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THE CLASSIFICATION OF p-DIVISIBLE GROUPS OVER 2-ADIC
DISCRETE VALUATION RINGS

WaNsu KiMm

ABSTRACT. Let Ok be a 2-adic discrete valuation ring with perfect residue field k. We
classify p-divisible groups and p-power order finite flat group schemes over Ok in terms
of certain Frobenius modules over & := W (k)[[u]]. We also show the compatibility
with crystalline Dieudonné theory and associated Galois representations. Our approach
differs from Lau’s generalization of display theory, who independently obtained our result
using display theory.
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1. Introduction

Let k be a perfect field of characteristic p, W (k) its ring of Witt vectors, and Ky :=
W(k)[%] Let K be a finite totally ramified extension of K and let us fix its algebraic
closure K. We fix a uniformizer 7 € K and an Eisenstein polynomial E(u) € W (k)[u]
such that E(r) = 0 and E(0) = p. Choose 7™ € K so that (x(»*1)P = 7(") and
70 = 7. Put Koo :=J,, K(7™), G := Gal(K/K) and G, = Gal(K/K).

Set & := W (k)[[u]] and we extend the Witt vector Frobenius map to a ring endo-
morphism ¢ : & — & by ¢(u) = uP. Breuil has conjectured that p-divisible groups
and finite flat group schemes over O are classified by a certain Frobenius-module
over &; namely, BT76 and (Mod /&)S!, respectively. (The precise definitions will be
given later in Definitions 2.1 and 2.5.) Also note that there exist contravariant func-
tors T from BT 76 and (Mod /&)S! to the category of finitely generated Z,-modules
with continuous G __-action (equations (2.2.1) and (2.6.2)). The main result of this
paper is the proof of the following conjecture of Breuil.
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Conjecture 1.1 (Breuil). There exists an exact anti-equivalence of categories G e~
M between the category of p-divisible groups over Oy and BT“/"6 such that the con-
travariant Dieudonné crystal D*(G) can be recovered from Mg and there exists a
natural G i -equivariant isomorphism T,(G) = TE(Me).

There ezists an exact anti-equivalence of categories H «~ My between the category
of p-power order finite flat group schemes over Ok and (Mod /&)S! such that the
contravariant Dieudonné crystal D*(H) can be recovered from My and there exists a
natural G i -equivariant isomorphism H(K) = T&(My).

The definition of these functors make use of the choice of uniformizer # € Ok
(since the definitions of the target categories BT‘;’6 and (Mod /&)<t do).! Note
that the Gx__-restriction induces a fully faithful functor from the category of G-
representations coming from either a p-divisible group or a finite flat group scheme
over U to the category of Gk __-representations (cf. [12, Corollary 2.1.14] and Corol-
lary 4.4 in this paper), and when G is a p-divisible group we can give a description
of the Gg-action on T& (M), which recovers the natural G g-action on Tp,(G). (cf.
equations (3.5.2a) and (3.5.2b), Proposition 5.4, and the proof of Proposition 5.5.)

Although the compatibility of the functors with the associated Galois representa-
tions was not explicitly stated in the original conjecture [5, Section 2], it is important
for the applications in number theory; for example, this is needed for the construc-
tion of moduli of finite flat group schemes [14], and Kisin’s strategy of constructing
a good integral model of an abelian-type Shimura variety [15].2 In the latter case we
need this extra compatibility because Kisin’s argument requires that the assignment
Tp,(G) ~» Mg for a p-divisible group G over Ok should extend to a ®-functor on
the ®-category generated by the T,(G)’s in the category of Z,[G k]-modules (hence,
we escape the realm of Barsotti-Tate representations), and this could be checked via
Galois compatibility.

Now we comment on the previous results on the conjecture. Breuil [5, 6] proved the
conjecture for finite flat group schemes killed by p when p > 2. Kisin [12, Section A
and Corollary 2.2.6] proved the full conjecture when p > 2, and proved the “isogeny
version” of the conjecture when p = 2. Later Kisin [13, Section 1] proved the con-
jecture for the Cartier duals of connected p-divisible groups without restriction on p,
using Zink’s theory of windows and displays. In this paper, we prove the conjecture
without connectedness assumptions when p = 2.

Independently, Eike Lau [19, 18] has proven the conjecture by a different approach.
Indeed, Lau [19] extended the Zink’s theory of windows and displays for arbitrary
p-divisible groups with no restrictions on p (over more general bases than discrete
valuation rings), and obtained the compatibility with Galois representations in [18]
via “displayed equation”. Shortly after this paper was completed, Tong Liu [22]
independently proved Theorem 4.1 of this paper using his theory of (¢, é)—modules.
Our approach is different from aforementioned results, and more related to Kisin’s
original approach in [12].

INote that for fixed = = 7(0) any two choices of G C Gk are conjugate to each other.
2Note that Vasiu [27] has claimed to have proved the main result of [15] including 2-adic case
without using Conjecture 1.1.
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The p = 2 case of Conjecture 1.1 has been the main technical obstacle to con-
structing a good 2-adic integral model of a Shimura variety of abelian type following
Kisin’s strategy [15]. Also Madapusi Pera’s work on toroidal compactifications of
these integral models in the Hodge-type case [23] assumes p > 2 for the similar rea-
son. Although we have not succeeded yet, it seems that the result of this paper (which
proves Conjecture 1.1) can be used to extend the main results of [15] (and quite pos-
sibly, [23]) to cover some 2-adic cases. (See Remark 4.6 for more details.) Note that
the existence of such good integral models plays a fundamental role in Langlands’
Jugendtraum [17] and Kudla’s program outlined in [16].

Now, let us explain some of the trouble one encounters when proving Conjecture 1.1
when p = 2 (with no connectedness assumptions). We consider the following the Z,-
lattices in V,,(G) = Tp(G)[%] for a p-divisible group G over 0.

o T :=T,(G), the p-adic Tate module.

o Top :=TE(Mg), where TE (M) is defined in equation (2.2.1).

o Tp, the Zy-lattice associated to the Dieudonné crystal via T}
(equations (3.5.1a) and (3.5.1b)). cf. Section 5.6.

The desired compatibility follows from the equality T = Toy.

When p > 2 or when the Cartier dual GV is connected, we can prove the equality
T = Top by showing T = Tp and Tyy = Tp. Indeed, the equality Ton = Tp follows
from a standard linear algebra computation together with the compatibility with
crystalline Dieudonné theory, if p > 2 or if the Cartier dual GV is connected. The
equality T' = Tp follows from Faltings’s integral comparison isomorphism when p > 2
[9, Theorem 7] and Zink’s theory of windows and display when GV is connected [13,
Proposition 1.1.10]. The trouble is that when p = 2 the lattice Toy is strictly contained
in Tp if G is not connected (Proposition 5.4). Indeed, we will show that T' = Tyy as
sublattices in Tpp.

Let us explain our approach to prove Conjecture 1.1. We use the Kisin theory [12]
to define a functor G ~» M from the category of p-divisible groups to the category of
(¢, &)-modules in such a way that the equality T' = Tyy is automatic by construction.
We show that this functor is an anti-equivalence, and then we separately show the
compatibility with Dieudonné crystals. Since the result up to isogeny was already
obtained by Kisin [12], it is not surprising that the integral results can be obtained
by studying Galois-stable lattices in V,(G).

The author expects that this idea can be generalized to show the following state-
ment about G k-stable Z,-lattices in semi-stable representations with small Hodge—
Tate weights.

Conjecture 1.2. Let D := (D, ¢p, N,Fil* D) be a weakly admissible filtered (¢, N)-
module such that gt D = 0 for all w ¢ [0,p — 1]. Consider M € Modg (p)SP~!
equipped with a G -equivariant embedding TE (M) — V(D). (See Definition 2.1
for the definition of Modg(¢)SP~L.) Then the image of the embedding is G i -stable
if and only if S ®, e M is a strongly divisible S-lattice in S @w ) D in the sense of
[7, Definition 2.2.1]. Furthermore, if D does not admit a non-zero weakly admissible
quotient pure of slope p — 1, then we have TE(M) = T (S ®yp,6 M) as Zy-lattices in
Vi(D).
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This conjecture is proved by Tong Liu [21] when gr* D = 0 for all w ¢ [0,p — 2],
so the only unknown case is when gr’ D # 0 and gr?~! Dg # 0.

We include sections to review Kisin theory (Section 2) and various definitions and
constructions involving Breuil modules (Section 3). The main results are stated in
Section 4, and proved in Section 5. We allow p to be arbitrary prime in order to
illustrate the differences when p = 2, although our proof is not essentially different
from Kisin’s [12, 13] when p > 2.

2. Review: Kisin theory

Let & := W (k)[[u]] where u is a formal variable. Let ¢ be the p-adic completion of
S[1], and set € := ﬁg[%]. Note that ¢ is a complete discrete valuation ring with
uniformiser p and Og/(p) = k((u)). We extend the Witt vectors Frobenius map to &,
O¢, and & by sending u to u?, and denote them by . We denote by ¢*(-) the scalar
extension by ¢. We fix an Eisenstein polynomial E(u) € W (k)[u] such that E(r) = 0
and E(0) = p, and view it as an element of &. Note that this normalization is different
from the usual convention, which takes F(u) to be a monic polynomial — although
our discussions does not depend upon the choice of normalization of F(u) in any
significant way, our convention seems more natural in some places. (See Section 5.1,
for example.)

Definition 2.1. For a non-negative integer h, a @-module of height < h is a
tuple (9, pon), where M is a finite free S-module, and gy : M — M is a p-semi-
linear endomorphism such that E(u)" annihilates coker(1 ® pgn : @*9MM — M). Let
Modg (©)S" denote the category of p-modules of height < h with the obvious notion
of morphisms. When h = 1, we set BT76 = Modél(gp).

2.2. Galois representations. Put R := lim O%/(p). Note that the sequence
7 = {7} is an element of R, where (" € K., is the fixed p"th root of the
fixed uniformizer 7 = 7(®). (See the beginning of Section 1.) Tt follows from [28,
Corollaires 3.2.3, 4.3.4] that Frac R is isomorphic to the r-adic completion of k((x))*8.3
Also R is the valuation ring for the w-adic valuation on Frac R (cf. [28, Section 4.1.1]).

We have a W (k)-embedding & — W(R) defined by sending u to [x], where [] is
the Teichmiiller lift. This embedding extends to 0¢ — W (Frac R). Let O be the
topological closure of the integral closure of O¢ in W (Frac R), and S the topological
closure of the integral closure of G in ﬁgur. (We use the p-adic topology in both cases.)
Clearly, & and Ogur are subrings of W (Frac R) stable under ¢ and Gk __-action (but
not under G g-action), and &' is contained in W(R).

Now we associate, to I € Modg (go)gh, a Zy-module with continuous G k__-action,
as follows:

(2.2.1) TE (M) := Home , (M, &™),

3To compare the notation of [28] with ours, R(K) = FracR and Xk (Keo) = k((x)); to see
the second equality, note that X (K ) is a local field of characteristic p with residue field k [28,
Proposition 2.2.4], and one can directly check that x is the uniformizer of X g (Koo ) by the definition
of the valuation [28, Section 2.2.3.3].
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where G acts through &". By Proposition 1.8.3 and Section A 1.2 of [10], it
follows that T (9M) is Zy-free with rank equal to the G-rank of 91, and T is exact
and commutes with direct sums and ®-products.

For a topological group T" (e.g., Gk, GKk__ ), let Repgse(F) denote the category of

finite free Z,-modules with continuous I'-action. Let Rep[o’ig@p (Gx) and Repg:gp (GK)

Ccr
respectively denote the categories of crystalline and semi-stable G i -representations V/

such that gr* Dip(V) = 0 for w ¢ [0,h]. Let Rep!%:"! (Gk) (respectively,

cris, Zy

Repgjgp(g k)) denote the full subcategory of Reprr:e(g k) consisting of objects T

such that T [%] € Repg‘ﬂgng(g i) (respectively, T' [%] € Repgz:gp(g k)). The following

non-trivial theorem of Kisin is the starting point of our argument:
Theorem 2.3 (Kisin).
(1) [12, Proposition 2.1.12] The contravariant functor Tg : Modg(¢)Sh — Reprr:e
(Gk..) is fully faithful.
(2) There exists a (contravariant) functor IM* : Repgzg]p(gK) — Modg (p)S"
of ®-categories such that for any T € Repgzg]p (Gk) there exists a natural
G k.. -isomorphism T = TE (9" (T)).
(3) [12, Theorem 2.2.7] Consider the following functor®

IM* o T, : {p-divisible groups over O} — Bng; G ~ M (T,(G)).

This functor is an anti-equivalence of categories if p > 2, and induces an
anti-equivalence of categories between the corresponding isogeny categories if
p=2.
Proof. We only explain how to read off (2) from [12]. Kisin constructed the functor
Repgjgp(g;() — ModG(ap)gh[%] (see [12, Corollary 1.3.15]), and showed that if this
functor sends V' € Repg:gp(g;() to the isogeny class containing 9’ € Modg(¢)S"

then we have a natural G _-isomorphism V =2 T§ (zm’)[%] (See [12, Proposition
2.1.5].) Finally, the proof of [12, Lemma 2.1.15] shows that for any Gg__ -stable

Zy-lattice T in 'V = TE (O )[%] there exists a unique g-stable G-lattice 9 C M’ [%]
which is of height < h, such that the Zp-lattice T*(9) in V is precisely T. Set
M*(T) := M. O

Remark 2.4. The functor 9* is unfortunately not exact although it is exact up to
isogeny.® In fact, T. Liu [20, Example 2.5.6] provided an example of a short exact
sequence T of Tate modules of p-divisible groups such that 9t*(7°®) is not exact. In
that example T® does not extend to a short exact sequence of p-divisible groups over
Ok, and we will prove later (Section 5.7) that 9" preserves a short exact sequence
of Tate modules whenever it extends to a short exact sequence of p-divisible groups.

4The functor can be defined because V := Vp(G) is a crystalline representation with
gr D3 (V) =0 for w # 0, 1.

5The author thanks T. Liu for pointing this out to him.

6Although by Tate’s theorem [26, (4.2)] an exact sequence 0 — Tp(G') — Tp(G) — Tp(G"') — 0
extends to a sequence 0 — G’ — G — G’ — 0 of p-divisible groups, this sequence does not have to
be exact.
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Let us briefly discuss the torsion theory.

Definition 2.5. For a non-negative integer h, a torsion @-module of height < h is a
tuple (M, pon), where M is a finitely generated p>°-torsion G-module with no non-
zero u-torsion, and @gy : M — 9N is a @-semilinear endomorphism such that E(u)"
annihilates coker(1 ® @g : @*IM — M). Let (Mod/&)S" denote the category of
torsion ¢-modules of height < h with the obvious notion of morphisms.

Note that a non-zero p®°-torsion G-module is of projective dimension < 1 if and
only if it has no non-zero u-torsion.

Lemma 2.6 ([12, Lemma 2.3.4]). Any M € (Mod /&)S! fits into a short evact
sequence

(2.6.1) 00— Lo — o — o,
where ﬁ, M’ € BT“/"6 and all the arrows are p-compatible.

To a torsion p-module M of height < A, we can associate the following torsion
Z,-module with continuous G -action:

(2.6.2) TE(IM) := Home (M, & @7, Q,/Zy).

One can easily check that the exact sequence (2.6.1) induces the following exact
sequence:

(2.6.3) 0 — T =Y 70y — TE(ON) — 0,

where the surjective map is constructed as follows. Identifying 9/ [%] with ﬁ[%] by
f[]%}, a ©-linear map [ : M — & can be viewed as [ : M — S ®z, Qp and

clearly ! mod S factors through 91 = ﬁ/ M. The arrow is defined by sending [ to
[ mod G™.

3. Review: Breuil modules

We recall basic definitions and constructions to work with various S-modules intro-
duced by Breuil. All results in this section are “standard” to experts, so we often
omit the proof by giving references.

3.1. The ring S. Let S be the p-adic completion of the divided power envelop of
W (k)[u] with respect to the ideal generated by E(u). It can be shown that S can
be viewed as a subring of Ky[[u]] whose elements are precisely those of the form
>0 ai#;)!, where ¢(i) := [ %] with e := deg E(u), and a; € W (k) converge to 0 as
i — 00.” (In particular, S is naturally a G-algebra.) We define a differential operator
N = —ud% on S, and a ring endomorphism ¢ : § — S which extends the Witt
vector Frobenius map by ¢(u) = u?P. We let Fil' § C S denote the ideal topologically
generated by E(u)'/i! for i > 1. Since p|o(f) for any f € Fil' S, we can define a
p-semilinear map ¢ := % (Fil'S — 8.

"The proof is by rearranging the terms of Zi>0 bz% and show that the coefficient a; of #;)!

converges, for which boundedness of {%L} suffices. (From lim; oo b; = 0, we deduce lim;_,, a; = 0.)
In particular, this argument works when p = 2.
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3.2. Strongly divisible S-modules. Let D be an admissible filtered p-module
over K such that gr Dg = 0 for w # 0,1. Let us consider D := S Q) D equipped
with the following structure:

(1) a @-linear map ¢p = ps ® vp : S Awu) D — S Qw ) D;

(2) a derivation Np := N ®idp : S @w )y D — S @w) D over N : § — S;

(3) an S[%]—submodule Fil'D:={meSs ®w (k) D] m mod E(u) € Fil' Dg}.

See [4] or [7, Section 2.2] for more details (allowing higher Hodge—Tate weights). We
now define strongly divisible S-lattices in D, following [7, Definition 2.2.1] except that
we do not impose any condition® on D when p = 2:

Definition 3.2.1. A strongly divisible S-lattice in D is an S-submodule M which
satisfies the following properties:

(1) M is a finite free S-module with M[%] =D;

(2) M is stable under ¢p and N;

(3) we have @p(Fil' M) C pM where Fil' M := M NFil' D.

We put ¢ = %(¢D|Fﬂ1 Mm) @ Fil' M — M, one can recover ¢p|a from ¢ as
follows:
e(m) = ¢t o1 (E(uw)m)
for any m € M, where ¢; := @(E(u))/p, which can be easily seen to be a unit.

Note also that Naq := Np|a and ¢; satisfy the following relation called “Griffiths
transversality”:

(3.2.2) Ny owr = ¢y tor o (E(u)-Nay) : Fil' M — M.

We can axiomatize these structures and define strongly divisible S-modules of weight
< 1 without mentioning the ambient module D. See [7, Section 2.2] for more details.

3.3. Construction of strongly divisible S-modules. Let 9 be an object of
either BT“/"6 or (Mod /&)S!, and we will define some additional structure on the
S-module M := S ®, e M, which makes M a strongly divisible S-module if 91 is
GS-free. Using the S-linear map 1 ® pogm : M = S Qg (p* M) — S Qg M, we define an
S-submodule Fil' M ¢ M and ¢; : Fil' M — M as follows:

(3.3.1a) Fil'! M :={z e M| 1® pm(z) € Fil' S @ M C S @s M},
(3.3.1b) o1 : Fil' M 2222 Fill S g M 2225 S @, & M= M.

Let ¢ i= ¢ ® o, and note that o1 = L (oatlpn a)-

Example 3.3.2. Consider M = & equipped with @sn = E(u)-@. Then M = Fil'
M =S and p1(1) = p(E(u))/p.

This functor S ®, & () is obviously faithful. We now claim that this functor is also
exact.

8I.e., we do not assume that D has no non-zero weakly admissible quotient pure of slope 1 as in
[7, Section 2.1].
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Lemma 3.3.3. Assume that we have a p-compatible short exact sequence (IN®) :
0— M — M — M — 0 where M, M, and M" are objects of either (Mod /&)S!
or Bng. Then the sequence S ®@,.c (IMM®) is short exact, respects ¢1’s, and induces
a short exact sequence on Fil's.

Proof. The only case when the exactness of S ®, g (9M°®) is possibly non-trivial is
when 9" € (Mod /&)S!. In this case, it is enough to show Tor{ (91", S) = 0. But
since " is a successive extension of &/p& as a G-module, it is enough to show
Tory (6/p&, S) = 0, which is obvious. The rest of the claim can be directly checked
from the definition (cf. equations (3.3.1a) and (3.3.1b)). O

Suppose M € BT76. Set D := D}, (V,(G")) for a p-divisible group G’ over Ok
which corresponds to 9t up to isogeny by Theorem 2.3(3). We write D := S @y () D

and M := S ®, e M.

Proposition 3.3.4. We use the notation as above. Then there exists a natural S-
linear embedding n : M — D such that op on =noprp, Np(n(M)) C n(M) and
n(Fil' M) = n(M) NFil' D.

Proof. The assertion except Np(M) C M follows from [21, Corollary 3.2.3] using
the rigid analytic construction [12, Corollary 1.3.15] relating D and 9. Now one can
apply [6, Proposition 5.1.3]° to conclude. O

Corollary 3.3.5. For any M € (Mod /&)S!, there exists a unique differential oper-
ator Nayg: M — M over N : S — S such that the “Griffiths transversality” (i.e.,
equation (3.2.2)) holds and Naq = 0 mod IpM where Iy C S is the ideal topologically

generated by “— fori > 0.

il
Proof. By Lemma 2.6, we can find ﬁ, M e BT76 with 9t = ﬁ/ﬁ?’ By Proposi-
tion 3.3.4, both M := S®, ¢ M and M’ := S®, 9N’ are strongly divisible S-lattices
in S ®w k) D for some filtered p-module D. Therefore, Noq := Nz mod M’ is well
defined and satisfies all the desired properties. The uniqueness follows from the proof
of [7, Lemma 3.2.1]. O

3.4. Crystalline period ring. Let us recall the construction of A..s. For more
complete discussions, see [11, Sections 1, 2].

There exists a “canonical lift” 6 : W (R) — 0= of the first projection R — O/ (p),
which is G g-equivariant for the natural actions on both sides. We define A, as the
p-adic completion of the divided power envelop of W (R) with respect to ker(6). The
Witt vector Frobenius map and the Gg-action on W(R) extend to Acis. We let
Fil' Agyis be the ideal topologically generated by & (ker§) for ¢ > 1 (under the p-adic
tOpOIOgY)' We have QO(Flll Acris)Acris - pAcrisa so we can define P11 = % : Flll Acris —
Acris~

The embedding & — W(R) constructed in Section 2.2 extends to S <« Agis by
the universal property of divided powers envelop. This map is p-compatible and
Gk -invariant (but not Gg-invariant).

9The proof of [6, Proposition 5.1.3] works even when p = 2.
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Let us consider the sequence € := {€™},5¢ of cocycle €™ : G — R* defined as
follows:

(3.4.1) €M (g) == g-x™ /m(™)

for any g € Gx. Clearly e(g) defines an element in R, and the nth component €™ (g)
is a (not necessarily primitive) p™th root of unity. One can easily check that the
following formula defines an element in Fil' Aesis:

— (—1)" " (e(g)] — )"
Z() ([e(g)] = 1)

(3.4.2) ty :=logle(g)] = -

)

n=1

where g € G and [-] denotes the Teichmiiller lift.

Remark 3.4.3. When p = 2, one can show that ¢,/2 € Fil' Aeiis (by modifying the
argument in [11, Section 5.2.9]), so we have v, (t,/2) € Fil' Aoy since Fil! Ao has
a divided power structure. It follows that for any p the sequence 7, (t,) converges
to 0 as for the p-adic topology in Agis. In particular, we have an equality [e(g)] =

Z'/C’)LO:O rYn (tg)(: exp(tg)) iH Acris-

Choose g € Gx such that gn") # 7(1). Set [¢] := [e(g)] and ¢ := t, as in (3.4.2).
For any integer n > 0 we set t{"} := " /(p?(™)q(n)!) where q(n) := |n/(p — 1)]. Note
that t{"} € A, and if p =2 then tn} = Y (t/2).

Consider the following subring a5 of Frac W (R)[[T]], where T is a formal variable:

Oeris = {Z a, T | an € W(R) such that p-adically a,, — 0.} .
n=0

Now, one can give the following explicit description of Agus. See [11, Sections 5.2.7—

5.2.9] for the proof.

Theorem 3.4.4. The W (R)-algebra map aeris — Acris defined by T — ¢{n} g
surjective and the kernel is generated by [€] — > 0 o Yn(T).

3.5. Construction of Galois-stable Zj,-lattices. Let 91 be an object of either
BT‘;’6 or (Mod /6)S!, and put M := S ®, ¢ M with additional structure defined
in Section 3.3. Consider the following Z,-module to which we will endow a natural

continuous G g-action:
(3.5.1a) T3 (M) := Homg ,, g1 (M, Aeris), if M € BT/G,
(3.5.1b) T (M) == Homg ,, pii (M, Aaris @z, Qp/Zy), if M € (Mod /&)S'.

We let Gk act through the second argument A..is. The G g-action is more subtle to
describe because the embedding S — Aqis is only Gx__-stable, not G g-stable. Let us
first define a G g-action on Aqis ® M using the differential operator N as follows.

(3.5.2a) g-(a® Z% ) ® Niy(2),

for g € Gk, a € Auyis, and x € M. Here, t, € Fil' Aeyis is as in (3.4.2), and 7i(tg) is
the standard ith divided power; i.e., v(t,) := t! /il if i > 0 and yo(t,) := 1 (even when
ty = 0). By [21, Lemma 5.1.1], the sum (3.5.2a) converges and gives a G g-action,
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which respects ¢ and the natural filtration on A5 ® s M. Note also that we recover
the natural Gk _ -action on Ags ®g M since ty; =0 for g € G .

For any f € T3 (M), we Agis-linearly extend f to Aeris ® M — Acris. Now it is
clear that the following formula defines a continuous action of g € G on Ty (M):

(3.5.2b) g-frx—g-(flgT'A®x))), for z € M.

The following lemma is straightforward from [21, Lemma 5.2.1]'° and [7, Proposi-
tion 2.2.5], using that 72 (M) is p-adically separated and complete.

Lemma 3.5.3. Let D be as in Section 3.1. If M is a strongly divisible S-lattice
in S Qw )y D then there erists a natural G -equivariant injective map T (M) —
Vs (D), whose image is a full Zy-lattice.

The following lemma on the exactness of T3} will be needed in Section 5.

Lemma 3.6. Let D; for i = 1,2,3 be admissible filtered p-modules over K with
gr’(D;)k = 0 forw # 0,1, and let M; be a strongly divisible S-lattices in S @y () D;.
For any short exact sequence 0 — My — Mo — M3z — 0, the following sequence is
short exact:

(3.6.1) 0 — TE(Ms) — TG (Ma) — T (M) — 0.

Proof. The left exactness of sequence (3.6.1) is clear from the definition of T, and the
right exactness can be check after reducing it modulo p. Moreover, it suffices to show
the left exactness of the mod p reduction of sequence (3.6.1), as the F,-dimension of
each term adds up correctly.

Now, the natural map T3 (M;)/(p) — T (M;/(p)) is injective, and the natural
map T3 (Ms/(p)) — T (Ma/(p)) induced by Ma/(p) - Ma/(p) is injective as T
is left exact in the torsion case as well. This shows the left exactness the mod p
reduction of sequence (3.6.1), hence the lemma follows. O

3.7. Relation with Galois representations coming from Kisin modules.
Note that the natural map W (R) — Aesis is injective [11, Section 2.3.3], so we may
view GU as a subring of Aeis (cf. Section 2.2). Now consider the following natural
G k__-equivariant morphism:

(3.7.1) 1: T (M) = Home . (9N, @ur) — Homyg ,, pint (M, Aeyis) =T (M)

where the arrow in the middle is defined as follows: the arrow in (3.7.1) takes f :
M— G to f: M=85®,c M — Auis, which is obtained by S-linearly extending

m L gw 2 Acris, where we view S as a G-algebra via ¢ : & — S. One can check
that if f respects ¢, then f respects 1 and takes Fil' M to Fil' Agis. This map
(3.7.1) is clearly G, _-equivariant, and one can direct check that the map (3.7.1)
respects the natural embeddings of the source and the target into V.
Unfortunately, when p = 2 the map @ defined in equation (3.7.1) is not in general
an isomorphism.'? We prove, instead, that the image of ¢ is a G g-stable submodule

10The assumption that p > 2 under which [21] was written is not relevant to this result.

HGee the proof of [12, Proposition 2.1.5] for TE (M) — VZ,.(D), and the proofs of [7, Proposi-
tion 2.2.5] and [21, Lemma 5.2.1] for T, (M) — V. (D).

121f p > 2 then map @ is an isomorphism. The proof can be found in the proof of [12, Theo-
rem 2.2.7], and it can also be deduced from Proposition 5.4 below.
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in T (M), which suffices for our purpose (cf. Proposition 4.5). This claim will proved
in Section 5.

4. Statement of the main result

Let G be a p-divisible group over Ok, and T := T),(G) its Tate module. Recall that
we have the following functor defined in Theorem 2.3(3):

{p-divisible groups over O} — BT“/OG; G ~ Mg = M (T,(G)).

By the theorems of Tate [26, (4.2)] and Kisin (Theorem 2.3(2)), the functor 9t* o T},
is fully faithful.

Theorem 4.1. Assume that O is a 2-adic discrete valuation ring with perfect residue
field. Then the functor M* oT, is an anti-equivalence of categories. Furthermore, for
any p-divisible group G over Ok and Me = M*(T,(G)), there is a natural G __ -
isomorphism T,(G) = TE(Ma).

Note that the second assertion is automatic from the property of 9t* stated in
Theorem 2.3(2).

Now, let us state the relation of this classification with crystalline Dieudonné
theory. Let G be a p-divisible group over Ok with residue characteristic p = 2,
Mo = M*(T,(G)), and D := D}, (V,(G)). Let D*(G) denote the contravariant
Dieudonné crystal. (See, for example, [24] for the definition.) Then, D*(G)(S) and
S ®@yp,6 Mg are strongly divisible S-lattices in S @y () D. (See Section 3.3 and
[12, Section A] for more details.) We will prove the following proposition in Sec-
tions 5.6 and 5.7.

Proposition 4.2. We use the same notation as above.
(1) We have D*(G)(S) = S®,,6 Ma as strongly divisible S-lattices in S @y 1y D.
(2) The functor 9" o T), takes a short exact sequence of p-divisible groups to a
short exact sequence in BT/6

The proof of (2) uses (1) and the exactness of D*; as explained in Remark 2.4 we
cannot hope to prove the exactness of 9t* o T}, by a purely linear algebraic method.
We also prove a stronger exactness assertion which is useful in practice; namely, that
any quasi-inverse of 9" o T}, should also be an exact functor.

Raynaud’s theorem [1, Théoreme 3.1.1] implies that for any p-power order finite
flat group scheme H over O, there exists an isogeny f : G — G’ of p-divisible groups
over Ok such that H = ker(f). We set My := coker (M* o T},)(f)), and one can
check that My € (Mod /&)S! does not depend on the choice of f up to isomorphism,
using Proposition 4.2(2). One can also define the (contravariant) Dieudonné crystal
D*(H) in such a way that we have the following natural short exact sequence:

0— D)) 2 p
(See Définition 3.1.5 and Théoreéme 3.1.2 of [1] for more details.) From this exact

]
sequence one can define Fil' and ¢; on D*(H)(S),'® which do not depend on the
choice of f.

D*(G)(S) — D*(H)(S) — 0

Bre., D*(H)(S) € (Mod /S) in the sense of [6, Section 2.1.1], but allowing p = 2.
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Corollary 4.3. There exists an exact anti-equivalence of categories H ~ My from
the category of p-power order finite flat group schemes over Ok to (Mod /&)St which
satisfies the following properties:

ere is a natural G -isomorphism = 1), where is define
1) Th . 1GKk. _-i hism H(K TS(M here Tg is d d
in equation (2.6.2).
or any p-divisible group G over Ok, we have a natural isomorphism
2) F divisibl G o h ) hism ON*
(T,(G)) = lim Mgy, where the projective limit is taken with respect to the
map induced by the natural inclusions G[p"] — G[p"T1].
ere exists a natural 1somorphism S @, e Mg = which respects
3) Th ' 13 hism S ®@,.c M D*(H)(S) which
Fil' and ;.

Proof. Following the same proof of [12, Theorem 2.3.5] one can deduce the corol-
lary from Theorem 4.1, Proposition 4.2, and Lemma 2.6 (with the discussion follow-
ing it), possibly except the exactness of the functor H ~» 9y, which is proved in
Proposition 5.7.2. Note that the argument crucially uses the exactness of the functor
Mo T, O

This concludes the proof of Conjecture 1.1. See the introduction (Section 1) for
previous results on this conjecture.

It was observed by Breuil [7, Theorem 3.4.3] that the following corollary is a formal
consequence'?® of Corollary 4.3. We refer to loc.cit for the proof.

Corollary 4.4. The functor T ~ Tl|g,  from the category of p>-torsion G-
representations coming from some finite flat group scheme over Ok to the category
of p™-torsion G i __-representations is fully faithful.

Let us sketch the strategy of the proof of Theorem 4.1, which can be thought of
as extending [12, Section 2.2] to the case when p = 2. The only assertion that needs
to be proved is the essential surjectivity of 9* o T}); i.e. given any I € BT“/OG, we
need to produce a p-divisible group G over Ok such that 9 = MM*(T,,(G)). For any

given M € BTS/DG, Kisin’s theorem (Theorem 2.3(3)) provides a p-divisible group G’

over Uk such that zm[%] = Z)ﬁ*(Tp(G’))[%]. Set V := Tp(G’)[%] and note that T&(9M)
embeds into V' as a G__-stable Z,-lattice. The main step is to show the following
proposition:

Proposition 4.5. With the notation as above, the G -stable Zy,-lattice T in V is
G i -stable.

Granting this proposition, T' comes from a p-divisible group over &k by Raynaud’s
“limit theorem” [25, Proposition 2.3.1], so we obtain Theorem 4.1.

The proof of Proposition 4.5 (which will be given in Section 5) is not straightforward
since Breuil’s theory of strongly divisible S-lattices does not work nicely when p = 2,
but fortunately it does not fail too badly. (See Propositions 5.4 and 5.5 for more
details.) Interestingly, we do not use Proposition 4.2 in order to prove Proposition 4.5
or Theorem 4.1.

14Gince we have the classification of any p-power order finite flat group schemes, not just the ones
killed by p, the dévissage step in the proof of [7, Theorem 3.4.3] is unnecessary.
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Remark 4.6. Kisin’s construction of integral canonical models for Shimura varieties
of abelian type [15] has a few technical restrictions when p = 2, and one of the main
reasons is that at the time of [15] we did not have Theorem 4.1 and Proposition 4.2
when p = 2. (See [15, Theorem 1.4.2, Corollary 1.4.3] for more details.) The 2-adic
case causes another complication (of different nature) when the reductive group G has
a factor of type B [15, Lemma 2.3.1]'®, so one may expect that the main result of this
paper can be used to construct 2-adic integral models for Shimura varieties of abelian
type under some mild restriction on the reductive group G. Unfortunately, there is
one more deformation argument [15, Proposition 1.5.8] which does not generalize to
the 2-adic case. This problem, however, does not seem insurmountable, and it seems
that the main result of this paper has removed the main obstacle for generalizing [15]
to the 2-adic case.

5. Proof of the main results

In this section, we prove Proposition 4.5 (hence, Theorem 4.1) and Proposition 4.2.
The result is known when p > 2 by Kisin [12, Section 2.2] or when 9 is p-unipotent
(cf. Section 5.1) by Kisin [13, Proposition 1.2.7], and our proof can be viewed as
a modification of these arguments. A similar approach to ours (namely, classifying
connected and étale p-divisible groups separately and handling the general case by
connected-étale sequences) is also found in [3] and [8] in their study of Dieudonné
crystals, and in [29] where display theory is extended to general p-divisible groups.

5.1. We first need to introduce the linear algebra counterparts of étale, connected,
multiplicative-type and unipotent finite flat group schemes and p-divisible groups over
Ok, respectively. Let 91 be an object either in (Mod /&)<t or in BT“/OG. Since the

linearization 1® oy : * I — M is injective with cokernel killed by E(u), there exists
a unique map oy : M — ™M such that Yoy o (1 @ por) and (1 ® pan) 0 ey are given
by multiplication by E(u).

We first define the analog of Cartier duality 9" as follows. We set the underlying
S-module to be MY := Homg (M, S) if M € Bng, and 9 := Homg (M, 6 ®z,
Q,/Zy) if M € (Mod /&)L, and we define pgnv so that 1 ® panv is the dual of gy.
One can check that TE(MY) = (TE(M))* @ (Xeyelgx, ), so for a p-divisible group
G over Ok we have IM*(T,(G))Y = M*(T,(GY)) where G is the Cartier dual of
G. (This essentially follows from 9M*(Z,(1)) = (&, E(u)y); indeed, by [12, Corol-
lary 1.3.15] the isogeny class of (&, E(u)y) corresponds to the admissible filtered
p-module (W(k:)[%],E(O)go), and from our normalization we have E(0) = p.) The
analogous statement for finite flat group schemes is deduced from this using Proposi-
tion 4.2(2) which will be proved later.

We say M is étale if 1 ® pgy is an isomorphism, and of multiplicative type if MY is
étale (i.e., if 1o is an isomorphism). We say 9 is ¢-nilpotent if pi, (M) C mg - M for

151n concrete cases, this type B restriction is not so serious; this restriction arises when finding
a suitable embedding G — GL,, over Z;,, which is often provided by definition for most groups G
that arise in practice.
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some n > 1, and p-unipotent™® if MY is p-nilpotent (i.e., if Y (M) C mg-(¢")*M
for some n > 1).

The following lemma asserts the existence of the linear algebra counterpart of
connected-étale and multiplicative-unipotent sequences:

Lemma 5.2. For any I € BT“/Dg, there exist functorial short exact sequences

(5.2.1) 0 — M — M — M — 0,
(5.2.2) 0— M — M — IM™ — 0,
where M, M € BT76 are respectively mazximal among étale and p-unipotent sub-
modules of M, and M, IM™ € BTf6 are, respectively, maximal among p-nilpotent

and multiplicative-type quotients of M. Furthermore, we have (M) = (MV)™ and
(M)Y = (MV)“. The same statement holds for M € (Mod /&)SL.

Proof. When 9 € BTfG, the lemma directly follows from [14, Proposition 1.2.11]
applied to 9/ (p™) (which is free over & ®z, Z,/(p™)). When M € (Mod /S)S?,
choose M = M/M' with M, M € BTf6 and one can check that the sequences

induced from equations (5.2.1) and (5.2.2) for M work. O

Proposition 5.3. For a p-divisible group G over Ok, put M¢ = IM*(T,(G)). Then
the functor 9M* o T}, takes the connected-étale and multiplicative-unipotent sequences
for G to the exact sequences (5.2.1) and (5.2.2) for M¢, respectively.

We will show later (Section 5.7) that the functor 9t*oT), takes any exact sequence of
p-divisible groups to an exact sequence in BT‘/P6 (not just connected-étale sequences),
and its proof uses the compatibility with crystalline Dieudonné theory whose proof
uses Proposition 5.3.

We first need the following lemma that shows an analog to the fact that any étale
group scheme over O, is constant.

Lemma 5.3.1. Assume that the residue field k of Ok is algebraically closed. Then
M e BT‘;’6 is étale if and only if M is isomorphic to the product of copies of (&, ).

Also, M € BTf6 is of multiplicative type if and only if M is isomorphic to the product
of copies of (&, E(u)yp).

Proof. Since the two assertions are Cartier dual to each other (cf. Section 5.1), it is
enough to prove the étale case. The “if” direction is obvious, so we focus on the “only
if” direction. Assume that 91 € BTfé5 is étale, and we fix a G-basis {e1, -+ ,e,} of
M. Let A denote the matrix representation of w9y with respect to the chosen basis.
If we replace this basis by {Ue;} for some invertible matrix U, then A gets replaced
by p(U)AU L.

We first show that one can choose an invertible matrix U, over & such that
©(Uo)AU; " is congruent to 1 modulo (u); indeed, finding an n x n invertible ma-
trix Uy over W (k) such that ¢(Up)(A mod u)U; ' = 1 boils down to solving equa-
tions all of whose roots lie in some unramified extension of W(k). So we may

16Note that 9t being ¢-unipotent does not imply that there exists a unipotent matrix represen-
tation of pgy. This notion should be thought of as an analog of unipotent p-divisible groups/finite
flat group schemes.
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assume that A = 1+ uB for some matrix B. Now, by taking U; = A, we ob-
tain Ay = @(A)AA™! = p(A) = 1 + uPp(B). Recursively, we take U;11 = A;
and A;41 = cp(UiH)AiUijrll. Since U;y+1 = A; = 1 mod upi, the infinite product
U :=[];5, Ui converges and e(U)AU ! = 1. O
Lemma 5.3.2. Let 9 € BT?G, and let M be the mazimal étale submodule of M
which exists by Lemma 5.2. Then, TE&(OM) is the mazimal unramified G i -quotient

of TE(OMN).

Proof. By Lemma 5.3.1, T%(9¢") is an unramified quotient of T%(9M). To show it
is maximal, it is enough to show that 9 =£ 0 if T&(9M) has a non-zero unrami-
fied quotient. For this, choose f € TE(9M) = Homg (M, &) whose image in the

maximal unramified quotient is not zero. Since (@‘”)IK = W (k)[[u]], it follows that
=YW (k)[[u]]) is a non-zero étale submodule of 9.

Proof of Proposition 5.3. Since two assertions in the statement are Cartier dual to
each other (cf. Section 5.1), it suffices to show that 9" o T}, respects connected-étale
sequences. Let (G*) : 0 — G° — G — G — 0 be a connected-étale sequence of
p-divisible groups, and (M°®) : 0 — ME — Mg — ME, — 0 denote the “connected-
étale sequence” for Mg = M*(G) as in Lemma 5.2. To prove Proposition 5.3, it
suffices to show that T),(G*) = T (91®) via the natural isomorphism.

By Lemma 5.3.2, T&(OMY) is the maximal unramified G __-quotient of T,(G).
Viewing T (sm‘g;) as an unramified G g-representation via Gr__/Ix. = Gr/Ik, we
apply the full faithfulness of G i__-restriction on crystalline representations [12, Corol-
lary 2.1.14] to conclude that Tg (9ME) is a maximal unramified G x-quotient of T),(G).
This shows that T (M) coincides with the quotient 7,(G®) of T,,(G). Now Propo-
sition 5.3 follows. O

The following proposition proves Proposition 4.5 when 91 is either (p-unipotent or
of multiplicative type.

Proposition 5.4. For any M € BT‘/"G, put M := S @, M.

(1) Assume that M is p-unipotent, then the G _-map v : TE(OM) — TH(M)
defined in equation (3.7.1) is an isomorphism.

(2) Assume that M is of multiplicative type. If p > 2 then the Gx__-map 1 :
TEOM) — TH (M) defined in equation (3.7.1) is an isomorphism. If p = 2,
then the image of 1 is precisely 2T (M).

Proof. The p-unipotent case is exactly [13, Proposition 1.2.7], so it is left to handle
the multiplicative-type case. The injectivity of ¢ is clear. We will prove the proposition
by looking at (2 mod p) and (2 mod 4) when p = 2.

For the proof, we may replace K by K" and 9 by W (k)[[u]] ® M; indeed, by

naturally identifying V = V3 (D) = Vi (W (k) @w ) D) as Ix-representations, we
do not change the relevant Z,-lattices in V' and the map :. Now, by Lemma 5.3.1 it is
enough to prove the proposition for MM = (&, E(u)p). The following claim concludes

the proof of Proposition 5.4(2).

Claim 5.4.1. Assume that k =k and let M = (S, E(u)p). If p > 2 then (2 mod p) is
an isomorphism. If p =2 then (+ mod 2) is the zero map and (1 mod 4) is non-zero.
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Let a € W(k)* be such that au® = F(u) mod p, and choose € W (k)™ so that
#P~1 = a~! mod p. Then, for any f € Homeg ,(9/(p), 5" /(p)) we have

(F(B8))" = BP(f(1))" = u®F(B).

If f is non-zero then we have f(3)P~! = u®. By Lemma 5.4.2, on the other hand,

0 : 6" /(p) — Auis/(p) takes f(B) to 0 if and only if p = 2. This proves the claim
on ¢ mod p.

Now, assume that p = 2 and choose a Zg-basis f € Homg (M, éur). Since

f(B) = u® mod 2, we can find g € G™ such that f(B) = u® + 2g. Similarly, we can
write o E(u) = u® + 2c(u) for some c(u) € & of degree < e. Then we have

o(f(B)) = a ' E(u) f(B) = u** + 2u®(c(u) + g) mod 4.
Put f := (f) € Homg ,, gyt (M, Aeris). Then by definition we have

f(ﬂ) = u®® + 2uf(c(u) +g) =2 <u22‘e + uec(u) + ueg> mod 4.
Since u?¢ /2! + ufc(u) +u¢g #Z 0 mod 2 (because u?¢/2! ¢ & /(2) and u®c(u) +ug €
&' /(2)), we have f(3) # 0 mod 4. O

Lemma 5.4.2. The kernel of the map ¢ : @“r/(p) — Acis/(p) is generated by u®
where e = deg E(u).

Proof. Recall that R is isomorphic to the valuation ring of the completion of k(())*®,

and the subring &™ /(p) C R is isomorphic to the valuation ring of k((w))*?P (cf.
Section 2.2). Also one can directly check that Aeis/(p) is the divided power envelop
of R with respect to the kernel of the Oth projection 6 : R — 0%/ (p).*" Since ker(f)
is principally generated by #¢ [28, Proposition 4.3.7], the kernel of the natural map
R — A is principally generated by 7P¢. Now the lemma follows. (]

The proposition below completes the proof of Proposition 4.5, hence the proof of
Theorem 4.1:

Proposition 5.5. For any I € BT76 and M := S ®,e M, the image of the map
v TEOM) — T4 (M) is G -stable, where v is defined in equation (3.7.1). If p > 2
then 1 is an isomorphism, and if p = 2 then the cokernel of v is killed by p = 2.

Note that a simpler proof when p > 2 already appeared in the proof of [12, Theo-
rem 2.2.7].

Proof. From Proposition 5.4 and the exactness results (Lemmas 3.3.3 and 3.6), it
easily follows that ¢ is an isomorphism when p > 2, and when p = 2 we have

2T5 (M) € Tg(M) € TEM).

To show that T& (9M) is Gk-stable in T} (M), it suffices to show that the image of
TEOM) in T (M) /215 (M) is Gk-stable; i.e., for any f € TE(9M) and g € G, there

17This follows from the universal property of divided power envelop; cf. [2, Remark 3.20(8)].
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exists f' € TE (M) such that
g-u(f) = 1(f') mod 2T (M),

where g-1(f) is as defined in equations (3.5.2a) and (3.5.2b).

Recall that we have the short exact sequence 0 — 9" — 9 — M™ — 0 defined
in equation (5.2.2), which stays exact after applying S ®, & () by Lemma 3.3.3. We
set M" := S®, e M* and M™ := S®, e IM™. From Proposition 5.4(1), there exists
[ € TE(9M) such that (g-2(f))|ame = 1(f')|ame. So the element § := g-o(f) — o(f’) lies
in T}, (M™). Now it suffices to show that § € 2T (M™); i.e., §(1 ® y) € 2Aqis for
any y € 9™

Pick t € Aqis as in Theorem 3.4.4. Since M is multiplicative, we have

SM™) C (W(E)-S)-(t/2) € W(R)-(t/2).

It follows from Theorem 3.4.4 that W(R) % N (W(R) + 2Acis) C 2Aeis- (To see
this, assume that a-5 € W(R) + 245 for some a € W(R). Then one can find
b,c, € W(R) such that a-5 = b+ 23" cpyn(5) in Agis. By Theorem 3.4.4,
b+ (—a+2c1)L + 2307, (L) € aens must be divisible by [e] — Y07 v (T).
This forces that a € (2,[e] — 1)W(R), but since [¢] — 1 = — 377, 2", (%) € 245 we
conclude that a € 2A.s.) In particular, we are reduced to showing that 6(1 ® y) €
W (R) + 2 A, for any y € 9M™. Now, recall that o(f)(1®@ ) € ©(&™) for any = € M
by construction, so it suffices to show that

(5.5.1) (g-u(f)) (1 ®@z) € W(R) + 2Acris

for any f € TE(OM), x € M, and g € Gk
With the notation as above, recall from equations (3.5.2a) and (3.5.2b) that

(5.52)  (g(f)(1®2z)=yg (Z Yi(~tg) (1(f) o Njy) (1 @ x))
=0

— g1 z) +g (Z () (o) 0 Ni)(1 x>> ,
i=1

where ; is the standard ith divided power. Inspecting the second row of (5.5.2), the

first term is in W(R) by construction, and the second term is in 2A.s as 2 divides

vi(ty) for any g € G and i > 0. This shows that equation (5.5.1) holds, hence the

proposition. O

5.6. Comparison with Dieudonné crystals: proof of Proposition 4.2(1).'®
Let G be a p-divisible group over O, D the associated filtered ¢-module, and D*(G)
the contravariantly associated Dieudonné crystal. The S-module D*(G)(S) can be
naturally viewed as a strongly divisible S-lattice in S ®w () D. (See, for example,
[12, (A.1)—(A.2)] for more details.) One can actually recover the Dieudonné crystal
D*(G) from the strongly divisible S-module D*(G)(S).*°

Let M = M*(T,,(G)) and we associated a strongly divisible S-lattice S ®, e M.
The goal of this section is to prove the following lemma.

18The author thanks T. Liu for providing his idea to improve the original argument.
19This can be done by applying [2, Theorem 6.6] to the unique differential operator given by
Proposition 3.3.4.
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Lemma 5.6.1. With the notation as above, we have D*(G)(S) = S ®,,6 Ma as
strongly divisible S-lattices in S @w ) D.

The starting point of the proof is the following theorem of Faltings, which is the
geometric ingredient of the proof.

Theorem 5.6.2 ([9, Section 6, Theorem 7]). There ezists a natural G g -equivariant
injective map Tp,(G) — T4 (D*(G)(S)) which respects the embeddings into TP(G)[%] =
V(D). Furthermore, this map is an isomorphism if p > 2.

To use Faltings’s theorem to prove Lemma 5.6.1, we need the following lemma:

Lemma 5.6.3. Let M and M’ be strongly divisible S-lattices in S Qw ) D, and
assume that M = S ®, e M for some M € BT76. If T; (M) C T3 (M) as Zy-
lattices in 'V := V. (D), then we have M 2 M’.

Proof. Assume that M admits a G-lattice 97 as in the statement. It suffices to show
that if z € /\/l[%] satisfies f(z) € Aqyis for any f € T3 (M), then m € M. (The lemma
follows by applying this to any x € M'.)

Assume to the contrary that there exists z € M[}%] \ M such that f(z) € Acys for
any f € T3 (M). Let n be the smallest positive integer such that p”x € M. Then we
have p"z € M\ pM, and f(p"x) € p"Acyis for any f € T5; (M). But this contradicts

to Lemma 5.6.4 below. O

Lemma 5.6.4. Suppose M = S ®@, s M for some M € BT“/"G, and let y € M. If
f(y) € pAcyis for any f € T;(M), then y € pM.

Proof. By the “multiplicative-unipotent sequence” (c¢f. equation (5.2.2)), it suffices
to handle the case when 9 is either of multiplicative type or (-unipotent. The
case when 91 is of multiplicative type is straightforward. (For example, one can use
Lemma 5.3.1 to reduce to the rank-1 case.) When 90 is p-unipotent, the natural map
v TEOM) — T35 (M) is an isomorphism, so it suffices to prove the same statement
for y € M and f € TE(M).

Set 1 := M /pM and N := Nfers @) ker(f) C 9. Since M is a saturated submod-
ule, we have /M € (Mod /&)St. (Note that &/(p) = k[[u]] is a discrete valuation
ring.) By definition of 9 we have T& (9) = TZ (9/M), which implies

rankg /() M = dimp, T (M) = dimg, T (M/N) = rankg () M/N.
Hence, 9t = 0, which proves the lemma. O

Proof of Lemma 5.6.1. Lemma 5.6.1 is easy for étale and multiplicative-type
p-divisible groups. (Indeed, it essentially boils down to handling G = G,,[p™] or
Qp/Z,, in which case one can explicitly compute and compare both sides of the

equality.)

To prove Lemma 5.6.1 it is enough to show an inclusion S ®, ¢ Me D D*(G)(S)
for all p-divisible group G. Indeed, we can apply this inclusion to the Cartier dual
GV and obtain the inclusion of the opposite direction. (Note that Cartier duality
corresponds to S-linear duality on both sides by Section 5.1 and [1, Section 5.3].)

To show this inclusion, it suffices to show T3 (S ®, .6 Me) C T (D*(G)(S)) by
Lemma 5.6.3. Let GG be any p-divisible group over &'k and consider the multiplicative-
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unipotent sequence (G*) : 0 - G™ — G — G" — 0; i.e., G™ is of multiplicative type
and (G*)Y is connected. By Proposition 5.3, the sequence Mge := M*(T,(G*)) is
short exact and coincides with the “multiplicative-unipotent sequence” (cf.
equation (5.2.2)) for M.

We already observed T} (S ®,,6 Maem) = T4 (D*(G™)(S)). Applying Proposition
5.4(1) and Theorem 5.6.2, we obtain that T (S ®, 6 Mau) = T,(G") is contained
in T2 (D*(G*)(S)) as Zy-lattices in V,(G"). Using the exactness of T; (Lemma 3.6),
one easily obtains the desired inclusion. O

5.7. Exactness. We now give a proof of Proposition 4.2(2) and Corollary 4.3, us-
ing compatibility with crystalline Dieudonné theory (Proposition 4.2(1)) proved in
Section 5.6.

The following lemma proves Proposition 4.2(2)

Lemma 5.7.1. Let (G*): 0 = G' — G — G"” — 0 be a short exact sequence of
p-divisible groups over Ok, and put (IM*®) := M*(G*).
(1) The sequence T,(G*) of Tate modules is short exact if and only if Og @g (IM*®)
is short exact.
(2) If (G*) is an exact sequence of p-divisible groups over Oy, then (IM®) is an
exact sequence.

Proof. By definition we have natural G _-isomorphisms 7},(G*®) = T& (9°) and the
latter is precisely the sequence of étale p-modules associated to T,,(G*®) by [10, Sec-
tion B.1.8.3]. Now the statement (1) directly follows from the exactness property of
étale p-modules. See [10, Section A.1.2] for more details.

Assuming that (G*®) is an exact sequence of p-divisible groups over O, the left
exactness of (91*) follows from (2) since the natural map I — O ®s M is injective
for any 9M € BT76. By Nakayama lemma the right exactness could be checked
mod u, and by the compatibility with crystalline Dieudonné theory the sequence
(M*) ®s,, 6/ (u) is isomorphic to the sequence D*((G*®)x), where D*(G},) denote the
contravariant Dieudonné module for a p-divisible group Gy over k.20 This shows the
desired exactness. d

Since we have proved Theorem 4.1 and Proposition 4.2, Corollary 4.3 also follows
possibly except the exactness assertion (as remarked in the proof of Corollary 4.3).
We now show a slightly stronger assertion than the exactness asserted in Corollary 4.3,
which can be useful in practice.

Consider a (not necessarily exact) sequence (G*) : 0 - G' — G — G" — 0,
where G, G', and G" are either p-power order finite flat group schemes or p-divisible
groups over Ok. (From now on, all finite flat group schemes are assumed to be of
p-power order.) Let (9M®) : 0 — M’ — M — M’ — 0 denote the (not necessarily
exact) sequence of (¢, &)-modules corresponding to (G*). If G’ is a finite flat group
scheme and G is a p-divisible group then we define the map M — M’ as follows:
we choose a sufficiently large n so that G[p™] contains the image of G’, and consider
M — M/(p") — M’ where the second map is induced from the map G’ — G[p"|
which factors G’ — G. Clearly the map 9t — 9’ is independent of the choice of n.

20For any p-divisible group G over Ok, we have D*(G)(S) ®g W (k) = D*(G},), hence the desired
isomorphism follows from Proposition 4.2(1).
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Proposition 5.7.2. We use the same notation as above.
(1) The sequence (G®)k of the generic fibers is exact if and only if O @ (IM*)
18 ezact.
(2) The sequence (G*®) is exact if and only if (IM®) is exact.

Proof. The proof of Lemma 5.7.1(1) can easily be adapted to prove (1) using the
natural G __-isomorphism 7% (9Mpy) = H(K) when H is a finite flat group scheme.
(When G’ is a finite flat group scheme and G is a p-divisible group, we need the exact
sequence (2.6.3).)

The “only if” direction of (2) is already proved except when G', G and G” are finite
flat group schemes. This case can be handled via a similar argument to the proof of
Lemma 5.7.1(2); the left exactness can be deduced from (1) and the injectivity of
maps (M®) — O @g (MM*®), and the right exactness can be checked by reducing (9*)
modulo (u) and comparing it with the sequence of contravariant Dieudonné modules
for the special fibers (G*)y.

The proof of the “if” direction can be reduced to the case when G’, G and G” are
finite flat group schemes, which follows from the claim below:

Claim A. Ifi: 9 — MM is surjective, then i : G' — G is a closed immersion.

Granting this claim, we have Mg, = ker(i) = M” as submodules of M, so the
natural map G/G’ — G” given by the universal property of quotient is an isomor-
phism. This proves the “if” direction of Proposition 5.7.2(2).

Let us prove Claim A. Let H C G be the scheme-theoretic image of 4, and 9y the
quotient of 91 corresponding to H. Since ¢ factors through H, it follows that i factors
through 9y and we obtain a natural surjective map MMy — 9. This map is an
isomorphism if and only if 7 is a closed immersion. Since both the source and the target
have no non-zero u-torsion, it suffices to show that the map 0c ® i : O ®c My —
O @ M’ an isomorphism. To show this, observe that the natural map G — Hg
induced by ¢ on the generic fiber is an isomorphism by Proposition 5.7.2(1). By the
theory of étale g-modules [10, Section A.1.2] we conclude that the natural surjective
map Og ® i is an isomorphism.?! This concludes the proof of Claim A (therefore, of
Proposition 5.7.2). O
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