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LOCAL WELL-POSEDNESS OF A HAMILTONIAN
REGULARISATION OF THE SAINT-VENANT SYSTEM WITH
UNEVEN BOTTOM*

BILLEL GUELMAMET, DIDIER CLAMOND#, AND STEPHANE JUNCAS$

Abstract. We prove in this note the local (in time) well-posedness of a broad class of 2 x 2
symmetrisable hyperbolic system involving additional non-local terms. The latest result implies the
local well-posedness of the non dispersive regularisation of the Saint-Venant system with uneven
bottom introduced by Clamond et al. [2]. We also prove that, as long as the first derivatives are
bounded, singularities cannot appear.
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1. Introduction and main results. Clamond and Dutykh [1] have recently
proposed a new Hamiltonian regularisation of the Saint-Venant (rSV) system with a
constant bottom. Such a regularisation avoids some defects of diffusive approxima-
tions which flatten the shocks, and the dispersive ones which add spurious oscillations.
This Hamiltonian regularisation [1] is of a new kind, non-diffusive and non-dispersive.
This new model has been mathematically studied in [11, 12]. Inspired by [1], similar
regularisations have been proposed for the inviscid Burgers equation [8], the scalar
conservation laws [6] and the barotropic Euler system [7]. A regularisation of the
Saint-Venant equations with uneven bottom (rSVub) has also been proposed by Cla-
mond et al. [2]. The latter equations, for the conservation of mass and momentum,
can be written in the conservative form

he + [hul, =0, (1a)
[hul, + [he® + 39h° + 2], = egh®nodes + ghds,  (1D)
# = 20u? — B [up + uug + gnal, — Lgh? (n2+ 20.0ds). (c)

def

Here, u = u(t, ) is the depth-averaged horizontal velocity, h = h(t,z) = n(t,z) +
d(t,z) denotes the total water depth, n being the surface elevation from rest and d
being the water depth for the unperturbed free surface. We can assume, without
losing generality via a change of frame of reference, that the spacial average of the
depth d is constant in time. In that case, the gravity acceleration g = g(¢) may be a
function of time. Introducing the Sturm-Liouville operator

Ln ¥ h — 0,k 0,, (2)
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if h > 0, the operator £, is invertible, then the system (1) can be written on the form
he + [hul, =0, (3a)

59'6;1 {hZdexx}
— L0, {2h3ul — Tgh® (02 + 2muds)}. (3D)

U + UUy + N

The regularised Saint-Venant system admits a Hamiltonian structure, thus, it
necessarily conserves' the corresponding energy for smooth solutions. The energy
equation of (3) writes

[3hu” + 5eh’ul + Sgn® + Segh®nl],
+ [(3hu® + ghn + jeh’ul + Segh®nl + eR)u + egh’naus |
= 390" +eh®n;) — gnde — egh®nedy. (4)
Note that, injecting (3b) in (1c), one obtains the alternative definition of %#

Z = (14 eh?0,L,"0,) {2h%u2 — Lgh® (n2 +2n.d.)}
— el 0, L, {gh® nydus

The rSV and rSVub equations can be compared with the Serre-Green—Naghdi
and the two-component Camassa—Holm equations. The local well-posedness of those
equations have been studied in the literature (see, e.g., [9, 5]; see also [3] for higher-
order Camassa—Holm equations). Liu et al. [11] have proved the local well-posedness
of the rSV equations introduced in [1] for constant depth. Liu et al. [11] have
constructed some small initial data, such that the corresponding solutions blow-up in
finite time. The goal of the present note is to prove the local (in time) well-posedness
of the rSVub equations. To this aim, we prove first the local (in time) well-posedness
of a general 2 x 2 symmetrisable hyperbolic system. Then, using some estimates of
the operator L;l, we prove that the system (3) is locally well-posed in the Sobolev
space H®(R) for any real number s > 2. We also prove that if the L>°-norm of the
first derivatives remain bounded, then the singularities cannot appear in finite time.

In order to state the main results of this note, let d be a smooth function of ¢ and
x with

h = d, d ¥ lim d(tz) > 0 d inf  d(t,z) > 0 5
n+ d, i Al ) , and  inf 4G )

defining the Sobolev space H®* = H*(R) = {u, Jr(1+&3)° (&) d¢ < +oo} where
4 is the Fourier transform of u, then

THEOREM 1. Letm > s> 2, 0< g € CH([0,+]), d —d € C([0, +o0], H**1) N
CH([0, +o0], H®) and let Wo = (no,uo) " € H* satisfying inf,er ho(z) = h* > 0, then
there exist T > 0 and a unique solution W = (n,u) € C([0,T], H*) N C([0,T], H*~1)
of (3) satisfying the non-zero depth condition inf .0, r)xwr h(t,7) > 0. Moreover,
if the mazximal time of existence Tq. < +00, then

li Wilgs = inf h(t = 0. 6
t—ngmaT” HH oo or (t,z)e[(l)r,leam[x]R (,x) ( )

If the energy changes, it is necessarily due to exterior forces (the moving bottom) and not due
to the dynamic itself.
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Using the energy equation (4) and some estimates, the blow-up criteria (6) can
be improved.

THEOREM 2. For any interval [0,T] C [0, Toaz| (Tmax is the life span of the
smooth solution), there exists C > 0, such that ¥Vt € [0,T] we have

5(15)@/[%huQ+%5h3u§+%gn2+%sgh2n§]dz < C. (7)
R
Moreover, if Typar < +00, then

lim  [|[Wy|p~ = +oo. 8)

t—=Tmax

Section 2 is devoted to prove the local well-posedness of a general 2 x 2 system.
The proofs of Theorems 1 and 2 are given in Section 3.

2. Local well-posedness of a general 2 x 2 system. We prove here the local
well-posedness of a class of systems with non-local operators in the H® space with
s> 3/2. Let d be a smooth function such that (5) holds. Let also N > 1 be a natural
number and G = (g1, --- ,gn) be a smooth function of ¢ and z, possibly depending
on d, such that

9o(t) = g1(t,00) = ‘llim gi(t,z) > 0 and
T|—0o0
def .
inf — f t, > 0. 9
R RLUE, ©

Let f(d,h) be a positive function and let fi, fo be functions of d, h, w, 1, u, and G.
Let also a, b, ¢, f3, f4 be functions of d, h, u and G. We consider the symmetrisable
hyperbolic system

un + a(dvh»U»G)ﬂx + b(dahvqu)uz = Ql1 fl + Q[Sf?n (103)
ur + g1 f(d,h)b(d, h,u,G)ne + c(d,hyu,G)ue = Ao fo + Ay fa, (10Db)

where the 2l; are linear operators depending on h and u. In order to obtain the
well-posedness of the system (10) in H® with s > 3/2, we define W = (n,u)7,
Go = (g0, 0,---,0) and

d_pf a(d,h,u,G) b(d h)u7G)
BW) = <gl £ ) b(d, b, G)  e(d, by, G))
def Q’ll fl(dahauvhrvul’?G) +
F(W) = <m2 fald, hyu, hyyug, G) +

the system (10) can be written as
Wi + BONW, = FW),  W(0,2) = Wola). (11)

We assume that:
(Al) For s < m € IN, we have
o d — Czagl — 9,92,93," " ;gN S C(R+aHs) and d — Czag]. — Joo S
CH (R, HoT);
o fc O™2(]0,4+00[?) and for all hy, hy > 0 we have f(hy,hy) > 0;
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o f1,fo € C™F2(]0, 4002 xR3x]0, +00[x RN ~1);
e a,b,c, fs, f1 € CF2(]0, +00[2 xR x]0, +oo[x RN ~1);
L] f1(CZ, CZ,0,0,0,G()) = fQ(J, J,0,0,0,Go) = fg(CZ, CZ,O,GQ) =
fa(d,d,0,Gp) = 0.
(A2) Forallr € [s—1,s],if $ € H" and ¢ € H"~1, then

[l + [ llar < Cls,rds [[Wlae) 9] 71,
[R™As ¢l + [[RAa @l < CCs,ryd, [Wliar) [l

A3) If ¢, W,W € H® and v € H*~!, then
( ] ) )

1@ (W) = (W)Yl g1+ [(A2(W) = A2(W)) Pllgor < CIW = W]lpon,

<
@z (W) = As(W)) Sll a1 + [[(Aa(W) = a(W)) Gl < CIW = W]lgroma,

where € = C (s,d, [W s, [W |, 6]l e, 1461 )

Note that if & is far from zero (i.e., inf A > 0), then g1 f(d, h) is positive and far from
zero. Then, the system (10) is symmetrisable and hyperbolic. The main result of this
section is the following theorem:

THEOREM 3. For s > 3/2 and under the assumptions (Al), (A2) and (A3), if
Wy € H? satisfy the non-emptiness condition

: _ . 7 1
inf ho(z) = inf (mo(z) + d(0,2)) > h*> 0 (12)
then there exist 7' > 0 and a unique solution W € C([0, 7], H*) N C'([0,T], H*~!) of
the system (11). Moreover, if the maximal existence time T4, < 400, then

inf h(t,z) = 0 or lim |Wlgs = +oo. (13)
(t,2)€[0,Thaz[XR t—Trmax

REMARKS. (i) Theorem 3 holds also for periodic domains; (ii) The right-hand
side of (11) can be replaced by a finite sum on the form

_ (Ui + Uz f3 Biki + Bsks
FW) = (%fz + 2l4f4) - (%zkz + %m) o (14)

where the additional terms satisfy also the conditions (A1), (A2) and (A3); (iii)
Under some additional assumptions, the blow-up criteria (13) can be improved (see
Theorem 2, for example); (iv) If for some 2 < i < N, the function g; appears only
on f; and fs, then, due to (A2), the assumption g; € C(R*, H®) can be replaced by
gi € C(R+, Hs_l).

In order to prove the local well-posedness of (11), we consider
Wt 4+ BW™ o, Wrtt = P(W™), W™ 0,2) = (no(z),ue(z)T, (15)

where n > 0 and WO(t,2) = (no(x),uo(x))". The idea of the proof is to solve the
linear system (15), then, taking the limit n — oo, we obtain a solution of (11). Note
that we have assumed that g; and f are positive, so g1 f > 0, then the system (15)
is hyperbolic; it is an important point to solve each iteration in (15). Note that a

symmetriser of the matrix B(W) is A(W) = (gl ff)d’ k) ?)
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Let (-, -) be the scalar product in L? and let the energy of (15) be defined as
E™T(t) = (AW AT AT W) e > 0.

If g1 f is bounded and far from 0, then E™(¢) is equivalent to |W™| gs. In order to
prove Theorem 3, the following results are needed.

THEOREM 4. Let s > 3/2, h* > 0 and R > 0, then there exist K,T > 0 such
that: if the initial data (no, ho) € H® satisfy

inf ho(z) > 2h%,  E"(0) < R, (16)

BAS
and W™ € C([0,T], H*) N C*([0, T], H*~1), satisfying for all t € [0,T)
htz ht o W)l < K, EM() < R, (17)

then there exists a unique W™t € C([0,T], H*) N C*([0,T], H*~1Y) solution of (15)
such that

R > R (W™ | g < K, E"(t) < R. (18)

The proof of Theorem 4 is classic (it can be done following Guelmame et al. [7],
Israwi [9], Liu et al. [11] and using the following lemmas).

Let A be defined such that Af = (1+¢2)2f, and let [A, B] £ AB — BA be the
commutator of the operators A and B. We have the following lemma.

LeMMA 1 (Kato and Ponce [10]). If r > 0, then

1 gllar S W flleee llgllar + N fllar llgllze, (19)
A" f1 gl S M felloee lglar— + Ifllmr llgllze (20)

LEMMA 2. Letk € N*, F € C™"2(R") with F(0,---,0) =0 and 0 < s < m, then
there exists a continuous function F, such that for all f = (f1, -+, fx) € HS N W1
we have

IEN e < F (I fllwree) 11l (21)

Proof. The case k = 1 has been proved in [4]. Here, we prove the inequality (21)
by induction (on s). Note that

f1
F(fioe o fo) = FO oo )+ [ Frlan oo fo)dn
0
f1 f2
:F(0703f33"'7fk)+ Ffl(glvaa“'vfk)dgl—’_/ Ff2(07927f37”'7fk)d92 + -
0 0
f1 Ik
= Fr (91, f2,- 5 fro)dgr + - + Fy, (0,---,0,gx) dg.
0 0

This implies that

IE(fry s f)llee S 1f e, (22)
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which is (21) for s = 0. For s €]0, 1], let

\F(fi(z+y),- fulz +y) = F(fi(x),---, fi(2))|

<NF(A(x+y),- ful@+y) — Ffi(@), falz+y), -, fulz + )]
+ |F(fi(@), fa(@ +y), - fi(x +y) = F(fi(2), fo(), falx +y), -, fr(@ +y))|
+ A F(fi(@), o femr (@), fe(@ 4 y) — F(f(),- -, frl(@)]

k
< Y e +y) = H@)]1F
i=1
The last inequality, with the definition H? £
2
{f el? [;ls dedy < —l—oo}, implies (21) for s €]0,1]. For

s > 1, the proof is done by induction. Using (19) and (22), we obtain

k
IFD e S ||Sh B o £+ IFDIe 17 + Sy 1E () e
Using the induction and the last 1nequahty7 we obtain (21) for all s > 0. 0

Proof of Theorem 3. Using Theorem 4, one obtains that (W") is uniformly
bounded in C([0,T], H*) N C1([0,T], H*~1) and satisfies h™ > h*. Defining

En—‘—l(ﬂ def (As—l (Wn+1 _ Wn), An AS—1L (Wn—H _ Wn)), (23)
and using (15), one obtains

Eptt =2 (AN (P —F 4 (BT = BYWY), AT AT (W — )
— 2 (AL, B (Wt — W), A" ASTHWT - )
+ (A ((A"BM), (W — W) AT W — W)
+ (AW — W), (AT AT (W — ) (24)

Using (A2), (A3), (19) and (21), one obtains
IE"=F" M gas 4 [[(B" ' =B")0W" [ gos S [IW"=W" Y| gomr S VE™, (25)

where “of < A" means o < CH, with C > 0 is a constant independent of n. Using
(20) and (21), we obtain

< W W S VESL (26)

H[As_l,Bn](Wn—H _ Wn)IHL2 <

From (19) and (21), it follows that
I(A™B")o (W = W) [ge-r S W = W[ € VEL(27)

Combining the estimates above, we obtain that ENt”+1 < Bt 4+ E™ | and using that
E™(0) = 0, we obtain E"T1 < (eCt — 1) E™ where C' > 0 does not depend on n.
Taking 7" > 0 small enough, it follows that

W — W e S B < SE™ < R EL (28)

Finally, taking the limit n — oo in the weak formulation of (15) and using (A3), we
obtain a solutions of the system (10). This completes the proof of Theorem 3. O
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3. Proof of Theorems 1 and 2. The system (3) is written in the form
(10) by replacing the right-hand side of (10), as in (14), taking N = 4 and
G(t,ﬂ?) = (g7dw7daw;adt)a a(d’h7uvgadzad$wadt) = C(d’h7uvgadw7dxa;adt) = u,
b(d,h,u,g,dy,dpe,dy) = h, f(d,h) = h™Y, fi = f1 = ki = ks = kg = 0,
f2(da h, U, hmv Uz, g, dm; dmza dt) = 2h3u§—%gh2(77952+277xdz)7 fB(da ha w, 9, dm» dmca dt) =
—dy — udy, ka(d, h,u, hayy g, Gy doy g, di) = gh*Nedyg, A1 = Ay = By = Bz = By =
0, Ay = —56;1830 and A3 = 1, By = SL;I. Then, in order to prove Theorem 1, the
following lemma is needed:

LEMMA 3 (Liu et al. [11]). Let 0 < hijus < h € W1, then the operator Ly, is an
isomorphism from H? to L? and if 0 < s <m € IN, then

1€n % s + 1677 0] s < C 0l U+ |[h = d||,;),  (29)

where C' depends on s, €, hint, ||h — d||yw1.~ and not on ||h — d|| g

Proof of Theorem 1. In order to prove Theorem 1, it suffices to verify (A1)—(A3).
The assumption (A1) is obviously satisfied and (A2) follows from Lemma 3. In order
to prove (A3), let W, W, ¢ € H*®. Using Lemma 3 and (19), we obtain

(it = ) ol = e (e =2 2]

< ftei - 20 637]

Hs—1

A

I =2l <=7,
Hs—2 Hs—1 Hs—1

where the constants depend on s, d, |W|| g, |W ||z, ||| ge-1. The same proof can

be used with the operator 2s. O

Proof of Theorem 2. Using the characteristics x(0,z) = = and y;(¢t,z) =
u(t, x(t,z)), the conservation of the mass (3a) becomes

dh/dt + u,h = 0, — ho(z) e tluelooe < it 2) < ho(z) et Iuellee
(30)
The energy equation (4) implies that

E't) < (lgl/g + 1) &) + %g/R(df + eh?d} ) da, (31)

since h is bounded, the inequality (7) follows by Gronwall’s lemma.

In order to prove the blow-up criterion, we first suppose that ||[W, || is bounded
and we show that the scenario (6) is impossible. The equation (30) implies that h is
bounded and far from 0. Using ||W||p« < [|[W||g1 < &(t), one obtains that ||[W ||yt
is bounded on any interval [0,7]. Using Lemma 3 and doing some classical energy
estimates (see [7, 9, 11]), we can prove that |WW|/g- is also bounded. This ends the
proof of Theorem 2. O
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