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Abstract. We give a novel construction of global solutions to the linearized field equations for
causal variational principles. The method is to glue together local solutions supported in lens-shaped
regions. As applications, causal Green’s operators and cone structures are introduced.
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1. Introduction. Causal variational principles were introduced in [9] as a math-
ematical generalization of the causal action principle, being the analytical core of
the physical theory of causal fermion systems (for the general context see the re-
views [11, 15], the textbooks [10, 14] or the website [1]). In general terms, given
a manifold F together with a non-negative function £ : ¥ x F — Rg‘ , in a causal
variational principle one minimizes the action S given by

S(p) = /f dp(z) /g dp(y) L(z.y)

under variations of the measure p on F, keeping the total volume p(F) fixed (for the
precise mathematical setup see Section 2.1 below). The support of the measure p
denoted by

M :=suppp CF (1.1)

has the interpretation as the underlying space or spacetime. A minimizing measure
satisfies corresponding Fuler-Lagrange (EL) equations (for details see the preliminaries
in Section 2.1 or [14, Chapter 7]). For the detailed analysis of minimizing measures,
it is very useful to consider first variations of the measure p which preserve the EL
equations. Such a variation is described by a so-called jet v = (b,v), which consists
of a scalar function b and a vector field v (for details see (2.5) in Section 2.2 below).
Moreover, this jet satisfies the homogeneous linearized field equations

Av =0,

where the operator A is defined by

Av(z) = V(/M (V1o + Vo) L(z,y) dp(y) — Ve 5) . (1.2)

Here s is a positive parameter, and the jet derivative V is a combination of multiplica-
tion and directional derivative (for details see again Section 2.2). For the mathematical
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analysis of the linearized field equations, it is preferable to include an inhomogene-
ity to,

Av=to. (1.3)

An introduction to the linearized equations and more details can be found in [14,
Chapter 14].

In [7] the notion of weak solution was introduced, and energy methods were used
to construct weak solutions locally in so-called lens-shaped regions. Moreover, global
solutions were constructed under the assumptions that spacetime can be exhausted by
lens-shaped regions, and that so-called shielding conditions hold. In [8], on the other
hand, the existence of global foliations by surface layers was assumed. Although all
these assumptions are physically sensible, they seem too strong for some applications.
First, exhaustions by lens-shaped regions exclude some cases of non-trivial space-
time topology. Likewise, assuming the existence of global foliations seems too strong,
because it is unclear whether a statement similar to the existence of global smooth fo-
liations in the globally hyperbolic setting in [3] holds for causal variational principles.
Second and more importantly, the shielding conditions have the disadvantage that
they are quite strong and difficult to verify in the applications. This raises the impor-
tant question how to construct global solutions without referring to exhaustions by
lens-shaped regions and to shielding conditions. In the present paper we answer this
question by giving an alternative construction of global solutions which applies under
general assumptions without using shielding conditions (see Theorem 3.6). Our con-
struction also has the advantage that it is considerably simpler, thereby also clarifying
the resulting causal structure of spacetime.

The basic idea underlying our construction is to “glue together local solutions”
supported in lens-shaped regions. Such gluing constructions are familiar from the
theory of hyperbolic PDEs (see [20], the textbooks [6, 23, 28], [14, Chapter 13] or
similarly in globally hyperbolic spacetimes [26, 27, 2]). In this setting, the uniqueness
of solutions of the Cauchy problem implies that the local solutions coincide on the
intersection of their domains, making it possible to obtain the global solution simply
by demanding that its restriction to every lens-shaped region coincides with the re-
spective local solution (for details see for example [14, Section 13.3]). This method
does not apply in the setting of causal variational principles, because the linearized
field operator (1.2) is non-local. Therefore, “localizing” a solution by multiplying
with cutoff functions gives rise to error terms, which need to be controlled. Another
complication is that, in the weak formulation of the equations, the space used for
testing need not be dense. Therefore, solutions are unique only up to vectors in the
orthogonal complement of the test space. In particular, two solutions constructed in
two lens-shaped regions will in general not coincide on the intersection of the lens-
shaped regions. Therefore, it is a non-trivial task to extend the solution to the union
of the two lens-shaped regions. These difficulties must be taken into account when
“gluing together” local solutions.

In order to overcome these difficulties, we proceed as follows. We begin with local
solutions defined in lens-shaped regions. By multiplying with a cutoff function near
the future boundary and extending to zero, we obtain a global solution, however with
an additional inhomogeneity near the future boundary. This construction also makes
it necessary to adjust the space of admissible test functions. As will be arranged and
made precise in our construction, the support of the additional inhomogeneity lies in
the future of the original inhomogeneity. This allows us to proceed inductively, to
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the effect that, visually speaking, the support of the inhomogeneity “moves to future
infinity” (see Figure 3 on page 90 and the precise statements in Section 3.2).

The paper is organized as follows. Section 2 provides the necessary preliminaries
on causal variational principles and the linearized field equations. In Section 3 global
solutions are constructed. In Section 4 we proceed by constructing causal Green’s
operators S” and SV as well as the causal fundamental solution G. We show that the
properties of the operators A and G can be summarized in the exact sequence

0= 35 5 Jp -5 e 2 T = 0, (1.4)
where Ji** and Jj; are suitable spaces of compactly supported jets, whereas Js. and J7,
have spatially compact support (see Theorem 4.1). In Section 5 we conclude the paper
with a suggestion on how to construct causal cones and transitive causal structures.

2. Preliminaries.

2.1. Causal Variational Principles in the Non-Compact Setting. We
consider causal variational principles in the non-compact setting as introduced in [17,
Section 2]. Thus we let F be a (possibly non-compact) smooth manifold of dimen-
sion m > 1 and p a (positive) Borel measure on F. Moreover, the

Lagrangian L:FxTF =R

is defined as a non-negative function with the following properties:
(i) £ is symmetric: L(x,y) = L(y,x) for all x,y € F.
(ii) L is strictly positive on the diagonal: L(x,z) > 0 for all z € F.
(iii) L is lower semi-continuous, i.e. for all sequences =, — x and y,» — v,

L(z,y) < liminf L(zp, yn’) -

n,n’—oo
The causal variational principle is to minimize the

action S(p) = [ dot@) [ doto) £(a.9) (2.1)

under variations of the measure p, keeping the total volume p(¥F) fixed (volume con-
straint). According to (1.1), spacetime M is defined as the support of the measure p.
It is a (not necessarily smooth) subset of F. The notion causal in “causal variational
principles” refers to the fact that the Lagrangian induces on M a causal structure
given by

timelike ] . L(z,y) >0
x,y € M are { spacelike } separated if { Llxy) =0 [

An important example of causal variational principles is the causal action principle
for causal fermion systems (for the connection see [17, Section 2]).

If the total volume p(F) is finite, one minimizes (2.1) over all regular Borel mea-
sures with the same total volume. If the total volume p(F) is infinite, however, it is
not, obvious how to implement the volume constraint, making it necessary to proceed
as follows. We need the following additional assumptions:

(iv) The measure p is locally finite (meaning that any 2 € F has an open neighbor-

hood U with p(U) < o0).
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(v) The function L(z,.) is p-integrable for all x € &, and integration gives a lower
semi-continuous and bounded function on F.

Given a regular Borel measure p on F, we can vary over all regular Borel measures p

with

o) <oc  and  (5—p)(#) =0

(where |.| denotes the total variation of a measure). The existence theory for mini-
mizers is developed in [19].

2.2. The Euler-Lagrange Equations and Jet Spaces. A minimizer of the
causal variational principle satisfies the following Euler-Lagrange (EL) equations: For
a suitable value of the parameter s > 0, the lower semi-continuous function ¢ : ¥ — RS‘
defined by

)= [ £lo.9) doly) =
is minimal and vanishes on spacetime M := supp p,

fly =infe=0. (2.2)

The parameter s can be understood as the Lagrange parameter corresponding to the
volume constraint. For the derivation and further details we refer to [17, Section 2]
or [19].

The EL equations (2.2) are nonlocal in the sense that they make a statement
on the function ¢ even for points z € F which are far away from spacetime M. Tt
turns out that for the applications we have in mind, it is preferable to evaluate the
EL equations only locally in a neighborhood of M. This leads to the restricted EL
equations introduced in [17, Section 4]. Here we give a slightly less general version
of these equations which is sufficient for our purposes. In order to explain how the
restricted EL equations come about, we begin with the simplified situation that the
function £ is smooth. In this case, the minimality of ¢ implies that the derivative of ¢
vanishes on M, i.e.

Ly =0 and Dl =0 (2.3)

(where D{(p) : T,F — R is the derivative). In order to combine these two equations
in a compact form, it is convenient to consider a pair u := (a, u) consisting of a real-
valued function a on M and a vector field u along the embedding M — &, and to
denote the combination of multiplication and directional derivative by

Vul(z) := a(z) l(z) + (D) (z) . (2.4)

Then the equations (2.3) imply that V,£(x) vanishes for all x € M and for all
pairs (a,u). The pair u = (a,u) is referred to as a jet.

In the general lower-continuous setting, one must be careful because the direc-
tional derivative D, ¢ in (2.4) need not exist. Our method for dealing with this prob-
lem is to restrict attention to vector fields for which the directional derivative is
well-defined. Moreover, we must specify the regularity assumptions on a and u. To
begin with, we always assume that a and u are smooth in the sense that they belong
to the jet space

J:={u=(a,u) with a € C*°(M,R) and v € T(M,TT)} , (2.5)
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where C°(M,R) and I'(M, TF) denote the space of real-valued functions and vector
fields on M, respectively, which admit a smooth extension to F.

Clearly, the fact that a jet u is smooth does not imply that the functions ¢ or £
are differentiable in the direction of u. This must be ensured by additional conditions
which are satisfied by suitable subspaces of J which we now introduce. First, we
let """ be those vector fields for which the directional derivative of the function ¢
exists,

I = {u € C®(M,TF) | D,l(z) exists for all 2 € M}

(in typical applications, this space is non-zero, as one sees in the example of the
smooth compact setting in [14, Section 6.2]). This gives rise to the jet space

Gdiff = COO (]\47 R) @ Fdiff C 3 .

For the jets in J*, the combination of multiplication and directional derivative in (2.4)
is well-defined. Next, we choose a linear subspace J** C J** with the property that
its scalar and vector components are both vector spaces, i.e.

Jtest — Ctest (M, R) @ Ftest g Jdiff ,

with subspaces C**(M,R) C C*°(M,R) and I'**** C I'**. We assume that the scalar
component is nowhere trivial in the sense that

for all x € M there is a € C****(M,R) with a(z) #0.
The restricted EL equations read (for details cf. [17, (eq. (4.10)])
Villar =0 for all u € J*=. (2.6)

The purpose of introducing J** is that it gives the freedom to restrict attention to
the portion of information in the EL equations which is relevant for the application
in mind.

Before going on, we point out that the restricted EL equations (2.6) do not hold
only for minimizers, but also for critical points of the causal action. With this in
mind, all methods and results of this paper do not apply only to minimizers, but
more generally to critical points of the causal variational principle. For brevity, we
also refer to a measure with satisfies the restricted EL equations (2.6) as a critical
measure.

We conclude this section by introducing a few other jet spaces which will be
needed later on. It is useful to define the differentiability properties of the jets by
corresponding differentiability properties of the Lagrangian. When considering higher
derivatives, we always choose charts and work in components. For ease in notation,
we usually omit all vector and tensor indices. But one should keep in mind that, from
now on, we always work in suitably chosen charts. Here and throughout this paper,
we use the following conventions for partial derivatives and jet derivatives:

» Partial and jet derivatives with an index i € {1, 2}, as for example in (2.7), only
act on the respective variable of the function £. This implies, for example, that
the derivatives commute,

Vl,nvl,uﬁ(xa y) = vl,uvl,uﬁ('ra y) .
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» The partial or jet derivatives which do not carry an index act as partial derivatives
on the corresponding argument of the Lagrangian. This implies, for example, that

Vu/ Vi L(z,y) dp(y)Z/Vl,uvl,nﬁ(%y) dp(y) -
F F

We point out that, in contrast to the method and conventions used in [17], jets are
never differentiated.

We next introduce the jet spaces J¢, where £ € NU {oo} can be thought of as the
order of differentiability if the derivatives act simultaneously on both arguments of
the Lagrangian:

DEFINITION 2.1. For any ¢ € Ng U {oo}, the jet space J* C J is defined as the
vector space of jets with the following properties:
(i) Forally € M and all x in an open neighborhood of M, the directional derivatives

(anl —+ VQ,UI) cee (Vl,up + VQ’UP)E(JJ, y) (27)
(computed componentwise in charts around x and y) exist for allp € {1,...,(}
and all vy,...,9, € 3. Here the subscripts 1,2 refer to the derivatives acting

on the first and on the second argument of L(x,y) respectively.
(ii) The functions in (2.7) are p-integrable in the variable y, giving rise to locally
bounded functions in x. More precisely, these functions are in the space

L5, (M. LM (M. dp(y)); dp(a) ) -

(iii) Integrating the expression (2.7) iny over M with respect to the measure p, the
resulting function (defined for all x in an open neighborhood of M) is continu-
ously differentiable in the direction of every jet u € J*.

Finally, compactly supported jets are denoted by a subscript zero, like for example

Jot = {u € 3*** | u has compact support} . (2.8)

2.3. The Linearized Field Equations. In words the homogeneous linearized
field equations describe variations of the measure p which preserve the EL equations.
In order to make this statement mathematically precise, we consider variations where
we multiply p by a non-negative function and take the push-forward with respect to
a mapping from M to F. Thus we consider families of measures (pr),c(—s,5) of the
form

pr = (F‘r)*(f'r P) ) (2.9)
where f and F are smooth,
feC®((=0,6) x M,R")  and  F e C™((=6,0) x M,J),

and have the properties fo(x) = 1 and Fy(x) = x for all + € M (here the push-
forward measure is defined for a subset Q C F by ((Fy).p)(Q) = p(F-1(2)); see for
example [5, Section 3.6]). Demanding that the family of measures (2.9) is critical for
all 7 implies that the jet v defined by

o) = (), Fo()

7=0
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satisfies the linearized field equations

0 = (u, Av)(z) := vu(/M (V1o + Vo) L(z,y) dpy) — Vns) (2.10)

for all u € J*=* and all € M (for the derivation see [13, Section 3.3] and [17, Sec-
tion 4.2]). Since these equations hold pointwise in x, we here refer to these equations
as the strong equations (in distinction of the weak equations obtained by testing and
integrating; see Section 2.5 below).

The inhomogeneous linearized field equations are obtained by adding an inhomo-
geneity on the right side of the homogeneous equations (2.10), i.e.

(u, Av)|pr = (u, o) for all u € Jr=. (2.11)

One way to give the right side of this equation a precise meaning is to regard t as
a dual jet, so that (u,w) is a dual pairing (for details see [7, Sections 2.2. and 2.3]).
In what follows, it is more suitable to identify jets and dual jets by a scalar product
(for details see [7, Section 3.2]). To this end, we let T';, be the subspace of the tangent
space spanned by the test jets,

Iy = {u(@) [uel*"} C T,F.

We introduce a Riemannian metric g, on J,. This Riemannian metric also induces a
pointwise scalar product on the jets. Namely, setting

JLE =R &® Fw 3
we obtain the scalar product on J,
(0,0), 0 3o xJo = R, (0,0), := () b(z) + g (v(z),0(x)) . (2.12)

Using this scalar product, the inhomogeneity in (2.11) is well-defined for any jet to €
Jt==*. We point out that the inhomogeneous equation (2.11) is again evaluated point-
wise for every x € M. Therefore, we refer to it as the strong linearized field equations.
For brevity, sometimes we leave out the pointwise testing and write this equation in
the shorter form (1.3).

2.4. Surface Layer Integrals. Surface layer integrals were first introduced
in [16] as double integrals of the general form

/Q (/M\Q(. <) Li(z,9) dp(y)> dp(x) , (2.13)

where (---) stands for a suitable differential operator formed of jets. A surface
layer integral generalizes the concept of a surface integral over 02 to the setting
of causal fermion systems. The connection can be understood most easily in the case
when L, (x,y) vanishes unless x and y are close together. In this case, we only get a
contribution to (2.13) if both x and y are close to the boundary of Q. A more detailed
explanation of the idea of a surface layer integral is given in [16, Section 2.3].

We now recall those surface layer integrals for jets which will be of relevance in
this paper.
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DEFINITION 2.2. We define the following surface layer integrals,

o It x It = R (symplectic form)
o v) = [ dpl@) [ dply) (VraVan — VauT1a) o)
Q M\Q
()% 35t x gt =R (surface layer inner product)

(u,n)Q = /de(:v) /M\Q dp(y) (VLuVLn - ngqun)E(z,y) .

In order to make sure that the above surface layer integrals exist, we always assume
that the following regularity assumption holds (for details see [18, Section 3.5]):

DEFINITION 2.3. The jet space J*** is surface layer regular if J*** C 32 and
if for all u,v € 3 and all p € {1,2} the following conditions hold:
(i) The directional derivatives

Vi (Vi + Vo)  L(x,y) (2.14)

exist.
(ii) The functions in (2.14) are p-integrable in the variable y, giving rise to locally
bounded functions in x. More precisely, these functions are in the space

e (L1 (M. dp(y), dp(a) )

(iil) The u-derivative in (2.14) may be interchanged with the y-integration, i.e.

/ Vi (Vi —I—ng)p—lﬂ(x,y) dp(y) = vu/ (Vi —&-ng)p_lﬁ(x,y) dp(y) .
M M

2.5. Weak Solutions in Lens-Shaped Regions. Similar to the procedure for
hyperbolic partial differential equations, the initial value problem for the linearized
field equations can be studied “locally” in lens-shaped regions as introduced in [7,
Section 3].

DEFINITION 2.4. Let U C M be an open subset of spacetime and I = [tmin, tmax]
a compact interval. Moreover, we let n € C=(I x U,R) be a function with 0 <n <1
which for all t € I has the following properties:
(i) The function 0(t,.) := On(t,.) is non-negative and compactly supported in U.
(i1) For all x € supp0(t,.) and ally € M\ U, the function L(xz,y) as well as its first
and second derivatives in the direction of Jg=* vanish.
We also write n(t,z) as n(z) and 6(t,z) as O,(x). We refer to (n:)ier as a local
foliation inside U.

The parameter ¢ can be thought of as the time of a local observer and will often
simply be referred to as time. In the applications we always choose the functions 7;
such that each function takes the values one and zero on non-empty subsets of U
which can be thought of as the “past” and “future” of the support of the function 6;
(see Figure 1). This support is referred to as the surface layer at time ¢. In order to
avoid trivial cases, we always assume that 7, attains the values zero and one. Then,
by continuity, its image is the whole interval [0, 1], i.e.

n(U) = [0,1] forallte .
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Fra. 1. A local foliation.

It is the region of spacetime described by the local foliation. The condition (i) implies
that the set L defined by

L:= U supp 0; (2.15)
tel

is compact. Since L is compact, we may restrict attention to the case that U is
relatively compact. This will always be assumed from now on.

For the following constructions, it will be useful to combine the functions n; and 6,
with the measure p to form new measures: The measure

dpi(x) := 0 (x) dp(x)

with ¢ € I is supported in the surface layer at time ¢. For the measures supported in
a spacetime strip, we use the notation

Mto,t1] dp with Nto,t1] = Mer — Mo € Cyo(U),

where we always choose tg,t; € I with tg < ¢;.
In order to make the following constructions work, we need to restrict attention
to jets in a suitably chosen subspace of J*** denoted by

~

Jeey dtest ]

This jet space can be chosen arbitrarily, subject to conditions to be specified below.
Similar to (2.8), 3§ denotes the compactly supported jets in 3. We now introduce
softened versions of the surface layer integrals in Definition 2.2 obtained by replacing
the characteristic function by the cutoff functions 7; and (1 — 7). Moreover, we
restrict these bilinear forms to g,

ol - I x Iy =R (softened symplectic form)
Jt(u,n) = / dp(x) nt(x)/ dp(y) (1 — nt(y)) (vl,uvm — nguVM,)E(x,y)
(L) I xIe =R (softened surface layer inner product)

(u,0)" / dp(x) n( / dp(y) (1 —m(y)) (vl,uvl,u — vQ,uVQ,n)ﬁ(xay) .
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The main advantage of the softening is that it becomes possible to differentiate with
respect to the time parameter. The key observation is that the surface layer inner
product satisfies for any v € Ji* the energy identity

d .
pn (v,0)" = 2/U<U7An>(m) dpi(x) —Q/UAQ[U,U] dp(z) +5/Ub($)2 dpi(z) (2.16)
with

1 2 1

Aslo, 0] (2) := 5/ (Viw + Vo) L(z,y) dply) — 3 Vos.
M

Here we again use the convention that the “partial jet derivatives” do not act on jets

contained in other derivatives; in particular,

(Vis)(@) =b(x)*s,

where b denotes the scalar component of v.

In order to make use of the energy identity (2.16) for energy estimates, we need to
impose so-called hyperbolicity conditions, which we now motivate and introduce. The
starting point is the observation that for systems in Minkowski space [12], the surface
layer inner product (.,.)! is positive definite for physically interesting jets, provided
that 7; is equal to one in the past and equal to zero in the future of a spacelike
hyperplane. With this in mind, it is sensible to assume that (v,v)? is positive. The
lower bound in (2.17) is a stronger and more quantitative version of positivity:

DEFINITION 2.5. The local foliation (n;)ier inside U satisfies the hyperbolicity
condition if there is a constant C > 0 such that for all t € I,

1
(v,0)" > §~/U (Hn(m)Hi + |A2[n,n]|) dpi() for allv € 35, (2.17)

where ||.||» denotes the norm corresponding to the scalar product (2.12).

These hyperbolicity conditions also pose constraints for the choice of the functions 7;
these constraints can be understood as replacing the condition in the theory of hy-
perbolic PDEs that the initial data surface be spacelike. In general situations, the
inequality (2.17) is not obvious and must be arranged and verified in the applications.
More specifically, one can use the freedom in choosing the jet spaces J*** and J*7,
the Riemannian metric in the scalar product (2.12) and the functions 7, in order to
ensure that (2.17) holds. Clearly, the smaller the jet space 3" is chosen, the easier
it is to satisfy (2.17). The drawback is that the Cauchy problem will be solved in a
weaker sense.

DEFINITION 2.6. A compact set L C M is a lens-shaped region inside U if
there is a local foliation (nt)icr inside U satisfying (2.15) which satisfies the hyper-
bolicity conditions of Definition 2.5.

In preparation of setting up the initial value problem, we need to specify what
we mean by “v vanishes in the past of ¢.,;,.” It is most convenient to implement all
the necessary conditions in the definition of the jet space

3, ={ue ™
(u,0)tmin = 0 = g™ (u, ) for all v € J5™ } .

Ntin ¥ = 0 and
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Similarly, we define the space of jets which vanish in the future of ¢, by

(1 — ntmx) u=0 and
(u,0)'mex = 0 = o' (u,v) for all v € Jy™} .

= {ueqy

Weak solutions of the Cauchy problem are defined as follows.

DEFINITION 2.7. A jet v € L*(L) is a weak solution of the Cauchy problem
with zero initial data if

(Au, U>L2(L) = (u, m)Lz(L) for all u € EL . (2.18)

The existence of weak solutions was proved in [7, Theorem 3.15], inspired by
energy methods invented by K.O. Friedrichs for symmetric hyperbolic systems in [20];
see also [23, Section 5.3] and [14, Chapter 11].

THEOREM 2.8 (existence). Assume that L is a lens-shaped region inside U with
foliation (y)ter with I = [tmin,tmax)- Then for every vo € L?(L) there is a weak
solution v € L2(L) of the Cauchy problem (2.18). This solution is bounded by

lollz2zy < Tllwllz2(z) - (2.19)

We point out that, in general, weak solutions are not unique. But the construc-
tion used for the proof of Theorem 2.8 gives a distinguished solution, which however
depends on the choice of the lens-shaped region.

3. Construction of Global Solutions. We now come to the core of this paper:
the construction of global solutions of the linearized field equations. We proceed in
several steps. We begin with a weak solution in a lens-shaped region as constructed
in Theorem 2.18. By multiplying this solution with a cutoff function and extending it
by zero, we obtain a global weak solution. We show that the effect of the cutoff can
be described with an additional inhomogeneity w supported in a neighborhood of the
future boundary of the lens-shaped region. In the next step, we solve the linearized
wave equation for the inhomogeneity —to, giving rise to yet another inhomogeneity
supported in the future of tv. Proceeding inductively and and adding all the solutions,
we obtain the desired global solution.

3.1. Local Solutions with Cutoff in the Future. For technical simplicity,
we assume that the Lagrangian has compact range (for a variant of this definition and
its usefulness we refer to [19, Definition 3.3]).

DEFINITION 3.1. The Lagrangian is said to have compact range on M if
for any compact K C M there are a compact set R(K) C M as well as an open
neighborhood O K such that

L(z,y)=0 ifxeQ andy ¢ R(K).

We let L be a lens-shaped regions inside U, with local foliation (7:):cr (see Defi-
nition 2.6). We define the compact set Z C M by

7= 8w €U (@) < 1}M) N &(Te €U (@) > O}M) c M. (31
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F1G. 2. The sets W and Z of a lens-shaped region L.

Moreover, we choose an open set
Wc{zeU|n) =1}n(L\Z) C L.

The sets W and Z are illustrated in Figure 2.
We introduce a space of test jets which is compatible with multiplying by a cutoff
function in the sense that

3[, = {u € 3Bary ‘ Nt max ¥ € ‘:jL} .

Working with this modified test space complements the constructions in [7, 8] by a
new idea: Instead of changing the space Jy", we suitably restrict the space of test
jets in such a way that they can be used to test the solution multiplied by a cutoff
function.

THEOREM 3.2. For every o € L*(W) there exists v € L*(Z) together with a
weak solution v € L?(M) of the inhomogeneous linearized field equations

(Au7 U>L2(M) = <11, m>L2(M) + <Ll, 1'~U>L2(M) fO’I‘ allu e :jIL (3.2)

Proof. Given 1o € Jo(L), we let v € L?(L) be the corresponding weak solution,
ie.

<Au, D>L2(L) = <u, m>L2(L) for all u € §L . (33)

The L2-scalar product on the left involves the weight 7y, i.e.

(Bu,0)z200) = [ (Au,0)(a) mo) dpla)
We absorb this weight into the weak solution,
(Au,0) 1207y = /;(Au, 0) () dp(z) with o(z) :==nr(z) o(z) .
By definition of W, the function 7; is identically equal to one on the support of tv,

N =1. (3.4)

Therefore, the weight function can be omitted on the right side of (3.3). Extending
the jets v and tv by zero to all of M, we thus obtain the weak equation

<Au, 6>L2(M) = <u, m>L2(M) for all u € §L . (35)
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Next, we want to formulate a weak equation for the space of test jets

D € IL} -

3y = {ue gp

Thus let u € J7. Then (3.5) holds for the test jet 1, u. Using (3.4), we obtain

max

<u7m>L2(M) = (u, nt,,.axm>L2(M) =(A (nt,,.axu)a‘S)L?(JV[)
= (Au, (Utmxﬁ)>L2(M) + <|:Aa thax}uv 0)r2(n) -

We conclude that the jet v := 1 __ 0 satisfies the weak equation (3.2) with the addi-
tional inhomogeneity

tNUI: [A,’I]t 6

max]

Let us verify that o is supported inside Z. We first write out the commutator,
(u,10) (2) = (U, [A, 01, 0) () = (0, A11,,,8) ) (%) = (1,1, AD) ()
=V ( /M (Vi + Vo, s) L@, y) dpy) = Vi, 5 s)
@V [ (T84 V) £l00) dote) ~ Vi
=V [ 0) = M (@) V2 L0a) d) (36)

Let

x & ﬁ({z | Mt (2) < 1}) .

Then 1y, () = 1 and V, 3 £(x,y) vanishes unless 7, (y) = 1. Hence the integrand
in (3.6) vanishes identically. The same argument applies if & &({z | nt,,.. () > 0}).0

3.2. Gluing Local Solutions.

DEFINITION 3.3. Spacetime M is called locally hyperbolic if for every x € M
there is a lens-shaped region L C U with corresponding sets W C L open and Z C M
compact as in Theorem 3.2 with x € W.

As a manifold, F is o-compact. Therefore, we can cover a locally hyperbolic
spacetime M by a sequence of sets Wy, i.e.
M=Jw:.

LeN

For every W, we denote the corresponding sets L and Z in Definition 3.3 by L, and
the Z,. We have the situation in mind that the sets W, are chosen to be very small
compared to the size of the lens-shaped regions.

DEFINITION 3.4. The set Wy is future-related to W, if there is a finite sequence
E:Ehf%,”gp:él eN
such that

We,., N Zy, # @ foralli=1,...;,p—1.

i+1
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A
>

F1G. 3. Future-related sets.

This notion is illustrated in Figure 3.

DEFINITION 3.5. Spacetime M is strongly causal if there is a covering (Wy)ien
such that the following implication holds,

Wy is future-related to Wy — WenWpy =o. (3.7)

From now on, we assume that M is strongly causal. We let (WW;)scn be a covering
having the property (3.7). We introduce the test space

=35

£eN

THEOREM 3.6. Assume that the Lagrangian has compact range (see Defini-
tion 3.1) and that spacetime is strongly causal with chosen covering (Wp)een (see
Definition 3.5). Then for any w € LE(M) there is a global weak solution v € L (M),

(Au, U>M = (u,m>Lz(M) fO’I“ allu € 3/ .

Proof. We proceed inductively. In the first step, we choose p such that the support
of 1 lies in the union of the sets W1y,..., W,. For each inhomogeneity

g 1= XW\(W1U--UW,_1) 10

we let v be the corresponding distinguished solution constructed in Theorem 3.2,
and we let 10, € L?(Z;) be the additional inhomogeneity.

In the next step, we cover each Z; by a finite number of the sets Wy,..., Wy,
choose the inhomogeneities

_XWz\(Wh-sz—l)Fok

and apply Theorem 3.2 to each of these inhomogeneities. Adding up all the solutions,
the additional inhomogeneities 1o, € L?(Z;, ) obtained in the first step have been
compensated. But we have generated new inhomogeneities, which can be compensated
in the third step. We iterate this procedure. Adding all the solutions, we get a formal
weak solution to the inhomogeneous linearized field equations with inhomogeneity 1.

In order to prove that the series converges, we prove that the sum over all the
solutions is locally finite. To this end, let K C M be compact. We choose N such
that

KcWy,...,Wn.



GLOBAL SOLUTIONS TO LINEARIZED FIELD EQUATIONS 91

It follows from our inductive construction that the sets W, lie in the future of the
corresponding sets in the previous step. Therefore, the assumption (3.7) implies that
only a finite number of these sets intersect K. O

Before going on, we point out that the global weak solution constructed in this
theorem depends on the choice of the sequence (Lg)sen of lens-shaped regions (note
that reordering the sequence might give a different weak solution). This dependence
cannot be avoided in view of the intrinsic non-uniqueness of weak solutions men-
tioned in the introduction. But, having chosen such a sequence, Theorem 3.6 gives a
distinguished solution with nice support properties.

4. Construction of Causal Green’s Operators. Having chosen a se-
quence (Lyg)gen of lens-shaped regions, we introduce the retarded Green’s operator
as the uniquely defined mapping

SN L3(M) — LE (M), = —0.

loc

Similarly, solving the Cauchy problem to the past, we obtain the advanced Green’s
operator

SV o L3(M) — LE. (M) .

loc

The difference of the causal Green’s operators is the causal fundamental solution

G:=8Y 8" : LiM)— LE . (M).

loc

It maps to global weak solutions in the sense that for all w € LZ(M),
(Au, Gw)py =0 for allue J .

We remark that, using the energy estimates (2.19), one sees that the operator G is
a continuous mapping from L3(M) to L2 (M) (with respect to the corresponding
topologies). If M is assumed to have a smooth manifold structure, one can apply the
Schwartz kernel theorem [22, Theorem 5.2.1] to represent the Green’s operator by an
integral operator whose kernel is a bi-distribution in D’(M x M).

In the above definitions of S*, SV and G, we chose the domain of definition as
large as possible. For the applications, however, it is convenient to restrict attention
to a smaller domain of “nice” jets. In this way, the operators A and G should have
the properties which are summarized in the exact sequence (1.4). The following con-
structions are similar as in [7, Section 5.3], but with two major differences. First, for
technical simplicity, for the domain of the Green’s operators and the causal funda-
mental solution, we restrict attention to compactly supported jets (the generalization
to jets vanishing in the past or future could be carried out similar as explained in [7,
Remark 5.8]). Second, we prefer to define the jet spaces without taking equivalence
classes. More precisely, we define

I ={ue | SVAu= S"Au= —u}
3o = {ue L§(M,dp) | $¥u,5"u € 3 and ASYu = AS"u = —u}
Joe = {S" w1 + SVus | ur,up € LE(M,dp), S™uy, SVug € 35,
AS™uy = —u; and ASYVuy = —up}
3o = {w +uz fur,up € L§(M,dp) , S"ur, SVup € 377,
ASMuy = —uy and ASYuy

—us} .
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In the next theorem we combine the properties of the causal fundamental solution in an
exact sequence, similar as obtained for linear hyperbolic PDEs in globally hyperbolic
space-times in [21, Proposition 8] and [2, Theorem 4.3].

THEOREM 4.1. Assume that the Lagrangian has compact range (see Defini-
tion 3.1) and that spacetime is strongly causal with chosen covering (Wp)een (see
Definition 3.5). Then the sequence (1.4) is exact.

Proof. We proceed in several steps:
(i) A(JS*) € J§: This follows immediately from the definitions, noting that for
any u € Jg*,

ASY(Au) = A(SYAu) = A(—u) = —Au,

and similarly for S”.

(i) A : J§* — J§ is injective: Let v € J§* with Av = 0. Multiplying by SV and
using again the definition of J§*, we conclude that v = —SYAp = 0.

(iii) If Gu = 0 for u € J§, then u can be represented as u = Av with v € J§*: By
definition of G and Jj, we know that

v:=—-SYu=-5"ueIm.

Being supported both in the causal future and in the past, it follows that v is
compactly supported. Finally, the equation Av = u follows by definition of Jj.
(iv) G(J3) C Jsc: Follows immediately by choosing u; = ug = u.
(v) The product G o A : J§* — Jsc vanishes: Let v € J§*. Then, by definition of G
and J5%,

GAv = S "Av—SYApb=—-0v4+0=0.

(vi) If Av = 0 for b € Js, then v can be represented as v = Gu with u € J§:
Representing v as in the definition of Js;, we obtain by definition of Jj that 0 =
—Av = u; + uy. Therefore v = Gu with u := uy = —uy. Moreover, one readily
verifies that u € Jg.
(vil) A(Jsc) C Ji.: This follows immediately from the definitions.
(viii) The product A o G : J; — J.. vanishes: This follows immediately from the
definitions of the jet spaces.
(ix) The operator A : Jsc — J7, is surjective: Let u € JZ.. According to the definition
of J*., we can represent u as

u=1u; +uy  withuy € L3(M,dp) and uy € LE(M,dp) .

Then by definition, the jet b := —S™u; — SVuy is in Jsc and Ab = u.
This concludes the proof. O

The image of the operator GG in the exact sequence (1.4) are the linearized weak
solutions of spatially compact support denoted by

31513 e Gﬁs C 3tcst .

5. Causal Cone Structures. We define the causal future of an openset V-C M
by

JY(V) = U {supp 0 | v global weak solution} ,
weL2(V)
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with the global weak solution as constructed in Theorem 3.6. We say that y lies in
the future of x if y € JY(V) for every open neighborhood V' of x. We consider the
relation

R:={(z,y) € M x M |y lies in the future of 2} € M x M .
We now take the transitive closure of R defined by

R:= m {ScMxM ] S O R is transitive and closed} .

For pairs (z,y) € R we say that y lies in the transitive causal future of x. We denote
the points in the transitive causal future of x by J).

Taking our constructions as a starting point, one can also introduce open light
cones and other related structures. Our setting is more general than that of differential
geometry because the spacetime M could be singular or discrete. Moreover, we do
not need to make any smoothness assumptions. Working out the connection to the
causal structures in differential geometry as described in [25] is an important problem
of future research. Moreover, in the case that M has a smooth manifold structure,
it would be desirable to associate the causal structure to closed cone structures in
the tangent bundle, with the goal of making the methods and results for globally
hyperbolic closed cone fields (see for example [24, 4]) applicable to causal variational
principles.
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