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Variational estimates for operators over

some thin subsets of primes

BARTOSZ TROJAN

We establish ¢P(Z) boundedness of r-variational seminorm for op-
erators of Radon type along subsets of prime numbers of the form
{p eP:{pi(p)} < w(p)}. As an application we obtain the corre-
sponding pointwise ergodic theorems.
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Given a dynamical system (X,B,pu,T), that is a o-finite measure space
(X, B, 1) with an invertible measure preserving transformation 7': X — X,
and any polynomial P :7Z — Z of degree d > 1 having integer coefficients
and without a constant term, we are interested in the pointwise convergence

for f € L°(X,u), s > 1, of the averages

1
o) - - TP ([P)
nf(z) P N[L, N pEP;[LN]f( “””)

where P is a thin subset of prime numbers P, i.e. a subset of P such that
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Our principle example is the set
P ={peP:p=|h(n)] for some n € N}

where h is a regularly-varying function of index c € [1,2), for instance
x° logA(x) for some A > 0. In this context, we also study pointwise con-
vergence of the truncated discrete Hilbert transform with an appropriate
weight function w,

Hfa) = 3 f(17Ve) w(lpl)

peLPN[1,N] p

The problem we are interested in may be stated as follows: for a subset
A CN, s > 1 and any polynomial P having integer coefficients and without
a constant term, determine whether for any function f € L*(X, ), the limit

(1) lim — 3 f<TP(”)x)

N [ANLN] o

exists for p-almost all z.

Pointwise convergence of ergodic averages was initially observed by
Birkhoff in [I] where the author considered A =N, P(n) =n and s > 1.
The higher degree polynomials required a new approach discovered by Bour-
gain in 80’s. In the series of papers, [3H5], Bourgain proved the pointwise
convergence for A = N, any polynomial P having integer coeflicients, and
s > 1. The restriction to the range s > 1, in Bourgain’s theorem is essential.
In fact, Buczolich and Mauldin [6], and LaVictoire [16] showed that in the
case of P(n) =nF, k> 2, the pointwise convergence for a function in
L' (X, ) may fail on a large set.

Considering averages over prime numbers, in [2] Bourgain proved their
pointwise convergence for P(n) = n and functions in L?(X, u). Later, in [31],
Wierdl extended this result to all s > 1, (see also [B, Section 9]). Again the
restriction s > 1, is essential as LaVictoire showed in [16]. The case of higher
degree polynomials, at least for functions in L?(X, 1), was investigated by
Nair in [24]. In [25], Nair also studied s > 1 but his proof of Lemma 14
contains an error. The general case s > 1, I have covered in the recent paper
[28]. Finally, a subclass of thin subsets of primes discussed in this article
were previously studied by Mirek in [18].

The initial study of pointwise convergence for the truncated discrete
Hilbert transform goes back to Cotlar [§] where A =N and P(n) =n was
considered. The case with a general polynomial P was a more delicate issue
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recently resolved by Mirek, Stein and myself in [20]. On the other hand, the
truncated discrete Hilbert transform along prime numbers was the subject
of the article written by Mirek and myself [21], see also [23]. Ultimately, the
general polynomials I have considered in the recent paper [2§].

Classical proofs of pointwise convergence proceeds in two steps: The first,
is to establish the convergence for a class of functions dense in LP(X, u1). To
extend the result to all functions, one needs LP-boundedness of the corre-
sponding maximal function. Nevertheless, finding the dense class may be a
difficult task. To overcome this, one can show the r-variational estimates, see
Theorem [A]and Theorem [B]for details. This approach to study discrete oper-
ators has already been used in many papers, see [7, 12}, [13], 20} 22, 23] 28], [32].

Before stating the results, let us define thin subsets of P we are interested
in.

Definition 1. Let £ be a family of slowly varying functions L : [1,00) —

(0,00) such that
L(x) = exp (/lw ﬂit) dt)

where ¥ € C*([1,00)) is a real function satisfying

lim J(z) =0, and lim 2" (z) = 0, for every n € N.

T—r00 Tr—00

Let us distinguish a subfamily Lg of L.

Definition 2. Let £y be a family of slowly varying functions L : [1, 00) —
(0, 00) such that lim, o L(z) = 0o and

b= o [ 10

where ¥ € C*°([1,00)) is positive decreasing real function satisfying

lim ¥(z) =0, and lim ——~ =0, for every n € N,

T—00 Z—00 (m)

and for every € > 0 there is a constant Ce > 0 such that 1 < C(z)x°.

Lastly, we define the subfamily R. of regularly varying functions.
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Definition 3. For every c € (0,2), let R. be a family of increasing convex
regularly-varying functions h : [1,00) — [1,00) of the form

h(z) = 2°L(x)
where L € Ly, if c=1, and L € L otherwise.
Let us fix two functions h; € R, and hy € R, for ¢1,c2 € [1,2). In the
whole article it is assumed that v; = 1/¢; and v2 = 1/cq satisfy
(i) ifd =1,

(1 =) +15(1 —92) < 1,
3(1—m)+12(1 —7) <2,

(ii) if d = 2,
{3(1 = m) +62(1 —12) <3,
41— 1) +32(1 — 72) < 3,
(iii) if d € {3,...,9},

{3.;(1 — )+ (1+ 5iy) (1= 2) < 55
(1 _/72) < ﬁ)

(iv) if d > 10,

2 1 2
sd@1z T (1 T3 1)) (1=m2) < a1

Let 1 and @y be the inverse of hy and hg, respectively. By [18, Lemma
2.20], if ¢; = 1 then there is a positive real decreasing function o; satisfying
0j(2z) ~ 0j(z) and oj(x) 2 «~° for any € > 0, such that for each k € N,|I|

(2) 90§-k) (x) ~ W

We set 0; = 1 whenever ¢; > 1. In this article, we are interested in sets of
the form

P.={pelP:{p)} <v}

IWe write A < B if there is an absolute constant C > 0 such that A < CB. If
A < B and B < A hold simultaneously then we write A ~ B.
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and
P_={peP:{-np} <o)}

where 9 : [1,00) — (0,00) is a positive function such that 1(z) < 3 for all
x> 1, and

(3) A C)

T—+00 (pgk"‘l) ($)

=1,

for k=0,...,d+ 2 where d > 1 is the degree of the polynomial P. The sets
P_ and P are intersections with primes numbers of sets studied in [14].
Let us observe that, if hy = he = h is the inverse function to ¢ and

Y(z) = p(z + 1) — ¢(z) then
P_={peP:p=|h(n)| for some n € N}.

Indeed, we have the following chain of equivalences

P>p=|h(n)] for somen e N

< h(n)—1<p<hn)<p+1

<~ o(p) <n<e(p+1), since ¢ is increasing
= 0<n—p(p) <elp+1) —op)=vp) <3
— 0<{=p(p)} <(p)

— peP_.

In particular, the sets P_ are a generalization of those considered by Leit-
mann [I7] and Mirek [I§].

For any r > 1, the r-variational seminorm V,. of a sequence (an 'n € N)
of complex numbers is defined by

J 1/r
VT(an in € N) = sup lag, —ag,_,|" .
ko<<hs \ S

Observe that, if V,.(a, : n € N) < co for any r > 1, then the sequence (a,, :
n € N) convergences. Therefore, we can deduce the pointwise ergodic theo-
rems from the following two statements.
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Theorem A. LetP € {P,,PJF}. For every s > 1 there is Cs > 0 such that
forallr > 2 and any f € L*(X, u),

|Vi(@nf: N eN)| Le-

,
L <O

Moreover, the constant Cy is independent of coefficients of the polynomial P.

Theorem B. Let P € {P,,PJF}. For every s > 1 there is Cs > 0 such that
forallr > 2 and any f € L*(X, u),

|Vi(o#nf : N € N)| Le.

,
Lo = Csmnﬂ

Moreover, the constant Cs is independent of coefficients of the polynomial P.

We point out that Theorem [B] allows us to define ergodic counterpart of
the singular integral operator. Namely, for f € L*(X, u), s > 1, we set

Hf(@) = lim Ay f (),

for p-almost all z € X.

In view of the Calderén transference principle while proving Theorem [A]
and Theorem [B] we may assume that we deal with the model dynamical
system, namely, the integers Z with the counting measure and the shirt
operator. As usual, r-variations are divided into to two parts: short and
long variations. By choosing long variations to be over the set Z, = {LkaJ :
ke N} for some p € (0, 1), we make short variations easier to handle. Indeed,
bounding short variations is reduced to estimating ¢!(Z)-norm of convolution
kernels, which is a consequence of the asymptotic of some exponential sums
over P combined with the prime number theorem or the Mertens theorem.
For long variations, we replace the operators modeled on P by operators
modeled on P. For this step, we need to establish a decay of ¢?>-norm of
the corresponding difference. In view of the Plancherel’s theorem, it is a
consequence of estimates for some exponential sums over P, see Section
Lastly, variational estimates for the operators modeled on P are proved in
[28, Theorem C].

2. Exponential sums
In this section we develop estimates on exponential sums that are essential to

our argument. The main tools is van der Corput’s lemma in the classical form
as well as the one recently obtained by Heath-Brown (see [I1, Theorem 1]).
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Lemma 1 ([29], [27, Theorem 5.11, Theorem 5.13]). Suppose that
N >1 and k > 2 are two integers and a < b <a -+ N. LetFECk(a,b) be a
real-valued function such that

n < F® ()] <, for all x € (a,b),

for somen >0 and r > 1. Then

Z eZmF(n)

a<n<b

SN (nﬁ + N7 4 (Nkn)_fk> .

The implied constant depends only on r.

Lemma 2 ([11]). Suppose that N >1 and k>3 are two integers and
a<b<a+N. Let F € C¥(a,b) be a real-valued function such that

n< ]F(k)(m)] <rn, forall x € (a,b),

for somen >0 and r > 1. Then for every e > 0,

Z eZm'F(n)

a<n<b

5 N1+e<nm —I—N_m + (Nkn)—k‘z(:—n)

where the implied constant depends only on r, k and €.

Notice that the exponents in Lemma [2| are improved for n > 10. In fact,
the second term in the bracket has smaller exponent in Lemma [l for 2 <
n < 5, while the third term for 2 < n < 9. To benefit from this observation,
we take the minimum of both estimates.

We start by investigating some exponential sums over integers in arith-
metic progression.

Proposition 2.1. Form € Z\ {0}, 7 € {0,1} and j > 1, we set

T(K)= Y exp (27i(¢P (k) + mlg1(ik) - T6(iR))) ).

1<k<K

Then Bl

2We write A <s B to indicate that the implied constant depends on 6.
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(i) if d > 1 then for each € > 0,
T Se lml =5 ) (1 (K)o (1K) 7,
(ii) if d > 2 then for each € > 0,
()| Se lml T80 (K (01 (K)o (1K) 77,
The implied constants are independent of j, m, 7, K and §.
Proof. For the proof, let us define F': [1,00) — R by
F(t) = £P(jt) + m(p1(jt) — T (51)).

By and ,

T)o2(T
P () QD) () ¢2(x3+§( ).

and since v <1 <1+ 7, we have

pa2(x)oa() —
ror@o (@)

(d+1) _ p1(r)o1(x)
W) = o 2T,
Hence, by , for t € [X,2X], we obtain

thus

[FED@)] = 5 |m] - [0} (j) = D t)|

_ 3 mle1 (jX)a1(jX)
- (jX)d+1

For X < X’ <2X, we set

T(X, X/) — Z 6271"LF(]€)
X<k<X'
Then
4 T(K)| < (logK T(X, X"|.
(4) IT(K)| < (log )ng@K! (X, X"
X'<2X

Since for each § > 0 satisfying § < 71—17 and 6 <1 if vy =1, a function = —
z(p1(x)or(2)) 7 is increasing, see [I9, Lemma 2.6], by Lemmas |1| and [2, we
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obtain respectively

d+1 ; ; T =
J T mlp1(JX) o1 (X)) 2@ -
\T(X,X')\gx( e L xi

+X Xd+ljd+1|m’¢1(jX)al(jX) 2
(jX)d+1

1 _ d 1 _ 1
< (Imlj) 0 X735 4+ X175 4+ X (|mer (jX) o1 (X))
< Im| 25 5 X (01 (5 X))o (X)) 2,

and

1 ; ; @D )
I mlpr (GX) (GX) Y D e s
(jX)d'H

L xie a3 Ml (G X) o (5X) \ T
(jx)dJrl

< (Imlj) @ X+ w 4 Xt m@m

|T(X,X")| £ X1+€<

+ X1+e(\m|¢1(jX)ol(jX))—m
S ’m|m(jX)1+€(§01(jX)al (jX))’W.

Now, using we easily finish the proof. O

Let us turn to estimating the exponential sums over prime numbers. To
regularize them we use von Mangoldt’s function defined as

logp if n=p™, for some p € P and m € N,
A(n) =

0 otherwise.

The classical way to handle von Mangoldt’s function is to use Vaughan’s
identity (see [30], see also [9, Lemma 4.12]), which states that for any n >
u>1,

(5) An)= > AE)a;+ Y p(i)logk) — D b;
J,k>u i<u j<u?
jk=n jk=n jk=n

where

d>u dl<u
dt=j de=j
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and p(n) is the Mobius function defined for n = pi™ ---p;"* where p; are
distinct prime numbers, as

—1)k ifmy=---=my,
upny = {77 K =
0 otherwise.

Let us observe that for any € > 0,

D el e g and Y P < ST
J<j<2J J<j<2d

Theorem 1. Form € Z\ {0}, 7 € {0,1} and 1 < X < X' <2X, we set

S(X,X') = Z exp (2m’(§P(n) +m(p1(n) — T¢(ﬂ)))>A(n)

X<n<X’

Then for each € > 0,
(i) ifd=1,
[S(X, X Se X1 (Iml £ X5 + [m] 5 (1 (X))o (X))
+ X (p1(X)en (X)) 1),

(ii) if d =2,

1

|S(X, X")| S X1+E<|m|%X_%e + |m|%(<p1(X)01(X))_2U
+X§(901(X)01(X))_é),
(iii) if d € {3,...,9},
S X1 e X1 (X753 + |70 X 56D
+ |m|7E D (gol(X)al(X))—ﬁ)’

(iv) if d > 10,

‘S(X, X/)’ Se X1+e (X*z;d(iﬂ) + |m| 2@(;“) szmd(;im

o+ ] T (i1 (X )ory (X)) T ).

The implied constants are independent of m, 7, X, X' and &.
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Proof. To simplify notation, let F' : [1,00) — R stand for

F(t) = EP(t) +m(e1(t) — T9(1)).

Fix 1 < u < X5 whose value will be determined later. By Vaughan’s iden-
tity , we can write

S(X,X')=%1 — X9 — Yoo + 33

where

=STuG) Y ST log(h),

S X[G<k<X']

S =30b S e2mrUR),

i<u  X/j<k<X'/j

222 _ Z b] Z e?ﬂiF(jk)?

u<jsu?  X/j<k<X'/j

23 = Z aj Z eQmF(jk)A(k).

u<j<X'Ju  X/j<k<X'/j
k>u

Therefore, our aim is reduced to bounding each term separately.
The estimate for ¥; and Yo;. For 1 < j < u we set

TJ(K) _ Z 627riF(jk).
X/j<k<K

By the partial summation, we can write

2miF (jk) 1. /. X Ldt
S U log(h) = T(X'/ ) lox(X'/3) — [ T0/0)F

X/j<k<X'/j
thus

5] S (logX);LX/jénIggX,/j |7 (K.

Moreover, since

bl <> A(6) = log(j

4
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we have

< .
[E| 5 (ng)gmﬁ}?ﬁxw |7;(£)].

Therefore, by Proposition [2.1[i), we obtain

IZ1] + [Z2] £ (logX)ZX/ max /J\mlmd DGR (1 (K)o (K))

(6) < u]m|2<2d71)X1+26(g01(X)01(X)) 24,
Similarly, Proposition (ii) gives
(7) IS0 + [Sa1] S wlm] 7 X2 (0 (X)oy (X))~ 7507

The estimate for Y95 and X5. Controlling Y95 and Y3 requires more work.
First, let us dyadically split the defining sums to get

Z Z e27rzF ]k

)

(8) [X22| S (logX)2 max
u<J<J'<2J X/u2<K<K <2K

J'<u? K'<X'/u J<j<J K<k<K'
B X <jh<X’
and
9)
%3] < (log X)?  max max E § : G2miF (k) A (k)a
u<J<J'<2J X/ul<K<K'<2K
J'<u? K'<X'/u J<j<J K<k<K’

X <jk<X'

To be able to deal with both cases simultaneously, let us consider two se-
quences of complex numbers (A;:j € N) and (By : k € N), such that for
each € > 0,

(10) > I4P ST, and > B < K
J<j<2J K<k<2K

and study exponential sums of a form

Z Z 2mF jk)A Bk

J<j<J K<k<K'
X<jk<X’
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where J < J' <2J and K < K’ < 2K. Without loss of generality we may
assume that K < J. By Cauchy—Schwarz inequality and , we have

2 2

E : § : e2m’F(jk)AjBk S Jl-i-e § : § : e?m’F(jk)Bk _
J<j<J K<k<K' J<j<J' | K<k<K’
X<jk<X' X<jk<X'

To estimate the right-hand side, we expand the square and rearrange terms
to get

2
(11) Z 2GR B
K<k<K’
X <jk<X'
= Y e (2m’(F(jk) — F(j(k + r))))BkBHT.
<K K<kktr<K’
X <jk,j(k+r) <X’
Therefore,
2
(12) S S eirlb 4R,
J<j<J' K<k<LK’

X<jk<X’

ST > Bl Bresr Uk |
<K K<k tr<K’

where for K < k, k' < K’', we have set

Upp = Z exp (2m’(F(jk) —F(jk’))>,

JE€ETk,k

and Jyp = (max {X/k,X/K,J}, min {X'/k,X'/k',J'}| NZ. To estimate
Uk, we are going to apply van der Corput’s lemma. Let us fix k # k.
Setting G(t) = F(tk) — F(tk') for t € Jj 5, we can write
|G @] = | (A5 ()R = D ) (W) 1)
. T(w(d+1) (tk)kd+1 o ¢(d+1) (tk/)(k/)d+1) ‘
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By the mean value theorem, for some x between tk and tk’ we have

AT (th) (tk) T = oD (R (e
= (" @)™ + @+ D (@)at) (k - K ),

thus, by , we obtain

‘(pld+1 tk)(tk)d+1 Spgd-i‘l)(tk/)(tk/)dJrl‘ ~ p1(JK)o1(JK)
JK

Similarly, we get

(d+1) d+1 i (d+1) rp0 Nd+1| p2(J K)o (JK)

DD R ()T — D 0 1) |~ PR
Since
QOQ(JK)JQ(JK) .
- 0(1)7
JKp1(JK)o1(JK)
we conclude that for t € Jj j,
(@) (4)| ~ np1(JK)o(JK)
|GV @)] ~ |m] - |k — K| i J4,

Now, by Lemma [T we get

JK)o1(JK 27D 1
e e T

p1(JK)o1(TK) Jd>‘5d

JK
< I (Im] - [k — K)) T 4 g
+ JK3 (jm] - |k — k)" (@1(JK)oy (JK)) 2

+J<Jﬂ1m4¢k—kq
(13)

By Cauchy—Schwarz inequality and , we obtain

d
Z Z | Bil| Bi-r|J' 720 [mr| 21D

1<|r|[<K K<kk+r<K’

R e T reu 2
S J T 2edon |m‘2(2d—1) Z |7~’2(2d—1) Z |Bk|

1<|r|<K K<k<K’

d 1 1
5 Jl_ 2(2d 1) |m‘ 2(2d 1) K1+2(2d71) K1+5'

Ik — k).

Ik — K'|J.
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Analogously, we show that

1—-L 1—-L
) o IBlBrg T S TR R
1<|r|<K K<kk+r<K’

and

> ST BB JE 3 mr| 73 (o1 (JK o1 (JK)) T
1<|r|<K K<k,k+r<K'

< J|m| "2 K2 (o) (JK) o1 (JK)) T *.

Therefore,

> > IBrlIBry [[Ukw

1<|r|<K K <kk+r<K’

9 1 4 1
S JK +€(|m|2(2471)!] 2(2d-1) {2(29-1)

4 J7E A |5 (gol(JK)al(JK))Td).
Since for » = 0, we have

> Bl Ukkl S TE,
K<k<K'

by (12), we can estimate

(14)

S eiribgp,

J<j<J K<k<K'
X<jk<X’

1 d 1
S, J2+6K2+6 <K71 + |m’ 229-1) J 7 2029-1) [ 2(29-1)

+J7a (apl(JK)al(JK))Td),
provided that K < J. We are now going to apply to derive the estimates
for Yoo and 3. Let us recall that u < J <u?, X/u? < K < X'/u, ud < X
and X < JK <2X, thus

u <min{J, K} < V3X < V3max{J, K}.
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Hence, applied to and @ results in
(15) [l + 18] S XM (w7 o DX T
£ X 4+ (1(X)on (X)) 7).
For d € {1,2}, we improve the estimate , by applying to the Weyl-

van der Corput’s inequality, see [0, Lemma 2.5]. For each 1 < R < K, we
have

>

Z 2GR g

J<j<J' | K<k<K’
X <jR<X!
<1+ 5V (-1 BB v
-~ R R —+r s .
Ir<R K<k k+r<K'

For d =1, we take R = Ks. Then, by , we get

Z Z 2GR g

J<j<J | K<k<K'
X<jk<X'

STRY(K + R) (R + ImlsJ5RS 4 KER™ (01 (JK)o (TK)) )

2

S JK2+6<K—% +|m|2J 2K +K§(@1(JK)01(JK))_%).
Therefore,
500 000 ).

Similarly, for d = 2; we set R = K > which entails that

Z Z 2miF k) B,

J<j<J | K<k<K'
X<jk<X'

S TKM(K + R) (R + [l 73R 47

2

+ml KR (1 (JK o (JK)) 4

S TR(KT 4l K + m] KR (o1 (K)o (JK)) 1),
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and hence

1

(A7) [Saal + 18] € X5 (u ol 5 X5+ X (1 () () ).

Next, let us observe that for d > 2, while estimating Uy s, instead of
Lemma [Il we can use Lemma 2l This leads to

< T (jm] - [k - k”)idmlﬂ) + Jiteamm

BT (] [ = K1) 7T (1 (TR )on (TK)) T

| Uk o

and

>

J<g<J’

Z 2WEGR) g

K<k<K’
X<jk<X'

1 1 1
< Jireg2re (Kfl + |m| @D J T @ K @

+JTTm 4 (gol(JK)al(JK))*W)
which entails that
(18)  [Saof + ] S X' (u 4 m| 57670 X~ wiwi
+ X 4 (101 (X)on (X)) T ),
Conclusion. In view of the estimates @ and , by selecting
u = |m|” %70 (01 (X)o1 (X)) *,
we obtain
15(X, X')| < X1+ (u|m!72(2;—1> (1(X)o1 (X)) 2
FuE 4 |m[meﬁ
+ X7 4 (p1(X)or (X)) )
< X1+e(|m,76<25,1> (Qpl(X)gl(X))—ﬁ

1 __d—1 1
+ |m\4<2d*1>X 8(2d_1) +X_72d+2)'
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Analogously, setting
w = | S (1 (X)) (X)) 77
from and , we get
(SO XN)| 5 X (7075 (101 (X (X)) 5700577
+ |m| 7@ X @ X‘ﬁ)

For d = 1, we take

3

u=|m|"7 (p1(X)o1(X))",
and use @ together with , to get

=W

[S(X,X)| 5 X (Iml ¥ (91(X)on (X)) 7

+|m|T X1 + X5 (1 (X))o (X))

N
N——

Lastly, for d = 2 and

1
5

u=|m|"5 (p1(X)o1(X))®,
by @ and , we obtain
SO X S Xl (1 (X)oa (X)) 7
[l B X7 + X (1 (X)or (X)) 7).
which concludes the proof of theorem. O

The reasoning for P and P_ are similar, therefore to simplify the notation
we are going to write

P=P,={peP:{pnb)}<v®}
For N € Nweset Py =PnN[1,N] and Py = P N [1, N]. In what follows, we

need a characterization of the sets P. The proof follows a line parallel to
[14, Lemma 2.2].

Lemma 3. p€ P if and only if p € P and |p1(p)| — |p1(p) —¥(p)] = 1.



Variational estimates 609

Proof. We begin with the forward implication; it suffices to show that if
p € P, then the integer

le1(p)] — Ler(p) — v (p)],

belongs to (0,3). By definition, if p € P then 0 < ¢1(p) — [¢1(p)] < ¥(p),
thus

—p1(p) < —[w1(p)] < ¥(p) — ¢1(p),
if and only if
e1(p) > [p1(p)] > ¢1(p) —¥(p),

from where it follows that

Le1(p)] = Lpr(p) = ¥(p)] > {p1(p) —(p)} = 0.
In view of |p1(p) —¥(p)| > ¢1(p) — ¥ (p) — 1, we obtain

Le1()] = Ler(p) = ¥(p)] < L (p )J ( ) +4(p) +1
¥(p) +

IA N

We now turn to the reverse implication; if p € P and [¢1(p)] =1+ |p1(p) —
Y(p)], then we have

0 < pi1(p) — [p1(p)] = ¢1(p) — 1 = [p1(p) — ¥(p)]
<@1(p) =1+ 1+9%(p) — e1(p) = ¥(p).

Consequently, we get {p1(p)} < 1¥(p), as desired. O

We are now ready to prove the main theorem of this section.

Theorem 2. For each € > 0, satisfying

(i) ifd=1,
(1 —71) 4+ 15(1 — 7y2) + 84e < 1,
3(1 = 1) + 12(1 — 2) + 60€ < 2

(ii) if d = 2,

3(1 — 1) + 62(1 — 72) + 360e < 3,
4(1 —71) + 32(1 — 72) + 160e < 3
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(iii) if d € {3,...,9},

{3‘;(1%” (1+ i) (1= 72) + Be < g,
(1 =) +4e< ﬁ,

() if d > 10,

2 1 2
W) gt~ (1 METTCR 1)) (1 =) +6e < o7y

we have
3 2P log(p) = Y 2D log(p)y(p) + 0(902(1\7 )N _E>-
peEP N pEPN

Proof. We treat d > 10 only since similar arguments apply to the other cases.
Let us introduce the “sawtooth” function ®(x) = {x} — 1/2. Notice that, in
view of Lemma [3] we have

Ler(n)] = Ler(n) — 9 (n)] = ¥ (n) + @(p1(n) — ¥ (n)) — @(p1(n)).

Hence, we may write

Z 62m’§P(1o) log(p) = Z eQm&P(p) log(p)w(p)

peEPN pEPN
+ Y @ Plog(p) ((1(p) — (1) — 2 (1())).
pEPN
Since
1

1
5—72+26:(1—’)/2)—§+26<0,

by the prime number theorem we get

S 2EP® log(p) (@ (p1(p) — () — P (01(p)))

peEPN
N
= 3 PO (1) (@ (91 (n) — () — B(1(n))) + O (pa(N)N) .
n=1

Next, we claim that

3" 2TEPMA () (@(p1(n) — (1)) — B(p1(n))) = O (p2(N)N ).
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To see this, let us expand ® into its Fourier series, i.e.,
O(z) = Z Le_zmmx + O (minq1 1
2mim "Mlz|| )’
0<|m|<M

for some M > 0 where ||z|| = min{|z — n| : n € Z} is the distance of x € R
to the nearest integer. Next, we split the resulting sum into three parts,

N
I = Z 27r1im Z 2mi(EP(n)—mipy (n)) ( o2mimib(n) _ 1) A(n),
n=1

0<|m|<M

and

=0 (i i ol ) AW) ’
=0 (me{ ol ) ”)

In this way, our aim is reduced to showing that each term I;,I> and I3
belongs to O(p2(N)N~°).

The estimate for I;. Let ¢,,(z) = e>™™¥(®@) — 1. Using , we easily see
that

@)l < MO g ) 5 )

Let us first estimate the inner sum in ;. By dyadic splitting we get

(27i(6P(n) — mipr (1)) ) () A ()

> exp (2mi(EP() — mpr(n)) ) (W) A()|.

X<n<X’

S o) 0%
X'<N

Now, by the partial summation, we have

Z exp (2m' (fP(n) — m(pl(n))> dm(n)A(n)

X<n<X’

.
<18(X, XM - [ (XT)] + /X 1S(X, )| - ¢ (z)] dx
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where

S(X,z) = Z exp (27rz'(£P(n) - mcpl(n))>A(n).

X<n<lz

It follows from Theorem [If(iv) and estimates that

> exp (2mi(EP() = mpr(n)) ) dm(n)A(n)

X<n<X'
< |m| ma XE_M(;-H) X) + m1+2d(;+1) ma XE_% X
NY ’Xeu,)z(\/] P2(X) + |m| e P2(X)
1+; € 3 2 P
+ |m| 34D max X X X)o(X)) 3a@+n
/T max X“ea(X) (1 (X)on (X))

§ |m’NE<,02(N) (N* 4(1(;+1) + |m‘ 2d(;+1) N~ 4d?;+11)

o | (o (W) (V) 7T ),

and hence by , for each € > 0,

N
|;L|‘ Z exp (27‘ri (fP(n) — mﬁpl(n)))ﬁf)m(n)A(n)
n=1

5 Neth(N) <N_4d(;+1) + ’m‘ 24(;“) N_4d?;i1)

IS (o1 (N)ory (V) 57077 ).

Now, by summing up over m € {1,..., M} we arrive at the conclusion that

(22) |Il‘ 5 MNG(,OQ(N) (N_ 4d(;+1) + Mzd(alz+1) N_4d(f;+11)

+Mm(<p1(N)al(N))‘W).

The estimates for I and I3. Let us consider I5. Since (see [10], Section 2])

1 .
(23) min{l,} =) ¢petmme
M| 2 em

mezZ
where
logM 1 M
24 < mi =
( ) |Cm‘ ~ mln{ M 9 |m‘7 |m|2 } )
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we have
ol 1
min< 1, A(n
2 1 S e A
N .
< (log N) Z || Z e2mim(p1(n)—1(n))
MEZL n=1
< B2 Nlog V)
N
1 M 2mim(p1(n)—yY(n
0<|m|<M |m|>M n=1

By Proposition [2.1[i), we get

1

< |m|z sup X1+§5(¢1(X)01(X)) 2
XE€[1,N]

N
Z e2mim(p1(n)—1(n))
n=1

< [m|z N3¢ (o1 (N)or (N)) 2,

thus

-1
2

(25) 12| S M~ (log M)N'F2¢ 4+ M3 N7 (o (N)oy (N))

Arguments similar to the above leads to the same bounds for I3.

Conclusion. From estimates and , we conclude that
12|+ |2l + [I5] € MN“po(N) (N™ 5670 4+ Mz N~ warn

+ M (1 (N)oy () 7707 )

+ M~ (log M)NF3¢ 4 M3 N (01 (N)oy (N)) 2.
Take M = N'*2¢po(N)~1. As it may be easily verified, if € satisfies
then

1 1 1

g+ 2e—m)+1lde—mtoe—r2te
3 1 1
< (1- (=) — = +4e<
S5 =m)+5(1-m)-5+4e<0,

thus
M3=N" (o1 (N)or(N))
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Since

2 o) 3dd+1)
<3d(d+ 12~ 6) 3d(d+1) + 1

- N 2d(d + 1)
1dd+1) S \ddd+1) ") 2dd+ )+ 1

for the other terms, we obtain

(1+2¢—72) +e— +5e <0,

dasn Test-m—g

_
d(d+1)
and

b V(1 2e—mp) e Ly
2d(d + 1) T T ) €

<1+ Va-m- 2= t5e<0
= 2d(d + 1) T ddd+ ) T

Finally,

1 2 2
14— (142~ -
< +3d(d+1)>( T2 tem g e saar e e
<

= <1 T 3aa+ 1)) (=) + s = ~ g1

Consequently,
L] + [ 2| 4 |13] < @2(N)N™,

which completes the proof.
Theorem 3. For each € > 0, satisfying
(i) ifd=1,

(I —m)+15(1 —y2) + 164e < 1,
3(1—1) +12(1 — ) + 120e < 2

(ii) if d =2,

3(1 —71) +52(1 — y2) + 720¢ < 3,
4(1 —71) + 32(1 — 72) + 320e < 3
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(iii) if d € {3,...,9},

{3.12d(1—71)+<1+(3(2(11_1)) (1_’72)+126<3,%7
(1—72)+86<ﬁ,

(iv) if d > 10,

2 1
sa@r T <1 HETICE 1)>(1 —0) F e <

we have
(26) z e%i&P(p)M — Z o2mIEP(p) log(p) +O(N9),
pepN pw(p) pEPy p
and
: lo . .
(27) Z e2m£P(p)wg((1;) _ Z o2miEP () log(p)—l—O(Nl )
Proof. Set

S(N)= Y P WPlog(p), and U(N)= Y PP log(p)y(p).
peEPN pEPN

In view of Theorem [2]
(28) |S(N) = U(N)| £ Cpa(N)N .

Notice that by the partial summation we have

2mig P( )log(p) = 1
> EPm L N (S(n) = S(n— 1))

= p(p) 2= n(n)

S(N)
Ny(N)

N-1

1 1
t2 <nw<n> BCE T 1>>S )

n=2

(29) =
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Similarly, we get

sricpploa(p) _ g~ 1 —U(n-—
S =2 (U(n) ~U(n—1))
pEPN n=2

- U(N) N-1 1 1
(30) TN nz_:z <nw(n> IRCES VG 1>>U(")'

Therefore, by subtracting from , we arrive at the conclusion that

) log(p) log(p)
2mi€ P(p) g\p 8271'1§P( p) *Yo\l) g\p
3 cmerploB) _ 5

peEPx (p pEPN p
_1s(v) - — - 1 -
S LY | 1 T
Since, by and ,
1 < 1
NY(N) ™~ pa(N)oa(N)’
and
1 L]l " 1 L V@)
1

S —
npa(n)oz(n)
the estimate gives

|S(N) —U(N)| e
voy N
and
! — L . n)—U(n n-1¢
nip(n) <n+1>¢<n+1>‘ [S(n) = U(n)| S n™7%
Hence,

P (p) 10g(p) 10g - -
627rz£P(p)7 - 271'1£P(p) < N+ —1—¢ g N e’
2 pY(p) %,;N Z

pePyN

which concludes the proof of . Similar considerations apply to (27). O
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The following theorem generalizes the results obtained in [I7, 26] and
[19].

Theorem 4.

Py = (/2]V 1;/’;2’2) dx> (1+0(1)).

Proof. Set

Wy = Z log(p), and Vy = Z log(p)l/f(p)
pEPy pEPN

Let € satisfy hypotheses of Theorem [2| then
(31) Wi =Vn + O(p2(N)N~°).

By the partial summation we have

N
1
Py| = Wy — Wy —
[P ;( 1)10g(n)
N-1
1 1 1
=Wn—— Wy - )
Nog N * ;::2 <log(n) log(n + 1)>
and
= 1
> vp) = Z < )
o log(n) log(n + 1)
Therefore, by , we obtain
’!PN!—ZQP < |Wn - VN‘lgN
peEPN
N-1
1 1
+ Wyn — Vi,
HZ; | ‘(log (n) log(n+1)>

N)N™€+ Z @a(n)n =17,
n=2

and thus
Pnl =Y (p) + O(pa(N)NF).

peEPN
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Setting

Y(n+1)

log(n + 1)

PY(n+1)

D v =) (9(n) —dn-1)) W)
= ~ log(n)
_ Y(N)
_ﬁ(N)logN 10g2+219 <10gn
and
N) (2 = (v
Zlogn - logN 210g2 nZQn(lOgn IOg(n+1)>

The prime number theorem implies that

(32) (V) = N(1+0(N)).

Moreover, by and ,

) _ Yot ) |, (o)l —yiole
log n) IOg(n + 1) B z€[n,n+1] (IOg(n))2
S pa(n)n= 2.
Hence,
QI B(V)
p;%w(p) _;logn = ’ (N) — |logN
P(n)  P(n+1)
* Z ‘19 log(n) log(n+1)

)
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Finally,
N-1 N-1
P S - e
“ log(n) Jo log(z) ~ = Jo |logn log(n+t)
N-1
< pa(n)n e
n=2
Thus
) _ /N V) 4 0NN
Zolog(n) ~ Jy log(x) 2
Now, using , we get
N N
Y(z)
d x) dx
o log(x) — T logN Jy V(=)
1 N
2 d
~log N J, py(z) da
< e2(N)
™~ log(N)’
which completes the proof. O

3. Variational estimates

To deal with r-variational estimates for averaging operators and truncated
discrete Hilbert transform, we apply the method used in [32] and [23] Sec-
tion 4]. For p € (0,1) we set Z, = {[2¥"| : k € N} and define long r-variations
by

VE(ay, :neN)=V.(a,:n€ Z,).
Then the corresponding short variations are given by
VS(an :neN) = <ZVT(“” ‘n € [Nkl,Nk))T)
E>1

where N = [2*"|. Observe that

Vi(an :n eN) <VE(a, :neN)+Va, :neN).
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3.1. Averaging operators

In this section we prove Theorem [A] for the model dynamical system.
Given a function f on Z we set

A _
Nf(x = Py ’pezpfﬂf

While studying r-variations we may replace the operators Ay by the
weighted averages My,

logp
My f(x) = — f(z
peZp: 1/}(19)

where

Z log

pEP N
Indeed, since v is decreasing the ratio of weights in Ay and My is mono-
tonically decreasing, thus by [23, Proposition 5.2], there is C' > 0 such that
for all r > 2,

Vi Anf(x): NeN) < C-V,(Mpnf(z): N €N)

where the constant C' is independent of f, z and r. Therefore, it is enough
to show the following theorem.

Theorem 5. For each s > 1 there is Cs > 0 such that for all r > 2 and
fet(z),
-
|[Vi(Mnf:NeN)|,, < CsmeHes-

Proof. We start with short variations. Let us denote by m,, the convolution
kernel corresponding to M,,. Then for each z € Py, |,

Np—1

log x
X o) - = (5L, 95
On the other hand, for x € Py, \ Pn,_,,
A log x
7 mnga(z) — ma(2)] < 203" ot

n=Ng_1
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Therefore,

N—1

Z |mn+1 - mn|

n=Nj_1

S (\I};Vi—l o ‘Illi\/i)\PNkfl + 2‘1117\/1_1 (‘llNkfl - \IlNk)
At

Let € > 0 satisfy the hypotheses of Theorem [3| By and , we get
Uy =9(N)+O(N'"™)=N+0O(N'),
and thus

Uy, —Un, s SNe— N1 + NS EPTIN SE Ny, .

~

Therefore, by Young’s inequality,

Nkfl Nkfl
Y Marif = Maf| Y marr—mal|| e
n=Ny_1 g3 n=Ny_1 £t
(33) S K e

Let u = min{2, s}. By monotonicity and Minkowski’s inequality, we get

1

(Zw(Mnf ‘ne [Nk,l,Nk))T) :

k>1 e
Ni—1 u\
< <Z( > ‘Mn+1f—Mnf|> >
k>1 \n=Ny_, 03
Ni—1 uN -
< (Z > [Mugaf = Maf] ) :
k>1 [l n=Ny_1 &

which together with gives

H( r nf TLE[Nk 17Nk )
k>1

We notice that the last sum is finite whenever 0 < p < “T_l

g =

) (Zk ,,)> 1£1le--

k>1
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To control long r-variations over the set Z,, for any p € (0, 1), we replace
My by a weighted average over prime numbers

My f(x §jf )) log(p)-

pEPN

Since both My and My are averaging operators, we have

(34) |Mnf—Myf

o < [Muflles + [[Muf|,. < 20f e

On the other hand, by Plancherel’s Theorem

M f = My,
ep(p) 108(P) 1 2mig P(p
< sup |— E 2P (p) - E e2miEP(p) log(P)| - || f]lez,
celo) | YN S5 Y(p)  I(N) sl

which together with and , implies that there is § > 0, such that

(35) |Mnf—Myf

75
e SNl

Now, interpolating between and , one can find d5 > 0 such that

IMnF =My fll, SN2

Hence,

IVe(Mnf = Myf:N€Z)|, S 3 [[Mnf = Muf],.

NeZz,

S ( > N“Ss)llflle:;,

Nez,

which is bounded. Finally, by [28, Theorem C],

|Vi(Myf: N €N)

le- =

and the theorem follows. O



Variational estimates 623

3.2. Variational Hilbert transform

In this section we show Theorem [B| for the model dynamical system and the
truncated discrete Hilbert transform defined as

_ . log(|pl)

Theorem 6. For each s > 1 there is Cs > 0 such that for all r > 2, and
f ez,
r

Proof. Let h,, denote the convolution kernel corresponding to H,,. Then for
each z € Py, \ Pn,_,,

Np—1

> niale) (o) < 252,

n=Np_1

otherwise the sum equals zero. Let us recall that the Mertens theorem says
(see [15, §55])

(36) 3 8(P) _ 1og(N) — By + O<exp (- 1\4/log(N))>

pEPN p

where B3 is the Mertens constant. Hence, by taking in , £=0, we get

log(p) 3 log(p) -5
Z = +O(N )
pEPN, \Pn, _, Pe(p) PEPN, \PN,_, P

= log N}, — log N1 + O(N°)).

Therefore, by the mean value theorem,

log(p) _ , 1+
2 pY(p) SR

pGPNk \PNk—l

and hence, we can estimate

! log(p)
E ’hn - hn71| 5 § : w( ) SJ kﬂ—l'
n=Nj_1 1 pePNk\PNk—l p p
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Now, by Young’s inequality, we conclude that

Ni—1 Ni—1
o Huf =Hafl|| <\ DD s —hall| Nl
n=Nr_1 VA n=Nj_1 0
(37) SETPF e

Taking u = min{2, s}, by monotonicity and Minkowski’s inequality, we get

(Zw(ﬂnf n e [Nk_l,Nk))T> T

k>1 fs
Ni—1 uy
k>1 \n=Ny_1 &
Ni—1 wy
< (Z Z ’/Hn-i-lf _an’ ) )
k>1 1l n=Nk_1 03

which together with , for 0 < p < “T_l, entails that

S (Zk_(l_”)“> 1flles S M1 Nee-
/s

k>1

H (Z Vi (Hof :n € [Ny_1, Nk))r> T

k>1

Let us now turn to estimating the long r-variations. Let € > 0 satisfy the
hypotheses of Theorem [3] We are going to replace the operators Hy, by

log(|pl)
ma

Hyf(z)= Y f(z—P(p))

pELPN

To do so, let us observe that Theorem |3| implies that

1 1
3 og(p) 3 08(P) | ne <log N

L P (p) e, P

where the last estimate follows from . Hence, by Young’s inequality we
obtain
(38)

lo lo
Hnf — Hy S|, < ( 3 piﬁii S gpf”) f

pGPN pEIP’N

o S (log N[ f

Vs
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For s = 2, by the Plancherel’s theorem and Theorem

(39)  |[Hnf—Hyf|p < sup S rier ) log(|p])

£e01] | pexpy p1j)(| )
rieP(p) 108(|P
-y emerolgll)yp,
pEi]P’N p
SN fllee-

Hence, by interpolation between and , we obtain

|HNf — Hyfl,. SN f

£3

for some &5 > 0. Therefore,

[Ve(inf —Hxf:Ne€Z)|. < 3 [Huf = Hyfll,
NeZ,
( > NT >Hf les
NeZz,
which is bounded. Finally, the estimate
|Ve(Hn f(z) : N €N)|,. <
follows by [28, Theorem CJ.
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