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Universal factorization spaces
and algebras
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We introduce categories of weak factorization algebras and factor-
ization spaces, and prove that they are equivalent to the categories
of ordinary factorization algebras and spaces, respectively. This al-
lows us to define the pullback of a factorization algebra or space
by an étale morphism of schemes, and hence to define the notion
of a universal factorization space or algebra. This provides a gen-
eralization to higher dimensions and to non-linear settings of the
notion of a vertex algebra.

1__Introduction| 1060
|2 Background: factorization spaces| 1064
[3 A preliminary definition for étale pullback of a |
| factorization space] 1068
4 Weak factorization spaces| 1069
[6Weak factorization algebras| 1074
[6 Etale pullback of factorization spaces| 1081
|7 Examples of universal factorization spaces| 1084
I8 Pullback of factorization and chiral algebras| 1089
[References] 1095

1059



1060 Emily Cliff

1. Introduction

A vertex algebra describes the symmetries of a two-dimensional conformal
field theory (CFT), while a factorization space or factorization algebra over
a complex curve consists of local data in such a field theory. Roughly, the
factorization structure encodes collisions between local operators. A quasi-
conformal vertex algebra—that is, one equipped with a one-dimensional
infinitesimal translation corresponding to Virasoro symmetry of the CFT—
gives rise to a chiral algebra on each smooth complex curve, in a way com-
patible with pullback along étale morphisms between curves (see [5], and
also [6]). Since it is known from the work of Beilinson—Drinfeld [I] and
Francis-Gaitsgory [4] that a chiral algebra over a variety is equivalent to
a factorization algebra over the same variety, we thus obtain a family of
factorization algebras over all smooth curves, expected to satisfy some com-
patibility condition related to étale morphisms.

In this paper, we delineate this compatibility condition, thereby formu-
lating the definition of a wniversal factorization algebra of any dimension
d, which is new even in complex dimension one (i.e. for 2D CFTs). We
also treat the non-linear analogue, a universal factorization space. A key
ingredient is the notion of a weak factorization algebra or space, which we
prove is equivalent to an ordinary factorization algebra or space, respectively,
and which allows us to define pull-back along étale morphisms. As a con-
sequence of these definitions, we put on a firm foundation important work
of Kapranov—Vasserot [THI0]. Our definitions and results accommodate all
standard examples, are compatible with the already established notions of
a universal chiral algebra and a quasi-conformal vertex algebra, and provide
a framework for the exploration of vertex-algebra—like symmetries in higher
dimensions.

Theorem (Proposition . Let X and Y be varieties, and let ¢ : X —
Y be an étale morphism between them. Then if A is a factorization algebra
over'Y , the factorization algebra ¢* A on X obtained by pulling back along ¢
corresponds to the chiral algebra on X obtained by taking taking the pull-back
of the chiral algebra on'Y corresponding to A.

It follows that the category of universal chiral algebras of a given di-
mension d is equivalent to the category of universal factorization algebras of
dimension d as defined in this paper. In particular, the category of univer-
sal factorization algebras of dimension one is equivalent to the category of
quasi-conformal vertex algebras.
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The property of universality for a family of factorization spaces or alge-
bras is important for three reasons: first, it is not clear how to extend the
definition of a vertex algebra to a higher-dimensional analogue, encoding
symmetries of higher-dimensional CFT (see for example [3]). On the other
hand, Francis and Gaitsgory [4] showed that the definition of a factorization
algebra or space extends in a natural way from curves to complex varieties of
arbitrary dimension, and so the categories of universal factorization algebras
and spaces provide generalizations to higher dimensions and to non-linear
settings of the notion of a quasi-conformal vertex algebra.

Second, even in the one-dimensional setting, there are advantages to
working with factorization structures rather than vertex algebras: namely,
it facilitates the transfer of information and ideas among algebraic geome-
try, representation theory, and physics. Examples of factorization spaces are
constructed from some moduli spaces arising in geometric representation
theory and algebraic geometry; linearizing these factorization spaces, for in-
stance by taking their cohomology with values in different sheaves, provides
examples of factorization algebras, which can then be studied using the ge-
ometry of the underlying spaces. Conversely, the existence and properties of
the factorization structures can be used to better understand the original
moduli spaces.

Finally, universality of a family of factorization spaces or factorization
algebras can allow us to drastically simplify computations: the upshot of
the condition is that the family is completely determined by its behaviour
over a d-dimensional disc Spec C[t1, ..., 4], and consequently that all com-
putations can be reduced to the case where X is the most convenient d-
dimensional variety, in practice often A%. Moreover, just as a factorization
space over any variety X can be used to produce examples of factorization
algebras over X by pushing forward line bundles on the factorization space
that are compatible with the factorization structure, so can a universal fac-
torization space be used to produce a universal factorization algebra: one
only needs to check that the line bundles in question are compatible with
the compatibility isomorphisms comprising the universality of the factoriza-
tion space. Alternatively, given a family of factorization algebras, one may
check that it is universal by constructing it from such a compatible family of
line bundles on a universal factorization space, these latter conditions being
perhaps more straightforward to verify.

This strategy is employed for example by Kapranov and Vasserot in [7],
where they claim that the computation of the chiral de Rham complex can
be reduced to the case of the curve Al. It turns out that the exposition in
[7] implicitly uses an incorrect definition of a universal factorization space,
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and relies on the existence of maps which are in general undefined except on
an open neighbourhood of the diagonal; however as we will see in Section [7]
if the correct definition as presented in this paper is used, the domain of
definition of these maps is large enough to imply that the factorization
space in question is universal, and consequently that the computations over
A' do indeed suffice. Indeed, let X be an affine scheme, let C be a curve,
and recall the factorization space L£(X )ranc of meromorphic jets from C' to
X introduced in [7]; then we prove the following:

Proposition (Example [7.6]). The assignment C — L(X)ranc defines a
universal factorization space in dimension one.

As suggested by the approach of [7], the expectation that a category of
universal factorization spaces or algebras should exist is not a new one, but
the definitions are slightly more subtle than one would naively expect. The
obvious way to begin is to say that a universal factorization algebra must
be an assignment

X, a d-dimensional variety — Agran x, a factorization algebra over X,

together with data giving compatibilities between pullbacks of factorization
algebras along étale maps X — Y. However, for this to make sense, we need
to define what we mean by the pullback of a factorization algebra Ag.ny
over Y by an étale map ¢ : X — Y. It turns out that this is not written
explicitly anywhere in the literature: to compute it, we must consider the
chiral algebra By associated to Agrany, take its pullback ¢*By := Bx, and
define ¢*(ARrany) to be the factorization algebra Aga, x associated to the
chiral algebra Bx.

In this paper we give a description of ¢*(ARany) without making use
of the equivalence between factorization algebras and chiral algebras, thus
giving a more hands-on construction of the factorization algebra. This allows
us to formulate the definition of a universal factorization algebra; we also
have a non-linear analogue, in the language of factorization spaces. The
key idea is the intuitive observation that the interesting information of a
factorization space VRany = {yXI — X! } is contained entirely in the data
of

1) Yx = X, and

2) the information of how to glue copies of Vx together as we approach
the diagonal A’(X) in X!—that is, the restriction of the factorization
isomorphisms to open neighbourhoods of the diagonal.



Universal factorization spaces and algebras 1063

We formalize this intuition by introducing the notion of a weak factor-
ization space, where we only require the data of the spaces Vx: and the
structure isomorphisms of a factorization space to be given close to the di-
agonal, and by proving the following;:

Theorem (Theorem Theorem [5.7)). The forgetful functor from the
category of factorization spaces over X to the category of weak factorization
spaces over X is an equivalence of categories.

Stmilarly, the functor from the category of factorization algebras over X
to the category of weak factorization algebras over X is an equivalence of
categories.

It turns out to be much easier to define the pullback of a weak factor-
ization space or algebra than that of an ordinary one, but this equivalence
allows us to extend the definition. With these definitions in hand, we can
introduce universal factorization spaces and factorization algebras; we can
furthermore check that our definition is compatible with the more familiar
notion of a universal chiral algebra.

The structure of the paper is as follows. We begin in Section [2] by recalling
the definitions of factorization spaces and algebras, and chiral algebras, and
fixing notation that will be used in the rest of the paper. In Section [3] we
propose a naive definition of the pullback of a factorization space, which is
the definition that was used implicitly in e.g. [7]. We explain why it is not
a good definition, to understand why the definition we will eventually work
with needs to be more subtle.

In Section [4 we will introduce the notion of a weak factorization space
or algebra, and show that the categories of weak and ordinary (non-weak)
factorization spaces over a fixed variety X are equivalent. In Section [5| we
extend these definitions and arguments to the case of weak factorization
algebras. We will see in Section [6] that it is straightforward to define the
pullback of a weak factorization space or algebra along an étale morphism.
This allows us to define the pullback of a factorization space (or algebra)
by viewing it as a weak factorization space (or algebra, respectively), and
applying the pullback functor in that category.

We will conclude with some remarks justifying these definitions. In Sec-
tion [7] we formulate carefully the notion of a universal factorization space. It
is then straightforward to verify that some common and important examples
of factorization spaces, namely, the Beilinson-Drinfeld Grassmannian (intro-
duced in [I]), and the jet-spaces studied by Kapranov and Vasserot in [7],
form universal factorization spaces, as expected. We also provide an example
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of a universal factorization space in arbitrary dimension d, constructed using
the Hilbert scheme of points. Finally, in Section [§, we will show that our
definition of the pullback of a factorization algebra agrees with the definition
obtained by pulling back the corresponding chiral algebra.

1.1. Conventions and notation

We fix k = k, an algebraically closed field of characteristic zero, and work
with the category Sch of schemes of finite type over k. We fix a dimension d
and use capital Roman letters X, Y, ... to denote smooth varieties over k of
dimension d. For a given such variety X, we will denote by D(X) the infinity
or d.g. category of D-modules on X. Functors between such categories should
always be understood to be functors of (oo, 1)-categories.

Given a variety X, we will work with its Ran space, Ran X. This is
defined as follows. We let fSet denote the category of finite non-empty sets
and surjections. Given such a surjection « : I — J, we obtain a diagonal
embedding of the Cartesian products of X: Ax(a) = A(a) : X7 — X (we
suppress the space X from the notation when no confusion will result). Using
the Yondeda embedding, we view each X! as a contravariant functor from
Sch®P to the category of co-groupoids, i.e. as a prestack. We can then take
the colimit inside the category of prestacks, and define this to be the Ran
space of X:

Ran X := colim X7,
IefSetoP

with the structure maps X/ — Ran X denoted by Axs. The Ran space is
not representable as a scheme (it is a pseudo-indscheme), but it is still
possible to study its geometry. In particular, its category of D-modules
can be identified with the limit limsese; D(XT) (over the maps A(a)' :
D(XT) — D(X7)), and also with the colimit colimyetsetor D(XT) (over the
maps A(a), : D(X7) — D(XT)). We let Ay, and (Ax:), denote the struc-
tural functors of the limit and the colimit descriptions, respectively. For
more details on the d.g. category of D-modules on the Ran space, see for
example Section 2.1 of [4].

2. Background: factorization spaces

Let us begin by fixing some basic notation and recalling some essential def-
initions that will be used throughout the paper. Our primary references for
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chiral algebras and factorization algebras are [2] and [4], wherein many more
details can be found.

Definition 2.1. A factorization space over X consists of the following data:

1) A prestack Vran x expressible as a colimit over fSet°P:

Y ~ colim YVxr,
IefSetoP

where for each I € fSet, Vxr f—1> X' is an indscheme over X! equipped
with a formally integrable connection, and for any « : I — J, there is
an indproper morphism Y(«) : Yxs — Vx: compatible with the maps
f1, fr and A(a).

Ran’s condition: For any surjection o : I — J, there is a natural map
Vo : Yxs — X7 xx1 Yxr given by

Vxs (@)

X xx1 Vx1 — Yy

| J

XJ 5 XI
A(a)

We require that v, be an equivalence of indschemes, and that v be
associative in the obvious sense[l]

Factorization: Given « : I — J as above, we obtain a partition of [
as | |;csIj, where I; = {i € I | a(i) = j}, and consider the following
open subscheme of X7:

U=U(a) = {(2:)ier € X" | 2, # i, unless a(i1) = a(iz)} .

We let j = j(a) denote the open embedding U «— X =[]
consider the following two pullback diagrams:

jGJXIj,and

n particular, it follows that the morphisms )(«) are contravariantly functorial

n a.
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11

i J
UXXI yxlﬂyXI UXXI (HjEJyXIJ) HHjEJyXIJ
f}l lfz (e fzj)/i lﬂjemj
I ¢ s TT. I;

We require an equivalence
do : U X x1 HJ)XIJ. = U X x1 Yxr
je€J

of indschemes over U. Moreover, these equivalences d, should be as-
sociative and compatible with the other structure maps v,,.

Example 2.2. Let us write out the compatibility condition between differ-
ent d, explicitly. Suppose that we have surjections of finite sets as follows:

12 k20
Let a denote the composition v o 8, and furthermore fix the notation:

K=||K; 1=|]I;
jed jed
ﬁj : Ij - Kj.
Notice that U(B) C [[;c;U(B;)), and also U(8) C U(c). This allows us to

restrict [ ] jes ds; and dq to U(f), so that the following composition is well-
defined:

[ ds, do
(H yx%) g —— | [T Vx| lve == Ox) v
kEK jeJ

The compatibility condition is simply that this composition is equal to dg.

For comparison, let us now give a rough definition of a factorization
algebra. A more rigorous definition will be given in Section
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Rough definition 2.3. A factorization algebra A on X is the linear ana-
logue of a factorization space: it consists of a family {Ax: € D(X!)} of
D-moduled’] together with isomorphisms

Vo : Axr — A(a)!AXJ;
do : j(@)" (MjesAxs) — j(a)" Ax:

for any «: I — J. Since we are working in the d.g. categories, the com-
patibilities between these different isomorphisms v,, de are additional data
consisting of equivalences between various compositions, rather than sim-
ply equalities as in the case of factorization spaces. These equivalences are
themselves subject to higher coherence requirements. We will make this more
precise in Section [5]

Definition 2.4. A chiral algebra on X is a D-module Bx on X together
with the structure of a Lie algebra object on the D-module

Bran x = (Ax)*(Bx) S (D(RanX),@Ch).

(For details on the definition of the chiral tensor product ®°" see Section 2.3
of [4]; see also Section [5| of the current paper where we define an analogous
tensor product on the category of D-modules over an open subspace W of
the Ran space.)

Somewhat more specifically, we require a morphism of sheaves on Ran X

h
U5 - BRanX ®C BRanX — BRanX

together with higher isomorphisms corresponding to skew-symmetry and the
Jacobi identity.

In particular, considering the restriction of this map along the canonical
map X2 — Ran X and using the definition of ®°*, we have a morphism of
sheaves on X?2

j*j* (BX X Bx) — A!B)(,

which we will also denote by ug. (Here A : X — X? is the diagonal embed-
ding and j = j(id) is the complementary open embedding.)

2Let us emphasize that by D(Y) we will always mean the d.g. category of D-
modules on Y, and in particular that all functors of D-modules are the derived
versions.
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3. A preliminary definition for étale pullback of a
factorization space

Let {yyl —Y! } be a factorization space over a smooth variety Y, and let
¢: X — Y be an étale morphism. We wish to define a factorization space
{yXI — XI} over X, the pullback of YRany along ¢. The first thing we
could try is the following:

I
Yxr = X" Xyr Yyr,

where the map X! — Y is just the I-fold product of ¢. However, in general,
this does not give a factorization space.
Indeed, consider the set

Zg = {(w1,19) € X? | w1 # @2, but ¢(w1) = p(w2)} -

For a general étale morphism ¢, this set is non-empty. Suppose that
(x1,22) is a point of Zy, and let y = ¢(x1) = ¢(z2) € Y. Consider the fibre
of Vx= over (r1,x2): by definition, it is the fibre Yy (yy) Of Vy2 over the
point ¢?(x1,x2) = (y,y). By assumption, Vyz|a(y) is isomorphic to Yy, so
that this fibre is Vy.

However, if {Vx1} were in fact a factorization space, we would have

VX2 (z,20) = VX X Vx o = Vyy X Vyy-

It follows that {YVx:} defined as above does not give a factorization space
unless ¢ is injective.

Observation 3.1. Note, however, that the axioms of a factorization space
only fail to hold on the set Z: it is straightforward to check that Ran’s
condition holds on A(X) C X x X and that the factorization condition is
satisfied on Ux \ Zy.

Note also that because ¢ is étale, X — X Xy X is an open embedding.
It follows that Zy, = X xy X \ X is closed in X xy X, and hence also in
X x X. Therefore, the complement Vj of Z, gives an open neighbourhood
of the diagonal in X x X.

Recall from the introduction that the interesting data of a factorization
seems to be concentrated near the diagonal. Thus, although our definition
of the pullback did not work over all of X/, there is reason to hope that it
is a good definition on an open subscheme of X! for each I, and that this
data is enough to completely determine the rest of the definition.
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We formalize this intuition in the following section.

4. Weak factorization spaces

Definition 4.1. A weak factorization space over X is given by the following
data:

1) For each finite set I, we require an open subscheme W (I) C X I con-
taining the diagonal A(X) C X!. We require an indscheme g7 : Z; —
W (I), equipped with a formally integrable connection over W ([).

2) For any surjection « : I — J, we require an open subscheme R(«) of
W(J)NA(a) Y (W(I)) in X7, containing the diagonal A(X). We re-
quire an isomorphism 7, between the restrictions of Z; and Z; to
R(a). In other words, Ran’s condition must hold on R(«).

3) For any surjection o : I — J, giving rise to a partition of I as |_|j€J I,
we require an open subscheme F'(«) of W(I)() (HjeJ W(Ij)> in X1,
containing the diagonal A(X). We require an isomorphism d, of the

restrictions of Z; and [[;.; 21, to F(a)(\U(). In other words, the
factorization condition must hold on F(«).

4) We require compatibilities between the morphisms 7 and d with each
other and under composition of surjections, wherever these composi-
tions make sense. [

Definition 4.2. A morphism F between two weak factorization spaces
(Z1,W(I),...) and (Z;, W'(I),...)

is a collection of morphisms Fy : Zr|y () — Z'ly ;) over some open sub-
schemes V(I) € W(I)(\W'(I) which are required to contain the small di-
agonal. These morphisms must be compatible with the morphisms 7, 7/ and
d, d’ wherever the compositions make sense.

Let WFSp(X) denote the category of weak factorization spaces over X.

3In fact, one could weaken this condition, and require only that the compatibilities
exist only on an open subset of the range where the compositions are defined, again
containing the diagonal. The resulting category turns out to be equivalent to the
one defined here, but requires extra layers of notation, so we will focus on the
notationally simpler version, which is sufficiently general for our purposes.
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In particular, a factorization space {yXI — X! } is a weak factorization
space, where we can take W (I) = X' for each I. We can also take R(«) to
be all of X7, and F(a) to be X for each surjection a : I —» J. Furthermore,
a morphism of factorization spaces yields a morphism of the corresponding
weak factorization spaces, where we can take V (I) to be all of X/ for each I.

Definition 4.3. In other words, we have a forgetful functor
Weak : FSp(X) — WFSp(X).

Theorem 4.4. The functor Weak is an equivalence of the categories of
ordinary and weak factorization spaces.

Proof. We will show that Weak is an equivalence by exhibiting a quasi-
inverse,

Glue : WFSp(X) — FSp(X).

Let Z = (Z;,W(I),...) be a weak factorization space. Our goal is to
build a factorization space Glue(Z) = {yXI — X1 } by gluing together the
pieces of Z along the isomorphisms & and d. We will do this by induction
on |I|.

The case I = {pt} is trivial: we have W (pt) = X, and we take Vx :=
Z{pt}-

Let us also carry out the case I = {1, 2} explicitly, to motivate the induc-
tion step. First notice that we have an open cover of X? given by F(a)UU,
where a = id; and U = U(a) = X2\ A(X). So to define a space J; on X2
it suffices to define a space on each of F' = F'(«) and U, and then to provide
an isomorphism of these spaces over the intersection. (That indschemes can
be defined locally in this way, as we are used to doing for schemes, follows
in a straightforward way from the characterization of an indscheme as a
stack which is the filtered colimit of its closed subschemes.) It is clear how
to proceed: we take (Z5)|p over F, and (Vx x Vx) |y over U. Then the
isomorphism is given by d,, using the fact that Yy = Z(pt}-

Let us now take n > 3 and assume that we have constructed the spaces
Vxx — XK for all K with |[K| <n — 1, and moreover that we have con-
structed the isomorphisms v, and d,, for all surjections between sets of size
at most n — 1. We suppose that the v, and d,, satisfy the compatibility con-
ditions with all v and d already defined. Finally, we assume that if F(K)
denotes the intersection of all F'(3) over all surjections § from K to a strictly
smaller set, we have Vx«|px)y = Zk|r(k)- Let I be a finite set of size n.
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We would like to use the same idea as in the case n = 2. To begin,
we need to find an open cover of X'. Let F(I) denote the intersection of
the open sets F'(«) for each surjection o from I to a strictly smaller set;
F(I) is a finite intersection of open neighbourhoods of the diagonal A(X)
in X!, so it is again an open set containing the diagonal. We cannot express
the complement X7\ A(X) as a set U(a) for any particular a, but we
notice instead that it is the union of all the sets U(«) where a runs over all
surjections from I to any set of size at least 2.

Next we need to specify the components of the space Vx: living over
each piece of the open cover. Over F(I), we take the restriction of Z; to
F(I). Over U(a), we take the restriction of [];.; Vy1; to U(a). Note that
because of the assumption that |J| > 2, each I; has size strictly less than n,
and hence )y, is defined, by the induction hypothesis.

The next step is to provide isomorphisms between these pieces on the
intersections of any pair of sets in the open cover. First suppose we have
a:1—J,p:1— K, and consider U(a) NU(B). Define

Jx K :={(j,k) e Jx K | [; NI} # 0}.

By construction, there is a surjection from I to J x K, which we will denote
by « x 3; moreover, the maps « and 8 obviously factor through a x 3. Let
us denote by [ the intersection I; N Iy, whenever it is non-empty; it is of
course equal to I(; ). Notice that U(a) NU(B) = U(a * 3). Let us also fix
the following notation: for k € K,

J(k) ={jeJ| (k) eJxK};
alr, Iy — J(k).

(6773

Similarly, for fixed j € J, we define a subset K(j) of K, and the restriction
Bj of B8 to I;.
To define the isomorphism ¢, g between the restrictions of the spaces

(HjeJ szj) lo(asy and (TTpex Yxr) l(axp), we will define an isomor-

phism between each of these and <H(j’k)€J*K szjk> |U(a*5). Indeed, notice
that U(a* 3) C [[ex Ulag); it follows that

(H ym) lU(axB) = <H (Vx) |U(ak,)) U (axB)-

keK keK
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Now by the induction hypothesis we have isomorphisms

do = | TT Vx| ot =+ ) ugan-
jed (k)

Taking the product of the d,, over all k£ € K and restricting to U(a * f3)
gives an isomorphism from

H H yx’jk ‘U(ak) |U(a*5): H yX’jk
)

keK \jelJ(k (J,k)eJ*xK U(axB)

to

(H yX’k) U (axB)-

keK

Let us denote this isomorphism by qbg. Swapping the roles of J and K,
we also obtain an isomorphism ¢g, and we define the desired compatibility
isomorphism ¢, g to be the composition ¢§ o (gﬁg)_l.

It is immediate from this construction that ¢, . = id, and that ¢g, =
qbglﬁ The remaining compatibility condition to check is the compatibility of
the isomorphisms on triple overlaps: we need to show that

Py © Pa,8 = Payy

on U(ax B *7).

For this we use the compatibility of the morphisms d, with respect to
composition of the surjections a. More specifically, we have the following
commutative diagram (where all spaces and morphisms are restricted to
U(a * 8 x7), and all morphisms are isomorphisms, although we have omitted
this from the notation):
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erK Yxu

I du\Ik 1. dv\zk

\
/

H(j,k)eJ*K Yx i [ dacaiy, H(k; l)eK*L Yxn
Ik doiyy,
\ Al
I 41y, H(j,k,l)EJ*K*L Vxtim I o,
I dsayy,
/ M
[Tjes Vx i doir, [Lier Yxn
I1; dvy, %
H(j,l)eJ*L yXIjl

The commutativity of each of the six triangles follows precisely from the
compatibility condition described in Example 2.2] For example, the compo-
sition of surjections

axy|r,

I (J x L)(k) - J(k)

is equal to «z,, and Example implies that
da*"/hk = do‘|1k © H d'ﬂfjk'
jeJ (k)

It follows that the two ways of tracing around the outside of the diagram
from HjeJ Yy to [[1er Yxu are equal. But going around the top is, by
definition, ¢, © ¢4 g, While going along the bottom gives ¢q .

Finally, we need to define compatibility isomorphisms on the overlaps

U(a)o=U(a)NF(I).
Since U(a)p is contained in F(a) N U(«), we have the weak factorization

isomorphism

do: | [T 21, | lote. = (Z0) luca),-
jes
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On the other hand, by the induction hypothesis, we have

1120 | lo@. = [ TT Vx5 | vy,

JjeJ JjeJ

So we can take ¢, to be cza, and ¢g, to be its inverse. Compatibility of
the morphisms d with respect to composition ensures in a similar way to the
above arguments that these isomorphisms are compatible on triple overlaps
U(a* B)o.

Therefore, we have succeeded in building a space Yxr over X! which
satisfies

(x1) lray = (Z0) [Py,

and which comes equipped with the necessary isomorphisms d, and v,,.
This completes the induction step, and hence the construction of Glue(Z2).
It is clear from the construction that a morphism

ZzZ - Z

of weak factorization spaces gives rise to a morphism Glue(Z) — Glue(Z2’)
of factorization spaces. It is also immediate that Weak o Glue is equivalent
to the identity functor on WFSp(X), and conversely that Glueo Weak is
equal to the identity functor on FSp(X). O

5. Weak factorization algebras

In this section, we will see that we can make analogous definitions for fac-
torization algebras. We again have a forgetful functor from the category of
factorization algebras over X to the category of weak factorization algebras
over X. The proof that it is an equivalence is almost completely parallel
to the above; the key difference is that the factorization and Ran isomor-
phisms for a factorization algebra are only required to be compatible up to
natural isomorphisms, which are themselves required to satisfy higher com-
patibilities, whereas for a factorization space, the compatibilities are strict.
This means that in gluing the pieces of a weak factorization algebra to get
an ordinary factorization algebra, we must check compatibility conditions
over overlaps of multiple sets of the open cover, not just double and triple
overlaps. However, since our open covers are all finite, this process does ter-
minate and we can conclude that all the desired compatibility isomorphisms
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exist and satisfy the required properties. Let us spell out these subtleties
more carefully. We begin by reviewing the definition of a factorization alge-
bra over a variety X given by Francis and Gaitsgory in [4], so that we can
see how to adjust it to give a weak version.

Definition 5.1 ([4] 2.4.7). First, we require the data of a D-module 4
over Ran X, which is a cocommutative coalgebra object in the symmetric
monoidal category (D(Ran X),®"). The comultiplication map is denoted

c: A= AR A;
pulling back along any A;: X! — Ran X gives a map

A = Aj(Ae® A) = P j(a).(@) (AL KAL),

Izllulz

where the sum is over all partitions of I into two pieces, and « is the corre-
sponding surjection I — {1,2}.
Adjunction induces for each such a a map

c(@) = j(@)"(Ar) = j(a)" (A, KAL),

and we say that the coalgebra (A, ) is a factorization algebra if each of these
maps (and their analogues for compositions of the comultiplication map) is
an isomorphism.

To give a weak version of this definition, we will work with appropriate
open subsets of the Ran space of X.

Definition 5.2. Suppose given a family {W(I) C XI}IEfSet of open sub-
sets, each containing the diagonal X, such that for any surjection o : I — J,
W (J) is the fibre product W (I) x x1 X7. (We will denote the resulting map
W(I) — W(J) by Aw(«).) Assume in addition that for any o : I — J, W(I)
is contained in [],c ; W(Z;). Such a family will be called a suitable family of
open subsets.

We can form the colimit W := colimjesgeter W (I) (with structure maps
which we will denote by A{,V), and there is a natural morphism A : W —
Ran X which is an open embedding of pseudo-indschemes. We say that any
W having such a presentation is sustable.

Remark 5.3. These will be the open subsets on which we require the data
of weak factorization algebras to be given. Notice that this condition on the



1076 Emily Cliff

W (I) is much stronger than required for the formulation of the definition
of a weak factorization space—it is our belief that a weaker condition could
also be used in this setting to define an alternate category of weak factor-
ization algebras, which would still be equivalent to the category of ordinary
factorization algebras; the objects which we are defining here should per-
haps only be called “slightly weak” factorization algebras. However, we stop
with this definition, since it is significantly easier to formulate, and entirely
sufficient for our purposes: the regions W (I) over which factorization data
behaves well for the étale pullback of a factorization algebra form a suitable
family, as we will see in example

Indeed, we expect that there is an a priori still more general notion,
which we could call a “very weak” factorization algebra or space, over which
the factorization data is only required to be given at each stage over a formal
neighbourhood of the diagonal; futhermore we conjecture that all of these
categories are equivalent, and hence ultimately it does not matter how strict
we are in specifying our W (I), since as in the proof of our theorem the data
will always extend to all of X!. However, this is beyond the scope of this

paper.

Example 5.4. Let ¢ : X — Y be an étale morphism, and define subschemes
Vo(I) c X I by

(1) Vo(I) = {2’ | p(a™) = ¢(2™) if and only if 2" = 2"} .
For fixed I, Vy(I) is the intersection of the sets
Vdf’i’j = {1:[ e X1 |p(a") = ¢(a7) & 2' = a7},

as 1, j run over all unordered pairs in I. Arguing as in Section [3, we see that
the fact that ¢ is étale implies that Vd)l " is open in X7, and hence so is Vy(I).
It is also clear that it contains the diagonal A(X). It is straightforward to
check that the family {V4(1)} satisfies the conditions above, and hence give
a suitable pseudo-indscheme.

Furthermore, it is easy to check that if {W (I) C Y’} is a family of sub-
schemes which is suitable with respect to Y, then we can define ¢*W (1) :=
Vs(I) N (¢7)~1W(I), and we obtain a family which is suitable with respect
to X. This fact will be used when we define the étale pullback of a weak
factorization algebra.
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We will use implicitly throughout the following the identifications

D(W) ~ Ielflslgtop D(W(I)) ~ Icecégrolp D(W(I)).
We claim that this category D(W) has a symmetric monoidal structure
which is compatible with the chiral monoidal structure of D(Ran X') under
the restriction A* : D(Ran X') — D(W); for this reason we will again denote
the tensor product by ®°*. As in [4], to define the monoidal structure it is
enough to define for each J € fSet a natural transformation between the two
functors

(fSet°P)*/ — co-Cat
(Ij)jes = ®;esD(W(I;));

Ujes =D (W ] L
JjEJ
w

This natural transformation is given for fixed (/;);cs by the functor 7,

which takes a collection of D-modules {M% € D(W(I;))} to the restric-
tion of j(a)«j()* (Ryex M) from [[,c, W(I;) to W (|_| ey I) . (Here there
is a slight abuse of notation: we use j(«a)* to denote the restriction from
[Ljes W) to U(a) NW(I), and j(a). to denote the pushforward from
U(a) NW(I) to W(I).)

It is straightforward to check from the definitions that \* respects the
chiral monoidal structures of D(Ran X) and D(W). Indeed, it suffices to
observe that for any o : I — .J, the morphisms defining ®* on D(Ran X)
and D(W), together with the morphisms defining A\*, fit into a commutative
diagram as follows:

®;es D(XT) ——— D(XT)
®A}‘Jl l@),\;

Qjes PW (1)) —— DW(I)).

Ta

Here the top horizontal arrow 72X is the functor used by Francis and

(0%
Gaitsgory in defining the chiral tensor product on the Ran space, given on

objects by

{MY e D(XD)} = j(a)wi(e)* (B;MD).
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To check that the diagram is commutative, use the fact that the A} are all
restrictions along open embeddings.

Definition 5.5. A weak factorization algebra on X consists of a collection
{W(I) c X'} as above, together with a cocommutative coalgebra object
(A, ¢) of (D(W),®") such that for any a : I — J, the corresponding maps
Co, induced from ¢ are isomorphisms:

jl@)* Ar = j(a)"(MjesAz,) € D(U(a) NW(I)).

Remark 5.6. Let us take a moment to extract from the definition of a
weak factorization algebra data which looks analogous to that comprising
our definition of a weak factorization space.

e The spaces W(I) are given directly; likewise, we have for each I a
D-module A; = (Al})' A, which is the linear analogue of the space
Zr - W({).

e The spaces F'(a) are as large as possible, namely the intersection of
W(J) and A(a) W (I)—but by the first compatibility condition on
the W, this is exactly W (.J). The maps 7, : A; == Ay () Ar come
from the structure of A as a D-module on the pseudo-indscheme W.
Likewise, this structure induces the higher compatibility maps between
the .

e The spaces R(«a) are also as large as possible, a priori the intersection
of W(I) and [];c; W(I;), which is of course all of W (). The maps da
are the inverses of the ¢, from the definition of a weak factorization
algebra. The higher compatibility morphisms between the d, come
from the coassociativity of the coproduct. (In particular, the domains
R on which they are defined are always as large as possible.)

e The higher compatibilities between o and d are constructed from the
structure of ¢ as a morphism in D(W). Let us illustrate with the ex-
ample of the first level of compatibility data: suppose that v: 1 — K
factors through J as 8o a. The restriction (Af,)'éX of the Kth iter-
ated comultiplication map gives rise to the factorization isomorphism
Cy J(V)*Ar == j(v)* (Mrer Ar,) over F(y) NU (7). Now the fact that

¢X is a morphism of D-modules on W = colimjesgeter W (1) means that
we must have 2-isomorphism between Ay () (A%,)'¢ and (A{),)'¢X.
It is easy to check that since v = 8 o a, the intersection of X/ ¢ X!
and U(y) € X! is just U(B) € X7, and therefore that U(B8) N W (J)

is just the intersection of U(y) N W(I) with X7 C X'; we let A(a),
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denote the the inclusion of U(B8) "W (J) in U(y) N W (I). Then the
2-isomorphism mentioned above gives rise to a 2-isomorphism making
the following diagram (defined over U () N W (J)) commute:

A" Ar —s A0 (BrerAr,)

2 2
3(B)* Aw (o) Ay i(B)* Aw(a)' (Rrex Ar)

i(B) 7a 3B)" (Rrekay)

J(B) Ak — J(B)" (MrerAs,)

(Here we use the decomposition of I and J into subsets indexed by K
to decompose « into K-many maps oy : I, — Ji.) Upon inverting the
¢, the 2-morphism making the resulting diagram commute is the first
compatibility morphism between the 7 and the d. In particular, note
that the open set over which it is defined is U(/3) N W (J), which is as
large as possible.

Because of this procedure, we will often refer to a weak factorization algebra
(A, ¢) in terms of its pieces Aj over W (I); we will write {A;}, omitting the
rest of the factorization algebra structure, when confusion will not result.

Since A* : D(Ran X) — D(W) is an exact monoidal functor, it induces
a functor from the category of factorization algebras on X to the category
of weak factorization algebras on X,

Weak : FAlg(X) — WFAIg(X, W).
Just as for factorization spaces, we have the following:
Theorem 5.7. This functor is an equivalence of categories.

Morally, this follows via the same constructions that provide a quasi-
inverse in the factorization space case. However, we must address the usual
infinity-categorical subtleties. We will do this in a moment, but first let us
explain a less hands-on proof using chiral Koszul duality and the chiral alge-
bra perspective which is now available to us. We can consider the category
of chiral Lie algebra objects in D(W), as well as the full subcategory of those
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objects supported on X C W—we call such objects chiral algebras on W,
and denote the category by ChAlg(W). As will be explained in the proof of
Proposition the chiral Koszul duality equivalence of [4] extends to the
categories of D-modules on W, and we obtain a commutative diagram

ChAlg(X) —~—> FAlg(X)

A" l lWeak

ChAlg(W) —~ WFAlg(X, W).

But it is easy to see that the restriction functor A* : ChAlg(X) — ChAlg(W)
is an equivalence with quasi-inverse given by pushforward; it follows that
Weak is also an equivalence.

Now, as promised, let us see how the gluing construction gives an explicit
quasi-inverse to Weak. Given for example an object A of WFAlg(X, W), we
proceed inductively on |I| (and use implicitly the fact that for each n we
need only work with one set I of size n), to construct the sheaf Glue(.A)r
on all of X!, as well as all Ran condition and factorization condition iso-
morphisms v,, d, for all partitions a of I (again, there are only finitely
many such partitions), and higher compatibility isomorphisms, for subpar-
titions I — J — K. At each level of the compatibility structures, we begin
with partitions of minimal degeneracy (i.e. |J| = |I| — 1) and proceed to the
maximally degenerate case I — pt. In particular, a given surjection from I
can be factored into a composition of at most n maps, and so the compat-
ibility conditions need to be defined and checked only up to level n. Note
that the resulting object Glue(.A) has the property that for any factorization
algebra B on X, any morphism on W from the restriction of B to A extends
uniquely to a morphism from B to Glue(A). Likewise, for any n € N and any
n-morphism in WFAlg(X, W), one can again explicitly construct the image
of this morphism under Glue using the same gluing procedure.

We claim that this gives us the quasi-inverse to Weak. However, the
above procedure only defines the action of the “functor” on an individual
object or n-morphism. To show that this structure fits together to produce
an honest (infinity) functor, we argue as follows. We consider the functor

A : Co-Com"(D(Ran X)) — Co-Com®"(D(W))
induced by restriction from Ran X to Ran W. Although the categories of

(weak) factorization algebras are not presentable co-categories, the cate-
gories of cocommutative coalgebra objects are, as explained in Remark 2.4.9
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of [4]. Since A preserves colimits, we can apply the Adjoint Functor Theorem
(Corollary 5.5.2.9 of [11]), and conclude that A has a right adjoint, which
we will call R. We will show that the restriction of R to the full-subcategory
of weak factorization algebras on W lands in the category of factorization
algebras on X, by showing that it agrees on objects with the definition of
Glue given above. This completes the definition of Glue as a functor; it will
then remain to check that this functor is indeed a quasi-inverse to Weak as
claimed.

First observe that for a given object A of Co-Com®(D(W)), we can cal-
culate the pieces RAx: of RA by hand, inductively: RAx is just Ax, and
RAx: is the pullback of A7« A and @47 41,235 (@) «j ()" (RAxHn X RAx1 )
over the direct sum of the corresponding terms involving Az, , Ay, . In partic-
ular, it is straightforward to check that the composition A o R is equivalent
to the identity.

Next, we claim that for any object A of WFAlg(X, W), RA agrees
with Glue(A), which is by construction a factorization algebra. To prove
this, we use the properties of the adjuntion (A, R), and the fact that re-
stricting back to W after applying either R or Glue yields the original
object or morphism. More precisely, given an object A of WFAlg(X, W),
the identity map A — A corresponds under the adjunction to a morphism
® : Glue(A) — RA. Furthermore, the identity map RAy, — A also results
in a morphism ¥ : RA — Glue(A), by construction of Glue(A) as described
above. Now we look at the compositions ® o ¥ : Glue(A) — Glue(A) and
Yod:RA— RA. In both cases, the fact that they restrict to the identity
over W is enough (by construction of Glue in the first case, and by adjunc-
tion in the second) to show that each is equivalent to the identity, and hence
® and V¥ are quasi-inverse isomorphisms.

Thus we can consider Glue as a functor. The fact that A o R is equiva-
lent to the identity functor on Co-Com®*(D(W)) implies that Weak o Glue is
equivalent to the identity functor on WFAlg(X, W). On the other hand, we
have a natural morphism Idpajs(x) — Glue o Weak arising from the adjunc-
tion (A, R). It is easy to see that this is also an equivalence. We conclude
that Glue and Weak are quasi-inverse isomorphisms, and thus that FAlg(X)
is equivalent to WFAlg(X, W) for any suitable W, as claimed. O

6. Etale pullback of factorization spaces
Let us assume that we have an étale morphism ¢ : X — Y of smooth vari-

eties, and let Z = (Z;, W(I),...) be a weak factorization space on Y. In this
section, our goal is to define a weak factorization space Z' = ¢*Z over X.
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In the case I = {pt}, we have W({pt}) =Y. We set W'({pt}) = X, and
we define ngt} =X Xy Zpy}-
For more general I, recall from example [5.4] that the sets

Vs(I) = {.CUI e X1 | p(zh) = ¢p(a%2) & x = 2™ for iy,i € I}.

define a suitable family, and likewise so do the sets W’(I) == ¢*W (I) C X!
given by the intersection

(&") " (W (D) N Vi) = V(I s W(I).
Now we let Z} be equal to the pullback
Zp=W(I) Xy 21
It is immediate that Z7 is an indscheme with connection over W'(I).

Proposition 6.1. There is a natural structure of weak factorization space
on the data {Z;,W'(I)}, induced from the weak factorization structure on
{21, W)}

Proof. First let us check that the weak version of Ran’s condition is satis-
fied. Let a: I — J be a surjection of finite sets. We need to find an open
neighbourhood R'(a) of the diagonal A(X) in X over which we can identify
the restriction of 2’ and the pullback of Z;. We will use the fact that we
have such an identification 7, of Z; and the pullback of Z; over the open
set R(«); thus we can define the desired isomorphism over the intersection
of W'(J) with the preimage of R(a) under ¢/ and the preimage of W'(I)
under the embedding A(a) : X7 < X!. That is, we take

R(a) = (W'(I) xx: W'(J)) xys R(c).
Then we have
R(a) xy(g) 25 = (W) xx1 W(J)) xys (R(e) Xw sy Z7) ,
while
R'(@) xwr(r) 21 = (W'(I) xx1 W'(J)) xys (R(a) Xy 1) 2r) -
From this presentation, it is clear that we should define 7/, to be

dw (ryx 1w () XPa
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(composed with the natural isomorphisms above). .
Let us next define the factorization isomorphisms d.,. We set

Fl(a) = [ W) xx: | [[W'I) | | xv: Fe)
JjEJ

=w'On [ [[wW' @) | n(e") " (F(e).
jeJ

Then we have that F'(a) Xy (py 27 is canonically isomorphic to

'@y xx [ [ITW@) | | xve | F@) xway [ [T 21 ] ]
jeJ jeJ

and similarly F’(a) X[1,c, Wi(I;) (Hje g Z}]) can be identified canonically
with

(@) | TIW@) | ) v | (FG@) sy, way | T2
jeJ jeJ

Hence we can take Jﬁl to be the isomorphism

(1 e (T, W(1)) X o

It is clear that d’, and 7/, satisfy the required compatibilities, because d, and
Vo do. Therefore, they give the weak factorization structure on {Z’', W'(I)},
and the proof is complete. O

Combining Proposition and Theorem we can understand how to
pull back a factorization space along an étale morphism ¢. We define a weak
factorization space in the naive way over the open sets V(bl C X! then we
use the functor Glue to extend the components of the weak factorization
space to all of X',

Similarly, we can define the pullback of a factorization algebra along an
étale morphism. In the language of categories of D-modules on the Ran space
and its suitable subspaces W, we can express this result as follows. Suppose
that {W (I) C Y} is a suitable family over Y, and {W'(I) = ¢*W(I) Cc X'}
is the suitable family over X defined using an étale morphism ¢ : X — Y
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as in example Let W and W’ be the corresponding pseudo-indschemes,
with ¢ the obvious morphism W/ — W.

Then pullback along ¢ is monoidal with respect to the chiral monoidal
structures on D(W) and D(W'), and hence takes coalgebra objects to coal-
gebra objects. Furthermore, it takes weak factorization algebras to weak
factorization algebras. It is straightforward to check that this pullback func-
tor agrees with the pullback defined more explicitly for each piece over W (I)
as in the case of weak factorization spaces above.

Note that the pullback morphism from D(RanY’) to D(Ran X) fails to
be monoidal in general, for exactly the same reason that the naive pullback
of a factorization space or factorization algebra fails to satisfy factorization.
This is why it is necessary to pass through the category of weak factorization
algebras.

7. Examples of universal factorization spaces

Our goal is now to give a precise definition of a universal factorization space
in some dimension d. Roughly, it should be an assignment of a factorization
space to each smooth d-dimensional variety, in a way behaving well with
respect to étale morphisms between varieties, but also behaving well in fam-
ilies. In order to carefully formulate this condition, we need to define the
notion of a family of factorization spaces.

Definition 7.1. Let S be a scheme of finite type over k, and let 7 : X — §
be a smooth morphism of dimension d. Let (X/S)! denote the I-fold fibre
product

X xgX Xg--xg X ~X!xg: 5.

A relative factorization space over X/S consists of the following data:

1) For each finite set I, we have a prestack Yix/s)r € PreStk/g, repre-
sentable by an indscheme, and equipped with a map

f1: Vixysyr — (X/8)!

and a formally integrable relative connection over (X/S)!/S.

2) For each surjection « : I — J, we require an isomorphism v, fulfilling
Ran’s condition over the diagonal (X/S)7 — (X/S)!.
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3) For each surjection o : I — J, we also require an isomorphism d,, ful-
filling the factorization condition over U(a) x xr (X/S)?.

We require that these isomorphisms be compatible with each other and with
composition.

Remark 7.2. 1) Note that this is strictly weaker than a factorization
space over the total space X: not only are the spaces only required
to be defined and to be equipped with the appropriate isomorphisms
over smaller spaces (X/S)! € X!, the connection is only required to
be defined along the fibres of X over S.

2) Note also that this is not an example of a weak factorization space
over X, because (X/S)! need not contain an open neighbourhood of
the diagonal A(X).

3) On the other hand, given a factorization space on the total space X,
restriction of each piece to the appropriate (X/S)! does give a relative
factorization space.

We can now formulate the notion of a universal factorization space; it is
modelled on the definition of a universal D-module as in [2], 2.9.9:

Definition 7.3. Let d be a positive integer. A universal factorization space
of dimension d consists of the following data:

1) For each smooth family 7 : X — S of relative dimension d, we require
a relative factorization space

Vran(x/8) = {Vxssy = (X/9)}

over X/S.

2) For each fibrewise étale morphism of smooth d-dimensional families
¢:X/S — X'/S" we require an isomorphism

V(®) : VRan(x/5) = & VRan(x7/5")

of relative factorization spaces. These isomorphisms are required to be
compatible with composition of fibrewise étale morphisms.

Let us now discuss some important examples of factorization spaces from
the literature, and check that they are indeed compatible with respect to
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pullback along étale morphisms between smooth curves. (It is also possible to
define relative versions of these factorization spaces, over families of smooth
curves, but since the focus of this paper is on the pullback, we will only
discuss this property.) Our first two examples will live over curves, and will
be the Beilinson—Drinfeld Grassmannian and the space of meromorphic jets
of [7].

As a third example, we will sketch the construction of a factorization
space over any smooth variety Y using the Hilbert scheme of points of Y.
The details of this construction are contained in the author’s thesis, and will
appear in a future paper; we include the sketch here only to illustrate that
universal factorization spaces do exist over higher-dimensional varieties.

The critical observation in all three examples is the following: let ¢ :
Y — Y’ be an étale morphism; let S be an arbitrary scheme, and consider
a morphism y’ : S — Y7 whose image lies in the open subscheme V(I) of
Y! defined as in ; and let {y’} denote the union of the graphs of the
functions 3 : S — Y. Then the étale morphism ¢ induces an isomorphism
between the formal schemes corresponding to the formal completions of the
graphs in §' x Y

(2) (S )Y )y = (S XY ) 4royry-

Example 7.4. Let G be a reductive algebraic group, let C' be a smooth
curve, and recall the Beilinson—Drinfeld Grassmannian, introduced in [I]
and defined by the family

8=l
Grgor: S+ Grger(S) =< (¢!, P,0) | P—SxC a principal G-bundle;
o:8xC\{c'} = P asection

Proposition 7.5. The Beilinson—Drinfeld Grassmannian is universal with
respect to pullback along étale morphisms between the smooth curves C.

Proof. Let ¢ : C'— D be an étale morphism of smooth curves. We wish to
show that the pullback of the Beilinson—Drinfeld Grassmannian over D along
¢ is isomorphic to the Beilinson—Drinfeld Grassmannian over C'; in order to
do this it is sufficient to show that for each finite set I we have isomorphisms
of the Ith components over the open subscheme V(1) C CL. By definition,
the Ith component of the pullback on V(1) is

V¢(I) X pI GI‘G7DI .
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An S-point of this space is given by the data (c!,d!, P, o), where ¢! : S —
Vs(I) c Cl, dl = ¢l ocl, P is a principal G-bundle on S x D, and o is a
trivialization of P away from {d’}.

Recall that the data of P and o is equivalent to the data of a principal
G-bundle on the formal neighbourhood of the graph {d’} together with
a trivialization of this bundle on the punctured formal neighbourhood. But
since the formal neighbourhood of {d’} in S x D is isomorphic to the formal
neighbourhood of {¢} in S x C as in (2)), this data is equivalent to the data
of a principal G-bundle P’ on S x C together with a trivialization ¢’ away
from the graph {c’}. That is, we have a canonical isomorphism

(Vo(I) xpr Grg,pr) (S) = (Vo(I) xcr Grger) ().

It is straightforward to see that these isomorphisms are functorial in S, and
hence induce an isomorphism

V¢(I) X pI GTG’DI — V¢(I) Xor GI‘G701

for each finite set I. Moreover, as we allow I to vary, the resulting isomor-
phisms are compatible with the factorization structures, and hence provide
an isomorphism of weak factorization spaces. Finally, we conclude by Theo-
rem [4.4) that we have an isomorphism of factorization spaces as desired. [

Example 7.6. Let us now study the factorization space of meromorphic
jets, defined in (3.3.2) of [7]. Fix X = Spec(A) an affine scheme, C' a smooth
curve, and [ a finite set. We are interested in the functor

L(X)er: 8 = L(X)er(S) = {(c",p)},

where ¢/ : § — C! is a morphism, and p is a meromorphic function on the
formal neighbourhood of the graph {c'} in S x C. More formally, p is a
morphism of k-algebras

A-)’CCI,

where K. is the ring of functions on the punctured formal neighbourhood
of {c'}.
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Then it is clear that the isomorphism induces an isomorphism
V¢(I) X pr L(X)DI - V¢(I) X or E(X)CI7

giving rise to an isomorphism of the factorization space £(X )ranc with the
pullback of the factorization space £(X)Rran D-

Example 7.7. We now sketch the construction of a new factorization space
Y over any smooth variety Y. To our knowledge, this is the first construction
of a non-trivial factorization space over a variety of dimension greater than
one. A very similar space was constructed independently (but never written
down) by Masoud Kamgarpour and Anthony Licata.

Let Hilb"(Y") denote the Hilbert scheme of n points in Y, and let Hilb(Y")
denote the disjoint union over all Hilbert schemes for n > 0. Our goal is to
use the Hilbert scheme of Y to build a factorization space {Hilby:} over Y.
We begin by defining the functor of points of each space Hilby: for I € fSet
a finite set.

Definition 7.8. Given [ € fSet, let Hilby: be the prestack sending a test
scheme S to the set

yl .S > Yl
(&,y") | € € Hib(Y)(S);
Supp(§) C {y] } set-theoretically

Remark 7.9. Here {yl } C S x Y is the union over I of the graphs of each
of the functions y* : S — Y. The condition on the support of £ € Hilb™(Y')(.S)
can be interpreted as follows: recall that & gives rise to n unordered mor-
phisms §; : S — Y then for each j the graph of {; must be equal set-
theoretically to the graph of some y’: S — Y. Equivalently, we must have
§jols = 2 o1g : Speq — Y, where tg : Speg = S is the canonical inclusion
of the reduced scheme S,.4 in S.

We omit the proof that these functors are representable by indschemes:
the strategy is to show that each Hilby: is representable by an ind-closed
sub-indscheme of Y/ x Hilb(Y'), equipped with an integrable connection over
Y!. The proof is technical but not deep. It is straightforward to verify that
these spaces satisfy Ran’s condition and the factorization condition, and
hence give rise to a factorization space over Y. The isomorphism again
allows us to show that the spaces are compatible under étale pullback.

The detailed proofs of these facts are beyond the scope of this paper,
and will be included in a separate paper.
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8. Pullback of factorization and chiral algebras

Let ¢ : X — Y be an étale morphism. We have defined a functor
¢* : FAlg(Y) — FAlg(X).
In this section, we check that it is compatible with the pullback functor
¢rp, - ChAlg(Y) — ChAlg(X)

under Koszul duality.
Let us begin by recalling the definition of the chiral étale pullback functor
;- We will do this in some detail, since it is not written elsewhere in the
literature. Let (By, uy) be a chiral algebra on Y: By is a D-module on Y,
and py is a Lie bracket on the pushforward Bra,y of By to the Ran space:

h
ty : BRany @ BRany — BRany -

For our purposes we will concentrate on the restriction of this map to
Y2, for repeated copies of Y the argument is similar. Let us denote this
restricted map also by py:

wy = (Jy)«jy (By B By) — (Ay )1By.

(Here and throughout this section, Ay and jy are the inclusions of
the diagonal and its complement, which will be denoted Uy, in Y2.) The
pullback of the chiral algebra (By, uy ) has as underlying D x-module simply
the module By = ¢'(By). The chiral bracket py is defined on X2 in the
following way. Recall the open subscheme Vj({1,2}) defined in we will
denote it by V,(2), and will let ji» denote its open embedding in X?. Since
Vy(2) and Ux given an open cover of X2, it is sufficient to define the map
wx on each of these pieces in a compatible way.

Moreover, notice that the restriction of (Ax)i(Bx) to Ux is zero, and
so the restriction of ux to Ux is of course zero. It follows that it suffices to
define the map px on V(2).

Next notice that j; (jx)«(jx)*(Bx X Bx) is canonically isomorphic to

3t (6%) (v )y (By B By).

Indeed, this can be seen from the following diagram of distinguished triangles
of sheaves on V(2):
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= Jy(Bx W Bx) —> jir(jx)«jx (Bx X Bx) —> ji (Ax)i(Ax) (Bx X Bx) —

l

= 437 (6)' (By B By) = ji-(6°)' (v )<y (By B By) = ji(¢%) (Ay )i(Ay)' (By B By) —

(Here the left vertical isomorphism follows from the definition of Bx and
the compatibility of the exterior tensor product with pullback, and the right
vertical map is a base change isomorphism.)

Furthermore, base change also gives an isomorphism

0 (63 (Ay)By == ji(Ax)iBx.
From this we see that we can define ji;(p1x) to be the pullback of py:

i (69 )y (By B By) 0, 5o (62) Ay ) By
Similarly, the higher compatibility morphisms need only be defined over
the sets V4(I), where they can be defined as the pullback of the higher
compatibility morphisms for uy-.
We can rephrase this in terms of the Ran space description of chiral
algebras. The suitable family {V4(I)} defines Vg C Ran X; the functor given
by pulling back along the composition

Vo = Ran X — RanY

respects the chiral monoidal structures on D(RanY’) and D(V,), and hence
takes Lie algebra objects to Lie algebra objects. Furthermore, the condition
that the Drany-module B underlying a chiral algebra be the pushforward
of a Dy-module By implies that the corresponding Dy, -module is the push-
forward of ¢*By along the canonical map X = V,({*}) — Vj. It is straight-
forward to check that a Lie algebra object in D(V,) with this property is
equivalent to a chiral algebra on X: one extends the underlying D-module
by pushing forward along X — Ran X, and all of the structure morphisms
are easily seen to be trivial away from the diagonals, and hence away from
V. Restriction from Ran X to Vj gives the quasi-inverse.

Proposition 8.1. Let {Ay:} be a factorization algebra over Y, and let
(By, ny) denote the corresponding chiral algebra on'Y . Suppose that ¢ : X —
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Y is an étale morphism, and let {Ax:} denote the pullback of the factoriza-
tion algebra to X. Then the chiral algebra (B'y, iy ) associated to this factor-
ization algebra is canonically isomorphic to the chiral algebra By = ¢%; By .

Proof. Let us first give an abstract proof in the language of D-modules on
the Ran spaces. Then we will give an explicit proof in terms of the underlying
modules and maps on products of X and Y. As described above, we have a
monoidal functor of chiral monoidal categories

¢ :D(RanY) — D(Vy).

Following Francis—Gaitsgory, Koszul duality gives an equivalence between
categories of Lie algebra objects and categories of cocommutative Lie algebra
objects in each of these monoidal categories. (A modification of the proof
that D(RanY’) is pro-nilpotent shows that D(V}) is pro-nilpotent as well,
and then Proposition 4.14 of [4] gives the equivalence.) The Koszul duality
functors are functorial; in particular, they are intertwined by ¢, as well as
by the restriction functor A* from Ran X to V. Theorem 5.2.1 of [4] shows
that Koszul duality restricts to equivalences between the categories of chiral
algebras and factorization algebras, and from our discussions above, we know
that 5* and \* also preserve these categories. This gives the desired result.

However, in applications it may be useful to have a more hands-on com-
parison of the actual brackets and sheaves involved, so we will provide that
here. Let us begin by recalling the construction of the chiral algebra (By-, uy)
from the factorization algebra {Ay:}, in particular focusing on the higher
compatibility isomorphisms, which are not discussed elsewhere in the liter-
ature.

The Dy-module underlying the chiral algebra is By := Ay [—1].

The chiral bracket py is given by composing the maps from (jy)sjy X
(Ay[-1] K Ay [—1]) to (Ay)i (Ay[—1]) in the following diagram:

3)

(v )«dy (A [-1] K Ay [-1])

(jy)*j;TAy\k

(3v)«dy (Ay K Ay) [—2])

(Gy)«dy |2
Res

Ay2[—2] ——— (jy)jy (Ay2[-2]) ———— (Ay i(Ay)' (Ay2[-1))

(AY)!VY\E

(Ay)r (Ay[-1]).
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Here 74, is the supersymmetric identification of the complexes of Dy
modules

Tay - Ay[—1] K Ay [-1] = (Ay X Ay) [-2].

The higher isomorphisms giving the graded skew-symmetry of py are in-
duced by those of 74, (composed with those describing the symmetry of
the other maps in the composition).

Finally, the higher isomorphisms comprising the Jacobi identity come
from the Cousin complexes of the Dy:-module Ay: with respect to the
diagonal stratification. We will focus on the case of Ays, to see the first
levels of the structure. In this case, we introduce notation which is hopefully
self-explanatory: for example, j(; 3) is the inclusion of the open subscheme
{(y1,92,¥3) | y1 # y2,y3} in Y. In our earlier notation, this jjx23 would
have been written as jy(«), for a: {1,2,3} — {1,{2,3}}. We also denote
by A(s) the inclusion of the small diagonal, and by j(3) the inclusion of the
complement of the fat diagonal. Then the complex is as follows:

L d . " | d
J@) iz Ays —> D ity wdlins i) Dli=k) 1 Dy (Ays[1]) ——> A) 1A (Ay2[2))

i€1,2,3

Here the sum is over i = 1,2, 3, and (7, k) is the unordered pair consisting
of the remaining two elements, so that there are three summands in the
middle term. The components of the differentials d are given by suitable
residue maps; there is a canonical 2-morphism d? <= 0 given by properties of
residue maps. Furthermore, we will show that each of the three components
(d?); of d? can be identified with a shift of one of the iterated chiral brackets
making up the Jacobi identity. For example, we define the composition

Iy, 1(23) * J(3)d(3) (By X By K By) = As) 1By

as follows:

J@3),xJ(3)(By W By W By) > jj1£2.3) 12,3y (By ¥ jsj" (By K By))
— j(1¢273),*j?1¢2,3) (BY X A!(BY))
~ J1£2,3) xJ(122,3) D 2=3) 1 (By X By)
~ A(2=3),17(3),+J(3) (By X By)
— Aa—3) 1A By
~ A3y 1By
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The factorization isomorphism for the surjection id : {1,2,3} — {1,2,3}
gives an identification

J@3)+Cid,y * J(3) 03 Ave =2 (3) (5 (Ay B Ay K Ay).

The Ran isomorphism for the surjection p : {1,2,3} — {{1,2,3}} = {*} gives
an identification

A(g) WWpy : A (AYg[ ]) - A(3),!(AY[2])'

Together, the factorization and Ran isomorphisms (and canonical base
change isomo?phisms)' give two identifications of j{1¢2,3)A(2:3),!A!(2=3) X
(Ay:[1]) and 3(17&273)7*]2‘1#2’3)A(2:3)7! ((Ay X Ay) [1]) as follows:

fi: j(1¢2,3),*jf1752,3)A(2=3),!A!(2:3) (AYBM)
= A(2:3),!A!(2:3)j(1;é2,3),*j?1¢2,3) (Ays[1])

Factorization

A(2:3),!A!(2:3)j(17é2,3),*j2<17é2,3) ((Ay K Ay2) [1])
™ J1£2,3) ) (1£2,3) <<AY X A!A!AY2> [U)
T G edtizas (Av B ALAY) [1])
~ J£2,3) ) (122,32 =3, (Ay B Ay) [1]);
f2 Jaz2.3) £0(122,3)D 2=3), A (2=3) (Ays[1])
e, J(1#£2,3), *3(1752 3) (AYQ[ D)
= A(2 3) 1] *(Ay= [1])
RS Aoy 1 <<Ay % Ay) [1])
>~ J(1£2,3), *1(1752 3)A ((AY X Ay) [1]) .
Combining, we have the following diagram, in which the composition of the

horizontal arrows on the top is (d?)1, one of the three components of d?,
and the composition of the horizontal arrows on the bottom is a shift of the

iterated chiral bracket py;q(23):

(4)
](3) ]*3 -AY3 # ](1#2,3),*](*17523)A<2=3),'A'(2:3) (AY’[l]) # A(i)’A'(;]/(-AY‘ [2])
2|

#J(3) :
.7(:1),*C\d,YJj f]ﬁ )/2 Ay 1Wp,y

(3) ](;)(AY X Ay IZ'-AY) E— 7(1#2 3), *7 (1#£2,3) A(? 3), ((-AY |Z|AY) [1]) _— A(3) '(AY[ ])
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Recalling the definition of py in terms of the factorization algebra { Ay,
one can check that 2-morphism giving the compatibility between factor-
ization isomorphisms makes the rightmost square commute. Likewise, the
2-morphism giving the compatibility between Ran isomorphisms makes the
leftmost square commute. Finally, the compatibility isomorphism between
Ran and factorization isomorphisms gives an identification f; == f.

All together, we obtain 2-morphisms

Hy,1(23) =7 (d*)1]-3].

We obtain a similar 2-morphism for each iterated chiral bracket and each
component of d? (with appropriate signs); summing gives

Hy,1(23) — My, (12)3 — My,2(13) — d*[=3] == 0.

This composition is the 2-morphism of the Jacobi identity for py . The higher
morphisms giving further compatibilities are obtained by similarly analyzing
the Cousin complex for higher products of Y.

With these preliminaries established, we can begin the comparison of
(Bx, px) and (B, pty). Recall that Bx is defined by first taking the chiral
algebra on Y and then pulling back to X, whereas B’ is defined by first
pulling back the factorization algebra to X and then taking the correspond-
ing chiral algebra.

First, on the level of Dy-modules By is by definition ¢*By = ¢* Ay [—1].
On the other hand, recalling the construction of the pullback of a factoriza-
tion algebra, we see that Ax = ¢* Ay, and hence that B = ¢* Ay [—1].

To compare the brackets, it suffices to work over Vi4(2), since both brack-
ets are trivial over Ux. There, px is defined to be the pullback j‘*/(d>2)! 0wy';
recalling the definition of ux we see that this is simply the composition of
the maps in the pullback of the diagram along the map ¢? o ji. But this
is canonically isomorphic to the restriction V(2) of the version of diagram
over X defining the chiral bracket p/y from the factorization algebra
{Ax:}. Thus we have a canonical isomorphism identifying px with /.

The higher morphisms giving graded skew-symmetry of yy, come from
the graded skew-symmetry of 74, ; recalling that Ax = ¢' Ay it is straight-
forward to check that 74, agrees with (¢?)'7.4, , and the higher morphisms
evincing the graded skew-symmetry of 74, are the pullbacks of those for
T4y, Which are exactly the higher morphisms we use to see the graded skew
symmetry of py. It follows that these pullbacks give the skew-symmetry
structure both for /'y, and for the pullback px of py.
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Similarly, to compare the higher morphisms of the Jacobi identity, we
first notice that it is enough to check over V,{1,2,3} (indeed, we have an
open cover of X3 given by V,{1,2,3} and the Uj.;, and for each Ujzjy
the sum of the iterated brackets is canonically trivial). Denoting by jy3
the inclusion of V4{1,2,3} in X3, we see that for both ux and 'y, the
sum of the iterated brackets on V4{1,2,3} is trivialized by the morphisms
making the pullback of the diagram along ¢? o Jv,3 commute. The same
arguments also show that higher compatibility isomorphisms agree. As we
saw in the discussion of weak factorization algebras, at a given number
n — 1 of iterations, there are only finitely many conditions to check on X",
so proceeding in this manner gives a complete identification of the chiral
algebras (By, px) and (B, py). O
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