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The average number of integral points
in orbits
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Dedicated to Joseph H. Silverman on the occasion of his 60th birthday

Over a number field K, a celebrated result of Silverman states that
if ¢(z) € K(2) is a rational function whose second iterate is not a
polynomial, the set of S-integral points in the orbit Orb,(P) =
{¢"(P)}n=0 is finite for all P e P1(K). In this paper, we show
that if we vary ¢ and P in a suitable family, the number of S-
integral points in Orb,,(P) is absolutely bounded. In particular,
if we fix ¢ and vary the basepoint P € P}(K), then we show that
#(Orby,(P) n Ok g) is zero on average. Finally, we prove a zero-
average result in general, assuming a standard height uniformity
conjecture in arithmetic geometry.

1. Introduction

Let K/Q be a number field and let S be a finite set of places containing the
archimedean ones. Let ¢(z) € K(z) be a rational function of degree d > 2,
and let ¢" denote the n'" iterate of ¢. If ¢? is not a polynomial, then
Silverman proved in [20] that the forward orbit

(1) Orby(P) := {P,p(P),¢*(P),...}

contains only finitely many S-integral points for all P € P'(K). Moreover,
Hsia and Silverman [5] gave an explicit bound on the number of S-integral
points in Orb,(P), though it is normally much larger than the actual num-
ber. Nevertheless, there are rational maps (of every degree) with arbitrar-
ily many integral points, illustrating the problem’s subtlety [I8, Proposi-
tion 3.46].

On the other hand, one may hope to control #(Orb,(P) N Ok g) on
average, that is, as we vary over P € P!(K). This point of view has yielded
some powerful insight in other areas of number theory [Il 3l 12], and we
proceed with this approach here.
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We begin by fixing some notation. A rational map ¢ : P! — P! of degree
d is defined by two homogenous polynomials

o =[F,G]= [adxd + ad—lSUd_ly +oo 4+ aoyd,

bgzd + bg_12% Ly + - + boy?]

such that the resultant Res(F,G) # 0. In this way, a rational map is de-
termined by a (2d + 2)-tuple of numbers (ag, ay, ..., aq,bo,b1,...bq), well-
defined up to scaling. In particular, we may identify the set of rational maps
of degree d, denoted Raty, as an open subset of P2¢+1; see [18, §4.3]. More-
over, we define the height of ¢, written h(y), to be its corresponding height
in projective space [18] §3.1].

In this paper, we consider integral points in families ¢ : X — Raty of
dynamical systems, where X /g is a projective variety and ¢ is a rational
map defined over K. Specifically, if X is equipped with a K-morphism £ :
X — P!, then we study (Orby, (B8p) N Ok,s), given by evaluating ¢ and 3
at suitable points P € X (K).

Remark 1.1. Let K(X) denote the function field of X. Then we can view
the family (X, ¢, 5) as given by a rational function ¢(z) € K(X)(z) of degree
d > 2 and a point 5 € K(X), and we will use both perspectives here.

To make our notion of suitable points explicit, define the following subset
of X:

(2) Ixg:={Pe X |¢pe Raty is defined, and ¢ ¢ K[z]}.

When X is a curve, we prove that the quantity #(Orbgy, (8p) N Ok ) is uni-
formly bounded over all points P € Ix 4(K) and all morphisms 8 : X — PL.
However, as is often the case when studying families of dynamical systems,
we must assume that the generic map ¢(z) € K(X)(z) is not isotrivial: ¢
is isotrivial if there is a Mobius transformation M € PGLy(K (X)) so that
M~ o ¢ o M is defined over the constant field K.

In particular, given the freedom we have in choosing the basepoint family
8, we have made progress towards a dynamical analog of a conjecture of Lang
[10, page 140] regarding the number of integral points on elliptic curves; see
[18, Conjecture 3.47].

Theorem 1.2. Let Xk be a curve and let ¢ : X — Raty P2d+1 gnd B
X — P! be rational maps over K. If ¢(z) € K(X)(z) of degree d > 2 is not
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isotrivial, then #(Orbg, (Bp) N Ok s) is uniformly bounded over all points
Pe IX7¢(K).

Of course, one expects that the actual number of integral points in a par-
ticular orbit is zero, provided that X has sufficiently many rational points.
To make this statement precise, we define a suitable notion of average. Given
an ample height function hx on X and a positive real number B, we write
Ix (B, K) for the set of points in X (K) n Ix 4 of height at most B. Then
we define the average number of S-integral points in orbits in the family

— . ZPEIX#,(B,K) #(Orbg, (Bp) N Ok 5)
(3)  Avg(e,8,9) = hglj;p ATy (B, K) ,

and we show that Avg(¢, 3,S) = 0 for several families (X, ¢, ) over number
fields, including the case of constant families: ¢ : X — Raty with ¢p = ¢ for
all Pe X.

Theorem 1.3. Let p(2) € K(z) be such that deg(p) = 2 and p?(z) ¢ K|[z].
If Xk is a curve of genus g =1 and B : X — P! is a non-constant map,
then the set

{Pe X(K) | (Orby(8p) n Og) # &}
is finite. Moreover, if g < 1 and X (K) is infinite, then

- Orb nO
Avg(p, B, S) := limsup 2pelo(B1) #(Orby () i)

=0
B #1x,,(B, K)

In particular, if X = P! and 3 is the identity map,

— Yiperr (B.x) #( Orbo(P) n Ok s)
A S) =1 . =0
vg(p, S) i sup JP(B.K)

For examples of non-constant families (X, ¢,3) with Avg(e,3,S5) =0,
see Proposition Moreover, assuming a standard height uniformity con-
jecture (see Conjecture below) in arithmetic geometry, we prove an
average-zero statement for all curves X and all families (X, ¢, 3) as in The-
orem In fact, for such families, Conjecture [3.1] implies that there is a
largest iterate that can produce an integral point, a stronger statement than
just bounding the number of such iterates:
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Theorem 1.4. Let Xk be a curve and let ¢ : X — Raty = P2+L and 3
X — P! be rational maps over K. If d > 2 and (X, ¢, B) satisfies:

(1) ¢?(2) ¢ K(X)[z] (i.e. the second iterate of ¢ is not generically a poly-
nomial),

(2) hy(B) >0,

then P e Ix 4(K) and iL¢P (Bp) > 0 for all but finitely many points in X (K),
and Conjecture implies that

N(¢,B,8) :=sup {n: ¢}(Bp) € Ok.s for some P € Ix 4(K), he,(8p) > 0}
is finite. Moreover, if X(K) is infinite, then

- DiPely o (B.K) #(Orby,. (Bp) N Ok s)
Avg(o,3,5) := limsu Xood ’
2(9,8,5) m sup £l (B, K)

Finally, we outline how one might generalize these results to varieties of
arbitrary dimension, and we illustrate this idea with an explicit 3-dimensional
family in Proposition |3.4

= 0.

2. Integral points in orbits in families

Throughout this section, let X be curve, let K be a number field, and let d >
2. We use some properties of height functions on X to prove that the quantity
#(Orby, (Bp) N Ok,s) is bounded for all non-isotrivial families (X, ¢, ). In
particular, it follows that the average Avg(¢, 3,9) is also bounded for such
families. To prove Theorem we use the following result due to Call and
Silverman to estimate canonical heights; see [4, Theorem 4.1].

Theorem 2.1. Let X,k be a curve, let ¢ : X — Raty and 8: X — P! be
rational maps over K defined on Xog S X, and let hx be an ample height
function on X. Then,

: }AW)P (ﬂP) 7
lim 2P .
hx(lljr)naoo hx(P) h(b(ﬁ)
PEXO

Here hy(B) is defined by [18, Theorem 3.20] using the Weil height on K (X).

Proof of TheoremA. As [5, Corollary 17] suggests, we must bound the
ratio hpaa1(¢p)/ he,(Bp) as we range over suitable points P € Ix 4(K), to
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bound the number of integral points in orbits. To do this, fix an ample height
function hx on X corresponding to a divisor of degree 1 and let H be a
hyperplane class in Pic(IP2d+1). In particular, the normalization property of
heights implies that

(4) hP2d+1,H(Q) = hpea+1 (Q) + O(l)

for all Q € P21 (K); see, [I7, Theorem II1.10.1(a)]. On the other hand,
since the rational map ¢ : X — Raty extends to a morphism ¢ : X — P2¢+1
of projective varieties [19, II.2 Prop 2.1], the functorality of heights [17,
Theorem I11.10.1(d)] and imply that

(5) h)(7 ¢*H(P) = hpoa+1 (¢p) + O(l)
for all P € X (K). Now we compare the two height functions hx and hx, g
on the curve X using [I7, Theorem II1.10.2]:

hx, ¢+ (P)

(6) hx(g;lw I (P) = deg(¢*H).

Here we use that hx was associated to a divisor of degree 1. From here,
we proceed in cases. Suppose first that h4(8) > 0. Then Theorem n
and @ together imply that

M B n hX7¢*H(P)+O(1)

1m = = =
hx P d hx P d
(e he (Bp) D)o hgn(Bp)
_pn xern(P)+0(1) - hx(P)
(P hx (P j
e P e ()
R e v N
x(P)— X x(P)= hg, (Bp)
_ deg(¢*H)
he(B)

In particular, for all points P € Xy with hx (P) bigger than some fixed § > 0,
the ratio

By (6p) _ deg(6" H)

(7) - < —
he (Bp) he(B)
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is bounded independently of P. In particular, @ and [5], Corollary 17] imply
that there is a constant v = v(d, [K : Q]) such that

(8) #(Orb¢P (Bp) N OK,S) < 475 . v+ log;r <deAg(¢m + 1>
hg(B)

for all P e Ix 4(K) with hx(P) > d. On the other hand, hy is ample, so
that any set of K-points of X of bounded height is finite. Hence,

Es:={Pe X(K) : hx(P) <4}

is a finite set. Therefore, if P € Iy 4(K) and P € Ejs, then #(Orbg, (Bp) N
Ok,s) is uniformly bounded by Silverman’s original theorem; see [I8, Theo-
rem 3.43] or [20] for the general statement. This fact, along with the bound
in , completes the proof of Theorem when fw,(ﬂ) > 0.

On the other hand, if ﬁ¢(ﬁ) = 0, then [2, Corollary 1.8] implies that /3 is
preperiodic for ¢: there exist two (distinct) non-negative integers n and m
such that ¢™(8) = ¢ (). In particular, this holds for every specialization,
ie. ¢%(Bp) = ¢ (Bp) for all P € X. Therefore, we see that # Orbg, (Bp) <
max{n, m} for all P € X. Hence, #(Orby,(8p) N Ok,5) < max{n, m} also,
and we obtain a trivial bound in this case. O

Remark 2.2. We note that the uniform bound in Theorem [L.2] need not
hold for isotrivial families. To see this, we use Silverman’s original “clear-
ing denominators” trick in [I8, Proposition 3.46]. Fix ¢(z) € Q(z) such that
©%(2) ¢ Q[z] and h,(0) > 0; write ¢"(0) = a,, /b, for some ay, by, € Z. More-
over, set By = Hf\; L b for any N > 1. Now let X = P! and define the family
(X,¢,B) given by ¢i(z) =t-p(z/t) and f; =0 for all ¢t € X \ {oo}. Then
one checks that for the specializations t := By, we have a lower bound
N < #(Orbg,(8;) nZ) for all N. Hence, there is no uniform bound as in
Theorem [1.2]

Although it is nice to have an upper bound, one expects that most orbits
contain no integers, provided that X has sufficiently many points. We prove
this in the case of constant families over a curve; see Theorem To do
this, we need a different sort of bound on the number of integral points in
orbits than that given in [5, Corollary 17].

Lemma 2.3. There exists an N(¢p,S) > 0 such that ¢"(a) € Ok s implies
n < N(p,S) for all p-wandering points a € P}(K).
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Proof of Lemmal[2.3 Suppose that ¢"(a) € Ok s and that n > 4. Since,
©%(2) ¢ K[z], it follows from the Riemann-Hurwitz formula that #¢~4(00) >
3; see [I8], Proposition 3.44]. In particular, the set of S-integral preimages

(9) Tu(p, 8) := {be PY(K) | ¢*(b) € Ox,s}

is finite; see [I8, Theorem 3.36]. Note that ¢*(¢" *(a)) = ¢"(a) € Ok, and
©"*(a) € Ty(y¢, S). Hence, h(¢" *(a)) is bounded independently of both a
and n. So together with part (b) and (c) of [5, Proposition 6], we deduce
that deg(p)" - iAup(a) = }Azw(gb”_‘l(a)) is bounded. Moreover,

(10) Af;’i}} = inf{l}g,(c) | ¢ € P1(K) wandering for ¢}

is strictly positive by Northcott’s Theorem [18, Theorem. 3.12]). Putting this
together with the fact that deg(¢)" % - hg"i}é < deg(p)"™* - hy(a) is bounded
by the height of points in Ty(¢, S), we see that n is bounded independently
of a as desired. O

Proof of Theorem[1.3. Since PrePer(p, K) is finite [I8, Theorem. 3.12] and
B : X — P! is non-constant, it follows that

(11) XDSP(K) == {P e X(K) | Bp € PrePer(p, K)}

is finite. In particular, for both statements of Theorem it suffices to
assume that P € X(K) is such that Sp is a wandering point of ¢. In light
of Lemma 2.3, we define the set

(12)  Tul(wB,5) := {P e X(K) | ¢"(Bp) € Ok.s, ho(Bp) > 0}.

Suppose that X has genus g > 1. In this case, it follows from a theorem of
Siegel that T, (¢, 3,S) is finite for all n > 0; see, for instance, [19, Corollary
IX 4.3.1]. Moreover, Lemma implies that T, (p, 3,S) = @ for all n >
N(p,S). Hence,

{Pe X(K) | (Orby(Bp) n Ok,s) # 2}

is finite in the positive genus case as claimed.

On the other hand, when X is a rational curve (g = 0), we may assume
that X = P! In this case, Tj,(¢, 3, S) can be infinite; see Remark below.
However, we will show that T,(p, 3,S) is sparse in P!(K). With this in
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mind, for any subset 7' < P'(K), define the upper density of T to be the
quantity

2 PeT | Hy (P)<B)} 1

(13) Sk (T) := lim sup
Bo® (PPt (K) | Hu (P)<B} 1

Note that since X Efgper(K ) on is finite, Lemma [2.3[implies that

(14) Ave(e,8,5) Z w(p, 8,9)).

In particular, it suffices to prove that dx (T}, (p,3,5)) = 0 for all 0 < n <
N(p,S). Letting f = ¢™ o 3, this follows from the following lemma. O

Lemma 2.4. Let f(z) € K(z) be a non-constant rational function and let
T(f,8) = (P e PAK) | [(P) < Ox.s)
be the set of points in P*(K) with S-integral images under f. Then

Z{PET(f S) | Hp1 (P)<B} 1 =0

S (T(f,9)) := limsup

B—® 2{PeP (K) | Hy(P)<B} |
That is, T(f,S) has upper density zero in P1(K).

Proof of Lemma[2.4]. Note that T'(f,S) < T(f,S’) whenever S < S’. There-
fore, we may enlarge S and assume that f has good reduction outside of
S. To count elements of T(f, S, B), we sieve out points of P*(K) given by
local congruence conditions. To do this, let P be the set of primes p € O,
disjoint from S, such that f has a pole a, € P1(F,); here, F, is the residue
field at p. In particular, it follows from the Chebotarev density theorem that
P has positive Dirichlet density. Let 7, : P}(K,) — P!(FF,) be the reduction
map, and consider the set

Z, := {P e PH(K) : mp(P) = ap}.

It follows from the proof of Schanuel’s Theorem [I3], Corollary 1 p.447] that
7, has density (N(p) +1)~! in P1(K). In other words, the residue classes
modulo p equidistribute with respect to the Weil height. To see this, simply
replace the lattice A € R¥ with a translate o + A for o € R¥ in [13, Theo-
rem 2|, and deduce that dx in is translation invariant. In particular,
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by choosing lifts (in K) for each residue class in P*(F,) and translating: for
instance applying a map of the form P — P + (b —a) or P — 1/P, we see
that

SK({P e PYK) : my(P) = a}) - EK({P e PYK) : my(P) = B})

for all @,b e P}(F,). In particular, since distinct residue classes are disjoint
and their union covers PY(K), it follows that dx(Z,) = (1 + N(p))~! as
claimed. Moreover, translation invariance and the Chinese Remainder The-
orem imply that

- 1
Sk ﬂzpzﬂm

N(p)<z N(p)<w

for all z € Rxg. On the other hand, T'(f,S) is disjoint from Z, for all p € P:
if P € Z, then 7, (f(P)) = f(ap) = 0y, since f has good reduction at p and
p is not in S. In particular, the inclusion-exclusion principle implies that

(15) Se(f, ) < 1 (1—1+1N(p)>.

N(p)<z

However, we can let z grow. Since P had positive density in the primes,
the product above converges to 0 as x — o0: recall that an infinite product
[1(1 —a;), with 0 < a; < 1, converges to 0 if and only if }]a; diverges. In
our case, a; is on the order of N(p;)~!, and since the sum of reciprocals of a
set of primes of positive density diverges, the infinite product converges to
0. o

Remark 2.5. When X = P!, it is possible that T},(¢, 8,.9) is infinite, even
if one assumes that ?(z) ¢ K[z]. For example, let F(z) € Z[z] be any poly-
nomial of degree 2d, let D > 1 be any square-free integer, and let

(16) p(z) = (22— Dy’

If (u,v) € Z? is a solution to the Pell equation u? — Dv? = 1, then p(u/v) =
v2? . F(u/v) € Z. Setting B(t) = t, we see that T,,(p,3,5) is infinite. How-
ever, the set of coprime pairs (u,v) satisfying the Pell equation is sparse in

PHQ).



110 Wade Hindes

We would like to extend Theorem [[.3] to non-constant families of rational
maps. To do this, note that if (X, ¢, §) is a family as in Theorem then the
average number of S-integral points in Orbg, (8p) is bounded. In particular,
such families are a good place to test generalizations of Theorem|[I.3] In order
to distill the additional properties needed, we study the following family:

Proposition 2.6. Let ¢ : P! — Ratg be the family of rational functions
given by

z—t

IR for all t e PY(Q)\{—1,00}.

(17) Pi(z) =
If Be Q(t) \ {t} is non-constant, then Avg(¢,3,7Z) = 0.

Proof. We must first show that the second iterate of ¢; is not a polynomial
for all ¢ # —1. To do this, we compute that

fi(z) 2% + 27 — 420 + 224 — 5t23 + 2 — 2t

18 2(2) = =
(18) ¢1(2) gi(z) 294+ 320 +423 —3t22 + 322 -3 + 1

and calculate the resultant Res, (ft, g1) = (t + 1)*2 - (t2 — t + 1)'2. One checks
that the only rational root of the resultant is ¢ = —1. In particular, it follows
that if ¢ # —1, then ¢? is not a polynomial. From here, we show the exis-
tence of a largest iterate that can produce an integer point. To do this, we
follow the outline of the proof of Siegel’s theorem on integral points in [I8],
Thoerem 3.36]. Write ¢t = a/b for some coprime a,b € Z and suppose that

o7 (Br) = o ( ?71(&)) € Z. If we write
oe([z,y]) = [bay® — ay®, b(a® + ¢°)]

in terms of coordinates on P!, then the proof of [I8, Thoerem 3.36] implies
that

{zeQ‘@(i)eZ}g U ){xﬂyeZ’$3+y3:r}_

r|(a®+b3

Note that |r| < 2H(t)3, and combined with Lemma [2.7| below, we see that

(19) H(z/y) <2v2-H(t):, whenever ¢>t<§> eZ.
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In particular, we obtain the upper bound h(¢l 1 (8:)) <3/2 - h(t) +log(2v/2).
Moreover, parts (b) and (c) of [5, Proposition 6] imply that there is a con-
stant ¢z such that

(20) 377 B (7 (Br) = hg, (0} 71 (Br)
< h(GP M (Br)) + 5/2 h(y) + c3/2
< 3/2-h(t) +1og(2v/2) + 5/2 - h(¢r) + c3/2.

On the other hand, h(¢:) = h([1, —t,1,1]) = h(t), so that implies that
3"7% b, (67 (5) < 4+ h(t) +10g(2V'2) + ca/2.
Finally, parts (a) and (b) of [5, Proposition 6] give the lower bound

(21) (deg(6*(8)) — 5/2) - h(t) — By — c3/2 < hy, (67 (By)).

However, deg(¢?(3)) = 4deg(B) = 4 > 5/2 by Lemmabelow, and we de-
duce that
n—3 _ 4-h(t) +log(2v/2) + ¢3/2
 (deg(0?(8)) —5/2) - h(t) — Br — c3/2’

Hence, ¢} (B;) € Z implies that n is bounded independently of ¢ (for all but
finitely many t). On the other hand, since (Orby,(5¢) N Z) is finite for all
t # —1 by Silverman’s theorem, we can bound the number of integral points
in orbits for these exceptional ¢ separately. In any case, we conclude that
there is an integer N (¢, 3), such that ¢} (8;) € Z implies n < N(¢, 3) for all
t # —1 (compare to Lemma above).

Finally, Lemma implies that T(¢™ o 3,Z) has density zero in P!(Q)
for all n < N (¢, 3). It follows that Avg(e, 3,7Z) = 0 as claimed. O

Lemma 2.7. Suppose that 3 + y> = B, for some integers x,y, B € Z with
B # 0. Then

(22) max{|x\,|y|} < 24/|B|.
Proof of Lemma[2.7. We factor 2® + 32 in Q[x,y], and write

Beab 4 =@t 9) - (@ ey ) = (wr ) (G- o 0?).

In particular, we see that

(23) max {3/4- (z — )%, 1/4- (2 +y)°} < |B],
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since |z + y| = 1 and both terms on the left side of are positive. On the
other hand, it is straightforward to verify that

(24) max {|z,[y|} < max {|z — |, v + y|}.

and we deduce from and that max{|z|, |y|} < 2+/|B] as claimed. O

Lemma 2.8. Let ¢ be as in (I7). If f€ Q(t)\{t} is non-constant, then
deg(¢(f)) = 2deg(f)-

Proof. Write f(t) = P(t)/Q(t) for some coprime polynomials P,Q € Q[¢].
Then
_ PO)Q(1)* —tQ(t)®
N S0 RO

Now let A(t) = P(t)Q(t)? —tQ(t)3, let B(t) = P(t)> + Q(t)3, and let C =
ged(A, B). Note first that since C divides B and ged(P, Q) = 1, we must
have that ged(C, Q) = 1. Therefore, since C divides A, it follows that C
divides P — t(Q, a non-zero polynomial by our assumption on f. From here,
we proceed in cases.

Case 1: Suppose that deg(P) > deg(®) + 1. Then deg(B) = 3deg(P) =
3deg(f) and deg(C) < deg(P — tQ) < deg(P). Hence, deg(B/C) > 2deg(f)
and the result follows.

Case 2: Suppose that deg(P) < deg((Q). Then deg(A) = 3deg(Q) + 1 =
3deg(f) + 1 and deg(C) < deg(P — tQ) < deg(Q) + 1. Hence, deg(A/C) =
2deg(f) and the result follows. o

3. Height uniformity conjectures and averages in families

The main technique we used to establish an average-zero statement for
the one-dimensional families in Proposition or the constant families
in Theorem was to prove the existence of a uniform largest iterate
N(¢,,S5) that could produce an S-integral point; see Lemma To find
such an N(¢, 3,S5), we used Theorem or [5, Proposition 6] to estimate
E¢P (Bp), and then we bounded the height of points @ € P'(K) such that
¢5H(Q) € Ok s; see Lemma

For curves X and non-isotrivial families (X, ¢, 8), bounding iL¢P (Bp) is
not a problem. On the other hand, the upper bound on the height of points
Q € P}(K) such that ¢}5(Q) € Ok g follows from several height-uniformity
conjectures in arithmetic geometry, including the following:
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Conjecture 3.1. Let C — B be a family of curves equipped with a family
of non-constant maps F € K(C). Then there are constants k1 and ka such
that

(25) he(Q) < k1-h(P)+ ke forall {QeCp(K)| Fr(Q) € Oks},

whenever Cp is a smooth curve of positive genus, or the map Fp : Cp — P!
has at least three distinct poles. Here, he is an arbitrary height function and
hg is ample.

Remark 3.2. On each of the relevant fibers, Siegel [16] proved that {Q €
Cp(K) | Fp(Q) € Ok s} is a finite set. Hence, Conjectureroughly states
that the heights of these points are controlled by the height of the fiber.

Remark 3.3. For families of elliptic curves, versions of Conjecture 3.1 were
made by Hall and Lang [19], IV.7]. Moreover, Conjecture is a consequence
of the Vojta conjecture [22, §3.4.3] when the fibers Cp have positive genus;
for justification, see [7, Theorem 1.0.1] for the case of elliptic curves and
[6] or [21, Conjecture 4] for the case of higher genus. Over function fields,
bounds such as those on have appeared in [8] [14].

Assuming Conjecture|3.1] we prove an average-zero statement for all one-
parameter families, analogous to Theorem [I.3] and Proposition [2.6] above.

Proof of Theorem[1.J). Write ¢?(2) = f(2)/g(z) for some coprime polynomi-
als f,g € K(X)[z]. Note that ¢?(z) ¢ K(X)[z] implies that deg(g) > 1 and
that Res(f,g) € K(X) is non-zero. In particular,
(26)

{P € X : deg(fp) = deg(f), deg(gp) = deg(g), Res(f,g9)p # 0} c Ix,g

are open subsets of X; here we use that taking resultants commutes with spe-
cialization, i.e. Res(fp, gp) = Res(f, g) p, whenever Pe X satisfies deg(fp) =
deg(f) and deg(gp) = deg(g); see [9, IV.§8].

Now, suppose that P € Iy 4. Then [I8, Proposition 3.44] implies that
gb‘}; € K(z) has at least 3 distinct poles. Therefore, Conjecture applied
to the (trivial) fibered surface P! x X — X and the map F(Q, P) = d)%(@),
implies that there are constants 1 and kg such that for all Q € P!(K):

Fr(Q) = ¢p(Q) € Ok s implies h(Q) < k1 - hx(P) + ra.
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Here h is the height function on P! x X given by h(Q, P) := h}(Q). In par-
ticular, if P € Ix 4(K) and ¢'5(Bp) € Ok s for some n > 4, then

Fr(¢p 4 (8p)) = (¢4 (Bp)) = B (Bp) € Ok 5.

Hence, h(¢s *(Bp)) < k1hx(P) + k2. On the other hand, there are con-
stants x3 and k4 such that:

hop(z) — h(z)| < K3 - hx(P) + kg, forall z e PY(K);

this fact follows from [4, Theorem 3.1] or [5, Proposiion 6(b)] followed by
height bounds , and @ above. Therefore,

(27) A" g, (Bp) = he, (057 (BP))
< h(¢% 4 (Bp)) + ks - hx(P) + k4
< (Iﬂ + Iig) hX(P) + (Iig + 54).

Now, as in the proof of Theorem we use the estimate for iL¢P (Bp) due
to Call and Silverman. Specifically, (27]) implies that

oy h, (Bp) _ (R1+ K3) hx(P) + (k2 + Ka)
hx(P) hx (P) '

Cleary, if Ix 4(K) is finite, then there is nothing to prove. Therefore, we
may assume that Iy 4(K) is infinite. Hence, Theorem implies that

42 . 4 her(Bp)
28) A" the(f) = lim gt =T
(28) s(B3) i hx (D)
PGIX,qg(K)
. (H1+/€3)hx(P)+(/€2+/€4)
< 1 = )
hx(]g;ﬂ—»oo hx(P) i1+ K3
Pelx)(b(K)

Consequently, for all points P € Ix 4(K) with hx (P) bigger than some fixed
6 >0,

¢p(Bp) € Ok,s implies n < max {4, log, (’i} il ﬁ3> + 4},
he(B)

On the other hand, since hx is ample, the set of points E5 := {P € I x (K) :
hx(P) < ¢} is finite. Therefore, we can bound the n such that ¢} (5p) €
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Ogk,s for P € Es separately. In particular, we have shown that

(29) N(,8,8) :=sup{n: ¢p(Bp) € Ok s
for some P € Iy 4(K), fzqu (Bp) > 0}

is bounded as claimed. The averages claim now follows from the argument
given in the proof of Theorem [I.3]verbatim. Namely, if X has positive genus,
then the set of points in Ix 4(K) such that ¢}(8p) € Ok s for some n <
N(¢,,S5) is a union of finite sets, hence finite. In particular, the numerator
defining Avg(¢,b,5) is zero for all points of sufficiently large height.

On the other hand, suppose that X has genus 0. Then X =~ P!, since
X (K) is non-empty. Moreover, P1(K) \ Ip: 4,(K) is finite by . Therefore,
the asymptotic count for points of bounded height in I'x 4(K) is the same as
that for P!(K). Hence, Lemma and the existence of N (¢, 3,S) implies
that Avg(¢,b,S) = 0 as in the proof of Theorem O

To extend Theorem to non-constant families of rational maps (X, ¢, 3)
parametrized by varieties of arbitrary dimension, we translate our strategy
for curves to more general language. In particular, our goal (loosely speaking)
is to show that the set

(30) {Pelxys(K) : (Orbg,(Bp) nOks) # 2}

is thin in X; see [I5, §3.1] for the definition of thin. From here, when
dim(X) > 2, if X has sufficiently many rational points and the thin sub-
set (possibly a subvariety) containing is small enough, then one expects
that Avg(¢,b,S) = 0.

On the other hand, to do this, one likely needs to control ﬁd)P (Bp) for
most points of X . Unfortunately, this task is difficult in general. For instance,
the Zariski closure of the set of points P e X (K) such that B¢P (Bp) =0
has positive dimension: it contains the codimension-1 subvariety of points
satisfying ¢p(8p) = Bp.

However, a nice lower bound on canonical heights in terms of the height
of the corresponding map it is predicted by [I8, Conjecture 4.98], a dynam-
ical analog of Lang’s canonical height conjecture for elliptic curves [10, page
92], and it is possible that one can use this conjecture and ideas in [4, §3]
to attack (30). Likewise when dim(X) > 2, one might try to use the Vojta
conjecture, in place of Conjecture to prove the existence of a “largest
iterate” N(¢,[3,S) as in Theorem

As motivation for the study of integral points in orbits in families (X, 3, S)
when dim(X) > 2, we conclude with the following example.
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Proposition 3.4. Let ¢ : A3 — Rats be the family of rational maps:

(r-s)-z3+s-z+t

o for r;s,t e Z.

(31) (b(r,s,t) (Z) =

If B : A3 — Al is the map Br,s,py = 1™ - 8" - " with min{ny,ny,n3} =6,
then

N Sisites # (oo (Buon) N 2
(32) Ave(,8,2) = limsup — 1 1=7 (O Bresn) 02)

< ©
B—w (2B + 1)3

A priori, it is not clear that Orby,, (ﬂ(r’ s,t)) contains only finitely many
integers for 7, s,t € Z; for instance, ¢(1 50)(z) = sz is a polynomial, and [I8,
Theorem 3.43] does not apply. However, the basepoint (1 ;) = 0 is fixed
in this case, and so finiteness is not a problem. Before we begin the proof
of Proposition we prove the stronger statement: that Orbg,, (ﬁ(r’s’t))
contains only finitely many integers for all rational values of 7, s,t € Q.

Lemma 3.5. The orbit Orbgy,, (5(,“75@) contains only finitely many in-
tegers for all r,s,t € Q.

Proof of Lemma[3.8 Note that if t =0, then B, =0 and ¢, 54 (0) =
0. In particular, Orbg ., (Bg.s1) = {0}, and there is nothing to prove in
this case. Therefore, without loss of generality, we may assume that ¢ # 0.
Likewise, if r - s = 0, then ¢, ) is a bounded function on the real line. In
particular, the set of integers of Orby,, ., (ﬂ(ns’t)) is a finite.

In the remaining cases, it suffices to show that gzﬁ%n&t) (2) ¢ Q[z]; see [18,
Theorem 3.43]. We compute that

f(r s,t) (Z)
() = L0203
(rss,t) g(r,s,t) (Z)

(r4s)29 + (3r3s* +1rs?) 2" + (3r3s3t + )28 + - + (rst® + st + 1)
(r252)28 + (r2s% + 2rs?2 + 1)26 + (2rst)z5 + -+ (2 4+ 1)

Therefore, if gb%r’s’t)(z) € Q[z], then g, ;) (2) - (a2 + b) = f(.54)(2) for some
a,be Q. By equating the z° coefficient, we see that a := (st)?. Moreover,
after substituting a := (st)?> and examining the 2% coefficient, we see that
b = 0. Similarly, since, b = 0 and ¢ # 0, the 2 coefficient implies that (rs)3 =
—1, and we deduce that (rs) = —1. In particular, the 27 coefficient implies
that s = —1. Finally, substituting s = —1 in the constant term, we see that

t = 0, a contradiction. |
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Proof of Proposition[3.f, We begin by establishing a lower bound on
Ngirory(Birs,ty) for all integers points (r,s,t) in an open subset of X := A?.
In particular, we see that if r, s,t € Z are such that r - s-¢ # 0, then

(83)  h(Bry) = h(r™ - 5™ - 1) = log (|r™] - |s"| - ™)
> min i} - log ma {|r], I, [f}.

Let U < A3 be the open subset of points P := (r,s,t) such that r-s-t #
0, and define the height function hx (P) = logmax {|r|,|s],|t|}. Then,
implies that

(34) h(Bp) > min {n;} - hx(P), for all PeU(Z);

1<i<

here U(Z) denotes the set of points of U with integral coordinates. Note that
the bound on will not hold on U(Q) in general. On the other hand, it
is easy to see that
(35)

h(¢p) := hpr ([r - 5,0,5,t,0,1,0,1]) < 2-logmax {|r|,|s],[t|} =2 hx(P),

for all P € X(Z). In particular, [5, Proposition 6(b)] and the bounds on (34)
and yield

(36) he, (Bp) = (lgigg{ni} —5)-hx(P)—C, forall PeU(Z);

here C is an absolute, positive constant. Hence, as in the proof of Theo-
rem the upper bound in [5, Corollary 17] implies that #(Orbg, (8p) N
Z) < M(¢, ) is bounded uniformly over all points P € U(Z). Therefore, it
remains to control #(Orby, (8p) N Z) for all P = (r,s,t) such that r - s -t =

0 on average. We do this in cases.
Suppose first that ¢ = 0. Then one computes that

¢(r,s,0) (ﬁ(r,s,O)) = @(7‘,3,0) (0) =0;
hence
(37) #(Orbg,, . o (Birsoy) NZ) =1, forallr,seZ.

On the other hand, if s=0, then ¢ 04(z) =1t/(z*+1). Therefore,
|$(r0,)(2)] < [t| is a bounded function on the real line. We deduce that,

(38) #( Orbg,, 0., (5(r,0,t)) N Z) <2B+1, when max{|r|,|t|} < B.
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Finally, suppose that r = 0. Then ¢4 (2) = (sz +1)/(z* +1) is also a
bounded function on the real line. Specifically, ¢4 (2)] < |s] + [¢| follows
from elementary calculus. Therefore,

(39) #(Ol"b@o,s,t)(ﬁ(o,s,t)) N Z) <4B+1, when max{|s|,|t|} < B.
We deduce from , , and that

il sl tl<B #(Orbws,o (Brsy) O Z)
(2B +1)3

B ZPGU(Z,B) #(Orb¢P (Bp) N Z)
a (2B +1)3 e

Z|r\,|t|<B # < Orb¢(r,0,t) (ﬁ(r,(),t)) N Z)
* 2B 1 1)

2irl.|s|<B #(Ofb%,s,m (Birs,0)) 0 Z)
* 2B 1 1)
2revzpy M(9,8) Xy y<s(4B +1)
(2B +1)3 (2B + 1)3
2 j<(2B+1) X<l
2B +1)3 (2B +1)3

Letting B tend to infinity, we see that

@Z(QS’B?Z) < M(¢, B) + 37

and the average number of integral points is bounded as claimed; here,
M (¢, B) is the bound on #(Orbg, (Bp) N Z) for all P € U(Z) obtained from
and [5, Corollary 17]. O
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