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ON THE OPTIMAL REGULARITY IMPLIED BY THE
ASSUMPTIONS OF GEOMETRY I: CONNECTIONS ON TANGENT
BUNDLES*

MORITZ REINTJEST AND BLAKE TEMPLE?

Abstract. We resolve the problem of optimal reqularity and Uhlenbeck compactness for affine
connections in General Relativity and Mathematical Physics. First, we prove that any affine connec-
tion I", with components I' € L?P and components of its Riemann curvature Riem(I") in L?, in some
coordinate system, can be smoothed by coordinate transformation to optimal regularity, I' € WP
(one derivative smoother than the curvature), p > max{n/2,2}, dimension n > 2. For Lorentzian
metrics in General Relativity this implies that shock wave solutions of the Einstein-Euler equations
are non-singular—geodesic curves, locally inertial coordinates and the Newtonian limit, all exist in
a classical sense, and the Einstein equations hold in the strong sense. The proof is based on an
LP existence theory for the Regularity Transformation (RT) equations, a system of elliptic partial
differential equations (introduced by the authors) which determine the Jacobians of the regularizing
coordinate transformations. Secondly, this existence theory gives the first extension of Uhlenbeck
compactness from Riemannian metrics, to general affine connections bounded in L, with curvature
in LP, p > n, including semi-Riemannian metrics, and Lorentzian metric connections of relativistic
Physics. We interpret this as a “geometric” improvement of the generalized Div-Curl Lemma. Our
theory shows that Uhlenbeck compactness and optimal regularity are pure logical consequences of
the rule which defines how connections transform from one coordinate system to another—what one
could take to be the “starting assumption of geometry”.
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1. Introduction. In this paper we resolve two problems in Mathematical
Physics by extending the multi-dimensional existence theory for the Regularity Trans-
formation (RT) equations' in [25] to affine connections at the low level of LP curvature
regularity; specifically, to connections with components in L?” and with Riemann cur-
vature Riem(I") bounded component-wise in L?, p > max{n/2,2}, in dimension n > 2,
(or equivalently I' € L?P, dI" € LP).? First, this existence theory establishes that any
such connection, defined on an arbitrary manifold, including the Lorentzian metric
connections of General Relativity (GR), can always be smoothed to optimal regularity
WP by local coordinate transformations, any p < co. This extends the optimal regu-
larity result of Kazdan and DeTurck [8] from (positive definite) Riemannian metrics to
general affine connections, including Lorentzian and semi-Riemannian metrics.® Our
optimal regularity result settles in the affirmative that spacetime singularities in the
Lorentzian metrics of GR shock waves are removable. In particular, this establishes
for the first time that (weak) shock wave solutions of the Einstein-Euler equations
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!The RT-equations, introduced in [24], are referred to as the Reintjes-Temple equations in [26].

2In this paper, all LP norms of tensors and connections are taken component-wise, local and
coordinate dependent. That is, LP norms are taken on tensor components represented in coordinate
systems on open and bounded neighborhoods of points. We choose I' € L2P and dI' € LP to place
both terms in Riem(I') = dI'+ T'AT in LP. For I € L?P, Riem(T) is in L? if and only if dT" is in LP.

3To emphasize this generality, we chose our title to conjure up Riemann’s celebrated habilitation
of 1854: “On the hypotheses which lie at the foundations of geometry”.
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constructed by the Glimm scheme are one order more regular than previously known
[14]. More generally, it implies that all multi-dimensional weak shock wave solutions of
the Einstein equations G = kT with Lipschitz continuous gravitational metric and L*°
curvature are non-singular in the sense that they solve G = kT in the strong LP-sense
under coordinate transformation; and geodesic curves,* locally inertial coordinates
and the Newtonian limit all exist in a classical sense.

Secondly, our existence theory for the RT-equations suffices to extend Uhlenbeck
compactness® from Riemannian to Lorentzian geometry. To be precise, our theory
extends Uhlenbeck compactness from the case of connections on wvector bundles over
fixed Riemannian manifolds, with optimal regularity W1 and uniform LP curvature
bounds (p > n/2) [36], to the case of affine connections on tangent bundles over ar-
bitrary manifolds (not endowed with any metric), uniformly bounded in L* with LP
curvature bounds (p > n), allowing for non-optimal connection regularity at the start.
That is, in [36] the part of the connection acting on the tangent bundle, its affine part,
is assumed to be the Christoffel symbol of a fixed positive definite metric, and com-
pactness is established for the part of the connection acting on the non-tangential
fibre only, while our result addresses general affine connections, (not necessarily of
a metric, but including Lorentzian and semi-Riemannian metric connections), acting
on the tangent bundle without non-tangential fibres. In [27], we extend our results
to connections on vector bundles (acting on tangent bundles and on non-tangential
fibres), allowing again for a general affine part. Uhlenbeck compactness establishes
existence of a convergent subsequence of connections, weakly in WP, from uniform
bounds on the curvature alone, without the need to bound all connection derivatives,
and the convergence is strong enough to pass limits through non-linear products.®
We interpret Uhlenbeck compactness as a “geometric” improvement of the gener-
alized Div-Curl Lemma applicable to sequences of connections, (c.f. Section 2.3).
With the same assumptions, Uhlenbeck compactness provides strong convergence of
a subsequence in transformed coordinates determined by the RT-equations, when
the Div-Curl Lemma implies only weak continuity of wedge products in the original
coordinates.

The RT-equations are a system of nonlinear elliptic partial differential equations in
matrix valued differential forms (f, J, A). These equations determine the Jacobians
J of coordinate transformations which transform a given connection I' to optimal
regularity. The unknown r represents the regularized connection components, A is
an auxiliary variable introduced to impose the integrability condition dJ = 0, and
I', the connection components of an arbitrary given connection, appears as a source
term on the right hand side of the RT-equations, along with a vector valued 0-form
v free to be chosen. Our theory starts with no more than the component functions
I'= (I‘fj) defined on some open set 2 C R", and we view I' as the components of a
connection in some given but arbitrary coordinate system x on §2. The RT-equations,
derived in [24] from the connection transformation law and first analyzed in [25], are

4For LP as well as L™ connections, the basic local existence theorem for ODE’s at low regularities
(Peano’s Theorem) does not apply to construct geodesic curves or particle trajectories.

5By Uhlenbeck compactness we mean compactness of a sequence of connections I'; derived from
a uniform bound on the un-differentiated connection and curvature components alone.

6Uhlenbeck’s compactness theorem in [36] for Riemannian geometry was a topic of the 2019 Abel
Prize and 2007 Steele Prize, and was a crucial step in the proof of fundamental results in geometry,
including Donaldson’s work in [10]. See [35, 39] for a summary of the important applications of
Uhlenbeck compactness.
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given by
AT = 6dl — §(dJF AdJ) +d(J " A), (1.1)
AJ =6(JT) — (dJ;T) — A, (1.2)
TR — T
dA = div(dJ AT) +div(Jdl) — d({dJ;T)), (1.3)
6A =, (1.4)

with boundary data dJ = 0 on 8Q. The unknowns (f, J, A) in the RT-equations,
together with the given connection components I', are defined by their components
in a-coordinates on Q.7 The operations on the right hand side are defined in Sec-
tion 5 in terms of the Cartan Algebra of differential forms in z-coordinates, and the
RT-equations are introduced in detail in Section 6. The vector field v, free to be
chosen, constitutes the gauge freedom inherent to the RT-equations, (reflecting the
multiplicity of coordinate maps to optimal connection regularity). The RT-equations
admit a weak formulation, which is required for the low regularity of LP connections
and curvature addressed here.®

The RT-equations are elliptic regardless of metric signature, because A is the
Laplacian of the Euclidean metric in xz-coordinates. They determine the Jacobians
of coordinate transformations to optimal regularity. Thus the problem of optimal
regularity and Uhlenbeck compactness is reduced to an existence theory for the RT-
equations, c.f. [24, 26]. The RT-equations, and hence both Uhlenbeck compactness
and optimal regularity, are mathematical consequences of just the rule which defines
how connections transform from one coordinate system to another, logically inde-
pendent of any additional structure on the geometry, like positive definiteness of the
metric, or the Einstein equations.

Although the original formulation of the RT-equation (1.1) - (1.4) is amenable
to a rigorous existence theory at the higher non-optimal regularity of connection and
curvature in WP (we accomplished this existence theory in [25], proving optimal
connection regularity W?2?), the non-linearities in the RT-equations as formulated in
(1.1) - (1.4) are too fierce to extend the method of proof in [25] to the low regularity of
non-optimal LP connections. In this paper we extend the existence theory for the RT-
equations to the level of L? connections. For this we use the gauge freedom inherent in
system (1.1) - (1.4) to introduce what we call the reduced RT-equations, (system (1.5)
- (1.7) below), an elliptic system of equations equivalent to the original RT-equations
(1.1) - (1.4). The reduced RT-equations simplify the nonlinearities in the problem of
optimal regularity to a degree sufficient to extend our analysis of the RT-equations
by one order, from the level of connection components I' € W1? achieved in [25], to
LP connections, including the L> connections of GR shock waves.

Our first main result, which follows from this existence theory, establishes that
if in a given coordinate system the components of I' are in L?” and those of its Rie-

"Here I' = I',da* and T' = I'",dz? are matrix valued 1-forms, J = J{' and A = A} are matrix
valued O-forms, and A= /de:):l is a vector valued 1-form.

81t is well known that weak formulations of equations which are equivalent for smooth solutions,
are not always equivalent for weak solutions. (For example, in conservation laws, different choices
of conserved quantities lead to different weak formulations, and even Riemann entertained such
confusions [32].) Our choice of the weak formulation is based on the geometric operators d,§ and
(ﬁ) on vector and matrix valued differential forms, by introducing suitable L? adjoints for these
differential operators. Our idea to base the weak formulation on these geometric operators is guided
in part by the requirement that Jacobians J, which solve the reduced RT-equations in this weak
sense, are automatically integrable to coordinates, c.f. Sections 8 and 11.
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mann tensor are in LP, p > max{n/2,2}, n > 2, then in a neighborhood of every
point there exists a W??2P coordinate transformation, such that in the transformed
coordinates the components of I' exhibit optimal regularity, I' € WP, (i.e., the com-
ponents of I' are one derivative more regular than the components of its Riemann
curvature tensor, Riem(I') € LP), c.f. Theorem 3.1 below. This new existence theory
for the reduced RT-equations provides uniform WP estimates for the connection in
the transformed coordinates, and this directly implies our new Uhlenbeck compact-
ness theorem, stated in Theorem 3.2 below, which does not rely on any underlying
Riemannian or Lorentzian metric.

In [27] we extend our results on Uhlenbeck compactness and optimal regularity to
connections on vector bundles, including Yang-Mills gauge theories over Lorentzian
and semi-Riemannian manifolds, allowing for both compact and non-compact Lie
groups. Our proofs are based on introducing the RT-equations for vector bundles.
This further illuminates the generality of the new mathematical principle developed
in this paper. A conclusive summary of our results here, combined with the results
in [27], is provided in our forthcoming RSPA publication [28].7

The reduced RT-equations. The reduced RT-equations, which are central to
the proof of our main results in this paper, are given by the following system,

AJ =6(JT) - B, (1.5)
dB = div(dJ AT) + div(J dI), (1.6)
6B = w, (1.7)

where J is the Jacobian of the transformation to optimal regularity, B is an auxiliary
matrix valued differential form introduced to impose the integrability of J to coordi-
nates, and the new gauge freedom is the freedom to choose the vector valued function
w. The vectorization of B, (E = B:”d:ﬁ), is required to incorporate into the reduced
RT-equations the condition that J be integrable to coordinates, expressed in terms of
the vectorization J = J!'dz" through dJ = Curl(J) = 0. The operations on the right
hand side of (1.5) - (1.7) are defined in Section 5.

The reduced RT-equations are derived from the original RT-equations (1.1) - (1.4)
in Section 6, by using the gauge freedom v in (1.1) - (1.4) to uncouple the equations
for the Jacobian J of the smoothing transformation from (1.1), the equation for I.
This isolates the non-linearities in the [-equation (1.1), and thereby eliminates them
from the iteration scheme for J on which our existence theory in Section 10 is based.
The reduced RT-equations consist of the resulting uncoupled system of equations
(1.5) - (1.7) in J, a linear elliptic system in (J, B) which is solvable at the level
of LP connections. The proof of our optimal regularity result, Theorem 3.1, is then
completed by using the f‘—equation (1.1) to show directly that the Jacobian determined
by a solution J of the reduced RT-equations, does indeed lift the original connection
I to optimal regularity I' € W, by proving this J determines a I' such that (J, f)
solves the original RT-equations, c.f. Theorem 6.1.

Although the derivation of the reduced RT-equations begins with the original
RT-equations (we know of no independent derivation), the reduced RT-equations
introduced in this paper represent a new starting point, and the subsequent proofs are
self-contained and stand logically independent of arguments we gave for the original
RT-equations.

90ur exposition in [26] summarizes the earlier developments of the RT-equations in [24, 25].
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Outline of the paper. In Section 2 mathematical context is provided for our
results. In Section 3 we state our main results, Theorems 3.1 and 3.2. In Section 4
we give three applications of Theorems 3.1 and 3.2: A new compactness result for the
vacuum Einstein equations in GR at low regularities as an application of Uhlenbeck
compactness, a proof of optimal regularity for GR shock waves constructed by Glimm’s
theorem, and a construction of locally inertial frames for general L°° connections. In
particular, the existence of locally inertial frames rules out regularity singularities
at GR shock waves by establishing that shock wave solutions of the Einstein-Euler
equations are locally inertial. In Section 5 we introduce the Cartan calculus for
matrix and vector valued differential forms required in this paper. Section 6 contains
the main idea of proof of our optimal regularity result, in particular we show that
solutions of the reduced RT-equations determine solutions of the full RT-equations,
Theorem 6.1, and we state our main existence theorem for the reduced RT-equations,
Theorem 6.3. The proof of Theorem 6.1 is given in Sections 7 and 9. In Section 8 we
introduce the weak formulation of the RT-equations required at the level of regularity
addressed in this paper. In Sections 10 - 11 we give a self-contained presentation of
the existence theory for weak solutions of the reduced RT-equations, (based only on
two basic theorems from linear elliptic PDE theory, Theorems B.1 and C.2 recorded
in the appendix), and we prove existence of solutions to the reduced RT-equations
in the case of connection regularity I', dI' € L>°. We extend this proof to the sought
after regularity I' € L?P, dI’ € LP in Section 12, thereby completing the proof of our
existence result Theorem 6.3. The proof of our main results, Theorems 3.1 and 3.2,
is completed in Section 13.

2. The mathematical landscape. In the following subsections we place our
results within a mathematical landscape, including the theory of GR shock waves.
The reader interested in focusing in the mathematical development may skip these
subsections and continue with Section 3, where we state our main results, and Section
6, where we describe the main ideas of the method of proof.

2.1. The problem of optimal regularity. The existence of coordinates in
which connections are non-optimal is a fundamental feature of Riemann’s curvature
tensor, following directly from the fact that the Riemann curvature transforms as a
tensor by contraction with undifferentiated Jacobians, while the transformation of a
connection involves derivatives of the Jacobian. So any transformation by a Jacobian
which has the same regularity as a given connection, will lower the regularity of a
connection of optimal regularity (one derivative more regular than its curvature) by
one order due to the terms containing derivatives of the Jacobian in the transforma-
tion law for connections.'® The result is a transformed connection with components
one order less regular, and in the same regularity class as the curvature, because the
Riemann curvature tensor would preserve its regularity under tensor transformation.
This holds for classical spaces of regularity like C*, as well as weak regularity mea-
sured by Sobolev spaces WP and Holder regularity C"®. To prove the reverse
direction, that non-optimal connections can always be smoothed to optimal regu-
larity by coordinate transformation, one needs to undo the above process, and this
requires constructing a singular transformation given only the information about the
non-optimal connection and its curvature. For example, at the level of L connec-
tions, such a coordinate transformation must be singular in the sense that jumps in

10Note, this principle directly carries over to metric tensors which, by Christoffel’s formula, are
always exactly one derivative more regular than their connections.
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derivatives of the Jacobian must be tuned to precisely cancel out the discontinuities
in the given non-optimal connection in the transformation law for connections.

The existence of coordinate transformations which smooth connections to opti-
mal regularity, one derivative more regular than the curvature, is surprising in light
of the fact that the curvature, being a “curl” plus a “commutator”, does not directly
control every derivative of I', only dI' = Curl(T"). That is, the complementary deriva-
tives, 6I' = div(I"), are not controlled directly by assuming a given regularity of the
curvature. Since the basic compactness theorems for Sobolev spaces are based on
controlling every derivative, it follows that optimal regularity is intimately connected
to compactness. This principle, as expressed through the exterior derivative d and the
co-derivative 0 of the Cartan algebra of differential forms associated with an assumed
positive definite metric, underlies Uhlenbeck’s celebrated compactness result.

We note that the regularity of metric, connection and curvature is not altered
by sufficiently smooth coordinate transformations, so in this sense regularity is a
geometric property of the manifold when one takes the smooth atlas. Thus one
can view the RT-equations as providing a low regularity transformation which lifts
regularity, but that regularity then becomes a geometric property of the resulting
manifold when again the atlas of smooth coordinate transformations is taken, c.f. the
discussion in [26].

2.2. Uhlenbeck compactness. Uhlenbeck’s compactness theorem, Theorem
1.5 of [36], applies to Riemannian metrics, and is based on establishing a uniform
bound on the components of a connection in Coulomb gauge, the Coulomb gauge
providing a coordinate system arranged to satisfy 64I' = 0 to bound the derivatives
uncontrolled by the curvature through dI'. Compactness in Coulomb gauge then
follows from a uniform bound on the curvature. To illustrate the heart of the issue
n [36], taking ¢ of Riem(I') = dI"' + T' AT, when 6I' = 0, results in an equation of
(essentially) the form AT = 6 Riem(T'), where A = dd + dd is the Laplacian of the
underlying Riemannian metric; so by elliptic regularity, a sequence of connections
I; € WP with Riem(T;) uniformly bounded in LP, will be uniformly bounded in
WP in Coulomb gauge, for p < co. Sobolev compactness then implies a subsequence
converges weakly in W1? and strongly in L? in Coulomb gauge.

In the case of Lorentzian metrics, dd + dd is the hyperbolic D’Alembert (wave)
operator, and since hyperbolic operators propagate irregularities from initial data
surfaces along characteristics, deducing optimal regularity for Lorentzian metrics in
Coulomb gauge is at best problematic, c.f. [26, Ch. 9]. Our incoming point of view
is that the Coulomb gauge condition §I' = 0 is too restrictive for general connections,
and instead of trying to eliminate the uncontrolled § derivatives of I' altogether, our
idea is to bound them in the right space by the RT-equations, elliptic equations in
I and J. Different from Uhlenbeck’s argument, the RT-equations are formulated in
terms of the Cartan algebra of differential forms associated with the Euclidean metric
of an arbitrary coordinate system x in which the components I‘fj of I' are given, not
the invariant Cartan algebra of any underlying metric. Because they are based on the
auxiliary Riemannian structure provided by the coordinate Euclidean metric, the RT-
equations are elliptic regardless of any invariant metric structure for I'. This allows
us to obtain optimal regularity and Uhlenbeck compactness for arbitrary connections
on the tangent bundle of arbitrary manifolds, without recourse to metric signature or
even any underlying metric structure. Note that the RT-equations are not invariant
in a tensorial sense, but a different version of them is given in each coordinate system.
As a consequence the RT-equations have the same simple elliptic structure in every
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coordinate system, and this makes them inherently useful for analysis.!!

We now compare our compactness theorem to Uhlenbeck’s result in [36]. Theo-
rem 1.5 of [36] assumes a sequence of connections I'; € W with curvature Riem(T;)
uniformly bounded in L?, and from this concludes that in Coulomb gauge, the con-
nection coefficients are uniformly bounded in W1, with uniform bound provided by
the original bound on the curvature in LP. The uniform bound on the extra derivative
in WP then implies Uhlenbeck compactness, i.e., the convergence of a subsequence
of T'; weakly in WP, and hence strongly in LP, in Coulomb gauge. In contrast, our
Theorem 3.2 stated below, assumes a sequence of connections I'; € L, which need
not lie in WP at the start, but assumes uniform bounds on I'; in L® and Riem(T’;)
in LP, n < p < 00, (or equivalently on I'; in L* and dI'; in L?). From this, Theorem
3.2 concludes the existence of coordinate transformations x — y;(z), (which play the
role of Coulomb gauge), with Jacobians uniformly bounded in W12?_ such that in the
new coordinates, the sequence of connection components I'y, are uniformly bounded
in WP with bound given by our original L> bounds on I'; and dI';. From this
we again conclude Uhlenbeck compactness, i.e., weak convergence of a subsequence
of I'y, in WP, hence converging strongly in LP, with y; converging in W12, Thus
our theorem replaces the assumption I'; € WP, (which for us is the assumption of
optimal regularity at the start), with the assumption that the components of T'; are
uniformly bounded in L*°. We view, our assumption of a uniform L* bound on I';
as a small concession considering that it just addresses the undifferentiated terms in
the Riemann curvature tensor.

2.3. A refinement of the Div-Curl Lemma. Our version of Uhlenbeck com-
pactness gives a “geometric” improvement of the generalized Div-Curl Lemma for
sequences of connections I';. To see this, recall the generalized Div-Curl Lemma
states that wedge products are weakly continuous when differential constraints take
the form of exterior derivatives, [29]. So consider the case when the components of
a sequence of affine connections I'; satisfy the constraint I';, dI'; uniformly bounded
in, say, L, in a given coordinate system, c.f. [34]. The Banach-Alaoglu Theo-
rem implies a subsequence of the connection components converges weakly in LP,
and the generalized Div-Curl Lemma then implies that the components of curvature
Riem(T';) = dI'; + I'; A T; are weakly continuous on this limit, that is, one can pass
weak limits through both terms in Riem(I"). Uhlenbeck compactness assumes, in ad-
dition, “geometry” in the form of the transformation law for connections, and implies
that connection components actually lie in WP (i.e., have one more derivative),
and that a subsequence converges weakly in WP, and hence strongly in LP. But
this improved convergence occurs in a different coordinate system, a coordinate sys-
tem obtained by solving the RT-equations. One cannot overstate the importance of
strong over weak convergence. Compactness theorems giving strong convergence are
the starting point for validating approximation schemes in nonlinear problems. For
example, in Diperna’s well known proof of the zero viscosity limit for 2 x 2 systems
of conservation laws, an infinite family of entropy fields was required to bootstrap
the weak convergence to strong convergence. Uhlenbeck compactness extracts strong
convergence from weak convergence from the theory of curvature, without need of any
auxiliary estimates [9, 34].

11n contrast, the Einstein equations only take simpler forms in canonical coordinates like Standard
Schwarzschild Coordinates [14] or wave coordinates [5].
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2.4. GR shock waves. The authors’ present multi-dimensional theory of opti-
mal regularity began with the special case of shock wave solutions of the Einstein-Euler
equations constructed by Glimm’s random choice method in [14], (see also [3]). The
Lorentzian metrics associated with these shock wave solutions are only Lipschitz con-
tinuous (C%1), a regularity too low to construct geodesic curves and locally inertial
coordinates directly by classical ODE methods. This motivated the question as to
whether one can raise the metric regularity by coordinate transformation, to recover
these basic objects of geometry, or whether the Lorentzian metrics of GR shock waves
are exhibiting essential non-removable spacetime singularities. A coordinate transfor-
mation to optimal regularity would remove these singularities.'> Thus, since shock
waves form generically in the compressible Euler equations and correctly model gas
dynamics, resolving the question whether these singularities can be removed, directly
addresses the basic consistency of the Einstein-Euler system.!?

In his classic 1966 paper [16] Israel introduced the multi-dimensional theory of
junction conditions and used it to prove that a metric C%' across a single smooth
shock surface can be locally smoothed to optimal regularity C''>! by coordinate trans-
formation to Gaussian normal coordinates. But the optimal regularity results in [16]
do not apply to shock wave interactions, and thus not to the C%! metrics in [14], be-
cause the underlying Gaussian normal coordinate construction cannot be associated
to intersecting shock surfaces. The only extension of Israel’s result to shock wave
interactions (before this paper) was accomplished for the special case of spherically
symmetric shock wave interactions in [20, 21]. But it remained out of reach how to
address these apparent singularities in shock wave solutions constructed in [14], (or
constructed in multi-dimensions by the junction conditions), when they contain more
complex shock wave interactions.

Authors’ paper [23] was a first step for the general problem of smoothing metrics
and connections. In [23], we introduced a necessary and sufficient condition for the
general problem of smoothing metrics with connection and Riemann curvature tensor
in L>°, the so-called Riemann-flat condition, which is the condition that there should
exist a tensor I' € C%! such that Riem(I' = T') = 0. Our main theorem in [23]
then states that there exists a C1'! coordinate transformation which smooths an L
connection I' by one order to Lipschitz continuous C%* = W (hence optimal) if and
only if the Riemann-flat condition holds.* The tensor T' gives rise to a coordinate
system y in which I' exhibits optimal regularity, and the components of [ and T
agree in y-coordinates. However, even though the Riemann-flat condition gives a
new geometric point of view on the problem of optimal regularity, it was entirely
unclear how to construct such a tensor I', or whether this is always possible. The
breakthrough in our research program came about in [24], when we derived, from
two equivalent forms of the Riemann-flat condition, the RT-equations (1.1) - (1.4), a
system of solvable elliptic equations in the sought after tensor I and Jacobian J.

In this paper we extend our current existence theory for the RT-equations in

12This is a perspicatious warm-up problem for the multi-dimensional theory of GR. shock waves
because the role played by non-optimal coordinates in spherically symmetric spacetimes is no different
than the role they play in general multi-dimensional spacetimes: They exist simply because the
Riemann curvature tensor involves second derivatives of the metric, but transforms as a tensor by
first derivative Jacobians.

L3Interestingly, metrics of a similar low regularity arise in the recent study of “wild” solutions of
the non-relativistic Euler equations in [2]; and the problem of optimal metric regularity is also of
interest in Conformal Geometry [18].

14T his equivalence extends easily to I' € L> and I'e WLP_ the case address in this paper.
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[25] by one order of regularity to I' € L??, Riem(T') € LP, (or equivalently I' € L??,
dl' € LP), and prove that any such connection can be locally smoothed to optimal
regularity I' € WP, This resolves the problem of optimal regularity at GR shock
waves by establishing that for any weak solution of the Einstein equations satisfying
I',dl' € L* in z-coordinates, there always exist local coordinate transformations
x — y with Jacobian J € W12P such that I' € WP in y coordinates, for any
n/2 < p < oo. Here p > n/2 can be taken to be arbitrarily large, but not yet p = cc.
So we do not obtain I' € C%!, g € C'! as Israel did for smooth shock surfaces,
but we are arbitrarily close in the sense that p can be arbitrarily large. For p > n,
any I' € WP is Holder continuous by Morrey’s inequality, a regularity sufficient for
geodesic curves to exist (by Peano’s Theorem), for spacetime to admit locally inertial
frames, and hence for the Newtonian limit to exist at each point in spacetime. An
explicit construction of locally inertial frames is given in Corollary 4.4 below.

2.5. Prior results. It was shown by DeTurck and Kazdan in [8] that for (posi-
tive definite) Riemannian metrics, optimal regularity can always be achieved in har-
monic coordinates. The first optimal regularity result in Lorentzian geometry is due
to Anderson [1]. Anderson’s results are based on using harmonic coordinates on the
Riemannian hypersurfaces of a given foliation of spacetime, and establish curvature
bounds for vacuum spacetimes and certain matter fields when the Riemann curvature
is in L°°, under some technical assumptions. A similar result for vacuum spacetimes
was proven in [4]. As far as we can tell, these results do not apply to GR shock
waves, and our result cannot be obtained from these prior methods, free of additional
assumptions, even in the special case of vacuum spacetimes. (Keep in mind that
the setting of vacuum excludes fluid dynamical shock waves, and so is a warm-up
problem from the point of view of shock wave theory. Historically shock waves are
one of the main motivations for the study of low regularity solutions.) The results
in [1, 4] require applying sophisticated analytical and geometric machinery on top of
the classical harmonic coordinate construction in [8], and suggest strongly that met-
ric signature is a central issue. Our results show that optimal regularity is entirely
independent of metric and metric signature.'®

3. Statement of our main results.

3.1. Optimal Regularity. Let I' denote a connection on the tangent bundle
TM of an arbitrary n-dimensional differentiable manifold M, n > 2. Since the
problem of optimal regularity is local, we assume at the start a given coordinate
system x defined on an open set @ C M, such that Q, = 2(2) C R™ is bounded.
That is, we work in a fixed chart (z,2) on M. Without loss of generality we assume
Q. has a smooth boundary. We use the notation I'; to denote the components of
I" in x-coordinates, I', = Ffj (x). We say I';, € LP(Q,), and likewise dl', € LP(Q,),
if all component functions are in LP(Q,) in z-coordinates. Here dI', denotes the
exterior derivative of I', viewed as a matrix valued 1-form in z-coordinates, a non-
invariant object in the sense that it transforms neither as a tensor nor as a connection.
Given a coordinate transformation  — y, we let T’y =T") 5 (y) denote the connection
components in y-coordinates defined on Q, = y(Q).

15We note that the recent resolution of the bounded L? curvature conjecture for vacuum space-
times, (c.f. Theorem 1.6 of [17]), does not address the issue of optimal regularity, essentially because
initial data taken from non-optimal connections is one order less regular than the data assumed in
[17], see the discussion in [26].
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In this paper we assume I'; € L?P(€,) and dT', € LP(Q,) for p > max{n/2,2},
a balance of LP spaces consistent with solutions J € W12P(Q,) of the RT-equations
(1.1) - (1.4). The two theorem which direct our choice of norms and solution spaces
are, first, the product of two functions in L?? is always in LP by Holder’s inequality,
and second, a function in W12P is Hélder continuous by Morrey’s inequality when
p > n/2. (The norms we use in this paper are recorded in Appendix A.) Note, since
the Riemann curvature tensor can be written as

Riem(I',) = dl'y + Ty AT, (3.1)

(c.f. (5.5) below), assuming I',, € L?P(€2,) and dT',, € LP(€,,) is equivalent to assuming
I, € L?"(Q,) and Riem(T;) € LP(€,). For coordinate transformations with Jaco-
bians J € W12P(Q,), p > n/2, (always assumed here), the assumption I',, € L?P(),)
with dT', € LP(€);) is an invariant statement,'® so one can omit the subscript = on
I' and dI' without confusion. Note, the statement that T', is in WP (i.e., I', has
optimal regularity), is not an invariant statement for Jacobians at the low regularity
J e Wh2r(Q,).

The main norm on which our estimates are based is the following coordinate
dependent norm,

(T, d0) | Law (@) = Tellza,) + 1dTzl| e ,) (3.2)

which we used for either ¢ = 2p or ¢ = oo with p > n/2, where we always base
LP-norms on a coordinate system (c.f. Appendix A). Note that, for the purpose of
this paper, we use ||d['||.» in the definition of the norm in (3.2), but we would get an
equivalent norm using ||[Riem(T")||z» in its place, because (3.1) implies

[dT|» < [Riem(D)||ze + 2072 < [ldTLe + 47|72 (3-3)

by application of the Holder inequality, c.f. (A.7). From now on we always use 2 and
I" to denote 2, and I', respectively, so without loss of generality Q = Q, C R™ and
I' =T, denotes a collection of functions defined on €2 C R™.

Our main theorem regarding optimal regularity at GR shock waves is the follow-
ing:

THEOREM 3.1". Assume T',dl' € L>®(Q) in xz-coordinates and let M > 0 be a
constant such that

I, d0) [ Lo (@) = [Tallzoe @,y + dlell L@,y < M. (3-4)

Then for any n < p < oo and any point q € §) there exists a neighborhood V' C Q of
q and a coordinate transformation x — y with Jacobian J = % e Wh2r(Q), such

that
ITyllwiry) < C (T, dL) | Lo (0), (3.5)

for some constant C > 0 depending only on Q,,p,n,q and M. That is, the connection
components I'y, in y-coordinates exhibit optimal reqularity, (i.e., one derivative above
its curvature), in the sense that T'y € WP (€2, ).

16 This holds since for such coordinate transformations Riem(T") transforms as a tensor, and con-
traction by Holder continuous Jacobians does not lower the LP regularity. The LP regularity of dI'y
then follows from the regularity of Riem(T'y).
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Theorem 3.1’ tells us that we can raise the connection regularity by essentially
one derivative to I', € WP, arbitrarily close to W> as p — 00.!” Note, since I'
and dI' are assumed in L>°(QQ), the statement of the theorem is sharper the larger
p is (and extends trivially to 1 < p < oo since Q is bounded), and we can choose
any p < oo but not yet p = oo, a singular case in elliptic regularity theory, c.f. the
discussion in [24]. By Morrey’s inequality, I', is Holder continuous when p > n, and
this is sufficient regularity to construct classical geodesic curves and locally inertial
coordinates, as we prove in Corollary 4.4 below. Taken together, this resolves the open
problem as to whether the spacetime singularities at GR shock waves are removable
in the positive, establishing that every Lipschitz continuous metric of GR shock wave
theory is regular enough to meet the physical requirements of spacetime.

Theorem 3.1" is the simplest statement of our optimal regularity result, because
I’ and dI' and T’ AT all lie in the same space. Theorem 3.1’ follows directly from the
following more refined theorem for LP connections—our main result—, establishing
the improved version (3.7) of estimate (3.5).

THEOREM 3.1. Assume I' € L?P(Q) and dI' € LP(Q) in xz-coordinates, for some
p > max{n/2,2},'® n > 2, and let M > 0 be a constant such that

|(C, D) 2@y = ITallzone,) + ldlell o,y < M. (3.6)

Then for any point q € ) there exists a neighborhood ' C Q of q and a coordinate
transformation x — y with Jacobian J = % € W2r(Q), such that the connection
components Ty in y-coordinates exhibit optimal regularity T', € WHP(QY), (connection
one derivative above its curvature), on every open set Q" compactly contained in ',
where Q) = y(Q"). Moreover, for each Q" compactly contained in ', T, satisfies the
uniform bound

ITyllwrry) < CL(M) (T, dD)|| p2e.p 02y (3.7)
and the Jacobian J satisfies
[ lwrzn @) + 1T lwrzr gy < CL(M) (T, dD)| L2rn (o), (3.8)

for some constant Cy (M) > 0 depending only on Q. QL p,n,q and M. The neighbor-
hood Q¥ can be taken as Q, = Q,NB,.(q), for B.(q) the Euclidean ball of radius r in x-
coordinates, where r depends only on Qy,p,n and T near q; if ||(T',dl) || poo.2v () < M,
then r depends only on Q.,p,n and M.

The refinement (3.7) of estimate (3.5) provides the extension to LP connections. The
proofs of Theorems 3.1’ and 3.1 are based on developing an existence theory for the
RT-equations, as summarized in Section 13. The strategy of our proof is to first prove
existence to the RT-equations in the simpler L* case addressed in Theorem 3.1’ (in
Sections 10 - 11), where the analysis is cleanest, and then extend this proof to the L
case of Theorem 3.1 in Section 12.

17Recall that the Sobolev space W1 can be identified with the space of Lipschitz continuous
functions, and WP can be identified with the space of Holder continuous functions with Hélder
n

coefficient ov = 2 as long that p > n, [12].

18The assumption p > 2 takes effect only in dimensions n = 2 and n = 3, and is only required by
our use of the Sobolev embedding Theorem in Section 9.2.
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3.2. Uhlenbeck compactness. To introduce our compactness theorem, let us
recall briefly the relation between weak and strong convergence in Banach spaces LP.
Recall that whenever we have a uniform bound on a sequence of functions in LP,
there always exists a weakly convergent subsequence whose limit satisfies the same
uniform bound LP as the original sequence. (By the Banach-Alaoglu Theorem, the
closed unit ball is weakly compact in L? [12].) But the compactness we seek here is
the statement that this weak limit is actually a strong limit in LP. For this it suffices
to have a uniform bound on the sequence of functions in W1, the resulting weak
convergence in W1P then implies also strong convergence in LP. Weak convergence
is generally not sufficient for non-linear problems because products are generally not
continuous under weak limits, but are always continuous under strong limits, and
weak limits cannot be estimated as close to the weakly convergent subsequence in the
norms in which the global bounds are obtained.

We now develop some notation required to state our extension of Uhlenbeck’s
compactness result, Theorem 1.5 in [36]. Let {I';};en be a sequence of connections I';
defined on the tangent bundle 7'M, and let (I';), denote their components in fixed
a-coordinates defined on 2, C R™, bounded and open. Assume dI'; € LP(Q,) for
some p > n, and assume I'; € L>(€,), in fixed 2-coordinates.!® Again, from now on
we use € and T'; to denote €, and (T';), respectively. Our compactness theorem states
the existence of a strongly convergent subsequence of {I';};cn in LP under coordinate
transformation, assuming only the bound

(T, dL) || e p () < M, (3.9)

for some constant M > 0 independent of T';. More precisely, assuming (3.9), Theorem
3.1 implies that for each i € N, there exists a coordinate transformation = — y;(x),
such that the connection components (I';),, = I'y, in y;-coordinates are one order
more regular and satisfy the uniform bound [T, ||W1,p(Q;i) < C(M) for some constant

C(M) > 0 and some open set ', both depending only on M, independent of 4, (taking
p,n and  to be fixed). To establish the existence of a convergent subsequence of
{T'y, }ien, we express the components of each I'y, =T, (y;) as functions of the original
x-coordinates I'y, (z) = T'y, (vi(x)), so that I'y, () has the same (optimal) regularity
as I'y,, since the mapping from  — y;(x) is one derivative more regular than I',,.
(That is, we transform the y-components back to z-components as scalars, in contrast
to the connection transformation from I'y, to (I';), which looses one derivative of
regularity.) Our proof of Uhlenbeck compactness establishes by use of the uniform
estimate (3.8) on J that the resulting components I'y, (x) =Ty, (y;(x)) will again meet
the uniform W'P-bound [Ty, ly1.r(q,) < C(M), but over the fixed region @, in -
coordinates and for a different constant C'(M) > 0 which accounts for the Jacobian of
the transformation from x to y;. By the Banach-Alaoglu Theorem, we then conclude
the existence of a subsequence of Iy, (z) which converges weakly in W1?(Q2,) and
hence strongly in LP(Q/).20 This is our compactness theorem. The proof is given in
Section 13.

THEOREM 3.2. Assume {(T';); bien are the x-components of a sequence of con-

9The assumption I'; € L?P(Qg) for p < oo, as well as dI'; € LP(Q;) for n/2 < p < n, would
currently not suffice, because of our e-scaling argument for the existence theory in Section 10.

20The implication that weak WP convergence implies strong LP convergence can be found in
[12, Chapter 5.7]. In fact, our assumption p > n implies that even strong convergence in L>° and the
supremums norm holds, c.f. the Rellich Kondrashov Theorem [19, Theorem 8.9(iii)], but for sake of
presentation we only state strong LP convergence in Theorem 3.2.
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nections I'; on the tangent bundle TM of an n-dimensional manifold M in a fized
coordinate system x on Q. Assume T'; € L>(Q) and dT'; € LP(Q) in x-coordinates,
n < p < oo, and assume the uniform bound

[(Ts, dT3) [ Loer (@) = (i)l @,) + (ATl Lr,) < M (3.10)

holds for some constant M > 0 independent of i € N. Then for any q € Q) there exists
a neighborhood ' C Q of q, and a subsequence of T';, (also denoted by T';), for which
the following holds:

(i) There exists for each (T';), a coordinate transformation x — y;(x) taking S,
to Q. such that the components (I';),, =Ty, of I'; in y;-coordinates exhibit
optimal regularity Iy, € WP(Q; ), with uniform bound (3.5) in WP(Q; ).

(ii) The y;-componentsT'y,, taken as functions of x, also exhibit optimal reqularity
Iy, (x) =Ty, (yi(x)) € WHP(QL), with uniform bound (3.7) in WhP(§2,).

(iii) The transformations v — y;(z) are uniformly bounded in W2 (Q) in light
of (3.8), and converge to a transformation x — y(x), weakly in W22P(Q)
and strongly in W12P(Q).

(iv) Main Conclusion: There is a subsequence on which the y;-components Ty, (x)
converge to some T'y(x), weakly in WYP(Q), strongly in LP(SY,), and T, =

Iy(z=(y)) are the connection coefficients of I'y in y-coordinates, where Iy,
is the weak limit of (T;), in LP(SY,).

Theorem 3.2 extends Uhlenbeck’s compactness result, Theorem 1.5 of [36], to
Lorentzian geometry and beyond as follows: Theorem 1.5 of [36] applies to connections
on vector bundles (with compact gauge groups) over Riemannian manifolds, and our
Theorem 3.2 applies to connections on tangent bundles, but for arbitrary manifolds,
including Lorentzian manifolds of General Relativity. The extension of our results
in this paper to connections on vector bundles over arbitrary base manifolds with
compact and non-compact gauge groups is accomplished in [27]. As we mentioned in
Section 1, our extension to general affine connections requires a small modification
in the regularity assumptions for the connection and curvature. Namely, Theorem
1.5 of [36] assumes a sequence of connections (T';); € WP, with curvature Riem(T;)
uniformly bounded in LP, p > n, and from this concludes with a uniform W'?
bound on connection coefficients in Coulomb gauge (where T = 0), with resulting
compactness in LP. In contrast, our Theorem 3.2 assumes a sequence of connections
(I';); which need not lie in WP at the start, but assumes the same uniform bound
on the curvature in L?, replacing only the assumption I'; € WP with the assumption
of a uniform bound on I'; in L. That is, we need not assume differentiability of
the sequence of connections, but require a uniform bound in the less regular space
L. Since the assumption of L? regularity of the curvature is the essential part, we
view our assumptions as being essentially equivalent to the assumptions of Uhlenbeck.
Our assumptions I'; in L and Riem(I';) € LP, (p > n), are natural for the setting
of the RT-equations, as we now discuss (setting for simplicity p = oo as in Theorem
3.1’). First note that a uniform bound on ||Riem(T;)||r= is implied by, but does not
imply a uniform bound on |[(T;,dl;)||re = ||Tile + [|dT|| L, since uncontrolled
terms in I' could cancel in the wedge-product in Riem(I') = dI' + T' AT. In light
of (3.3), for the bound on ||(T';,dI';)||z= to imply a bound on the curvature tensor
would require starting in a coordinate system x in which |||~ is bounded by
[|dT;|| o=, or alternatively by ||Riem(I;)||re=. For this one could take the locally
inertial coordinate frames proven in Corollary 4.4 to exist for WP connections. This
shows that our assumption of a uniform bound on ||T';|| L is implied by an L bound
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on the curvature alone, in natural coordinates, but not necessarily in all coordinate
systems, which could involve transformations with arbitrarily large Jacobians.

Theorems 3.1 and 3.2 are based on extending the existence theory for the RT-
equations to the setting of weak (distributional) solutions. The RT-equations, intro-
duced by the authors in [24], are a system of elliptic partial differential equations
which determine whether coordinate systems exist in which the connection exhibits
optimal regularity. The RT-equations are elliptic independent of any underlying met-
ric structure on the tangent bundle, hence our methods do not require the ellipticity
of the Laplace-Beltrami operator of a metric, and by this we can extend Uhlenbeck’s
results to tangent bundles of arbitrary manifolds. (Again, using the Coulomb gauge
method in the case of Lorentzian metrics would entail hyperbolic estimates, which
are problematic, c.f. [26].) To formulate the RT-equations, we require an Euclidean
Cartan algebra for matrix valued differential forms, the topic of Section 5.

4. Applications of the main results. We now present some applications of
Theorems 3.1 and 3.2. In particular, we show that the GR shock waves solutions con-
structed in [14] can be regularized, and we formulate a version of Uhlenbeck compact-
ness aimed at constructing low regularity solutions of the vacuum Einstein equations.
The reader interested only in the proof of Theorems 3.1 and 3.2 and the RT-equations
may skip this section.

4.1. Application of Uhlenbeck compactness to the vacuum Einstein
equations. As an application of Uhlenbeck compactness, we prove the following
corollary of Theorem 3.2 which provides a new compactness theorem applicable to
vacuum solutions of the Einstein equations. The main difficulty in a convergence
proof for a PDE in an existence theory, is typically the problem of establishing a uni-
form bound on the highest order derivatives, suitable to apply Sobolev compactness.
Uhlenbeck compactness tells us that it suffices to establish a bound on just the Rie-
mann curvature, not all highest order derivatives of a connection, in order to imply
subsequential convergence of connection and metric.

COROLLARY 4.1. Let g; be a sequence of Lipschitz continuous metrics given on a
manifold M, and let T'; denote the Christoffel symbols of g; for each i € N. Assume
that (g;)ien 18 a sequence of approximate solutions of the vacuum FEinstein equations
such that, in a neighborhood of each point, there exists a coordinate system x in which
Ric(g;) — 0 weakly in LP, for n < p < oo, and g; satisfies the uniform bound

Igill e + 1Tl o + [Weyl(gi) [ » < M (4.1)

for some constant M > 0, together with the non-degeneracy condition that | det(g;)|
is uniformly bounded away from zero. (Norms are taken in coordinate systems and
Weyl(g;) denotes the Weyl curvature of g;.) Then, in each such coordinate system,
there exists a subsequence of (g;)icny which converges component-wise and weakly in
WLP(Q) to some metric g which satisfies (4.1) and solves the vacuum Einstein equa-
tions Ric(g) = 0. Furthermore, according to Theorem 3.1, there exists locally, (i.e.,
in a neighborhood of each point), a W?2P coordinate transformation x — y which lifts
the components of g to WP and these are the W>P-limits of Gy, » the components of
gi in optimal coordinates y;, as in (i) of Theorem 3.2.

Note that if M is a compact manifold, one can cover M with a finite number of
such optimal coordinate patches, and by a diagonal argument, extract a subsequence
which converges to a solution of the vacuum Einstein equations in each coordinate
system of the finite covering, and hence in all of M.
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Proof. To begin, note that the L bound on I'; provides an L° bound on the
derivatives of g;, so the sequence (g;);en is uniformly bounded in W17, any p € (1,00).
Thus the weak WP convergence of a subsequence of (g;);cn to some metric g € WP
in a-coordinates follows by the Banach Alaoglu Theorem for any p < oco; (that g is a
metric follows by our non-degeneracy assumption). But this is not enough to conclude
that Ric(g) = 0, because the convergence is not strong enough to pass weak limits
through Ric(g;). To prove that Ric(g) = 0 we apply now Uhlenbeck compactness
of Theorem 3.2. Since Ric(g) = 0 is a point-wise condition, we assume without loss
of generality that the coordinate transformations to optimal regularity (xz — v;),
asserted to exist by Theorem 3.2, are defined on the entire coordinate patch in which
each g; is given.

Note first that a uniform L? bound on Ric(g;) and Weyl(g;) implies that Riem(g;)
is uniformly bounded in LP, since the Ricci tensor together with the Weyl tensor
comprise the Riemann curvature tensor [5]. Moreover, by assumption Ric(g;) — 0
weakly in LP, which implies that Ric(g;) is uniformly bounded in LP. Thus, also taking
into account the bound on the metric and connection in (4.1), Theorem 3.2 applies
and yields the existence of a convergent subsequence of (g;);en, asserting weak W2P
and strong WP convergence, (n < p < oo). Namely, let y; be a coordinate system
in which I'; and hence g; has optimal regularity, and denote by g,, the metric g;(z)
in y; coordinates but with its components expressed as functions over z-coordinates,
c.f. (ii) of Theorem 3.2. Then g,, € W?? in a-coordinates and

19y:llwzr < llgy.lle + [Ty, llwre

is bounded uniformly by some constant C(M) > 0, since ||I'y,||w1.» and the Jacobians
| %i" } wp are both uniformly bounded, c.f. (3.7) and (3.8). The asserted convergence
of a subsequence now follows by the Banach Alaoglu Theorem. We denote this con-
vergent subsequence by (gy, )ien, where g,, = gy, (x) is to be understood as the metric
in y;-coordinates with components expressed in z-coordinates.

The main point then is that the curvature is linear in derivatives, and one can
pass weak limits through such derivatives. That is, by assumption Ric(g;) — 0 weakly

in LP for some p € (n,00) as i — oo, and to prove that the limit metric g = lim ¢;
71— 00

solves the vacuum Einstein equations, we need only show that Ric(g;) converges to
Ric(g) weakly in LP as i — oo. For this, observe that the weak WP convergence of
I'; implies weak LP convergence of dI'; to dI', where I' denotes the connection of g.
Moreover, the strong LP convergence of I'; implies strong convergence of I'; AT'; to
I' AT in L%. This implies weak convergence of the Riemann curvature, namely for

any matrix valued 2-form ¥ € Wol’(pﬂ)* - Wol’p* we have

<Riem(1“i), \I’>L2 = —<Fi7 (5\I/>L2 + <Fi AT, \I/>L2
1—00

2% ([,6W) 2 + (DAT, U)o = (Riem(T), U) 2,

which implies weak convergence in L by denseness of Wol (/27 40 LP" . Since this
applies to any p > n, we conclude that Riem(I';) converges weakly to Riem(T") in
LP? which implies the sought after convergence, Ric(g;) — Ric(g) weakly in LP. This
proves g solves the vacuum Einstein equations Ric(g) = 0 and this holds in any
coordinate system by tensor transformation. O

Note that without Uhlenbeck compactness Theorem 3.2, the uniform L*° bound
on a sequence of metric connections and their curvatures would not in general imply
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that the limit metric solves the vacuum Einstein equations. Indeed, weak LP conver-
gence of a subsequence of the metric connections is not in general sufficient to pass
weak limits through nonlinear functions like products [7, Chapter 16]. As a result,
even though the Ricci tensor would correctly converge to zero, the limit Ricci tensor
would in general fail to be the Ricci tensor of the limit connection.

4.2. A generalization of the Israel junction conditions. As a corollary
of Theorem 3.1, in the spirit of Uhlenbeck’s earlier paper [37] for positive definite
metrics, we immediately obtain that dI' € L° implies that singularities on sets of
measure zero in non-optimal connections are always removable. The condition dI' €
L plays the role of a generalized Rankine Hugoniot jump condition [32], or “Junction
Condition” [16], and it gives general expression to the condition that the curvature
be free of “delta function sources”, necessary and sufficient conditions introduced by
Israel for smoothing discontinuous connections across single shock surfaces [16].

COROLLARY 4.2. Assume I',dl' are bounded and continuous off a set of measure
zero in some open set £ in x-coordinates. Then the additional condition that the L™
extension of I' to Q satisfies dI' € L (), is sufficient to imply that for any point
q € Q, there exists a neighborhood Q' C Q of ¢, and a coordinate transformation x — y
on Y, such that the connection components Iy in y-coordinates can be extended as
Hélder continuous functions to €, with T', € WhP(Q ).

This is a direct consequence of Theorem 3.1’, keeping in mind that W7 is embedded
in the space of Hdélder continuous functions for p > n by Morrey’s inequality, c.f.

(A4).

4.3. Optimal regularity in spherically symmetric spacetimes. The fol-
lowing corollary of Theorem 3.1 establishes for the first time that solutions of the Ein-
stein equations constructed in Standard Schwarzschild Coordinates, including the Lip-
schitz continuous metrics associated with shock waves in [14], can always be smoothed
to optimal regularity by coordinate transformation. Solutions of the Einstein equa-
tions in SSC have a long history in General Relativity going back to Schwarzschild
and Birkhoff. The existence theory in [14] establishes (weak) shock wave solutions of
the Einstein-Euler equations by Glimm’s method, (see also [3]). The Einstein-Euler
system couples the unknown metric g;; to the unknown density p, pressure p and
velocity u of a perfect fluid via T% = (p + p)u'u’ + pg" in G = kT. The spacetime
metrics of these solutions are non-optimal with curvature in L, but optimal metric
regularity would be required to introduce locally inertial frames and geodesic curves
by standard methods.

For this consider a metric in Standard Schwarzschild Coordinates (SSC)

ds* = —B(t,r)dt* + + r2d02. (4.2)

A(t,r)

This represents the coordinates in which the Einstein equations for a spherically sym-
metric spacetime metric (arguably) take their simplest form. Since the first three
Einstein equations in SSC are

—rA, + (1 — A) = kBT"r? (4.3)
Ay = kBT 'r (4.4)
JBr 1A Ko (4.5)

B A A2
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the metric can generically be only one level more regular than the curvature tensor,
at every level of regularity, and is hence non-optimal. (See [14] for the full system
of equations.) As an application of Theorem 3.1, we have the following result which
establishes that shock wave solutions of the Einstein equations constructed by the
Glimm scheme are one order more regular than previously known [14]. (The result
here extends to every level of regularity, c.f. [26].)

COROLLARY 4.3. Let T € L™ and assume g = (A, B) is a (weak) solution of the
Einstein equations in SSC' satisfying g € C%' and hence I' € L™ in an open set Q.
Then for any p > 4 and any q € ) there exists a coordinate transformation x — y
defined in a neighborhood of q, such that, in y-coordinates, g € WP, T € WP,

Proof. In Standard Schwarzschild coordinates the Ricci and Riemann curvature
tensor have the same regularity (as can be verified using Mathematica). So assuming
T in L* implies dI" in L*°, and Theorem 3.1 implies the corollary. O

4.4. Construction of locally inertial coordinates. The standard method for
constructing locally inertial frames does not apply to connections I' € L>°(€2) because
the classical Riemann normal coordinate construction requires Lipschitz continuity
for a connection, and regularity C*! for a metric, [21]. The following corollary of
Theorem 3.1 establishes that locally inertial coordinates always exist in a Holder
sense, for any L™ connection with Riem(T') € L (Q).

COROLLARY 4.4. Assume I', Riem(T") € L*°(2) on a bounded spacetime domain
Q C R™. Then for any p > 1 and any point q € § there exists a neighborhood
Q' C Q of q and a coordinate transformation with Jacobian J € W12 (Q') such that
the connection in the resulting coordinates z has regularity T € WP(QY') and satisfies

Fosle) =0 (4.6)
I07,(@)] < Cla—dl*, (4.7)

where « € (0,1) is the Hélder coefficient associated with 2p > n by Morrey’s inequality
and | - | is the Euclidean norm on R™ applied to ¢ — q in z-coordinates.

We call a coordinate system y in which the connection is in WP for p > n and
satisfies (4.6) and (4.7), a locally inertial coordinate system with Holder corrections
to the gravitational field. The case @ = 1 in (4.7) would give the standard second
order correction due to the gravitational field. For Lorentz metrics one can in ad-
dition arrange for the metric to be equal to the Minkowski metric at ¢ by suitable
multiplication with a constant Jacobian.?!

Proof of Corollary 4.4. The assumptions of Corollary 4.4 are identical to those of
Theorem 3.1. Applying Theorem 3.1 gives us a Jacobian J € W12P(Q'), as determined
by the RT-equations, defined in some neighborhood Q' C Q of ¢, such that the
connection in the resulting coordinates y® has regularity I' € WP (Q'). Without loss
of generality, we assume that y(q) = 0.

To arrange for condition (4.6), following the development in Chapter 8 of [23],
we introduce a smooth coordinate transformation y — z, (hence preserving the reg-
ularity WP of T'), such that I' satisfied the sought after properties (4.6) - (4.7) in

21This Jacobian is the unique composition of the orthogonal matrix diagonalizing the metric at
q multiplied with the diagonal matrix that has the inverse of the square root of each eigenvalue of
the metric on its diagonal. See the construction in [23] for details. Since the Jacobian is constant,
properties (4.6) - (4.7) are preserved.
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z-coordinates. The Holder continuity of T, (implied by Morrey’s inequality (A.4)),

allows us to evaluate the connection in y-coordinates at the point ¢, I'g, ” and hence
introduce the coordinate transformation
(y) = 06Tg, | v7y" + 0h y°, (4.8)

where §# denotes the Kronecker symbol. Clearly (4.8) defines a smooth coordinate
transformation and, by our incoming assumption y(q) = 0, it follows that

ozF

z(y(q)) =0 and 37l =dh. (4.9)
Moreover, and this is the main point of definition (4.8), we have
9?21
— §hT
SePor ‘q = 3uTg, |, (4.10)

which implies that the connection I'J,, in z-coordinates vanishes at ¢. Indeed, from
the transformation law of connections we find that

0, 0 0o
oy BT ayBayr Y QyB Oy’

so using (4.9) and (4.10) to evaluate '], at g gives
6grg7|q = ég g'}/’q + FZV|q5g5’I;

and this implies that in z-coordinates I'j,, |q =0for all o, i, v € {1,...,n}. This proves
property (4.6) of Corollary 4.4.

Now property (4.7) follows directly from (4.6) together with the Hélder continuity
of T" in z-coordinates. Namely, since the coordinate transformation y — =z is in
C> (), we again have I' € WP(Q) in z-coordinates, so Morrey’s inequality implies
that T € C%® fora =1 — %. This completes the proof of Corollary 4.4. O

5. Preliminaries - The Euclidean Cartan algebra. We now summarize the
Cartan Calculus which we require to formulate the RT-equations and refer the reader
to Section 2 in [24] for further detail and proofs. We work again in fixed z-coordinates
defined on a open set 2 = 2, C R™. By a matrix valued differential k-form w we
mean an (n X n)-matrix whose components are k-forms, and we write

mik]dazil A ... ANdzh = Z Wiy i AT A A dt (5.1)
i1 <...<ip

W = UJ[Z‘I

for (n x n)-matrices w;, ;, such that total anti-symmetry holds in the indices
i1, .0, € {1,...,n}. (We always sum over repeated indices, following Einstein’s
convention, but we never “raise” or “lower” indices.) We define the wedge product of
a matrix valued k-form w with a matrix valued l-form u = wuj, _; dx’* A ... A dx” as

wAu= quu “Ujy g dz®t Ao Ada A dadt A LA da (5.2)
where “” denotes standard matrix multiplication. In contrast to scalar valued dif-
ferential forms, w A w can be non-zero, because matrices do in general not commute.
The exterior derivative d is defined component wise on matrix-components,

dw = Qwii, . iy dat Ada™ A A da', (5.3)
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and we define the co-derivative 6 on a matrix valued k-form w as
bw = (=1)FFDO=R) gy ),

where * is the Hodge star introduced in terms of the Euclidean metric in z-coordinates.
That is, * satisfies the orthogonality condition

dzlit A A dat) A *(dx[jl AL /\dxjk])

B dz' Ao Adx™, i i = g1, ik = Jk, (5.4)
o otherwise, '

where indices are taken to be increasing. So § is defined via the Euclidean metric
in z-coordinates, while d requires no metric. Both d and ¢ act component wise on
matrix components, so all properties of d and § for scalar valued differential forms
carry over to matrix valued forms. The Laplacian A = dd+dd acts component wise on
matrix-components and also on differential form components. By (5.4), one can show
that A is in fact identical to the Laplacian of the Euclidean metric in z-coordinates,

A=09% +..+ 02,

c.f. 6, 24] for more detail.
By (5.2) and (5.3), the Riemann curvature tensor can be written as

Riem(T,) =dl', + Ty ATy, (5.5)
in z-coordinates. The exterior derivative satisfies the product rule
dwAu) =dwAu+ (=1)*w A du, (5.6)

where w € WHP(Q) is a matrix valued k-form and v € W1P(Q) is a matrix valued
j-form, (c.f. Lemma 3.3 of [24]). Since the wedge product (5.2) for matrix valued
0-forms .J is identical to matrix multiplication, and since dJ~! = —J~!-dJ-J~!, the
Leibniz rule (5.6) implies that

d(J71d) =d(JYAdT = T NI A TN, (5.7)

c.f. Lemma 4.3 in [24]. Regarding the co-derivative d, we require the following product
rule

0(Jw) = J-dw + (dJ; w) (5.8)

where J € WLP(Q) is a matrix valued 0-form, w € W1P(Q) a matrix valued 1-form,
and where (- ;-) is the matrix valued inner product defined on matrix valued k-forms
w and u by

/_Li
w u Z Z wUll ik V'Ll g (59)
o=141<...<ig

So (w ;u) converts two matrix valued k-forms into a matrix valued 0-form. For mul-
tiplication by a matrix valued O-form J we have the following multiplication property

Jowiu)=(J wiu), (w-Jiu)=(w;J w, (w;u-J)=(w;u- J (510)
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We also need to interpret matrix valued forms as vector valued differential forms.
The two operations which convert matrix valued differential forms to vector valued
forms on the right hand side of the RT-equations are - and &3() First, * converts
matrix valued k-forms w into vector valued (k + 1)-forms & by

Gt =wh,da Adatt AL A dat (5.11)

with w taken as in (5.1), c.f. (2.20) in [24] for the case k = 0, most relevant to us.
Secondly, the operation div(:) converts matrix valued k-forms w into vector valued
k-forms div(w) by the operation

dv(w)® = 3 0@ )iy )da' Ao A da.
=1

Finally, for a matrix valued 1-form w and a matrix valued O-form J, Lemma 2.4 of
[24] gives the important identity

A(6(Jw§) = div(d(J - w)) = div(dJ A w) + div(J-dw), (5.12)

which is crucial for the regularity to close in the RT-equations.

6. The reduced RT-equations and resulting optimal regularity. In this
section we derive the reduced RT-equations from the RT-equations, the system of
elliptic PDE’s introduced in [24] which determines whether a connection I' can be
mapped to optimal regularity, and prove their equivalence. We then state the main
theorems concerning the existence of solutions of the reduced RT-equations and result-
ing optimal regularity for LP connections, Theorems 6.3 and 6.1 respectively, which
are proven in Sections 8 - 11. In Section 13 we apply Theorems 6.1 and 6.3 to give
the proof of our main results, Theorems 3.1 and 3.2.

We begin by reviewing the RT-equations derived in [24]. The RT-equations consist
of the following nonlinear elliptic system of PDE’s

AT = 6dl — §(dJF AdJ) +d(J " A), (6.1)
AJ =6(JT) — (dJ;T) — A, (6.2)
TR — R
dA = div(dJ AT) +div(Jdl') — d((dJ;T)), (6.3)
6A =, (6.4)
together with boundary data
dJ =0 on 0. (6.5)

The connection I' = I‘dexk is given and interpreted as a matrix valued 1-form,
and T on the right hand side of (6.1) - (6.4) always denotes the components I';, in -
coordinates. The unknowns in the RT-equations are (f‘, J, A) which are matrix valued
differential forms as follows: J = J¥ is the Jacobian of the sought after coordinate
transformation which smooths the connection, viewed as a matrix-valued 0-form; I =
fﬁkdxk represents the unknown tensor one order smoother than I" such that Riem(I'—
f‘) = 0, viewed as a matrix-valued 1-form; and A = A% is an auxiliary matrix valued
0-form introduced together with boundary data (6.5) to impose dJ = Curl(J) = 0, the
condition for the Jacobian J that guarantees it is integrable to a coordinate system,



OPTIMAL REGULARITY FOR CONNECTIONS ON TANGENT BUNDLES 323

c.f. Theorem C.2 and [24]. See Section 5 for definitions of the remaining operations
n (6.1) - (6.4).

The RT-equations (6.1) and (6.2) were derived by constructing Laplacians out
of two equivalent forms of the Riemann-flat condition, a condition introduced in [23]
equivalent to the existence of coordinates in which the connection has optimal regu-
larity. These two starting conditions were that Riem(I"— F) = 0, or alternatively, that
I =T —J 'dJ for some tensor I’ one order smoother than T'. If ', can be smoothed
to optimal regularity by the transformation x — y with Jacobian J, then, defining

L;=0—JtdJ (6.6)

the connection components I'y of optimal regularity are given by the tensor transfor-
mation rule

(Tl = (D57 ()0, (6.7)

and T'; will solve the RT- equations (6.1) - (6.4) as well as the Riemann-flat condition
Riem(T" — r 7) = 0. That is, L', the tensor transformation by J of the components
of the connection I'y in y-coordinates, will solve the RT-equations for some (A4, v),
when J is paired with I';. Conversely, one can recover the connection of optimal
regularity I', via equation (6.7) from a general solution [, J of the RT-equations,
but this requires an existence theory which establishes the relationship between the
solution I and T 7, as we now explain.

In [24] we prove that if 'y, dl', € WP for m > 1, p > n, then there exists a
coordinate transformation x — y which raises the regularity by one order to I'y, €
W H+LP if and only if there exists a solution (.J,T, A) of the RT-equations (6.1) - (6.4),
(taking I' = T',, on the right hand side), with boundary data (6.5), and regularity
J T e wmtlr A e Wmr, In [25] we proved that such a solution (J,T, A) exists for
any such connection I' € WP with dI' € WP when m > 1, p > n. Extending this
theory to the case of ', dI" € L™ as well as the case I' € L??,dl’ € L?, (p > n/2), when
the RT-equations only have meaning in a weak sense, is accomplished in the present
paper. This was not possible with the methods used in our previous paper [25]. The
main obstacle is proving an existence theory for the RT-equations with J € W12P at
the low level of regularity I',dI' € L™ (or I' € L??,dl’ € LP). The problem is that
the iteration scheme in [25] does not close because the gradient product dJ~! Ad.J on
the right hand side of equation (6.1) fails to stay in a fixed L? space under iteration.
Alternatively, trying to construct solutions J € W is problematic as well, because
p = oo is a singular case in elliptic regularity theory, and our iteration scheme in [25]
would not close in L> for this different reason. We here extend the existence theory
and consequent optimal regularity theory first to the case I',dI’ € L*, (in Sections
10 - 11), and then to the case I' € L?" dI" € LP, (in Section 12), by a serendipitous
modification of the RT-equations.

In this paper we employ the gauge freedom of the RT-equations to circumvent the
problem of incorporating the nonlinear product dJ~! A d.J in (6.1) into an iteration
scheme which closes in LP spaces. The idea is to separate this term from the iteration
scheme by using the gauge freedom v in the A equation (6.4) to consolidate I and
A into a single variable B, and thereby uncouple equations (6.2) - (6.4) for J from
equation (6.1) for T'. Defining

B=A+(dJ;T) (6.8)
w=v+0(dJ;T), (6.9)
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observe now that we can write (6.2) - (6.4) as

AJ =5§(JT) - B, (6.10)
dB = div(dJ AT) +div(J dI), (6.11)
6B = w. (6.12)

Equations (6.10) - (6.12) are the reduced RT-equations, c.f. (1.5) - (1.7). Since
the transformation from v to w can be viewed as a gauge transformation, the gauge
freedom of the RT-equations implies that we can ignore the dependence of T on w, and
view w as the independent gauge freedom in the RT-equations; (this is made rigorous
in Theorem 6.1 below). Therefore equations (6.10) - (6.12) decouple the equations
for J and B from I, and hence from the first RT-equation (6.1), which in terms of B
becomes

AT = 6dl — §(dJ* AdJ) +d(J (B — (dJ;1))). (6.13)

By this decoupling the Jacobians J which map I' to optimal regularity can be con-
structed independently of f‘, (which we can now discard), by solving the reduced
RT-equations (6.10) - (6.12) alone.

So, discard the original T, and assume (J,B) is a solution of the reduced RT-
equations (6.10) - (6.12) with J € W (Q.) and B € LP(2,). The goal now is
to use the solutions .J, B of the reduced RT-equations to establish optimal regularity
without reference to the original I'. To show such a Jacobian J indeed maps T
to optimal regularity, it suffices to prove that I = T'; provides another solution of
(6.13). In our next theorem we show that, incredibly enough, this is true: ="ryis
an exact solution of the elliptic equation (6.13), an equation we could not solve by our
previous methods at the low regularity I', dI" € L>°. Equation (6.13) then establishes
the requisite smoothness I'; € W1?.

To complete the circle, we now explain how to recover a solution of the full RT-
equations form (6.10) - (6.12), when T is replaced by I';. For this, we need only
show that .J,T'; solve the original RT-equations with a different choice of gauge A’,v'.
Reversing the above steps using I'; in place of T, it follows that the back change of
gauge

A'=B—(dJ;Ty), (6.14)
—~>
v =w—6(dJ;T ), (6.15)

takes a solution (J, B) of the reduced RT-equations back to a solution of the original
RT-equations with the same J, but with I replaced by ;. These are recorded in parts
(i) and (i7) of Theorem 6.1 below, which states that (.J, T s, A’) defined in (6.6) - (6.14)
indeed solves the full RT-equations (6.1) - (6.4), and, by this, T'; has the requisite
smoothness T'; € W1P(Q). Part (iii) of Theorem 6.1 establishes an estimate for
['; from which we deduce the uniform W'?-bound (3.7) on T', in Theorem 3.1, the
bound that underlies Uhlenbeck compactness. The existence of solutions (J, B) of
the reduced RT-equations, satisfying estimate (6.16), which are assumed in Theorem
6.1, are shown to exist in Theorem 6.3 below. For the low regularities considered in
this paper, we need to establish the above equivalence and existence theory in a weak
sense, accomplished in Sections 9 - 12. Serendipitously, the RT-equations allow for
a weak formulation because all lowest regularity terms on the right hand side have
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derivatives d or d on them, making them amenable to integration by parts, (as in the
theory of conservation laws [32]), c.f. Section 8.

THEOREM 6.1. Assume I' € L*(Q,) and dU € LP(Q,), in x-coordinates, where
p > max{n/2,2}, p < oo, n > 2. Assume (J,B) solves the reduced RT-equations
(6.10) - (6.12) weakly for some w on an open set Y C €2, such that J,J—1 € WhH2P(Q!)
and B € LP(SY,). Then the following holds:

(i) Ty solves (6.13), where T s is defined in (6.6). The tuple (J, T, A’) solves the
full RT-equations (6.1) - (6.4) in ' for v = v, where A’ and v’ are defined
in (6.14) and (6.15).

(i) ' is one derivative more regular than the terms constituting T in its defining
equation (6.6) are separately, that is, Iye WLP(Q!) for any open set Q"
compactly contained in ).

(iii) Assume the initial bound (3.6) of Theorem 3.1 holds, i.e.,

1T dD) | L2vr () = [TallL2e () + AT e [ Lo(en) < M
for some constant M > 0, and assume that (J, B) satisfies the estimate

1T = Jllwreeay) + 1T = T Hlwreer) + 1BllLe )
< Co(M) ||(T', dT) | 2v.r 027y, (6.16)

for some constant Co(M) > 0 depending only on S, n,p and M .22 Then, on
any open set Q" compactly contained in Q', T' satisfies the uniform bound

ITsllwrr o) < Cs(M) ||(T, dD)||2r (o) (6.17)

where C3(M) > 0 is some constant depending only on Q2 Q. n,p and M.?3

The key step in the proof of Theorem 6.1 is establish in Lemma 7.2 below, by
proving that (6.6) is an exact formula for the solution [ =T of the first RT-equation
(6.1), from which the regularity gain of I'; in (i) can be deduced. To give the
argument in its essence, we assume one more level of smoothness in Lemma 7.2.
More care is required to extend the argument of Lemma 7.2 to the low regularities
of Theorem 6.1 and prove the theorem rigorously, which is the subject of Section 9.
Assuming only that (i7) of Theorem 6.1 holds, the equivalence of optimal regularity
and the reduced RT-equations, in the spirit of our previous paper [24], can now be
established as a corollary. This reduces the problem of optimal regularity to an
existence theorem for the reduced RT-equations. 24

COROLLARY 6.2. Assume I' € L?(,) and dI' € LP(§;) in z-coordinates, p >
max{n/2,2}, p < oo, n > 2. Then for any q € Q there exists a neighborhood QcQ
of q and a coordinate transformation v — y such that the connection components
Ty in y-coordinates have optimal regularity T, € Wlf”(Qy) if and only if there exists

22Estimate (6.16) bounds J and J~1, but is expressed in terms of I — J and I — J~! to reflect
the fact that J typically tends to the identity as M tends to zero.

23Theorem 6.1 also hold for ||(T",dI")|| ;2p.» replaced everywhere by ||(T',dI")|| 1, essentially since
T, dI' € L™ implies I" € L?P and dI" € LP for any p < oo by boundedness of €.

24 Although equation (6.1) can be bypassed for constructing solutions, equation (6.1) is required
to prove optimal connection regularity in the coordinate system introduced by J and is therefore
a vital part of the RT-equations. Note also that one can use an underlying Cauchy-Riemann-type
equation for I" instead of (6.1) and establish optimal regularity by applying Gaffney’s inequality, but
we prefer the Poisson type equation (6.1).
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a weak solution (J, B) of the reduced RT-equations (6.10) - (6.12), defined on some
neighborhood Q' of q, with J,J=* € WH2P(QL), B € LP(Q,) and dJ =0 in Q.. The
Jacobian of the coordinate transformation x — y is dy = J € WH2P(QL).

Proof. The forward implication of Corollary 6.2 is straightforward because the re-
duced RT-equations are derived from the full RT-equations which are in turn deduced
from the Riemann-flat condition, a condition equivalent to optimal regularity, c.f. [24].
That is, given the Jacobian J and resulting connection I'y of optimal regularity, and
defining

Ll = (5777 (0y) 3,

then I satisfies the Riemann-flat condition. It is now straightforward to check that
(T, J) solves the RT-equation for some A, and, defining B by (6.8), that (.J, B) solves
the reduced RT-equations (6.10) - (6.12). Recall that d.JJ = 0 is equivalent to .J being
the Jacobian of a coordinate transformation, c.f. Theorem C.2.

To prove the reverse implication we apply Theorem 6.1, which we assume to be
valid here. By part (ii) of Theorem 6.1, T'; defined by (6.6) is in W?(Q,) and T';
solves the first RT-equation (6.13) in terms of the solution (J, B) of the reduced RT-
equations (6.10) - (6.12). Let @ — y be a coordinate transformation with Jacobian
dy = J, which exists since we assumed that d.J = 0 in Q.. Now define the connection
T, in terms of I'; in z-coordinates by (6.7), that is,

(L)l = ST DI 5T (6.18)
Since Ty € WhP(Q.) and J,J-1 € WL2(Q), p > n/2, it follows that I'y(z) €
WP(Q!) in z-coordinates, and therefore also when expressed in y-coordinates I';, €
witp (€,), as can be shown using Morrey’s and Holder’s inequalities in combination
with Sobolev embedding, (see Section 13 for details). Substituting the definition of
T'; in (6.6) into (6.18) implies that

(Cy)as =T (T a7
= ST

(r— 7))
B(Ta)f; — (Jfl)a( 5077,

from which we conclude that I'y, are the connection components I',, transformed to
a coordinate system y in which I' exhibits optimal regularity, I', € W?(Q). This
completes the proof. O

Finally, to obtain the optimal regularity result stated in Theorem 3.1, together
with the uniform estimate (3.7), we require the following theorem which establishes
the existence of solutions to the reduced RT-equations satisfying the assumptions J, €
W2 (Q), B € LP(£),) of Theorem 6.1, together with the additional estimate (6.16).
(The existence theory is worked out in fixed z-coordinates, so we omit subscript « on
I' and .)

THEOREM 6.3. Assume I' € L?P(Q) and dU' € LP(Q) in x-coordinates, where
n/2 < p < oo, n > 2, and assume the initial bound (3.6) holds for some constant
M > 0. Then for any q € Q) there exists a neighborhood Q' C Q of q, and there exists
J € Wh2(Q) and B € LP(Q) such that (J,B) solves the reduced RT-equations
(6.10) - (6.12) in a weak sense and satisfies the uniform bound (6.16). Moreover, .J
is invertible with J—1 € WY2P(Q') and integrable to coordinates (d.J =0 in Q). One
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can take Q. = Q. N B, (q), for B-(q) the Euclidean ball of radius r in x-coordinates,
where v depends only on Qy,p,n and I' near q; if ||[(I',dD)| pe20(0) < M, then r
depends only on Q,,p,n and M.

Theorem 3.1, our main result on optimal regularity, is now a rather direct con-
sequence of Theorem 6.3 in combination with Corollary 6.2 and estimate (6.17) of
Theorem 6.1. This is shown in detail in Section 13 below. The proof of Theorems
6.1 and 6.3 is the main technical effort in this paper. The proof of Theorem 6.1 is
given in Sections 7 and 9. The proof of Theorem 6.3 is established for connections
I,dl' € L*°(Q) in Sections 10 and 11, and extended to connections I' € L?P((Q),
dl’ € LP(§2) in Section 12. Note that the boundary data (6.5) is ill-defined at the low
regularity .J € W12P. So to make sense of this, we augment the reduced RT-equations
with auxiliary elliptic PDE’s for y, which allows us to replace (6.5) by Dirichlet data for
J = dy, data one degree more regular than (6.5) and thus well-defined. To summarize,
the RT-equations reduce the nonlinear problem of regularizing connections to a linear
existence problem for constructing the Jacobian J via the reduced RT-equations, fol-
lowed by a regularity boost for T'; provided by the non-linear first RT-equation (6.1).
So for applications it suffices to solve the linear reduced RT-equations for J to obtain
the regularizing coordinate transformation, and our iteration scheme in Section 10
provides an algorithm for doing this.

7. How to recover the full from the reduced RT-equations by gauge
transformation.

7.1. Conceptual overview. We start by describing, more carefully, the logical
connection between the full RT-equations (6.1) - (6.4) and the reduced RT-equations
(6.10) - (6.12). Recall from Section 6 that the original RT-equations were derived by
constructing the Laplacian dd + dd starting from two equivalent formulations of the
Riemann-flat condition, one involving dJ and one involving dI'; and the first order
A equation came by replacing A = JOT in the J equation, setting d of the right
hand side equal to zero, and imposing dJ = 0 on the boundary in (6.5). Now in
the existence theory set out in [25] for the case I',dI" € WP we saw that not every
solution of the original RT-equations determines a solution in which J is paired with
I =T;=TI-J"'dJ given in (6.6). Here T'; is the tensor transformation (6.7) of the
connection coefficients obtained by transforming the original I by J. To complete the
argument in [24], we proved that given a solution (f‘, J, A,v) of the full RT-equations,
I'; will solve a modified version of the first RT-equation (6.1). In [24], the role of this
modified elliptic equation was to establish that I';, (and hence also T, by (6.7)), is
of optimal regularity. This was established rigorously in [25] at the smoothness level
I,dl e wte,

We now understand this more conceptually as follows. The variables for the
original RT-equations are (f, J, A,v). The transformation (f, J, A v) = (f, J, B,w)
effected by the change of variables (6.8) - (6.9) given by

w=v—0(dJ;T),

transforms the last three RT-equations (6.2)-(6.4) into the reduced RT-equations
(6.10)-(6.12), and transforms the first RT-equation (6.1) into equation (6.13), an
elliptic equation for T involving (F J, B) on the right hand side. Thus the original
four RT-equations (6.1)-(6.4) are equivalent to the three reduced RT-equations (6.10)-
(6.12) together with (6.13). Now the rather remarkable discovery, which is the basis
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for the present paper, is that [ =T, turns out to exactly solve equation (6.13), but
only on solutions (J, B) of the reduced RT-equations. That is, I'; does not in general
solve the first RT-equation (6.1), but the transformation (6.8) - (6.9), which uncouples
I from the last three equations, also produces the elliptic equation (6.13) satisfied by
I';. The result then, is that we no longer need the original RT-equations, because opti-
mal regularity is determined entirely from the reduced RT-equations (6.10) - (6.12) for
(J, B), together with the elliptic equation (6.13) for the gain in regularity of [;. At the
end, the original T' is out of the picture. To borrow words from Ludwig Wittgenstein
(regarding his private language argument), the original RT-equations are a “ladder we
climb” to obtain the reduced RT-equations within the gauge freedom of the original
RT-equations, but that ladder can then be thrown away once we find them. But still,
to complete the picture, it is interesting to understand the sense in which solutions
(T;,J, B,w) of the reduced RT-equations correspond to solutions (f‘, J, A,v) of the
original RT-equations.

To clarify this, recall that if we are given a coordinate transformation x — y
and J is its Jacobian, applying the tensor transformation law (6.7) to I, produces
the coefficients of the connection I'y in y coordinates. Now we know from [25] that
the solution space of the original RT-equations (6.1)-(6.5) is larger than we want,
because it contains solutions (T, .J, A, v) for which T' # I';. That is, T’ need not have
anything to do with the transformation of our starting non-optimal connection I'. In
fact, we have discovered that there exist solutions of the RT-equations with the same
J, but different (T', A, v). Define then the equivalence class £(JJ) of all solutions of the
original RT-equations (6.1)-(6.5) which share the same Jacobian field J. (It could
be empty). Recall that only the J-equation (6.2) comes with a boundary condition
(6.5), so the “gauge freedom” in the RT-equations is the freedom to choose the free
function v, and the freedom to impose boundary conditions for ' and A in equations
(6.1) and (6.3), (6.4), respectively. Thus the equivalence class £(J) associated with
a given Jacobian J is the set of all solutions (T, .J, A,v) of the RT-equations (6.1)-
(6.5), solutions determined by v and all the possible boundary conditions we might
impose to determine T’ and A from equations (6.1) and (6.3), (6.4). Now once we
have established that I'; solves (6.13), reversing the argument leading to (6.8) - (6.9)
in Section 6, (which entails simply replacing [ by I'; in the formulas for B and
w), shows directly that (I's,.J, A’,v') will solve the original original RT-equations
whenever (T, J, A,v) does, where

A'=B—(dJ;Ty),
v =w—46(dJ;Ty).

Thus conceptually, starting with a solution (f, J, A,v) of the original RT-equations,
(J, B) will solve the reduced RT-equations, I'; will solve the modified first RT-equation
(6.13), and the back transformation (6.14), (6.15) determines a new solution of the
original RT-equations within the equivalence class £(J), this new solution having as
its first component I' = T'y. That is, through a change of gauge, we can substitute
I for 'y in any solution of the original RT-equations. This gives expression to the
content of what is claimed in (i),(ii) of Theorem 6.1. In summary, we write this as a
direct corollary of Theorem 6.1:

COROLLARY 7.1. If (T, J, A, v) lies within the equivalence class £(J) of the RT-
equations, then (T, J, A’,v") € E(J) as well.

That T'; given by (6.6) actually solves (6.13), the first RT-equation (6.1) modified
by the substitution (6.8)), on solutions of the reduced RT-equations, is crucial because
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it is this equation which gives the requisite optimal regularity of ', the connection
coefficients of I' transformed by J. As laid out above, it really is quite remarkable
that a change of gauge simultaneously eliminates I’ from the last three RT-equations,
and then on top of that, transforms the first RT-equations into a new elliptic equation
satisfied by T';. So as a preliminary to the proof of Theorem 6.1, we now go through
the key idea in the proof of parts (i) and (ii) leading to I' ; being a solution of (6.13), in
the case when T' is smooth, thereby displaying how it works without being distracted
by the weak formulation of the equations.

7.2. Recovering solutions of the RT-equations from the reduced RT-
equations. A complete proof of Theorem 6.1 is the subject of Section 9. As a
preliminary, we explain in this section the key step in the equivalence between the
reduced and full RT-equations in its simplest setting, when I' is a smooth connection.
That is, we explain why I' = T'y = I' — J~*dJ automatically solves the first RT-
equation when defined in terms of a solution (J, B) of the reduced RT-equations.
On the face of it, this is quite remarkable, because the J-equation appears to have
lost all knowledge of I once we gauge transform from A to B. The point, which we
establish here, is that when we take the B gauge, the formula (6.6) for 'y in terms
of J and T alone gives an exact solution of the first RT-equation (6.1), provided J
solves the reduced RT-equations. Thus the regularity of T'; is determined by the first
RT-equation, but is ultimately encoded in the reduced RT-equations.

LEMMA 7.2. Let I' be smooth and assume (J,B) is a smooth solution of the
reduced RT-equations (6.10) - (6.12) for some given w, such that J is invertible.
ThenT' =T and A = A, defined in (6.6) and (6.14), satisfy the first RT-equation
(6.1).

_ Proof. To prove Lemma 7.2, we first take the exterior derivative d of equation
Iy=T-J"1dJ, cf. (6.6), to obtain

dl'y =dl' —d(J'dJ)
=dl' —d(J7 ") ndJ, (7.1)

where we use d(J~'dJ) = d(J') A dJ by the Leibniz rule (5.7). Taking now the
co-derivative § of (7.1) gives

6dl; = 6dT — &(dJ ' A dJ), (7.2)

thus giving the first term of the Laplacian AT ; = 6dL; + déT. .
To determine the second term of AL s, we take & of equation I'y = T' — J~1dJ,
c.f. (6.6), to compute

6Ty = o0 —6(J1dJ). (7.3)
Using now the Leibniz rule for co-derivatives (5.8) we have

6Ty = 6T — (d(J1);dJ) — J~16dJT
=0T — (d(JY);d]) — T 1A, (7.4)

since AJ = ddJ by 6J = 0, because the co-derivative d vanishes on 0-forms. Substi-
tuting now the reduced RT-equation (6.10) for AJ into (7.4) gives

6Ty =0T — (d(J1);dJ) — T H(5(JT) — B), (7.5)
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and since §(J-T') = J6T + (dJ;T') by (5.8), we obtain that
6Ty =J B —(d(JY);dJ) — J HdJ;T). (7.6)

The cancellation of the lowest regularity term 6I" in the step from (7.5) to (7.6) is the
essence of the gain of regularity implied by the RT-equations, ¢.f. Theorem 6.1. (To
establish this cancellation for weak solutions takes some work, see Section 9.2.) Now
the right hand side of (7.6) is equal to J!A as a consequence of the definition of A
in (6.14), as proven in Lemma 7.3 below. So assuming Lemma 7.3 to be true for the
moment, we find equation (7.6) to be identical to

oL =JA. (7.7)

Taking now the exterior derivative d of (7.7) and adding the resulting equation to
(7.2) gives us

ATy = 6dl — §(dJ ™' AdJ) +d(JA) (7.8)

which proves that T'; solves the sought after equation (6.1). O
To complete the proof of Lemma 7.2, it remains to prove Lemma 7.3.

LEMMA 7.3. For A defined in (6.14), we have
A=B—J{dJ");dJ) = (dJ;T), (7.9)
so the right hand side of (7.6) is equal to J~LA.

Proof. To verify (7.9), we substitute Ty =T—J"'dJ, c.f. (6.6), into the definition
A=B-— <dJ; F]>, c.f. (6.14), to compute

A=B-—{(dJ;T —J "dJ))
=B+ (dJ;J'dJ) — (dJ;T). (7.10)

We now use the multiplication property (5.10) of the matrix valued inner product
(- ;) twice, to write the second term in (7.10) as

(dJ; JrdJ) = (dJ-J~*;dJ)
=J(J dJ-J7 Y d)
= —J{d(JY);dT), (7.11)

where the last equality holds since d(J~1) = —J~1dJ - J~! by the Leibniz rule for
gradients, (since J is a O-form so d is the gradient). Substituting (7.11) into (7.10)
gives the sought after identity (7.9) and proves Lemma 7.3. O

This completes the proof of Lemma 7.2, the case of smooth solutions. Accomplishing
this for weak solutions is subject of Section 9.

8. Weak formulation of the RT-equations. We now begin the existence the-
ory for weak solutions of the reduced RT-equations (6.10)-(6.12) on bounded domains
Q C R™. This provides an existence theory for weak solutions of the full RT-equations
(6.1)-(6.5) by using the change of gauge (B,w) — (A’,v') given in (6.14) - (6.15).

The RT-equations are a nonlinear elliptic system of equations in unknowns J, A
and T' determined by the assumed given connection I', and they allow for the free-
dom to choose the arbitrary function v in the second A-equation (6.4), together with
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boundary conditions for T' and A in (6.1) and (6.3), (6.4), within the appropriate
regularity class. We refer to this as the gauge freedom in the full RT-equations, and
loosely refer to v or A as the choice of gauge. Note first that because the right hand
sides involve the derivatives DI" of I', the RT-equations are consistent with the regu-
larity J,T' being one order more regular than T, dI" because this puts the right hand
sides of the T' and .J equations (6.2) and (6.1) at the same regularity as DT, so long as
A has the same regularity as I'; and this is consistent with the regularity of the right
hand side of the A equations (6.3) - (6.4) being one order less regular than I'. Thus,
the RT-equations are consistent with elliptic PDE theory in the sense that Laplacians
in (6.1) - (6.2) should raise the regularity of I and J two orders above the right hand
side, which is one order above the regularity of I'; and the first order Cauchy Riemann
system (6.3) - (6.4) should raise the regularity of A to the same regularity as I'. In
[25] authors proved that this consistency of the RT-equations is correct in the classical
sense by giving an existence theory for the full RT-equations in the case I', dI" € WP,
and in Sections 9 - 12 we extend this classical theory to the case of weak solutions,
when I',dl" € L>. We assume I' € L? with dI' € LP, for p > n/2, p < oo, and our
goal is to establish existence of weak solutions JT € Wh?, A € LP, on sufficiently
small domains.??> Note that in this case, the right hand sides of the RT-equations
(6.1) - (6.4) are at the regularity W17, a regularity too weak for classical solutions.
So an existence theory requires a weak formulation of the RT-equations.

The RT-equations do indeed admit a weak formulation because all of the lowest
order terms on the right hand side of (6.1)-(6.4) are matrix valued differential forms
with “geometric” total derivatives (d,0 or div) operating on them, so integration
by parts will raise the regularities by one order. To accomplish the integration by
parts and express a rigorous weak formulation, we need to introglce a suitable inner
product together with adjoint operators associated with d,d or div on the right hand
side of the RT-equations. This is all accomplished in this section. It is interesting at
this point to comment that it is well known that weak formulations are not always
equivalent. Our choice of the weak formulation is based on the geometric operators
d,d and div which appear on the right hand side of our formulation of the reduced
RT-equations. The idea to base the RT-equation and their weak formulation on these
geometric operators instead of on pure partial derivatives separately, is guided by
the requirement that Jacobians J which solve the reduced RT-equations in this weak
sense are indeed integrable to coordinates.

The existence theory for weak solutions of the RT-equations is accomplished in
Sections 9 - 12. A few preliminary comments are in order. First, the iteration scheme
used in [25] only closes in LP spaces for classical solutions, because of the bad nonlinear
term dJ ' A dJ on the right hand side of the I equation (6.1). The problem is that
products of functions in LP are not in LP, so the iteration scheme does not close
in any LP space, (working alternatively with L* is of no use, since the Laplacian
does not lift L to C1'1). We overcome this problem by showing that for solutions
(T, J,A,v) with v € W~1P the change of gauge (A,v) — (B,w), given in (6.8)
- (6.9), uncouples the (J, B) equation from the I equation which contains the bad
nonlinear term. We named the resulting system (6.10) - (6.12) in (J, B) the reduced
RT-equations, a system of linear elliptic equations. We prove in Section 10 that our
iteration scheme, modified to the weak formulation of the equations, does converge

25Recall that L>°(Q) C LP(Q) for any p < oo, since 2 is be bounded here, but standard elliptic
theory does not suffice to give optimal regularity in W1 > even when assuming I',dl' € L, c.f.
Theorem 3.1°.
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when I', dI' € L*°, for sufficiently small bounded sets 2, and in Section 12 we extend
this result to the low regularity I' € L?" with dI' € L?, p > n/2. Even though the
reduced RT-equations are linear, it is a system and the coefficients are at critical low
regularity, so an iteration scheme is still required to handle the lower order terms. The
smallness of the neighborhood 2 is used to rule out complications with the Fredholm
alternative. Once we obtain a solution (J, B) of the reduced RT-equations, we then
prove that (6.6) provides an exact solution I = T'; of the first RT-equation (6.1) (with
B substituted for A), and by this we obtain the desired regularity of the transformed
connection coefficients T'; from the now classical linear L? theory of the Laplacian. In
this way the bad nonlinear product in (6.1) can be handled by simply using solutions
of the reduced RT-equations with larger p, J € W?P), so the bad nonlinear term
dJ~Y A dJ on the right hand side of (6.1) is in W1 thereby placing the solution
[ =T, € W'P. Once we have a solution to the RT- equatlon in the (B, w) gauge, we
no longer require a solution of the original RT-equations, but to complete the circle
we show in Section 9 that the transformation back to (A’,v’) in (6.14), (6.15) provides
a weak solution in the original gauge, thereby demonstrating the consistency of the
whole theory for every gauge.

We finish this introduction of the existence theory to follow, by pointing out some
of the obstacles our theory faces in the weak formulation required for the regularities
here. One central step in the argument is to prove that a weak solution of the B
equation really does impose the integrability equation dJ = 0. That is, the boundary
condition dJ = 0 (6.5), is not a classical Dirichlet boundary condition, and when
J € WhP, dJ = 0 is too weak to impose on a boundary. Fortunately, the way we
handled this boundary condition in the iteration scheme introduced in [25], can be
modified to the weak setting. The idea is to introduce an auxiliary elliptic equation for
y satisfying dy = J in the iteration. Then we can use Dirichlet boundary conditions
for J which make sense at this low regularity, and thereby obtain the integrability from
dy = J which implies dJJ = 0. This provides a very clean way to handle the boundary
condition since we can then apply classical linear LP-elliptic theory for the Dirichlet
problem at each stage of the iteration. However, for the low regularity considered
here, this procedure is more technical because it involves two different version of the
weak Laplacian combined with operations on the Cartan algebra of differential forms.
This is accomplished in Sections 10 - 11. Finally, the proof that I'; solves the first
RT-equation in a weak sense is more involved, because the weak reduced RT-equation
for J cannot be used in a straightforward way to achieve the cancellation of the lowest
regularity term oI in equation (7.6). This is achieved in Section 9.2.

8.1. Integration by parts for matrix valued differential forms. To intro-
duce the weak formulation of the RT-equations, we first define the following inner
products over matrix and vector valued differential forms. On matrix valued k-forms
A and B, we define the point-wise inner product

(A,B) = tr(A;BT)

(5.9 SN AL LBl (8.1)

v,o=11i1<...<ip

where the matrix valued inner product (A; B) is defined in (5.9). We further introduce
the L?-inner product

(A,B)p2 = /Q (A, BYda (8.2)
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where dx denotes the Lebesgue measure in R™. For vector valued k-forms v and w
we define the point-wise inner product

)= Y et wt (8.3)

a=1 i1<...<ip

in terms of the Euclidean inner product, and we introduce the L?-inner product by

(v, w)p2 E/Q<v,w>das. (8.4)

The inner products on matrix valued 0-forms and vector valued 1-forms are in fact
identical,

(A,B) = (A, B), (8.5)

where A and B are matrix valued O-forms. For k > 1, vectorization of matrix valued
k-forms generally results in a loss of information due to cancellation of symmetries,
and one can not expect (8.5) to be valid.

To introduce the weak formalism of the RT-equations below, we further require the
following well-known partial integration formula for scalar valued differential forms,

<dOé,B>L2 + <Oé, 56>L2 = O7 (86)

where « is a k-form and 8 a (k + 1)-form, such that either algo = 0 or Slog =
0, c.f. Theorem 1.11 in [6]. Equation (8.6) holds for regularity a € WP(Q) and
g ewhr (Q), (where p,p* are conjugate exponents, % + p% = 1), and the condition

alaq = 0 or Blag = 0 is understood in the sense that a € W (Q) or 8 € Wa? (Q).
Here WO1 P (Q) is the closure of the space of smooth functions C§° with respect to the
W1P_norm, so for p > n functions in WO1 P(Q) vanish on 92 in the sense of continuous
functions. In our first lemma, we extend (8.6) to matrix and vector valued differential
forms.

LEMMA 8.1. Let u be a matriz valued k-form and w be a matriz valued (k + 1)-
form, k>0, such that u € Wy (Q) and w € Wy (), where % + p% =1, then

(du,w)r2 + (u,0w) 2 =0, (8.7)

and (8.7) continues to hold if only one of the forms u and w vanishes on the boundary,

ie., only u € WyP(Q) or w € Wol’p*(Q). Moreover, (8.7) holds as well when u €

WyP(Q) is a vector valued k-form and w € Wol’p* (Q) a vector valued (k + 1)-form,
(or if either wlgg = 0 or ulgg = 0 in the above sense).

Proof. The Lemma follows directly from (8.6) together with the fact that the
exterior derivative and co-derivative act on matrix-components separately, c.f. [24].
Namely, assuming the case that v and v are matrix valued differential forms, we find
from definition (8.2) that

(du,w)r2 = Z /Q Z (du)g i, gy Wo iy iy, A2

v,o=1 11 <. <lpg1
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Applying now the partial integration formula for scalar valued forms (8.6) to the above
right hand side for fixed v and o, we obtain that

e == 3 [ 3 a0l de

v,o=1 11 <...<i
= —(u,dw) 2.

This is the sought after identity (8.7) for matrix valued forms. The case for vector
valued forms follows analogously. O

Before we define the weak formulation of the RT-equations, we first introduce the
weak formulations of Cauchy Riemann type and Poisson equations. So consider an
equation of Cauchy Riemann type,

ou =g,

{d” =/ (8.8)

where u, f and g are vector valued differential forms. In light of (8.7), we say that a
vector valued k-form u € WP(Q) solves (8.8) weakly, if

{<u, 6) 12 = —f () 59)

(u,dp)r2 = —g(p),

for any vector valued (k + 1)-form ¢ € W, ” * (©) and any vector valued (k — 1)-form
pE VVO1 P (Q) both vanishing on 99, where we assume that f is a scalar valued linear
functional on the space of vector valued (k + 1)-forms in Wy** (Q) and g is a scalar

valued linear functional on the space of vector valued (k — 1)-forms in W," ’ ().
(See Section C for a complete list of consistency conditions on f and g required for
existence of solutions.) Weak solutions of (8.8) for matrix valued differential forms
can be introduced in a similar way, but are not required in this paper since the first
order system of the RT-equations (6.3) - (6.4) is vector valued.

Now consider the Poisson equation

Au = f. (8.10)
We say that a matrix valued k-form u € W1P(Q) solves (8.10) weakly, if

Aufg] = f(¢), (8.11)

for any matrix valued k-form ¢ € W, ” * (), where
Aulg] = —(du, dé) 2 — (B, 56) 12 (.12)

and f is a scalar valued linear functional on the space of matrix valued k-forms
o< Wol’p* (©). To extend the notion of weak solutions of the Poisson equation (8.10)
to vector valued differential forms, simply use vector valued test k-forms ¢ € I/VO1 P’ (Q)
and the corresponding inner product (8.4), which suffices since the exterior derivative
d and the co-derivative § act only on form-indices, but not on matrix or vector indices.

The following lemma clarifies that the weak formulation of the Laplacian in (8.12)
for differential forms is identical to the standard weak form of the Laplacian, taken
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component wise by restricting to single matrix component of the test functions (an
orthogonal decomposition of the space of test functions with respect to the Hilbert-
Schmidt inner product). As a consequence, it is possible to employ standard theorems
of elliptic regularity theory for the analysis in this paper, c.f. Section B.

LEMMA 8.2. Let u € WYP(Q) be a matrixz (or vector) valued k-form, then
Aul¢] = —(Vu, V)2, (8.13)

for any matrixz (or vector) k-form ¢ € Wol’p*(ﬂ), where Au[p] is the weak Lapla-
cian defined in (8.12), V is the Euclidean gradient in x-coordinates taken on each
component®®, and we set

(V ,V¢> 2 = (6] ,8j¢>d . (814)
u L Jz_;/ﬂ u X

Moreover, (8.13) holds assuming only w € LP(Y) with du,éu € LP(S2), (the low regu-
larity we encounter in the proof of Theorem 6.1).

Proof. By compactness of C§°(Q) in Wol’p* (Q) it suffices to prove (8.13) for
¢ € CF(). Solet ¢ € C§°(Q) and use partial integration component wise to
compute

(Vu, Vo) 2 = =(u, V- (V@) 2.

Substituting now that V - (V¢) = A¢ = do¢ + dd¢ and using partial integration for
differential forms (8.7), we obtain that

<VU, v¢>L2 = 7<u, d5¢>L2 — (u, 5d¢>L2
= <5U, 6¢>L2 + <d’Ll,7 d¢>L2
~ Aulg)]. (8.15)

This proves (8.13) in the case u € WP(Q).
To prove the supplement, assume that v € LP(2) with du,du € LP(2). For this
regularity the weak Laplacian (8.12) is well-defined, i.e.,

Auld] = —(du,dp) 2 — (du, 6p) 12, (8.16)
exists for any matrix valued k-form ¢ € VVO1 P (Q). Again, considering ¢ in the dense
subspace C§°(Q), A¢p = dd¢p + di¢ is well-defined. We now apply partial integration
(8.7) to write (8.16) as

Aulg] = (u, Ad)rz = Jim (1, V- V) 2, (8.17)

where the last equality holds by convergence of the difference quotient V¢ to Vo,
so that we have V}, - Vo — A¢ as h — 0. By partial integration for Vj, we find that

—<th, V¢>L2 = (u, Vh . V(Z)>L2. (8.18)

2680 V is taken on each matrix, vector or differential form component separately, e.g., Vu =
(V)i ..ipda® Ao Adae for uw = ug, . 5, de*t A ... Adak.
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By (8.17) the right hand side in (8.18) converges, which implies that the left hand
side in (8.18) converges as h — 0 as well, and we have

lm (Vyu, Vo) 2 = (Vu, Vo) 2. (8.19)
h—0
Combing this with (8.17), we find that
Aulp] = —(Vu, Vo) 2

for any ¢ € C§°(Q2). By denseness of C§°(2) in Wol’p* (€2) this establishes (8.13) for
the low regularity v € LP(Q) with du, du € LP(Q2). This completes the proof of Lemma
8.2. 0

8.2. The weak RT-equations and weak reduced RT-equations. We are
now prepared to derive the weak formulation of the RT-equations (6.1) - (6.4), that
is, of the system

AL = 6dl — §(dJ ' AdJ) +d(J L A),
AJ =6§(JT) = (dJ;T) — A,

S = — ——
dA = div(dJ AT) +div(J dl') — d({dJ;T)),
§A =v.

To begin, let I' € L?P(Q) and dI' € LP(Q) for p > n/2, let v € LP(£) be a vector valued
0-form, and assume we are given a smooth solution (I, .J, A) of the RT-equations (6.1) -
(6.4). We now introduce a weak formulation for solutions T' € W2(Q), J € Wh2r(Q)
and A € LP(Q).

For any matrix valued 1-form ® € Wol’p* (Q), pi + % = 1, we write the left hand
side of the first RT-equation (6.1) as
AT [®] = — (6T, 6®) 1> — (dT, d®) 2, (8.20)

by applying the Leibniz-rule (8.7) to A = dd + dd, c.f. (8.12). Using (8.7) to rewrite
the right hand side of (6.1) in an analogous way, we find that the first RT-equation
(6.1) is equivalent to

—AL[®] = ((dI' —dJ "' AdJ), d®),, + (J A, 6®) 2 (8.21)

to hold for any matrix valued 1-form ® € W, * ’ (Q). This is our weak formulation of
(6.1).
Similarly, we find the weak formulation of (6.2) to be

—AJ[¢] = (JT, dg),, + ({dJ;T) + A), )., (8.22)
for all matrix valued 0-form ¢ € VVO1 (2p)° (), where
AJ[¢] = —(dJ,dd) 2.
Since we address the solution space J € W12P(Q), we require the test space

Wol’(2p)*(ﬂ)7 where (2p)* denotes the conjugate exponent to 2p, ﬁ + 2—117 =1,

(and (2p)* # 2p* in general). Note that (A, ¢) 2 is finite for A € LP(Q2) by Sobolev
embedding, as proven in Lemma 8.6 below.
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H
To derive the weak formulation of (6.3) - (6.4), we first clarify how to shift div over
to test functions, i.e., we have to define a suitable adjoint to the operation defined
n (5.11). For this, we introduce @/ as the mapping from vector valued 2-forms

Y e Wy? ’ (Q) to matrix valued 2-forms in L?" () defined by

(div(v))] = a0l da' A da?. (8.23)
By applying partial integration component wise, it is straightforward to verify the
following lemma.

LEMMA 8.3. For any matriz valued 2-form w, it is
- .
<d“)(w)a 7/}>L2 = 7<w7 @(QZJ»LZ (824)

for any vector valued 2-form 1 € Wg’p* Q).

— . .
Proof. By (5.11) we have div(w)* = >""_ 9, (wh);jdz’ Ada?, so components-wise
partial integration gives us

(dw Yyp2 = ZZ/ Za )il de

i<y

:ZZ/ )ij ywmdm

pv i<g

= —(w, div()) 12, (8.25)

which proves (8.24) and the lemma. O

Applying now (8.24) together with (8.7) for vector valued differential forms, we find
that (6.3) - (6.4) can be written equivalently as

o e
{<A, 59) 12 = ((dJ AT +J dU), div(®)) . — ((dJ; T), 60) 2 (5.26)

<Ev d<p>L2 = —<U, SO>L2

for all vector valued 2-form v € W,"” ( ) and all vector valued 0-forms ¢ € W,"* ’ (Q).
This is the weak formulation of (6.3) - (6.4).

DEFINITION 8.4. Let I' € L?’(Q) and dU' € LP(Q) for p > n/2, and assume
L ewWhr(Q), J e Wh2P(Q) and A € LP(Q). We say (T,J, A) is a weak solution
of the RT-equations if (8.21), (8.22) and (8.26) hold for all matriz valued 1-forms
(NS Wol’p (Q), all matriz valued 0-forms ¢ € W1 (2p)° ( ), all vector valued 2-forms
P € Wol’p (Q) and all vector valued 0-forms ¢ € W, P (Q), where p* and (2p)* are
conjugate exponents defined by p% + % =1 and ﬁ + ﬁ =1

The weak formulation of the RT-equations in Definition 8.4 can be easily adapted
to the reduced RT-equations, subject of the next definition. Recall first that the
reduced RT-equations (6.10) - (6.12) are

AJ =5(JT) - B, (8.27)
dB = div(dJ AT) + div(J dI), (8.28)

6B = w, (8.29)
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with unknowns J and B.

DEFINITION 8.5. Let I' € L?’(Q) and dU' € LP(Q) for p > n/2, and assume
J € WH2P(Q) and B € LP(2), we say that (J, B) is a weak solution of the reduced
RT-equations (6.10) - (6.12), if

—AJ[g] = (JT,dd) 12 + (B, ¢} (8.30)

holds for any matriz valued 0-form ¢ € W&’(Zp)*(Q), (where AJ[p] = —(dJ, dp)2),
and if

~ (8.31)

(B,6v) > = ((dJ AT + JdT), div())
<B7 d@>L2 = w,

holds for any vector valued 2-form v € Wol’p* (Q) and any vector valued 0-form ¢ €
WP (Q).

8.3. Consistency of the RT-equations at low regularity. We now show
consistency of the reduced RT-equations (by which we mean that the operations on
the right and left hand side of the RT-equations produce the same regularity) for
the solutions space J € W12P(Q) and B € LP(Q)), when I' € L?’(Q) and dI' €
LP(Q), p > n/2. For this we apply the Sobolev embedding theorem to prove for
completeness that LP(Q) € W~1?(Q) in the next lemma. Given this embedding
LP(Q) ¢ W=H2P(Q), we obtain consistency of the reduced RT-equations as follows:
For J € W12P(Q) and T € L?P(2), applying the Hélder inequality as in (A.7) implies
dJ AT € LP, by which the right hand side of (8.28) is placed in W~1?(Q), (the
remaining term is more regular by Morrey’s inequality). This places B in the sought
after solution space LP({)). Using now the embedding LP(Q) C W~12P(Q), we find
that B € W~12P(Q), which in turn implies that the right hand side of (8.27) is
in W=127(Q). Namely, since JI' € W12P(Q) implies that §(JT)[¢] = —(JT,de) -
is finite for any ¢ € WHP)'(Q), it follows that also §(JT') € W~527(Q). This
places J in the sought after solution space W12P(Q). Taken on whole, this gives the
consistency of the reduced RT-equations once the embedding LP(2) ¢ W~12P(Q) of
the next lemma is proven.

LEMMA 8.6. Forp > n/2 the embedding LP(Q) C W—12P(Q) holds, together with
the estimate

| Bllw-1.20(0) < CllBllLr ), (8.32)

where C' > 0 is some constant depending only on €, p,n.

Proof. To prove the embedding LP(Q) C W—12P(Q), given some fixed function
B € LP(Q), we need to show that the dual pairing B(¢) = (B, ¢)r2 is finite for

any ¢ € WOL(?p)* (Q), i.e., that B defines a functional over Wol’@p)*(Q). By Holder’s
inequality we have

(B, ¢)r2| < |IBllzelloll Lo (8.33)

so it suffices to show that

wo Q) c L (). (8.34)
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We show (8.34) via the Sobolev embedding Theorem [12, Thm 2, Ch. 5.6], which
asserts that Wh4(Q) C L7 (Q) for the Sobolev conjugate ¢’ = 7L whenever 1 < ¢ <
n, together with the estimate

1l ) < Csll fllwra., (8.35)

for some constant C's > 0 depending only on n,q and €2, (where f € W4(0)). Here
we have ¢ = (2p)*, and it is straightforward to verify 1 < (2p)* < n using (2p)* =
2531 < %5 < 2, so Sobolev embedding applies and gives Wol’(zp) Q) c LY (Q) for
1 — _n(2p)”

n—(2p)*" X
verify that L? () € LP (€). This inclusion follows directly from our assumption p >

Thus to establish the sought after embedding (8.32), it only remains to

n/2, by verifying the inequality ¢’ > p* by substitution of ¢’ = n’l(?zp;) , (2p)* = 2§f T
and p* = p’%l, and since ¢ > p*, Lq/(Q) C LP"(Q) follows by the boundedness of Q.
This proves the sought after embedding (8.34).

We now prove estimate (8.32). By applying Holder’s inequality to || f||7, = || f* -
11, to show that [[f[I7, = /7l 211 Lasm=, we find

I fllze ) < V01(Q)% I fllLaca) (8.36)

whenever ¢ > p. Combining now (8.36) with estimate (8.35) of the Sobolev embedding
theorem, gives us

91l Le* () < C IBllwr.cm (o) (8.37)
for C = Cs - vol(2) P with ¢/ = n"_(g;; From (8.37) together with Holder’s
inequality we find that B(¢) = (B, ¢)2 is bounded by

1B(&)| < [I1Bllr @) [9ll L (0) < CII1BllLe@)9llwr.en= @), (8.38)

which implies the sought after estimate (8.32) by taking the supremum over all ¢ €
Wo P () with [[¢]lyr.cne () = 1. O

The proof of Lemma 8.6 establishes consistency of the reduced RT-equations at
the level of regularity, I' € L*(Q), dI' € LP(Q), J € W12P(Q) and B € LP(Q), for
p > n/2. To show consistency of the full RT-equations, it suffices to address only the
first RT-equation (1.1),

AT =6dl — 6(dJ P AdJ) +d(JtA), (8.39)

for A € LP(Q). Consistency of the first RT-equation holds, since dJ~! A dJ € LP(Q)
by Hélder’s inequality (A.7), since J~1A € LP(Q)) by Morrey’s inequality, and since
dl' € LP()) by assumption, which taken on whole places T in the desired space
I’ € WhP(Q), as proven in Section 9. Note that the assumption dI' € LP(f) is
only required for consistency of the first RT-equation(1.1), but not for the reduced
RT-equations.

9. Recovering the full from the reduced RT-equations - Proof of The-
orem 6.1. In this section we prove that, given a solution (J, B) of the reduced
RT-equations (6.10) - (6.12), then (J, T, A) solves the full RT-equations (6.1) - (6.4)
with ' =T'; and A = A’, where I'; and A’ are defined in (6.6) and (6.14) as

L;=0—J%J,
A= B - (dJ;T).
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From this, using the first RT-equation (6.1) in terms of A = A’ (which is equivalent to
equation (6.13)), we then prove that I'; gains one derivative over the regularity of the
terms separately on the right hand side of its definition in (6.6). This is asserted by
Theorem 6.1, and here we give the proof. Throughout the rest of this paper we only
address the case I =T'; and A = A, so for ease of notation from here on, we denote
I'; by ' and A’ by A. For completeness, we first prove a version of Theorem 6.1 at
the higher level of connection regularity, I', dI" € WP (Q), m > 1, p > n, a regularity
sufficient to take point-wise estimates by Morrey’s inequality (A.4).2” In Section 9.2
we then prove the sought after low regularity case I' € L?P(Q), dI' € LP(Q), p > n/2.

9.1. A smooth version of Theorem 6.1. We now prove the following propo-
sition which is a version of Theorem 6.1 in the case I, dI' € W™P(Q), m > 1, p > n.
This proposition is not needed to prove the results in this paper, but helpful for under-
standing the main steps in the proof of Theorem 6.1 given in Section 9.2. For ease of
notation we let @ = Q, denote the neighborhood €/, of Theorem 6.1 in z-coordinates,
and we denote the compactly contained subset Q7 by €.

PROPOSITION 9.1. Assume I',dl' € W™TLP(Q) in x-coordinates, for m >
p>mnand p < oo. Assume (J,B) solves the reduced RT-equations (6.10) - (6.
in a weak sense for some w € W™=LP(Q), such that J,J~1 € WmTLP(Q) and B
W™P(Q).2® Then the following holds:

(i) Defining Ty by (6.6), T = T'; solves (6.13), and the tuple (J,T, A) solves the
full RT-equations (6.1) - (6.4) in Q for v=v" and A = A’, where A" and v’
are defined in (6.14) and (6.15).

(ii) The regularity of T =T is given by Ty € W™tLhe(QY) for any open set
compactly contained in Q, i.e., T; =T — J~YdJ is one order more reqular
than the two terms on the right hand side are separately.

(iii) Let M > 0 be a constant such that

[T, dD) [[wmp (o) = 1T llwmre @) + [|dL lwmre @) < M.
Assume that (J, B) satisfies further the estimate

1,
12)

1 = Tllwmsro) + 1 = I Hwmtro@) + | Blwms@
< Ci(M) [[(T, dD)|[wm (0, (9.1)

for some constant C1(M) > 0 depending only on Q,n,p and M. Then, on
any open set Q' compactly contained in 2, I' = T'j satisfies the uniform bound

ITllwmsio ) < Co(M) [[(T,dD)|lwm.s o) (9.2)
where Co(M) > 0 is some constant depending only on ', Q,n,p and M.

Proof. Let T',dI" € W™P(Q), for m > 1, p > n, and assume (.J, B) is a solution of
the reduced RT-equations (6.10) - (6.12) with J, J=! € W™+LP(Q) and B € W™P(Q).
For this regularity Lemma 7.2 applies and yields that (J, f,A) solves the first RT-
equation (6.1).

We now prove that (J,T', A) solves the second RT-equation (6.2). By assumption,
(J, B) solves the reduced RT-equation (6.10), that is,

AJ =6§(JT) - B. (9.3)

27This also connects the use of the reduced RT-equation here with the approach in [26] based on
the original RT-equations, in particular in Section 9.2 of [26].
28The existence of such a solution follows from our existence theory in [25, 26].
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By definition of A in (6.14), we have
B=A+(dJ;T), (9.4)
so substitution of (9.4) into (9.3) gives
AJ =6(JT) — (dJ;T) — A,

which is the sought after RT-equation (6.2).
We now prove that (J,T', A) solves the last two RT-equations (6.3) - (6.4). By
assumption, (J, B) solves (6.3) - (6.4) for some w € W™~1P(Q), that is,

dB = div(dJ AT) + div(J dI), (9.5)
6B = w. (9.6)
—_

Substituting (9.4) into (9.5) and subtracting the resulting equation by d(d.J;T') gives
us the equation

. P
dA = div(dJ AT) + div(J dT) — d(dJ; T,

which is the sought after third RT-equation (6.3). Similarly, substituting (9.4) into
(9.6) gives

6A = w —8(dJ;T),

which is the sought after RT-equation (6.4) for v defined by (6.15), that is, for v =
w — 6(d.J;T). Taken together, we proved that (J,T', A) solves the full RT-equations
(6.1) - (6.4) for the gauge freedom in v fixed by the choice (6.15). This proves (i) of
the proposition.

To prove (i) of Proposition 9.1, we need to show the regularity I' € W™+1.2(Q)
together with estimate (9.2). In a first step, we establish the lower regularity I e
WmP(Q) and A € W™P(Q) from their definitions in (6.6) and (6.14). For this we use
that by Morrey’s inequality (A.4) the space W™P(Q) is closed under multiplication
when m > 1, p > n, c.f. [24]. Now I € W™P(Q), since I € W™?(Q), J~! ¢
WmHLr(Q) and dJ € W™P(Q) so that the closedness of W P(Q) yields T = T' —
J=tdJ € W™P(Q) by (6.6). Moreover, the regularity A € W™P(Q) directly follows
from (6.14), since d.J, T € W™P?(Q) implies that A = B — (d.J;T') € W™?(). This
shows that I and A are both in W™P(Q).

We now prove that T' € W"P(Q) is one derivative more regular, T' € W17 (Q),

by establishing estimate (9.2). For this, we use the first RT-equation (6.1),
AT =6dl — §(dJ " AdJ) +d(J1A). (9.7)
But estimate (B.8) of elliptic regularity theory gives
[Tllwmsioiy < Ce(IATlwm-1a(0) + [Tlwmr @) (9.8)

for any open set Q' compactly contained in §2, where C' > 0 is some constant depending
only on ©',Q, p,n, m. The regularity gain of I follows once we show AT € wm=Lr(Q),
since I' € W™P(Q). But to derive the sought after estimate (9.2) we need a more
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refined analysis. For this, we begin by substituting for AT the right hand side of (9.7)
to obtain

[
< ce(uadr||wm_1,p(m H16(dT AT o) + Hd(JflA)HWm_l,y(Q))
< Ce(HdF||Wm>P(Q) +16(dT T AdT) [[wm-100) + ||J71A||Wmm(9)>- (9.9)

(We subsequently often write || - [[ym.» instead of || - [[ym.»(q).) The first term on the
right hand side of (9.9) is bounded by assumption. Using first the product rule and
then Morrey’s inequality (A.4), the second term can be bounded by

||5(de]71 /\ dJ) ||W7n—1,p(Q)

[1D(dT= )] - |dJ]|

wonrp T AT D@Dy,

<

< DT sl dT e + [T~ s [ D) 10
< I sl llwmes + 1T lwmoe [l
A4
<

)
2Cu 1T Hlwmsro@ | lwmsio ),

which is bounded by our incoming assumptions J~!,J € W™tLP(Q). Using that
dJ = d(J — I), the previous estimate gives us

||5(d(]71 N dJ) ||W7n71,p(Q) < 2CM||J71||W772,+1,1)(Q)||I — J||Wm+1,p(Q) (9.10)

To estimate the third term on the right hand side of (9.9), we use that by definition
I=l;=T-J"1J and A= B — (dJ;T), to write

JYA=J"'B—J Y dJ;T) + (dJ Y dJ),

where we used the multiplication property (5.10) to get J~1{dJ; J~1dJ) = (dJ~1;dJ).
We now estimate the third term on the right hand side of (9.9) as

177 Allwms ey < 177 Bllwns + 7@ T wmo + (T dD)lwnr. (9.11)

We now use the closedness of W ?()) under multiplication (m > 1, n > p) by
Morrey’s inequality (A.4), to estimate the products in (9.11), for instance,
1T Bl sy = DT B) s + 17 Blgns
< DI Bllwm-1s + 1T DBllwm-10 + [T Bllwm-1.0
< 1D s Bl + 17 s [ DBllwnss
I om0 || Bllwm -1
ol o | Bl

IN

In this fashion, replacing dJ on the right hand side of (9.11) by d(I — J), we obtain

177" Allwns
< CIT wno (|1 Bllwes + [T s sl Dllwes + 1T = Jlwners ) (9:12)

< CIT w1+ 1T s ) (1Bllwrms + IDlwms + 1 = Tl ),
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where C' > 0 is some constant depending only on €2, m,n,p. Substituting (9.10) and
(9.13) back into the original estimate (9.9), we obtain

HfHWmH»p(Q/) (9.13)
< P(J) (ITllw s + 40w + I = Jllwsrs + [ Bllwns ) + ClIElwms,

where P(J) = C (14 ||J Hlwm+1) (L+]J||wm+1.0) for some constant C' > 0 depend-
ing only on Q,m,n,p. By the definition of T' in (6.6), we bound ||fHWm,P(Q) using
Morrey’s inequality as

T lwrmr 0y < Car (ITIlwmn(e) + 1w @) 1 lwrms10a))

from which we obtain the simplified bound
Iy < P (ITwm s + 40 lwms + 1T = Jllwresro + [ Bllwmns ), (9.14)

by changing the constant C' > 0 in the definition on P suitably. Finally, using our
incoming assumption (9.1) to bound the above Sobolev norms on J,J~! and B, we
obtain the sought after uniform bound (9.2). Clearly, estimate (9.2) implies the sought
after regularity T' € W™+12(Q).29 This completes the proof of Proposition 9.1. O

9.2. Proof of Theorem 6.1. We now prove Theorem 6.1 by adapting the steps
in the proof of Proposition 9.1 to the weak formulation of the RT-equations to ac-
count for the low regularity addressed here. This is significantly more complicated
because the substitution of the J-equation in the proof of Lemma 7.2, (required to
get the cancellation of terms involving 6T", on which our whole theories rests), is not
a simple replacement when dealing with the weak form of the equations, due to the
problem of multiplying distributions by low regularity functions, c.f. Lemma 9.2 be-
low. Moreover, for the low regularity here, products must be estimated by Holder
inequality instead of Morrey, which we compensate for by putting J in the smaller
Sobolev space W12P while estimating I’ in W1?. Even though we begin here with a
given solution of the reduced RT-equations, low regularity products have to be incor-
porated into the weak formulation of the T’ equation, reflecting the non-linear nature
of the RT-equations.

So assume I' € L?(Q) and dI' € LP(Q) in z-coordinates for n/2 < p < oo, and
assume that for some constant M > 0

(T, dD)|| 2.0 () = [Tellz2e (@) + 1Tzl Lr @) < M. (9.15)

Assume given some J € WH2P(Q) invertible and some B € LP(2) such that (J, B)
solves the reduced RT-equations (6.10) - (6.12) on €, such that
11— Jllwr2e ) + [T — J71HW1,2P(Q) +Bllzry < Co(M)|(T,dL) || 2200 (), (9.16)

where Cy(M) > 0 is some constant depending only on Q,n,p and M. Define T by
(6.6) and A by (6.14), that is,

=T,;=0r-J%J and A=A4=B-(dJ;D). (9.17)

29Note, the gain of one derivative to the required regularity e W"“Ll”’(ﬂ)7 is entirely based on
the cancellation of éI'-terms in equation (7.6) of the proof of Lemma 7.2.
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Again we denote I'; by I and A’ by A from here on, and we let Q = Q, denote
the neighborhood €2/, of Theorem 6.1 in z-coordinates, and we denote the compactly
contained subset Q7 by €. Theorem 6.1 (i) states that (J,T', A) solves the full RT-
equations (6.1) - (6.4) in © for v = v’ defined in (6.15). Parts (i7) and (i7i) of Theorem
6.1 states that T is in W1P(Q') and satisfies the uniform bound

ITllwrr gy < C3(M)||(T,dT) || L2vr () (9.18)

on any open set ' compactly contained in €2, and where C5(M) > 0 is some constant
depending only on €, Q, n,p and M .30

Proof of Theorem 6.1. So assume J € W12P(Q) and B € LP(f2) solve the reduced
RT-equations (6.10) - (6.12). Since only the regularity of the gauge variable w in
(6.12) is relevant for the proof, we assume here without loss of generality that w = 0,
the case for which we prove existence of solutions in Section 10. So (J, B) is assumed
to solve

AJ =5(JT) - B, (9.19)
dB = div(dJ AT) + div(J dI), (9.20)
6B =0, (9.21)

in the weak sense of Definition 8.5. That is, we assume
—AJ[¢] =(JT,dd)r2 + (B, @) 2 (9.22)

for any matrix valued O-form ¢ € Wol’@p)*(ﬂ), (is + 5= = 1), where AJ[¢] =
—(dJ,d¢) 2, and we assume

(9.23)

(B,6v) > = ((dJ AT + J dI), div(eh)) .
<§7d¢>L2 =0,

for any vector valued 2-form v € WO1 P’ () and any vector valued O-form ¢ €
WyP ’ (€2). We here use C' > 0 to denote an universal (“running”) constant depending
only on 2, n and p.

The proof of Theorem 6.1 requires several lemmas. Before we establish these
lemmas, we derive the preliminary regularity I' € L?P(2) and that A € LP(Q) from
the definitions in (9.17), regularities we require to bootstrap to the desired regularity
I € WHP(Q) in the end. For this, recall that .J is assumed to be invertible with
J~1 € W12r(Q), so Morrey’s inequality (A.4) implies that J~1dJ € L?!(Q), since
p > n/2. Thus, since I' € L?(Q) by assumption, I' = ' — J~'dJ € L?(Q) follows
directly from (6.6). To show that A € LP(Q)), we first apply Holder’s inequality as in
(A.7) using that dJ and T are both in L?”(Q) to conclude with (d.J;T') € L?(£2). This
implies that A € LP(Q) by (9.17) and our incoming assumption B € L?(2). We have
established T' € L??(Q) and A € LP(Q).

In Lemma 9.3 below we prove that I’ defined in (6.6) solves the first RT-equation
(6.1) for A defined by (6.14), in the weak sense (8.21). We then apply elliptic regularity

30The version of Theorem 6.1 applicable to GR shock waves is obtained directly by substituting

1
[[(T, dT)|| oo for ||(T,dl)|| 2p,» everywhere above, since ||(T', dD)|| 2p,p (o) < vol(Q) 7 [[(T, dT') || oo ()
for €2 bounded.
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theory to this equation to boost the regularity of r by essentially one order to I e
WLP(Q), as asserted by Theorem 6.1. The main step in the proof of Lemma 9.3 is
accomplished in the following lemma by adapting the computation in the proof of
Lemma 7.2 to the weak formulation required for the low regularity here.

LeEMMA 9.2. Under the assumption of Theorem 6.1, we have
SC[¢] = (J 7' A, ) L2 (9.24)

for any matriz valued 0-form ¢ € Wol’p*(Q), where 6T[¢] = —(T,d¢) 2. That is,
0T = J~ 1A in the sense of weak derivatives.®!

Proof. Assume J is a solution of the first reduced RT-equation in the weak sense
(8.30) for some given B € LP(f2). The proof is based on adapting the computation
(7.3) - (7.7) of Lemma 7.2 to regularities J € WH??(Q) and B € LP(2). This requires
care because of the presence of products. Instead of computing 6T directly as in (7.3),
which would not yield the weak Laplacian on J (essential for the argument), we begin
by taking & of JI'.32 Using that I =T — J~dJ by its definition in (6.6), taking d of
JT gives us

—(JT, d¢) 2
= —(JT,d¢) > + (dJ,dp) 12, (9.25)

S(JT)[9]

for any matrix valued 0-form ¢ € Wol"p* (€©2). Note that the expressions in (9.25) are
finite by Hélder inequality (A.6), since I' € L?"(Q) and J € W12?P(Q), and since
LP (Q) ¢ LP)7(Q) because 2 is bounded and p* = 577 is larger than (2p)* = %.
For example, by Hoélder’s inequality (A.8),

p*

[(dJ,d¢) 12| < ClldT|| 2o lldg|l s < ClldT|| 2 [ldg]| 7727 < o0,

where C' > 0 is some constant depending only on €, n and p. Now, we replace the
second term on the right hand side of (9.25) by the weak reduced RT-equation (9.22),

(dJ,do)r2 = (J-T,do)r2 + (B, d) 2,

which, after the cancellation of the lowest regularity term (J-T',d¢) 2 crucial to our
method, leads to

5(JT)[¢] = (B, ¢)r2, thatis, (JT,d¢)p> + (B,¢)r> =0. (9.26)

Our goal now is to move d to the other side of the first inner product in (9.26)
as 0 on the product JI' and isolate the weak derivative 6T, from which the sought
after equation (9.24) then follows. At the start, JT is not regular enough to apply
partial integration nor the Leibniz product rule directly, but the following mollification
suffices to complete this last step in the proof.>® So consider standard mollifiers

31For the reader familiar with our previous work in [24, 26], note that establishing (9.24) reverses
a basic identity in the derivation of the RT-equations from the Riemann-flat condition where we
defined A in terms of JoI'.

32Note, applying the results of Lemma 7.2 in this setting at a mollified level, would entail the prob-
lem of controlling the zero mollification limit through the second reduced RT-equation (6.2), a system
of inhomogeneous elliptic PDE’s for which it would be difficult to avoid generalized eigenvalues.

33The reason why this mollification argument works seems to be that one can anticipate T to be
one order more regular for given solutions of the RT-equations by their consistency.
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. e C®(Q) and J. € C(Q) of I and J respectively, so that I'. converges to I' in
L?(Q) as € — 0 and J. converges to J in W12P(Q) as e — 0.3 Define

L.=I.—J 'dJ.,

then I'. € W1H2(Q) holds. To show that T, — T in L*(Q) as ¢ — 0, recall
J=t e W2P(Q) is bounded in L*°(Q) by Morrey’s inequality, so we have

|1 (dTe —dJ)|p2r < || T M poe|lde — dJT | p2e — 0

as € — 0, and this implies that T, — T in L?’(Q) as ¢ — 0. Now, since ', — I in
L?*(Q) as € — 0, equation (9.26) implies that

m ((er,dqsm + <B7¢>L2) = 0. (9.27)

li
e—0

The regularity T'. € W2 (©2) allows us now to use partial integration (8.7), followed
by the Leibniz rule (5.8), 6(JT.) = JoT'c 4+ (dJ;T.), to compute

(JTe,dd)r2 + (B, @)z = —(0(JTe), d)r2 + (B, ¢) e
) (J6T, @) + (B — (dT:T), 6)

= 7<J5f‘67 ¢>L2 + <A67 ¢>L27 (928)

where we set A, = B—(dJ; fe). Observe that A, — Ain LP(Q2) ase — 0, since'c —» T
and dJ. — dJ in L??(Q) as € — 0. We now applying the multiplication property of
(-;+) in (5.10) together with cyclic commutativity of matrix multiplication in the trace,
to write (9.28) as

(JTe,dg) 2 + (B, @)1z = =0T, JT @) 12 + (I Ae, JT9) 1. (9.29)

To clarify this step, consider for example
(JoTe, ¢y / tr(JoT; ¢ )da "2 / tr (J-(6T; 7)) da
Q Q

N / tr (0T 07)-7)d "2 / tr{0le; (J9)") = (e, T 6) 2.
Q

Q

Applying now the integration by parts formula (8.7) to the first term on the right
hand side of (9.29) and defining ¢ = J'¢, we obtain

(JTe,dd) 2 + (B, @)z = (T, dip) 2 + (J 7 Ac, ) 2. (9.30)

Since J € W12(Q), (for p > n/2, p > 2, s0 1 < p* < 2), it follows that ¢ = J¢ €
Wol’p* (Q) is indeed a test function, (as proven in Lemma 9.6 below). Thus, since T
converges to I in L?”(Q) and since A, — A in LP(Q) as € — 0, we conclude that the
right hand side in (9.30) converges as e — 0. Moreover, by (9.27) the left hand side
in (9.30) converges as well and the limit of (9.30) as e — 0 vanishes, which gives

_<Fa dw>L2 = <J71A7 1/)>L2a (931)

34By the compact of the test functions, mollifying does not change the region of integration .
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for 1) = JT¢. Since any 1) € Wol’p* (Q) there exists some some ¢ € Wol’p* (Q) such that
) = JT ¢, as proven in Lemma 9.6 below, we conclude that the sought after equation
(9.31) holds. This proves Lemma 9.2. O

We now apply Lemma 9.2 to establish that T' solves the first RT-equation for (6.1)
for A = A’ defined in (6.14), at the correct level of regularity. This lemma establishes
the first statement in part () of Theorem 6.1 together with part (7).

LEMMA 9.3. Under the assumption of Theorem 6.1, Ie L?P(Q) solves the first
RT-equation (6.1) with A given by (6.14), and thus T has the regularity T € W1P(Q).

Proof. To begin recall that by (9.24) of Lemma 9.2, we have
T[¢] = (J 1A, ) L2

for any matrix valued O-form ¢ € Wol’p*(Q), where 0T'[¢] = —(T',d¢) 2. Since Ae
LP(Q) and J~' € W2P(€Q), this directly implies that the weak co-derivative § of I is
an LP function, 0T' € LP(§2), and it follows that

ST =J7 1A € LP(Q) (9.32)

holds in the sense of LP functions. We can now take the exterior derivative d of 4T in
a weak sense, which gives in light of (9.32) that

(0T, 0®) 12> = (J LA, 60) - (9.33)

for any matrix valued 1-form ® € I/VO1 P (). This determines the second term of the
weak Laplacian of T in (8.20).

To determine the first term of the weak Laplacian AT[®] in (8.20), we take the
exterior derivative of I, = I', — J~1dJ., where T, and J. are the mollifications of T’
and J introduced in the proof of Lemma 9.2. This gives us

dl. =dl'. —d(J~'dJ.)
=dl. —dJ ' NdJ,, (9.34)
where we applied the Leibniz rule (5.6) for the last equality. We now show that
the right hand side of (9.34) converges in LP(2) as ¢ — 0. For this recall first that

dl' € LP(Q)), which implies that d(T'c) = (dI") — dI' in LP(2) as ¢ — 0. Moreover,
by using Holder’s inequality as in (A.10), we find that

|dJ=" A (dJe —dJd)|,, < ||dJ~ |dJe — dJ|| - (9.35)

I 'l
LP L2p

By L% convergence of dJ. to d.J, (9.35) implies that dJ ! Ad.J, converges to dJ~*Ad.J
in LP(§2) as € — 0. We conclude that the right hand side of (9.34) converges in L?({2)
as € — 0, and this yields that

dl =dU —dJ ' AdJ € LP(Q). (9.36)
Taking now the co-derivative § of (9.36) gives
6dl = 6dl — 5(d(J ™) AdT) € W—HP(Q),
but of course in the weak sense

(dT,d®) 2 = ((dT —dJ " AdJ),dD):, (9.37)
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for any matrix valued 1-form ® € Wol’p*(Q). Combing now (9.33) and (9.37), and
using that by our definition in (8.20)

AL[®] = —(6T,6®) 12 — (dL, dD) 2,
we finally obtain that T solves the sought after first RT-equation,
AT[®] = —((dl' — dJ P AdJ),d®) 2 — (J LA, 6®) 2, (9.38)

in the weak form (8.21).

To complete the proof of Lemma 9.3, it remains to show T gains one derivative
toT € WP(Q). For this, note that we have already established that 6T" and dT are
in LP(§2), c.f. (9.32) and (9.36). Thus, since the right hand side of (9.38) results from

taking d of 6T' and & of dT', we conclude that the right hand side of (9.38) lies in
W=LP(Q), that is,

AT € W=HP(Q). (9.39)
Applying now Lemma 8.2 for the case of regularity I € LP(Q) with dT’, ol e LP(82), we
find that AT'[®] = —(VI, V®) 2. Thus the standard weak Laplacian —(VI',V®) -
lies in W~17(Q) by (9.39). Applying now basic elliptic regularity theory, c.f. Theorem
B.2 in the appendix, we conclude with the sought after regularity I' € W1P(Q') for

any open set ' C Q compactly contained in €. This completes the proof of Lemma
9.3.0

In the next Lemma we prove the basic elliptic estimate (6.17) from which we later
derive the curvature bound (3.7), using Holder and Morrey inequalities in combina-
tion with estimate (6.16) assumed on J, J~! and B. Lemma 9.4 proves part (iii) of
Theorem 6.1.

LEMMA 9.4. Under the assumption of Theorem 6.1, in particular assuming the
bound (9.16) on (J, B) and ||(T',dT")|| 200 < M, the weak solution I' =T of the first
RT-equation (6.1), defined by (6.6), satisfies

IT|[ws oy < C(M)||(T, dL)| L2000 (9.40)

for any open set ' compactly contained in Q and some constant C (M) > 0 depending
only on Q,Q,p,n and M.

Proof. By Lemma 9.3, T = T'; solves the weak first RT-equation (9.38), that is,
AL[@] = —((d' —dJ " AdJ),d®),, — (J 1A, 6®) > (9.41)

holds for any matrix valued 1-form ® € VVO1 P *(Q) Applying the basic elliptic esti-
mates (B.8) to (9.41), we obtain

ITllwe@y < CUFlIw-1o0) + [ITlle @) (9.42)
for any open Q' compactly contained in €2, and where we define the functional

F(®) = —((d —dJ ' NdJ),d®),, — (J 'A,59) > (9.43)

on matrix valued 1-forms ¢ € Wol’p* (Q), and the operator norm || - ||yr—1.» is defined
by

IFllw-10(0) = sup {|F (@) [ @ € Wg™ (), @]l () = 1} (9.44)
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From (9.43) we find
|F(@)| < [{(dT = dJ " AdJ),d®) |+ [(J A, 60),,]|,
which we further estimate using Holder’s inequality (A.6) as
@) < (|[(ar=art add)|,, Idell e + [T A, 160, )
<C (||dr\|Lp(Q) + [[dT ™ A dT]| 1y + HJ‘lAHLp(Q)), (9.45)

where we estimated [|[d®||;,* < || @10+ = 1 and [P+ < 1 for the last inequality.
Throughout this proof C' > 0 denotes a universal constant depending only on Q,n,p
We now use Holder’s inequality as in (A.10) to estimate the second term in (9.45) as

|dT= Y AdT|7, o < CdT P |dIP)

Lr(Q) =
< C AT PN ooy AT P 2
= C T w4 20 ) (9.46)

where we lost a little regularity from L?? to LP, as anticipated in our theory by starting
with J € W2P(Q). Now taking the p-th root of (9.46) and using that dJ = d(J —I),
we obtain

[dT =t AdT || gy < 77 (9.47)

1||W1v2P(Q) HI - J||W1v2p(Q)'

To estimate the third term in (9.45), we substitute (6.6) and (6.14), that is, we
substitute I' = T' — J~!dJ into A = B — (dJ;T'). This leads to the identity

JPA=J'B—JHdJ;T) + (dJ 7 dT),
where we used the multiplication property (5.10) to write
JHdT; T dT) = (dT 7 dT).
We now obtain the bound

[T A L < 171 Bllze + 177 Hd T D)l e + [(dT ™ dT) | e
<N Bllee + Cul T Hlwrw (AT D) | 2o + (AT~ d ) Lo, (9.48)

where we applied Morrey’s inequality (A.4) in the last step to bound the L*°-norm
of J=1. We now estimate the remaining product terms in (9.48) employing Holder’s
inequality as in (9.46), to obtain

177 4] 0 < CLT wi (1Bllzo + A zav Dl o + 1A = D) [z20),  (9.49)

where C' > 0 is some constant depending only on , n,p. Applying dJ = d(J —I) we
write bound (9.49) further as

|77 A, < CIT Mlwrw (1 + 1T lwre) (IBllze + 1Tl 2o + 1T = Jllwr2e).  (9.50)
Combining (9.47) and (9.50) to bound the right hand side of (9.45), we obtain

|F(®)| < Po(lldlllzr + [Tl 2e + IBllze + |11 = Tlwrzn), (9.51)
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where Py = C(1+||J " *|wr.20) (1 + || J||wr.20 ). Substituting the bound (9.51) for the
right hand side of (9.42), we find that

IT(lw.0 ) < Po(ldl | 2o + D) L2e + | Blloe + I = Jllwr20) + ClIT | o). (9.52)
From I =T — J!dJ and Hélder inequality, we bound Hf||Lp(Q) by
~ 1 —
1T o () < vol(2)27 [T 20 o) + C 11T 2w lldT || 20 (02)

(where we estimated [|T'||zr < vol(Q)% IT||z2# () by applying Hélder’s inequality to
' =T"-1). Substituting this bound on Hf||Lp(Q) into (9.52), we obtain

IT w100y < Po(ldll|zzn + [Tl zze + 1Bllze + 1T = Tllwen), (9-53)

by modifying the constant C' > 0 in the definition of Py suitably.
To derive the sought after bound (9.40) we now use that (J, B) are assumed to
meet the bound (9.16), that is,

1 = Jllwrar@) + 11 = T Hlwrze) + [|Bllur@) < Co(M)||(T,dD)|| L2rw (- (9-54)

So using (9.54) together with the definition ||(T,dl)||r2p.p(0) = [|T||z2e + [|dT| v to
bound the right hand side of (9.53), we conclude that there exists some constant
C3(M) > 0 depending only on Q,n,p and M, such that

ITllwsn gy < C3(M)[[T, dD)|z20r 0

which is the sought after bound (9.18). This completes the proof of Lemma 9.4. O

To establish part (i) of Theorem 6.1 it only remains to verify that (J,T', A) solves
the weak RT-equations (8.22) - (8.26).

LEMMA 9.5. Under the assumption of Theorem 6.1, (J,f‘,A) solves the second,
third and fourth weak RT-equations (8.22) - (8.26) for v defined in (6.15) with w = 0.

Proof. By our assumption that J € W1 (Q) and B € LP(w) solve the first weak
reduced RT-equation (9.22), that is,

~AJ[¢] = (JT,dd) 12 + (B, )12 (9.55)

holds for any matrix valued O-form ¢ € Wol’@p)* (Q), where AJ[¢] = —(dJ,dp) 2, and
where (B, ¢) 2 is finite by Lemma 8.6. Substituting B = (dJ; ') + A, (which follows
from the definition of A in (6.14)), into (9.55), we directly obtain

—AJ[¢] = (J T, dg),, + {((dJ:T) + A), ¢) .,

which is the sought after weak RT-equation (8.22).

We now show that the third and fourth weak RT-equations (8.26) hold. By
assumption J € W12(Q) and B € LP(Q) solve the weak reduced RT-equations
(9.23), that is,

{<§, o)z = ((dJ AT + J dD), div(1)) .
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holds for any vector valued 2-form v € WO1 P’ (Q) and any vector valued 0-form ¢ €
Wol’p* (Q). From the definition of A in (6.14), we find that B = A + (dJ;T') and
substituting this for A in (9.56) gives us

—

{<A’, 8)ra = (A AT + JdD), div()),, — (dJ:T), 60) 2

—

<A7 d§0>L2 = _<U7 30>L27

for v = §(d.J;T). This proves that (J,T, A) solves the weak RT-equations (8.22) -
(8.26), and completes the proof of Lemma 9.5. O

For completeness we prove the following technical lemma which was used in the
proof of Lemma 9.2 above. The point was that 1 = J” ¢ can be taken as test function
in the same space as the test function ¢ used in the argument. It suffices to prove
the lemma for products ¢.J instead of J7 ¢, since only regularity of components is at
issue here. It is only in this lemma where we require the assumption p > 2.

LEMMA 9.6. Let J € WY2P(Q) for p > max{n/2,2}, n > 2. Assume J is
invertible with inverse J—1 € W12P(Q). Then ¢J € Wol’p* () for any ¢ € Wol’p* (),
and for every i € Wol’p* (Q) there exists some ¢ € Wol’p* (Q) such that ¢ = ¢J. That
is, JWEP (Q) = WP ().

Proof. So let J € W12 (Q) for p > max{n/2,2}. We first show that ¢J €
Wy (Q) for any ¢ € W™ (Q). To begin, observe that by the Leibniz rule, we
obtain

[0 llwrer = 19T || Lox + ld(S)| -
<@ llzee + ldo-T Nl oe + @ dT || - - (9.56)

By Morrey’s inequality the first term in (9.56) can be bounded, namely

¢l < Cllgll Lo

Iz < Clloll e

.]H W1,2p
and similarly

|d¢-J | o= < Clldo]| o

Il

So, to prove ¢J € Wol’p* (2), it remains to show the third term in (9.56) is bounded.
For this, by (A.1), we first write
%
o)

T D D 7207 P D ([

H1,0,7 K150,

2 P

0,JS

Applying now Holder’s inequality (A.6) to each term separately gives

A

(A.6) . - &=
loadle < 32 ([eal |, 103721 22 )

H1,0,7

11,0,

(S0l o ) (3 N3 )

V5]

8j Jg HL2P

IN
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where ¢ is the conjugate exponent of ;—f, (i.e., % + % = 1). By our definitions of

norms in (A.1), the sought after estimate now follows directly,

@ dT [ <]l par~

dJ| 2. (9.57)

We conclude that to prove ¢J € W (), it suffices to show that ¢ € W™ (Q)
implies ||¢|| e to be finite. For this, we apply the Sobolev embedding Theorem

for bounded domains [12, Thm 2, Ch. 5.6, stating that W?" (Q) ¢ L7 (Q) for
1 < p* < n, (note that p > 2 implies p* € (1,2), so p* < n holds). Thus the
boundedness of ||¢|| e+ follows from the Sobolev embedding Theorem, as long as

*

< L. (9.58)
n — p*
To verify (9.58), we first compute that
0= _2p* , (9.59)
as follows; inserting into the defining identity % + % =1 that p* = p’%l and solving
for ¢, we find that ¢ = szff 1)121 = 2_2 — = 3—2p* , where the last equality follows from

the identity p* = ﬁ =1+ p%l. To continue, we substitute (9.59) into the left hand
side of (9.58), and show that (9.58) holds if and only if p > n/2. For this, recall that
p* € (1,2) and n > 2, son —p* > 0 and 3 — p* > 0. This now allows us to write
(9.58) equivalently as

*

p
pr—1

> n/2. (9.60)

Since p = pf’:l by % + p% = 1, (9.60) is equivalent to p > n/2 which holds by

assumption. This shows that (9.58) holds and thereby proves that ¢J € Wol’p* () for
any ¢ € Wy? " (), which is the forward implication of Lemma 9.6.

To prove the backward implication, that for every v € WO1 P *(Q) there exists
a ¢ € Wol’p*(ﬂ) such that v = ¢J, we make the ansatz ¢ = »J . Since J~! €
W12r(Q) by assumption, we use the forward implication of Lemma 9.6 to conclude
that ¢ = v J ! € VVO1 P’ (©), while ¢.J = 1) holds trivially. This proves the backward
implication and completes the proof of Lemma 9.6. O

Taken together, Lemmas 9.2 - 9.5 complete the proof of Theorem 6.1. To complete the
proofs of Theorems 3.1 and 3.2 it remains to prove Theorem 6.3, asserting existence of
the solutions of the reduced RT-equations precisely as assumed in this section. This
is accomplished in Sections 10 - 12.

10. Existence theory for the reduced RT-equations - Proof of Theorem
6.3. In this section we prove Theorem 6.3, regarding existence of solutions to the
reduced RT-equations (6.10) - (6.12) which meet the assumptions of Theorem 6.1.
This is the final step remaining to complete the proof of Theorems 3.1 and 3.2. The
proof of Theorem 6.3 is based on an iteration scheme which reduces the problem
to known estimates in elliptic PDE theory, recorded in Appendix B. To handle the
first order system of equations for B (6.11) - (6.12), we extend the existence theory
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for Cauchy-Riemann type equations in [6] to the low regularity required here. This
extension is presented in Appendix C. The proof of Theorem 6.3 is given in terms
of several technical lemmas whose proofs are postponed to Section 11. We give the
proof of Theorem 6.3 first under the stronger assumption I',dI" € L>((Q), for which
our scaling argument below is cleaner, and extend the proof to connection regularity
'€ L?”,dl € LP, p > n/2, in Section 12. For simplicity we establish here solutions
B in L?? and explain in Section 12 the modification to B € LP.
So assume I, dT" € L*°(Q) in x-coordinates, let M > 0 be a constant such that

(T, dl) || o< (@) = [Tz @) + 1Al @) < M.

Again, we work in fixed z-coordinates and we write €2 for €2, and I" for I',, throughout
the remainder of this paper. Let ¢ € Q and let n < p < oo. Then, to prove Theorem
6.3, it suffices to prove that there exists a neighborhood Q" C Q of z(q), depending only
on Q,n,p, M, and there exists J € W1P(Q') and B € LP(Q)') such that (J, B) solves
the reduced RT-equations (6.10) - (6.12) in 2’ in the weak sense of Definition 8.5, such
that (J, B) satisfies the uniform bound (6.16), J is invertible with J—! € WP ()
and

dJ = Curl(J) = 0 (10.1)

in ', (implying that J is integrable to coordinates). For ease of notation we show
J € WhP and B € LP for p > n, instead of J € W12P and B € L? for p > n/2. For
simplicity we assume without loss of generality that w = 0 in (6.12), that is, we prove
existence of a solution (J, B) of

AJ =6(JT) - B, (10.2)
dB = div(dJ AT) + div(J dT), (10.3)
6B =0, (10.4)

in the weak sense specified in Definition 8.5. Without loss of generality we assume
that  is the unit ball in R™ centered at xz(q) = 0, 2 = B;(0). We show below that
it suffices to take € = B.(0), the ball of radius € > 0 centered at « = 0, where ¢ > 0
is taken sufficiently small for the iteration scheme to converge. We begin the proof
of Theorem 6.3 by giving a formal introduction to the iteration scheme on which our
existence proof is based.

10.1. The iteration scheme. Start with Jy = 1. For induction, we show that
(Bk+1, Jr+1) can be constructed from Jy for each k > 0. So assume Jj, is given for
some k > 0. Define By as a weak solution of

= — —
dlikH = dlv(clJ;C A F) + dlv(J;€ dF), (10.5)
0Bg+1 =0,

such that By € LP(Q) satisfies a uniform bound in the LP-norm. The regularity L?
is too low to impose boundary data in 10.5, and our theory does not require By
to meet any boundary conditions, Bjy1 only needs to satisfy a uniform LP bound.
This is achieved by choosing By41 to be the zero mollification limit of a solution of
the corresponding mollified equation with zero Dirichlet boundary data, c.f. Sections
10.3 and C.
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Likewise, the regularity J € W1P(Q) is too low to impose the boundary condition
(6.5), dJ = 0 on 0%, a problem we circumvent by imposing J = dy, for y solving
an auxiliary elliptic equation. For this, define auxiliary variables Wy, 1 and yiy1 in
terms of Ji and Byy1, but independent of the previous iterates ¥y and yi. That is,
we define the vector valued O-form Wy, € LP(Q) as a weak solution of

—
dWii1 = 6(Jkl') — Brya, (10.6)

with uniform LP bounds, obtained again by mollification in the same manner as in
the case for Byy1. We then define the vector valued O-form yi1 € W2P(Q) as the
solution of

Aypt1 = Vi1, (10.7)

for zero Dirichlet data. Given By, ¥r 1 and yjy1, now define Jy 1 € WHP(Q) as
the weak solution of the following Dirichlet boundary value problem:

AJgy1 = 0(JkT) — B, (10.8)
Jit1 = dypy1 on 0N (10.9)

Equations (10.5) - (10.8) define our iteration scheme in a formal way. To prove
convergence we need a small parameter ¢ > 0. We incorporate € into the iteration
scheme in Sections 10.2 - 10.3, and prove convergence for € > 0 sufficiently small in
Section 10.4.

Two clarifying remarks are in order. First note that (10.6) requires a solvability
condition, namely that d of its right hand side must be zero. This condition is meet,
because by (5.12) we have

A(3(JT) = div(dJy AT) + div(JpdD),
which implies in light of equation (10.5) for By that
-
d((S(Jk-F _ Bk+1) —0,

so the right hand side of (10.5) has a vanishing exterior derivative. That this con-
sistency condition is necessary and sufficient for the low regularity here is shown in
Appendix C.

Secondly, we remark on the role of auxiliary equations (10.6) - (10.7). The reason
for introducing ¥y, and 1 is that the W1P-regularity of Jy 1 is too low to impose
the boundary data d;j];Jr] = 0 which was required in [24] to arrange for the integrability
condition of J (10.1). Now, augmenting the reduced RT-equations by equations (10.6)
and (10.7), allows us to impose Dirichlet data for Jgy; which again gives rise to
integrability of Jx41 to coordinates, as we show in the following lemma for smooth
solutions. In Lemma 10.9 below we extend this result to the low regularities required
by the above iteration scheme.

LEMMA 10.1. Assume I' is smooth and that Bri1, V41, Yk+1, Jpr1 are defined
by the iteration scheme (10.5) - (10.9) and are smooth. Then dyp+1 = Jg41, and
hence Jiy1 is integrable to coordinates yi+1 and dJi41 = 0.
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Proof. By (10.5) - (10.9) it follows that
— .
Adyk+1 = dAyk+1 = d\I/k+1 = 5(Jk1“ - Bk+1 = AJIH—la

where the last equality holds, since the operation vec commutes with the Laplacian
A (which acts component wise). Thus,

A(Jpi1 — dypsr) =0 in Q,
J—dy=0 on 99, (10.10)

which implies by uniqueness of solutions of the Laplace equation that fk+1 = dyk41
in 2. Since second derivatives of y;+1 commute, we conclude that

dJjs1 = Curl(Jps1) =0 in €.

Moreover, Jj+1 is the Jacobian of the coordinate system yj41. O

Lemma 10.9 below generalizes the above result to the low regularity required
in this paper. To prove convergence of the iteration scheme, we introduce a small
parameter ¢ > 0 by restricting to ' = B((0), and prove convergence for ¢ > 0
sufficiently small.

10.2. The e-rescaled reduced RT-equations. We first incorporate the small
parameter € > 0 into the theory by deriving an e-rescaled version of the reduced RT-
equations, required to prove convergence of our iteration scheme. For this we use the
fact that regularity is a local problem, so that we can suitably restrict and rescale I'
to isolate the small parameter €, while maintaining the uniform bound (3.6) assumed
in Theorems 3.1 and 3.2. This is accomplished in the following lemma.

LEMMA 10.2. Assume Q = B1(0) and introduce the coordinate transformation
r — Z(x) = L. Define I'* as the restriction of the components of I'y to Bc(0),
transformed to Z-coordinates as scalars, I'*(Z) = T'y(x(Z)). Then, T'z satisfies in Z-
coordinates

Fz(7) = e " (2), (10.11)
together with the bound
(", dl*) [ e sy = Tzl (o) + elldlal <oy, (10.12)

where Q% = B1(0) and ), = B.(0).

Proof. By the connection transformation law we have

Ozt Oxd 0% xk

0z7
To)iw = 55 (3o amy (Tl + 5o ) = e ()i, 10.13
o = (D0 s+ 52 00) = (g (1013)
since g; = €0’; under the transformation Z(z) = £. Tt follows that for # € B (0),

we have component wise
Dz(Z) = eTyp(x(2)) = e T*(2).

To prove (10.12), observe that by construction of I'*, as the scalar transformed compo-
nents of the restriction of I'; to the ball of radius €, we have [|[I™(| L ) = [Tz [ L~ (ar),
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and by the chain rule we have [|dI™|| L) = €l[dl'z||L=(qr) since 92 — ¢I. In com-
bination, this gives (10.12) and completes the proof. O

By (10.12), and assuming without loss of generality that e < 1, we find that T'*
satisfies the original uniform bound (3.6),

[(T*, dl™)|| Lo (qr) < M.

We can thus construct solutions to the reduced RT-equations and apply Theorem
6.1 in Z-coordinates, and obtain the uniform curvature bound (3.7) in Z-coordinates,
without ever scaling back to 2z-coordinates.?”

So now we can take the z-coordinates to be the original x-coordinates, and assume
without loss of generality that the connection in z-coordinates has the form

T, =el", (10.14)
for some I'* satisfying
(T, dl) | L= () < M, (10.15)

and we assume without loss of generality that ), = B1(0). In light of (10.14), we
introduce the scaling ansatz

J=1+¢cu, B =ca. (10.16)

Since we only need to prove existence of a solution to establish optimal connection
regularity via the RT-equations, assumption 10.16 is made without loss of generality.
Note, the variables ¥ and y “inherit” their e-scaling from B and J, c.f. Section
10.3 below. To derive the reduced RT-equations expressed in terms of the rescaled
variables, we now substitute (10.14) and (10.16) into (10.2) - (10.4) and divide by e.
This yields the following equivalent set of equations:

LEMMA 10.3. The reduced RT-equations (8.30) - (8.31) written in terms of the
rescaled connection (10.14) and rescaled variables (10.16) are equivalent to

—Aulg] = Fy(u,a)[d], (10.17)
(@ 0¢) 12 = Fa(u)[y]
{@ dg)r2 =0, (10.18)

for any matriz valued O-form ¢ € Wol’p* (Q), any vector valued 2-form 1 € Wol’p* (Q)
and any vector valued function ¢ € Wol’p (Q), where we define the linear functionals

Fy(u,a)[¢] = (T, do) . + e (ul™,dg) , + (a,¢) .. (10.19)
Fo(u)l] = (d*, div(y)) ., + € ((wdl* +du AT*), div(y)) . (10.20)

35A note might be in order here regarding our proof of Uhlenbeck compactness. In the proof we
implicitly assumed that there is a uniform € > 0 which applies uniformly to each connection in the
sequence. In the Proposition10.11 below we show that e can be taken to be on the order of and
therefore independent of connections in the sequence.

L
M
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Proof. Substituting J = I + eu and B = ¢ea into (8.30) and dividing by ¢, we
obtain

(8.12)

—Aulg] =" (du, dg) >
((I+eu) '™, do) > + (a,§) L2
= (I, do)r> + e{wl™, do) > + (a,d)
Fu(u,a)[¢]

which proves the equivalence between (10.2) and (10.17). Similarly, substituting our
scaling ansatz J = I + eu and B = ea into (8.31), a division by e gives

(@,6¢)r2 = ((edu ANT* + (I + eu)-dI'™), @1(¢)>L2
= {dI™*, div(1))) ., + e{(du AT* + wdl™), div(y))
= Fo(u)[¥]
as well as (@, dp) 2 = 0, which proves the equivalence between (8.31) and (10.18). O

The existence result of Theorem 6.3 is a corollary of the following proposition,
the proof of which is topic of Sections 10.3 - 11.

PROPOSITION 10.4. Let T'*,dT™* € L*°(Q) satisfy the bound (10.15) and let n <
p < oo. Then, for every e > 0 sufficiently small, there exists u € WHP(Q) and
a € LP(Q) which solve the e-rescaled reduced RT-equation (10.17) - (10.18).

The proof of Proposition 10.4 is based on the iteration scheme introduced in Sec-
tion 10.1, but adjusted to incorporate the small parameter e. The resulting iteration
scheme for the e-rescaled reduced RT-equations is introduced in the next Section 10.3.
The proof of our main existence result, Theorem 6.3, is completed in Section 10.5 by
applying Proposition 10.4 together with additional arguments to establish the inte-
grability and invertability of the Jacobian J = I + € u, claimed in the theorem, as well
as the uniform bound (6.16).

10.3. The iteration scheme in the e-rescaled variables. In this section we
define the iterates (uy,ay), k > 0, for approximating solutions of (10.17)-(10.18), and
set up the framework for proving convergence of the scheme in the appropriate Sobolev
spaces for € sufficiently small. The iteration scheme we introduce here differs from the
iteration scheme in Section 10.1 in that it is adapted to the rescaled equations (10.17)-
(10.18). Existence at each stage will be established in Lemma 10.7 below. From here
on we often omit dependence of norms on €2, e.g., writing || - ||z» for || - [|zr(). We
define now the matrix valued 0-forms w41 and agy1 by induction as follows.

To start the iteration, set

UOZCLQ:O.

Given u, € WHP(Q) and ay, € LP(Q) for k > 0, we then construct a particular matrix
valued O-form ag4q € LP(§2) which solves

{<ak—+i,6w>m = F,(up) ¥,

. 10.21
(ari,dp)r> =0, ( )

and satisfies the estimate

lagsillze < CIFu i)l 10, (10.22)
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for some constant C' > 0 independent of k, where (10.21) are taken in the weak
sense specified in Lemma 10.3, i.e., (10.21) shall hold for any vector valued 2-form

(NS WO1 P (Q) and any vector valued function ¢ € VVO1 P (Q). Existence is established
Lemma 10.7 and relies on the algorithm developed in Appendix C for constructing
particular solutions when regularity is too low to impose Dirichlet data in a classical
sense.

We next introduce the vector valued 0-form Uy 1 € LP(Q) as a weak solution of

AV = 0(JpT") — ag1, (10.23)
where Ji = I + euy, such that Uy, meets the bound
[Wks1llr < Ol Fa(ur)llw-1., (10.24)

for some constant C' > 0 independent of k. That is, ¥j11 € LP(2) meets the bound
(10.24) and satisfies

-,

(Vit1,00) 12 = Fy(ug, ary1)[9)], (10.25)

for any matrix-valued O-form ¢ € W, "(9), where we set

Fy (u, ap+1)[6] = (JI",d6) 2 + (@i, &) 2. (10.26)
—
The definition in (10.26) is based on the product rule (dw,¢)r2 = —(w,dp)2 for

matrix valued 1-forms w € WP(Q), established in the proof of Lemma 10.5 below.
Because of this product rule it is convenient to interpret the test forms in (10.25)
and (10.26) as matrix valued O-forms instead of vector valued 1-forms. In Lemma
10.5 below we show that the weak formulation of (10.25) is equivalent to the strong
formulation (10.23) in the case of smooth solutions. Existence of ¥y also follows
from Lemma 10.7 by use of the algorithm in Appendix C.

We next define the vector valued 0-form y;1 € W2P(Q) as the solution of

{Ay’“ﬂ = ki1, (10.27)

yk+1|69 =0.

Similar to Lemma 10.1, equations (10.21), (10.25) and (10.27) again arrange for the
integrability of Jy11 = I + eupy1.
Finally, we define ux1 € WP(£2) as the unique weak solution satisfying

—Auk+1[¢] = F,(ug, ak+1)[¢], (10.28)
for every matrix valued 0-forms ¢ € WO1 P (Q), with Dirichlet boundary data

Ut1loa = dyk+1loo- (10.29)

Equations (10.21) - (10.29) define our iteration scheme. For completeness we show in
the next lemma that smooth solutions Wy of the weak equation (10.25) are indeed
strong solutions of (10.23).

LEMMA 10.5. Let W1 € WHP(Q) be a vector valued 0-form, then Wyyq1 solves
(10.25) if and only if Uj11 solves (10.23).
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Proof. We first prove the following statement: Let w € W1P(2) be a matrix
valued 1-form and ¢ € I/VO1 P (Q) a matrix valued O-form, then

—
<6wa¢>L2 = _<wad¢>L2' (1030)
To prove (10.30), let w = w,dx" and ¢ = ¢*, then
_>
Z Owt, and dw" = (dw)hdz” ZB wh.da”.
i=1,..,n
Using partial integration component wise, we compute

6w ¢Lz Z/éw“é“dw— Z/@wl,z(b“dx

JTIR7X

-y / 1 Oiphde = —(w,dd) 2,

N8

c.f. the definition of inner products on matrix and vector valued differential forms
(8.2) and (8.4). This proves the sought after equation (10.30).

We now apply (10.30) to prove Lemma 10.5. So assume Wy, € WHP(Q) solves
(10.25), that is,

<\I’]€+17 5$>L2 = <JkF*a d¢>L2 + <CT+1>7 $>L27 (]‘031)

for any matrix-valued 0-form ¢ € WO1 P (). From the partial integration formula
(8.7) for vector valued forms, we find that

(Uhi1,00) 12 = —(dVpi1, 0 L2, (10.32)

and by (10.30), we have

(T, de) 12 = —(3(JRT 5, &) (10.33)

Combining (10.32) and (10.33), we write (10.31) as
<d\Ilk+17 ¢Z'>L2 = <(5(Jktr* - ak+1)a(;>L27

and since this equation holds for any matrix valued 0-form ¢ € WO1 P’ (©), we conclude
by Riesz representation that the strong form (10.23) holds. The opposite implication
is straightforward. This completes the proof of Lemma 10.5. O

The iteration scheme on which the existence theory for the reduced RT-equations
stated in Proposition 10.4 is based, is defined in (10.21) - (10.29). Our strategy for
completing the proof of Proposition 10.4 is to first state the main technical lemmas
regarding the iteration scheme being well-defined and convergent, including elliptic
estimate for differences of iterates to establish convergence in suitable Sobolev spaces.
The statement of these lemmas is the topic of the next section.
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10.4. Well-posedness and convergence of the iteration scheme. In this
section we state the main lemmas required for the proof of Proposition 10.4, and
assuming these, we give the proof of Proposition 10.4. Proofs of the supporting
lemmas are postponed until Section 11 below. The first lemma provides an apriori
estimate for the source terms.

LEMMA 10.6. Let I'*,dl'* € L*°(2) and assume u € WHP(Q) and a € LP(RQ), for
n < p < oo, then

1 * *
1Fu(u, @) w10 < llallze + (1927 + € [Jufl o) [(T*, dT*)| Lo, (10.34)
1Fa () w10 < (1207 + € Jullws) | (0%, d0*) o (10.35)

Lemma 10.6 is proven in Section 11.1 below. Our second lemma gives the elliptic
estimates required to establish that the iteration scheme is well-defined.

LEMMA 10.7. Assume up € WHP(Q) is given, n < p < oo. Then there erists
ar+1 € LP(Q) which solves (10.21), there exists the auxiliary iterates Uy, € LP(Q)
and yp+1 € W2P(Q) which solve (10.25) - (10.27), and there exists up; € WHP(Q)
which solves (10.28) with boundary data (10.29). In addition, the iterates satisfy the
following elliptic estimates:

lakillr) < Ce [ Falur) w100, (10.36)
[Wrkt1lle) < Ce [|Fuluk, k1) [w-10(0), (10.37)
[yk+illwze ) < Ce [|[Fultr, ars1)[w-100), (10.38)
uk+1llwrr@) < Ce [[Fu(uk, ag+1)lw-10(0) (10.39)

for some constant C, > 0 depending only on n,p and ).

The proof of Lemma 10.7, given in Section 11.2, is based on the LP elliptic estimate
(B.3) of Theorem B.1 and Gaffney’s inequality (C.3) of Theorem C.2.3% Lemma 10.7
directly implies the following corollary.

COROLLARY 10.8. The iteration scheme is well-defined.

Before we establish convergence of the iteration scheme, we show that each Jaco-
bian Ji = I 4 € uy, is integrable to coordinates for each k € N. This is the subject of
the next lemma, proven in Section 11.4 below, which extends Lemma 10.1 to the low
regularities here.

LEMMA 10.9. Let upy1 € WHP(Q) be a solution of (10.28) with boundary data
(10.29), and let yp1 € W2P(Q) be a solution of (10.27). Then
du] =0 (10.40)
in Q and Jp41 = I + €ugq1 is the Jacobian of the coordinate transformation x —
T+ eypr1(x).

We now discuss convergence of the iteration scheme. Lemma 10.7 yields a se-
quence of iterates (uy, ax)ren. To establish convergence of this sequence in WP x LP,
we require estimates on the differences

ar = ap — Qp—1 and Up = Up — Up—1 (10.41)

36Note that the boundary data (10.29) for J, i.e. J = dy on 99, does not enter estimate (10.39),
since it can be bounded by || Fu(uk, axt1)llw -1, () using (10.38).
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in terms of the corresponding previous difference of iterates, ar_; and u,_7. This is
accomplished in the following lemma, proven in Section 11.3. The proof of the lemma
combines the elliptic estimates (10.36) - (10.37) with suitable bounds on differences
of source terms by previous differences of iterates in the fashion of the estimates of
Lemma 10.6.

LEMMA 10.10. Assume I'*,dI'™ € L>(Q), then

J@tllze < e Ca |0, d0) | 1= [Tl (10.42)
[@=Tlws < € Ca (T, d0*) | = [T lwr, (10.43)

where Cqg = Ce(1 4 C.) > 0 depends only on n, p, Q, through the constant C. > 0 of
Lemma 10.7.

Convergence of the iteration scheme will follow from Lemma 10.10, because
(T, dT)| e () < M,

by (10.15). This is proven in the following proposition, which completes the proof of
Proposition 10.4, assuming Lemmas 10.6, 10.7 and 10.10 hold.

ProrosiTiON 10.11. Assume Lemmas 10.6, 10.7 and 10.10 hold. Let I'*,dI'™* €
L>(Q) satisfy the initial bound (10.15), ||(I'*,dT*)||= < M for some constant M >
0, and assume

1
—_— 10.44
O<e<CdM, (10.44)

where Cyq > 0 is the constant from Lemma 10.10. Then the sequence of iterates
(ur, ax)ren defined by (10.21) - (10.29) converges in WP(Q) x LP(Q), and the cor-
responding limits

u= lim u, € WhHP(Q),

k—o0
a= lim ap € LP(Q),
k—o0

solve the reduced RT-equations (10.17) - (10.18) and satisfy the bound

[ullwrr@) + llallLe@) < Co(M)[[(T7, dl™) [ L (), (10.45)

for some constant Co(M) > 0 depending only on Q,n,p and M.

Proof. We prove Proposition 10.11 under the assumption that Lemmas 10.6, 10.7
and 10.10 are valid, and postpone their proofs to Section 11. So by Lemma 10.7
there exist a sequence of iterates (uy). Given two such iterates uy,u; € WHP(Q),
(k > 1), estimate (10.43) of Lemma 10.10 in combination with our incoming bound
[[(T*, dT*)|| = < M, implies

k

k
lue —wllwio < S TG lwis < [TETlwir S (eCaM).
j=l+1 j=l+1

By the bound (10.44) on ¢, the above geometric series converges as k — oo. This
implies that (uy)gen is a Cauchy sequence in the Banach space WP (Q). Therefore,
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(ur)ren converges to some u in WHP(Q). Similarly, (10.42) together with the bound
(10.15) implies

k k

lar — aille < > agllee < [fEsllee Y (eCa M),

j=l+1 j=1+1

which in light of (10.44) is a convergent geometric series, and we conclude with con-
vergence of (ax)ren to some a in the Banach space LP((Q).

The limit (u,a) solves (10.17) and (10.18) because each term in the equations
(10.21) and (10.28) converge to the corresponding terms in (10.17) and (10.18) with
respect to the LP-norm on 2. For example, using Holder inequality we find from
(10.28) that

Au[g] + Fu(u,a)[®] = lim (Auk+1[¢] +Fu(uk,ak+1)[¢>]) —0,

k—o0

which shows that u = klim uy, is indeed a solution of (10.17).
—

oo
To derive estimate (10.45), we use the bounds on source terms of Lemma 10.6
in combination with the above convergence (ug,ax) — (u,a). That is, using that we
initiated the iteration with ag = 0 and ug = 0, we find

o

lallze = lla = aolle <) llanss — axllze + lla1] o
k=1

Using first (10.42) and then (10.43) successively, we estimate the above sum as
- * * k
lallzs <D (e CallT*,dT*)|[1=)" + [lar | o (10.46)
k=1

We now use the elliptic estimate (10.36) in combination with the bound (10.35) on
F,(up) and up = 0 to obtain

laxllze < Cevol(Q) [|(T, dT™)|| Lo (10.47)

Substituting this back into (10.46) and using (10.15) to estimate ||(I'*,dT™)| L~ by
M > 0, we obtain

lal|z» < <cev01(9) +eCaY (eCy M)’“) (0%, )| 1=,

k=1
and our e-bound (10.44) implies the above infinite sum converges, so we conclude that
lallLr < Co(M)[[(T, dI™)| Lo (10.48)

for some constant Co(M) > 0 depending only on Q,n,p and M.
We now derive an estimate on v in a similar way. Using ug = 0, we begin by
writing
oo

lallwro = llu—wollwro <D llunrs = wrllwie + [luzflwro,
k=1
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and applying (10.43) together with our initial bound (10.15) yields

oo

k_ * *
lullwir < €Ca > (eCaM) NI, A0 pee + [ ||, (10.49)
k=1

where the sum is finite by our e-bound (10.44). Using the elliptic estimate (10.39) in
combination with the bound (10.34) on F),(ug, a1), we obtain

Jurllwie < Ce(llarrr + vol(Q))[|(I*, dT™)|| Lo
(10.47)
< Ce(Ce + 1) vol(Q)||(T*, dT*) || oo -

Substituting this estimate into (10.49), we obtain the estimate
[ullwrr < Co(M) [[(T7, dL7) || ov, (10.50)

for some constant Co (M) > 0 depending only on 2, n,p and M. Adding (10.48) and
(10.50) yields the sought after estimate (10.45). O

Theorem 10.11 is a refined restatement of Proposition 10.4, and thereby completes
the proof of Proposition 10.4, once we give the proofs of Lemmas 10.6, 10.7 and 10.10.
This is accomplished in Section 11 below.

10.5. Proof of Theorem 6.3. We now give the proof of our main existence
result, Theorem 6.3, for connection I' € L*°(2) with d" € L*°(Q), under the as-
sumption that Proposition 10.11 and Lemma 10.9 hold. So given a weak solution
u € WHP(Q) and a € LP(Q2) of the rescaled reduced RT-equations (10.17) - (10.18)
constructed in Proposition 10.11, we obtain a solution J € W?(Q2) and B € L?(Q)
of the reduced RT-equations (10.2) - (10.4) by setting

J=1+c¢€u and B =c¢a, (10.51)

as can be verified by inspection, c.f. our scaling ansatz (10.16) and Lemma 10.3.
It remains to prove that (J, B) satisfy estimate 6.16, and that J is integrable to
coordinates as well as invertible for any ¢ > 0 subject to some upper bound depending
only on Q,n,p and M.

We first prove that .J is invertible assuming e > 0 meets (10.44) together with the
upper bound

1

- 10.52
€< 2CnC (MM’ (10.52)

where Cy > 0 is the constant from Morrey’s inequality (A.4), C2(M) is the constant
from estimate (10.45) of Proposition 10.11, and M > 0 is our incoming bound on
(T, dTl)|| o= in (6.16). For this we use the following lemma, which was proven in [25,
Lemma 6.1].
LEMMA 10.12.  Let J = I + eu for some matriz valued 0-form u € W1P(Q),
p >n, and assume
1

O<e< — 10.53
2Corllullw (10.53)

where Cpr > 0 is the constant from Morrey’s inequality (A.4). Then J is invertible
and there ezists a matriz valued 0-form u= € WP(Q) such that

Jl=T+eu (10.54)
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and there exists a constant C_ > 0 depending only on 2, n,p such that

lu™ lwir@) < C- Jlullwieo).- (10.55)

To apply Lemma 10.12 to the matrix valued 0-form u € WP(Q) constructed in
Proposition 10.11, it suffices to show that the e-bound (10.52) implies the e-bound
(10.53) of Lemma 10.12. By estimate (10.45) of Proposition 10.11 and our initial
bound (10.16) on I'*, we find

[ullwir@) < Co(M)|(I*,dl™)||pe@) < Co(M) M,

which implies

1 1
< )
20 Co(M)M = 2C o |[ullwr

and this shows that our e-bound (10.52) implies (10.53). We conclude that the Jaco-
bian J = I + eu is invertible with J=1 € W1P(Q), c.f. (10.54). Moreover, by (10.54)
and (10.55) it follows that

1= T gy < €C-llullwrn, (10.56)

where C_ > 0 is the constant from Lemma 10.12, which depends only on Q, n, p.

We now prove estimate (6.16). For this, observe first that by (10.51), we have
I — Jllwrr = €|lullwrr and ||B|lrr = €lla|lr». Applying now estimate (10.45) of
Proposition 10.11, we obtain

11— J Hwre + 1L = Tllwre + [ Bllwre < €(1+C_)(lullwrr + llallze)
< Co(M)e (T, dT*) || oo (),

absorbing (14 C_) > 0 into the constant Cy(M) > 0. Now our scaling assumption
', = eI in (10.14) directly gives

11— T wre) + 1 = Tllwie) + 1Bllwie@) < C(M)[|(Ta, dls) | oo (0

which is the sought after estimate 6.16 of Theorem 6.3.

We finally show that J = I + € u is indeed a Jacobian which is integrable to
coordinates. For this recall that by Lemma 10.9, for each £ > 1, the Jacobian J, =
I + ey, is integrable to coordinates, that is,

ATy =0 (10.57)

holds, c.f. (10.40), where up; € WHP(Q) is defined by (10.28) - (10.29) of the
iteration scheme. By the convergence uj, — u in WP as k — oo, it follows that Jj
converges to J in WP as k — oo as well. Thus dj;: converges to dJ in LP, and this
implies d7 = 0 by (10.57). That is, J is integrable to some coordinate system y. It
then follows directly that y; defined by our iteration scheme converges to some y in
W?2P(Q), and that J is the Jacobian of the coordinate transformation x — = + ey(z).
This completes the proof of Theorem 6.3. O

It remains only to prove Lemmas 10.6, 10.7 and 10.10, used to prove Proposition
10.11, and to prove Lemma 10.9, which together with Proposition 10.11 was used to
prove Theorem 6.3.
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11. Proof of Lemmas 10.6, 10.7, 10.9 and 10.10. The proof of Theorem
6.3 in Section 10.5 above followed from Lemma 10.9 and Proposition 10.11, which
assumed Lemmas 10.6, 10.7 and 10.10 to be valid. In this section we prove these
lemmas and thereby complete the proof of Theorem 6.3.

11.1. Proof of Lemma 10.6 (Estimates of the source terms). Lemma
10.6 provides the basic estimates for the terms on the right hand side of equations
(10.17) - (10.18), and is required for the proofs of Lemmas 10.7 and 10.10. Let
[*,dl'* € L*°(Q), and assume u € WHP(Q) and a € LP(Q), for n < p < co. Then
Lemma 10.6 states that (10.34) and (10.35) hold, namely

1 * *
1Fu(u, ) lw-10 < llallze + (1217 + € [Jufle) [T, dT) || o= ()
[Fa(u)llw—10 < (1217 + € [uflwre) (T, d0) | o @),
where F,(u,a) and F,(u) are defined in (10.19) and (10.20).
Proof. Recall that the operator norm on a linear functional F € W~1P(Q),

F: Wol’p* (Q) — R, is defined as

[|Fllw-1» = sup |F¢]
T

(11.1)

)

where

T={oeWy” O] 6w =1},
and p* is the conjugate of p, % + p% = 1. We first derive (10.34). For this, recall the
definition of F,(u,a) in (10.19),
Fu(u,a)g) = (T%,dg) ., + € (wl*,dg) , + (a,6) .,

for any matrix valued O-form ¢ € Wol’p* (€). From this together with (11.1), we
directly obtain that

1Fu(us @)l < sup (|(07,d0) o] + € [(uT*d0) | + [(a,0) a]). (112)
PET

We now estimate the right hand side of (11.2) term by term. For the first term we
apply Holder’s inequality (A.6) component-wise to obtain

(0%, dg) .| < IT* 1o | d@ll o
< Q17 I o 6l wa.oe
< QI ||(T*, d0*)]| -, (11.3)

for |Q| = vol(£2), and where the last estimate follows from ||@[/y1.,« = 1 for ¢ € T.
Likewise, using Holder’s inequality, we estimate the second term in (11.2) as

[(wI*,de),,| < [lul*| o l|dgl| -
< T e o |8l .o
< e [|(T*, dT*) | o (11.4)

and the third term as

[{a,0) 2] < llallcellgll < lallze- (11.5)
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Substituting (11.3) - (11.5) into (11.2), we obtain

[Fu(u, a) w10 < (117 + € ulle) (T, d0) |2~ + [lallzr

which implies the sought after estimate (10.34).
We next prove (10.35). The functional F, is defined in (10.20) as

= (I, div(®)) ., + € ((wdl* +du AT"), div(¥)) .
for any vector valued 2-form 1 € W** ’ (), where
(div()! = oy de'
by (8.23). Thus we have

IIFa(u)IIW-l,pgiggQ(dP*,@w))LQ\+e|<(u.dr*+duAr L div(e)), |) (11.6)

where T is now taken as the space of vector valued 2-forms in W, ” (Q) having
unit length with respect to the W1? -norm. Applying again Holder’s inequality, we
estimate the first term in (11.6) by

(0, div () 2] < 1A 2o iv(e)] -
< |97 T [l [ llware
< |97 |0, )| ev, (1L.7)
since ||¢|ly1.+ = 1 for all ¢p € T. Likewise, we estimate the second term in (11.6)
using Holder’s inequality by
|((u-dD* + du AT*), div(¥)) | < [Ju-dD* + du AT*|| [ div ()] v

< (lull o ldD || oo + lidull 2o [T Lo ) [l
< [lullwer [[(TF, dT7) || =, (11.8)

again using ||¢||yy1.. = 1. Substituting (11.7) and (11.8) into (11.6), we finally obtain

[Fa(u)lw-10 < (1217 + € [lullws ) [T, dT7)[| o, (11.9)

which is the sought after estimate (10.35). This completes the proof. O

11.2. Proof of Lemma 10.7 (Well-posedness of the iteration scheme).
We now prove Lemma 10.7 regarding well-posedness of the iteration scheme. For this,
assume u, € WHP(Q) is given and let n < p < 0o, n > 2. Lemma 10.7 then states
that there exists a1 € LP(€2) which solves (10.21), there exists ¥y € LP(Q2) and
Yr+1 € W2P(Q) which solve (10.25) - (10.27), and there exists ux+1 € WP () which
solves (10.28) with boundary data (10.29), and these solutions satisfy the elliptic
estimates (10.36) - (10.39),

lak+1llr ) < Ce [ Falur)w-10(0), (11.10)
[WhiillLe(e) < Ce |Fu(ur, apgr) lw-10 (), (11.11)
lyk+1llwzr@) < Ce [[Fulur, akr1)|lw-10) (11.12)
luk+illwre @) < Ce ||Fulur, ar1)llw-10(0), (11.13)



OPTIMAL REGULARITY FOR CONNECTIONS ON TANGENT BUNDLES 367

for some constant C, > 0 depending only on n,p and €.

Proof. We begin by proving existence of a weak solution a1 to the first order
system (10.21), namely

(@1, 09) 12 = Falur)[¥],
<CK+1>7 d@>L2 = 07

subject to the bound (10.36), by applying Proposition C.4 of Appendix C. Proposition
C.4 gives the existence of solutions to Cauchy Riemann type systems in a scalar
variable at low level of regularity ax41 € LP(§2). We obtain such solutions by solving
mollified equations with classical Dirichlet data, and then taking the zero mollification
limit to obtain solutions ai41 € LP(€2). (Note that axy1 € LP is too weak to impose
Dirichlet data directly.) To start, note that the incoming assumption u € W1P(Q)
together with the source estimates of Lemma 10.6 show that F,(ux) € W—1P(Q),
which is the regularity assumed in Proposition C.4. We now show that each vector
component of (10.21) is a Cauchy Riemann type system in scalar variables, each
component satisfying the assumptions of Proposition C.4. The right hand side of the
second equation in (10.21) is zero, and hence of the form assumed in Proposition C.4.
To apply Proposition C.4 to the first equation in (10.21), it suffices to show that there
exists a vector valued 1-form w € W~1P(Q) such that F,(u) = dw in a weak sense,
which then also implies the standard consistency conditions dF,(u) = 0 a weak sense.
This is accomplished in the next lemma.

LEMMA 11.1. Assume u € W1P(Q) is given, then there exists a vector valued
1-form w € W=YP(Q) such that F,(u) = dw in the weak sense F,(u)[p] = —w[d¢]
for any vector valued 2-form ¢ € Wg’p*(Q). Moreover, dF,(u) = 0 holds in the weak
sense that F,(u)[0p] = 0 for any vector valued 3-form ¢ € WOQ’p* Q).

Proof. By definition (10.20), we have

[] = (d*, div($)) ., + e ((wdl™ + du AT*), div(1)) .,

<((I+eu)dF*+d(I+eu AT, div(th >

for any vector valued 2-form ¢ € Wy ’ (©). Let I'; denote a standard mollifier of
I'* € L>(Q) and u, a mollifier of u € W'?(£2), then I’ — T'* in L> and dI'}; — dI'*
in L> as p — 0, while u, — u in W?(Q) as p — 0. As a consequence, setting

fp[w]zig%«(ueup) dU% + d(1 + eu,) ATS), div(sh >
Holder inequality (A.6) implies convergence
Fa(wl] = lim 7, 4], (11.14)

We now show that F,[d¢] = 0. For this we begin by using the Leibniz rule for
differential forms (5.6) to compute

Foly] = <d(([+6up *), div(y >

Application of the adjoint property (8.24) gives

Fol] = (v (d((I + eu,)T})), )

L2
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We now apply (5.12) to commute d and div, from which we obtain
_
Folv) = (d8(( +eu,) ;). 0) |
_—
- <5((I + eup)~1—‘;),51/)>m, (11.15)

where the last equality follows from partial integration for differential forms (8.7).
Now, since Iy — I'* in L™ and u, — u in W'P(Q) as p — 0, it follows that
the expression on the right hand side converges in W~=2?(Q) and defines the vector
valued 1-form w € W=1P(Q) as

_—
wly] = lim <5((1+ eup)-rp),5¢>L2.
Combining (11.14) with (11.15) imply that F,(u)[¢)] = w[dy)] for any vector valued
2-form ¢ € VVO2 P(Q), which is the sought after equation.

To prove the supplement, substitute 1) = §¢ into (11.15), the identity 62 = 0 then
gives us

ey
Foldg) = (3((I + eu,) T3], 000) =0,
which implies by (11.14) that

Fo(u)[d] = lim F,[0¢] = 0

for any vector valued 3-form ¢ € W02 P (©). This proves Lemma 11.1. O

By Lemma 11.1, the desired condition dF, (u) = 0 holds for each vector component
in the weak sense, since there exists of a vector valued 1-form w € W~1?(Q) such
that F,(u) = dw. We conclude that Proposition C.4 applies component wise and
yields the existence of a solution agy1 € LP(Q2) to (10.21). Moreover, the solution
constructed in Proposition C.4 meets the LP-bound (C.14), which by application to
each vector component directly implies the sought after LP-bound (10.36) on aj1.

Next, we prove existence of a weak solution Wiy € LP(Q2) of (10.25), namely of

-,

(Ypt1,00) 12 = Fo(ug, apt1)[@)]

for any matrix-valued 0-form ¢ € Wy"* "(€), subject to the LP bound (10.24) by
applying Proposition C.5, which is a version of Proposition C.4 applying to the simpler
case of O-forms. For this, we need to verify that each vector component of (10.25)
meets the consistency condition df = 0, in the weak sense f(d¢) = 0, of Proposition
C.5, which is achieved in the next Lemma.

LEMMA 11.2. Assume a1 € LP(Q) solves (10.21) for some uy, € WHP(Q), then
Fy, defined in (10.25), satisfies the weak consistency condition

Fq,(uk,ak+1)[51/)] =0 (1116)
for any vector valued 2-form 1 € Wg’p* (), (s0 Y|oq = 0 and 51|pq = 0).%7

3TNote, 67 is a vector valued 1-form, and any such form can always be interpreted as a matrix
valued O-form. So §v is an admissible argument for Fy.
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Proof. By (10.26), Fy is defined as
%
¢

Fy(ug, ap+1)[0] = (JI*,de) 2 + (@it ¢ )i,

for matrix valued O-forms ¢ € Wol’p* (Q), where J;, = I + euy. In order for Fy to
act on the vector valued 1-form 5(1/)1’-Ljdxi A d:rj) = (0y)Edx”, we express 01 as the
associated matrix valued O-form ()%, then

Fo (ug, ars)[00] = (I, d(00)) 2 + (@it 00) 12, (11.17)

where d(dv)) = 9;(51)"dx? is the exterior derivative of the matrix valued 0-form &),

and where 1) denotes the original vector valued 1-form dy* = (0¢)“dz”. The main
technical step of this proof is to show by a mollification argument that the first term
on the right hand side of (11.17) equals

(Jel*,d(69)) p2 = —((Jp-dDl™ + dJ AT*), div()) o (11.18)

Assuming for the moment (11.18) holds, we substitute Ji = I + € u, to write (11.18)
as

(i T*,d(8)) 2 = —(d*", @ )) 1o — € ((ur-dl* + dug AT*), div(1)) .
(@it 60) e, (11.19)

where the last equality follows from (10.21), the equation for agyi. Substituting
(11.19) into (11.17) gives the sought after consistency condition, Fy (ug, axt+1)[0t] =0

for any vector valued 2-form ¢ € VVO1 P’ (€2), which completes the proof of Lemma 11.2
once we prove equation (11.18) holds.

To verify (11.18), we consider a standard mollifier I'} of I'* together with a molli-
fier (uy), of ug, as in the proof of Lemma 11.1. For ease of notation we omit writing
out the mollifier (uy), in the subsequent argument, that is, whenever I} appears we
assume Jj, denotes the mollification (J;), = I +€(ug),. Now, since I'; — T in L>°(12)
and (ug), — uy in WHP(Q), it follows that

(JeI'™, d(09)) 12 = })i_%UkFZ, d(d9)) L2

Using the partial integration formula (8.7), we obtain

(S, d(6Y)) L2 = —(8(JI}), (6¢)) L2
— —(5(TTL), 30 1.

where for the last equality we used tfﬁinner product identity (8.5) for matrix and val-
ued forms, using again the notation 6v) = (§¢))#dx”. Applying now partial integration
(8.7) for vector valued 1-forms, we get

(T, d(64)) 12 = (do Jkrjj,zp Viz,

H
and using (5.12) to commute d and div as

d6(Ji %) = div(d(JT%)),
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we find that

(T, d(00)) e = <<?v<dukr;>>,w>w

C2Y (a1 T), div(e) (11.20)

_>
using the adjoint property (8.24) for div in the last step. Now, by the Leibniz rule,
the L convergence of I'; and dI'} and the WP convergence of (Jy),, it follows that

A((Te)pT5) = d(Jk)p AT + (Ji)pedls 28 dJy AT* + Jj-dD™

converges in LP(€). Thus the left and right hand sides in (11.20) both converge (as
can be shown using Holder inequality) and yield

<JkF*, d(5¢)>L2 = —<(d.]k AT* + Jk-dr‘*),@fﬁb»lﬁ,

which is the sought after identity (11.18). This completes the proof of Lemma 11.2. I

Lemma 11.2 establishes the consistency condition required by Proposition C.5
for existence of a solution to the first order Cauchy Riemann type system. To apply
Proposition C.5 and conclude with the sought after existence of a vector valued 0-
form Wyq € LP(€2) which solves (10.25), it remains only to show that Fy (ug, ax+1) €
W=LP(Q). For this, recall that by (10.26), Fy is defined as

Fu (g, ap41)[8] = (JeT*,d6) 2 + @ity 9 )12,

for any matrix valued O-form ¢, where Jy = I + euy. Comparing this F, in (10.19),
F,(u,a)[¢] = <(I +eu) ™, d(;$>L2 + <a, ¢>L2,

where ¢ € WP(Q) can be any matrix valued 0-form, we conclude that

| By (uks ars1) [lw—1e ) = [1Fu(tur, apsr) lw 1)

which is finite by the source estimate (10.34) of Lemma 10.6. We can now apply
Proposition (C.5) and conclude with existence of a vector valued 0-form ¥j 4 € LP(Q)
which solves (10.25) and satisfies the sought after estimate (11.11).

We now prove the existence of a solution yi 1 € W2P(Q) to the Dirichlet problem
(10.27),

Aypyr = Viqa,
Uit |p = 0,

together with the elliptic estimate (11.12). By Lemma 10.6, Fy(ug,ar+1) is in
W=LP(Q) and we can apply the basic existence result for the Poisson equation with
LP sources, Theorem B.1. This yields the existence of a solution yx.1 € W2P(Q).
To prove estimate (10.39), we now apply the elliptic estimate (B.4) of Theorem B.1
component wise to (10.27), which gives us

lye+1llw2r@) < C | Vki1lle(o)-
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Using now estimate (10.38) on || W41 || s (o), We obtain

vkt illwer@) < C | Fu(ug, ars1) w10,

where we have absorbed the constant from the estimate on ||¥j41] L into the universal
constant C' > 0. This is the sought after estimate (11.12).

We now prove existence of a solution ug+1 € WHP() of (10.28) with boundary
data (10.29), that is,

—Augi[¢] = Fulur, agsn)[9], (11.21)

for any matrix valued O-form ¢ € W7 ’ (©), and with Dirichlet boundary data
Upiiloo = dyrsiloa. By Lemma 10.6 we have F,(up,arpr1) € W-1P(Q), so exis-
tence of a solution ug1 € WHP(Q) of (11.21) follows directly from Theorem B.1. To
prove estimate (10.37), we apply estimate (B.3) of Theorem B.1 component wise to
equation (11.21) and obtain

lurs1llwir) < O(HFu(ukvak—i—l)“W*lm(Q) + ||dyk+1HW1,p(Q)), (11.22)

where the second terms on the right hand side results from the boundary data, ugy, =
dyk+1 on 092. Applying now estimate (11.12) to bound the boundary term by

ldyr1llwrr) < llyrsillwer@) < ClF(ur, ap1)llw-1p @),

we obtain

lwkt1llwir) < C [|[Fulug, ag+1)lw-10 )

which is the sought after estimate (10.37). We now choose the maximum over all
constants in the above estimates as the constant C, > 0 stated in Lemma 10.7. This
completes the proof of Lemma 10.7. O

11.3. Proof of Lemma 10.10 (Bounds on differences of iterates). We
prove the closeness of subsequent iterates required to conclude with convergence of
the iteration scheme in the proof of Proposition 10.11. So assume I'*,dI™* € L*°(Q),
and let C, > 0 denote the constant from the elliptic estimates of Lemma 10.7, which
depends only on n, p, 2. Then, to prove Lemma 10.10, it suffices to show that
differences of iterates satisfy

J@illze < e Co |, d0) ]| [T, (11.23)
[Tt lwe < € Co(l+ C I, D)z [T llwra, (11.24)

for any k& € N. To prove Lemma 10.10, we require the following lemma which gives
bounds on differences of source terms,

Fa(uk) = Fa(uk) - Fa(uk—l)a

(11.25)
Fou(uk, apy1) = Fu(ug, apr1) — Fuy(up—1, ar),

which by linearity of F, and F, is a straightforward modification of the proof of
Lemma 10.6.
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LEMMA 11.3. Assume (ug,ar) are defined by the iteration scheme (10.21) -
(10.28), then the differences of source terms defined in (11.25) satisfy

Pt @)l <l@FTle + € TR 2 07, A0 o, (11.26)
Bl |y, <€l (T, d0*)] . (11.27)

Proof. We prove the lemma by using linearity of the source terms F, and F,
and following the steps in the proof of Lemma 10.6. In more detail, we find from the
definition of F,(u,a) in (10.19), that

Fu (uka ak+1)[¢] =€ <’U,7kr*7 d¢>L2 + <W+17 ¢>L27

for any matrix valued O-form ¢ € VVO1 P (©). Following the steps in the proof of
Lemma 10.6, then yields (11.26). Similarly, from the definition of F}, in (10.20) that

Fo(up)[¥] = € (@e-dl™ + dug AT), div()) .,

for any vector valued 2-form 1 € VVO1 P (©), and following the steps in the proof of
Lemma 10.6 gives us (11.27). This completes the proof of Lemma 11.3. O

Lemma 10.10 now follows from the elliptic estimates (10.36) and (10.39) together
with the bounds on differences of sources in Lemma 11.3. That is, by linearity of
(10.36), we have

[axsillzr) < Ce [Fa(un)llw-1r@)

11.27)
< eCe |[ugllwre [|(T*,dT™)|| Lo (11.28)
Likewise, by linearity of (10.39), we find

[Tertllwre) < Ce [[Fuluk, ars1)llw-1e(0)

(11.26)
< Ce ([[arsalle + €lluxllee |(T*,d0*)| L)
(11.28)
< eCe(1+ Co) [ |lwre [(TF, dT)][ oo (11.29)

This completes the proof of Lemma 10.10. O

11.4. Proof of Lemma 10.9 (Integrability of J). On smooth k-forms the
Laplacian acts component wise, (i.e., on components of matrix-, vector- and differen-
tial forms separately), and the relation between vector and matrix valued solutions
of the Poisson equations in a classical sense is straightforward. That is, we have
Au = At in a classical sense. This is used in Lemma 10.1 to prove that the Jacobian
J produced by the iteration scheme is integrable to coordinates. The next lemma

establishes the relation Au = A4 for the weak Laplacian.

LEMMA 11.4. Let u € WYP(Q) be a matriz valued O-form, then
A(u)[¢] = AT[p] (11.30)

for any matriz valued 0-form ¢ € Wol’p* ().
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Proof. From the weak form of the Laplacian in (8.12), using that du = 0 and
du = Vu for matrix valued 0-forms, (where again Vu denotes the gradient acting on
each component of u), we find

_A(u) [¢] = <du’ d¢>L2 + <5’U,, 6¢>L2 = <du7d¢>L2
= <VU,V¢>L2 = Z@ju,@jq&)m,

J

where the last equality follows from the definition in (8.14), c¢.f. Lemma 8.2. Using
now that for fixed j the inner product is invariant under vectorization for matrix
valued 0-forms, c.f. (8.5), we obtain

—.

—Au)[¢] = (Vi Vo) L2

Now, let u€ be a standard mollification of u. Then u¢ — u in W1P(Q) as e — 0, which
allows us to compute

~A(u)[¢] = lim (Vii*, Vé) 2
= — lim(A@*, §) 12
= lim ((dd*, d@) 2 + (07, 66)2)
= (di, dd:{)y + (5@, 58) 12
= —Ai[g).

This completes the proof. O

We now prove Lemma 10.9, which states that
dup+1 =0, (11.31)

where ug,1 € WHP(Q) is a solution of (10.28) with boundary data (10.29). Equation
(11.31) implies directly that Jx11 = I +€ug4q is integrable to coordinates. Moreover,
Lemma 10.9 states that Jyg41 is the Jacobian of the coordinate transformation z —
T + e yri1(z), where yp1 € W2P(Q) is the solution of (10.27).

Proof of Lemma 10.9. The idea of proof is similar to that of Lemma 10.1, but
adapted to the weak formulation of (10.23), to take into account the regularity of
U1 € LP(Q) and ugy1 € LP(2). That is, we need to show that

Aurst — dye) [¢] =0, (11.32)
for any matrix valued 0-form ¢ € I/VO1 P (Q). Assume for the moment (11.32) is true.
Then, since ug1i —dyg+1 vanishes on 92 by the boundary condition (10.29), equation
(11.32) implies that

U1 — dyp41 =0 (11.33)

in ©, which is the sought after equation (10.40). Moreover, (11.33) directly implies
that

—
d(x + eyps1) = Jrt1,
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where Ji11 = I + €upy1. Thus Jiyq is in fact the Jacobian of the coordinate trans-
formation  — = + €y+1(x). This proves Lemma 10.9 once we establish (11.32).
To prove (11.32), recall that Wy satisfies (10.25),

(Whi1,80) 2 = (JeD*, d@) 12 + (@rit, B 12, (11.34)

for any matrix-valued O-form ¢ € Wol’p* (), where Jy, = I 4 euy. Moreover, yi+1 €
W2P(Q) solves

Ayg1 = Pri1, (11.35)

with boundary data y11 ‘BQ =0, c.f. (10.27).
Combining (11.34) and (11.35), and using d?yx.; = 0, we obtain from the defini-
tion of the weak Laplacian in (8.12) that

—A(dyr1)[0] = (0dyii1,00) ., + (Pyrs1,dP)
= <5dyk+1, 5¢>L2
= <Ayk+17 5(5>L2’ (1136)

since yg41 s a vector valued 0-form, so that dyrr1 = 0 and Ay = (0d + dd)yg+1 =
0dyg+1. Substituting now (11.35) for Ay, we write (11.36) as

(dyk+1)[€;] (129 <\Pk+175(5>L2
CEY (T de) e + (@, ) e (11.37)
Now, recall that w1 solves (10.28), that is,
—Augy1[@] = (S T*,d¢)  , + (ari1,d) .- (11.38)

%
By definition of the inner products we have <ak+1,¢> = <ak+1, o >L2, cf. (8.5).

Thus, (11.37) in combination with (11.38) gives us
A(dyi1)[6] = Augs [¢] (11.39)

for any matrix valued O-form ¢ € VVO1 P (Q) Finally, applying Lemma 11.4 to the
right hand side of (11.39), we obtain

A(dyes1) [6] = Aurri[¢],

which directly gives the sought after equation (11.32). This completes the proof of
Lemma 10.9. O

L2

This finishes the proof of Theorem 3.1 and 3.2, thereby establishing optimal reg-
ularity and Uhlenbeck compactness for L°° connections.

12. Extension of the existence theory to LP connections. We now extend
the existence theory developed in Sections 10 - 11 for L* connections with L cur-
vature to the setting of connections I' € L?(Q) with dT" € LP(Q2), n/2 < p < oo, ad-
dressed in Theorem 6.3, for which we now seek solutions J € W12P(Q) and B € LP(Q)
of the reduced RT-equations (9.19) - (9.21),

AJ =5§(JT) - B, (12.1)
dB = div(dJ AT) + div(J dI), (12.2)

6B = 0. (12.3)



OPTIMAL REGULARITY FOR CONNECTIONS ON TANGENT BUNDLES 375

Consistency of the reduced RT-equations at the level of regularity here is established
in Section 8.3 by application of the Hélder and Morrey inequalities as well as Sobolev
embedding in the form of Lemma 8.6, which states that LP(2) ¢ W~—12P(Q) for
p > n/2 and that

| Bllw-1.20() < C|Bl|r (), (12.4)

where C' > 0 is some constant depending only on €, p,n. The consistency of the
auxilliary system of equations

d¥ =o(JT) — B, (12.5)
Ay =, (12.6)

follows analogously, since B € W~12P(Q)) together with §(JI') € W~12P(Q) place ¥
in the desired space L??(€), which in turn places y in the sought after space W?22P((Q).

The argument for obtaining consistency of the augmented reduced RT-equations,
(12.1) - (12.3) and (12.5) - (12.6), extends rather directly to the well-posedness and
convergence proof of our iteration scheme in Section 10, by using also estimate (12.4).
This, as we show below, yields the existence of solutions in the sought after spaces
B € LP(Q) and J € WH?(Q), (invertible and integrable to coordinates). The most
critical step is to extend the e-scaling (10.14) of the connection to the regularities
here, and prove that the LP-bound ||(T,dl)||p2».» < M is maintained, analogous to
Lemma 10.11. This is somewhat tricky, as we now explain, and is the reason why we
currently need slightly stronger assumptions to prove Uhlenbeck compactness.

To now address the e-scaling for LP connections, assume again without loss of
generality that @ = B;(0). As in Lemma 10.11, we would like to introduce I'* as the
restriction of the components of T',. to B(0), transformed to Z-coordinates as scalars,
where #(z) = . This is sufficient to preserve L*>-bounds, but not LP-bounds, since
transformation of the components of I'; to I', as scalars (not as connections) gives

TN Lo (0)) = € 71Tzl aga. (o) - (12.7)

On the other hand, the differentiated connection components, transformed as scalars,
get one additional factor of e,

1ds %l o (81 0)) = €' 7 [|deL | 1o (5. (0))- (12.8)

It follows that, the differentiated connection decreases along with € > 0 whenever
p > n, but the LP norm on the undifferentiated connection is problematic as it always
grows as € > 0 approaches zero. An easy way to circumvent this problem, is to
measure the undifferentiated connection in the L*-norm, (i.e., taking ¢ = o), and
measuring dI" in the LP-norm for p > n. This is precisely what we assume for our
Uhlenbeck compactness result, Theorem 3.2.

To obtain now the optimal regularity result for connections I' € L*(Q) with
dl’ € LP(Q) for p > n/2 of Theorem (3.1), we use the following improved version of
the scaling: By locality of the problem of optimal regularity, it suffices to restrict to
arbitrarily small neighborhoods Bs(0). So we can exploit that

(T, dol) || L2005 (0)) — 0
as 0 — 0. Thus, at the start, for each ¢, choose 6 = §(¢) depending on e such that

I(Ta, daT) | L2rr (B (0)) < €3 M.
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Now basing our scaling on Bs(0) in the sense that we first restrict 'y to Bes(0),
then scale by the coordinate transformation z = £ to B;(0) which gives again
Iz(Z) = el'x(Z) = eI'*(Z), but defined on Bgs(0) instead of By(0). Working now

in 2’ coordinates in Bs(0), we maintain by (12.7) the sought after bound
I(Tar, dor )| L2600 (55 0)) < M.

Since the estimates used for our existence proof in Section 10, hold uniformly inside
the ball of radius one, (as proven below in Lemma 12.1 for completeness), instead of
carrying d along throughout the argument, we assume without loss of generality that
6 = 1, and that we have the initial bound

(T, dI™) [ 200 (0) < M. (12.9)

Let us remark that, since the above choice of § > 0 depends on € as well as the
shape of T’ (not just its upper bound), the improved e — d-scaling does not preserve
uniform bounds for a sequence of connections I';, in the sense that for fixed ¢ >
0 each I'; might requires a smaller §; than the previous sequence element, so that
Bs(0) might collapse to a single point. Because of this Theorem 3.2 on Uhlenbeck
compactness requires the stronger assumption that [[(I'z, dI'; )| pe.p () < M for p > n.
Before we continue addressing the iteration scheme and its convergence, we prove for
completeness the following lemma which shows that the constants of estimates used
in Section 10, (the Morrey and the Poincaré inequalities, Sobolev embedding, and
elliptic estimates), all hold uniformly inside the ball of radius one, using denseness of
C functions of compact support in the respective Sobolev spaces.

LEMMA 12.1. Let || - |la.r and || - ||p.r denote (potentially distinct) W™P-norms
| - [lwm.e(B,. (o)) or Holder norms | - ||co.«(p, ) on L' functions defined over the ball
B,.(0) of radius r > 0, where m > 0. Denote with (Byy,| - |a,r) and (Byr, || - o)
the Banach spaces of functions in L'(B,(0)) for which || -||a,r, respectively || - ||y, are
finite. Assume that for some fized R > 0 the inequality

1flla.r < CR)I[fllo,r (12.10)

holds for any f € By g, for some constant C'(R) > 0 depending only on R. Then, for
any 0 <r < R and any f € By.r,

[fllar < CR)If]br (12.11)

holds for the same constant C'(R) > 0.

Proof. Let ¢ € C§°(B,(0)), then 1 € C§°(Br(0)) as well. Moreover, ¢ € By r
and ¢ € By r by definition of the Banach spaces in terms of WP or Hélder norms,
and we have by (12.10) that

[¥lla,r < C(R)[[][o,r- (12.12)

On the other hand, by compact support of ¢ in B,.(0), we find that ||]le.r = ||¢]la.r
and ||¢|lp,r = ||¥]lp.r for the W™P and Holder norms considered here. Thus (12.12)

implies

[¥]la;r < CR)[[O|p,r (12.13)
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for the same constant C(R) > 0. Since C§°(B,(0)) is dense in B, , with respect to
[l - |la,r and dense in By, with respect to || - [|p,, the sought after inequality (12.11)
follows in terms of the same constant C'(R). O

The inequalities (12.10) - (12.11) may represent the Morrey or the Poincaré inequal-
ities, the bounds of the Sobolev embedding theorem, standard elliptic estimates or
Gaffney’s inequality.?® Taken on whole, Lemma 12.1 completes the refined scaling
argument required for LP connection regularity.

We now explain how to prove existence of solutions (J, B) of the reduced RT-
equations when I' € L?(Q2), dI' € LP(Q), p > n/2. The above scaling argument
again yields the e-rescaled reduced RT-equations (10.17) - (10.18), and one can again
introduce the iteration scheme as in Section 10.3, but adjusted to the sought after
solution spaces J € WhH2P(Q) and B € LP(Q), by using precisely the regularities for
testing prescribed in Definition 8.5 of the weak formulation. That is, set ug = ag =0
to start the iteration, and assume u;, € WH2P(Q) and ar € LP(Q) given for some
k > 0. (Recall that the Jacobian associated to wy is Jr = I + eug.) We again
introduce the 0-form ap4+1 € LP(9) as the weak solution of

{mi,éwm = Fa(ur)[¥], (12.14)

(ari,dp)r2 =0,

(for vector valued 2-forms ¢ € Wy* * (Q) and vector valued O-forms ¢ € W, ” ’ (€)),
subject to the bound

laks1llr < CllFa(ur)llw-re, (12.15)

where C' > 0 denotes again a universal constant independent of k. We then introduce
the vector valued O-form Wy, 1, now in L?P(£2), as the weak solution of

-,

(Ut1,00) 2 = Fy (uk, art1)[¢] (12.16)
for any matrix-valued 0-form ¢ € VVO1 (2p)° (), again subject to the bound
19k llr < ClFa () w1, (12.17)

and the vector valued O-form yy+1 € W22P(Q) as the solution of

A =V
Yk+1 k415 (12.18)
Uit |pg = 0-
In the last step, we introduce ug1 € W1?(Q) as the weak solution of
—A =Fr, ) )
up+1o0 = dyk+1lon

38Note that elliptic estimates can we written in the form (12.10). For example, one may define
llullo,r = [[Aully~1,p(q) + lullLr(q) for the right hand side of elliptic estimate (B.8). Lemma 12.1
can be adapted to elliptic estimates involving boundary data simply by taking norms on boundary
data ug over the whole domain (not its boundary), prescribing boundary data in the sense that

u—ug € Wol‘p(Q), as we do in Sections 10 - 11, c.f. Appendix B.
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for matrix valued 0-forms ¢ € VV1 (2p)° (©). To prove well-posedness and convergence
of the iteration scheme (12.14) - (12.19) we proceed as in Section 10.4, by adapting
Lemmas 10.6 - 10.10 to the regularities here. The first lemma gives the adapted source
estimates of Lemma 10.6.

LEMMA 12.2. Let T* € L?(Q), dT'* € LP(Q), for n/2 < p < oo, and assume
u € W (Q) and a € LP(Q). Then there exists a constant Cs > 0 depending only on
Q,n,p, such that

| Fulut, @)l 10 < llalle + Cs (vol(2) + € [[uf g2 (T, dT*) | 2o
|Eu ()l 10 < Cy (vol(2) + € Jullyr 20 ) |(D*, D) | 2

Proof. The lemma follows by the proof of Lemma 10.6 in Section 11.1, using
estimate (12.4) in suitable places and Holder’s inequality to bound products involv-
ing I' (similarly to the consistency proof in Section (8.3)). For example, the bound
(a, ¢)>L2’ < Cllallze ||@llwr. 0+ follows from (8.32) of Lemma 8.6, while

(L™, do) | < Cllul™|| 2o [ dgl| Lam < C Callullwrzo [T || 2o [l Lo |6l vs.o-

follows by first using Hélder’s and then Morrey’s inequality. O
The next lemma gives the well-posedness of the adapted iteration scheme.

LEMMA 12.3. Assume ux € W12P(Q) is given, n/2 < p < co. Then there exists
ag+1 € LP(Q) which solves (10.21), there exists the auziliary iterates Wy € L*(Q)
and yr+1 € W22P(Q) which solve (10.25) - (10.27), and there exists up1 € WH2P(Q)
which solves (10.28) with boundary data (10.29). In addition, the iterates satisfy the
following elliptic estimates,

lak+1llr@) < Ce |[Falur) w10, (12.20)

[ WhiillLzr (@) < Ce [[Fultn, arra)llw—120 (0, (12.21)
lyk+1llwz2o ) < Ce [[Fulur, aks1)lw-1.20(0), (12.22)
[uk+1llwrze o) < Ce || Fului; argr)|lw-1.20 () (12.23)

for some constant C, > 0 depending only on n,p and ).

Proof. The elliptic estimates and resulting well-posedness of the iteration scheme
follows exactly as in the proof of Lemma 10.7 by simply adapting the regularity of
the source function to those in Lemma 12.2, Fy, (ug, axy1) € W—12P(Q) and F, (uy) €
w=Lr(Q). O
Lemma 10.9, asserting the integrability of each Jacobian J, = I + €uy to coordinates,
applies again at the level of regularity here and the proof carries over directly. The
convergence of the iteration scheme is based again on the estimate on difference in
the following lemma.

LEMMA 12.4. Assume I'* € L?(Q),dl'* € LP(2), n/2 < p < oo, then

@l < € Ca (0%, d0") | ow [Tl wsae, (12.24)
J@lwen < € Ca [T, dT*) | v a7 wor, (12.25)

where Cyg = CsCe(1+ C.) > 0 depends only on n, p, Q, where Cs > 0 and Ce > 0 are
the constants of Lemmas 12.2 and 12.3 respectively.
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Proof. This follows as in the proof of Lemma 10.10 in Section 11.3, by combining
the elliptic estimates (12.20) - (12.21) with bounds on differences of source terms by
previous differences of iterates. As for Lemma 12.2, the proof of Lemma 10.10 can
be adapted to the regularities here by suitable use of estimate (12.4) to bound B in
W=12P and by using Holder’s inequality to bound products involving I'. O

Analogous to Section 10.4, Lemma 12.4 implies convergence of the iteration scheme,
as recorded in the next proposition.

PROPOSITION 12.5. Assume I'* € L?(Q),dl* € LP(2), n/2 < p < oo, satisfy
the initial bound (12.9), and assume 0 < € < ﬁ, where Cy > 0 is the constant
from Lemma 10.10. Then the sequence of iterates (uy,ar)ren defined by (10.21) -
(10.29) converges in W2P(Q) x LP(Q), and the corresponding limits

u= lim u, € WhH?r(Q),
k— o0

a= lim a € LP(Q),
k—o00
solve the reduced RT-equations (10.17) - (10.18) and satisfy the bound
[ullwrze ) + llallLr@) < Co(M)[[(TF, dT7) | L2p0 (), (12.26)

for some constant Co(M) > 0 depending only on Q,n,p and M.

Proof. This is a straightforward extension of the proof of Proposition 10.11 in
Section 10.4. O

Theorem 6.3 follows now from Proposition 12.5 by the argument given in Section
10.5. This completes the existence theory for the reduced RT-equations at the sought
after level of regularity I' € L?P(Q2),dl’ € LP(Q), n/2 < p < oo, and completes the
proof of Theorem 6.3.

13. Proof of Theorems 3.1 and 3.2. In this section we complete the proofs of
our main results stated in Section 3, Theorem 3.1 on optimal regularity and Theorem
3.2 on Uhlenbeck compactness, by applying Theorems 6.1 and (6.3).

13.1. Proof of Theorem 3.1 - Optimal Regularity. Let ¢ be some point in
Q C R™ and let p > max{n/2,2}, n > 2. Assume I' € L?*(Q) and dI' € LP(f2) in
x-coordinates, and assume the initial bound (3.6) holds, i.e. ||[(T',dl")||L2p.p(q) < M for
some constant M > 0. Theorem 3.1 now asserts that there exists a neighborhood Q' C
Q of q and a coordinate transformation r — y with Jacobian J = % e wt2r(Q),
such that the connection components I'y in y-coordinates exhibit optimal regularity
r, e W“’(Qg), (precisely one derivative above its curvature), on every open set
compactly contained in Q', where Q) = y(Q").

We prove this assertion by combining Theorem 6.3 and Theorem 6.1. The exis-
tence of the neighborhood ' together with the coordinate transformation with Jaco-
bian J € W12P(Q) follows by Theorem 6.3, which asserts that there exists a solution
(J, B) of the reduced RT-equations (6.10) - (6.12) defined in €/, containing ¢, such
that J € Wh22(Q), J-' e Wh2(Q), B € L*(Q,), dJ = 0 in €. This J is indeed
integrable to coordinates, J = %, since d.J = 0, (c.f. Theorem C.2). Moreover, since
this Jacobian J solves the reduced RT-equations and meets the properties assumed in
Theorem 6.1, Corollary 6.2 of Theorem 6.1 implies that J is indeed the Jacobian to
coordinates y such that I'y has optimal regularity, I', € wtp (QZ ). Namely, by part

(iit) of Theorem 6.1, we have that 'y = T'— J~'dJ € WHP(Q”) on every open set
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Q" compactly contained in €, using then that the connection of optimal regularity
is given by
(Ty)2s = T eI 5T, (13.1)
it follows that T, € W'?(Qy), (c.f. the proof of Corollary 6.2); below we show in
detail how to control the regularity of the products in (13.1). This proves the first
assertion of Theorem 3.1.
Theorem 3.1 asserts further that the connection I'y satisfies the uniform bound

ITyllwreoy) < CL(M) [T, dD)|| 200 (2r), (13.2)
and the Jacobian J satisfies

[T lwr2e ) + 1T Hlwrze oy < CrL(M) [T, dL) || L2v.p ), (13.3)

/!

for some constant C1(M) > 0 depending only on Q! Q. .p,n,q and M. Moreover,
Theorem 3.1 states that the neighborhood Q' can be taken as Q) = Q. N B,(q), for
B, (q) the Euclidean ball of radius r in x-coordinates, where r depends only on Qy,p,n
and I' near q; if ||(I',dD)|| w200y < M, then r depends only on Qu,p,n and M.

The uniform bound (13.3) on J directly follows from the elliptic estimate (6.16)
of Theorem 6.3 on the solution (J, B) of the reduced RT-equations. Moreover, the
dependence of ' also follows from Theorem 6.3. Note that ' arises from our scaling
argument in Section 10, and this scaling only depends on M > 0, (instead of T'
near ¢), in case that the stronger initial bound [[(I',dl)||z.2r(q) < M holds, (as
assumed for Uhlenbeck compactness). So it only remains to prove estimate (13.2) on
the connection of optimal regularity. For this, we used that part (zi¢) of Theorem 6.1
implies the uniform bound (6.17) on T'y, and this gives the bound (13.2) on T, by the
relation between Ty and T, given in (13.1). That is, (13.1) implies

ITyllwir@y <C ||J||W1»P(Q;/)||J_1”%/VLP(Q’T()Hf‘JHWLP(Q;’)a (13.4)

which can be shown by applying Morrey’s inequality to each product in the case that
p > n. However, in the case that n/2 < p < n a little more care has to be taken,
since Morrey’s inequality cannot be used to bound the L> norm of T'; € W'?. To
address the case n/2 < p < n, note first that Morrey’s inequality still applies to
J,J 7 e WhP(Q), and it follows that f = JJ(J71),(J 1)} is again in W2P(Q)),

(we use f here formally to represent any of the components, since only the regularity
is of relevance at this stage). Writing now (13.1) symbolically as ', = f-I';, we have

ITylwie < If-Tollee + 11 - DLyllze + | Df - Tyl o (13.5)

The first two terms on the right hand side of (13.5) can be bounded by applying
Morrey’s inequality to bound || f||ze,

1f - Tollize +11f - DL e < |1 fllz= (IlfJIILp + HDfJIILp)
< Cumllfllwrze [ITsllwrs. (13.6)

On the other hand, the third term can be bounded by first applying Hélder’s inequality
as in (A.7),

IDf - Tylle < D fllz2nlITsllz2r, (13.7)
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and then by applying Sobolev embedding [12, Thm 2, Ch. 5.6], in (), to bound

_ r (%) ~
T |20 < vol(Q)2 ([T L < CslITlwror, (13.8)

where Cs > 0 is the constant of Sobolev embedding and p’ is the Sobolev conjugate,
p = %' Note that the first inequality in (13.8) holds since 2p < p’ for n/2 <p<n
(with equality at p = n/2). Note further that the Sobolev embedding in (13.8) holds
for any p with n/2 < p < n. The analogous bound to (13.8) in the special case p = n
is obtained by applying Sobolev embedding to Wl’gn, that is,

Il < Cs Tl 2 < VoL@ IE fayr, (13.9)
where we used that T'; € W2 (Q) lies also in W37(Q) when p = n, and that 2n is
the Sobolev conjugate of 2n. Estimates (13.5) - (13.9) taken together now establishes
(13.4) in the remaining case n/2 < p < n. The sought after estimate (13.2) now
follows by estimating I'; in (13.4) by (6.17) and J,J~! by (6.16). This completes the
proof of Theorem 3.1.

13.2. Proof of Theorem 3.2 - Uhlenbeck Compactness. For the proof we
employ Morrey’s inequality, the Banach-Alaoglu Theorem, Sobolev compactness and
Lemma 13.1 below, (a technical lemma which states that products of strongly and
weakly converging functions converge weakly). Recall that Morrey’s inequality tells
us that, when p > n (our assumption here), functions uniformly bounded in W1»
are also uniformly bounded in L>, so W'? is closed under products, and uniform
bounds in WP norms extend to uniform bounds on products. Banach-Alaoglu tells
us that the closed unit ball in L? is weakly compact [30]. These together with Sobolev
compactness and the boundedness of ) tell us that sequences of functions uniformly
bounded in W and L> admit subsequences which converge weakly in W, strongly
in LP, with uniform bounds given by the original uniform W?? and L> bounds.

We now give the proof of Theorems 3.2. So assume {(I';),}ieny are the a-
components of a sequence of connections I'; defined on the tangent bundle TM of
an n-dimensional manifold M in a fixed coordinate system z, let n < p < oo, and
assume (I';), € L=(Qy), d((T';),) € LP(Q) such that

(T3, dL3) || Loor(0,) < M, (13.10)

for some constant M > 0 independent of ¢ € N. We need to prove that for each
q € Q there exists a fixed neighborhood Q' C Q of ¢, and for each (I';), there exists
a coordinate transformation x — y;(z) taking Q/ to Q;i, such that the components
Ly, = (T)y, of T; in y;-coordinates exhibit optimal regularity T',,, € W'?(£2, ), both in
yi-coordinates, and when expressed in z-coordinates Ty, (z) = I'y, (y;(z)) € WHP(QL).
We need to prove further that a subsequence of y;(x) converges to some y(x) weakly
in W22P(Q), strongly in WH?P(Q), and that a further subsequence Iy, (x) converges
to T'y(z) weakly in W1P(Q.), strongly in LP(2,), and that I, is the connection I',,
in y-coordinates, where I'; is the weak LP-limit of (T';),.

By Theorem 3.1, there exists a single neighborhood Q' depending only on M,
(assuming n,p, Q) fixed), on which a coordinate transformation z — y;(x) exists for
each i € N, taking Q to € , which maps (I';), to optimal regularity on ', so
Iy, € WhP(Q ). Moreover, by estimate (3.7) of Theorem 3.1, HryiHWLP(Q;}i) are
uniformly bounded. This proves (i) of Theorem 3.2.
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For each ¢ € N, the coordinate transformations y;(z) are obtained from the Ja-
cobians constructed in Theorem 6.3. To obtain a uniform LP-bound on y;(z), we
choose y;(z(q)) = 0 for each i € N. Tt follows from estimate (3.8) of Theorem 3.1,
(or alternatively (6.16) of Theorem 6.3), that the Jacobians J; of x — y;(x) satisfy
the uniform bound || J;[[w1.20(qr) < C2(M) and ||Ji_1||W1,zp(Q;) < Cy(M). Since the
Jacobians bound the derivatives of the coordinate maps © — y;(x), and y;(x(q)) =0
bounds the LP-norm (and supnorm), it follows that each map y;(x) as a function of x
is uniformly bounded in W?22P(€),) by some constant Cy(M), again depending only
on M. Tt now follows from the basic compactness theorem for Sobolev spaces (Banach
Alaoglu) that there exists a subsequence, also denoted y;(z), on which y;(x) converges
to y(z) weakly in W22P(€2,), strongly in W22 (€, such that [|y[|y 220 () < Ca(M).
In particular, J; converges to J weakly in WH2P(Q), strongly in L?(),), and the
uniform bound on Ji_1 implies invertibility of J. This proves (iii) of Theorem 3.2.

Now since J; € Wh?P(Q.), 'y, (z) are uniformly bounded in W?(Q.) by the
chain rule. That is, by Morrey’s inequality one can estimate products Iy, (x) times J;
to lie in WP(Q.), with norm bounded by some C5(M) depending only on M. This
proves (ii) of Theorem 3.2.

By the uniform W*'P-bound on I'y,(z), it follows that a further subsequence of
Iy, (z) converges weakly in W'P(Q.) to a connection I'y(z) which satisfies the same
bound C5(M) in WHP(Q.). Thus the coordinate map x — y is in W?P(Q)), and so
I'y exhibits optimal regularity in y-coordinates.

Finally, by taking a further subsequence, (I';), converges to some I',, weakly in
L?(Q,) by the Banach Alaoglu Theorem, (i.e., the uniform L°°-bound (13.10) directly
implies a uniform LP-bound because €2 is bounded). To show that I'y is indeed the
connection I'y, in y-coordinates, we use that for each 4, Iy, is the connection (I';), in
y;-coordinates, so by the transformation law for connections (written in shorthand,
suppressing indices) we have

J T d Ty, = (Th), — J;HdJ;. (13.11)
Since J; converges to J weakly in W12P(Q.), J; converges to J strongly in L? and
dJ; converges to d.J weakly in L??. Similarly, J;"! converges to J~! strongly in L%
and weakly in W12(Q), and T, (z) converges to I',(z) strongly in LP and weakly
in WP(Q,). Thus by Lemma 13.1 below, (taking J; '-J;-J; for f; and T',, for g;), the
left hand side of (13.11) converges to J ’1oJ~J~I‘y weakly in LP, and the right hand side
of (13.11) converges to I'y, — J dJ weakly in LP. Taken on whole, (13.11) and Lemma
13.1 imply that the connection I'y is the connection I'; transformed to y-coordinates
as LP functions, which proves (iv) and completes the proof of Theorem 3.2 once we
prove the following lemma.

LEMMA 13.1. Let f;,g; be sequences of functions on a bounded set 2 such that
fi = fin LP(Q2) with || fillLe, | fllo < M, and such that g; — g weakly in LP with
lgille, lglle < M, p>n. Then fig; — fg weakly in LP(Q).

Proof. Since ||filloos | flloc < M, and f; — f in LP on a bounded set, it follows
that f; — f in every LP, p > 1. This follows by measure theory because the measure
of the set on which |f; — f| > € tends to zero as i — oo for every € > 0. Recall now
that the dual space of L? is L?" with 1/p+1/p* = 1. Thus to prove that f;g; — fg — 0

weakly in LP, we must show that

Figi — fg, Bz = /Q (Figi — f9)6 = 0 (13.12)
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for every ¢ € LP", where {-,-)r2 is the L? inner product. But

(figi — fg,0)p2 = (f(gi — 9), &) 2 + ((fi — f)gi» D) L2 (13.13)

But f € L™ implies f¢ € LP", so the first term in (13.13) satisfies

<f(g - gi)?¢>L2 - <(g - gi),f¢>L2 —0

because g; — g tends to zero weakly in LP.
Consider now the second term in (13.13). Since f; — f € L™, we have (f; — f)¢ €
LP", so we can apply Holder’s inequality twice to obtain the estimate

((fi = £)gis @) 2| = {gi> (fi = f)é) 2]
< ||§Jz‘||LP||(f— f) ol Lo
< MI|(f = fi) ol o= - (13.14)

Now let Ey = {z € Q:|¢[P" > N}. Then since ¢?" € L, it follows that fEN lp|P" —

0 as N — oo. Thus

p*

o dp

_ENAIPT _r
I = £l /ﬂlf 5
=/ If—filp*|¢|p*du+/ = £l 161 du

Ex ES,
— F)P*|| oo r" g N _ l_p*d
< = F)" Il /EN|¢| ot /%u Sl du
M)P” P dy 4+ N — P du. .
< (2) /EN¢| ot /Q\f P dp (13.15)

Now we can make the first term arbitrarily small by choosing N sufficiently large,
and the second term tends to zero with i because f; — f in LP" (Q). It follows that
[(f = f)@llz»+ — 0, and by this we conclude from (13.14) that the second term in
(13.13) tends to zero as well. Thus f;g; — fg weakly in LP as claimed. O

Appendix A. Sobolev norms and inequalities. We first give an overview of
the norms used in this paper. These norms are coordinate dependent, so we assume
at the start a given coordinate system z defined on an open set 0 C M such that
0, = 2(2) C R™ is bounded. In this section Q always refers to €2,. We denote by
I|-[[wm.r (o) the standard W™ P-norm, defined as the sum of the LP-norms of derivatives
from order zero up to m [12]. When applied to matrix or vector valued differential
forms w, [|w[lwm.»(q) denotes the sum of the W™P-norms of all components, i.e.,
summation over all matrix (or vector) and differential form components. That is, for

matrix valued k-forms w = wﬁil...ik dz™ A ... A dz™ we define

wllzry = >0 by o llir@) (A1)

[R5 SR oY

HWHW’"J’(Q)E Z ||W5i1...ik||vvmm(ﬂ) = Z HaleLf’(Q)a (A.2)

Kyt eyl [l|<m

where 1 < p < oo, [ is a multi-index, (i.e., I = (l1,...,0n), || = 1 + ... + 1, and
Olw = (0w, ...0;, w) taken component wise). We further define the L2-inner product
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on matrix valued forms w and u,

(w,u)pe E/Qtr ((w;uT))dx: Z Z /ngilmiku;ilmikdx, (A.3)

vio=1141<...<ip

c.f. (8.2), where tr(-) is the matrix trace and (- ; -) the matrix valued inner product
(5.9), and dz is the Lebesgue measure in a fixed coordinate system x. By this we
introduce the Hilbert-Schmidt inner product on the matrix components of matrix
valued differential forms. Note that, (by Young’s inequality), the L? norm associated
to (A.3) is equivalent to (A.1) when p = 2. When convenient we drop the dependence
of norms on €, writing || - ||wm.» instead of || - [[yym.»(q).

We now summarize the basic integral inequalities we apply in this paper, see [12]
for details. The space WP for p > n, is embedded in the space of Hélder continuous
functions C%(Q2). Namely, for p > n Morrey’s inequality gives

1 llgn.oay < Carllfllwrncay. (A4)

where @ =1~ 2 and Cjy > 0 is a constant depending only on n, p and Q [12].39
Morrey’s inequality (A.4) extends unchanged to components of matrix valued differ-
ential forms and hence to the norms in (A.1). By Morrey’s inequality we can estimate
products of WP functions f and g on bounded domains ) as

I fallwrr)y < Cumllfllwre@)llgllwrre ), (A.5)

by pulling L> norms of undifferentiated functions out of LP norms and applying
(A.4) to bound the resulting L> norms. This shows that W?(Q) is closed under
multiplication on bounded domains.

To handle products in the RT-equations at the lowest order of regularity we
employ Hélder’s inequality, which states

1fgllr@) < IFllze@ 9l () (A.6)

where p and p* are conjugate exponents, i.e., %—!—p% = 1. Now, assuming f, g € L?(Q),
(A.6) implies the estimate

1 (A.6) 1 1
1f9llLr ) = H|f9‘pH£1(Q) = H‘flszz(Q) H|9|p|‘f2(g) = [ fllzzr () llgllzee ), (A7)

which shows in particular that fg € LP(2). Estimate (A.7) allows us to control the
gradient product dJ~! A dJ in (6.1) in the proof of Theorem 6.1, which is a key
step in our analysis. Holder’s inequality (A.6) and estimate (A.7) extend to matrix
valued differential forms. For example, for matrix valued 0-forms A and matrix valued
k-forms B, we have

|A- Bl = DA -Blp@ < Y. IA4BS |
v

s,

(A.6)
< Y A @ 1B 2 (@

w,v,o
< (14l ) (X 1B )
v v
= [|Allr @)1 Bllr* () (A.8)

39In Section 9.1, we absorb combinatorial factors in C; when applying (A.4) to higher derivatives.
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and by applying (A.7) component-wise, we obtain in a similar fashion
A Bllrr) < [Allz2r ) [|1Bll2e(0)- (A.9)
This extends to general matrix valued differential forms A and B as

[ANA Bl < [Alzr@)ll BllLe* )
AN BllLey < |Allz2e ) | BllL2r (0)- (A.10)

Appendix B. Elliptic PDE theory. We now summarize the estimates we
use from elliptic PDE theory. It suffices to assume here that 1 < p < o0, n > 2.
We assume throughout that 2 C R™ is a bounded open domain, simply connected
and with smooth boundary. Our estimates are based on the following two theorems,
which directly extend to matrix valued and vector valued differential forms since the
Laplacian acts component wise, c.f. Lemma 8.2. That is, we take the weak Laplacian
here as Au[¢] = —(Vu, V)2 for scalar functions u € W1P(Q) and for test functions
¢ € Wol’p*(Q), where W () is the closure of C§°(Q) with respect to the W -
norm (so @lgpo = 0). Our first theorem is based on Theorem 7.2 in [31], but adapted
to the case of solutions to the Poisson equation with non-zero Dirichlet data.

THEOREM B.1. Let Q@ C R" be a bounded open set with smooth boundary OS2,
assume f € W=LP(Q) and ug € WHP(Q) N C(Q) for 1 < p < oo, n > 2. Then the
Dirichlet boundary value problem

Aulg] = flg], inQ B.1)
u=uwuy on I, (B.2)

for any ¢ € Wol’p* (), has a unique weak solution u € WHP(Q) with boundary data
u—ug € WyP(Q). Moreover, any weak solution®® u of (B.1) - (B.2) satisfies

lullwe) < C(

| fllw-1p(0) + lluollwie)) (B.3)

for some constant C' depending only on Q,n,p, and if f € LP(Q) and ug € W?P(Q),
then the solution u satisfies

lullw2r@) < C ([Ifllze) + lluollwzr(a)) - (B.4)

Proof. Theorem 7.2 in [31] yields existence of a unique solution u € WP(Q) to
(B.1) - (B.2) satisfying estimate (B.3) in the case of zero Dirichlet data, i.e. when
ug = 0 in Q. Note, Theorem 7.2 in [31] applies since the weak Laplacian is a strongly
uniformly elliptic operator in the sense of equation (1.8) of [31, Def 1.3].4' To extend
this result to non-zero Dirichlet data, let @ € WP(Q) be the solution of the Laplace
equation A = 0 with boundary data @ = ug on 92 in the sense that ug—a € W, (Q);
note that u can be constructed via Green’s representation formula [13, Eqn. (2.21)]
for WhP-data. Assume now w € W7 is the solution of (B.1) with zero Dirichlet data
satisfying (B.3), Aw = f in a weak sense and w € Wol’p(Q), which exists by Theorem

40Tt suffices to assume that u is regular enough to make sense of the weak formulation of the
Laplacian, for example, du,du € LP(Q) for a differential form u, as in Section 9.2.

41 That in fact any such solution satisfies estimate (B.3) follows from Theorem 6.1 in [31], equation
(6.2), where we can take Co = 0 since A is strongly uniformly elliptic.
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7.2 in [31]. Then u = w + @ solves (B.1) - (B.2), since Au = Aw = f (in a weak
sense) and u — ug € Wy?(Q). To show that estimate (B.3) holds, we begin by using
the triangle inequality twice to get

[ullwir <flwllwie + @ = uollwrr + luollwre- (B.5)

We can now apply the established case of estimate (B.3), for the case of zero Dirichlet
data, to the first two terms, since w, @ — ug € W1P(Q). This yields

[wllwe < Clfllw-1r@), (B.6)

while the second term is bounded by

[ = uollwr(a) < ClIA(E = uo)llw-1.0(0)
< Clullw o), (B.7)

where we used that A(@ —ug) = Aug and ||Aug|lywm-1.00) < |[uollwm+1.p0). Substi-
tution of estimates (B.6) and (B.7) into (B.5) yields the sought after estimate (B.3)
in the general case of non-zero Dirichlet data. We proved that there exists a solution
to (B.1) - (B.2) which satisfies estimate (B.3).

To complete the proof, note that estimate (B.4) in the case of zero Dirichlet
data (up = 0) is already proven in [31, Thm 7.2], (c.f. Lemma 9.17 in [13]). The
case of estimate (B.4) for non-zero Dirichlet data follows by an argument analogous
to (B.5) and (B.7). Namely, let @ be the solution of Ad = 0 with boundary data
ug — @ € Wy (), and let w € W2P(€2) be the solution of Aw = f with w € W, ** ()
established in [31, Thm 7.2]. Then setting again u = w 4+ @ and applying estimate
(B.4) in the case of vanishing Dirichlet data (y = 0) to w and @ — ug yields the sought
after estimate (B.4):

ullw2r@) < lwllw2e + ||@ = uollwzr + [[uol[w2s
< O([Ifllzr) + 1A®@ = uo)llLr @) + luollw2r ()
< C(Iflze ) + luollw2r @)

where C' > 0 was again used as a running constant. This completes the proof of
Theorem B.1. 0

We require the following interior elliptic estimates in the proof of Theorem 6.1 in
Section 9 in the case m = 0, and for higher regularities m > 1 to prove Proposition 9.1.
Note that interior elliptic estimates usually are established earlier in the development
of elliptic PDE theory, but for completeness we derive the interior estimate from (B.3).

THEOREM B.2. Let f € W™=LP(Q), form >0 and 1 < p < oo, n > 2. Assume
u is a weak solution of (B.1). Then u € W™TLP(Q)) for any open set Q' compactly
contained in Q0 and there exists a constant C' depending only on 2,8, m,n,p such
that

[ullw 1oy < CUFllwn-re@) + lullwnre)- (B8)

Proof. We only need to prove the case m = 0. The case for m > 1 can easily
be obtained by differentiating and applying the estimate for the case m = 0; (c.f.
Appendix A in [25].)
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We apply estimate (B.3) to ¢u where ¢ is a standard smooth cutoff function,
¢=1inQ', ¢ =0 on 9. Then

A(pu) = pAu+ 2V - Vu + uldé = f. (B.9)

Then applying (B.3) together with the assumption that we have a solution of the
Poisson equation (B.1), we have

[ullw ey = loullwio@y < lullwir@) < Cllflwiee)
= Cllollcz (|flw-100) + Vullw-100) + lullw-10)) . (B.10)

from which (B.8) follows, since by definition of the operator norm we have the bounds
Vullw-1r) < llullr and |lullyw 10y < [|ul|ze. This completes the proof. O

Appendix C. Cauchy Riemann type equations at low regularities. In this
appendix we prove Propositions C.4 and C.5 which give existence of weak solutions
to Cauchy Riemann type equation for scalar valued differential forms, required in the
proof of Lemma 10.7 for well-posedness of the iteration scheme. For this, in Theorems
C.1, C.2 and C.3 below, we first collect the theorems from [6] regarding classical WP
solutions of first order Cauchy-Riemann type equations

du=f and Jdu=0, in € (C.1)

where the Cartan algebra of differential forms is determined by the Euclidean metric
in R™. We extend these theorems in Proposition C.4 and C.5 below to prove existence
of weak LP solutions, the lower regularity required for well-posedness of our iteration
scheme, in the special case when boundary data is free to assign.

To begin, we state the following partial integration formula for non-zero boundary
data,

/Q<du,w>dx+/ﬂ<u, ow)dxr = /89<N/\u,w> = /89<U7N w), (C.2)

where w is a k-form and w a (k+1)-form, N denotes the outward-pointing unit normal
of 9Q and N - w denotes the contraction of N and w, c.f. Theorem 3.28 in [6], (and
(8.6) for the case of vanishing boundary data).

We now state the basic elliptic estimate for (C.1), which mirrors estimate (B.3)
for the Poisson equation, the so-called Gaffney inequality, (c.f. Theorem 5.21 in [6]).
The Gaffney inequality shows that d and § control all derivatives of w.

THEOREM C.1 (Gaffney Inequality). Let u € W™TLP(Q) be a k-form, where
m>0,1<k<n-—1,1<p< oo andn > 2. Then there exists a constant C > 0
depending only on Q, m,n,p, such that

lellwrenri@y < O(lldullwnsie) +10ullwmri@) +ull sy ) ()

The following special case of Theorem 7.4 in [6], provides the existence theorem
sufficient for our purposes, and contains a refinement of Gaffney’s inequality (C.3)
for 1-forms and O-forms.
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THEOREM C.2. (i) Let f € W™P(Q) be a 2-form with df = 0, where m > 0,
n>2,1<p<oo. Assume further that f = dv for some 1-form v € W™P((Q).42
Then there exists a 1-form u = u; de® € W™TLP(Q) which solves

du=f and du=0 in €, (C4)
together with the boundary condition
u-N=0 on 09, (C.5)

where N is the unit normal on O and w-N = uw; N*. Moreover, there exists a constant
C > 0 depending only on 2, m,n,p, such that

ullwm+rey < Cllfllwme)- (C.6)

(ii) Let f € W™P(Q) be a 1-form with df = 0. Then there ezists a 0-form u €
WmHLP(Q) such that u solves du = f, has zero average fQ udr = 0 and satisfies
estimate (C.6).

Proof. Theorem C.2 and its proof are taken from [25], and the proof is included
for completeness, c.f. Theorem 2.4 in [25]. Part (i) is a special case of Theorem 7.4
in [6] for 1-forms with zero boundary conditions. Namely, our assumption df = 0
together with zero boundary data, (wy = 0, following notation in [6]), directly gives
condition (C1) of [6, Thm 7.4]. The first equation of condition (C2) of [6, Thm 7.4]
follows trivially from our assumptions; g = 0 and wy = 0 in the notation of [6]. The
second equation in (C2), that [, (f;¥) = 0 for any harmonic form ¥ (i.e. ¥ = 0)
with vanishing normal components (i.e. N -¥ = 0) on the boundary (¥ € Hy in the
notation of [6]), follows by application of the integration by parts formula (C.2) for
differential forms to f = dv,

<f,\I/>L2 = 7<’U,5\II>L2 + <’U,N . \I/>L2 =0.

Theorem 7.4 in [6] now yields the existence of a solution u € W™+LP(Q) to (C.4) -
(C.5) satistying estimate (C.6).

Part (ii) of Theorem C.2, can be thought of as a version of Theorem [6, Thm 7.4],
in the special case of O-forms, which does not require condition (C2) by abandoning
boundary data. That is, we seek a O-form u solving the gradient equation du = f
such that estimate (C.6) holds. (No boundary data is required for our purposes). To
begin the proof, observe that a solution u € W™ LP(Q) of du = f, in the case m > 1,
is given by the path integral

u(z) = /x f-dr + ug (C.7)

along any differentiable curve connecting x¢ and x, where zg € €2 is some point we
fix, and the constant ug is the value of u at zo, which is free to be chosen. Note, since
df = 0, the integral (C.7) is path independent, as can be shown by applying Stokes
Theorem to integration of df over the region enclosed by two curves connecting xy and
x. We now choose ug such that the average of u is zero, fQ udr = 0. Then Poincaré’s

42Since d? = 0, the assumption f = dv implies df = 0, and is a slightly stronger assumption than
df = 0, convenient for our purposes.



OPTIMAL REGULARITY FOR CONNECTIONS ON TANGENT BUNDLES 389

inequality [13, Eqn. (7.45)] implies that |[ul|L»(q) < C||f||Lr (o) for a suitable constant
C > 0. Thus, since ||dul|z») = || f|lzr(q) follows directly from du = f, we have

lullwir) < CllfllLe)- (C.8)

Estimate (C.6) follows by suitable differentiation of du = f and application of estimate
(C.8). Existence of a solution u to du = f in the case m = 0 follows again from (C.7)
by mollifying f, and using that this mollification is controlled by estimate (C.8). This
completes the proof of Theorem C.2. O

We finally require the so-called Hodge-Morrey decomposition, taken from Theo-
rem 6.12 in [6]:

THEOREM C.3 (Hodge-Morrey decomposition). (i) Let ® € LP(Q) be a 1-form
for 1 < p < oo. Then there exists 1-forms wy,ws € W2P(Q) such that

o =da+63+h, (C.9)

where a = dwy and 8 = dws such that N A oz|89 =0 and N - B|BQ = 0, where N is
interpreted as either a 1-form or a vector normal to OS2, and where h is a harmonic
1-form in the sense that dh = 0 = 6h. Moreover, there exists a constant C > 0
depending only on Q,n,p such that

lwi llw2.p ) + lw2llw2r@) + 17l Le@) < Cl@|lLr0)- (C.10)

(ii) Let ® € LP(Q) be a 0-form, 1 < p < oo, then there exist 0-forms w € W2P(Q)
and a constant hg such that

& = 6B+ ho, (C.11)

where B = dw and Nﬁ‘{m =0, and exists a constant C' > 0 depending only on Q,n,p
such that

[wllw2r < O[] e (C.12)

Proof. Part (i) of Theorem C.3 is the case of Theorem 6.12 (iii) in [6] for 1-forms
®. Part (ii) follows from (iii) of [6, Thm 6.12] for O-forms @, by observing that any
harmonic 0-form h is constant, (since dh = 0 is the vanishing gradient condition for

h), so h = ho.*3 O

We are now prepared to establish the existence theorems for 1-forms and 0-forms
required in our iteration scheme in Section 11.2, Proposition C.4 and C.5 below. We
begin with the case of 1-forms. That is, given f € W=1P(Q) for 1 < p < 0o, we prove
existence of a 1-form a € LP(§2) which is a weak solution

da=f
{&l o, (C.13)

430ne can understand Theorem C.3 (ii) quite easily from the point of view of the Poisson equation.
Namely the sought after function w is the solution to the Poisson equation Aw = & — hg with
Neumann data N - dw = 0 on 992, where hg is a constant chosen such that ® — hg satisfies the
consistency condition fQ(‘b — hp)dz = 0 existence of w, (required by the divergence theorem applies
to the equation). The solution w is unique up to addition by a constant, and we choose this constant
for w to have zero average fQ wdx = 0. Now, the Poincaré inequality implies the LP-norm of w
to be bounded by the LP norm of dw, and from this estimate (C.12) follows from standard elliptic
estimates. (Compare also with Theorem 9.2 in [6] and its proof.)
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such that
lalle < Cllfllw-1 (C.14)

for some constant C' > 0 depending only on n,p, ). No boundary data is imposed.
Here a is a scalar valued 1-form and f a linear functional over the space of 2-forms
with components in Wol’p* (), f: WP (Q) — R, where Wol’p* () is the closure of
C°(Q) with respect to the WP -norm, and where % + p% = 1. We refer to such a
linear functional again as a 2-form in W~1?(Q). Equations (C.13) are interpreted in
the following weak sense,

(C.15)

for all 2-forms ¢ with components in Wol’p*(Q) and all O-forms ¢ € Wol’p*(ﬂ), (so
Blog = 0 and ¥|sq = 0), where (-,-)z2 denotes the standard L2-inner product on
differential forms.

PROPOSITION C.4. Let f € W=YP(Q) be a 2-form satisfying df = 0 in the weak
sense that f(dv¢) = 0 for all 3-forms 1 with components in Wg’p* (Q); assume further
that f = dv for some 1-form v € W=1P(Q) in the sense that f[p] = —v(d¢p) for any
2-forms ¢ € VVOLP*(Q).44 Then there exists a solution a € LP(Q2) of (C.15) satisfying
(C.14).

Proof. The proof consists of the following three steps: (1) Construct approxi-
mate solutions a®. (2) Derive an e-independent bound on the approximate solutions
which implies existence of a convergent subsequence. (3) Prove that the limit of this
convergent subsequence is a solution of (C.14) which satisfies estimate (C.15).

To implement step (1), we mollify the functional f, that is, we introduce f¢(z) =
f(@f(- —x)), where ¢ = @f;dx’ Ndzx? is a 2-form with components ¢f; € C§°(Q) that
are a standard mollifier function. So f¢ € C*°(f2), and f¢ converges to f in W17
component-wise. For each € > 0, we now introduce a¢ as the solution of

{da =7 (C.16)
dac =0,

with boundary data N7 aj = 0 on 02, where IV is the outward pointing unit normal
of 9. The solution a¢ does indeed exist by Theorem C.2 (i), since f¢ = dv® for the
1-form v¢ = v]p] € C*°(Q). Namely, our assumption f[¢] = —v(d¢) for any 2-forms
o€ Wol’p* () implies that

€= f(¢°) = —v[dp] = dv[p®] = dv",

by definition of the distributional derivative dv. Clearly, df¢ = d?v® = 0. Thus
Theorem C.2 (i) applies and yields a solution a® € W1P(Q) for each € > 0, establishing
step (1).

To establish step (2), we now derive a uniform bound on |[a||z» in order to
conclude convergence of a subsequence to the sought after solution a. The uniform

44 As in Theorem 8.8, assuming f = dv is a slightly stronger assumption than df = 0, convenient
in our proof of well-posedness of the iteration scheme, c.f. Lemma 10.7.
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bound we derive can be thought of as a version of Gaffney’s inequality at the lower
level of LP regularity, when boundary data cannot be imposed strongly. To begin,
since the operator norm is equivalent to the LP norm, we find that

||a’€||L1" = sup ’<a67q)>L2|; (C].?)
PeF

where
F= {(I) € LP*(Q) a 1-form with ||®|| .+ = 1}

is the space of test functions. Now, fix & € F and apply the Hodge-Morrey decom-
position of Theorem C.3 to write

® =da+ 08+ h, (C.18)

where o = dwy and 8 = dw, for 1-forms wy, wy € WP (Q), such that N A O‘|aQ =0
and N - ﬁ|aﬂ = 0, and where h is a harmonic 1-form. Next, applying the existence
theory of Theorem C.2 (ii), we define the 0-form ¥ € W,"” " as a solution of

A = h (C.19)

which exists, since dh = 0 for A harmonic; no boundary data imposed. We now
substitute the decomposition (C.18) for ® to write (a®, @)z in (C.17) equivalently as

<a€7 cI>>L2 = <a€7 (da +468 + h)>L2
= {(a,da)r2 + {a®,88) 12 + (a®, h) 2. (C.20)

Applying now the partial integration formula (C.2) to each term, we obtain
(a%,da)p> = —(da%, )2 + (a°, N A @) 2(90) = —(da, @) 2, (C.21)

where the last equality follows from N /\a| og = 0, c.f. Theorem C.3. Similarly, partial
integration together with N - ﬁ|aﬂ =0 gives

(a%,0B) 12 = —(da®, B) 2 + (a°, N - B)r2(00) = —(da®, B) L2, (C.22)
and by (C.19),

<CL€7 h>L2 = <Cl67 d\I/>L2
= —(0a", V)2 + (N - a*, V) 12(50)
= —(0a", V)2, (C.23)

since N -a¢ = 0 on 92 by assumption. Now, substituting (C.21) - (C.23) into (C.20),
and using that a¢ solves (C.16), we obtain

(a®, @) 2 = —(da,a) 2 — (da, B) 2 — (da, W) 2
=—(f"B)re (C.24)

Now (C.24) and the definition of the operator norm || - ||yy—1.» imply

[(a @) 2| < [[fllw-rr [1Bllwr- - (C.25)
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By Theorem C.3, we have 8 = dws so estimate (C.10) gives us

(C.10)
[Bllwr.ee = lldwa|[wrpe < [lwallwee < Cl @ Lo~ (C.26)

where C' > 0 is some constant only depending on p,n, . Substituting (C.26) into
(C.25) and using that ||®|/;,+ =1 for any ® € F, we obtain the estimate

(0 @) 2| < CllfNw-rr < 2C[flw-2r, (C.27)

for all € > 0 sufficiently small, since f¢ converges to f in W 1P by standard mollifi-
cation. Finally, substituting (C.27) into (C.17), we obtain the sought after uniform
bound

lallr < ClIf w1, (C.28)

where C' > 0 is some constant only depending on p,n, (2.

We now complete step (3). By (C.28), ||a‘||z» is bounded independent of ¢, so the
Banach Alaoglu Theorem implies convergence of a subsequence to some differential
form a € LP weakly in LP. We now show that this limit a solves (C.13). For this,
let € > 0 such that ¢, — 0 as & — oo and assume a, = a is the convergent
subsequence, so a; — a weakly in LP as k — oco. By (C.2), we have for any ¢ and

¢ e WEP (Q) that

(da, ¢) 12 = —(a%,09) 2,
(6a ) p2 = —(a%, dy) 2. (C.29)

So using that ay solves (C.16), we write (C.29) as

{(am@m = —(f*, )12 (C.30)

<CL]€, d¢>L2 = 07

which converges to the sought after equation (C.15). We conclude that a is the sought
after weak solution of (C.15). Moreover, the sought after estimate (C.14) follows from
the uniform bound (C.28), since

llal|» = sup ‘(a,zﬂ}‘ = lim sup (ak7w>‘
weLp* k—o0 wELp*
. (C.28)
=t el 2 o (©31)

This completes the proof of Proposition C.4. O

Our final existence result for 0-forms u is required to extend Theorem C.2 (i7)
to solutions in the space LP(Q). It is an extension of Poincaré’s Lemma to linear
functionals. We seek weak solutions u € LP(2) of the first order equation

du = f, (C.32)
satisfying

lullze < Cllfllw -1, (C.33)
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for any 1-form f with components in W~1?(Q), where C > 0 is a constant depending
only on n,p, Q. That is, we prove existence of weak solutions v € LP(Q) of (C.32) in
the sense that

(u,0¢) = —f(9), (C.34)

for any 1-form ¢ with components in Wg’p* (€2) subject to estimate (C.33).

PROPOSITION C.5. Assume the 1-form f € W=1P(Q) satisfies df = 0 in the

sense that f(6¢) = 0 for any 2-form ¢ with components in WOQ’p* (Q). Then there
exists a solution v € LP(2) of (C.34) satisfying (C.33).

Proof. The proof is similar to that of Proposition C.4, consisting of the same
three steps. To begin with the first step, we mollify the functional f, setting again
fe(x) = fp (- —x)), where ¢ € C§°(€) is a 1-form whose components are standard
mollifier functions. So f¢ € C>°(Q), and f¢ converges to f in W~1? component wise.
For each € > 0, we have df¢ = —f(d¢°) = 0 by assumption. Thus Theorem C.2 (i)
applies, and yields the existence of a O-form u¢ € W1P(Q) solving

duf = f° (C.35)

such that u© has zero average, fQ u¢dxr = 0.
In the next step we derive a uniform bound on ||uf|». That is, we express the
LP-norm in terms of the operator norm,

[u]| Lo = sup |(uS, @) 2|, (C.36)
deF

where

F = {<I> € LP" () a function with ||®||,+ = 1}

is the space of test functions and (-, )2 denotes the standard L? inner product. We
fix some ® € F and apply the Hodge-Morrey decomposition in Theorem C.3 (ii) to
write

O = 58 + ho, (C.37)

where 3 = dw for some 0-form w € W27 (Q) and N - maﬂ = 0. From (C.37) we find
that

(€, )2 = (u,08) 2 + (u, ho)p2 = (u,88) 2,

since (u€, ho)r2 = ho fw u®dr = 0 by our zero average assumption on u¢. Integration
by parts (C.2) gives further

<u67 q)>L2 = _<du€7ﬁ>L2 + <U€7N : 5>L2(89) = <f67ﬁ>L27 (C38)

where the last equality follows by substituting (C.32) for v and N - |apq = 0. From
(C.38) and the definition of the operator norm || - ||y-1.», we obtain

[(u, @) 2| < N F lw-re 1Bllwrroe- (C.39)
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Using now that 8 = dw in combination with estimate (C.12) of the Hodge-Morrey
decomposition, we obtain

1Bllwrro < llwllprzse < O 1o, (C.40)

for some constant C' > 0 only depending on p,n, 2. Substituting now (C.40) into
(C.39) and using that ||®||;,~ = 1 for any ® € F, we obtain the uniform bound

[(u, @) 2| < Cllfflw-1r < 2C[fllw-1r, (C.41)

for all € > 0 sufficiently small, because f¢ converges to f in WP by standard
mollification. Finally, substituting (C.41) into (C.36), we obtain the sought after
uniform bound

lulls < Clfllw-s, (C.42)

where C' > 0 is some constant only depending on p, n, Q.

The uniform bound (C.42) implies the existence of a subsequence which converges
to some function v € LP(€)) subject to the LP-bound (C.33), and an argument similar
to that of step (3) in the proof of Proposition C.4 shows that u solves (C.35). This
completes the proof of Proposition C.5. O
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