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Improved bounds for the bilinear
spherical maximal operators

YARYONG HEO, SUNGGEUM HONG, AND CHAN WOO YANG

In this paper we study the bilinear multiplier operator of the form

H'(f.9)(x) = / m(t€, tn) 2THED F(6) 5(p) PTHE e,
Rd JRd

where m satisfies the Marcinkiewicz-Mikhlin-Hérmander’s deriva-
tive conditions. And by obtaining some estimates for H?, we es-
tablish the LP* (R?) x LP2z(R?) — LP(R?) estimates for the bi(sub)-

linear spherical maximal operators

M(f, 9)(x) = sup

t>0

/S = ty) g(x — t2) doa(y. 2)

which was considered by Barrionevo et al in [I], here 094 denotes
the surface measure on the unit sphere S?¢~1. In order to inves-
tigate M we use the asymptotic expansion of the Fourier trans-
form of the surface measure ooy and study the related bilinear
multiplier operator H!(f,g). To treat the bad behavior of the
term e2™t(EM] in HY we rewrite e2™(EM] a5 the summation of
etV N2+‘"‘2aN(t£, tn)’s where N's are positive integers, an (&, )
satisfies the Marcinkiewicz-Mikhlin-Hérmander condition in 7, and
supp(an(-,n)) C{{: N < |¢] < N + 1}. By using these decompo-
sitions, we significantly improve the results of Barrionevo et al

in [1].
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1. Introduction and statement of results

For each positive integer n > 2, let o, be the surface measure on the unit
sphere S*~!. Then it is well-known that the spherical maximal function

sup
>0

SEEACa ) dan(y)‘

is bounded on LP(R") if and only if p > —"+. This result was first proved by
Stein [16] for n > 3 and by Bourgain [2] for n = 2. See also [3} 6 14, 15]. In
this paper we study the bilinear spherical maximal function

(1.1) M(f,9)(x) = sup

t>0

/SZd1 f(x —ty) g(x — tz) doag(y, 2)

initially defined for Schwartz functions f,g on RY. These operators were
studied by J. A. Barrionevo, L. Grafakos, D. He, P. Honzik, and L. Oliveira
in [I] and they obtained the following results.

Theorem A (The results in [1]). Let d > 8. Then the bilinear spheri-
cal mazimal operator M, when restricted to Schwartz functions, is bounded
from LP1(RY) x LP2(RY) to LP(R?) with 1/p = 1/p1 + 1/ps for all indices
(1/p1,1/p2) in the open rhombus with vertices the points

2d —10 2d—10
]35:(0,0), ﬁ:(LO)’ f_’;:((),l), f_)?’>z<2d—5’2d—5>.

See Figure|q for the results.

We also refer a recent paper of L. Grafakos, D. He, and P. Honzik [§] that
presents an alternative way to study the bilinear spherical maximal operator
M on L? x L? — L' and improves some results(see [I]) in case d > 4.

Notation. Throughout this paper, for two quantities A and B, we shall
write A < B if A <CB for some positive constant C, depending on the
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Figure 1: Necessary conditions.
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(a) The case 2<d <7 (b) The case d > 8

Figure 2: The results in [IJ.

399

1/p,

1/p,

dimension and possibly other parameters apparent form the context. We
denote the Fourier transform and inverse Fourier transform of f by f and
(f)V, respectively. For a measurable set E, |E| denotes the measure of E. M
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denote the Hardy-Littlewood maximal function

1
Mf(z) = igg 1B(0,7)| s |f(z —y)|dy.

Necessary conditions

From homogeneity it is necessary that 1/p =1/p; + 1/pa. For d > 1, it is
proved in [I] that the bilinear spherical maximal operator M is unbounded
from LP*(R?) x LP2(R?) to LP(R%) when 1 < py,pa < 00, 1/p = 1/p1 + 1/pa,
and p < ﬁ‘l_l. However, when d = 1, for a sufficiently small § > 0 if we set

fW) = x=66(¥),  9(2) = X[=10,10)(?)

where x; denotes the characteristic function of the interval I, then we easily
see that

M(f,9)(x) > C62, 1< |z <2.

Thus from the observation
52 SIUMUE, D)L Sl llglipe < 647,

we obtain the necessary condition p; > 2 for d = 1. Similarly we obtain the
necessary condition pa > 2 for d = 1. See Figure [1] for the necessary condi-
tions.

In this paper we improve the results for the bilinear spherical maximal
operator M treated in [I] via the Fourier transform of 094

G3a(&,m) = 2m|(&,m) |22 J50_g) o (27| (€, m)])

and the asymptotic expansion of the Bessel function Jioq_9)/5. Our main
results are as follows.

Theorem 1 (Improved ranges). If2 <d <3, then the bilinear spheri-
cal mazimal operator M, when restricted to Schwartz functions, is bounded
from LPr(RY) x LP*(RY) to LP(RY) with 1/p = 1/p1 +1/pa for all indices
(1/p1,1/p2) in the open hexagon with wvertices the points 1?()): (0,0),
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Y, 2<d<3 Ve, d > 4
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(a) The case 2 < d <3 (b) The case d > 4

Figure 3: Improved ranges.

Pl = (1,0), P, = (0,1),

(2222 5 (3d-2 1\ o _(13d-2
“\2d-1"2d-1)" " \2d+22)" " \2°2d+2)"

If d > 4, then the bilinear spherical mazximal operator M, when restricted
to Schwartz functions, is bounded from LP'(R?) x LP*(R%) to LP(RY) with

1/p=1/p1 + 1/& for all mdzces (1/p1,1/p2) in the open hexagon with ver-
tices the points Py = (0,0) P1 (1,0), P, = (0, 1),

— 2d—2 2d—2 — d—3 — d—3
P4_(2d—1’2d—1>’ Q5_<1d 2) QG_(d—Tl)'

See Figure[d for the results.

e

Some crucial estimates in this paper

Note that the bilinear maximal operator M in ((1.1)) can be written as

M(f,g)(x) = sup

t>0

/de Gaa(té, tn) F(€) gln) ™= de ).
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Let ¥ be a smooth function on R?¢ so that W is supported on the annulus
|(&,m)| ~ 1. For each positive integer 7, let

M;(f,9)(x) = sup

t>0

| gttt e, ) F©)30) 0 .

The crucial estimate in [I] is

(1.2) 1M ()l < 2G5 fllz2llgll e,

which holds for d > 8, whose proof is based on Corollary 8 in [9]. On the
other hand, let ¢ be a smooth function on R so that w is supported on the
annulus €| ~ 1. For each positive integers ¢ and j, let

sup
1<t<2

F©) G(n) Gaa(t€, tn)h(27€)1h(277n) 2™ &+ de dn| .

R2d

In this paper, on the contrary to the estimate ([1.2)) in [I], we obtain the
following three estimates

(1.3) IME;(f,9)ll, 2 < C(max(2", 2)) 7% |1 # dillor llg * 5 oo

which holds for all 1 < pq, po <2 with 3/2 =1/p; + 1/po,

(14)  [M(f9)llp < C(max(2),27)) "5 {122 g * ;1 2,
and
(1.5) MO(f,9)(x) S max(2,27) M(f)(x) M(g) (x).

Then by using the estimates (1.3, (1.4), and (1.5 together with interpo-
lation, scaling, and Littlewood-Paley Theory, we significantly improve the
results of Barrionevo et al in [I] for M (see Figure [3| for the results).

2. Reductions and some main lemmas

Let n > 2 and o, be the surface measure on the unit sphere S*~!. Then

(2.1) an(€) = 2m[€| P2, o) n(2m€])
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where J(,,_g) /2 denotes the Bessel function. We use the complete asymptotic
expansion,

o [oe)
1 T T i
Jn-z(r) ~r ze” E ajr 7 +r7ze E bjr7  asr — oo,
2
Jj=0 j=0

for some coefficients a; and b;, in the sense that, for all nonnegative integer
N and «
(2.2)

a)" A A 1

as 7 — oo. For this asymptotic expansion we refer Stein’s book [17], Chap-
ter VIII, §5.2.

The main idea of this paper is to take advantage of the Fourier trans-
form and the asymptotic expansion . We now describe some main
ingredients of this paper. Let i, j be positive integers. In view of and
(2.2) we define the bilinear operator Hfj by

(2.3) HY(f,9)(z) =
/ m(t€, tn) > UED F(€) G(n) P(277€) p(277n) 2= E+M dg an,
RQd

where 121\ is a smooth function supported in [£| ~ 1, and the function m
satisfies the following derivative conditions

(2.4) [07m(&,m)| < Ca(I(&,m))~"

for all multi-indices 8. Actually the study of the bilinear maximal operator
M is closely related to that of the bilinear operator H fj The classical multi-
plier results of Coifman-Meyer [4] read that if the multiplier m satisfies the
derivative conditions , then the bilinear operator

[ e FO 7= acan

maps LP x L% into L" as longas 1 < p,q < oo, 1/p+1/¢g=1/rand 0 <r <
00. See also [5], TTHI3] for the classical Coifman-Meyer theorem on multilinear

singular integrals. In studying the bilinear operator Hfj, the term e27il(€n)l
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in ([2.3) behaves badly in obtaining the derivative conditions (2.4)). In order
to conquer this obstacle, we restrict the size of £ so that N < [{| < N +1
for some positive integer N ~ 2¢. Then we rewrite e2™ (&M ag

Q2mH(EN)| — 2t Un(€m) G2rit(v/N2+[nP)
)
where

(&l + N)(El = N)
U ) = 24 |p|l2 — /N2 4 |p|2 = .
N(§ 77) \/’5‘ ‘77‘ \/ ‘77‘ \/|f‘2+‘77|2+\/N2+‘77‘2

Note that the function Wy (€, n) satisfies the derivative conditions

029 n (€, m)] < Cgln| 717!

for all multi-indices [ uniformly when N < || < N + 1. For each positive
integer N, let xn denote the characteristic function of the interval [N, N 4+
1). Then we have

2i+1

Hyho)@ = 3 [, Tt memvenen)
< [Fa©] |05 )| €0 aeay
Qi1
= Y H(f.9)(x),
N=2i-1
where
mt(€,m) = m(t€, tn) $(27°€) (27 ),
Fy(f)(z) = / Fl&)xn (€l 7€ de,
Rd
and

U0 = | G ipen VIR v gy

J

In Lemma we obtain the following estimate

(25) H (/ UL (g) ()P dt);

iy
S 227|gll -
Ly
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In Lemma [2.3] by using the derivative conditions

oy (m(&mer €M) | < Co |l for all a,

together with the estimate (2.5]), we obtain some estimates for the operator
H;’N(f, g). Then by summing the results for H;’N(f, g) in N ~ 2¢ we get

(2.6 H (/ (7 g)@);?dt);

for any 1 < py,p2 <2 with 3/2=1/p; + 1/p2, and

27) H( /12<Hfj<f,g><x>!2dt);

In Section (3| by using the estimates (2.6) and (2.7]), we prove that the
maximal operator

a2 an(i g
2 < 0o ma (4,9) ”fHL,,l(Rd) HgHer(Rd)
L3

< C 2270 | £ p2(ra) [l gl 22 gay.
L

M°(f,9)(z) = sup

1<t<2

/de 0<2\d(t£’ tn) f(g) §(77) GQKix'(g‘H?) df d77

is bounded from LP'(RY) x LP2(R?) to LP(RY) if (1/p1,1/p2,1/p) lies in the

open hexagon stated in Theorem [I] In Section [ via scaling, interpolation,

and Littlewood-Paley theorem, we extend the results for M to those for

the maximal operator M. Extension of the results from M° to M is similar

to that in [7]. The following Lemmas and are our main estimates.
Choose a radial function ¢ € S(R?) such that

1 e <
SO(O_{o, it €| > 2.

Let (€)= 3(€) — P(2€), then ¢ is supported in {1/2 < |¢| < 2} and

PO+ 927 =1 forall &,
j=1
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Lemma 2.1. Leti and j be positive integers. Let m(&,n) be a C?%+4 (Rd\
{0} x R4\ {0}) function that satisfies

(2.8) 0800 m(&,m)| < Cap €] 1|17

for all multi-indices o and 8 such that |a| + | 5| < 2d + 4. Then the bilinear
operator

Sii(f,9) (@) = [ FE)Gm) m(&n) $(27€) $(277n) ™+ de dy

R2d
satisfies
|5i5(f, 9)(2)] < CMf(x) Mg(x)

where the constant C' is proportional to supjq|y|gj<2d+4 Ca,8-

Proof of Lemma[2.1. By using Fle) = Jpa f(y)e 2™V 8dy, we write

(2.9) Sij(f,9)(z) = flz—y)g(z - 2)

RQd
x ( m(&,m) Y(278€) P(277n) 2N g dn) dydz.

R2d

Let [z] denote the integer part of the real number . Then if we integrate
by parts [d/2] + 1-times via

(1= 2% 1g) (7€) = (14 dn?[20y ) ¢,
we obtain that

(1 4m?f2iy2) 21 [ e ) (7€) D2 ) d dn

= [ el (B ag I (e Bz ie) D2 ) de o
R2d
Next if we integrate by parts [d/2] + 1-times by using

(1 _ 22]'An) (627riz~n) — (1 + 47.‘.2’2]'2’2) 627riz-r]7
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we obtain that
(1 +4W2|2iy|2)(d/2l+1 (1 +47r2|2jz|2)fd/21+1
[ )i T ndsdn
_ /RM o2mily-E-+2-1] (1 _ szAn) [d/2]+1 (1 _ 22’A§) [d/2]+1
x (m(& (27 (277n))dédn.
By we have
(1= 2272,) 2 (1 2%) T (e my D20 D2 7)) | S 1
and so

(2.10)

[ s mie ) fla-te) Bz m)de dn'
RQd

< 2id 2](1

~ (1 + |20y [2)[4/21H1 (1 4 |20 2|2) /2141

By (2.9) and (2.10]), we obtain that |Sij(f,g)(x)’ < CMf(z)Mg(z). O

The following two lemmas are the main estimates of this paper.

Lemma 2.2. Let N >0 and

U (0)(@) = [ t0) 92 ) BT gy

H (/ U (g) (@) dt)i

Proof of Lemma[2.2 We write

Then

< 257|g] 1.
L}

U5 (9)(@) = /R glz —y) K (y, 1) dy,

where

KN (1) i= [ (i) enit/ N g2 gy,
Rd
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We split U;’N( ) = Uj 1 Ng )+UJ2 (g) where

U (9)(x) = /Zj|y<lg(w —y) K] (y,t) dy,

and

)

U (g) (@) = / gm0 dy.
27|yl21

For the term Uﬁjlv(g), since ]/{év(y, t)] < 274, we have

H / Uty |2dt) 52”/ (/ |g<x—y>rdy>dxsuguy.
Re \ /27|y <1

Therefore it suffices to show that

H (/ UL (g) () dt);

Let L := \/% < 1. We consider the term U Y(g) in two parts

Ll

i
< 227 |gllze

L

Uz:JQV(g)(x) B /1/I<§L-,y>8L g(x - y) K;V(y’ t) dy

27y 21

gz —y) K} (y, 1) dy

$L<lyl<sL
27|y 21

= U4 (9)(2) + ULY (9)(2).

. t,N
Estimates for the term Uj,3 (9)

By Minkowski’s inequality we have

(/j‘Uéjév(g)(ﬂc)th); 5/. 9z — y)| (/12’“§y(y,t)]2dt); .

27 |y| 21

< HgHLl /y< L |yl>8L </ |H y7 | dt) dy

1
Ll 27 |y| 21

and so

H </12 U35 (@)(@)]” dt>é
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Thus it suffices to prove that

2 3
(2.11) / " </ |/€§-V(y,t)|2dt> dy < 1.
y<§L,y>8L 1

27 |y| 21

By using spherical coordinates we have
(2’12) ’i;v(yyt) = QJd/ (/d 627r12ﬂy-r0d9> e27r1t\/N2+221r Td_1¢(T) dr.
0 g1

Since 27 |y| 2 1, by using (2.1)) and ({2.2)) we see that the main contribution
of fsdfl e2™M2’y 1049 comes from

(2_13) / e27ri2jy-r0d0 ~ ao‘zij’(fdJrl)/QeQﬂ'iZf\y|r
gd—1

+ b0|2jy7,’(fd+l)/28727r121‘ |y\r‘

Let t ~ 1, |y| < %L or |y| > 8L. Then we claim that for any positive inte-
ger M

(2.14) < (14max (2L, 27)y|)) ™

/OO o2mi (VNPT £21 |yl Wb(r) dr
0

where @Z(r) is a smooth function supported in 7 ~ 1. Then by (2.12]), (2.13)),
(2.14), and Minkowski’s inequality we have

2 :
2
/y<éLvy>8L </1 |H§V(yvt)| dt) dy

27 |y| 21

jd
</ iy
s st=st (d]y[) T (1 + max (271, 27]y))

27|y 21
If we take M > (d+ 1)/2, then
J .
i<tr (29]y)) 5" (1+ max (29L, 21]y[))"

dy < (L)% (1+20)"M <1,

and
2Jd

97d
— — @s/ | _dy <1
p=sn (2i]y)) 5 (14 max (2L, 27]y|))" (1 + 27]y))M+5

27]y|21
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Therefore we have (2.11]). Now it remains to prove (2.14f). To see this, define
B(r) == 2m(t/ N2 + 22072 4 27 |y|r).
Then since ¢t ~ 1, |y| < L or |y| > 8L, if r ~ 1, then

2%y

@15) O =2t e

+ 2j]y\ 2 max (2jL, 2j]y\).

Recall L := 27], and so for any positive integer a > 2 we have
VN 25 Y

(2.16) 10 ()| <PL ifr~1andt~ 1.

Thus by (2.15) and (2.16|), for any positive integer o we have

(@
O] <1 it and £~
[@'(r)]

Now if we integrate by parts M times via

(2.17)

1 d ;
= P () = Gie(r)
ig!(r) dr (e ) ¢

we obtain that

/J(r) ) dp = / li((?) % (ei¢(r)> dr

:/_£<$8>mer
e =(7) i law i a (50)))0 o

(M—1)—times

do [ 4(r)
dre \ ¢'(r)

By (2.17)), for any positive integer o we have

d® 1 1
Rl < d
dro (wm)‘ ~leerpr M

< 1

(2.19) SOl
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And so by (2.19) for any positive integer M

ot i (ot e (560)))| < e

(M—1)—times

(2.20)

By applying (2.20) to (2.18) we obtain (2.14)).

. t,N
Estimates for the term Uj’4 (9)

Note that

Ui (0)(2) = /R / g — y) (279n) 2TV NI v gy dy,

27 |y| 21

Let ¢ € S(R) be a smooth function supported in {1/2 < ¢t < 3} and ¢(t) =1
on 1 <t < 2. Then we have

2
N 2 N 2
(2.21) / U (g) () dt < / o(t) [UY (g) (@)t
- ir<|yl<sr | frL<|y/|<8L g(:v—y)g(x—y’)KJN(y,y’)dydy’,
821'7\14\271 82ﬂy'\51
where
KN (y,y') = » (27 In) (29

y < / o(t)emit (VI /R dt) 20 1) gy gyt
R

_ 22jd/ rdqqz(r)rldqm
R2

X g/ig(\/N2 + 22072 — /N2 + 2272 ) 532 ry)oq (200"y ) drdr,

by using the spherical coordinates. Thus by using the Fourier decay estimates

—d+1

[Ta(27ry)| S @y 2, |Fa@ry)| < (@71Y)

—d+1
2
I’
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we have

—d+1

. —d+1
KN (g, ) S 22V (2 Nyl) > (2Ny']) >
/ / \/N2 22jr27\/N2+22jr’2)|drdr’

= 22 (2|y|) 75 (2 ly])

/ / 220\ —¢'||r + 1|
X
1 J1

: : dr dr'.
<\/N2 + 22772 + /N2 + 2237«/2) ‘

For each r ~ 1 and r’ ~ 1, we have

27 |1+ 7|
\/NQ + 927 2 + \/NZ + 2] 12

Hence we estimate
220\ — || + 1|

2 2
0 - . dr dr’
/1 /1 <\/N2+22J7“2+\/N2+22]7“/2)‘
2 2
5/ / (1+2Ljr — )" ® drdr’ < (1+27L)7!
1 1

and

(2.22) KN (y,y)| < 224(2]y|) >

@) a2

By (2.21)) and (2.22)) we obtain

2
J W ewlas [ [ ool -)

< (24 5 @l )T A+ 2L ) dydy

<odip </|yI~L l9(z — )| dy) (/MNL lg(z — o) dl/) )

_w o
NS

and by Holder’s inequality and the condition L :=

H ( / U (g) ) dt);

T dj
S 29277 (@) llgle S 2% gl

L



Bilinear spherical maximal operators 413

Lemma 2.3. Let i and j be positive integers. Let m(£,n) be a C4H2 (Rd\
{0} x R4\ {0}) function that satisfies

(2.23)

DgOgm(E )| < Cays I¢1 7117

for all multi-indices a and B such that |a| + |B| < d + 2. Let Hj;(f,g) be as
in (2.3). Then for any 1 < p1,pa < 2 with 3/2 =1/p1 + 1/p2 we have

: e
(2.24) </ |H{;(f,9)(x))| dt) )

1 L3

< C(max(2',27)) = || fll o rey g/l L2 (rey
and
2 3
(2.25) H(/ IHfj(f,g)(w)|2dt>
1 L

< C(max(2,2))* || fllz2(ra) 19l 2o,

where the constant C is proportional to SUD||+|8|<2d+4 Cop-

Proof of Lemma|2.3 For 1<t<2 let m%(ﬁ, n)=m(t, tn) h(277€) 12(2*j77).
For each positive integer IV, let xn denote the characteristic function of the
interval [V, N + 1). Then

2i+l
HY(f)@) = / 7(&) x (€D 3 m (€. m)
N=2i-1 /R*
x e2mHEM] g2miz-(E+n) ge g
2i+1
=Y H(f,9)(x).
N=2i-1

We decompose 2T 1EM] g 2mdED] — 2mitx(€n) (27t (VNTHIE) Lo

(€l + N)([El = N)

Un(&n) = 242 = N2+ nf? = :
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Then we have

S (Fa)a) = [ [miy(em) e et

A6 [Uﬁ-’%)(n)} QS d diy
where

Fy(f)(z) == / Fle)xn(le) 2w de.
VNG = [ amde et ) gy

Since N ~ 24, N < [¢] < N + 1, and || ~ 2/ we have

(2.26) ‘8,‘;‘\IIN(§,17)| < Co271%0 for all a.

Then by (2.23)) and (2.26)) we obtain that

o t 2mitW (&, —|alg
o (mij(g,n)e C m)’ <2719 forall |o| < d+2, and ¢ ~ 1.

o —

By using U™ (9)(n) = fra US™ (9)(y) e 2% dy we have

HEN (1, ) () = / P (D) U2 (9)()
R

2d
X / e2mi(z—y) 77m (f n)e 2mit¥n (€, mdn) e2miz-g dédy.

Note that

221)  (1=290,) () = (14 an22) (o ) 2) 2,

Thus if we integrate by parts by using , we obtain

(2.28) /Rd e2mi(z—y)m mt,(€,m) M YN (Em) gy

1
n (1 + 472|290 (z — y)]2)

% / e2mi(z—y)n (1 _ QQjAn) (mf] &) e27rit\IfN(€m)) dn.
Rd
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So by applying the estimate (2.28)) [d/2] + 1-times we get

1 (7.9)@) = [ 4505 (0)) ) B (B () )

Rd
where
L U5 (g)(y) emi—v)n

A; (UjN(g))(JU, n) = /Rd (Lt 47229z — ) FEEs dy,
and
(2.29) BZ}N (FN(f))($, n) = /Rd m(g) (1 _ 22jAn) [d/2]+1

x (it (€, m) 2mOUNEN ) (2T e,
Note that
‘ U™ (9) ()
(2:30) A (UjﬁN(g))(:E’n)l = / (1+ 47T2‘123( l;| ‘)fd/ﬂ—&-l
= C;(U;™(9) ().

Thus for 1 <t < 2 we have

15 (£,9)(@)] < C(U5 (@) (@) [ sup B () wm)|dn

Rd 1<t<2

and so

(2.31) </ |H”V (g;)fdt);S(/R“gyB (F (f))(:c,n)\dn>
([ onata)
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Then by Holder’s inequality and Minkowski’s integral inequality we have

(2.32) H (/ SN (o) @) dt)é

2
L3

g ‘

/R sup [BEY (Fw(f)) (z, )| dn

a1<t<2

(o)
g(/R 1
| e o)

L3

1<t<2

sup [B3;Y (Fn(f)) (x,m)| dn)

Now we claim that

=

(2.33) (/ U @)@l a) | S Ll
(2.34) (/ 10, (U (g |dt) <274 g1,

and

(2.35) /R d

Then by applying the estimates and - ) to we have

sup |By" (Fn(f)) (,n)]

dn <27 || F(©)xn (€D -
1<t<2

L2

1

([ ra)

< 25| F@xn (D] 2 Nller,
L3
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and so
(2.36) || |HY (1, 9)()] dt) 2
L}
2i+1 5 9 %
<28 ( S IF©xn D] H9H21>
N=2i—-1

e
< 02292 £l 2 |lgll -

Similarly by changing the role of £ and 1 we have

(2.37) H (/ HL (f. ) (@) dt)é

Then ([2.24]) follows by interpolating (2 and (2.37)). For ([2.25)), by -,

(2.34) and (2.35) we have

([ ieavora)

/R sup [BUY (F ©) )l an|

d 1<t<2

<o/,

<[ FExn €D 2 lgll e,

ny
< 022"27||fl 1 ]lgll L2
L}

Ll

<

</ |C; (U (9) ()| dt>1
) dn) (277lglz)

L2

sup }BtN(FN(f))(l’an)‘

1<t<2

and so

1

H (/2 () i)

2i+1

<¢ S |F©xneD],lollz

Ll N=2i-1
< C23(|f |z llgll e
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Now it remains to prove the estimates ([2.33)), (2.34), and (2.35]). For the
estimate (2.33)), by (2.30) and Minkowski’s inequality we have

([ restionora) < [ (f 1 ote-fa)

X dy
(1+ 47r2|2jy\2) [d/2]+1

and so by Lemma
/</ 15 (U5 (g \dt) dx<2]d/ (/ U5 () )!2dt>2dm
R4 R4

S 279 (28| )

We now estimate (2.34)). We use ([2.30]), Minkowski’s inequality, Plancherel’s
identity and ¢t ~ 1 to obtain

1 t.N

<$27Y gl re.

|c5 W 9) @)

L2

For the estimate (2.35)), let ¢ € S(R) be a smooth function supported in
{1/2<t<3}and ¢(t) =1 on 1<t <2 Then for 1 <t <2 we have

(BE;N(FN(f))(ac,77))2 = / t % (czﬁ(S)ij’-N(FN( f))(x,n)>2 ds.

Hence for 1 <t < 2, we dominate ‘BZN (FN(f))(l’,T])‘Q by

(

1
2

¢(S)ijiN (sz(f))(ﬂc,n)‘2 ds)
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It follows that

2

(2.38) sup By (Fn(f)) (@, m)|

1<t<2

L;

Recall the definition (2.29) of BZ.N (Fn(f))- By using the conditions ([2.23)
and (2.26)) we have

’(1 _ 22jAn)|'d/2]+1 (mﬁj(f n)e o2 W N ( £n))‘ < X(@i-1<pp<ai+ny (n),

d j TitW N
4 [0 28,5 () @) € a0

and so by Plancherel’s identity and (2.29)) for any ¢ ~ 1

Hqs By (Fn ()@ m)| | < CIFN()lee X <o )]

|5 (0B Ent) )

L2

< C|FN(F)| 22 [X (251 <2y ()] -
L2

Hence by (2.38)) we have

sup [BiY (Fn(f)) (w,m)|

< C|F 2 9i—1 i1 .
Sup, IFx (Fllze (X <pni<ars ()]

L
Therefore (2.35)) is proved. O

3. The case t € [1, 2]

First we consider the case t € [1,2] and the corresponding maximal operator

[, (O30 G2a(te, tm) (0 d

MO(f,9)(x) = sup

1<t<2
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We prove that M is bounded from LP*(R?%) x LP*(R?%) to LP(R?) if
(1/p1,1/p2) with 1/p = 1/p1 + 1/ps lies in the open region stated in Theo-
rem [Il Note that

) = 36 (1~ ). 3a) Y70 = 3to) (1~ 76,
and so
= (sa(s) + Z &(2—%)) (@(n) + 2 J(My))
= P(O)7(n) + 3(¢) i&(rﬂ'm + &) 2 ERORD SRICRILICR
PP + 3 + 300+ > Seeie

for all (¢,7) € R? x R%. Thus we have

MO(f,9)(x) < MGo(f,9)(x) + Moo (f, 9) () + Mo (f, 9) (@)

i,j>1

where

Mo(f,9)(x) = sup / ) Gaalte, tn)B(E)P(n) e*mie(E+m) dﬁdn‘,
1<t<2

Mo / ) G2alte, tn)P(€) e*me (EHm) dédn‘,
1<t<

MO (f,9)(x) = sup / F(&)G(n) Gaa(t, tn)@(n) e2mie &+ dfdn‘,
1<t<2

M3;(f,9)(x) = sup

1<t<2

F&)G(n) daalte, tn)p(27€) (27 n) 2w €+ ge dn' .

RQd
Lemma 3.1. We have
1) Mgo(f,9)(x) S Mf(x)Mg(a),
2) MO ol f g)(x) S Mf(x) (SUP1<t<2 fgm g —tz2)] dUQd(yaz))f
3) MooO(f 9)(x) (SUP1<t<2 f§2d | f (= ty)| doaa(y, )) Mg(x).

N 2/\
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Proof of Lemma([3.1 Note that if |y| <1, |2] <1, and [¢| < 1, then
[f ol —ty)| S M(f)(@), |gxe(z—t2)] S M(g)(2).

And the proof follows from

I

My(F.a)@) = sup | [ Fxplo = tn) g = plo = 2) doaa(y. )

1<t<2

)

MO (f,9)(x) = sup / £ p(x — ty) gla — t2) dosa(y, 2)
1<t<2 | Js2a—1

MO (f,9)(x) = sup / F(x —ty) g+ 9l — t2) dosa(y, =)
S2d71

1<t<2

g

Corollary 3.1. Let d > 2. Then the operators M3y (f,g), M3 (f,9), and
MO (f,9) map LP*(RY) x LP2(R?) to LP(R?) when 1/p = 1/p1 + 1/p2, 1 <
p1,p2 < 00.

Proof of Corollary[3.1] If d > 2, then the maximal operators

Sup </S |f (@ = ty)| doaly, z)) :
and sup </ lg(x — t2)| doag(y, z))
S?d*l

t>0

are bounded on LP(R?) when 1 < p < oo (see [I, [15]). And the results follow
immediately from Lemma [3.1 0

Lemma 3.2. For 1 < pj,py <2 with 3/2=1/p; + 1/ps we have

—d

(B1)  IMYL g,z < C(max(2,29) % |[f 5 il g % 5 -

And

—2

(3-2) IME;(f,9)llz: < O(max(2',27)) S il g gle.
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Lemma 3.3. We have

M3;(f,9)(x) = i IT5(f, 9) ()] S max(2',27) Mf(x) Mg(z).
Thus we have

(3.3) IM(f.9)llLe < Cmax (25, 27)|| fl|Les gl Lo
forany 1/p=1/p1 4+ 1/p2, 1 < p1,p2 < 0.

For the moments we assume Lemmas [3.2] and Then by interpolating

(1), (:2), and we have

S MY EDee < N f o llgllze

4,521

if1/p=1/p1 + l/piand (1/p1,1/p2) lies in the open region stated in The-

orem The point Py = <§§—:%, gg—:?) is obtained by interpolating (3.2)) and

— —
(3.3). The points P; = (%, %) and Ps = <%, %) are obtained by inter-

— —
polating (3.1) and (3.2)). The points Q5 = (1, %) and Qg = (%, 1) are
obtained by interpolating (3.1)) and (3.3]). We refer to [10] for the interpola-
tion arguments.

Proof of Lemma[3.9. We set

M(f, 9)(x)
— sup F©)Gn) aaalte, )b (27 € (279 n) 2™+ de dp
1<t<2 | JR2d

= sup |T}(f,9)(z)].
1<t<2

Let ¢ € S(R) be a smooth function supported in {1/2 < ¢t < 3} and ¢(t) =1
onl<t<2 For f,gES(]Rd) and 1 <t < 2, we have

d

(mmmmfiﬂﬁw@m%wmfw
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Hence for 1 <t <2

T (f,g §2</ |6(s) )\st>2

and

<
()

AN
/
mﬂ\

Do
o
B

&

S~
Ny

By Hélder’s inequality for any p > 1/2 we have

2 5 %
MY (£.9)lr < V2 { /. ( [l a@l ds) dm]
2 2 5 T
X [/Rd (/; ds) da:] .

For (3.1), we apply Lemma and ([2.24) of Lemma together with ([2.1])

and the asymptotic expansion ([2.2) of the Bessel function for N > 2d + 4 in
(2.2), and we obtain that

(/ |6(s) (@) ds)é

d

75 (0G)T5(f9)(@))

2
3

L3
< C’(rnauX(QZ 2])) ||f * il Lo || g * Yy o2
and
2 3
( $)T5(f, 9)(x)) ds)

L
< C(max(2,29)) ™% (1 % il g * 5 os,
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for 1 <p1, p2 <2 with 3/2=1/p; + 1/py. Similarly for (3.2)), we apply

Lemma and (2.25) of Lemma together with (2.1) and the asymp-
totic expansion ([2.2]) of the Bessel function for N > 2d 4+ 4 in (2.2)), and we
obtain that

/ $() T3 (f, 9) ()| ds)
L
< C’(max 2Z 2] ) ||f*¢1||L2||9*¢JHL2
5 2 3
/ ST, 9)()) ds)
L
< C(max(2,29)) "% |1f xillellg * sz

For the proof of Lemma [3.3] we begin with the following lemma.

Lemma 3.4. Lety/, 2 € R%. For each e > 0,5 > 0, define

Ees, ) = {(y.2) e RO xR [y + 22 = 1, [y —y/| < e, |2 — 2| < 3}
c s%d-1,

Then
|Ees(y',2')| < C max (e?1o, edgit)

where |E 5(y', 2')| denotes the surface measure of the set E. 5(y', %), and the
constant C does not depend on 1,2 €, and §.

Proof of Lemma (3.4 For each 1 <14 < 2d, let

Ei_ = {:U: (1, ,T2q) e s¥1. g, >0},

¥ o= {a:: (21, ,m9q) €S¥M7L ;<0

Then by using a partition of unity we have

2d
doga = Z dp’y
i=1
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where dp’, are compactly supported surface measures on X%, . Note that the
surfaces 3! can be given as graphs z; = y(z1, -+ , i1, Tit1, " - acgd) =

++/1—(|z|? — 2?). For each 1 < i < 2d,let X;= (21, , Ti_1, Tig1, " ,

then p' is the measure given by

<f7 M;:> = / f('xla T 7xi—177(Xi)>xi+1v T ,l’gd) W(Xz) dX;
R2d—1

for some smooth function w. Then we have

. d=lgd i 1 <4 <d;
i (Bosly,2)) <€ , o
1 (Bes(y ))N{eddd—17 ifd+1<i<2d.

Thus

U2d( oy, 2) Z,ui oy, 2 )) < max (ed_léd, edéd_l).

Proof of Lemma[3.5. We write
(3 4)
0= [ [ F&am amtee )i eI D dcdy
— [ ] #e= gt K02 dyz,
ReJRE
where
Kii(y,2) == /Szd1 [2id¢ (2°(y — ty’))} [2jdw(2j(z — tz’))} do(y', 2").
For each positive integers ¢/, ' and 1 <t < 2 we define
(y,2) )y eS|y - w%<24qz—mW<2ﬁ},
(12) = {0, ) € 841 s 21 <y /| <2 mp < 29,
By (.) = {( ) €840 [y =ty < 27, 2 < s e <2 )
(v:2) = {2 €

S2d 1 2—z+z —1 < |y 7§y/| < 2—i+z’”
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Then
S2d 1 _ U U E

By Lemma for each 7', 7/ > 0 we have
(35)  oalBl(y,2) S (27T 4 (27 (27
uniformly in 1 <t <2.If |y| <1 and |z| < 1, then by (3.5) for any N >0

(3.6)
2id 2jd
K¢ <C : : d 2
1Ky, 2)| < N/SMI 1+ 2iy — ty )N (1 + 29|z — t2/])V 24y, )

o 2id 2jd p ( , /)
<Cn E / - - 024y 5 2
Voo By e (L 2y =ty DY (14 2]z — 82N

<Cn Z Qidtjd—iN=3'N U2d(Ez’ ]’(y7 ))
i, >0
< Cy max(2",27).

If [y| 2 1 and |z| < 1, then by Lemma [3.4]

t Qid de 1o
K50, 2)) < Cw /S W+ 2y — )V (11 22— gy 7202
2id 2jd
<Cn /Sm AT 2N A2z =tV doaa(y', 2")
id
<Cy sz‘y, N 2;0/ e 294 97I'N doog(y, 2')
<Oy 2@ N Z 9ijd 9—j'N [(2—j+j/)d—1 + (2—j+j’)d
(L+ 2™ =
) 2id
= OV iy

Similarly if |y| <1 and |z| 2 1, then we have

97d

Kt <COn2———
’ zg(y72)|— N (1+2~7‘Z|)N



Bilinear spherical maximal operators 427

If ly| =2 1, |z] 2 1, then

K] < O | 20 2 ey )
v, - - g z
SN At 2y — ty )Y (1 + 2]z — /)N 7
id id
< CN/ 22' 2]' doga(y', ")
- sea (14 28y)N (1 + 27]2)N
2id 2jd

(3.7) <Cn

(142N 1+ 2]z

By (3.4) and (3.6]) through (3.7)), if |t| < 1, then we obtain

. o 2id 2]d
t i o S _
|Kij(y, 2)| < max(2",27) (X|y|§1 + 1+ 2i|y‘)N> <X|Z|51 + (1+ 2J'|z])N> ’

and so

IT55(f. 9)(2)| < Cmax(2,27) M(f)(x) M(g)(2). O

4. The general case t > 0

In this section by using the results for MY in Section [3, we prove that M
is bounded from LP*(RY) x LP2(R?) to LP(R?) with 1/p = 1/p1 + 1/pa when
(1/p1,1/p2) lies in the open region stated in Theorem [1} The proof for the
general case is similar to that in [7]. For each integer [, note that

PRl + 3 ) — g ) + Y PR )vER T ) = 1.

ij>1

Thus for each [ € Z, we define £; = [27!,27*1] and if we let

[ T e ) 2= dg ay

M (f,9)(z) = sup

teE,

then

M (f,9)(x) < Mbo(f,9) (@) + Mbuo(f, 9)(x) + MLy (f,9) ()

4,51
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where

Mio(f.9)(z) = Sup | feas T30 a3alt6s )2 1€)p(2 ) €7 €5 dg i,
Mbo(F)) = sup | [ Fl€)30) a3, n)2-1€) e €0 a dn‘ ,
Mico(Fa)le) =sup | [ F(€)aln) atee, (2t 700

M5 (F9) ) = Sup | [ FIO)500) Tt )21 T2 ") (0 de

Now we have

M(f.9)() < sup Mbo(f.9)(z) + sup Mboo(f,9)(@)

—|—sup/\/looo(f, Z SupMzJ fr9)().

ij>1 L€
By scaling &€ — 2¢, n — 2!, we have
(4.1) My(f, 9) () = MY (fane-1)s gane-n) (2'2) for all 0 < 4,5 < oo,
where faia-)(x) := f(27'z) and ggye-1(z) := g(27'x).
Lemma 4.1. We have

1) supiez Mio(f, 9)(x) S M(f)(2)M(g) (),

2) supez, Moo (f,9) () S M(f)(2) (5upyso Jgoas [9](z — t2) doaa(y, 2)),
3) supjez Mbo(f, 9)() ( SUPso Jaeamr | Fl(z = ty) dowaly, z)) M(g)(),
4) supiez Mi;(f, 9)(x) < max(2",27) M(f)(x)M(g) ().

S
S

Proof of Lemmal[{.1. First by using faie-1)(z) = f(27lz) we note that

M(fdil(Q*l))( ) =Sup 5 |B 0 , ’ /|<,« ’fdll 2 T — |dy
1

r>0
=B TBO] e, 2O
ld
—sup = (& — )| dy = M(f)(x).

r>0 |B(0,7)] Jjy<2-tr
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Thus by (3.3), Lemma [3.1 and (4.1]) we have

Mbo(f,9) (@) = Mo (fanz-1), Jane-1)) (2'z)
N M(fdil(?-’)) (2133) M(gdil(Z—’)) (213«")
= M(f)(z) M(g)(=),

and
Méj(f? g)(x) = M?j (fdil(Z*l)agdil(Q*l)) (2l$)

< max(2°,2) M( fanz-)) 2'x) M(Qdil(rl))@liﬂ)
= max(2",27) M(f)(z) M(g) ().

Therefore we have and . For , by Lemma and (4.1))
Mboo(f,9)(x) = M (fai-1) gaie-1) (2'z)
SM(fane-n)(2'z) sup (/S%_l |gaiz—1) (2w — t2)| doaaly, Z))

1<t<2

My s ([ ot g2 dosits))

2-I<E<2 -1+
The proof of is the same as that of . O
Corollary 4.1. Let d > 2, then

1) [[supiez Mo (£, 9)llLe < Cllfllzer llgll L2,
2) || supjez, Moo (f, 9)llLr < Cllfllzo gl Lre
3) Nl supjez, Mico(f, )llLr < CllfllLm llgllLre
4) |Isupiez Mi;(f, 9)llze < Cmax(2',27)|| fllze llgllzs-

when 1/p=1/p1+1/p2, 1 < p1,p2 < 0.

Proof of Corollary[4.1. If d > 2, then the maximal operators

mm(/ |ﬂx—wnww@a0,

>0 \Js2d-1

and sup (/ lg(z — tz)| doaq(y, Z))
S2d—l

t>0

are bounded on LP(R?) when 1 < p < co (see [I} I5]). And so the results
follow immediately from Lemma [4.1 O
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By (4.1) if 1/p = 1/p1 + 1/p2, then for all [ € Z, we have
(4.2) M|l Lo x Loz 510 = M| Los xLr2 s 1o == C(i, §; p, p1, p2).

For a fixed positive integer A/, define the operator

My (f,9)(z) == sup M'(f,g)(x),
I[<A

and let Anr(p, p1,p2) be such that
(4.3) My (f, 9)llLe < An(p, 21, p2) |1 £l Lo [l o2 -

Since My (f, g)(z) T M(f,g)(x), by the monotone convergence theorem, we
need to prove that Axr(p, p1,p2) is actually bounded by a constant indepen-
dent of N. Define the vector-valued operator

MY {fi |l SN x g |l SN}%{Ml(fz*%H,gl*%H) |l SN}-

Then by (4.3]) we have

(4.4) ‘Mi}/ ({fl}mg/\/ X {gl}ll\SN>’

= || sup M (fi % i, g% bjpr)
[ <N

sup M! (M(f1), M(q1))
<N

Le ()

Lr

AN

Lr

sup M! (M( sup |f1]), M( sup |gz\)>

lll<N lll<N [tI<N

< Anx(p, p1,p2) ‘M (Sup !le>
[[|<N

IN

Lr

M ( sup !91|)
1| <N

sup |gi]
<N

Lr1 Lr2

sup |[fi
<N

S An(p,p1,p2)

Lr1

{fl}mg/\/‘

Lpr2

) H{gl}mw‘

= AN(pvphpQ)

Lo (¢ Lr2(e)
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Also by (4.2) we have

(4.5) HM{}/ ({fl}|z|gN X {g’}\ZISN) Ly (ev)
=M v <Y
< C(i,4;p,p1,p2) (Z | fill 2o glﬁm) ”

<N

< C(i,j;p,p1,p2) H{fl}mgv Lo (o) ‘{QZ}WSN L2 (¢r2)
gC(i,j;p,phm)H{fl}|z|g/\/ L (0) {gl}llléN Lez(01)

By interpolating and (4.5) we have

HM% <{f’}|l|sN % {gl}\l\§N> Lr(2v)
< [AN(p,pl,pg)F [C(i,j;p,pl,pz)]% {fl}|l|§/\/ Lo (62) {gl}lzlgN Lea(e2)

We finally apply Littlewood-Paley Theory to obtain

sup Mi;(f,9)]| =

sup M (f * i1, g% Vjv1)
1SN

P (111
M';\g/ ({f * ¢i+l}|”§/\/ X {g * ¢j+l}|l\§./\f>

M‘é\]/ ({f * ¢i+l}|”§/\/ X {g * ¢j+l}|l‘g/\/>

1
2

Lr

Lr(£)

IN

L (¢20)

IN

[An(p, p1,p2)] 2 [C i, 55 P 1, p2)]
X H{f*wﬂrl}ug/\/ LP1(£2)H{g*wj+l}\l|§N
< [An(p.p1,p2)] 2 [C i, 45001, p2) ]2 | fllLes 9] o2

Lr2(£2)

Thus if p > 1, then we obtain

AN(p7p17p2) 5 [AN(p7p17p2)]§ Z [C(Zh]vpvplva)] 2 + 17
1,j>1



432 Y. Heo, S. Hong, and C. W. Yang

which implies that

AN(pvplaPQ) 5 Z [C(ZajapvplaPQ)]% + 1.
3,j>1

Otherwise if 0 < p < 1, then we obtain

(SIS

[An(p, p1,p2))” < [An (D, p1,p2)] Z [C(i,5;p,p1,p2)]* + 1,

i,j>1

which implies that

P

An(p,p1,p2) S Z[C(i,j;p,phpz)}g + 1.
i,j>1

Therefore M is bounded from LP*(R?) x LP?(R?) to LP(R?) if 1/p = 1/p; +
1/p2 and (1/p1,1/p2) lies in the open region stated in Theorem
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