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LIFE SPAN OF SOLUTIONS TO A PDE MODEL FOR LITHIUM-ION
BATTERIES IN HIGH SPACE DIMENSIONS*
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Abstract. In this paper we study a system of partial differential equations which models lithium-
ion batteries. The system describes the conservation of Lithium and conservation of charges in the
solid and electrolyte phases, together with the conservation of energy. The mathematical challenge
is due to the fact that the reaction terms in the system involve the hyperbolic sine function along
with possible degeneracy in one of the high order terms. We obtain a local existence assertion for
the initial boundary problem for the system. In particular, a lower bound for the blow-up time can
be derived from our result. We hope that our analysis can lead to a deeper understanding of battery
life.
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1. Introduction. A lithium-ion battery or Li-ion battery (abbreviated as LIB)
is a type of rechargeable batteries. The technology was largely developed by John
Goodenough, Stanley Whittingham, Rachid Yazami, and Akira Yoshino during the
1970s1980s, and then commercialized by a Sony and Asahi Kasei team led by Yoshio
Nishi in 1991. Lithium-ion batteries are commonly used for portable electron-
ics and electric vehicles and are growing in popularity for military, civilian, and
aerospace applications. A mathematical model describing the key factors of the
battery operation can be very helpful for the design and optimization of battery
performance. Based on a macro-homogeneous approach developed by Newman (see
[13, 14]) several mathematical models have been developed for these purposes (see
[1, 2, 5, 7, 6, 9, 10, 11, 15, 17, 18]) which include the main physics present in
charge/discharge processes.

A typical Lithium-ion battery cell (2) has three regions: a porous negative elec-
trode (€2,), a porous positive electrode (€2.), and an electro-blocking separator (£2).
See Fig.1 below. In the cell there is stored an electrolyte, which is a concentrated

negative electrode separator | positive electrode

Qq Qs Q2

Fic. 1. The domain 2

solution containing charged species (lithium ions) that move along the cell in response
to an electrochemical potential gradient. In the batteries, lithium ions move from the
negative electrode through an electrolyte to the positive electrode during discharge,
and back when charging. The concentration of the lithium ions in the electrolyte, C,
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the electric potential in the electrodes, ®, , and the electric potential measured by a
reference Lithium electrode in the electrolyte, ®., can be modeled, for each t € (0,7,
by the following equations expressing the conservation of various physical quantities
[19]:

—div(k(C)V®,) + div (a1 k(C)VInC) = S, =0 in Q, (1.1)
—div(eV®,) + S. =0 in Q' =Q,UQ,, (1.2)
£.0,C — div(DVC) — agSe. =0 in Q. (1.3)

We further specify the terms in the system by assuming:
(H1) The function x(C) lies in the space C[0, c0), satisfying
k(0) =0, k(C)>0for C >0, and k(C) > coC* on [0,so)
for some c¢q, 89, ag > 0. (1.4)
(H2) 0 € L>(),e. € L>®(Q),D € L>(Qr) with

ess inf o >0, essinf e, >0, essinf D > 0.
Q Q Q

T
Moreover,
g € C(Q). (1.5)
(H3) The term S, is a function of C, @, ®., which has the expression

asV/C'sinh (az(®, — @, — U(C))) in &,

0 in Qg (1.6)

Se = Se(cy (I)saq)e) = {

where U is a bounded smooth function of C.

(H4) The numbers «;,i = 1,2,3,4, in (1.1) and (1.6) are all positive numbers,
whose precise values are determined by the physical properties of the materials
involved.

To prescribe the initial boundary conditions, we first set

I, =00Nn0Q,, I'.=02n0o..

We call T', UT.. the external boundary of €' and denote it by 9.§)’. Subsequently,
we impose

% =0 on 09,

% =0 on 0\ Gext &, (1.7)
faaaq:: =1 on Ou(,

g—i =0 on 09,

C(z,0) = Co(x) on Q,

where n is the unit outward normal to the boundary and I is the applied current
density (a given quantity). As in [19], we assume

/ IdS = 0. (1.8)
Oext
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This condition means that no charges are generated or consumed within the battery.
Equipped with this, we can simplify the problem a little bit. To this end, we observe
that (1.8) combing with (1.7) yields

/ JBCPS ds = 0.
a0 3n

Consequently, (under suitable assumptions on I') we can find a function ¢ € WH2(Q/)n
L () such that

—div(eV¢) =0 in ',
g—i = 56(1:13 n ofY.

We make the following change of dependent variables

P, +— P, — ¢, P+ P, —1InC.
Accordingly, we represent S, in terms of the new dependent variables
S, = a4V/C sinh (2(Ps — @) + a2 — ayas InC — aU(C)) xor
= %0@\/5 <hC_dea2(¢S_®€) - h_lcde_”(@s_‘be)) X s
where
d=ajas and h = e®(@-U),

In summary, we obtain the following problem

—div(k(C)V®P,) = Sexqr in Qr =Q x (0,T), (1.9)
—div(eV®,) = =S, in Q) = x (0,7), (1.10)
£.0,C — div(DVC) = agSexqa in Qp, (1.11)
0%,
I 0 on 99 x (0,7, (1.12)
0®, ,
o =0 on 9 x (0,7, (1.13)
ocC
I 0 on 99 x (0,7, (1.14)
C(z,0) = Co(z) on Q, (1.15)

where T' > 0. Note that the introduction of the function f in [19] is unnecessary.
We must point out that LIBs are multiscale and multiphysics systems and deriving

accurate mathematical descriptions can be very challenging [1, 11, 18]. Several factors

such as the lithium ion concentration in the solid phase and the electric heating [18]

are not considered in our model. We wish to investigate these factors in future study.
If we introduce the function

G(y17y25y3) = y1y5d€a2y3 - yflyge_QQyS for (917?4273}3) € (0,00) X (0700) X R?

then we can write S, in the form

1
S, = 5M\FCG(h, C,®, — D, )xar.
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For simplicity, we assume U = 1. Consequently, we can view h as a given function
with the property

1
7 <h <K for some K > 1. (1.16)

The case where U is an increasing function of C' can be handled in an entirely similar
manner.
Define the function spaces

Xr = L®(Qr) x L*(Q7) x C(Qr), (1.17)
Yr = L0, T; WH2(Q)) x L0, T; Wh2(Q)) x L*(0,T; Wh2(Q)).  (1.18)

Local existence of a weak solution in X7 N Y7 to (1.9)-(1.15) was already established
in [19]. The result there asserts that there is positive number Ty such that problem
(1.9)-(1.15) has a solution for T' = Tp. This is to be expected because a battery can
last for only a limited period of time. However, the local existence theorem in [19] did
not offer any quantitative information on the size of T;. The objective of this paper
is to fill this gap. To be precise, we have:

THEOREM 1.1. Let (H1)-(H/) be satisfied. Assume:
(H5) N >2 and 99,0 are Lipschitz;
(H6) h € C(Qr) is such that (1.16) is satisfied;

(H7) Co(x) € C¥5 () for some as € (0,1) with the property

min Co(z) > 0;
Q

(H8) d > 3;

(H9) [Q] < [€].
Then there is a positive number Ty such that for T = Ty problem (1.9)-(1.15) has a
weak solution in X7 N Yy with the property

minC > 0, (1.19)
Qr

/Qq)e(:z:,t)dz + // O (x,t)dx = 0. (1.20)

Furthermore, the number Ty satisfies the equation (4.30) below.

A careful examination of the proof of (4.30) below reveals how Ty “explicitly”
depends on the given data. At least, we can gain an estimate for Ty (see (2.10)
below). Our method is more constructive than the one employed in [19]. Obviously,
T, represents a lower bound for the blow-up time of our solution.

Since k(0) = 0, we must obtain a positive lower bound for C' to avoid degeneracy
in (1.9). This also removes the singularity of S, at C' = 0. It turns out that condition
(H8) is sufficient to do the deed. See Lemma 4.1 below. It is worth noting that (HS8) is
also the condition which ensures that S, is a decreasing function of C'. Since o is taken
to be 0 on €, equation (1.10) is only satisfied on Q.. Condition (H9) is assumed to
circumvent the difficulty caused by this. In applications, (H9) makes sense because
separators (), are rather thin. The reaction term S, is messy at first glance. A closer
examination shows that the function G in S, is the composition of b(s) = s — % with
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the term hC~%e2(®s=®<) The function b(s) has two singular points at 0 and oo.
This suggests that we need to establish

P, — D, € L*(Q), CeL>®(Qr) with ess inf C' > 0.

It turns out that the above is indeed sufficient for an existence assertion for our
problem. We observe

Dys G (Y1, y2,y3) = aa (yrys 1€ +yy tygem22%8)
> 2a9 >0 for (y1,y2,y3) € (0,00) x (0,00) x R, and (1.21)

ang(yl, Y2, y3) B (yly;d€a2y3 + yl—lygefa2y3)

»

< 2 <0 on (0,00) x (0,00) x R.
Y2
These properties of G will be extensively exploited.

The uniqueness of a solution clearly does not hold. If (., @, C) is a solution,
so is (®e + g(t), Ps + g(t),C) for any g(t). It would be interesting to know if the
uniqueness holds under (1.20).

There is a large body of literature devoted to the mathematical study of lithium-
ion batteries, and we will not attempt to make a comprehensive review. As far
as we know, all the current work is concerned with the so-called (P2D) models in
which the space dimension is essentially one with the lonely exception of [19]. Here
we only mention [3, 5, 7, 11, 17], where one can find numerical computations and
analytic study of this and other related models, with parameters corresponding to
actual devices, that help to highlight the structure of models and show the relevance
to the applications. As observed in [19], the gap between N = 1 and N > 1 is
substantial in terms of mathematical analysis.

The space dimension N is assumed to be bigger than 2 for the convenience of
applying the Sobolev embedding theorem. Our argument still works for N = 2 under
some minor adjustments. Holder’s inequality is often used without acknowledgment.
The same goes for the following two inequalities

(lal + o))" <207 (Ja® + b)) it B>1, (Ja|+ b))’ <|a|’ +[b]° fO<B <1

When no confusion arises, we suppress the dependence of a function on its variables.
As usual, the letter ¢ is used to denote a generic positive constant.

This paper is organized as follows. In Section 2 we collect a few known results
that have played essential roles in our development. Section 3 is devoted to the study
of approximate problems. It is interesting to note that our approximation scheme is
designed in such a way that the global existence of a solution holds. The proof of
Theorem 1.1 is presented in Section 4.

2. Preliminaries. In this section we collect a few known results that are useful
to us.

Our existence theorem is based upon the following fixed point theorem, which is
often called the Leray-Schauder fixed point lemma ([8], p.280).

LEMMA 2.1. Let B be a map from a Banach space B into itself. Assume:
(LS1) B is continuous;
(LS2) the images of bounded sets of B are precompact;
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(LS3) there exists a constant ¢ such that
Izl < c

for all z € B and o € [0,1] satisfying z = 0 B(z).
Then B has a fized point.

LEMMA 2.2. Let{y,},n=0,1,2,---, be a sequence of positive numbers satisfying
the recursive inequalities

Yni1 < D"yt for some b > 1,¢,a € (0,00). (2.1)
If
1 1
Yo S ¢ ab a? )
then lim, .o yn = 0.

This lemma can be found in ([4], p.12).
The following lemma plays a key role in the proof of Theorem 1.1. It is inspired
by a result in [20].

LEMMA 2.3. Let a(7) be a continuous non-negative function defined on [0, To] for
some Ty > 0. Suppose that there exist three positive numbers €,6, m such that

a(T) < ee™ M) 4oy for each T € [0, Tp). (2.2)

Then there exists a positive number so determined by m,d only such that if (2.2) holds

for

e=¢g0= > (2.3)

then we have

a(T) < s for each T € (0,Ty], provided that a(0) < m. (2.4)
Proof. Introduce the function f.(s) = ee™ ™’ _ s+ mon [0,00). Then we form
the system
Fi(s) = em(1+8)e™ 0 —1 =0, (2.5)
fe(s) = ee™ " _stm=0 (2.6)

and solve it for (g,s). By (2.5), we have

Substitute this into (2.6) to derive

1
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Clearly, the left-hand side of (2.7) is a strictly decreasing function on (0,00) with
f-(0+) = 0o and limg_, f=(s) = —oo. Thus, (2.7) has a unique solution in (0, c0).
This solution is our sp, and it depends only on m,d. Use (2.3) to obtain 9. Our
assumption implies

feo(a(T)) > 0 for each T € [0, Tp). (2.8)
We easily infer from (2.5) and (2.6) that
feo(s0) = fL,(30) = 0. (2.9)

Moreover, fe,(s) is strictly decreasing on [0, sg) and strictly increasing on (sq, 00).
Thus, 0 is the minimum value of f.,(s) on [0, 00).
It is easy to see from (2.7) that

S0 > m. (2.10)

The range of a is a closed interval because it is a continuous function [0, 7], and
this interval is either contained in [0,s¢) or (sg,00) due to (2.8) and (2.9). The
latter cannot occur due to the second inequality in (2.4) and (2.10). Thus the lemma
follows. O

3. Approximate problems. In this section, we first present our approximation
scheme. Then we proceed to prove the existence of a weak solution to our approximate

problems. Note that our construction here is entirely different from that in [19] where

the authors directly seek C' in the function space Zy; = {u € C 5.8 Qr) : ﬁ <

< .

u and ”u”C%B(STT) < M} for some g € (0,1) and M > 1
To design our approximation scheme, we pick

7€ (0,1) (3.1)
and define

kr(s) = k(st +7),

1 oifs> 1
Or(s) = { s ifk(s) <L forseR. (3.2)
We approximate G(y1, y2,y3) by
G (y1,y2,y3) = 11(07 (y2) +7) %€ — y 102 (ya)e 2%
for (y1,y2,v3) € (0,00) x [0,00) x R. (3.3)
Our approximate problems are:
1
—div [k (C)VDe] + 7. = §a4HT(h, Ct, &, — ®.)xq in Qr, (3.4)
1
—div (oV®,) + 7P = f§a4HT(h, Ct, &, —®,) in O, (3.5)

1
e.0,C — div(DVC) = 5043044H7(h, CT, &, — ®.)xqr in Qr, (3.6)

00,

T 0 on 9Q x (0,7), (3.7
0o, ,

o =0 on 9 x (0,7), (3.8)
oc ,

871’1 =0 on 99 x (O,T), (39)

C(z,0) = Cy(x) on Q, (3.10)
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where

H(y1,92,y3) = V/0-(42) G+ (y1, 92, y3). (3.11)

THEOREM 3.1. Let (H1)-(H7) be satisfied. For each T > 0 there is a weak
solution (e, @, C) in the space X1 N Yy to problem (3.4)-(3.10), where X1 and Yr
are defined in (1.17) and (1.18), respectively.

The proof of this theorem is divided into a couple of lemmas.

LEMMA 3.2. Let C = C(z,t) € C(Qr) be given. For each t € [0,T] there is a

unique weak solution (@,1) = (¢(z,t), ¥ (x,t)) in (C(2) N W1’2(Q))2 to the boundary
value problem

1
—div (k(C)V) + 17 = §a4HT(h, CT Y —p)xar in (3.12)
1
—div (V) + T = —§a4HT(h, CT o —¢) in, (3.13)
¢
- 9] .14
0 0 on 09, (3.14)
oY
= Q/, 1
o 0 ond (3.15)

Proof. We first establish the uniqueness assertion. Suppose that there exist two
weak solutions, say, (¢1,%1), (p2,12). Then we have

—div (5 (C)V(p1 — ¢2)) + 7(¢1 — ¥2)
1 .
= 50{4 GT(C+) (G‘r(h7 C+71/}1 - 801) - GT(hv C+a/¢)2 - @2)) X 1 Q7 (316)
—div (oV(¢1 — p2)) + (Y1 — ¢2)
1

=5 0-(CT) (G- (h,CT 01 — p1) — G- (R, CT 9o — o)) in Q. (3.17)

Note from (3.3) that for each fixed 7 we have
G, (h,CT,p) € L(Q) whenever p € L>().

Use ¢1 — @2 as a test function in (3.16), ¥ — 9 in (3.17), then add up the two
resulting equations to derive

/ 52 (C)|V (01 — o)[Pd + 7 / o1 — goldz
Q Q
+/ oIV (41 —wz)ﬁdwf/ o — thode
Q7 Q7

- —%az; /Q/ VO(CT) (Gr(h, CF,9h1 — 1) — G (h, CF 4ha — 92)) [(1 — 1) — (2 — p2)] dz
<0.

The last step is due to (1.21). Thus,

Y1 = o, Y1 = 2.
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For the existence, we define an operator T from B = L (') x L () into itself as
follows: Given (u,v) € B, we say T(u,v) = (1, ¢) if ¥, ¢ are the respective solutions
of the following two problems

1
—div (k- (C)Vp) + T = §a4HT(h, Ct,u—v)xq in Q, (3.18)
Op
I 0 on 09, (3.19)
—div (eVy) + 1) = f%cmHT(h, CT,u—wv) in ), (3.20)
oy ,
I 0 on 0. (3.21)

Observe from our assumptions that x,(C) is bounded above and bounded away from
0 below and the right hand side term in (3.18) lies in L>°(€2). We can easily conclude
from classical theory for linear elliptic equations that problem (3.18)-(3.19) has a
unique weak solution ¢ in W12(Q) N C#(Q) for some B € (0,1). Similarly, problem
(3.20)-(3.21) has a unique weak solution 1 in W2(Q') N C8(€Y). Therefore, the
operator T is well-defined. Obviously, any fixed point of T is a weak solution to
problem (3.12)-(3.15). The existence of such a fixed point will be established by
applying Lemma 2.1, the Leray-Schauder fixed point lemma. To this end, we can
infer from the previously-mentioned classical results that T is continuous and maps
bounded sets into precompact ones. We still need to show that there is a positive
number ¢ such that

[(wxa, )0 < ¢ (3.22)

for all (u,v) € B and § € (0, 1) satisfying (u,v) = 6T (u,v). The preceding equation is
equivalent to

1
—div (k,(C)Vu) + Tu = §<5a4HT(h7 CT v —u)xq inf, (3.23)
g—z =0 on 09, (3.24)
1
—div (cVv) + 70 = —§6a4HT(h, CTv—u)xq in Y, (3.25)
% =0 on 0. (3.26)

To see (3.22), we use (ut)”, where n > 1, as a test function in (3.23) and keep in
mind (3.24) to get

7'/ (u+)n+1 dx < %6044 Hy(h,C* v —u) (u")" dz. (3.27)
Q o

Similarly, we can infer from (3.25) and (3.26) that

7'/ (U+)n+1 dz < 735044/ H,(h,CT v —u) (v+)ndx.
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Add this to (3.27) to derive

T/ (u+)n+1 dm+7'/ (v+)n+1 dx
Q 4

< gy [ H(nCF o —w) (vF)" — (u?)") da
Q/

:—%m/ VO(CH) [Gr(h,CF v —u) = G- (h,CT,0)] ((vF)" = (uF)") du
o

+%6O‘4 HT(h7 CJr’ O) ((U+)n - (qu)") dz.
Q/

Recall from (1.21) that G, (y1, y2,y3) is increasing in y3. Thus,

(G- (h,CT v —u) — G, (h,CT,0)] (v")" = (u")") >0 in Q.

Use this in (3.28) to derive

T/ (u+)n+1 d:L'Jr'r/ (v+)n+1dz
Q ’

< 5ou [ VOCH |G, CTLO] ()" + (")) da

< ar [ VICT[Go (0, € 0)[utda
QI

where
w = max{u", vy }.

Consequently,

T/ w”+1dx§7/ ( )n+1 dm—l—T/ (’U+)n+1dl‘
Q Q ’
< a4/ VO (CT) |G- (h,CT,0)| w"da
Q/
< adllwlli 1ol Hr (R, CF,0) a0,
from whence follows
Qy
lwlnsre < —[1Hr (B, CT,0)[ns1,0:
Taking n — oo yields
Qy
max{[|u[loo,0, |07 oo} < —[[1Hr (O, 0)|oc,0
In an entirely similar manner, we can also prove
max{|[u” oo, |t o} < = HH (7, C*,0)||sc,0-

Combining this with (3.29) yields (3.22). The proof is complete. O

(3.28)

(3.29)

(3.30)

_To continue the proof of Theorem 3.1, we define an operator A from C(Qr) into
C(Q2r) as follows: For each C € C(Qr), we first solve system (3.4)-(3.5) coupled
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with boundary conditions (3.7) and (3.8) for (®., ®s). Then use the pair to form the
problem

e.0,B — div (DVB) = %agmm(h, Ct ®, — @) in Qr, (3.31)
g—f =0 on dQ x (0,7), (3.32)
B(z,0) = Cp(z) on . (3.33)

Classical regularity for linear parabolic equations ([12], Chap.IIT) asserts that prob-
lem (3.31)-(3.33) has a unique weak solution B in the space C([0,T]; L?(2)) N
L2(0, T; W12(€)). Since we have assumed (1.5), B is Holder continuous on Q7. We
define B = A(C). Tt is easy to see that A is well-defined and continuous and maps
bounded sets into precompact ones. To be able to use Lemma 2.1, we still need to
show that

1Cllso,0r < € (3.34)

for all § € [0,1] and C € C(Qr) satisfying C = §A(C). This equation is equivalent to
the problem

—div [5 (C)VD,] + 70, = %ouHT(h, O, B, — B )xer in O, (3.35)
—div (6VD,) + 7P, — —%a4HT(h, OBy — D) in U, (3.36)
e.0,C — div(DVC) = %0430545}[7—(}1, CT, &, — ®.)xqr in Qr, (3.37)

é;I: = g—i =0 on 0 x (0,7), (3.38)
aa(is =0 on 9 x (0,7), (3.39)
C(x,0) = 6Co(x) on Q. (3.40)

To see (3.34), we use C'~ as a test function in (3.37) to get

Ld —\2 —12g.
5%/956(0 ) dx /QD|VC |“dx =0,

from whence follows
C >0 a.e. on{rp.

Thus, we can replace C* in (3.35)-(3.37) by C. We will do this in the subsequent
calculations without acknowledgment.
An upper bound for C is established in the following lemma.

LEMMA 3.3. For each q > 1+% there is a positive number ¢ depending on N, q, )
and the given data in system (1.9)-(1.11) such that

2(2q—2—N 2

)
max C < C(l + T) (1312) T aN+¥2) e2(Ps—Pe)
Qp -

. +4Collc,0 + 2.
q,QT

For our later purpose, the number ¢ in the above inequality will be made inde-
pendent of 7.
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Proof. We employ the well known De Giorgi iteration scheme [4]. Let ¢ be given
as in the lemma. Select

k> max {2||Co|loo, 0,1} (3.41)
as below. Define
kn =k %, n=20,1,
Consequently,
k>kpi1 > ky > g > ||Colloo,@ for each n € {0,1,---}. (3.42)

We use (C' — ky11)" as a test function in (3.37) to derive

Ld
2 dt

1
= 50130[45 H,(h,C,®, — ®.)(C — kny1)tda. (3.43)
Q/

/ £[(C = kpy1)T2da + / DIV(C = kpy1) T Pde
Q Q

Note that G, (y1,y2,ys3) is decreasing in y,. Thus,
[Gr(h,C, @5 — @) — Gr(h, kpy1, s — P)] (C = kpyq)™ <0.
With this in mind, we can estimate the last integral in (3.43) as follows:
o H,(h,C,®, — ®.)(C — kypy1) T do
= | VOO (Grlh €, @y = 00) = Gr ks, @ = @) (€ = i) Tz

+ H—,—(h, kn+1, (bs - (I)e)(c — kn+1)+d$
Q

1]l oo,
<> | (0 ®=%)(C — k. 1) Tda. 3.44
= (97_(]{”+1)+7—)d o ( ) ( +1) ( )

Here we have used (3.3), the definition of G.. We easily verify from (3.1), (3.2),
(3.41), and (3.42) that

1
— < 2.
GT(kn—‘rl) +7

Substitute (3.44) into (3.43), integrate the resulting inequality with respect to ¢, and
keep in mind the fact that (C' — kyq1)],_, = 0 due to (3.42) to deduce

sup / £[(C = kpy1)T2da + D|\V(C = kpy1) " |Pdadt
0<t<T Jo Qr

<c | VO(C)e2 @O — kyiq) Tdadt. (3.45)
.
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Note that
3
[(C - kn)+] ? > (C - kn)+(C - kn+1)+
k,, I
>4, /C|1-— (C = kpt1)
kn—i—l
1
= f? HT(C)(O - kn+1)+7
from whence follows
VO (C)e>@=2)(C — kyy ) Hdadt < 275 [ e®2(7%) [(C = k)] ® dedt
QL QU
g—1
<9 +2 Heaz(cb —d, )”qﬂ' yn , (3.46)

where

3q
Yn = / [(C = k) *] 2@ D dadt.
Qr
Recall from the Sobolev embedding theorem that

/ [(C = ko)) dudt
Qr

</OT </Q [(Cknﬂ)ﬂQdI)% (/Q [(C = knyr)T] ¥ da:) T

Sc(sup /Q[(C—k:nﬂ) ]de)N/ ’V(C knt1) ’2d33dt

0<t<T

2
N
ez, [0k Par) [T [ (10 b
n Ni2 o (g 1>(N+2>
c(1+T)2<+22L§VN+2) c02(2.—B.) 1;/ Yn . (3.47)
q,8ep

The last step is due to (3.45) and (3.46). We easily see that

3q ]gzule)
QrN{C>kni+1} 20g-1)

Furthermore, our assumption on ¢ implies that
3gN

4 3q 3
PSR . B S . S}
N -0 PEI T AN =T

Keeping the preceding three inequalities and (3.47) in mind, we estimate that

4 4(N+2)(¢—1)
(/Q [(C = kpyr)t]*TY dmdt) {C >k
T

3q(n+2
4(4/1) 9 %= (3+8)
7, yHﬂ

8,

IN

Yn+1

c(1 +T)% ||eaz(<1> ®e)

— 3q(1+48)
k 8(q—1)
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By Lemma 2.2, if we choose k so large that

345((1+4/3))
8 —1
ck *7

Yo S/ O D dydt <
Qr

4(<1 1)13

(1 + T) PG Jenatemea) | T2

then
C <k.

In view of (3.41), it is enough for us to take

25 _4p
k = c(1 + T)estream ‘e‘”(%_@e) el +2llCo)lsen + 1
0,9 -1 T
That is,
IC oo,y < c(1 + T) T 7 em(@s—@e) 17 ||C||1+4B o 42| Collc + 1
88(a—1)
<e(147) NT) (T8 T 3417 15) ‘ e%(«bsf@e) = HCH;JEBT +2[Collco + 1
1 srf(q 1

< SlICl e r + (14 T) ¥

+2||Co| 00,0 + 1.
Q/

e

[\V]

This implies the desired result.O

To conclude the proof of Theorem 3.1, we can easily infer from (3.29), (3.30), and
(3.11) that

[@elloo, 07 + [[sloo.2z. < (7).

This combined with Lemma 3.3 yields (3.34). Now we are ready to invoke Lemma
2.1. Upon doing so, we obtain a fixed point of A, which produces a weak solution to
problem (3.4)-(3.10). This completes the proof of Theorem 3.1.

4. Proof of Theorem 1.1. In this section, we offer the proof of Theorem 1.1.
For this purpose, we denote the solutions to problem (3.4)- (3 10) constructed in The-
orem 3.1 by (<I>£T), <I>gT), CM) with 7 = 77 where k = 1,2,---. The plan is to derive
enough a priori estimates for the sequence to justify passing to the limit in problem
(3.4)-(3.10). The generic positive constant ¢ in the subsequent calculations will be
independent of 7. The key to our development is the following lemmas, which asserts
that C(7) is bounded away from 0 below.

LEMMA 4.1. For each ¢ > 1+ % there is a positive number ¢ such that

1 1 2N 5T
< — + c(l + T) (N+2)(2d—1)

C(T) - minﬁco

—az (@7 —a(")

’ .
’
q,

Proof. Pick

< minCjy (4.1)
Q
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as below. Set
k
kn:k_ﬁ’ nZO,l,---

Recall that G (y1,y2,y3) is decreasing in y,. Thus
_1 +
M, = [G (h, 0D, 7 — &) — G (h ki ly, ) — <1>SJ>)] ((C(T)) 2 k2+1) >0

2

_1
Use ((C’(T)) 2 —k +1) as a test function in (3.37) and apply the above inequality
dx

and the definition of G+ to get
1 + 1
ki) dsd:c—i—S/ D‘V (kn;fl - (™) >
Q

!L+1 1
e[ o,
cr
1 -4 -
= —Zasaud | Ho(h, OO, 00 — 0) ((c“)) - k;+1> da
1
= —§a3a46 0 (COYM, dx
—1 1 +
o) — () ((CW) - k;H) do

1 /
—§a3a45/ C(T) h k -11-1’

]_ T T
706301459 ( nil)/ h 1 7&2(-1)( ) g ))d
2 @n{cm<k;l}

IN

S%/ —a (@) —a(7) 4

k® Janico <igty

is due to (4.1) and (1.16). Using (4.1) again yields
= 0. With this in mind, we integrate the above inequality

The last step
1 1
(€)™ —k2)
t=0
to derive
n+1 1 1 +
sup /56/ B 72L+1) dsdx
0<t<T
2
dxdt

+
v<kn+1 (C<T)>
—a2(®7 =) g gt

+/ D
Qr

<
k® Jorntem <ty
g—1
C 1l (@) (D - =
< Gllemo2 @72 o o n {e@ < ik} T (4.2)
™) <k, |1} we have

Note that on the set Q7 N {C!
1
\/knﬂ) ds = an —20/0(CO) + \Vkp 1 CT)
1N 2

1
(k—i (o OO (C<r>)4)

/kn+1 (
o \Vs
n+1

S(CRENE
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Recall from the Sobolev embedding theorem that

Yn+1

+e (OiltlET/Q [(k;;fll - (C<T>)%) } dx) / /S2 {( T (T>)i)+]2dmdt

C(l +T) (Q*I)EVNJrZ)
< s ¢ . (4.4)
k=~

N {C<T> < k;il}

N+2
‘ —az(@{-al")

.,Q0

The last step is due to (4.3) and (4.2). Observe that
24+

. +
U = AC(T)<k;j_l} l(hf‘ B (C(T)) > 1 dhedt
> (k;,ﬁ —k,;’l) ‘Q’ {C’(T) <KL H
TR
> (:}:knﬂ"> \QT N { }]

¢ o n{c) < k;il}‘.

2(n+2)(N+2) N+2
N kv

Bl

2
Use this in (4.4) to get

C(l + T) He_az(q)gr)_q)gf))

NE v

N 2nr2)(NT2)(lTA) 14X

Ynt+l = ~(mag) d— 1A 2 N Y
k-T( _T)

n )

q,92

where

(¢-DIN+2)

)\:
qN

-1>0

due to our assumption. According to Lemma 2.2, if we choose k so large that

B\ !
Yo = / (() T> ) dxdt
Qr 2

N+42 (N+2) 1+/\

k\ 2N k
< (2> | < (45)
(14 T)% [|e—aa(®l”- <1><T>>H

q,92
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then

c) >

El e

Under (H8), (4.5) is equivalent to

2
2N T T —
k> c(l+T)® i —ap(@{7) —@(7) || 2471

: .
q,9

This combined with (4.1) implies the desired result. The proof is complete. O
LeEmMMA 4.2. We have

2 2 3d+32+20<Q
/ ((cpgﬂ) + (cpgﬂ) XQ,) dz < ¢ (L(T)) H2(h, 0, 0)dz,  (4.6)
Q o
where g is given as in (1.4) and
1

™) — (O (7 = _—
L' =1L (T)—H;TaTXC(T).

Proof. Integrate (3.35) over Q and take into account the boundary condition
(3.38) to get

1
7/ dder = Zay | H(h,C, ) —&())dz. (4.7)
o 2 Q B
In the same manner, we can deduce from (3.36) and (3.39) that

1
T/ (I)g‘r)dl’ = _5044 H‘F(ha C(T)v (I)gT) - (I)g—))d.%'
’ Q

Add this to (4.7) to obtain
/ () dx + / (M dr =0. (4.8)
Q ’

Use 7 as a test function in (3.35), then () in (3.36), and add the two resulting
equations to derive

2 2
/KT(C(T))|V<I>£T)|2dx+/ 0|V<I>g7)|2dx+7/ (@@”) dx—i—T/ (cpgﬂ) dz
Q Q Q 4

1
+ 50 | He(h, M e — M) (@() — d(D)dy = 0. (4.9)
Q/

The mean value theorem asserts that there is an ¢ lying between 0 and CI)gT) — <I>éT)

such that

G (h, C’(T), @gT) — Q)gT)) =G, (h, C(T)7 <I>§T) _ (I)‘(g-r)) — G (h, C(T), 0) + G, (h, C(T),O)
= 0y,G-(h,C7, ) (@) — ) + G, (h,C7,0).
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Note from (1.21) that

By Gr (h, CT) €) = g (h(GT(C(T)) o) deoat 4 h*lagl(cw)e*azﬁ)

20002 (C(1) @10)
MO |

With these in mind, we can estimate the last integral in (4.9) as follows:

1
50 H,(h,C o) — o) (@) — o()dax
Q/

S0 0.(CNB,, G(h,C™,&)(d7) — @) dx

o[ o€, 60,0 ) )

41 50 / \/0-(CNG(h,C7,0)(®7) — &)da
Q )

2 ()
> aga / M
o (0-(CM) +71)

d+1

= (0 () 4
ozgoz4/ Lc)d(qﬁ‘f) _ (13(;))2(11, _ ﬂ/ Mgz(;% C(T),O)d:c.
@ (0,(CM) +17)2 8az Jor 977 ()

@ — 3)2dz + %m Hy (h, ¢, 0)(@) — 0))da
Q/

(NN

N =

Plug this into (4.9) to derive

2 2
//@T(C’(T))|V<I>$)|2dx+/ 0|V<I)gT)|2dx—|—7'/ (¢g7)> da:+7'/ (@y)> dx
Q ’ Q '

1 ¢ 1) _ ()2
+20420z4/ .00 %(4)8 o) dx

7)+7)

(1) 4
< %/ wGﬁ(h ™. 0)dx. (4.11)
80[2 ’ 9TT (C(T))
d+1
Note that the function (S 2)1 is increasing on [0, 00). Thus,

s+7)2

0,7 (C 0.7

o ( ) - > o* (me) —, where m, = ming—C(") = ﬁ
(0-(C) +17)2 (0-(me) +7)2 ’

We derive from (4.11) that

. , 0. (me) +7)% 0,(C) +7)%
/(<I>§,>—<I>g))2da;g( (Lzl ) /( (ﬂ) )
' 40207 (m.) 7 0,7 (CM)
< (- (me) +T)d

T 402605 (me) Jor

G2%(h,C,0)dx
H%(h,C™),0)dx

d+1
<ec (L(T)) H2(h,C™),0)dz. (4.12)
Q/

Here we have used the obvious fact that m. < mingCy(z) and assumed % >
ming Co(x). In view of (1.4), we have

ki (C)) > min{ce(C) +7)%, min  k(s)} > min{com?®, min x(s)}.

$€[s0,00) s€[s0,00)
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Without loss of generality, assume comg® < min{min,cs, o0) #(5), infor o}. We obtain
from (4.11) that

4
2

(7)
/|V<I>£f)|2dx+/ V()| 2de < Cao/ () +1)2 o, 0, 0)da
Q Q me ’ 0 2 (C(T)

c(me +7) / H2 C(T) 0)

d+1+2n0

d+142ag
_c(L(T)) g H2(h,CD,0)dz.  (4.13)
Q

that

4.8)
( @(T)dx) + (/,fbgﬂd@“)z
(o sy (-

9 2
(/ (@) <1>gf>)da:> 41 / ddx | . (4.14)
’ 2 Q\Q/

We estimate from the Sobolev inequality that
2 2
o) + (o XQ,) dx
[ (@) (o)
1 ? 1 ?
<2 / (cp(ﬂ S gﬂdx) dr 42 / (¢><T> <I>ff)dx) dz
Q 12[ Jo Q |Q | Jor

E ) 2 )
+—= o dx ) + / o7 d:c)
1 </Q : ) €] ( o

Note from (

DN | =

2 2
2
SC/ IVfﬁéT)\QdHc/ VO [Pde + - (/ W)dw) + (/ <I>§T)dx>
Q Qf ‘Q | QO ’
3d+3+2ag 1 2
<c (LW) : H2(h,C,0)dz + —— / ®Mdx | . (4.15)
Q | | Q\Q/

The last step is due to (4.13), (4.12), and (4.14). We easily check

2
| [N 2
(r) PR (r)
@] (/Q\ b dw) <o) J, (27) e

Making use of this in (4.15) and keep (H9) in mind yield the lemmas. O

LEMMA 4.3. For each q > % there is a positive number ¢ such that

gNag | 3d+3+2ag

oss supQ|‘I’$—)|+GSS supQ/|<I>ff)| <c (L(‘r)) 2q—N 7

| H,(h,CT),0)||g.0r. (4.16)

Proof. Let g be given as in the lemma. Set

b= |[H.(h,CT),0)[|g0r
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+ n
Fix n > 0. We use <(<I>ET)) + b) as a test function in (3.35) to get

2

n41
4n + 2 + "
B NG / @ (™
(n+1)2/Q/Q(C’)V(<€) —l—b) de + 7 e (e) +b) dz
1 + "
=y HT(h,cv),@gﬂ_cpgﬂ)((q@) +b) dz. (4.17)

27 Jo

By (4.7),

T/Q (20) do = T/Q (q>gf>)+ da — %a4// H.(h,C7, 0" — &(7)dx.
With this in mind, we calculate
T/ <I>ET) ((@éT))Jr + b)n dx
Q
_ T/Q <q>g>>+ ((q)g))* n b)n dx — bnT/Q (20) e
- 7/ (cbé”)+ [((@éﬂf + b)n - b"} dx
Q
+%a4b" H,(h,C", @) — o()dz.
o

Plug this into (4.17) to deduce

2
dx

(niinw/g’“(c) V((@ﬁ”)++b>n;1
+T/Q (@@f K(@éﬂf +b)n —b"] dz

+ n
:%m HT(h,c“),@gT)cpgﬂ)[((cpgﬂ) +b) b”] de.  (4.18)
Q/

Similarly, we can derive from (3.25) and (3.26) that

i oo () 0) ™ e [ (00)"[((07)" )" -]

+ n
_ _%OM H,(h, 07,0 — (") K(cbg”) T b> - b"] da. (4.19)
Q/

Since G, (y1, Y2, y3) is increasing in y3, we have

Ny = [Gr(h, 07,00 — &) — G (h, ™, 0)|

. [((cpgﬂ)* +b)" _ ((@gﬂ)ub)”}

0.

Y]
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Add (4.19) to (4.18) and keep the above inequality and (1.21) in mind to deduce

4n
(7’L+1)2/QHT(O)
v [ ale (@) )
(n+ 12 Jo 7 :
1
§—§a4/ \/0-(C)N,dx
1 + " + n
+-a H,(h,C),0 K (" —i—b) —< o) +b> }dx
g1 | Helh 0000 | (27) (o)

nt+1 (2

v ((@@f + b) i

dx

2
dzx

1 + " + "
- () _ ()
2 [(CORD I (CONDN N
< au ||( W+b"+1|| PP (4.20)
where
W, = max{(@ T>) (cpgf>)+>m,}. (4.21)
By the Sobolev inequality, we have
|(W- +b)
N (n+1)2N N2
= 3 +b> d
(LY '
N-—2
(n+1)N N
ey (@)
{(@W q><r>) o ( s ) X
1 N-—2 N-—2

(L)) (o)
sc/Q #

v ((q>gf>)+ + b) N
2
+C/, dx—&—c// ((@@)Jr—&-b) +1dm
c(n+ 1)«

n41
v ((@@f + b)
_— n+1
<< dnm = el )WWT“’) (I (4.22)

The last step is due to (4.20) and (4.21). Remember
N q—1
l=———>1
N-—-2 q ~

Then let n +1 = ¢, i =1,2,---. Subsequently,

n+1

dx+c/Q ((@g7>)++b> dz
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Take the (n + 1)*™ root of both sides of (4.22) to get

I, +bll s, = W5 + bl| vgan
—i 2 N f

1
( +1) nt1
O 9K Wq— b q(n+1
< (Lt it ) IV bl

< (c (Lm)“(’)%“ (n+ 1)7 ||W, + bl acesnr g
- (c (L(T)) >%5ﬂ W+ bllae
Iterate on ¢ to yield
[We o+ bllases g, < (c (L“))QO)E;:l TS W 4 bl
Take i — oo to get

&0
ess supg (W, +b) < ¢ (Lm) Wb g (4.23)
245,
The interpolation inequality in ([8], p.146) asserts

||W7+b||q%zl,ﬂgeess supo(Wr +b) + (Wr +b[l, o, €>0.

W |
€

Use this in (4.23) and choose e appropriately in the resulting inequality to get
ess supo W, < ess supg (W, + b)

qtag
< C(L(T)> [ENICESY N +b||179
gNag

< (LO)TT (IWelly g + 1H (0, OO, 0) g0 ) . (4:24)

According to (4.6), we have

+ +
IWelloa < 1H(@7) llaa + 1 (207) " llora
3d+3+2ag

<C(L<”) b He (b, O 0) 2,00

This together with (4.24) implies

+ +
ess supq (<I>£T)> + ess supgqy (CI{(J))
qNag 3d+3+2ag

< (L) (0, €D, 0) g0 (4.25)

In an entirely similar manner, we can also prove

aNag | 3d+3+2ag

€ss Supq (q)gr)>_ + ess supq, (q)gr)>_ <ec (L(T)) 2-N I

Combining this with(4.25) yields (4.16). The proof is complete. O

| Hy (h, C™),0)|| .00
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To continue the proof of Theorem 3.1, we let

M = MT(T) = max{max C(7), 1} > 1.

Qr

We can easily see from (3.11) that
e () (o)) 20) <o) (20)'

This together with (4.16) implies

alNeag

7d+342a9
2¢-N T P

d+3
ess supg|®(7)| + ess supg, |[®(7| < ¢ (M(T)) ’ (L(T)>

We conclude from Lemmas 3.3 and 4.1 that

2
M® < (1 + )T atvez - ||eoe(®am2e)

2(2g—2—N) ‘

+4|Co|00,0 + 2
Q/

q,3emp

gNag | 7d+3+20q
72—~ T 1

NN
< (1 4+ T) T Pt ee(M7) 72 (L7) 4] Collocr + 2, (4.26)

_2
L(‘r) < c(l{»T)Wj(\;d—U 6*0&2(@27),@&-)) 2d—1 1

q,9% minﬁ Cy

aNag | 7d+3+2aq
PrE 1 1

1
<c(1+T) NI (2D Tq(zj—n eC(M(T))GH— 2(L7) (4.27)

Set

qNOéQ 7d + 3+ 20[0 1
= d+->1 428
T=5 N T 1 >d+5>1, (4.28)
¢(T) = max {(1 4 TS TR (1 4 T) =D T =D } . (4.29)

We can conclude from (4.26) and (4.27) that there is a positive number ¢ such that
MO LM < cg2(T)eC(]V[(T)L(T))7 +ec.
We are in a position to invoke Lemma 2.3. For this purpose set
a(s) = M (s)LT (s), &= cg®(T).
Subsequently,
a(s) < cg?(s)e“” ) ¢ < e ®) L ¢ for each s € [0,T].

Here we have used the fact that g(T") strictly increases from 0 to infinity on the interval
[0,00). We are in a position to apply Lemma 2.3. Let g, so be determined by Lemma
2.3. Obviously, there is a unique Ty € (0, 00) such that

g0 = cg*(Tp). (4.30)
This implies

a(s) < so for each s € [0,Tp] since we obviously have a(0) < c.
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Consequently,

Q|

< < ¢ in Qg for some ¢ > 0. (4.31)

LEMMA 4.4. Let Ty be given as in (4.30). For each p > 1 the sequence {<I>((f)} is
precompact in LP(Qr,) and the sequence {@gT)} is precompact in LP(Q7, ).
Proof. Let t1,ts € [0,Tp]. For simplicity, we employ the following notions
hi(@) = h(z,1), O (@) = 7 (w,0), (017) (@) =2 (@.1), (21) (2) = o (a,1).

We can derive from (3.35) and (3.36) that
e (o), ~(6),] o+ (), - (00),)
—aiv | (i (C7) (€))7 (217) |
Lot (02 (), — (47), )

—%%HT (htZ, o), (@@)t - (<1><;>)t ) Yor in Q, (4.32)
. .

i [Jv K@gﬂ)t - <(I)gT)>t ” T (<q>gﬂ>t B (@§T)>t >
gt (7, (04), (3, )

+%0¢4HT (hh,cg), (<I>§f>)t - (q)g*))f ) in Q. (4.33)

Observe that

(i (), - (4), ) e (. (), - 60,

it (0,682, (07), = (87, ) < 1 (2. 007), - (5), )
st (0 (007), = (007), ) e (. (007), ~ (207), )
+H, (htz,Cg), (@gﬂ)tl - (éé”)tl) —H, <ht270§§ g (@gﬂ)m - (q)g))h)

=Ji+ Jo+ Js.
We can easily conclude from (4.31) and (4.16) that
| 1] < ellhe, = Py oo,
7l < e|CE = CL oo o

By an argument similar to (4.10), we can obtain

([, = (), ] - [(00), - (), ]
o[[(0), - (7). ] (o), - (5), ]
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Use (@éﬂ) — (q)gT))t as a test function in (4.32), (@ﬁf))t — <<I>§T)>t in (4.33),
2 1 2

add up the IEclvvo resulting equations to deduce
2
AR CON I M ICORSCON
2
o, [0, ~ (), ] - |(@), - (@), ]| a

<O +7) = K(CT + ) loosr + cllhey = Pialloo,er + €O = C [loosr-

2
dzx

Integrate (4.32) over 2 and (4.33) over " and add up the two resulting equations to

(600,009, [ [, (o) J s

This puts us in a position to employ the proof of (4.6). Upon doing so, we arrive at

[]@), - (@gr))t2]2dx+ [ (a0, - (‘I’g))tzr‘“

< RO +7) = K(CT + ) oo + cllhey — Piylloo,cr

2

+ O = O oo s (4.34)

Classical regularity results for linear parabolic equations ([12], Chap. IIT) assert that
{C™} is bounded in C39(Qg,) for some § € (0,1). This combined with (4.34)
implies that {fbgf)} is uniformly equicontinuous in C([0,Tp]; L*(€2)) and {fbgT)} in
C([0, To]; L2(€Y')). Furthermore, {(DgT)} is bounded in L (0, Tp; W12(2)) and {(I’gT)}
in L°°(0,To; WH2(Q)). By virtue of the Ascoli theorem ([16], Lemma 1), the two se-
quences are precompact in C([0, Tp]; L2(2)) and C([0, To]; L3(£)), respectively. This
implies the lemma. 0

Now we have all the ingredients necessary to pass to the limit in (3.4)-(3.10). The
proof of Theorem 1.1 is completed.
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