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GLOBAL ASYMPTOTIC STABILITY OF THE RAREFACTION
WAVES TO THE CAUCHY PROBLEM FOR THE GENERALIZED
ROSENAU-KORTEWEG-DE VRIES-BURGERS EQUATION*

NATSUMI YOSHIDAT

Abstract. In this paper, we investigate the asymptotic behavior of solutions to the Cauchy
problem with the far field condition for the generalized Rosenau-Korteweg-de Vries-Burgers equa-
tion. When the corresponding Riemann problem for the hyperbolic part admits a Riemann solution
which consists of single rarefaction wave, it is proved that the solution of the Cauchy problem tends
toward the rarefaction wave as time goes to infinity. We can further obtain the same global asymp-
totic stability of the rarefaction wave to the generalized Rosenau-Benjamin-Bona-Mahony-Burgers
equation with a third-order dispersive term as the former one.
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1. Introduction and main theorems. In this paper, we consider the asymp-
totic behavior of solutions to the Cauchy problem for the generalized Rosenau-
Korteweg-de Vries-Burgers equation

O (u+voju) + 0, (f(u) — pdyu+882u) =0 (t>0,zeR),

w(0,2) = up(x) = uyg (x — +00). 1)

Here, u = u(t,z) is the unknown function of ¢ > 0 and = € R, and pu, v are positive

constants, € R is a constant, ug is the initial data, and u4+ € R are the prescribed
far field states. We suppose that f is a smooth function.

The equation in (1.1) can be applied to the physics in nonlinear waves such as

behavior of shallow water and so on (see [1]). In fact, when 6 = 0 and f(u) =

au+u?/2 (a € R), then the equation in (1.1) becomes the Rosenau-Burgers equation

3t(u+u(9§u)+8m(au—!—;uQ—u@xu)=O, (1.2)

when 6 = 1 =0 and f(u) = au+ u?/2 (o € R), then the equation in (1.1) becomes
the Rosenau equation

6‘t(u+yaiu)+8x(au+;u2>0, (1.3)

when v = 0 and f(u) = (a/2)u? (o € R), then becomes the Korteweg-de Vries-
Burgers equation
«

atu+8x(§u2—u3xu+58§u)20, (1.4)
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when v =6 = 0 and f(u) = u?/2, then becomes the viscous Burgers equation

1
atu+8x(2u2—,u8xu> =0, (1.5)
when v = § = 0 and f(u) = u?/2, then becomes the non-viscous Burgers equation
(hyperbolic Burgers equation)

1
Opu + Oy (2u2> =0, (1.6)

and when p = v = 0 and f(u) = (a/2)u? (o € R), then becomes the Korteweg-de
Vries equation

8tu+8x(%u2+58§u) —0. (1.7)
The equation (1.1) is also related to the following Benjamin-Bona-Mahony-Burgers
equation

8t(uV@iu)+8x<au+;u2_#8xu)_(), (1.8)

the Benjamin-Bona-Mahony-Burgers equation with third-order dispersive and fourth-
order dissipative terms

1
O(u—vdu)+0, (au+ §u2 — pOyu + 585@44—68;%) =0, (1.9)
and the Korteweg-de Vries Burgers-Kuramoto equation
1 )
8tu+8x(au—|—2u2—,u8xu—|—53§u+ﬂaiu>—O, (1.10)

where o, § € R, >0, x>0 and v > 0.

There are many results concerning the existence and time-decay properties of
solutions, the stability of nonlinear waves (that is, rarefaction waves, shock waves
(travelling wave), viscous contact waves and and multiwave pattern of rarefaction
waves and viscous contact waves) and the other mathematical structure of the models
(1.2)-(1.10) (and, (1.15) and (1.16) in Remark 1.3) (for the related works, see Amick-
Bona-Schonbek [2], Andreiev-Egorova-Lange-Teschl [3], Benjamin-Bona-Mahony [4],
Bona-Schonbek [5], Bona-Rajopadhye-Schonbek [6], Duan-Fan-Kim-Xie [7], Duan-
Zhao [8], Egorova-Grunert-Teschl [9], Egorova-Teschl [10], Harabetian [11], Hattori-
Nishihara [13], II'in-Oleinik [15], Kondo-Webler [17]-[20], Matsumura-Nishihara [24]-
[26], Matsumura-Yoshida [27], [28], Mei [29], [30], Mei-Schmeiser [31], Naumkin
[32], Nishihara-Rajopadhye [33], Osher-Ralston [34], Peregrine [35], Rajopadhye [36],
Rashindinia-Nikan-Khoddam [37], Ruan-Gao-Chen [38], Wang [39], Wang-Zhu [40],
Xu-Li [41], Yin-Zhao-Kim [42], Yoshida [43]-[53], Zhao-Xuan [54] and so on).

This paper is devoted to the study of stability of rarefaction wave of the solution
to (1.1). Therefore we deal with the case where the flux function f is fully convex,
that is,

f'(u) >0 (ueR), (1.11)
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and u_ < uy. Then, since the corresponding Riemann problem

du+9:(f(w) =0 (t>0,zeR),
u_  (z<0), (1.12)
up  (z>0)

w(0,z) = ult(z) == {

turns out to admit a single rarefaction wave solution, we expect that the solution of
the Cauchy problem (1.1) tends toward the rarefaction wave as time goes to infinity
(see Lax [22]). Here, the rarefaction wave connecting u_ to u, is given by

U_ (z < fllu_)t),
r (T, _ 1 (T
d(Frumow) =8 (L) (Faot<e< ), (1L13)
Ug (2> f'(ug)t).
In particular, we also expect that if u_ = uy =: @, then the solution of the Cauchy

problem (1.1) tends toward the constant state @ as time goes to infinity.
Our main results of the present paper are as follows.

THEOREM 1.1 (Main Theorem I). Assume the far field states uy satisfy u— =
uy = 1, and the convective flur f € CY(R). Further assume the initial data satisfy
ug — @ € L? and dyug € H2. Then the Cauchy problem (1.1) has a unique global in
time solution u satisfying

u—1u€C([0,00);H?),
dpu € L*(0, 0o H'),
dyu € L?(0, co; H?),

and the asymptotic behavior

lim < sup |u(t,x) — @ | +sup | Opu(t, z) | + sup | Ou(t, x) |> = 0.
zeR r€eR

t—o0 zER

THEOREM 1.2 (Main Theorem II). Assume the far field states ur satisfyu_ < uy,
and the convective flur f € C%(R) satisfy (1.11). Further assume the initial data
satisfy ug — ull € L? and O,ug € H?. Then the Cauchy problem (1.1) has a unique
global in time solution u satisfying

u—ur€C([0,00);H?),
&CuGLlQOC(O, oo;Hl),

e L (0, 0c0; H?),

loc

and the asymptotic behavior

x
1. L t, S (7 ’ -, ) ’ —= O’
tiglozléﬁ u(t,x) —u S5 U Ut
lim sup |pu(t,x) — pu’ (t, 25 u_, uy ) | =0,
t_HX)wE]R

lim sup | Q2u(t,z) — O3u* (t, x5 u_, uy ) | =0,
tﬁoome]R
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where Oyu” and O%u* are given by

0 (z < flu)t),

Opu' (t,x;u_,uy )= f”((f’)il (a:)> % (flus)t <z < fl(ugp)t),
t
0 (x> f(us)t),
(1.14)
o2u" (t, x5 u_, uy)
0 (z < fllu)t),
1 T 1 1
- 53 = (Ju)t<z < f(up)t),
x t . Nne1 (% t
0(f~(<f)—1 )" (e () .
T s

REMARK 1.3. The equation in (1.1) is also related to the following generalized
Rosenau-Benjamin-Bona-Mahony-Burgers equation with a third-order dispersive term
(see [1] and so on)

O (u—v10ju+vy05u) + 0y (flu) — pdyu+603u) =0, (1.16)

where > 0, v1 > 0, v > 0 and 0 € R are constants. We note that when § = 0
and f(u) = au+u?/2 (o € R), then the equation in (1.16) becomes the Rosenau-
Benjamin-Bona-Mahony-Burgers equation

6t(u—ul<9;lu+y28;lu)+8w <au+;u2—u8$u>:0, (1.17)

and when § = 4 = 0 and f(u) = au +u?/2 (o € R), then the equation in (1.1) does
the Rosenau-Benjamin-Bona-Mahony equation

O (u—v10pu+ve 0ju) + 0, (au—!—éuQ):O. (1.18)

REMARK 1.4. If we also consider the following Cauchy problem for the generalized
Rosenau-Benjamin-Bona-Mahony-Burgers equation with a third-order dispersive term

Bt(u—l/l 8§u—|—V23;1u) —&—am(f(u) —,uamu—l—éf)gu) =0 (t >0, z€ R),
u(0,2) = uo(x) = ux (r — +00),

then we can further obtain quite the same statements as Theorems 1.1 and 1.2. Be-
cause the proofs of them are similarly given as Theorems 1.1 and 1.2, we omit the
details here.

Because the proof of Theorem 1.1 is easier than that for Theorem 1.2, we only
show Theorem 1.2 in the following sections.

This paper is organized as follows. In Section 2, we construct the approximation
of the rarefaction wave and prepare the basic properties of the rarefaction wave and
the approximated one. We reformulate the problem in terms of the deviation from
the asymptotic state in Section 3. In order to show the asymptotics, we establish the
a priori estimates by using the technical energy method in Section 4.
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Some Notation. We denote by C' generic positive constants unless they need
to be distinguished. In particular, use Cy 3,... when we emphasize the dependency on

a’ ﬁ, e,
For function spaces, LP = LP(R) and H* = H*(R) denote the usual Lebesgue
space and k-th order Sobolev space on the whole space R with norms || - ||z, and

[| - |gw, respectively. We also defne the bounded C™-class ™ and the bounded
C°-class B> as

feBN) = felC™(Q), sgp; | DFf | < o0,

feBQ) = VneN, fe B Q)

<~ VneN, felC"(Q), supz ’Dkf‘<oo,
k=0

respectively, where Q C R? and D* denote all of the k-th order derivatives.

2. Preliminaries. In this section, we prepare the several lemmas concerning the
basic properties of the rarefaction wave for the proof of the main Theorem 1.2. Since
the rarefaction wave u" is not smooth enough, we construct a smooth approximated
one. To do that, we first consider the rarefaction wave solution w” to the Riemann
problem for the non-viscous Burgers equation

1
8tw+8z<2w2>:0 (t>0,m€R),
w(0,7) = wh(z; w_, wy) =
w_ (x <0),
where wy € R (w_ < wy) are the prescribed far field states. The unique global weak
solution w = w" (z/t; w_, wy ) of (2.1) is explicitly given by
w_ (1‘ <w_ t),
v (T ) T 2.2
w(z,w,,w+)— n (w_t <z <wit), (2.2)
W (:v > w+t).

Next, under the condition f”(u) > 0 (u € R) and u_ < u4, the rarefaction wave solu-
tion u = u" (x/t; u_, uy ) of the Riemann problem (1.2) for hyperbolic conservation
law is exactly given by

ur(:tc;u_,mr):(/\)1<wr(f;)\_,)\+>> (2.3)

which is nothing but (1.6), where Ay = A ux) = f'(ugr). We define a smooth
approximation of w"(x/t; w_, wy ) by the unique #>-solution

w=w(t, z;w_, wy)eB([0,00) xR)
to the Cauchy problem for the following non-viscous Burgers equation as

Btw+8x<;w2):0 (t>0,zeR),
(2.4)

w_ +w wy — w_ o dy
U}(O,x) = 'lUO(I’) = 5 + —+ + 2 Kq /0 m (l' S R),
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where K is a positive constant such that

< dy 1
K — - >,
/ (1+12)e (q 2)

and € is a positive parameter of the initial condition wg, and therefore the solution to
(2.4) depends on €. By applying the method of characteristics, we get the following
formula

AN A=A (e gy
w(t,x):wo(xo(t,$)): 2 ++ +2 Kq_/o m7

(2.5)
z = xo(t,x) +wo(wo(t, x))t.

By making use of (2.5) similarly as in [24], we can obtain the properties of the smooth
approximation w( ¢, x ; w—_, wy ) in the next lemma.

LEMMA 2.1. Assume that the far field states satisfy w— < wy. Then the classical
solution w € B> ([0, 00) x R) given by (2.4) satisfies the following properties:
(1) w- <w(t,z) <wys and yw(t,z) >0 fort >0, x € R.

(2) For any r € [1, 0o, there exists a positive constant Cy , such that

| 0xw(t) |7 < Cqp min{ et a", w(1+¢)"" 1} (t>0)
| pw(t) |7 < Cyqrw” min{ ", w(1+)7" T} (¢

| 92w (t) ||+

o

0),

Y

r—1

< Cyr mm{fwj @r, VO 5T (L) T } (t=0),
| O3w(t) |7 < Copr min{ 1@, a(l +t,e,w)} (>0
| O3w(t) |7 < Cqpr min{ ™17, b(1 +t,e,w)} (¢t>0),

where
Wy — w_ -
- +2 >0, w:=max{|w_|, |wy]|},
a(t,e,w) =" (1 +ewt) ™4 + 20r=1D)(1=50) o= = 1-(r=D(1+7)
+ 6(27‘71)(172%1) 0 2r2;1 tiri 22;1 7
and

b(t, e, @) == €T @ (1 + ewt) 5 + (B2 ) 5352 e (14 )L

_3r—1 3r—1

+€(3r—1)(1—i)ﬁ) T

(3) It follows that
; r(TY] =
thmoo igﬁ w(t,r) —w (t) ‘ 0,

lim sup |O,w(t,x) — d,w'(t,x)| =0,

t—o0 zE€R
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where O, w" is given by

0 (mgw,t),
1

O, w (t, x5 wo, wy )= n (w_t <z <wit),
0 (x2w+t).

We now define the approximation for the rarefaction wave u" (x/t; u_, uy ) by
U(t,zyus, up ) =A) " Hw(t,z; Ao, Ay )) € B°(10, 00) x R), (2.6)

where A\ € C°(R). Noting (2.6) and using Lemma 2.1, we also obtain the properties
of U" in the next lemma.

LEMMA 2.2. Let ¢ = 1. Assume that the far field states satisfy u— < u, and
the flux function f € CS(R), f""(u) >0 (u € [u_, uy]). Then we have the following
properties.

(1) U*(t,x) defined by (2.6) is the unique PB>-global in space-time solution of the
Cauchy problem

QU +0,(f(UT)) =0 (t>0,z€R),

. “ d
Ur(O,x):()\)_l( ;++ 5 Kq/o (HZP)‘I) (z €R),
lim U'(t,z) =us (t>0).

T—Fo0

(2) u_ <U"(t,x) <ug and 0,U*(t,x) >0 fort >0, x € R.
(3) For any r € [1, co], there exists a positive constant Cx_ , such that
|00 () [[7- < Cappp min{ €1, (1+8)7"H 1} (£2>0),
| 0,U () |7 < Cayp min{ e, (1+2)7"1 )} (¢>0),
| BUT ) 15 < Cop min { L, 5 (140755 ) (£20),
| 020 (t) |7 < Capr min {7 e (14¢)72" T} (£2>0),
(

)

)

)

| 93U () || < Cx, » min { elr=1 5 (1 4 ¢)~ min{3r+1 31} } (t>0).
(4) It follows that

lim sup |U" (¢, z) — u" (%) ‘ =0,

t—00 zER
lim sup |0, U"(t,x) — Oyu'(t, )| =0,
t—o00 zER
lim sup }(‘ﬁUr(t,f) — Oju'(t, ) ‘ =0,
t—o00 zER

where O,u" and 82u* are defined by (1.) and (1.), respectively.

Because the proofs of Lemmas 2.1 and 2.2 are given in [12], [13], [23], [24], [27],
[40], [43], [50], [53] and so on, we omit the proofs here.
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3. Reformulation of the problem. In this section, we reformulate our prob-
lem (1.1) in terms of the deviation from the asymptotic state. Putting ¢ as

u(t,z) = U'(t,z) + ¢(t, ), (3.1)
we reformulate the problem (1.1) in terms of the deviation ¢ from U" as

0 + v 010, + 0:(f(0+U") = f(UY))
—pdip+ 8029 =FU") (t>0,zeR), (3.2)
#(0,2) = ¢o(x) :=up(xz) = U (0,2) = 0 (x — +o0),

where
F(U) := —v0,0:U" + no2ur — s 93U™.

Then we look for the unique global in time solution ¢ which has the asymptotic
behavior

2

Z sup | oko(t,x) | =0 (t = ). (3.3)
h—o TER

Here we note that ¢y € H3 by the assumptions on ug and Lemma 2.2. Then the
corresponding theorem for ¢ to Theorem 1.2 we should prove is as follows.

THEOREM 3.1 (Global Existence). Assume the far field states uy satisfyu_ < uy,
and the convective flur f € CS(R) satisfy (1.11). Further assume the initial data
satisfy ¢o € H3. Then the Cauchy problem (3.2) has a unique global in time solution

o satisfying
¢ € CO([0,00); H?),
O € L*(0, 003 H'),
o € L*(0, 00; H?),
and the asymptotic behavior
2

lim Z sup ‘ oko(t, x) | =0.

t—o0 prd z€

In order to obtain Theorem 3.1, we prepare the local existence theorem precisely.
To do that, we formulate the problem (3.2) at general initial time 7 > 0:

Oid+v 000+ 0u (f+U) — f(UY))
—pnd2¢+6030=FU") (t>1,z€R), (3.4)
o(r,x) = ¢r(2) = ur () = U (1,2) = 0 (x — o0).

THEOREM 3.2 (Local Existence). For any M > 0, there exists a positive constant
to = to(M) not depending on T such that if ¢, € H* and
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then the Cauchy problem (3.4) has a unique solution ¢ on the time interval [T, T +
to(M)] satisfying

peCO[r, T+to]; H?),

Oy € L2(7'7 T+to;H1),

0 € LQ(T, T+t0;H2),

sup [ o(t) [|ms < 2 M.
te[r,7+to]

Because the proof of Theorem 3.2 is standard, we omit the details here (cf. [42], [54]).
The a priori estimates we establish in Section 4 are the following.

THEOREM 3.3 (A Priori Estimates). Under the same assumptions as in Theorem
3.1, for any initial data ¢o € H?, there exists a positive constant Cy, such that if the
Cauchy problem (3.1) has a solution ¢ on the time interval [0, T'] satisfying

e C([0, T];H?),
dp¢ € L?(0, T;H'),
oo € L*(0, T; H?),

for some positive constant T', then it holds that

| 6(t) 135 + / | (VaT7 6)(r) |2, dr

: . (3.5)
+/O 1 82¢(7) 71 dT+/O 18:6(7) 32 d7 < Cg,  (t €10, T]).

Combining the local existence Theorem 3.2 together with the a priori estimates,
Theorem 3.3, we can obtain global existence Theorem 3.1. In fact, we can obtain the
unique global in time solutions ¢ to (3.2) in Theorem 3.1 satisfying

¢ € CO([0,00); H?),
9 € L*(0, 00; H' ),
O € L*(0, 0o H?),

and

sup | 9(0) s + [ | (VLT 0) 1)
t>0 0

[ N0 de [ 0000 [t < .
0 0
Further by using (3.6), we have that
>l d [eS) o0
[ srasi: a2 [7] [~ o000 a
o 1 o e (3.7)

< [T (1060 13- + 100600 1) at < .
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\ 1926(t) 2. |t =2

’ / 260,026z | dt

. (3.8)
< / (1020(t) |22 + 1| 9:0%6(1) |12 ) dt < oo.
From (3.7) and (3.8), we obtain

/\ 10:6() 2 | dt < oo, /\na%s)n%z
0

We immediately have from (3.9) that

dt < oc. (3.9)

Jim [[0,0(t) 22 =0, lim [ 926(1) |12 = 0. (3.10)

Further from (3.10), by using the Sobolev inequality, we obtain the desired asymptotic
behavior (3.3) as follows.

Jim sup|o(t,2)| < V2 Jim || 6(t) |11 0:0(0)

1
2
L2 0’

: 3 192 3
Jim sup | 2,(t. )| < V2 lim [19,0(0) |1 820(0) 12 =0

Jim sup [936(t,2) | < V2 lim || 87¢(t) ||zl 936(t) |72 = 0
—00 1eR t—o00

Thus Theorem 3.1 is proved

4. A priori estimates. In this section, we show the a priori estimate for ¢, 0, ¢
and 92¢ in Theorem 3.3. To do that, we prepare the following basic estimate

PROPOSITION 4.1. There exists a positive constant Cy, such that

ot ||Hz+/// 0+ U) — F (U

)) dn9,U" dedr
+/0 10,0(r) |2 dr < Coy (£ [0, T1).

Proof of Proposition 4.1. Multiplying the equation in (3.2) by ¢ and integrating
it with respect to x, we have, after integration by parts, that

S U6 32+ 2 S 11020(0) I
/ / n+U") = f(U"))dno,U" dz

] Bed(t) |2 = / 6 F(U") dx



GLOBAL STABILITY OF RAREFACTION WAVE 11

By making use of the Sobolev inequality and the Young inequality, we estimate the
right-hand-side of (4.1) as follows.

<v

’/_Z¢F(Ur)dx

/ 0:¢ 0;0°U" dx:

+sup|¢|’/ (RO2U" — 602U ) da
T€R —o0

H r
< £11026 132 + Cuu 1100207 35
+ Conll 9117 1926 17 (

< G101+ Capw (14 1003) (1307155 + 1020714 )
(4.2)

277T % 3rrr %
|20 170 + 119U 11

Substituting (4.2) into (4.1), integrating the resulting inequality with respect to ¢,
noting for U* € #°( [0, c0) x R) that

27 |5 1 3r7r |5 1
Ha:rU ”Ll € Lt (Oa OO), HaxU HLl € Lt (07 00)7

0T = —fD(U) | 0,U [* =3 £ (U") | 0:U" |* 2U™
= 31U U [P = A f1(UT) 0,U 0U" — f1(UT) 95U

10:03U" 172 < Cuy (102U 1251 05U |10 | 02U 172 + 1| 02U 110 (4.3)
10U 2o 10207 172 + [ 02U [[72) € Lt (0, 00) '

from Lemma 2.2,

1
10261172 <1 llz2 193¢ ll2 < 5 (116172 + 11926 11Z2 )

by the integration by parts, and using the Gronwall inequality, we obtain the desired
estimate.
Thus, we complete the proof of Proposition 4.1.

We should emphasize from Proposition 4.1, by using the Sobolev inequality, that
we can get not only the uniform boundedness of ¢ but also that of d,¢ in the next
lemma (cf. [14], [16], [21]).

LEMMA 4.2. There exists a positive constant Cy, such that
sup ‘ d)(t) J,‘) | < 0(2507 sup ‘ 8L¢(t7 Z‘) | < C¢0'
te[0,T], zeR te[0,T], zeR

By the uniform boundedness of ¢ in Lemma 4.2, the second term on the left-hand
side of the a priori estimate in Proposition 4.1 can be replaced by the left-hand side
of the following inequality as

// / n+U") — f(UY))dn 9, U dadr

> 05 [ NVaTT o)) [aar



12 N. YOSHIDA

We can further obtain

t
T T 2
/0 10a(f(@+U") = FUN) () |} dr < Coy (t€[0.T]),  (45)
from Lemma 2.2 and || 8,¢ |22 € L{ (0, co) by Proposition 4.1, and
102U I3 € Ly (0, 00), [ 9:07U" |I72 € Li(0, o0) (4.6)
from Lemma 2.2.

Next, we show the a priori estimate for d,¢ in the next proposition.

PROPOSITION 4.3. There exists a positive constant Cg, such that

t
| 0,6(t) 122 + / 106(r) |5 dr < Cy (e [0, T1).

Proof of Proposition 4.3. Multiplying the equation in (3.2) by d;¢ and integrating
it with respect to x, we have, after integration by parts, that

B 10u(0) 132 + 1 006(0) 132 + v | 002000 1

_ / 000ods— [ 000.(f(6+U) - FU)de ()

+ /oo Oy F(UY) da

By using the integration by parts and the Young inequality, we can estimate the each
terms on the right-hand side of (4.7) as follows:

> 3 > 2
‘5/_w8t¢8m¢dx <|j/ 18,020 || p¢ | da s
< 5 10028117 + o 11 0a6p 17z
‘/ at¢aw(f(¢+Ur) — f(U))dx
(4.9)
< 10613 + 5 1. (F6+U%) — FU) |,
‘/Oo 8 F(U") dz
g/ \8t62¢||8t82U’|da:+/ |0i || 02U — 6 03U" | dar (4.10)

1 || 00201172 + Co 1026 172 + 5 || 0 ||72 + Csu | 02U |31

Substituting (4.8)-(4.10) into (4.7), and using (4.5),(4.6) and

10:020172 < |00 [l22 || 102 |2 < (||3t</5||Lz +1 0036 117)
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by using the integration by parts and the Young inequality, we obtain the desired

estimate.
Thus, we complete the proof of Proposition 4.3.

We further show the a priori estimate for 9,¢, 02¢ and 93¢ as follows.

PROPOSITION 4.4. There exists a positive constant Cy, such that

| 8s6(2) ||H2+/||62 V2 dr < Cyy (e [0,T]).

Proof of Proposition 4.4. Multiplying the equation in (3.2) by —92¢ and inte-

grating it with respect to =, we have, after integration by parts, that

L 0u0) 122+ £ < 1 026(2) 2 + 1| 26(0) 2

2dt 2 dt

The second term on the right-hand side of (4.11) becomes

f/ 8§¢)F(Ur)dx:1/%/ 02 03U™ dx

—y/ ataga:a;*dex—/ D20 (pO2U" — 602U ) da

Substituting (4.12) into (4.11), we have

1d 3 9
thu B0 3 + 5 1926 3

v / 020 03U du + 1 || 926(t) ||2

/ 0260, (f(¢+U") — f(UT)) da

—y/ ataga;a;*dex—/ D20 (pO2U" — 602U ) da

Each terms on the right-hand side of (4.13) are estimated as follows.

] | zousto+ ) - ) as

< 182013 + Cu || 0:(F(0 +U) = FU) |72

v / 0102 XU da

v 1% r
< 10020132 + 511 94U 3

[ oozt —satur)as| < Kool + Cus 207

= [ oo s+ - ) ar— [ Borrds

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)
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Substituting (4.13) into (4.14)-(4.16), integrating the resultant formula with respect
to ¢, noting

1
1026 172 <108 ll2 | 926 112 < 5 (11026 172 + 19201172 )

and using (4.5), (4.6) and Propositions 4.1 and 4.3, we arrive at

1 in{1

S o.0 13+ Uy azo 12, + 2 o2t I3
t

u [ 182000 I dr (417
0

< Cy, +v (tE[O,T]).

t d oo .
/O o /m 02 0U" dwdr
The second term on the right-hand side of (4.17) is easily estimated as

t e}
v ’/ i/ 02¢ 02U™ dadr
0 dr —o0

/ D2 02U da

— 00

(4.18)

<v + v < Cg,-

/ 2o 02U (0) da

— 00

Substituting (4.18) into (4.17), we obtain the desired estimate.
Thus, we complete the proof of Proposition 4.4.

REMARK 4.5. Similarly to Lemma 4.2, we have the uniform boundedness of 92¢
by using Proposition 4.4 that

sup | 920(t,x) | < Cy,.
te[0,7], zER
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