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Non projected Calabi-Yau supermanifolds

over P2

SERGIO L. CACCIATORI, SIMONE NOJA, AND RICCARDO RE

We start a systematic study of non-projected supermanifolds,
concentrating on supermanifolds with fermionic dimension 2 and
with the reduced manifold a complex projective space. We show
that all the non-projected supermanifolds of dimension 2|2 over
P? are completely characterised by a non-zero cohomology class
w € HY(Tp2(—3)) and by a locally free sheaf Fy, of rank 0|2, satisfy-
ing Sym?2Fa = Kpe. Denoting such supermanifolds with P2 (Fy,),
we show that all of them are Calabi-Yau supermanifolds and, when
w # 0, they are non-projective, that is they cannot be embedded
into any projective superspace P"™. Instead, we show that ev-
ery non-projected supermanifold over P? admits an embedding
into a super Grassmannian. By contrast, we give an example of
a supermanifold P2 (F,,) that cannot be embedded in any of the
II-projective superspaces P, introduced by Manin and Deligne.
However, we also show that when Fj, is the cotangent bundle over
P2, then the non-projected P2 (Fy) and the II-projective plane P%
do coincide.
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1. Introduction

In the present paper we take on a systematic study of supergeometry with
particular attention to non-projected supermanifolds having odd dimension
2. Once we have settled our conventions, we consider the obstruction of su-
permanifolds to be projected. We then concentrate on supermanifolds hav-
ing a complex projective space P¢ as the associated reduced manifold, and
we study the most general conditions for such supermanifolds to be non-
projected. We get that only varieties of bosonic dimension 1 and 2 admit
non-projected structures. We completely classify non-projected supermani-
folds over P! having odd dimension 2, and, over P?, we provide a necessary
and sufficient condition for the supermanifold to be non-projected. Remark-
ably, those supermanifolds are Calabi-Yau supermanifolds [13]. Moreover,
we prove that all these supermanifolds are non-projective, i.e. they cannot
be embedded into a split projective superspace.

Indeed we think that the role of embedding spaces in supergeometry
should be played by super Grassmannians: along this line of thought, we
prove that all of the non-projected supermanifolds over P? can be embedded
into a certain super Grassmannian, Theorem

We then study in detail the supermanifolds corresponding to two dif-
ferent choices of the fermionic sheaf F,, satisfying the aforementioned con-
dition: the case when Fj, is the decomposable sheaf Opz(—1) & Op2(—2),
and the non-decomposable case when Fj, is the cotangent bundle Q%DZ of
P2. In the decomposable case, we show that it is neither projective, nor II-
projective. We then show instead that the second example coincides with the
II-projective plane IP% introduced by Manin in [7] in a completely different
way. Actually, it can be shown that this unexpected correspondence is just
a particular case of a general fact [14], showing that II-projective geometry
arises naturally as one considers the cotangent bundle of projective spaces
as the fermionic bundle over P".

We conclude this section by briefly settling our conventions.

Conventions. We will refer mainly to [7], [§] and [19] for the main defini-
tions and notions in supergeometry and we limit ourselves just to fix some
notations and to point up what is particularly relevant in what follows.

Given a supermanifold M = (|M|, Oq) we will call Ty, the sheaf of ideals
generated by all the (nilpotent) odd sections, hence a nilpotent sheaf, and
we denote Myeq = (|M|, Oar / 7, ) the reduced manifold underlying M.
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The structure sheaf Oy, the reduced structure sheaf Qs , = Oar / T,y
and the nilpotent sheaf [J,, fit together in a short exact sequence of Oy,-
modules:

(11) 0 \.79\/[ OM OMred —0.

We call this short exact sequence the structural ezact sequence for the su-
permanifold 2.

A very natural question that arises looking at the structural exact se-
quence above is whether it is split or not. When it is split, that is when
there exists a morphism 7 : M — M.y, satisfyingﬂ T oL =1dyy,,, splitting
the structural exact sequence of M as follows

P

—~ ~

%4

(1.2) 0 Tt Ox

AN
A OMred 07

then we say that M is a projected supermanifold. In particular, the structure
sheaf of a projected supermanifold is given by the direct sum Qg = Oy, @
Jar and the structural exact sequence becomes

(1.3) 0—— Jar — Oag,.y ® Tot — Oay,,, — 0.

For any supermanifold M with odd dimension ¢ and nilpotent sheaf Jy,, we
have a Jar-adic filtration on O of length ¢

(1.4) Iy =0y >Iu DI DTy D DJIL>TL =o0.

We call the superspace Gr M := (|M|, Gr Oy,), with
(1.5) CrOu = Oug, @ ot [ T2 & - @ T3 /j;{ ®JL,

the split supermanifold associated to M. Observe that a split supermanifold
is automatically projected.
The quotient Far = Jar /jﬂ?{ is called the fermionic sheaf of the super-

manifold M. Recall that for any k£ > 0 the sheaf jmkl / J. m’f{“ is canonically a
Oas,., sheaf of modules.

We say that M is a split supermanifold if it is isomorphic to its split
associated supermanifold Gr M.

'Denoting with ¢ the embedding of M,..q in M, we call 4 and 7! the induced
homomorphisms on the structure sheaves of algebras.
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Remark 1.1. It is well known that a supermanifold M with rk(Fy ) = 2
is split if and only it is projected. Indeed if ¢ = 2 one always has jﬂjl/[ =0
for any j > 3, from which it easily follows (Oa)1 = (JTar)1 = Far, and, if M
is projected, also that (Oa)o = Oar., ® (Tar)o = Oar.., ® Sym>Fas, where
(Oar)o and (Og)1 are the even and odd part of the structure sheaf of the
supermanifold respectively.

Finally, we conclude this section by presenting the most important (non-
trivial) examples of complex split supermanifolds:

Example 1.2 (Complex projective superspaces). The complex pro-
jective superspace of dimensione n|m, denoted by P™™ is the supermanifold
defined by the pair (P", Opnim ), having the ordinary complex projective space
P™ as reduced manifold - that completely determines the topological aspects
-, while its structure sheaf Opnm is given by

k k
(1.6) Oprin = @ N\ Or-(-1)*" & P T\ Op- (1)

k even kodd

where we have inserted the symbol II as a reminder for the parity reversing.
Note, in particular, that the term k& = 0 corresponds to the structure sheaf
of the reduced manifold P™.

This expression for the structure sheaf makes it clear that P™™ is canon-
ically isomorphic to GrP™™ and the projection 7 : P"™ — P" embeds, at
the level of the structure sheaves, Op» into Opnim.

2. Obstruction to splitting and projective spaces

Obstruction theory for complex supermanifolds has been first discussed in
the seminal work of Green [4] and recently extended and applied to moduli
spaces of super Riemann surfaces by Donagi and Witten in [3]. Here we will
consider the first obstruction to splitting or projectedness following [7]. Such
obstruction might appear in the case the odd dimension of the supermanifold
M is at least 2:

Theorem 2.1 (Obstruction to splitting/projectedness). Let M be
a (complex) supermanifold of odd dimension 2. Then M is projected (and
hence split) if and only if the obstruction class way is zero in HY (Myeq, Tar,., ®
Sym?Far).



Non projected Calabi-Yau supermanifolds over P2 1031

The theorem above offers a simple way to detect when a complex super-
manifold having odd dimension 2 fails to be projected by means of a coho-
mological invariant that can be computed by ordinary algebraic geometric
methods. The knowledge of wy, for a supermanifold M of dimension n|2 is a
fundamental ingredient in the characterisation of the given supermanifold.

Theorem 2.2 (Supermanifolds of dimension n|2). Let M be a (com-
plex) supermanifold of dimension n|2. Then M is defined up to isomorphism
by the triple (Myeq, Far,war) where Fyr, the fermionic sheaf, is a rank 0|2
sheaf of locally-free Oqy..,-modules, and war € HY (Myeq, Tar,., © Sym>Far).

The crucial issue of finding a set of invariants that completely charac-
terises complex supermanifolds having odd dimension greater than 2 (up to
isomorphisms) and given reduced complex manifold remains - to the best
knowledge of the authors - still open and it will be addressed in a follow-up
paper.

We now apply Theorem to the case that underlying manifolds are
ordinary projective spaces P, our aim being to identify the obstructions to
projectedness and therefore to single out all the non-projected supermani-
folds of odd dimension 2 having P" as reduced space.

Since we are working over P", if the fermionic sheaf Fj, is a locally-
free sheaf of Opr--module having dimension 0|2, then it follows that there
exists an isomorphism Sym?Fs; = Opx (k) for some k, since all the invertible
sheaves over P are of the form Op- (k) for some k (indeed Pic(P") = Z).
The basic tool to be exploited here in association with Theorem is the
(twisted) Euler sequence for the tangent space over P, that reads

(2.1) 0 —— Opn (k) — Opn (k + 1)®" —— Tpu (k) —— 0.

We now examine super extensions of projective space P" for every n =
1,2,....

n=1: In the case of P!, one has to study whenever H!(Tp: ®@ Sym?Fy) =
H'(Tp:(k)) is non-zero. This is easily achieved, since remembering
that over P! one has Tp1 = Op:1(2), it amounts to find a k such that
H'(Op:(2 + k)) # 0. This is realised in the cases k = —I < —4, and one
finds H'(Op:(2 — 1)) = C!=3. These cohomology groups have a well-
known description: they are the C-vector spaces with bases given by

-3
{W} X where Xy and X; are the homogeneous coordi-
0 1 ]:

nates of P!, see for example the proof of Theorem 5.1 Chapter III of
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[5]. As a result, the non-projected supermanifolds over P! are those
such that Sym?2F, = Op: (=) with [ > 4.

: The case over P? is by far the most interesting, and - surprisingly - it

has been forgotten by Manin, as he studies fermionic super-extensions
over projective spaces in [7]. Since over P? one has H!(Op:(k)) =
H'(Opz(k + 1)) = 0, the long exact sequence in cohomology induced
by the Euler short exact sequence splits in two exact sequences. The
one we are concerned with reads

0 —— HY(Tp2(k)) —— H?(Op2(k)) —— H?*(Opz2(k + 1)) —— H?(Tp2(k)) —— 0.

Now it is convenient to distinguish between three different sub-cases.

k > —3: This is the easiest case, since H?(Op2(k)) = 0, and this implies that

H(Tp2(k)) is zero.

k = —3: In this case we have that H2(Op:(—2))®® = 0, so we get an isomor-

(2.2)

phism
H'(Tp=(=3)) = H?(Op(—3)) = C,

and, again, this cohomology group is generated by the cohomol-
ogy class [m] induced by the 2-cocycle defined by ﬁ €
LUy NUy NUs, Op2(—3)), where U; := {[Xo: X1 : Xo] € P?: X #
0}, so that Uy NUs NUs = {[Xo: X1 : Xo] €P?: Xy #0, X1 #0,
X9 # 0}.

k < —3: In this case both H?(Opz(k)) and H?(Op:(k + 1)) are non-zero.

n>2:

Therefore, this makes it a little bit harder to explicitly evaluate
H'(Tp2(k)) directly. However, this can be achieved upon using Bott
formulas (see for example [16]) that give the dimension of coho-
mology groups of the (twisted) cotangent bundles of projective
spaces. First of all, we observe that using Serre duality one gets
HY(Tp2(k)) = H (T (—k — 3))V. In general, Bott formulas guar-
antee that HY(AP T3, (k)) =0 if ¢ #n and ¢,k # 0. In our spe-
cific case we have ¢ =1,n=2,p=1 and —k — 3 < —6, therefore
H (T2 (k)) = 0.

The above computation yields that the only non-projected supermani-

fold having underlying manifold isomorphic to P? will have a fermionic

sheaf Fy; such that Sym?2F,, = Op:(—3).

In this case it is easy to conclude that H*(7p-(k)) = 0 since in the long
exact sequence in cohomology this group sits between H!(Opn(k +
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1))+ and H?(Opx(k)) and both of these groups are zero for every
kif n > 2.

The above results allow us to classify the non-projected supermanifolds
having P! or P? as reduced space. We start with the P! case, which directly
relies on the fact that vector bundles over P! have no continuous moduli.
Indeed one has the following result (for more details see [15]).

Theorem 2.3 (Non-projected supermanifolds over P! with odd di-
mension 2). Every non-projected supermanifold over P! having odd dimen-
sion equal to 2 is characterised up to isomorphism by a triple (P!, Far,w)
where Far is a rank 0|2 sheaf of Opi-modules such that Far = TOp1(m) @
Op: (n) with m+n=—{, £ >4 and w is a non-zero cohomology class
w € HY(Op:(2 - 1)).

We omit the proof of the result above, for which a reference is [7] Chapter
4, §2.10, or [15] for a more detailed exposition.

The situation is rather more complicated over P2, since locally-free
sheaves of Op2-modules do not in general split as direct sums of invert-
ible sheaves, and they might have a moduli space. In order to provide a
classification of all non-projected supermanifolds over P2, among the possi-
ble choices for the fermionic bundle Fy,, one has to account for all the vector
bundles F3; whose second symmetric poweIE] is isomorphic to the canonical
sheaf Opz(—3) of P2. This fixes the first Chern class of Fy, but it is yet not
enough to uniquely fix a moduli space for these vector bundles, as we would
need to fix their second Chern class as well.

3. Non-projected supermanifolds over P2

We have seen in the previous section that in fermionic dimension equal to 2
the only way a supermanifold over P? can be non-projected is whenever its
fermionic sheaf is such that Sym?2F,; = Opz(—3).

To simplify notations, we give the following definition.

Definition 3.1 (The Supermanifolds P?(F,)). We will denote with
P2 (Fs) any supermanifold represented by the triple (P2, Fy/,wa;) where
Far is a locally-free sheaf of Opz-modules of rank 0|2 such that Sym?F, =
Op:2(—3) and such that ws, is a cohomology class in H'(Tp2(—3)) = C.

%in the supersymmetric sense: remember F,, is seen as a rank 0|2 locally-free sheaf
of Opz-modules, so that Sym?(Fy) is a rank 1]0 locally-free sheaf of Opz-modules



1034 S. L. Cacciatori, S. Noja, and R. Re

Working over P? leads to consider a set of homogeneous coordinates
[Xo: X7 : Xo] on P? and in turn the set of the affine coordinates and their
algebras over the three open sets of the covering U = {Uy, Uy, Us} of P2,
where U; .= {[Xo : X1 : Xo] € P2: X; # 0}. In particular, we will have the
following

X X
Z/[o = {Xo 75 0} ~ 210 mod jg?,[ = 71, 220 mod jg‘z,[ = 72;
Xo Xo
X X
U ={X1 #0} ~ z11 modjmzf = —0, 291 modjﬂ%[ = —2;
X1 Xl
X X
(31) Uy ={Xa#0} ~ zpmodJ2 =22, zpmodJZ =t
X2 X2
The transition functions between these charts therefore look like
1
Up NU7 = 2190 mod jf[ = — mod j_,,?{, 290 mod jﬁl _ 2 mod jf[;
211 211
1
Uy NUs = 210 mod \79‘24 _ 22 mod jf{, 290 mod .79\24 = — mod jfl;
212 212
1
(3.2) Ui NUs : z11 mod jf[ =212 10d j_,,?{, 291 mod jg‘% = — mod jf[.
299 222

The reason why we give expressions for the local bosonic coordinates z;; and
their transformation functions mod jgff instead of mod 7y, is that, as the
fermionic dimension is equal to 2, one has (Ja)o = Jf{.

Moreover we will denote 0y;, 6o; a basis of the rank 0|2 locally-free
sheaf Fy; on any of the open sets U;, for i =0, 1,2, and, since jf’{ =0, the
transition functions among these bases will have the form

A LT 01
(3.3) L{Zﬂuj.<02i>_M.(92j>7
with M a 2 x 2 matrix with coefficients in Op2(U; NU;). Note that in the
transformation one can write M as a matrix with coefficients given by
some even rational functions of z1;, 225, because of the definitions and
the facts that 0;; € Jar and jm?’l =0.

Finally we note the transformation law for the products 61;02; =
(det M)01;65;, which, since det M is a transition function for the line bundle
Sym? Far = Op2(—3) over U; NUj, can be written, up to constant changes of
bases in F|, and F|y;,, in the more precise form

X;\°
(3.4) thibi = (XJ> 01502;.



Non projected Calabi-Yau supermanifolds over P2 1035

This also means that we can identify the base 01;02; of Sme}"M]ui with the
standard base % of Op2(—3) over U;.

The relations and transition functions given above are those that all the
supermanifolds of the kind P2 (F,,) share, regardless of the specific form of
its fermionic sheaf F,.

Theorem 3.2 (Non-projected supermanifolds over P?). Let M be
a supermanifold over P? having odd dimension equal to 2. Then M is non-
projected if and only if it arises from a triple (P2, Far,w) where Far is a rank
0(2 locally free sheaf of Opz-modules such that Sym?Far = Opz(—3) and w is
a non-zero cohomology class w € HY(Op2(—3)). One can write the transition
functions for an element of the family P2(Fa) from coordinates on Uy to
coordinates on Uy as follows

1

=10 ZG [%
Z21 )\ 11 221
(3.5) 20 | | TG | — e (211, 221, 011, 021)
910 M 911
920 921

where X\ € C is a representative of the class w € H'(Tp2(—3)) = C and M is
a 2 x 2 matriz with coefficients in C[z11, zfll, 291] such that det M = 1/23,.
Similar transformations hold between the other pairs of open sets.

Proof. The part of the transformation law that relates the fermionic
coordinates A1g, 029 and 611,021 has already been discussed above. We are
therefore left to explain the part of the transformation that relates the
bosonic coordinates z1q, 229 and 211, z21. Writing the general transformation

(36) Zfl(gjvgj) - Zfz(gj) + W@](§]7Q])(Z€Z) l = 1) o, n,

in this particular case, yields the following

1
zZ10 = — + w(zlo)
211

z
Z20 = =21 + w(220),
211

with w a derivation of Op:> with values in Sym?F,;, which identifies an el-
ement wy, € H(Tp2 @ Sym?Fa¢). Recall that by Theorem it is only the

cohomology class wg, that matters in defining the structure of the super-
manifold M. In particular M is non-projected if and only if w € H(Tp: ®
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SymZ}"MW) is non-zero. The only possibility for this space to be non-zero is
Sym?® Far,, = Op2(—3), so that w lies in H'(Tp2(—3)). Indeed this space is
non-null as can be seen by the (twisted) Euler exact sequence for the tangent
space, which reads

(3.7) 0 —— Op2(—3) —— Op2(—2)%3 —— Tp2(—3) —— 0.
The long exact sequence in cohomology yields the following isomorphism:
(3.8) §: H (Tp2 @ Op2(—3)) —> H2(Op2(—3)) = C

where § is the connecting homomorphism. We now will make this isomor-
phism more explicit. Recall that the untwisted Euler sequence is

(3.9) 0 Op> — Op2(1)83 sy T2 (=3) —— 0

where, if we write formally Op=(1)%3 = Op2(1)0x, ® Op=(1)dx, & Op2(1)0x,,
we have

(3.10) e(f) = f(Xo0x, + X10x, + X20x,)

The last relation takes place over the open set U;, with affine coordinates
X;/X;, for j #i. This holds because, fibrewise, the Euler sequence is pro-
vided by the differentials 7 : T(cs)«,, — Tp2 [y) of the canonical projection
7 : (C3)* — P2, In particular, over Uy we have the local splitting of O given
by identifying z19 = X1/Xo, 220 = X2/Xo and fermionic coordinates given
by the chosen local base 619, 20 of F, and we get 9.,, = m.(X00x,). By simi-
lar reasons we can write 0,,, = m.(X10x,) over U and 0,,, = m.(X20x,) over
Us. Now consider the local section m € Op2(—3)(Up NUL NUs), whose
class [m] is a basis of H?(Op2(—3)). We make the following calculation
on local sections over Uy N U N U5 of the sequence

1 Xo X5
—— | =610 — | X 0116 — | X
e (XOXng) 10020 (X1> 00x, + 011621 <X2> 10x,

Xo
0126 — | X .
+ 012022 <Xo> 20x,



Non projected Calabi-Yau supermanifolds over P2 1037

By applying m, to the last expression above we obtain

_ 910920a n 911921(9 9129226

0 2
20 Z11 Z22
210 221 Z12
B 911921(9 9129228 0109208
- 2 Z20 2 Z11 2 222
211 2992 220

where, for the last equality, we have used the transformations (3.2) and (3.4)).
The final result is that the assignments of local sections of Tp> ® Sym?F

011021
w1 = 5 8Z20 on UyNi,

211

012022
wig = 5 azll on Ui N,

292

0100
(3.12) wao = —2220,,, on Uy Ny

220

satisfy the cocycle condition

Wot |untey ntds + Wizlunis it + w2olterennu, =0

and therefore define a cohomology class [w] € H*(Tpz ® Sym>®F,). More-
over, by definition of the connecting homomorphism d, one has

1

(1) = [XOXX] € HY(Op(=3)).

In particular, from the class [Aw] € H(Tp: ® Sym?Fy), one obtains the
claimed transformation

1 1
210 = — + Awo1(210) = —,
211 211
291 221 611021
220 = — + dwoi(220) = — + A—5—.
211 211 211

O

Remark 3.3. Before we go on, we recall that, as observed in [7], the class
of isomorphism of the supermanifold does not depend on the parameter
A, since an isomorphism between the supermanifold corresponding to A = 1
and the supermanifold corresponding to an arbitrary A # 0 is locally defined
by Z;j = Zij, 9/19 = )\Glj and Héj = 92j.
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4. P2 (F,) is a Calabi-Yau supermanifold

There is an important remark to be done here: when dealing with a non-
projected supermanifold, no exact sequence comes to our help to com-
pute the (super) Chern class of the supermanifold involved. Actually, one
needs to carry out explicit computations, investigating the Berezinian of
the change of coordinates of the cotangent sheaf among charts, defining the
Berezinian sheaf of the supermanifold (we refer to the literature for the no-
tion of Berezinian in super linear algebra and the related construction of the
Berezinian sheaf of a supermanifold, see in particular [7], [13], [20]). There
is, however, a distinct class of supermanifolds such that their Berezinian is
trivial in the sense specified by the following definition.

Definition 4.1 (Calabi-Yau supermanifold). We say that a superman-
ifold M is a Calabi-Yau supermanifold if its Berezinian sheaf is trivial. In
other words, M is a Calabi-Yau supermanifold if Berg, = Oy,

Calabi-Yau supermanifolds are indeed super analogs of the ordinary
Calabi-Yau manifolds, a privileged class of varieties having trivial canonical
sheaf. Indeed, we recall that the de Rham complex attached to a superman-
ifold is not bounded from above - there is no top-form on a supermanifold! -
and therefore it is in general critical to generalize the notion of integration
over supermanifolds. Actually, the Berezinian sheaf is the only meaningful
supersymmetric analog of the canonical sheaf, in that its sections transform
as densities and they are the objects to call for when one looks for a mea-
sure for integration involving nilpotent bits - the so-called Berezin integral.
Calabi-Yau supermanifolds enter many constructions in theoretical physics
(see, in particular [17], [1], [21], [11]), but they have never really undergone a
deep mathematical investigation, which we now begin here. We will indeed
prove in the next theorem that all of the supermanifolds over P? of type
P2 (F,) are Calabi-Yau supermanifolds.

Theorem 4.2. All of the supermanifolds of the kind P2 (Fa;) are Calabi-
Yau supermanifolds regardless of the choice of For and w. That s Berps (F,

= Oz ()

Proof. We can work locally, considering transformations between Uy and U;.
Then, using the results of the previous section, we can write the transition
functions for an element of the family P2 (F,) as in where A € C is a
representative of the class w € H'(Tp2(—3)) = C. We can now compute the
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(super) Jacobian of this transformation, obtaining:

(4.1) Jac (®) = (%‘%)

where one has

1 0
A= . P, 1
( _(211)2 o 2A (211)3 Z
0 0
B = ( )\ 02 7)\ 011 )
(211)? (211)?

42) C= ( 8ZHM< Ou > 8221M< O >> D = M.
621 021

A direct computation of the Berezinian of this Jacobian gives

(4.3) Ber (Jac (®)) = —1
which concludes the proof. O

Remark 4.3. Observe that in the setting of the above Theorem there is no
orientation issue that prevents from making —1 into +1 in all the overlaps.

Remark 4.4. Note that Jac(®)?, when expressed in the coordinates zj,
220, 010, B20 by means of the map ® 1, is the transition matrix for the super
tangent sheaf Ty, from U; to Up.
Therefore the inverse matrix (Jac(®)
from Uy to U .
In particular one has

=1 is the transition matrix for Ty,

(4.4) (Jac(q))T mod jM)*l _ < (AT)il mod J ‘ 0 >

0 ‘ (MT)fl

Note that (AT)~! mod Jy is the transition matrix for Tp= and (M7T)~! is
the one for F,,, therefore one obtains the isomorphism

(4.5) Tac|p2=2 Tp2 © Foy

Remark 4.5. We recall that in [7] the Berezinian sheaf of a supermani-
fold is defined as Berg, := Ber((Q;[)odd)*, where (Q;{)Odd is the cotangent
sheaf of M defined by means of the odd differentiation f — doqqf. This is
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very convenient for example for the integration theory on a supermanifold.
We have adopted the equivalent definition Bery, := Ber(Ta), with Ta the
tangent sheaf, stressing the similarity of this definition with the definition of
the first Chern class ¢ (M) = ¢1(Tar) of an ordinary manifold M. The fact
that the two definitions agree can be seen by comparing the Berezinians of
the related transition matrices of T3, and (Q;l)odd.

Remark 4.6. As concluding remark, we stress that it is likely that this
result holds true for a larger class of (non-projected) supermanifolds, having
M,..q given by any complex surface and £ a rank two locally free sheaf such
that det £ = Ky, the canonical line bundle of the reduced manifold. We
leave to a future work to provide a suitable generalisation of adjunction
theory applicable in the case of non-projected supermanifolds.

5. Even Picard group of P?(F,,) and non-projectivity

Now that we know some geometry of the non-projected Calabi-Yau super-
manifolds P2 (F,), we take on the main focus of the paper: whether there
exists an embedding of these supermanifolds into some supermanifold with a
universal property, such as, for example, a projective superspace P™ In the
language of Grothendieck, this calls for a search for very ample locally-free
sheaves of Og-modules of rank 1]0.

The invertible sheaf Opuir (1) on P*™  defined as the pull-back 7*Opn (1)
by the canonical projection : P™™ — P"_ plays an important role for maps
from complex supermanifolds M into P, Indeed, as in ordinary algebraic
geometry, if £ is a certain globally generated locally free sheaf of O4,-modules
of rank 1]0, having n + 1|m global sections {sq, . .., sy |&1, . . ., &{m }, then there
exists a morphism ¢g : M — P™™ such that & = ¢%(Opnim (1)) and such that
si = ¢e(X;) and & = ¢5(0;) for i =0,...,n and j = 1,...,m. Notice that
also the converse is true, that is given a morphism ¢ : M — P™™ then there
exists a globally generated sheaf of Oy-modules £4 such that it is generated
by the global sections ¢*(X;) and ¢*(0;) for i =0,...,nand j =1,...,m.
Relying on this result, we can give the following definition.

Definition 5.1 (Projective supermanifold). We say that a complex
supermanifold 9 is projective if there exists a morphism ¢ : M — P™ guch
that ¢ is injective on M,.4 and its differential d¢ is injective everywhere on
Tar. Equivalently, ¢ identifies M with a closed sub-supermanifold of P"™.

Clearly, again, this calls for a search for suitable (very ample) locally-
free sheaves of Og-modules of rank 1|0 to set up the morphism into prim,
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We will prove that for any non-projected supermanifold P2 (F,,), regardless
of how one chooses the fermionic sheaf F,s, such morphism cannot exist as
there are no 1|0 sheaves available to realize it.

Notice that considering a rank 1|0 locally-free sheaf of O-modules,
that we will call an even invertible sheaf, corresponds to deal with transi-
tion functions g;; taking values into ((’);,[) o = O3 as the transformation
needs to be invertible and a parity-preserving one. This has the important
consequence that O}, is a sheaf of abelian groups, so that we are allowed
to consider its cohomélogy groups, without confronting the issues related to
the definition of non-abelian cohomology (notice that the full sheaf O}, is
indeed not a sheaf of abelian groups). Clearly, in order to define an even
invertible sheaf, the transition functions have to be 1-cocycles valued in the
sheaf Oj, , therefore, calling even Picard group Pico(M) the group of iso-
morphisni classes of even invertible sheaves on a supermanifold M, one finds
that

(5.1) Pico(M) = H' (O} )

In what follows, we will grant ourselves the liberty to call the cohomology
group H'(O}, ) the even Picard group of the supermanifold, by implicitly
referring to the above isomorphism.

Clearly, an empty even Picard group Pico(9) is enough to guarantee the
non-existence of the embedding into projective super space ¢ : M — Pm.

Theorem 5.2 (P2(F,) is non-projective). The even Picard group of the
non-projected supermanifold P2 (Fay) is trivial, regardless of how one chooses
the fermionic sheaf Far:

(5.2) Pico (P2 (Fa)) = 0.

In particular, for any Far such that Sym?Far = Op2(—3), if P2 (Far) is non-
projected, then it is also non-projective.

Proof. We put M = P2 (F,,) and, remembering that Sym2F,; = Op:(—3),
we consider the short exact sequence

exp

(53) 0—— O]p2(—3> — O;{,O O*pz 1.

This is the multiplicative version of the structural exact sequence, with the
first map defined by exp(h) =1+ h, as h € Op2(—3) = (Jar)o and (Jar)2 =
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0. The exact sequence above gives the following piece of long exact coho-
mology sequence

(54) 00— HY O}y o) — H'(Of) —2 H*(Op2(—3)) —— - -

Now, one has Pic(P?) = H'(0}.) 2 Z and H?(Op2(—3)) = C, so everything
reduces to decide whether the connecting homomorphism ¢ : Pic(P?) —
H?(Op:2(—3)) is the zero map or it is an injective map Z — C. This can
be checked directly, by a diagram-chasing computation, by looking at the
following diagram of cochain complexes,

(5.5) C2(Op2(—3)) —— C2(O% )

T

CH(O% ) —» CY(O%),

that is obtained by considering the short exact sequence and the Cech
cochain complexes of the sheaves involved in the sequence.

One then picks the generating line bundle (Op:(1))o,, = Pic(P?) and,
given the usual covering U = {U;}2_, of P? as above, Opz(1) can be repre-
sented by the cocycle g;; € Z' (U, Of.) given by the transition functions of
the line bundle itself. Explicitly, in homogeneous coordinates, these cocycles
are given by

(5.6) Op (1) s {gm _Xo X1 X?}

Z’ g12 = E7 g20 = X,

Since the map j : C1(O%, ) = C1(O;.) is surjective, these cocycles are, in
particular, images of elements in C1(O}, ,). More precisely we have

J(z11) = go1, J(222) = g12, Jj(220) = goo,

hence we can consider the lifting o = {211, 292, 220} of {go1, 912,920} to
01(0%70). We stress that this is not a cocycle in CI(O;{,O)' Now, by go-
ing up in the diagram to 02((’);470) by means of the Cech boundary map
Jd: Cl((’);{,o) — 02(03470)7 and using the bosonic transformation laws in-
duced by the derivations , one finds the following element:

A

1) =14 — .
(0) * XoX1Xo
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We have that the element 1+ m is the image of m through the
map 4. Hence we find that § : Pic(P?) — H?(Op:(—3)) maps [Opz(1)] —
[m], which is non-zero for A # 0, i.e. for M non-projected. This leads to
the conclusion that Pico (P2 (Fa)) = HI(OI’;ﬁ (FM),O) = 0, i.e. the only locally-
free sheaf of rank 1|0 on M is Oyy.

In particular there are no locally-free sheaves of rank 1|0 to realise an em-
bedding in a projective superspace, that is the non-projected supermanifold
P2 (Fs) is non-projective. O

Remark 5.3. The previous theorem illustrates a substantial difference be-
tween complex algebraic supergeometry and the usual complex algebraic
geometry, where projective spaces are the prominent ambient spaces. This
fact was already known by Manin (see, for example [7], [8]), who produced
many examples of non-projective supermanifolds. However, in the next sec-
tion @we will show that any M = P2 (F,,) can always be embedded in some
super Grassmannian.

6. Embedding P?(F) into super Grassmannians

In this section we refer to [7], Chapter 4, §3, for a thorough treatment
of super Grassmannians, and also of ordinary Grassmannians. A detailed
review of the basic properties of super Grassmannians, with emphasis on
their coordinate charts description, has recently appeared in [12].

6.1. The universal property of super Grassmannians

The super Grassmannians G = G(alb, V') have the following universal prop-
erty.

Universal Property: for any superscheme M and any locally-free sheaf
of Ogr-modules € of rank alb on M and any vector superspace V = Ccrim
with a surjective sheaf map V ® O — £, then there exists a unique map
O : M — G(alb, V) such that the inclusion £ — V* ® Oy, is the pull-back

of the inclusion Sg — Ognlm from the sequence

(6.1) 0*>Sg—>(’)gn|m—>§g*>0.

where S¢ is the tautological sheaf of the super Grassmannian.
In this case, once a local basis {e1,...,eq|f1,..., fo} is fixed for € over
some open set U, then, over U, the evaluation map V ® O4 — £ is defined
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by a (alb) x (n|m) matrix M, with coefficients in Oa (i), and any reduction
of My, into a standard form of type

1
Ty 0 94

&1 0 xr
1

by means of elementary row operations, is a local representation of the
map .

6.2. The embedding theorem

We will prove the following result.

Theorem 6.1. Let M =P2(Fy) and Ty its tangent sheaf. Let V =
HO(Sym*T,,). Then, for any k> 0 the evaluation map V & Oqr — SymF Ty
induces an embedding @y, : M — G(2k|2k, V).

We first introduce some notations.

Notation. Having at our disposal the structure sheaf O4; of M we can also
consider the sub superscheme of M, given by the pair (P?, Oy ), where we
have defined Oy = O / J. 9%[ We stress that this is not a supermanifold:
indeed it fails to be locally isomorphic to any local model of the kind CPl?,
and, more generally, it is locally isomorphic to an affine superscheme for
some super ring.

We call this sub superscheme M2 and we characterise its geometry in
the following lemma.

Lemma 6.2 (The Superscheme M(?)). Let M) be the superscheme
characterised by the pair (P2, Oy), where Oy = Onr /jfl Then M3
is projected and its structure sheaf, as a sheaf of Opz-algebras, is Oypzy =
O[P2 > JT"M .

Proof. 1t is enough to observe that the parity splitting of the structure
sheaf reads O,z = Oaro /j_,f{ @ Oar1 /jg?l, hence the defining short ex-

act sequence for the even part reduces to an isomorphism (953)0 = Op2. We
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therefore must have that the structure sheaf gets endowed with a structure
of Op2-module given by Op2 @ Fyr, that actually coincides with the parity
splitting. We observe that in the Opz-algebra Oy = Op2 & Fyy the product
Far @0., Far — Ope is null. O

The first requirement for Theorem is that the morphism ®; is well
defined. This is a consequence of the following Lemma.

Lemma 6.3. The following facts hold.

1) The restriction maps
V — HY(SymFTo|acw) and 'V — HO(Sym*Ty|p2)

are surjective for k> 0.

2) The locally-free sheaf of Oar-modules Sym* Ty, is generated by global
sections, i.e. the evaluation map V @ On — SymF Ty is surjective, for
k> 0.

Proof. Let us consider the composition of linear maps
(6.3)  V — HY(Sym*Tar|arn) — HO(SymFTarlp) — SymFTae(z),

with SymFT,(x) the fibre at 2. By the supercommutative version of the
Nakayama Lemma - see for example lemma 4.7.1 in [I8] - to prove fact (2)
one has to show that for any x € P? the linear map V — Sym*Ty(z) is
surjective. Therefore we can reduce ourselves to show the surjectivity of all
the linear maps in the composition, which will also include a proof of fact
(1). For simplicity of notation we set &, := SymFT,,. To see the surjectivity
of the last map, we observe that, by , one has

Exlpe =2 Sym* (Tp= & Fyy)
(6.4) = (SymFTp) @ (SymF1Tpe @ Fi) @ (Sym* *Tp= @ Sym?F,),

all the other summands being 0, since F,; = IIE for some vector bundle E
of rank 2 and Sym'F, = II' \' E.

Now one can use the well known ampleness of the vector bundle 7Tp:
(see [6] for the definition of an ample vector bundle in algebraic geome-
try) to conclude that all the higher cohomology groups H*(Sym"*Tp:(—i)),
HY{(SymF 1 Tpe @ Fr (—i)), H (Sym*2Tp: @ Sym>F},(—i)) vanish for k >
0, and hence all these vector bundles are generated by global sections, since
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they have Castelnuovo-Mumford regularity index equal to 0, see [10], lecture
14.

Alternatively, one can use the exact sequences
(6.5)

0— (Symm*10$3)(m -1)— (Symm(’)g?f)(m) —— Sym™Tp: —— 0,

deduced from the Euler sequence, tensor them with Sym/ F,, for j = 0,1,2
and use the fact that H*(Fa(m)) =0 for any i > 0 and that Fa(m) is
generated by global sections, for any m > 0, to deduce the same conclusions
for Sym™Tp: @ Sym? Fa.

Recall the exact sequence

(6.6) 0—— & @ Jar Ek Ex|p2 0,

and observe that, as jm?’[ = 0, one has that Ju is a OM/jﬂQI—module, .e. a
Ogp»-module. As such, by Lemma @ one also knows that 7, and hence
also & ® Jar, has a structure of a Opz-module, given as & @ Jar = (Eklpz @
Sym?®Far) ® (Exlez ® Far) = (Exlp2(—3)) @ (Exlez @ Far)-

Similarly, let us consider the exact sequence

(67) 04>5k®\79%[4>gk4>8kbv[(2) — 0,

where & ® J2 = Elp2(—3) is a Op2-module. Similarly as above, one can
show that H!(Exlp: ® Far) = 0 and H'(Ex|pz(—3)) = 0 for k > 0, hence one
has that H°(&) — HO(Er|ar») and HO(E,) — HO(E|p2) are surjective for
k> 0. O

We now state an easy generalization of a well known embedding criterion
for algebraic manifolds. Recall that a superscheme Z of super dimension 0|m
is affine and it has dim¢(Oz) < oo. This dimension is called the length of Z.

Proposition 6.4. A morphism of algebraic or complex supermanifolds ® :
M — N is an embedding if and only if for any sub-superscheme Z C M of
length 2 one has that the composition Z — M — N is a sub-superscheme,
that is the induced map Opn — Oz is surjective.

Sketch of proof. It is an immediate generalization of the analogous result
in algebraic geometry (see for example [2], Proposition 2.4), taking into
account that the possible supercommutative algebras Oz of dimension 2 are
of the form C, x C,, with p, ¢ two distinct points and C,,, C, the skyscraper
algebras equal to C over these points, or Cple], with € of parity 0 or 1. The
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composition Z — M — N allows one to take care of the injectivity of ® on
points in the first case and the injectivity of the tangent map d® on even or
odd tangent vectors, in the other two cases. O

For the special case of embeddings into Grassmannians one can give
more precise conditions.

Proposition 6.5. Let ®: M — G(alb, V') be a map induced by some epi-
morphism V @ Oy — &€ of locally-free sheaves of Ogr-modules. Then @ is
an embedding if and only if for any sub-superscheme Z C M of length 2, the
induced map V — € ®@p,, Oz has rank > alb. In all cases when Z has only
one closed point x € M, that is when Oz = C;[e], a sufficient condition for
the condition above to be satisfied is that V — & /m2E is surjective, with m,
the maximal ideal of x in Opg .

Sketch of proof. The necessary and sufficient condition says that the com-
position Z — M — G(alb,V) is not a constant map. To understand the
last sufficient condition, one observes that, denoting Mg(f) the affine sub-
superscheme of M with support {z} and associated algebra Oy ,/m2, one
has a factorization Z — /\/lg(f) — M — G(alb, V), because of the property
e2=0. Then V — £ ®p,, Oz is the composition of V — £/m2€ and the
canonical surjective morphism £/m2€ — € ®p,, Oz. 0

Now we can prove our main theorem

Proof of Theorem[6.1]. By the preliminary results above, we have shown that
for k > 0 the morphism @, : M — G(alb, V) is globally defined, with a|b the
rank of the sheaf Sym*Ts;.

Note that alb can be computed from the formula for the restriction
of Sym* Ty to P2, where its even and odd summands are, respectively,

(Sym"Tac)o = Sym* T & (Sym* > Tp> © Sym>F)

and
(SymFTa)1 = SymF 1T @ Fif,

from which we get alb = 2k|2k.
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At the level of the reduced manifolds, ®j defines a morphism ®p|p2 =
(¢0, #1): P2 — Gy x G1 which is associated to the surjections

Vo ® Opz: —» HO((gk)o‘Pz) ®Q Opz —» (519)0‘192
Vi® O]}DQ —» HO((gk)ohpm) X O[pm  — (5]€)1hp>2.

They define embeddings of P? into the ordinary Grassmannians Gg =
G(2k; Vp) and G1 = G(2k; V1) for k> 0 by well-known vanishing theorems
in projective algebraic geometry. This takes care of the injectivity of ®; at
the point set level.

By Proposition the evaluation map H°(E) — E defines an em-
bedding into a Grassmannian if, when composed with the restriction £ —
E/m2E, for any x € P? and m, the maximal ideal in the stalk Op2 ., one
gets a surjection H*(E) — E/m2E = H°(E/m2E). This is part of the exact
sequence of cohomology associated to

0 m2E E E/m2E ——0,
so the surjection above is a consequence of H!(m2E) = 0. In our case E is ei-
ther E = &|p2= Sym"*Tp> © SymF=2Tp2(=3) or E = &E|p2 = Sym* 1 Tp> @
Far, and the vanishing of H!(m2 E) = 0 can be shown in either case by means
of the Euler sequence, by the same arguments as above.

In conclusion, we have shown that ®; : M — G(2k|2k, V) is injective at
the level of geometrical points.

A similar criterion as in the ordinary algebraic geometry case applies to
show the injectivity of the tangent map d®x () : Tar(z) = Ta(ar|or,v) () at
any geometrical point z € P?2. The maximal ideal of z in Oy, is M, =
My + Jar e, and one can define the sub superscheme V, of M with re-
duced manifold {z} and structure sheaf Oy, .. /9M2. Note that (M2)g = m2 +
‘,’79‘2[@ and (M,)1 = myTarz, from which it follows OM@/EITI% >~ Opz /m2 @
(Tot,w/ ™y Tarz) = Opz/m2 & F(x). Note also that the tangent space of the
superscheme V, = (z, Qg ,/M2) is the same as the tangent space Tar(z) =
(9N, /9M2)*. From these observations one gets the analogous result as in
the classical case that the surjectivity of the restriction map H°(&) —
HO(Ep @ Oy 0 /M2) = HO(E,/M2EL) ensures the injectivity of the tangent
map d®;. Moreover observe that the superscheme embedding V, — M fac-
torises through M) as Oarz/M2 is also a (’)M/jﬂ%[-module. Then the re-
striction map factorises as follows

Ho(gk) —» H0<8k’5\/[(2)) S HO(Ek/imié'k),
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and we will show that the second map is surjective as well, using the fact
that E|ar is a Opz-module and by applying similar arguments as above,
based on the vanishing of the higher cohomology of H!(P?,G(k)), with G
any fixed coherent sheaf, for k> 0. Indeed in our case we have &y =
Ek|p2 ® (Eklp2 ® Far) as a Opz- module, so the decomposition still ap-
plies to give the structure of |42 as a Opz- module. Setting M2 the ideal
sheaf of V,, in (), one has the exact sequence 0 — M2Ek|ar — Eklacr —
E/M2E;, — 0, so we are left to prove HY(OM2EL|ar») = 0 for k> 0. Now
M2Ek|ar = M2Ek|p2 B (M2Ek|p2 ® Far) as a Opz- module, therefore the de-
composition and the Euler sequences apply to our case, showing
that H'(9M2Ek |42 ) = 0 holds because of the vanishing of the higher coho-
mology groups H'(P2,G(k)) for k> 0, with G = M2 @ H, where H is any
of the sheaves Op2, F,, Smef;}, Far, Fau @ F,, Fau @ SmeF;}.

Remark 6.6. Theorem is not effective, since it does not give any es-
timate on k£ and on the super dimension of V = H°(&;,) and hence it does
not identify the target super Grassmannian of the embedding ®;. In fact k
depends heavily on the choice of F,,. However, it seems possible to calculate
a uniform k and dim V' under some boundedness conditions on Fj,, such as
F,; globally-generated, or Fy, semistable.

Remark 6.7. If one wants to generalize the result of Theorem [6.1] to other
non-projected supermanifolds, with reduced manifold M,..q with dim M,..q >
2, then the tangent sheaf 75, , will not in general be ample (this happens
only for M,.q a projective space, since projective spaces P¢: are the only
projective varieties with ample tangent bundle, by a celebrated theorem of
S. Mori, see [9]) and therefore one faces the problem of finding a suitable
ample locally-free sheaf of Oy, _,-modules E on M,.4 that can be extended to
a locally-free sheaf £ on M. This is a delicate problem that we will address
in a future work.

Before we go on to the next section we propose the following

Problem 6.8. Find a fized super Grassmannian G = G(2k[2k, V), i.e. a
uniform k and dim V', so that M = P2 (F,,) can be embedded in G, in the
case when F, is ample, or in the case when it is stable, with given ¢ (Fa) =
—3 and ca(Fa) = n.
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7. II-projectivity versus non-II-projectivity

In Theorem we have seen that all the non-projected supermanifolds over
P2 are non-projective, in that they do not possess any even invertible sheaf.
On the other hand in Theorem we have shown that they can all be
embedded in some super Grassmannian, by the use of suitable locally-free
sheaves of Og,-modules on these supermanifolds.

In [7], Manin suggested that the notion of invertible sheaves might no
longer be fundamental in supergeometry and he proposed instead the notion
of II-invertible sheaves to be the right one to employ, together with a related
notion of II-projective spaces as suitable embedding spaces, which would be
nice since Il-projective spaces are simpler supermanifolds endowed with a
similar universal property as projective spaces, than more general super
Grassmannians. We defer to subsection for the precise definitions of II-
projective spaces and Il-invertible sheaves. But, assuming those notions are
already set up, the following natural question arises.

Question 7.1. Can any non-projected supermanifold of the form P2 (F,,)
be embedded in some Il-projective space?

In the present section we will show that in general the answer to the
question above is megative, and indeed the possibility of embedding non-
projected supermanifolds of the form P2 (F,,) into II-projective spaces very
strongly depends on the choice of Fa. We will do so by considering the
following two extreme cases with F,; a homogeneous vector bundle on P2.

e decomposable: Fy; := [1Op2(—1) @ [IOp2(—2).
e non-decomposable: F, = HQ%,Q.

We will prove that the first supermanifold above is not Il-projective,
that is it cannot be embedded in a Il-projective space. Therefore, under
these circumstances, the notion of Il-invertible sheaves does not prove useful
to get further geometrical knowledge of the supermanifold.

On the other hand, referring to previous work of one of the authors,
we will recall that the non-projected supermanifold with F,, := HQI%\,2 is the
II-projective plane itself, which of course answers the question of existence
of an embedding in a Il-projective space in the affirmative trivial way, in
this case.

First of all we give a more detailed description of the two supermanifolds
introduced above. Although not strictly necessary for the remainder of this
paper, we will provide for each of the two non-projected supermanifolds an
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explicit atlas and transition functions, hoping in this way to give the reader
a more concrete perception of the objects at hand.

7.1. Decomposable sheaf: Fj5 = IIOp2(—1) @ IIOp2(—2)
We have the following result.
Proposition 7.2 (Transition functions (1)). Let P2(F,) be the non-

projected supermanifold with Far = I1Op2(—1) & [1Op2(—2). Then, its tran-
sition functions take the following form:

1 291 011021 011 621
U NUi:zio=—, z20=—"—+A 53 00 =——, b0 = ——3:
211 211 (z11) Z11 (z11)
z 6120 1 0 7
UyNUs 21y = 2 + Ao 257 o= O = —, 9212%;
292 (222) 222 292 (222)
1 210 10620 10 B0
(71) Uy QZ/{O12’12:7, 299 = — A 5 912:7, 922: 3+
220 220 (220) 210 (Zlo)

Proof. 1t follows immediately from Theorem taking into account the
1

transition matrices for Fjy,, that have the form M = 601 1 | onlUpN
25

U1 and similar forms on the other two intersections of the fundamental open

sets. O

7.2. Non-decomposable sheaf: F; = 1'[9%2

If we take HQI%)2 to be the fermionic sheaf of the supermanifold P2, then we
let 019, 059 transform as dzig and dzog, respectively, obtaining the transfor-
mations

011 291 B21

UNUy:01g=——, byp=——"-0 =

oMU 010 )2’ 20 (z11)? 11+ P

020 10 <10
NUy : 019 = ——F= = —— — ———ly;
Uz NUp = b2 e 2T o0 T G2
Z12 912 022

7.2 Ui NUy : 011 = ——-50 —= f9 = — )
(7.2) 1 21011 (222)° 22 + o 21 (222)?

Just like above, we now look for the complete form of the transition func-
tions. By Theorem we have the following result.
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Proposition 7.3 (Transition functions (2)). Let P2 be the non-projected
supermanifold with Far = 1IQL,. Then, its transition functions take the fol-
lowing form:

1 0110
11 211 (211)
011 221 021
010 = T\ 020 = _7911 + —
(Z11)2 (211)2 211
0120 1
U1ﬂZ/[2:zH:Z£_)\ 12 22’ g1 = ——
222 (222)2 299
L. R W (N LR
(220)%’ 210 (22002 %
1 0100
u2mu0:2,’12:77 222:@_ 10 23’
220 220 (220)
212 (912 022
(7.3) 11 (222)? 22 + o 21 (on)?

Proof. Again, it follows immediately from Theorem taking into account
the transition functions for Fj, provided by (7.2)). O

7.3. II-projective spaces and Il-invertible sheaves

As Il-projective geometry is not a central topic of this paper, we refer to
the literature for an introduction to the subject, in particular [7] Chapter 5,
§6.4 and [8] Chapter 2, §8.5 and §8.11. In what follows we recall the basic
definitions of II-projective spaces and Il-invertible sheaves. We start with
the following notions.

Definition 7.4 (II-symmetric modules). Let M be a supercommutative
free A-module such that M = A™ @ IIA". Let pr; denote the odd involution
pr - M — IIM that exchanges the even and odd base elements. Then we
say that a super submodule S C M is II-symmetric if it is stable under the
action of pr1. In particular M itself is II-symmetric.

Definition 7.5 (II-symmetric locally-free sheaves). Let G be a locally-
free sheaf of O4-modules of rank n|n on a supermanifold M. We say that G
is a [I-symmetric locally-free sheaf if it comes together with a II-symmetry,
that is an odd involution pr : G — IIG such that 1912I = 1d.

In particular on every open set U C |M| such that M = G(U) is free, it
is a II-symmetric A = Og(U)-module as in the definition above. Moreover
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H%(,G) is a II-symmetric C-superspace and one can define the subspace
of pr-invariant global sections H}(M,G) C H°(M,G), which is of course
[I-symmetric.

Definition 7.6 (II-invertible sheaves). A Il-invertible sheaf Gy is a II-
symmetric locally-free sheaf of rank 1|1. In other words, it is a locally-free
sheaf of O4-modules of rank 1|1 together with an odd involution pry : Gip —

[1G17.

Locally, on an open set U C |M], the involution pr exchanges the even
and odd components of the sheaf Gry|yy = Oy (U) & IO (U).

Definition 7.7 (See [8] Chapter 2, §8.5). Let T = C"!"*! be the
super-vector space endowed with the odd involution p: T'— T, with p? = id.
Then the II-projective space Pf; is the Grassmannian GII(1|1,7T) of the p-
invariant 1|1-subspaces of T'. It has a tautological 1|1 locally free sheaf Or(1)
that is also endowed with a odd involution p.

In [§ Chapter 2, §8.5 it is also observed that to give a morphism f :
M — PY; is equivalent to give a Il-invertible sheaf G on M and a sheaf
epimorphism 7™ ® M — G, compatible with the two involutions p on T
and pr on Gy and such that G = f*Orn(1). We observe that in this case
the space of p-invariant elements of T* produce pr- invariant sections of Gy
that do not have common zeros on M, and conversely, as Manin observes in
[8] Chapter 2, §8.5, any choice of n + 1 such sections gives rise to a morphism
to some P In particular one can easily see that if H3(Grr) is a 1-dimensional
vector space, then the map f is constant.

As noted by Manin in [8] Chapter 2, §8.11, giving an odd involution on
a rank 1|1 sheaf corresponds to reduce its structure group, the super Lie
group GL(1|1,O4) to the non-commutative multiplicative group Gﬂl(C’)M).
Likewise, the set of isomorphism classes of II-invertible sheaves on a certain
supermanifold M, denoted with Picyi() by similarity with the usual Picard
group, can be identified with the pointed set H'(G'(Oy)).

The embedding G,,, — G,l,Ll, induces a map as follows

(7.4) i : Pico(M) — Picn (), Lor — Lag &L,

where Ly, is a locally-free sheaf of Og-modules of rank 1|0 (generalisation
of usual line bundles, as above) and the II-invertible sheaf Lg @ I1L,, is
called the interchange of summands, to stress that it comes endowed with
the morphism pr. We say that a Il-invertible sheaf splits if it is isomorphic
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to the interchange of summands L4 @ I1L4,. Analogously, we might have
said that a Il-invertible sheaf splits if its structure group G;lql can in turn
be reduced to the usual G,,.

The injective map G,,, — G}Jll fits into an exact sequence as follows (see
again [g])

(7.5) 1 Gm Gt Gt 0,

that is useful to study whenever a II-invertible sheaf splits. Indeed, as G, is
central in G%,lql, the sequence of pointed sets corresponding to the first Cech

cohomology groups associated to short exact sequence above can be further
extended to H?(G,,(0ay)) = H2((’);{’0), giving

(7.6) - —— Pico(M) —— Pieg(M) —— H (Oar1) — H2(O§w,o)-

Clearly, the obstruction to splitting of II-invertible sheaves for a supermani-
folds lies in the image of the map Pic (M) — H' (O 1) or, analogously, by
exactness, in the kernel of H'(Oy1) — H*(O}, ).

We apply the considerations above to obtain the following result.

Theorem 7.8. Let M = P2 (Fy) with fermionic sheaf Far = HOp2(—1) &
IIOp2(—2). Then Picri(M) is just a point, representing the trivial Il-invertible
sheaf Oar @ Oys. In particular M cannot be embedded in a Il-projective
space.

Proof. Remembering that F53 = Oy 1, as the supermanifold has dimension
2|2, one easily compute that

(7.7) HY (On1) =2 H (Far) 2 HY (Op2(—1)) @ H' (Op2(—2)) = 0.
This tells us that we have a surjection
(7.8) Pico(M) — Picp(M) — 0.

and therefore all the Il-invertible sheaves will be of the form L, & I1L,,.
On the other hand we do already know that the even Picard group of M
is trivial, and the only invertible sheaf of rank 1|0 is actually the structure
sheaf. This tells us that the only Il-invertible sheaf that can be defined
on M endowed with a decomposable fermionic sheaf as above is given by
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G = Oar @ I1O4,. We have
(7.9) PiCH(M) = {OM & HOM},

that is the pointed-set Picr (M) is given by its base point only. Clearly, as
there are no non-trivial II-invertible sheaves there is no hope for M to be
embedded in a II-projective space. Il

The scenario is much different when one considers P2 (F,,) endowed with
the non-decomposable fermionic sheaf Fy = HQ%)Q.

The II-projective plane P, that describes 1|1-dimensional II-symmetric
subspaces of C3I3, is covered by three affine charts, whose coordinates in the
super big-cell notation, as shown in [7] Chapter 5, §6.4, are given by

2, 1z 20 [0 6o 6
to 0 —60i0 —02 H 1 z10 220
P 1 oz [0 0 6
. —611 0 —Oxn |21 1 2
2 = < zZiz z2 1 H

and setting the nilpotent coordinates to zero it is apparent that the under-
lying manifold is given by P2.

Theorem 7.9 (M is the II-Projective Plane P%). The non-projected
supermanifold given by M = (PQ,HQI%DQ,)\) where X is a non-zero represen-
tative of w € H' (T2 ® Sym?IIQL.) = C is the Il-projective plane PF.

Proof. We have already seen that the topological space underlying ]P’QH is
P2. To prove that the two spaces are the same supermanifold we consider
the structure sheaf Op:z of P% and we prove that the transition functions
among its affine charts coincide with those of M. To this end, by allowed
row operations we get

1 zo1 | b _ bn _zbu | O

210 = —, Z20= —— 010 = — o0 =
211’ 211 (211)2’ (211)2’ (211)2 211’

these coincide with the transition functions we found in , once it is
set A =1 - which is always possible by means of a scaling or a change of
coordinates. By analogous calculations one checks that the same happens in
the other intersections, thus showing P% = (P% I1Qpn, \). O
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Remark 7.10. Indeed the result above is a particular case of a much more
general result that relates II-projective spaces and the cotangent sheaf Q3.
of ordinary projective spaces, proved in [14], Theorem 4.3.

The previous theorem has the following obvious corollary, which can be
seen as an improvement and a quantitative version of the result in Theorem

[6.1in the case at hand.

Corollary 7.11. The supermanifold ¢ := (P2, IIQ},, A) can be embedded
into G(1[1,C3I3).

Proof. Since we have shown that M = ]P’QH and the II-projective plane ]P’IQ-I
can be presented as a closed sub-supermanifold inside G(1|1, (C3|3), the same
holds true for ¢ and we have a linear embedding of # into G(1|1,C31). O
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