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The Chow ring of the classifying
space of GO(2n)

SAURAV BHAUMIK

Let GO(2n) be the general orthogonal group scheme (the group of
orthogonal similitudes). In the topological category, Y. Holla and
N. Nitsure determined the singular cohomology ring H, (BGO(2n,
C),Fy) of the classifying space BGO(2n,C) of the corresponding
complex Lie group GO(2n,C) in terms of explicit generators and
relations. The author of the present note showed that over any alge-
braically closed field of characteristic not equal to 2, the smooth-
étale cohomology ring HY . (BGO(2n),F3) of the classifying alge-
braic stack BGO(2n) has the same description in terms of genera-
tors and relations as the singular cohomology ring Hs*ing(BGO(2n,
C),Fy). Totaro defined for any reductive group G over a field, the
Chow ring Af,, which is canonically identified with the ring of
characteristic classes in the sense of intersection theory, for prin-
cipal G-bundles, locally trivial in étale topology. In this paper, we
calculate the Chow group AEO(%) over any field of characteristic
different from 2 in terms of generators and relations.

1. Introduction

The Chow ring of the classifying space of a reductive group was introduced
by Totaro in [10], where he calculated the Chow rings of the classifying
spaces of several finite groups and algebraic groups including O(n), Sp(2n),
etc. Edidin and Graham in [3] introduced the equivariant Chow ring. Molina
Rojas and Vistoli in [7], using the techniques of equivariant Chow groups,
calculated the Chow ring A%, n) in case n is even (the odd case was already
addressed in Pandharipande [9] and Totaro [10]).

Holla and Nitsure in [5] considered the general orthogonal group GO(n,
C), which is also called the group of orthogonal similitudes, and calculated
the singular cohomology ring of its classifying space Hj,(BGO(n,C);Fs).
In [1], the author of the present paper considered the algebraic version of the
above Lie group, namely the general orthogonal group scheme GO(n) over
an algebraically closed field of characteristic different from 2, and showed
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r et (BGO(n); Fa) of the algebraic
stack BGO(n) has the same description in terms of generators and relations
over [y as the singular cohomology ring computed by Holla and Nitsure in
[5]. In this present note, we calculate the Chow ring of the classifying space
of GO(n) over a field of characteristic different from 2 in the sense of Totaro
[10], using the methods of equivariant Chow groups. By the results of Totaro
[10], this ring can be canonically identified with the ring of characteristic
classes for principal GO(n)-bundles on smooth, quasi-projective schemes. In
other words, the Chow ring of the classifying space of GO(n) is the ring
of all intersection theoretical invariants for families of line bundle valued
nondegenerate quadratic forms.

Henceforth, all schemes and morphisms are over a fixed field & (not nec-
essarily algebraically closed) with characteristic different from 2. We recall
the definition of the algebraic group GO(n) over k. Let V = k", and let
q:V — k be the quadratic form, defined by

that the smooth-étale cohomology ring H

(1, ..., Tom) = T1Tmp1 + - - + T Tom,

for the even case n = 2m, and by

2
Q(xla cee ax2m+1) =T1Tmy1 + 0+ TpTom + LTom41s

for the odd case n = 2m + 1. Let GO(n) be the affine algebraic group scheme
of invertible linear automorphisms of V' that preserve the quadratic form ¢
up to a scalar. In terms of matrices, let J denote the nonsingular symmetric
matrix of the bilinear form corresponding to ¢. Then as a functor of points,
GO(n) attaches to each k-algebra S the group

GO(n)(S) = {A € GL,(S): Ja € S*, 'AJA = aJ}.

The algebraic group GO(n) is reductive, since its defining representation on
k™ is irreducible. Note that if k' /k is a field extension such that the quadratic
form ¢ extended to V @ k' = k'™ is equivalent to the quadratic form Y, z2,
given by the identity matrix I, then over k', the algebraic group GO(n)
defined above is isomorphic to the algebraic group GO(n) defined in [1].
The scalar a in the definition determines the character o : GO(n) — Gy,
that satisfies ‘AJA = 0(A)J. Given a scheme X, and a principal GO(n)-
bundle P on X (locally trivial in the étale topology), consider the rank n
vector bundle E associated to the defining representation GO(n) C GLy,
and the line bundle L determined by the character o. The nondegenerate
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symmetric bilinear form corresponding to ¢ induces a nondegenerate sym-
metric bilinear form b: E ®p, £ — L. Conversely, given a nondegenerate
quadratic triple of rank n (E,L,b), which is a triple consisting of a vector
bundle F of rank n, a line bundle L and a nondegenerate symmetric bilin-
ear b: F ®p, E — L, we can reduce the structure group of E to GO,, by
applying Gram-Schmidt orthonormalization étale locally on X.

Let A7, denote the Chow ring of the classifying space of a reductive group
G in the sense of Totaro [10]. Note that for any n > 1, there is a canonical
isomorphism

SO2n+1) x G, = GO(2n + 1).

Note that BG, is approximated by the projective spaces P}* in the sense
of Totaro [10], and we have for any smooth scheme X the following natural
isomorphisms.

A*(X) @ A*(P") S A (X x PYY)

Since BSO(2n + 1) is approximated by smooth schemes, there is the Kiinneth
isomorphism

ASo(2n+1) @ AT, = AGo(2n+1)-

This determines the Chow ring for GO(2n + 1), because Af, = Z[)], and
the Chow ring for SO(2n + 1) is given by [9] and [10]. Therefore we are left
with the task of calculating the Chow ring only in the even case GO(2n).
The rest of this note is devoted to the calculation of Af,, on)°

In Section 2, we recall Totaro’s definition of the Chow ring of a classifying
space from [10], and the basic notions of equivariant Chow groups from
Molina Rojas and Vistoli [7]. In Section 3, we calculate A*GO(%) in terms
of explicit generators and relations over Z. We show, in terms of quadratic
triples (E, L, b), Alo(2n) 18 generated by the Chern classes ¢i(E) and the
Chern class A of L. The nondegenerate symmetric bilinear form determines
an isomorphism of vector bundles £ = EY @ L. This isomorphism gives the
following relations among Chern classes of E and the class A.

P .
(o — .
cp = g (—1)’( " ,l>ci/\p’, p=1,...,2n
=0

p—1

The main theorem of this note is Theorem 3.1, which asserts that the ideal
of relations in A*GO(2n) is generated by the above relations.

The invariants in A7, , transform under the cycle map to the corre-
sponding classes in Hay, ¢ (BGO(2n),Fs) (see Remark 3.2).
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To prove the main theorem (Theorem 3.1), we first observe that A\ and
the even Chern classes are algebraically independent in A*GO(2n). Eventually
we focus on the torsion subgroup of Ag; ) (which is an ideal) in order to
carry out the rest of the proof. The inclusion O(2n) C GO(2n), where O(2n)
is looked upon as the algebraic group of linear automorphisms of k%" that
preserve the quadratic form ), z;xi4,, gives rise to a ring homomorphism
A*GO(%) — Af on) A biproduct of the proof of the main theorem is that
this homomorphism determines an isomorphism of the corresponding torsion
subgroups.
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2. Basic notions recalled
2.1. Chow ring of the classifying space

Totaro [10] defined the Chow groups of the classifying space of a linear
algebraic group G as follows. Let NV >0 be an integer. Then there is a
finite dimensional linear representation V of G, with a G-equivariant closed
subset S of codimension > N such that the action of G on (V — 5) is free,
such that the quotient (V — S)/G exists in the category of schemes and
(V= 8) — (V—.5)/G is a principal bundle, locally trivial in étale topology.
For any such other pair (V’, "), there are canonical isomorphisms for i < N

o (05) s (V)

The i-th Chow group AE of the classifying space of G is defined to be
A" (YZ2), where (V, S) satisfies the above condition. The isomorphism above
shows that A, is independent of the choice of the particular pair (V,.S5).
The graded group Ay, naturally has the structure of a graded ring under
intersection product.

Note that in the above approach, one defines the Chow ring of the clas-
sifying space without referring to a possible classifying space BG whether in
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the category of algebraic stacks or simplicial spaces. But Morel and Voevod-
sky defined the classifying space of a linear algebraic group as an object in
the Al-homotopy category, and their construction gives the same Chow ring
(Chapter 4, Proposition 2.6, [8]).

2.2. Equivariant Chow groups

Let X be a scheme on which a reductive algebraic group G acts. Suppose V is
a finite dimensional linear representation of GG, and S C V is a G-equivariant
closed subset such that the induced action of G on (V — 95) is free, with a
principal bundle quotient (V' — S) — (V — S)/G. If the codimension of S in
V is N, then for i < N, the equivariant Chow groups of X are defined as

AL(X) = A <Xx(g_5)> .

This definition is independent of the particular choices of V and S.

The Chow ring of the classifying space is recovered by taking X to be
the point Spec k, as A% (Spec k) = AL,

Suppose G fits into an exact sequence of reductive algebraic groups as
follows

1-H—>G5G, > 1.

Consider the action of G on A! by the character . The localisation sequence
for G,, C Al is

A% (Spec k) — AL(AY) = AL(G,,) — 0.

The quotient (G, x (A —{0}))/G can be naturally identified with (A! —
{0})/H. Therefore the above localization sequence gives an exact sequence

AL S AL — A — 0,

where ¢ is the Chern class of the line bundle given by the character y.

3. Calculation of AEO(%)

Generators for A*GO(2n)' Recall that we have a short exact sequence of
reductive algebraic groups
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1 — 0(2n) = GO(2n) > G, — 1,
which, by the results of the last section, gives an exact sequence
* )\ * *
(3.1) Go(en) — Aco@n) = Ao@n) — 0

where A is the Chern class corresponding to the character o.

Totaro [10] (assuming the base field to be the field of complex numbers)
and later Molina Rojas and Vistoli [7] (over a general field of characteristic
different from 2) showed that

* ~ Z[Cl,...,CQn]

02n) (QCodd) ’
hence A*O(Qn) is generated by the Chern classes ci,...,co,. The exact se-
quence (3.1) shows that AZ’O(%) is generated by c1,...,copn, A

Relations among ¢y, ..., can, A. Recall that to give a principal GO(2n)-
bundle is to give a triple (E, L, b) consisting of a vector bundle E of rank 2n, a
line bundle L and a nondegenerate symmetric form b: E ® E — L. The form
b: E®E — L determines an isomorphism of vector bundles £~ EV @ L,
which gives the following relations among A and the Chern classes of E.

P :
n — .
(3.2) cp = g (—1)Z< " ,Z>Ci)\p_z, p=1,...,2n
1=0

p—1

Let R be the quotient of the polynomial ring Z[A, ci1,...,co,] by the
ideal generated by the above 2n relations. Let ¢ : R — Af, 5, be the ring
homomorphism that sends A to the Chern class of the line bundle defined by
the character o, and ¢; to the ith Chern class of the defining representation

GO(2n) C GLay.

Theorem 3.1. The map q: R — AZ‘O(%) s an isomorphism.
Before giving the proof of this theorem, we make a remark.

Remark 3.2. For a nonsingular variety X over the field of complex num-
bers, the cycle map is a homomorphism of graded rings clX : A*(X) —
H%,4(X,Z), functorial in X (see Fulton [4], Chapter 19). By composing
with the change of coefficients map H2§ing(X, 7) — H2§ing(X, Fs), we get
a homomorphism of graded rings A*(X) — H%%ng(X,F2), which we will
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denote by cl*. If E is a vector bundle on X, then Elx(ci(E)) =¢(FE) €
H 2ging(X ,IF3), the mod-2 reduced Chern classes. For a reductive group G,
this gives rise to a homomorphism of graded rings (see [10]), which is func-
torial in the group G

. A% — H5,,(BG,Fy).

For G = GO(2n,C), the Chern classes ¢; € Alo@n.
above cycle map to the corresponding classes in H**(BGO(2n,C),Fy) de-
scribed by Holla and Nitsure (see Section 3 of [6]).

Also in case of étale cohomology, if X is a smooth scheme over a base field
of characteristic different from 2, the cycle map Z*(X) — H?% (X, F2) passes
through rational equivalence. Indeed, let f : X x P! — P! be the projection
to the second factor. Let W C X x P! be an irreducible closed subset of
pure codimension i and mapping dominantly to P!. By the relative theory
of cycles developed in Chapter 4 Section 2.3 of SGA 43 [2] (see Remark
2.3.10 in particular), W determines a section of the sheaf R% f,[Fo over P!L.
Since R%* f,F5 is the constant sheaf H?(X,Fy) and P! is connected, the
images of the fibres of W over 0 and oo are equal in H%(X,Fs). In Remark
2.3.10 referred to above, the base field is assumed to be algebraically closed
so that R% £,7,/n(i) is a constant sheaf. But R? f,Z/2(i) is a constant sheaf
for any base field of characteristic different from 2, so the argument works
in our case. This shows that we have a well defined graded homomorphism
for a reductive group G as before,

C) transform under the

A AL — HZ, 4 (BG,Fy).

Similarly, for G = GO(2n), the Chern classes ¢; € Alo(2n) transform under

the above cycle map to the corresponding classes in H2%, ¢ (BGO(2n),F)
(see Bhaumik [1] Section 5).

Question. Are the resulting maps A’&O(Qn 0 ® Fy — H2’ging(BGO(2n, C),
Fq) and AEO(%) ®@ Fy — H% ¢ (BGO(2n),Fy) injective?

The rest of this article is devoted to the proof of the Theorem 3.1, which
is the main result of this article. Let us begin by recalling that the map ¢
is surjective. We will prove that it is injective. The plan of the proof is as
follows. We will first show that the elements A, ca, ¢4, . . ., ca, are algebraically
independent in AZO(%) (Corollary 3.5). Then we prove Lemma 3.6 and
Corollary 3.7, which will imply that it is enough to prove the injectivity only
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for the torsion part. We will complete the proof of injectivity for the torsion
part in a few steps. As a concluding remark, we observe (Corollary 3.10)
that the torsion subgroup is in fact an Fo-vector space.

Remark 3.3. Note that for each odd p, we have the following identity in R

(3.3) 2, = Ii(—l)ici <2” _'i> \P—i

p—1
In particular, (2¢c,qq) R C AR.

Lemma 3.4. Let the free polynomial algebra B = 7Z[\, ca,cq,. .., con] be
given the grading where A has homogeneous degree 1 and each co; has homo-
geneous degree 2i. Let D be a graded domain, and let ¢ : B — D be a graded
homomorphism such that

(1) the restriction of ¢ to Z[ca,cy, ..., Copn] is an injection,
(2) so is the composite Z|ca,cyq,. .., con] = D — D/p(N)D, and
(3) #(X\) € D is non-zero.

Then ¢ is an injection.

Proof. For a polynomial in B with degree < 1, the image is always non-zero
in D, by (1) and (3) of the hypothesis. We will prove the injectivity of ¢
by induction on the degree, as we know that the injectivity holds in degree
<1.

Suppose the injectivity holds for degree < r, and suppose f € B is a
homogeneous polynomial of degree r with ¢(f) = 0. We can write f = \- g +
h, where g € B in homogeneous of degree (r — 1), and h € Z[ca, 4, . . ., Cop)
is of degree r. By (2), h = 0. Therefore, f = X-g. Suppose g # 0. Since
deg(g) < r, by induction hypothesis, ¢(g) # 0. But since D is a domain,
and as by (3) ¢(A\) # 0, we see that ¢(f) = ¢(N\)é(g) # 0, a contradiction,
so that g = 0. O

Let us consider the invertible 2n x 2n matrix J = (0, I, ; I,, 0). By defini-
tion, GO(2n) is the group scheme of invertible matrices A such that 'AJA =
aJ for some scalar a. Consider the closed subgroup scheme I' C GO(2n),
consisting of matrices of the following form
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Aty

!

ot

Then T' is a maximal torus in GO(2n). The inclusion I' € GO(2n) induces
a homomorphism of the corresponding Chow rings

AGoen) = Ar = ZA .. L,

sending A to A. Applying the above lemma to D = A}- and the graded homo-
morphism which is the composite B — AEO(%) — D, and using the fact that
Ca,...,Co, are algebraically independent in the ring A*O(2n) >~ AEO(%)/(A),
we get the following.

Corollary 3.5. The elements )\, co,cy, . .., Con are algebraically independent
in the ring A*GO(Qn)'

Notation. Let us recall that we adopted the notation R for Z[A, c1, . . ., can]/
I, where I is generated by the relations coming from £~ EV ® L enlisted in
Equation (3.2). We have the surjective map ¢ : R — Alo(2n)- Let A denote
AEO(%) and let B denote the polynomial ring Z[\, Cepen]. Since the compos-
ite B — R — A s injective by the corollary, the map B — R is also injective.
Hence we might consider B C R as well as B C A. We will denote the torsion

ideals of R and A by Tr and T4, respectively.

Lemma 3.6. For any a € R, there is some s > 0 such that 2°a € B. Sim-
ilarly, for any a € A, there is some s > 0 such that 2°a € B.

Proof. We show this by induction on the degree of a. It is enough to prove
the lemma for all odd Chern classes i.e. for a = c9;+1. By Equation (3.3),
2¢9i41 = gi(A, 1, ..., C2i), a polynomial in A and lower degree Chern classes.
Now by the induction hypothesis, for each j < 7, there is some m; > 0 such
that 2"icg;41 € A. If nj is the greatest index with which cpj41 occurs in g;,
then s = Zj n;jm; serves the purpose. ]

We make the following observations as corollaries.
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Corollary 3.7.

(a) The groups Tr and Ty consist of 2-primary elements only.
(b) We have ker(q) C Tg.

(c) We have ¢ 1 (Ta) = Tg. In particular, we have the induced isomor-
phism of free abelian group

R/Tr = A/Tq.

(d) If a € R such that \a € Tg, then a € Tgr. Similarly, if a € R such that
Aa € TR, then a € Tg.

(e) ker(q) C TRNAR.
(f) We have Tg = ker(R — A})) and T4 = ker(A — A}).

(g) There are isomorphisms R/(A)=s A/(N)=$ A*O(Zn)'
Proof. (a) Follows from the lemma.

(b) Suppose a € R is such that g(a) = 0. Then there is some m > 0 such
that 0 = 2™¢g(a) = ¢(2™a), and 2™a € B. Hence 2™a = 0. This shows that
the kernel of ¢ has only 2-primary elements.

(c) Follows from (b). For, if a € ¢~ Y(T4), then 2%a € ker(q) C Tg, so
a € Tg.

(d) Otherwise, by the lemma, we get 2°a € B and 2%a # 0. This means
Aa is never a torsion, because 2°Xa € B — {0}.

(e) To see this, first note that any element a of Z[A, c1, .. ., cay] is written
as a + AB + v, where a € Z|cepen), and v € (¢oqq)Z[c1, - - -, c2n]. If @ # 0, then
see that the image of 2a in Af,, | is equal to the image of 2, which is non-
zero. Therefore if a € ker(q), then a« = 0 and a = A + 7. Now, the image of
a in A*O(Zn) vanishes, so v € (2¢o44)Z[c1, - - ., can]. But by Equation (3.3), we
have (2¢,44) R C AR. So the assertion follows.

(f) That Tr C ker(R — Af) is obvious, because A}, has no torsions. To
see the other inclusion, let a € ker(R — A}). If a was not a torsion, then by
lemma, there is s > 0 such that 2°a € B — {0}. But B — A} is injective as
we have already seen. Similarly for T'y4.

(g) The map R/(\) — A2y 18 an isomorphism Dby the definition of
R. On the other hand, Equation (3.1) shows that A/(A) — Af,,, is an
isomorphism. |

Proof of the main theorem. We only have to prove that TR N AR = 0,
since ker(q) C Tr N AR.
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Step 1. Let A4 denote the multiplication by A : A — A. In what follows,
ker A will denote the kernel of the multiplication A : R — R, while ker A4
will denote the kernel of Aj: A — A. We have the following short exact
sequences, where the right side maps are multiplications by A

0—=>kerA\NTgr —-Tr - ARNTRr — 0,
0—=kerAaNTy —T4 = AXANTYy — 0.

Indeed, we need only see that the right side map is surjective. But if
x\ € Tg, then x has to be a torsion element by (d) of Corollary 3.7. Similar
reasons apply to the latter sequence.

Step 2. If C' denotes the image in A} of the composite R 5 A AT
(which we will call ), then we have the following short exact sequence by
(f) of Corollary 3.7

05Tpr—> RS C—O0.

Now, C' C A}, so that multiplication by X is injective on C. Therefore, if
x € R such that Az = 0, then m(z) cannot be nonzero in C. Therefore, we
get the following two inclusions, of which the latter follows by a similar
argument

ker A C Tg
ker A\qg C Ty.

Step 3. Let Tp denote the subgroup of all torsion elements in A*O(2n).
Under the composite R — R/AR=$ A*O(2n)’ torsion elements map inside Tp.
This gives a map Tr — Tp. We will shortly show that this is surjective. As
a consequence, we will have a short exact sequence

0= ARNTr —Tr — To — 0.
Again, the surjectivity of the composite Tr — T4 — Tp will imply the sur-

jectivity of T4 — Tp, which, together with the isomorphism A/A%% AB(%)
will give another short exact sequence

0> MNANTYy Ty —Tp — 0.
Now let us go back to the proof of the surjectivity of T — Tp. Since

we have Tp~=$ (COdd)A*O(Qn) as graded groups, it is sufficient to show that
for each odd p < 2n, there is a torsion element 3, in R such that 3, — ¢,
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under Tr — Tp. From Equation (3.2) that in R, for each odd p, we have the
following equality

(3.4) Cpr1 = Cpr1 — (2n — p)epA + )\204;,

for some o, € R, so that A((2n — p)c, — Aa,) = 0. But since ker A C Tg, we
see that the element 8, = (2n — p)c, — A, is torsion. Since (2n — p) is odd,
and since 2¢, = 0 in Tp, we see that 3, — ¢, under Tr — Tp, as desired.

Step 4. We have these two short exact sequences, which come from Step
1, by the substitutions ker A = ker AN Txr and ker Ay = ker A\g N7T'4.

0—>ker\—>Tr - ARNTRr —0
0—kerAg —=T4 —AANT4 — 0

Step 5. Note that both R and A are noetherian rings, and their ideals Tr
and T4 are finitely generated graded ideals. By (a) of 3.7 torsion elements are
2-primary. So there is some N > 0 such that 28Tk = 0, and 2V7T4 = 0. For
each m, the graded pieces R,, and therefore A,, are finitely generated abelian
groups. Therefore for each m, the graded pieces (Tg)nm and (T'4)m, which
are finitely generated abelian group and hence finitely generated Z/2N7Z-
modules, are finite sets. As ker A C Tr and ker Ay C T}y, the sets (ker A),,
and (ker A4),, are finite as well. The group Tp is actually an Fa-vector space
and, for similar reasons as above, each (Tp),, is a finite set.

Therefore, from the two short exact sequences listed in Step 3, we get

#(TR)m - #()‘R N TR)m = #(TO)m = #(TA)m - #(AA N TA)'

From those listed in Step 4, we get

#(TR)m — #ARNTR)m = #(ker ),
#(TA)m - #()\A N TA)m = #(ker /\A)m.

Therefore for each m,

#(ker A = #(ker Aa)m = #(T0)m.

Step 6. We finally proceed to prove that R — A is injective (therefore
bijective). By induction on degree, we will prove that R,, — A,, is injective
(therefore bijective) for each m.

To begin the induction, note that this is true for m =0 and m =1,
by 3.5. Now, suppose this is true for 1,...,m, and we will prove it for
m + 1.
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Since R, — A, is bijective by assumption, (ker\),, — (ker A4),, is
injective. But they have the same number of elements by Step 5. Hence
(ker \),, — (ker A )y, is surjective (therefore bijective).

With this, and the fact that R/AR= A/AA, we have the following com-
mutative diagram, whose left and right side vertical maps are isomorphisms,
and whose rows are exact.

0— (ker A Ry —2> Ry — (R/AR) — 0

TR

0——(ker Ag)m — A — Apy1 — (A/AA)y, —0
By five lemma, ¢ : Ryr1 — Appe1 is an isomorphism. O

Remark 3.8. For each odd number 2p + 1, there is an odd number ngp,1
such that nop1Acopr1 = Afp(cap, C2p—1, ..., ¢1,A), where f, is a polynomial.
Indeed, in Equation (3.4) in Step 3 of the proof of the main theorem, the
term a; is a polynomial in lower dimensional Chern classes and A, so one
can do induction on p. Now, similarly, ng, 1n9,+1Ac, = Af,, where f) is a
polynomial of ¢ap, cop—2, C2p—3, ..., c1, A. In this way, there is an odd number
Nopi1 such that Nop1Acopt1 = Agopt1, where gop1 € B. Therefore we can

say that if v = Ay € A, then there is some odd N” such that Ny € B.

Lemma 3.9. Given any v € A, there is an odd number N such that 2N~
€ B.

Proof. To prove our lemma, is enough to assume that « can be given by a

monomial, involving some odd Chern classes. Soy = ¢3! | -+~ ¢;°, g, where
g does not involve any cyqq. It is also enough to assume that g = 1. Now,

2y = fi(C2iys s e, MAC - ity
where f is a polynomial. Hence there is some odd number N’ such that
2N'y = Afi, (c2ip, - -, c1, N,

where ¢’ € B. Now, by the remark preceding our lemma, there is some odd
number N” such that 2N'N"~ € B. O

Corollary 3.10. The torsion subgroup Ty C AEO(%) 1s an Fa-vector space.
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Proof. This follows from the last lemma and the fact that each element in
Ty is 2-primary. U

Remark 3.11. Remark 3.8 also shows that ATy = ARN T4 = 0. Indeed,
from 3.8, if v € AT4, then there is an odd number N such that Nv = 0. But
~v € T4 also, hence is a 2-torsion. So v = 0, as desired. Consequently, from
Step 3 and Step 4 of the proof of the main theorem,

ker A = Ty 3 Tp.
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