v, ϕ, ψ, z)T ∈ D(A(0)).
We first take u = v = ϕ = ψ = 0 and z ∈ C∞

0 (Ω×]0, 1[). As U = (0, 0, 0, 0, z)T ∈
D(A(0)) and therefore, from (3.6) we deduce that

∫
Ω

∫ 1

0

zẑ dρ dx = 0.

Since C∞
0 (Ω×]0, 1[) is dense in L2 (Ω×]0, 1[), then, it follows that ẑ = 0. Similarly,

for ϕ ∈ C∞
0 (Ω), we have U = (0, 0, ϕ, 0, 0)T ∈ D(A(0)), which implies from (3.6) that∫

Ω

ϕϕ̂ dx = 0.

So, as above, it follows that ϕ̂ = 0. In the same way, by taking ψ ∈ C∞
0 (]L1, L2[), we

get from (3.6)

∫ L2

L1

ψψ̂ dx = 0

and by density of C∞
0 (]L1, L2[) in L2(]L1, L2[), we obtain ψ̂ = 0.
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Finally, for (u, v) ∈ C∞
0 (Ω×]L1, L2[) (then (ux, vx) ∈ C∞

0 (Ω×]L1, L2[)) we obtain

a

∫
Ω

uxûx dx+ b

∫ L2

L1

vxv̂x dx = 0.

Since C∞
0 (Ω×]L1, L2[) is dense in L2 (Ω×]L1, L2[), we deduce that (ûx, v̂x) = (0, 0)

because (û, v̂) ∈ X∗.
We consequently have

D(A(0)) is dense in H. (3.7)

Now, we show that the operator A(t) generates a C0−semigroup in H for a fixed
t.

We calculate 〈A(t)U,U〉t for a fixed t. Take U = (u, v, ϕ, ψ, z)T ∈ D(A(t)). Then

〈A(t)U,U〉t =− μ1(t)

∫
Ω

ϕ2 dx− μ2(t)

∫
Ω

z(x, 1)ϕdx

− ξ(t)

2

∫
Ω

∫ 1

0

(1− τ ′(t)ρ)
∂

∂ρ
z2(x, ρ) dρ dx.

Since

(1− τ ′(t)ρ)
∂

∂ρ
z2(x, ρ) =

∂

∂ρ

(
(1− τ ′(t)ρ) z2(x, ρ)

)
+ τ ′(t)z2(x, ρ),

we have∫ 1

0

(1− τ ′(t)ρ)
∂

∂ρ
z2(x, ρ) dρ =(1− τ ′(t)) z2(x, 1)− z2(x, 0) + τ ′(t)

∫ 1

0

z2(x, ρ) dρ.

Therefore

〈A(t)U,U〉t =− μ1(t)

∫
Ω

ϕ2 dx− μ2(t)

∫
Ω

z(x, 1)ϕdx+
ξ(t)

2

∫
Ω

ϕ2 dx

− ξ(t)(1− τ ′(t))
2

∫
Ω

z2(x, 1) dx− ξ(t)τ ′(t)
2

∫
Ω

∫ 1

0

z2(x, ρ) dρ dx.

Now, taking into account the inequality (2.17), we deduce

〈A(t)U,U〉t ≤− μ1(t)

(
1− ξ̄

2
− β

2
√
1− d

)∫
Ω

ϕ2 dx

− μ1(t)

(
ξ̄(1− τ ′(t))

2
− β

√
1− d

2

)∫
Ω

z2(x, 1) dx

+
ξ(t)|τ ′(t)|
2τ(t)

τ(t)

∫
Ω

∫ 1

0

z2(x, ρ) dρ dx.

Thus, we have

〈A(t)U,U〉t ≤− μ1(t)

(
1− ξ̄

2
− β

2
√
1− d

)∫
Ω

ϕ2 dx

− μ1(t)

(
ξ̄(1− τ ′(t))

2
− β

√
1− d

2

)∫
Ω

z2(x, 1) dx

+ κ(t)〈U,U〉t,
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where

κ(t) =

√
1 + τ ′(t)2

2τ(t)
.

From (2.12) we conclude that

〈A(t)U,U〉t − κ(t)〈U,U〉t ≤ 0, (3.8)

which means that operator Ã(t) = A(t)− κ(t)I is dissipative.

Now, we prove the surjectivity of the operator λI−A(t) for fixed t > 0 and λ > 0.
For this purpose, let F = (f1, f2, f3, f4, f5)

T ∈ H. We seek U = (u, v, ϕ, ψ, z)T ∈
D(A(t)) which is solution of

(λI −A(t))U = F,

that is, the entries of U satisfy the system of equations

λu− ϕ = f1, (3.9)

λv − ψ = f2, (3.10)

λϕ− auxx + μ1(t)ϕ+ μ2(t)z(x, 1) = f3, (3.11)

λψ − bvxx = f4, (3.12)

λz +
1− τ ′(t)ρ

τ(t)
zρ = f5. (3.13)

Suppose that we have found u and v with the appropriated regularity. Therefore,
from (3.9) and (3.10) we have

ϕ = λu− f1, (3.14)

ψ = λv − f2. (3.15)

It is clear that ϕ ∈ H1(Ω) and ψ ∈ H1(]L1, L2[). Furthermore, if τ ′(t) �= 0, following
the same approach as in [21], we obtain

z(x, ρ) = ϕ(x)eσ(ρ,t) + τ(t)eσ(ρ,t)
∫ ρ

0

f5(x, s)

1− sτ ′(s)
e−σ(s,t) ds,

where

σ(ρ, t) = λ
τ(t)

τ ′(t)
ln(1− ρτ ′(t)),

is solution of (3.13) satisfying

z(x, 0) = ϕ(x). (3.16)

Otherwise,

z(x, ρ) = ϕ(x)e−λτ(t)ρ + τ(t)e−λτ(t)ρ

∫ ρ

0

f5(x, s)e
λτ(t)s ds
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is solution of (3.13) satisfying (3.16). From now on, for pratical purposes we will
consider τ ′(t) �= 0 (the case τ ′(t) = 0 is analogous). Taking into account (3.14) we
have

z(x, 1) = ϕeσ(1,t) + τ(t)eσ(1,t)
∫ 1

0

f5(x, s)

1− sτ ′(s)
e−σ(s,t) ds (3.17)

= (λu− f1) e
σ(1,t) + τ(t)eσ(1,t)

∫ 1

0

f5(x, s)

1− sτ ′(s)
e−σ(s,t) ds

= λueσ(1,t) − f1e
σ(1,t) + τ(t)eσ(1,t)

∫ 1

0

f5(x, s)

1− sτ ′(s)
e−σ(s,t) ds.

Substituting (3.14) and (3.17) into (3.11), and (3.15) into (3.12), we obtain{
ηu− auxx = g1,
λ2v − bvxx = g2,

(3.18)

where

η := λ2 + λμ1(t) + λμ2(t)e
σ(1,t),

g1 :=f3 + λf1 + μ1(t)f1 + μ2(t)f1e
σ(1,t)

− μ2(t)τ(t)e
σ(1,t)

∫ 1

0

f5(x, s)

1− sτ ′(s)
e−σ(s,t) ds,

g2 := f4 + λf2.

In order to solve (3.18), we use a standard procedure, considering variational problem

Υ((u, v), (ũ, ṽ)) = L(ũ, ṽ), (3.19)

where the bilinear form

Υ : X∗ ×X∗ → R

and the linear form

L : X∗ → R

are defined by

Υ((u, v), (ũ, ṽ)) =η

∫
Ω

uũ dx+ a

∫
Ω

uxũx dx+ λ2

∫ L2

L1

vṽ dx

+ b

∫ L2

L1

vxṽx dx− a [uxũ]∂Ω − b [vxṽ]
L2

L1

and

L(ũ, ṽ) =

∫
Ω

g1ũ dx+

∫ L2

L1

g2ṽ dx.

It is easy to verify that Υ is continuous and coercive, and L is continuous, so by
applying the Lax-Milgram Theorem, we obtain a solution (u, v) ∈ X∗ for (3.18). In
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addition, it follows from (3.11) and (3.12) that (u, v) ∈ H2(Ω)×H2(]L1, L2[) and so
(u, v, ϕ, ψ, z) ∈ D(A(t)).

Therefore, the operator λI − A(t) is surjective for any λ > 0 and t > 0. Since
κ(t) > 0, it follows that

λI − Ã(t) = (λ+ κ(t)) I −A(t) is surjective (3.20)

for any λ > 0 and t > 0.
To complete the proof of (iii), it suffices to show that

‖Φ‖t
‖Φ‖s ≤ e

c
2τ0

|t−s|, t, s ∈ [0, T ], (3.21)

where Φ = (u, v, ϕ, ψ, z)T , c is a positive constant and ‖ · ‖ is the norm associated the
inner product (3.3). For all t, s ∈ [0, T ], we have

‖Φ‖2t − ‖Φ‖2se
c
τ0

|t−s| =
(
1− e

c
τ0

|t−s|
)[∫

Ω

(
ϕ2 + au2

x

)
dx+

∫ L2

L1

(
ψ2 + bv2x

)
dx

]

+
(
ξ(t)τ(t)− ξ(s)τ(s)e

c
τ0

|t−s|
)∫

Ω

∫ 1

0

z2(x, ρ) dρ dx.

It is clear that 1− e
c
τ0

|t−s| ≤ 0. Now we will prove ξ(t)τ(t)− ξ(s)τ(s)e
c
τ0

|t−s| ≤ 0 for
some c > 0. In order to do this, first observe that

τ(t) = τ(s) + τ ′(r)(t− s),

for some r ∈ (s, t). Since ξ is a non increasing function and ξ > 0, we get

ξ(t)τ(t) ≤ ξ(s)τ(s) + ξ(s)τ ′(r)(t− s),

which implies

ξ(t)τ(t)

ξ(s)τ(s)
≤ 1 +

|τ ′(r)|
τ(s)

|t− s|.

Using (1.5) and that τ ′ is bounded, we deduce

ξ(t)τ(t)

ξ(s)τ(s)
≤ 1 +

c

τ0
|t− s| ≤ e

c
τ0

|t−s|,

which proves (3.21) and therefore (iii) follows.

Moreover, as κ′(t) = τ ′(t)τ ′′(t)
2τ(t)

√
1+τ ′(t)2

− τ ′(t)
√

1+τ ′(t)2

2τ(t)2 is bounded on [0, T ] for all

T > 0 (by (1.5) and (2.11)) we have

d

dt
A(t)U =

⎛
⎜⎜⎜⎜⎝

0
0

−μ′
1(t)ϕ− μ′

2(t)z(·, 1)
0

τ ′′(t)τ(t)ρ−τ ′(t)(τ ′(t)ρ−1)
τ(t)2 zρ

⎞
⎟⎟⎟⎟⎠ ,

with τ ′′(t)τ(t)ρ−τ ′(t)(τ ′(t)ρ−1)
τ(t)2 bounded on [0, T ] by (1.5) and (2.11). Thus

d

dt
Ã(t) ∈ L∞

∗ ([0, T ], B(D(A(0)),H)), (3.22)
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where L∞
∗ ([0, T ], B(D(A(0)),H)) is the space of equivalence classes of essentially

bounded, strongly measurable functions from [0, T ] into B(D(A(0)),H). Here
B(D(A(0)),H) is the set of bounded linear operators from D(A(0)) into H.

Then, (3.8), (3.20) and (3.21) imply that the family Ã =
{
Ã(t) : t ∈ [0, T ]

}
is a

stable family of generators in H with stability constants independent of t, by Propo-
sition 1.1 from [10]. Therefore, the assumptions (i)− (iv) of Theorem 3.1 are verified
by (3.5), (3.7), (3.8), (3.20), (3.21) and (3.22). Thus, the problem

{
Ũt = Ã(t)Ũ ,

Ũ(0) = U0
(3.23)

has a unique solution Ũ ∈ C ([0,+∞[, D(A(0))) ∩ C1 ([0,+∞[,H) for U0 ∈ D(A(0)).
The requested solution of (3.1) is then given by

U(t) = e
∫ t
0
κ(s) dsŨ(t)

because

Ut(t) = κ(t)e
∫ t
0
κ(s) dsŨ(t) + e

∫ t
0
κ(s) dsŨt(t)

= e
∫ t
0
κ(s) ds

(
κ(t) + Ã(t)

)
Ũ(t)

= A(t)e
∫ t
0
κ(s) dsŨ(t)

= A(t)U(t)

which concludes the proof.

4. Exponential stability. This section is dedicated to study the asymptotic
behavior fo the solutions. The main goal is to obtain the stability of the solutions
to the system (2.5)-(2.8). This is the content of Theorem 4.4 where we show that
the solution of the problem (2.5)-(2.8) is exponentially stable. Our effort consists in
building a suitable Lyapunov functional by the energy method. So, in order to achieve
this goal, in the sequence we present several technical lemmas.

Lemma 4.1. Let (u, v, z) be a solution of (2.5)-(2.8), then for any ε1 > 0, we
have the estimate

d

dt
I1(t) ≤−

(
a− μ2

1(0)c
2
1ε1

) ∫
Ω

u2
x dx− b

∫ L2

L1

v2x dx (4.1)

+

(
1 +

1

2ε1

)∫
Ω

u2
t dx+

∫ L2

L1

v2t dx+
β2

2ε1

∫
Ω

z2(x, 1, t) dx,

where c1 is the Poincaré’s constant and

I1(t) =
∫
Ω

uut dx+

∫ L2

L1

vvt dx. (4.2)
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Proof. By differentiating I1(t) and using (2.5), we obtain

d

dt
I1(t) =

∫
Ω

u2
t dx− a

∫
Ω

u2
x dx− μ1(t)

∫
Ω

uut dx− μ2(t)

∫
Ω

uz(x, 1, t) dx

+

∫ L2

L1

v2t dx− b

∫ L2

L1

v2x dx

≤
∫
Ω

u2
t dx− a

∫
Ω

u2
x dx+

∣∣∣∣μ1(t)

∫
Ω

uut dx

∣∣∣∣+
∣∣∣∣μ2(t)

∫
Ω

uz(x, 1, t) dx

∣∣∣∣
+

∫ L2

L1

v2t dx− b

∫ L2

L1

v2x dx.

From hypothesis (H1) and (H2), we have

d

dt
I1(t) ≤

∫
Ω

u2
t dx− a

∫
Ω

u2
x dx+ μ1(0)

∣∣∣∣
∫
Ω

uut dx

∣∣∣∣ (4.3)

+ βμ1(0)

∣∣∣∣
∫
Ω

uz(x, 1, t) dx

∣∣∣∣+
∫ L2

L1

v2t dx− b

∫ L2

L1

v2x dx.

By using the conditions (2.6) and (2.7), we obtain

u2(x, t) =

(∫ x

0

ux(s, t) ds

)2

≤ L1

∫ L1

0

u2
x(x, t) dx, x ∈ [0, L1],

u2(x, t) ≤ (L3 − L2)

∫ L3

L2

u2
x(x, t) dx, x ∈ [L2, L3],

which imply the following Poincaré’s inequality∫
Ω

u2(x, t) dx ≤ c21

∫
Ω

u2
x dx, x ∈ Ω, (4.4)

where c1 = max{L1, L3−L2} is the Poincaré’s constant. Now using Young’s inequality
and (4.4), we have

μ1(0)

∣∣∣∣
∫
Ω

uut dx

∣∣∣∣ ≤ ε1μ
2
1(0)c

2
1

2

∫
Ω

u2
x dx+

1

2ε1

∫
Ω

u2
t dx (4.5)

and

βμ1(0)

∣∣∣∣
∫
Ω

uz(x, 1, t) dx

∣∣∣∣ ≤ ε1μ
2
1(0)c

2
1

2

∫
Ω

u2
x dx+

β2

2ε1

∫
Ω

z2(x, 1, t) dx. (4.6)

Finally, substituting (4.5) and (4.6) into (4.3) completes the proof.

Now, inspired by [18], we introduce the function

q(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

x− L1

2
, x ∈ [0, L1],

L2 − L3 − L1

2(L2 − L1)
(x− L1) +

L1

2
, x ∈ [L1, L2],

x− L2 + L3

2
, x ∈ [L2, L3].

(4.7)
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It is easy to see that q(x) is bounded, i.e., |q(x)| ≤M , where

M = max

{
L1

2
,
L3 − L2

2

}
.

We have the following result.

Lemma 4.2. Let (u, v, z) be a solution of (2.5)-(2.8), then for any ε2 > 0, the
following estimates holds true

d

dt
I2(t) ≤

(
1

2
+

1

2ε2

)∫
Ω

u2
t dx+

(a
2
+M2μ2

1(0)ε2

)∫
Ω

u2
x dx (4.8)

+
β2

2ε2

∫
Ω

z2(x, 1, t) dx− 1

4

[
L1u

2
t (L1, t) + (L3 − L2)u

2
t (L2, t)

]
− a

4

[
L1u

2
x(L1, t) + (L3 − L2)u

2
x(L2, t)

]
,

and

d

dt
I3(t) ≤L2 − L3 − L1

4(L2 − L1)

(∫ L2

L1

v2t dx+ b

∫ L2

L1

v2x dx

)
(4.9)

+
1

4

[
L1v

2
t (L1, t) + (L3 − L2)v

2
t (L2, t)

]
+

b

4

[
L1v

2
x(L1, t) + (L3 − L2)v

2
x(L2, t)

]
,

where

I2(t) = −
∫
Ω

q(x)uxut dx and I3(t) = −
∫ L2

L1

q(x)vxvt dx. (4.10)

Proof. By differentiating I2(t) and using (2.5), we obtain

d

dt
I2(t) =−

∫
Ω

q(x)uxtut dx− a

∫
Ω

q(x)uxxux dx

+ μ1(t)

∫
Ω

q(x)uxut dx+ μ2(t)

∫
Ω

q(x)uxz(x, 1, t) dx.

Now, integrating by parts and considering the hypothesis (H1) and (H2), we have

d

dt
I2(t) ≤ 1

2

∫
Ω

q′(x)u2
t dx−

1

2

[
q(x)u2

t

]
∂Ω

+
a

2

∫
Ω

q′(x)u2
x dx−

a

2

[
q(x)u2

x

]
∂Ω

(4.11)

+ μ1(0)

∣∣∣∣
∫
Ω

q(x)uxut dx

∣∣∣∣+ βμ1(0)

∣∣∣∣
∫
Ω

q(x)uxz(x, 1, t) dx

∣∣∣∣
≤ 1

2

∫
Ω

u2
t dx−

1

2

[
q(x)u2

t

]
∂Ω

+
a

2

∫
Ω

u2
x dx−

a

2

[
q(x)u2

x

]
∂Ω

+ μ1(0)M

∣∣∣∣
∫
Ω

uxut dx

∣∣∣∣+ βμ1(0)M

∣∣∣∣
∫
Ω

uxz(x, 1, t) dx

∣∣∣∣ .
On the other hand, by using the boundary conditions (2.7), we get

1

2

[
q(x)u2

t

]
∂Ω

=
1

4

[
L1u

2
t (L1, t) + (L3 − L2)u

2
t (L2, t)

]
,

−a

2

[
q(x)u2

x

]
∂Ω
≤ −a

4

[
L1u

2
x(L1, t) + (L3 − L2)u

2
x(L2, t)

]
.
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Inserting the above two equalities into (4.11) and by Young’s inequality, we conclude
that (4.11) gives (4.8).

By the same argument, taking the derivative of I3(t), we obtain

d

dt
I3(t) = 1

2

∫ L2

L1

q′(x)v2t dx−
1

2

[
q(x)v2t

]L2

L1
+

b

2

∫ L2

L1

q′(x)v2x dx−
b

2

[
q(x)v2x

]L2

L1

=
L2 − L3 − L1

4(L2 − L1)

(∫ L2

L1

v2t dx+ b

∫ L2

L1

v2x dx

)

+
1

4

[
L1v

2
t (L1, t) + (L3 − L2)v

2
t (L2, t)

]
+

b

4

[
L1v

2
x(L1, t) + (L3 − L2)v

2
x(L2, t)

]
Hence, the proof is complete.

As in [12], taking into account the last lemma, we introduce the functional

J (t) = ξ̄τ(t)

∫
Ω

∫ 1

0

e−2τ(t)ρz2(x, ρ, t) dρ dx. (4.12)

For this functional we have the estimate (4.13) given by the following lemma.

Lemma 4.3 ([12, Lemma 3.7]). Let (u, v, z) be a solution of (2.5)-(2.8). Then
the functional J (t) satisfies

d

dt
J (t) ≤ −2J (t) + ξ̄

∫
Ω

u2
t dx. (4.13)

Now we are in position to prove our result of stability.

Theorem 4.4. Let U(t) = (u(t), v(t), ϕ(t), ψ(t), z(t)) be the solution of (2.5)-
(2.8) with initial data U0 ∈ D (A(0)) and let E(t) be the energy of U . Assume that
the hypothesis (1.5), (1.6), (H1), (H2) and

max{1, a
b
} < L1 + L3 − L2

2(L2 − L1)
(4.14)

hold. Then there exist positive constants c and α such that

E(t) ≤ cE(0)e−αt, ∀t ≥ 0. (4.15)

Proof. Let us define the Lyapunov functional

L(t) = NE(t) +

3∑
i=1

NiIi(t) + J (t), (4.16)

where N , Ni, i = 1, 2, 3 are positive real numbers which will be chosen later. By the
Lemma 2.1, there exists a positive constant K such that

d

dt
E(t) ≤ −K

[∫
Ω

u2
t dx+

∫
Ω

z2(x, 1, t) dx

]
. (4.17)
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It follows from the transmission conditions (2.6) that

a2u2
x(Li, t) = b2v2x(Li, t), i = 1, 2. (4.18)

Using the estimates (4.1), (4.8), (4.9), (4.13), (4.17) and the inequality (4.18), we
obtain

d

dt
L(t) ≤−

[
KN −

(
1 +

1

2ε1

)
N1 −

(
1

2
+

1

2ε2

)
N2 − ξ̄

] ∫
Ω

u2
t dx (4.19)

−
(
KN − β2

2ε1
N1 − β2

2ε2
N2

)∫
Ω

z2(x, 1, t) dx

−
[(
a− μ2

1(0)c
2
1ε1

)
N1 −

(a
2
+M2μ2

1(0)ε2

)
N2

] ∫
Ω

u2
x dx

+

[
N1 +

L2 − L3 − L1

4(L2 − L1)
N3

] ∫ L2

L1

v2t dx

−
[
N1 − L2 − L3 − L1

4(L2 − L1)
N3

]
b

∫ L2

L1

v2x dx

− (N2 −N3)

[
L1

4
u2
t (L1, t) +

L3 − L2

4
u2
t (L2, t)

]

−
(
N2 − a

b
N3

) a

4

[
L1

4
u2
t (L1, t) +

L3 − L2

4
u2
t (L2, t)

]
− 2J (t).

Now we observe that under assumption (4.14), we can always find real constants
N1, N2 and N3 in such way that

N1 +
L2 − L3 − L1

4(L2 − L1)
N3 < 0, N2 > max

{
1,

a

b

}
N3, N1 >

N2

2
.

After that, we pick the positive constants ε1 and ε2 small enough that

μ2
1(0)c

2
1ε1N1 +M2μ2

1(0)ε2N2 < a

(
N1 − N2

2

)
.

Finally, since ξ(t)τ(t) is non-negative and bounded, we choose N large enough that
(4.19) is turned into the following estimate

d

dt
L(t) ≤ −η1

∫
Ω

(
u2
t + u2

x

)
dx− η1

∫ L2

L1

(
v2t + v2x

)
dx

− η1

∫
Ω

z2(x, ρ, t) dx− η1

∫
Ω

z2(x, 1, t) dx

≤ −η1
∫
Ω

(
u2
t + u2

x

)
dx− η1

∫ L2

L1

(
v2t + v2x

)
dx− η1

∫
Ω

z2(x, ρ, t) dx,

for a certain positive constant η1.
This implies by (2.9) that there exists η2 > 0 such that

d

dt
L(t) ≤ −η2E(t), ∀t ≥ 0. (4.20)

On the other hand, it is not hard to see that for large enough N , we have L(t) ∼
E(t), i.e. there exists two positive constants γ1 and γ2 such that

γ1E(t) ≤ L(t) ≤ γ2E(t), ∀t ≥ 0. (4.21)
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Combining (4.20) and (4.21), we obtain

d

dt
L(t) ≤ −αL(t), ∀t ≥ 0

which leads to

L(t) ≤ L(0)e−αt, ∀t ≥ 0. (4.22)

The desired result (4.15) follows by using estimates (4.21) and (4.22). Then, the proof
of Theorem 4.4 is complete.

Acknowledgment. The authors thank the anonymous referees for their valuable
comments and suggestions that have improved this manuscript. The first author
thanks CAPES (Brazil) for funding the doctoral scholarship.

REFERENCES

[1] F. Ali Mehmeti, Nonlinear waves in networks, Vol. 80 of Mathematical Research, Akademie-
Verlag, Berlim (1994).

[2] V. Barros, C. Nonato, and C. Raposo, Global existence and energy decay of solutions for
a wave equation with non-constant delay and nonlinear weights, Electron. Res. Arch., 28
(2020), pp. 549–567.
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