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We prove upper bounds for the Bergman kernels associated to ten-
sor powers of a smooth positive line bundle in terms of the rate
of growth of the Taylor coefficients of the Kahler potential. As ap-
plications, we obtain improved off-diagonal rate of decay for the
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1. Introduction

Let (L,h) — X be a positive Hermitian holomorphic line bundle over a com-
pact complex manifold of dimension n. The metric A induces the Kéhler form
w= —@85 log(h) on X. For kin N, let H(X, L*) denote the space of holo-
morphic sections of L*. The Bergman projection is the orthogonal projection
I : L?(X, L*) — H°(X, L*) with respect to the natural inner product in-
duced by the metric A*¥ and the volume form dV = “;L—, The Bergman kernel
By, a section of LF @ L¥, is the distribution kernel of II;. Given p € X, let
(U, er) be alocal trivialization of L near p. We write |ey,|? = e~? and call ¢
a local Kihler potential. In the frame e ® &%, the Bergman kernel By (z, w)
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is understood as a function Ki(z,w) on U x U. In addition, by our nota-
tions, |By(z, w)|px = | Ky (2, w)|e k¢(2)/2=ké(w)/2 To motivate our problem,
we start with the following refinement of a result of M. Christ [Ch13al] which
improves the Agmon estimates.

Theorem 1.1. Assume h € C*. Let d(z,w) be the distance function on X
associated with the Kdhler metric w. Then there exists an increasing function
f(k) — o0 as k — oo such that for all z and w in X, we have

Ckm —ckd(z,w)z7 k logk
(L) [Bzw)e <4 Az w) < JR)Y
Cknre—c f(k)VEklogk d(z,w)7 ( ) f(k) / logk

where ¢ and C' are positive constants that depend only on (L, h) and X.

IN

v

Although in [Chl3al, this result is only stated for d(z,w) > 0, for § >
0 independent of k, it is implicit in their proof. The goal of this paper
is to prove a quantitative version of the above theorem that relates the
growth rate of f(k) to the growth rate of the derivatives of h, and use it
to obtain improvements in the cases where h is analytic, quasi-analytic, or
more generally Gevrey.

To state our main result we need some notations. Let M be a positive
C? function on Rwg. We say 9%logh belongs to the class Cy if for every
local Kéahler potential ¢ on an open set U, there exists A > 0 such that for
any multi-index o € Z2" <b with [a| # 0, and any 2z € U,

D*(9%¢)

ol

<z>] < A1) (lal).

Here D* = 92+ ... 02" oertt L. 07>, and 0?¢$ means any second order partial
derivative of ¢. We shall call M a majorant of the Taylor coefficients of 92¢.

Theorem 1.2. Suppose 0%logh € Cyr and log (M) is strictly convex on
Rsg. For each N € Rsq, let J(N) = M(N)YN and assume J(N) is un-
bounded. Then there exists ko such that for each k > ko, the equation

2NJ/(N)

(1.2) N2J(N)J' (N)e 7™ =k,

has a unique solution N (k) € Rso and f(k) given by

k)/J' (N (k))/J(N (k))
Viogk ’

(13) piy = X
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satisfies Theorem[1.1, When k < ko, for simplicity we define f(k) = f(ko).

Let us now draw some quick corollaries of this theorem. We say h belongs
to the Gevrey class G*, s > 1, if M(N) = N&=DN_ Since this M satisfies
the conditions of the theorem for s > 1 (but not for s = 1) we immediately

get f(k) = %, for 6 > 0 independent of k, thus we obtain the following

improved upper bounds:

Corollary 1.3. Assume h € G* EL s> 1. Then for allk € N, and all z,w €
X, we have

Ckne—ckd(Z,w)2’ d(z,w) < k_ﬁ7
Clkre—ck> Td(zw) d(z,w) > ke

(1.4) | Bi(2, w)[nr < {

where ¢ and C' are positive constants dependent only on (L,h) and X .

In the special case s = 1, meaning when the metric A is analytic, we ob-
tain the following estimate which was stated without a proof in Remark 6.6
of [Cho3]:

Corollary 1.4. Assume h is analytic. Then for oll k € N and z,w € X,
we have

(1.5) |Br(z,w)|, < CkMe=ckd=w)’,

Note that for this corollary we cannot directly use Theorem because
in the analytic case J(N) is bounded (and vice versa). We will give two
proofs for this estimate, where one of them involves taking a uniform limit
s — 17 in Corollary To provide more examples, we can also consider
Denjoy [Den21] classes of quasi-analytic functions given by

M(N) = (log M), (log N)¥ (loglog N)V,
(log N)Y (loglog N)V (log log log N)¥

For instance if M(N) = (log N)¥, from Theorem we get f(k)~
k= (log k)~ 2, which by plugging into Theorem we obtain:

Note that ¢ € G* if and only if h = e~? € G*.
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Corollary 1.5. Assume h € Cy E| with M(N) = (log N)N. Then for all
k>2andall z,w e X,

Ckne—ckd(z,w)27 d(z, w)
Clne™ et dlzw) d(z,w)

(L6)  [Buzw)l < {

We note that in Theorem the maximum rate of growth of the func-

tion f(k) is \/%, which happens when the metric h is analytic, but there is
no minimum rate of growth for f(k) as it can be arbitrary small by choosing
the majorant M in Theorem to have arbitrary large growth rate. Also,
as we see all of the above estimates are much better than the following Ag-
mon type estimates (see [Be03|, [Ch91l De98, [Lin01, MaMal5|) valid for all

smooth metrics h

(1.7) | Bz, w)| e < Ck"e™VRdlzw),

We must emphasize that on the diagonal and in certain shrinking neigh-
borhoods of the diagonal we have more precise information on the Bergman
kernel. Zelditch [Ze98] and Catlin [Ca99] proved if h is C*° then on the di-
agonal z = w, the Bergman kernel accepts a complete asymptotic expansion
of the form

(1.8) By (2, 2)|nr = K (2, 2)e *0()

k" _ bl(zv 2) bQ(Zaz)
~7Tn<bo(z,z)—|— A + 12 + ).

Very near the diagonal, i.e. in a —=-neighborhood of the diagonal, one has a

scaling asymptotic expansion for the Bergman kernel (see [ShZe02, MaMa07,
MaMal3l [LuSh15, HeKeSeXul6]). In fact given any v > 0, for d(z,w) <

v lo,%k one has (see [ShZe02])

k™ kp(zw) 1
(1'9) |Bk(27w)|hk = 7_[_76 2 <1 +0 <k>> .

Here D(z,w) is Calabi’s diastasis function [Cal53] which is controlled from
above and below by d?(z,w) and defined by

(1'10) D(z,w) - (ZS(Z) + ¢(w) - ¢(2’7’U7) - ¢(w7 2)7

2 Again, ¢ belongs to this particular class if and only if h = e~% does.
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where 1(z,w) is an (almost) holomorphic extension of the Kéhler potential
¢(2). Furthermore, we expect this asymptotic property to hold for v = f(k):

Conjecture 1.6. Assume 0%logh € Cy; where M satisfies the conditions
of Theorem[1.4 and f(k) is given by (L.3). Then the asymptotic (L.9) holds

for d(z,w) < f(k)\/@ In the analytic case (1.9) holds for d(z,w) < § for
some § > 0 independent of kﬂ

Related to this conjecture, in [HeLuXulSJ it is shown that if h is analytic
then ) holds for d(z,w) < Ck™x. Under the weaker assumption h E GS
for s > 1 it is proved in [Xul§| that ( is valid for d(z,w) < C.k™ ERETT
for any € > 0.

1.1. Organization of the paper

Our work is greatly inspired by [Chl3al]. To obtain a quantitative version
of the result of [Chl3al], we follow their proof thoroughly and keep track
of all constants involved. We also fill in some details of [Chl3al] such as
the bootstrapping arguments and the CR structure involved in the analytic
hypoellipticity lemma for the Kohn Laplacian. As in [Chl3a], we study the
Bergman kernel in three regions, namely

d(z,w) <\ 1BE A 18R < gz w) < f(k)\ /18R

logk we have an

As we discussed above in fact in the region d(z,w) <~
asymptotic expansion for the Bergman kernel (see [ShZe02]). For complete-
ness, in Subsection we will provide a proof for this using [BeBeSj08]. In

the regions

v/ B < d(z,w) < f(R)\E, and d(z,w) > f(k)\/@’

which we will call near diagonal and far from diagonal respectively, we study
the Bergman kernel via studying the Green kernel of the Hodge-Kodaira
Laplacian as in [Chl3al]. In fact far from diagonal estimates follow from
near diagonal estimates by an iterative argument involving Neumann series
exactly as it is done in [Ch13a]. One of the main ingredients in the proof of

3In fact, in the analytic ase, this is a conjecture of Zelditch [Zel4].
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near diagonal estimates is our Lemma which is new relative to [Chl3al,
and is the counterpart of the analytic hypoellipticity Lemma when the
condition of analyticity of h is replaced by 9?log h belonging to the class
Cny. The function f(k), which is responsible for the rate of the decay of
the Green kernel (or the Bergman kernel) is obtained in this step and it is
extracted from an interesting optimization problem where the convexity of
log(M) plays a key role.

Section[2] provides background on the relation of the Bergman and Green
kernels, a priori elliptic estimates, analytic hypoellipticity of the Kohn Lapla-
cian and its underlying CR structure. Section [3| involves proving the near
diagonal estimates. The optimization problem for f(k) is studied in Subsec-
tion Subsection [3.5] gives a proof of the very near diagonal asymptotic
expansion[[.9] Finally, Section [ gives a proof for far from diagonal estimates
using the near diagonal estimates.

2. Background materials

2.1. The relation between the Bergman kernel and the Green
kernel

In this section we will introduce the Green kernel associated to the line
bundle L¥ and explain its relation with the Bergman kernel.
Let

Oy : T(X, A% (L*)) — D(X, A%0FL(Lk))

be the usual Dolbeault operator. Denote by 52 the formal adjoint, with
respect to the L? inner product induced by the Hermitian metric A and
Kaéhler metric w. Then we have the Hodge-Kodaira Laplacian

Ok = 0x0 + 0,0k : T(X, A% (LF)) = (X, A%H(LF)).

Since the line bundle (L, h) is positive, by Weitzenbock formula (see (2.7)),
there exists some positive constant ¢ > 0 such that

(Oxf, f) > ck||fl|32, for any f € D(X, A% (L)).

By this lower bound and the fact that [ is formally self-adjoint, we have
the Green operator

G=0.": L} X, A% (LF)) — L*(X, A% (LF)).
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Let Gi(z,w) be the distribution kernel of Gy, called the Green kernel. As
Oy is formally self-adjoint, we have the Hermitian symmetry

Gr(z,w) = Gg(w, 2).

For any section f € I'(X,LF), using Hérmander’s L? estimates, u =
EZGkgk f is the solution of

gku = gkfa

with the minimal L? norm and u L ker ;. Therefore, in terms of the Bergman
projection Il;, we obtain

.f = f — 0,GxOLf

Writing this into integrals, we get

| f@ B w)v = 1) -3} [ B w6tz )V
M M

By integrating by parts and comparing the kernels, we get

(2.1) By(z,w) = gzjzangk(z, w), forany z #w € X.

Here the subindex z in 527 . and w in 9, indicate which variable the operator
acts on.

2.2. An equivalent framework without weights

In this section, we introduce an equivalent framework of the L? space of
LF valued holomorphic sections. Though this frame only works in a local
coordinate chart, it is convenient since the norms are not involved with any
k-dependent weight.

Given a local coordinate chart U, let ¢ be a Kéhler potential. We define
the linear map Z : L2(U, A%9(L*)) — L2(U, A%9) by

k
u::If:e_§¢f.

Note [, |f|?e™*dV = [, |u|*dV. T is therefore a linear isometry, by which
we can identify these two L? spaces. Let us carry out the corresponding
operators of 8k,8k,[!k on L2(U,A%') via this identification. Define Dy, :
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(U, A%) — T(U, A1) as
_ L = kg kgL
D=7 00,0l = 6_2¢ak€2¢ =0+ §8¢A.
Then the adjoint operator D;, : ['(U, A%4+1) — T(U, A%?) becomes
. —x ko k
D, = I 1to 0ol = 6_2¢8k e2¢,
and we can define the Laplace operator Ay : I'(U, A%!) — I'(U, A%!) by
L k k
A = DyD; + DDy, = Il poZ = 672¢Dk €2¢.
Similarly, the counterpart of the Green kernel G (z, w) is
(2.2) Gr(z,w) = Gk(z,w)efgd’(z)e*?z’(w),
which represents a fundamental solution of A with a pole singularity at w.
This is a section in T(U x U, mf A% @ 73 A%, where 71,72 : U x U — U are

projections to the first and second components respectively. In particular,
Gr(z,w) is Hermitian symmetric in z,w and if we take the norm, then

|gk(z7w)‘ = ’Gk(Z,U))’hk_

Indeed, L2(U, A%') and L?(U, A%(L*)) are equivalent because of the iden-
tification Z. We will work in the space L?(U, A%!), where there is no weight

k
in the inner product, while all the operators are twisted by e2?. Note that
we only need k > 1, which need not to be an integer in this unweighted
framework.

2.3. Elliptic regularity

In this section, we will recall some results from the regularity theory of the
elliptic systems. For more details, we refer the readers to [GiMal2].

The operators [ and Ag are both elliptic operators. For simplicity, we
only state the results for A here and similar results also hold for (. In a
local coordinate chart U = B(0, 1), we can write out the operator Ay. For
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any u € T'(U, A%1),
(2.3) (Apu), = —0; (gi385u§) + (agk n b?) Ou;
+ (a?k + b?) dyu; + (c§k2 + dik + eé) u;,
where we have used the Einstein summation convention, and denoted
Agu = (Agu)sdz®, u= u;d?j.

All the coefficients a,a?, b7 ,b7, cL, di and e’ are polynomials of g, ¢, g~*,
and their derivatives (up to second order). For simplicity, we denote the

above identity as
Ay = —0; (6905 + (ak +8) = Vu+ (o + dk +¢) » .

Here u is identified with the vector (ui,ug,--- ,uy,), V is the gradient op-
erator, and * denotes certain algebraic operations. Though ¢!, a,b,c,d, e
are smooth and bounded uniformly for any C™ norm, k could be arbitrarily
large. In order to apply the elliptic estimates, we need to make all the coef-
ficients bounded uniformly by rescaling. For R € (0, 1], define g(z) = g(Rz),
a(z) = Ra(Rz), b(z) = Rb(Rz), &(z) = R?c(Rz), d(z) = R*d(Rz), €(z) =
R%e(Rz) and u(z) = u(Rz). Then

(2.4) — 8 (gf’”a;a) + <Zik +Z) vt <El<:2 +dk + a“) 7 = R(Agu)(R2).

When R < % <1, all the coefficients are uniformly bounded for any C™
norm. Let 7 be a smooth cut-off function such that suppn € B(0, %R) and
n=1in B(0,1R). And let 7j(z) = n(Rz). By using the Caccioppoli inequal-
ity (see Theorem 4.11 in [GiMal2]), for any m € N,

78| s (B0,1)) < C (Nl L2(m0,1y) + |1 AkUl e (B0,1)))

where C only depends on m, the lower bound of g~! and the C™*! norm of
coefficients g~1, a, b, c,d, e. We change & back to u and obtain the following
interior estimates.

(2.5) |lull grmre(o,rs2)) < C (g lull2so,r)) + 7= | Acull g (50,R))) >
for any R < %
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2.4. A priori upper bounds of the Green kernel

In this section, we will prove an a priori upper bound of the Green kernel Gy.

Lemma 2.1. Given any point p € X, there exists a coordinate chart U
containing p and constants C,a > 0, such that whenever z,w € U and z # w,
we have

(26)  Gk(z w)| + [VGr(z,w)| + [VIGy(z,w)| < C (k+ |z —w| )",
where V denotes the gradient.

This lemma is from [Chl3a] and here we fill in the details of the proof.
Admittedly, sharper upper bounds on Gi(z,w) can be proved but this one
is sufficient for our purpose. The proof is divided into two steps. First, we
can rather easily obtain certain upper bound on the operator G, whose
distribution kernel is G (-, ). Second, the operator bound can be improved
to the pointwise bound in by the interior estimates . This is a
standard bootstrapping argument and will be used again in later sections.

Proof. For Oy, : L2(X, A% (L)) — L2(X, A% (LF)), Weitzenbock formula
tells that

(2.7) O, =V'V +RicTM + kRic L,

where V is the Chern connection on the bundle L* coupled with the Levi-
Civita connection on A%!'. When k is sufficiently large, OJ;, is bounded below
by %, whence G}, has the operator bound |Ggl|r2—r12 < % Let V be a coor-
dinate chart containing p. For simplicity, we can assume V = B(0,2). Take
U = B(0,1) and for any z,w € U, by compositing with inclusion and restric-
tion maps, we can regard Gy as a linear operator

Gy : L*(B(w, §d(z,w)), A% (L") — L*(B(z, 1d(z, w)), A% (L¥)),
with the operator bound [|Gy|| < £. If we let
Gi : L2(B(w, 1d(z, w)), A%) = L2(B(w, d(z,w)), A)

be the linear operator with distribution kernel Gi(-,-), then Gj shares the
same operator bound ||Gi| < 2 by (2.2). That is, for any

ue L? (B (w, id(z,w)) ,A0’1>
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with suppu C B(w, id(z, w)), we have

IGkull 2B, 2wy < 21Ul L2(Bw, 2dew)) -

Since ArGru = u, which vanishes in B(z, %d(z, w)), if we apply the elliptic
estimates (2.5)) to Gyu on B(z, R) with R = min{%, id(z,w)}, then for any
m € N,

InGrull trm(B(z,r)) < CR™™(GrullL2(B(2,R))
<C(k+|z—w/™)" ll L2 (Bw, 1 d(z,w)))
where C is a constant depending only on C™*3 norm of the Kihler potential

¢ and the lower bound of /—100¢. Taking m = n + 1 and applying the
Sobolev embedding theorem,

n+1 ‘

Gru(2)] < C (k+ [z —w|™)"" [l L2(Bw, ta(w)-

Therefore,

1G(2, M2 (B, ey = SUP | u(¢)Gn (= O)d¢|

ueL2(B(w,d(z,w)) HUHLQ(B(w,id(z,w))

<C(k+|z— w]_l)nJrl .
Since for any ¢ € B(w, 1d(z,w)),
Akgk(’zaC) =0,

when Aj acts on the second component, again by applying the elliptic es-
timates (2.5) to Gk(z,-) on B(w, R) with R = min{}, 2d(z,w)}, and using
the Sobolev embedding theorem, we have

_1\n+3
1Gk(z,w)|o2 < C (k+ [z = w|™) "Gk (2, )| L2 (8w, 2 ()

<C(k+ |z —w[™H)™,
where the pointwise C? norm is taken on the second component w. Note the
constant C' only depends on the dimension n and the C"*% norm of Kihler
potential ¢ and the lower bound of v/—199¢. Hence, we can make C uniform
for all z,w € U. The result follows by the symmetry G(z,w) = G(w, z) and
taking a = 2n + 4. O
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2.5. Analytic hypoellipticity of the Kohn Laplacian

In this section, we work in the unweighted framework introduced above.
Let B C C™ be an open ball and let B € B be a relatively compact subset.
When metrics are real analytic, M. Christ has proved the following estimates
in [Chl3a](see Lemma 7) by using the analytic hypoellipticity of the Kohn
Laplacian [Ta80, [Tr78].

Lemma 2.2. Let the ball B C C" be equipped with a real analytic Hermitian
metric g. Let L be a holomorphic line bundle over B, equipped with a positive
real analytic Hermitian metric h. For any relatively compact B €@ B, there
exist positive constant C' and b, such that for any solution u € I'(B, A%9)
(0<qg<n) of Agyu=0 on B,

(2.8) el ey < Co ™ lull ()

Remark 2.3. This lemma does not require the metric g to be polarized
by the line bundle. That is to say, g is not necessarily —v/—100log h. We
still denote ¢ = —log h, which is a Kahler potential in the polarized case.
Positivity of A means that (gf)i;) > cl for some ¢ > 0. The constant C' is a
universal numerical constant. The constant b depends on the following data:

(a) the lower bound of v/—190¢, i.e. a positive constant ¢ such that (¢z‘3) >
cl in B;

(b) the lower bound of (g;3), i.e. a positive constant ¢ such that (g;;) > I
in B;

(c) the analyticity constant of ¢, i.e. a positive constant C'(¢) such that

)Da *)¢(2)’ < C(¢)l**1al,  for any multi-index o and z € B;

(2,2

(d) the analyticity constant of each entry of metric g;

(e) the distance from B to 0B.

For the completeness, we include a proof here for n > 2. To begin with,
we endow B x R with a strictly pseudoconvex CR structure (see [ChShOI]
for more details). Set the domain

Q:{(z,w)eBxC:Imw>¢(Qz)}.
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Then its boundary is

aQ:{(z,w)eBxC:Imw: ‘f’(;)},

b(2)

and it defining function is p(z,w) = Imw — =7=. A straightforward calcula-
tion shows that if we define
0 ., 0
Lp ::87%—1—2@51;%, forlgpﬁn,

then {L,} form a global basis for the space of TH°9Q. Clearly,
[Lp, Lyl =0, foranyl<p,q<n.
Thus (09, T199) is a CR manifold.

We can identify the boundary 992 with B x R via the diffeomorphism
m: 0 — B x R defined as

v (z,t + i¢(22)) — (z,1).
Therefore, a CR structure can be induced on B x R, via 7, that is,
oLy = Ty <% —i—i(bpa%) = % —i—i%%, for1 <p<n.

We still use L, for 7L, for 1 < p <n by abusing notations. If we denote
T= %, then

T1_ 1|0 dp 0 _0 Pg 0|
[Lp,Lq] = |:372p +7/7E, 9z, 275} = —Z¢qu.

Since ¢ = — log h is plurisubharmonic by the positivity of the Hermitian line
bundle (L, h), the CR structure on B x R is strictly pseudoconvex.

We will further endow the CR manifold B x R with a compatible Her-
mitian structure. Note Ly, L, for 1 < p < n and T form a global basis of the
tangent bundle. We can directly define an Hermitian metric A such that

h(Lzth) = 9pq> h(Lp’fq) = h(Lp7T) = h(fan) =0, h(T7 T) =1L

Set wy = dzp, Wp = dip forl<p<nandt=dt— i%dzp + i%i, which form
a dual basis to L;, Ly, T. Then h naturally induces a Hermitian metric on
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the cotangent bundle such that
(2.9) hlwpswg) = g7
The induced volume form is therefore

(2.10) dVpxr = det Y52 dzy A dz) A Ytdzo A dzy
Ao Az, A dz, A d
= dV, A dt.

We are now ready to prove Lemma [2.2

Proof. Set U(z,t) = u(z)e’** as a (0, q) form on B x R. Let 0, be the Cauchy
Riemann operator associated to the CR structure on B x R. Then

BU =3 dz, ATU = e (Byu + 53 A u) = M Dye MU
p=1

Since the metric and volume form on B x R as shown in (2.9) and ({2.10)
are compatible with those of (B, g), the formal adjoint 0: satisfies

— P
U = *Dye ™™y

Therefore,
U = e Agu = 0.

Note that the CR structure constructed on B x R is real analytic and strictly
pseudoconvex, while the compatible Hermitian metric on B x R is also real
analytic. By the analytic hypoellipticity of Kohn Laplacian [y for n > 2
([Ta80, [Tr78]), the solution U is real analytic. What is more, there exists
some positive constant C, which only depends on the data in Remark
such that

IDU (2 ) e ixmy < UL (Bxm)C'* @l for any multi-index a.
In particular,

Hkmu(z)HLm(é) = HD;"UHLOO(EX]R) < C"ml|ul|p~(p), form >0.
Therefore,

C™m/!
[ull oo 5y < WH“HLW(B% for m > 0.



Quantitative upper bounds for Bergman kernels 757

Take m = [%] and then by Stirling’s approximation,

|
m: +

1
- 1 bk
lull o5y < o lull ey < €7 "'m2||ul| =) < Cre” " |Jull L~ (5),

where C1 = e and b = % O

3. Estimates of the Green kernel near the diagonal

Given p € X, let V be a coordinate chart containing p. Without the loss of
generality, we can assume V = B(p,3) C C". Recall that M(z) is a C? func-
tion on Rsq such that log (M (x)) is strictly convex. We define the following
class of functions, the growth rate of whose Taylor coefficients are controlled
by M.

Definition 3.1. Suppose u € C*(V). We say the Taylor coefficients of u
are majorized by M, if there exists some positive constant A such that for
any multi-index o € Zé’g with |a| #0 and any z € V,

DO"u (2)

Q!

(3.1) < Al (la).

We shall use Cpr(V') to denote the collection of all such smooth functions on
V. We shall also say a family of functions is uniformly in Car(V), if there
exists a positive constant A satisfying (3.1)) for any function in the family.

Remark 3.2. It is not hard to verify that condition (3.1]) is invariant under
holomorphic coordinates change if we allow A to depend on the coordinate
chart and local coordinates. Therefore, we can similarly define the class

Car(X).

Let ¢ be a Kéhler potential on V' such that all the second order deriva-
tives 0%¢ € Cpr(V). Set U = B(p,1) and we will prove the following esti-
mates of G (z,w) for z,w in a shrinking neighborhood in U. We first intro-
duce some notations before stating the result.

Let J(z) = M(z)"/* and assume J(z) is unbounded. In Lemma we
will prove that

2zJ' (x)

®J(2)J' (x)e 7C

is strictly increasing to infinity starting from some point zg > 0 and we let

21'QJ'(10)

(3.2) ko = x3.J(20)J (z0)e 7o)
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Then for each integer k > kg, the equation

2NJ/(N)

N2J(N)J' (N)e 7™ =k,

has a unique solution N (k) € Rso and we define f(k) as
_ N(k)\/J'(N(k))/J(N(k))
Viogk ’

and for k < ko we define f(k) = f(ko). By the following lemma, whose proof
will be given later, we know that:

f(k)

Lemma 3.3. Then f(k) is strictly increasing to infinity for k > k.

This section is devoted to proving the following theorem, which proves
our near diagonal estimates with f(k) defined above.

Theorem 3.4. Suppose the Kihler potential ¢ satisfies that 9%¢ € Cpr (V)
where M s strictly logarithmically convex and M (x)= is unbounded. Then
there exist positive constants a,b, C, v, Kk, independent of k so that for any

z,w € U with 10%k <|z—w| < f(k) % and k > k,

Gk (2,0)| + |V.Gn(z,w)| + | V. VWG (2, w)| < Cebklzwl,

When ¢ is analytic this estimate holds in the much larger neighborhood
'y\/logk <l|z—w| <1 for any k > k.

Remark 3.5. The constant b depend on the following data:

(a) the lower bound of /=109, i.e. a positive constant ¢ such that (qﬁij) >
cl in B;

(b) the lower bound of (g;5), i.e. a positive constant ¢ such that (gﬁ) >cl
in B;
(c) the constant A as in (3.1)) for metric g and 9?¢.

And C depends on (a), (b), (¢) and certain C" norm of ¢ and ¢ for some m
only depending on the dimension n.

The following lemma is the counterpart of Lemma [2.2] for metrics in the
class Cpr, which is a key step in proving the above theorem. As in [Ch13al,
we will construct analytic metrics to approximate g and h in the Cys class
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and apply Lemma to the approximation metrics. As the constants in
depend only on the data mentioned in Remark which are uniform
in a shrinking ball depending on k for all the approximation metrics, we can
prove for the Cps metrics in such a shrinking ball.

Lemma 3.6. Let the ball B = B(0,3) C C" be equipped with a smooth
Hermitian metric g € Cpr(B). Let L be a holomorphic line bundle over B,
equipped with a positive smooth Hermitian metric h such that all second or-
der derivatives 0% logh € Cy;(B). Then for each § € (0,1), there exist posi-
tive constants C and b, such that for any solution u € T'(B, A%?) (0 < g < n)
of Apu =0 on B,

—bf?(k)logk
B8) ol e oo = ©F el e .0y )
for any z € B(0,1),

where f is defined in (1.3)).

Here 9%log h € Cp;(B) means that for every local potential ¢ = —log h
on an open set B, there exists A > 0 satisfying (3.1) for any multi-index
o€ ZQZ% with |a| # 0 and any z € B,

Remark 3.7. As in Remark this lemma does not require the metric g
is polarized by the line bundle either. We still denote ¢ = —log h, which is
a Kahler potential in the polarized case. The constants C' and b depend on
the same data as in the previous remark.

Before proving this lemma, we first show the application of this lemma
in proving Theorem

Proof of Theorem[3.4 Given w € B(p, 1), by using the Bochner coordinates
at w, we can write the Kihler potential as ¢(z) = |22 + O(|z[*) = |2|>¢(2)
for some ¢ € C*°(B(w,2)) and any z € B(w,2). Fix r > % and define a
linear map 7' : B(0,2) C C"™ — U such that T'(¢) = r(. Pulling back the op-
erator Dy, = ﬁk#), we obtain

) 7.2
where 0;, always acts on the ¢ variable and

k=kr?> log k.
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Associated to the L? inner product induced by the metric g(r¢) over B(0, 2),
we can also define the adjoint of EZ .(r¢) and the Laplace operator A]t 6(rC)"

Note %QC IC|2¢(r¢) as a function of ¢ belongs to C*°(B(0,2)) for any
0 < r <1. What is more, the following data are also uniform for 0 < r < 1.

(a) 00T ¢(T< = (09¢) (r¢) is bounded below uniformly for 0 < r < 1.
(b) g(r¢) is bounded below uniformly for 0 < r < 1.

(c) 8Qw = 02¢(r() is in Cps uniformly for 0 < » < 1. This is to say, there
exists a positive constant A satisfying (3.1) for all functions 82%
with 0 < r < 1.

(d) The metric g(r¢) is in Cps uniformly for 0 < r < 1.
Pulling back the Green kernel G via T and using (3.4), for any nonzero
¢ € B(0,2) we have

(3.5) A;L, d(r¢) Gr(r¢,0) = k B(r) gk(T’C 0) = T (ArGr) (¢,0) = 0.

By taking § =1 in Lemma , for any (¢ with %f(l%)w%g IC| <
1V 1
710 Og

, we have

0 <C —bf( logk B _
Gu(rC. 0)] <Ce 1940, 1t 55

Note that whenever { € B((, %f(%)\/ 10}%%), one has |£| > éf(%)iib%E Since

f(k) is bounded from below by a positive constant by Lemma we have
1

|€] > ¢k~ 2 for some positive constant c. Now for any f < r <1, the a priori
estimates on Gj, in Lemma [2.1] imply

G (¢, 0)| < Cktebf*®)logk
The constants C' and b only depend on the positivity of v~109¢, the con-

stant A in (3.1]) for 9?¢, and n. The constant a only depends on the dimen-
sion n. Since for any ¢ # 0,

o) 91,0 =

77,2
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where AT ¢( C) acts on the first variable ¢, by using the interior estimates

7

with R = 6-]5 and Sobolev embedding theorem, we obtain

0
”gk(rC7 )H A(O f \/m) f k)( logk
< Ck“ 0
Hgk(,rc )HL"C(AO f(k) logk) f \/m)

< Ckaefbf (k) log k

< Ck®e— 3kIr¢l?
In each line, C' and a may be renamed by new constants, but they only
depend on the positivity of v/—190¢, the constant A in (3.1]) for 9%¢, and

n. And a still only depends on n. Therefore, uniformly for any w € U, any
r with % <r <1, and any z,w € U satisfying

SFkr?)\ S < o —w| < rf(kr?) /B0,

we have
Gz, w)| + |V2Gr(z, w)| < Cke PFlz—wl®,
In particular, if we vary r within the interval [2](1/2’ 1], we have for z,w € U

with /185 < |2 —w| < f(k)y/ 2%,

|gk;(2,’w)| + |vzgk(27w)| < C’kae—bk\z—wp‘

Since AgV.Gk(z,w) = AV, Gr(z,w) = 0 if A is acting on the w vari-
able, the estimate on V,V,,Gi(z,w) follows by bootstrapping. By the rela-
tion (2.1]), this lemma immediately implies the Theorem [1.2 n for any points

z,w € X with lolfk <d(z,w) < f(k)\/ =% logk Here v is a sufficiently large

b
constant so that k% can be absorbed by e~ 2%(=)° This finishes the proof
of Theorem except it remains to prove it in the analytic case. O

3.1. Proof of Theorem in the analytic case.

We provide two proofs. The first proof E| is obvious from the above rescaling
argument, the only change is that instead of Lemma [3.6] which is specialized

4This proof was communicated to us by M. Christ [Ch17].
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for the non-analytic cases, we use Lemma [2.2] combined with the uniformity
of the following data:

(a) 00Z ¢(TC = (00¢) (r¢) is bounded below uniformly for 0 < r < 1.
(b) g(r¢) is bounded below uniformly for 0 < r < 1.

(c) O?&R ¢(Tc = 9%¢(r() is uniformly analytic for 0 < r < 1.

(d) The metric g(r¢) is uniformly analytic for 0 < r < 1.

The second proof involves taking the limit s — 17 in Corollary Since
we need to understand the constants involved in terms of s, we shall give
this proof in Subsection [3.4]

3.2. Proof of Lemma [3.6]

By translation, we can assume z = 0 and work in B(0,2). Take the Taylor
expansion of ¢ at 0, that is,

+Z¢z @+Z¢ gﬂZ% )GiG

1,j=1

+ Z ¢:7(0)¢iC; + 3 Z ¢77(0)¢;C; + O(I¢I?).

3,j=1 1,j=1

Set

0) + Z $i(0)Gi + Z Qb{(O)Zz 2 Z ¢zg Cij 2 Z ¢ Z Z
i=1 i=1

1,5=1 1,7=1

Let @ be the real-valued harmonic conjugate of P, normalized to vanish at
0. Since O(P +1iQ) = 0,

ﬁk"ﬁ =0 + %5¢/\ - eikQ (5 + %5(¢ - P)/\) e_ikQ = €ikak7¢,p€_ikQ.

With the L? inner product induced by g on T'(B(0,2),A%%), the formal
adjoint operators are related by

Ez’¢ = eika;(ﬁ_PG_ikQ.
For the Laplace operators, we have

Ak@ = eikQAk@,peiikQ.
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Therefore,

Apgu =0 if and only if Ak’¢_P6_ikPU = 0.

What is more, u and e~ %Py share the same L> norm. So by replacing ¢ by
¢ — P, we can assume the Taylor expansion of ¢ at 0 has the form

A0 = 656+ O(CP).
i,j=1

We will now extend ¢ to a plurisubharmonic function on C™. Let n be
a smooth cut-off function on C" such that n =1 on B(0,1) and suppn C
B(0,2). For any ¢ € C", define

$(0) = 62(0) +n (£) (6(0) — 92(0)).

where € is a small positive number and ¢, is the Taylor polynomial of
degree 2 for ¢ at 0, which in here ¢2({) = Z?j:l ¢:7(0)¢iC;- Then 1 is close
to ¢o in C? norm when &g is sufficiently small.

Lemma 3.8. When ¢ is sufficiently small, we have

| — é2llc2(cny = Ofeo).

Proof. Since ¢ — ¢ = 0 when |(| > 2¢¢, we only need to consider |(| < 2gy.
Since ¢ is sufficiently small, by Taylor’s theorem,

$(¢) — ¢2(¢) = O(I¢P).

Therefore,

[ — d2llc2cny = 1Y — d2llo2(B(0,250)) = Ol€0)- O

In particular, this implies that (81'&]-111) (¢) is positive uniformly for ¢ €
C" when ¢ is sufficiently small, because 0;0;¢2(2) = 0;0;¢(0) is a positive
definite constant matrix. From now on, we will fix such a sufficiently small
constant gg.

To proceed, we need the following lemma on the function J(x) = M (x)
on R>0.

1/x

Lemma 3.9. If log M(z) is strictly convex and J(x) is unbounded, then
there exists some xo > 0 such that J(x) is strictly increasing for x > xg



764 H. Hezari and H. Xu

Proof. Since log M (x) is strictly convex, xlog J(x) is strictly convex. By
taking two derivatives, we have

(3.6) 250+ e > 0.
It follows that
J(@)\ @) (@) - (J(@)? S (x)
x(J@)) ET ) 7 )
Therefore,
(3.7) (x2‘§((§))> > 0.

So either J'(x) is always negative, or J'(z) is positive starting from some .
In the first case, J'(z) < 0 implies that J(z) is bounded, which contradicts
our assumption. So J'(z) is positive after some zp, and the result follows
immediately. O

Definition 3.10. We define g to be the smallest number such that J'(x) >
0 for x> xo and J(x) > J(y) for all y < xo.

Next, we construct a sequence of real analytic functions ¥y , to approx-
imate 1. Define

(3.8) U (C) =172 (r¢) + 772 (1= n(Q)) (2(r() — Un(r¢))

where ¢ is the Taylor polynomial of degree N for 1) at 0. We will restrict
r to be
1
— <r<eM(N)"'N,
vk ST = M)

for some variable € > 0 sufficiently small, where all approximation functions
¥y, are uniformly plurisubharmonic on C".

Lemma 3.11. There exits some € +1 > 0 depending on constant A, di-
mension n and the metric g, such that /—100V n ,(() is positive uniformly
for (€ C" and r < aM(N)*l/N for all 0 < e <eq.
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Proof. Tt is sufficient to show that when ¢ is small enough, uniformly for
r < eM(N)~'N, one has

(3.9) VN (€) = ¥2(Q)llcz(cny = Ofe).
By , Y, writes into
Unr(Q) = ¥2(Q) + 7 720(C) (U (r¢) — ¥a(r()) .-

Since suppn C B(0,2), we only need to estimate

Recall ¢ and 95 are Taylor polynomials for ¢ at 0. Denote v = (¢, (). Then

ri? (dJN(rC) - ¢2(7”C)) = Z %(0)7“'04_21)0‘.

3<|a|<N

5 O (r0) — (7€)

C2(I¢1=2)

By Lemma and Definition if N >z then we have M(|a])!/lol <
M(N)YN for any 1 < |a| < N. Note that ¢ = ¢ in B(0,e0) and thus we
have

| & (¥ (r¢) — @Z)?(TC))ch(\qg)
< Y BRO)| R e

3<]al<N

a2
< 3 AR (o) - 2) <5M(N)*1/N) |22l
3<|a<N

< D (A2

3<[a|<N

1
16A°

175 (U (r¢) = 2(rQ))| pogepazy < 27 Ae.

Therefore, when ¢ <

So the result follows by the fact that T%@D(TC) = ZZ]‘:1 gbij(()){izj. O

Remark 3.12. By using the same argument, we can actually generalize
(13.9) to any C™ norm. That is to say,

10N (C) = ¥2(Ollem(cry = Oml(e)-
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The approximation functions Wy, are also uniformly real analytic as
stated in the following lemma.

Lemma 3.13. There ezist some €1 > 0 depending on A, such that ¥y ,(()
are real analytic on |C| < 1, uniformly forr < eM(N)~YN for all0 < e < e;.

Proof. We denote v = (¢, (). When |¢] < 1, (3.8) writes into

\IINJ’(O = 7’_2'¢N(TC) = Z %(0)7“'0“_2@0"

2<|a|<N
After taking derivatives,
Dﬂ\I/N Z z D3t () lal- 2< ),Ua—ﬁ
2<|al<N B<a B
By using the fact that ¢» = ¢ on B(0,¢¢),

‘Df\ll/é\;m(o’ < Z Z A|a\—2M(’a‘ _ 2)r\cx|—2 <g>

2<]a|<N f<a

< Z 2lol(Ag)lel=2,

2<|a<N
1
When e S 1A
Dﬁ\I/N 2TL+5
’ ‘ U

Similarly, we will also approximate the metric g by analytic ones. Define

(3.10) gnr(€) = gn(r¢) + (1 =n(¢)) (9(0) — gn(rC))

where gy is the Taylor polynomial of degree N for g at 0. By the same
argument as in Lemma |3.11 we can show that

(3.11) lgn.r () = 9(0)llc2(cny = Ofe).

In particular, when ¢ is sufficiently small, gx, is bounded below by some
positive constant on C”, uniformly for » < eM(N)~'/N. What is more, the
same argument as in Lemma implies that gy, is real analytic on |(] < 1,
uniformly for r < eM (N)~ /¥
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For each plurisubharmonic function ¥y, on C" and any k > 0, we can
define Dy g, _, ,, =0+ %81111\;_”_177«/\. With the L? inner product on dif-
ferential forms induced by gn_y—3.,, we have the formal adjoint E}:,\I,N_n_m.
We can further define the Laplace operator

Ak Uy rgnona, = Ek,\IIN,nfl,rﬁz,\yN_n_l,r + bz,\pN%_uﬁk,\pN,n,u-
One key observation is that
ﬁkTQ,\IIN,n,l = 5k:,rQ\I/;\r,n,la
and so is that
Alr2 Uy o ygnemsr = k2 Wy gnna

Denote AN =Agr2 9y _,_, ,.gn_n_s, for simplicity and let A=Ay ¢) 4(r¢)
for |¢] < 1. We will compare these two Laplacians.

Lemma 3.14. For any w € C""2(B(0,1)) and any |¢| < 1, we have

|Aw(C) — Anw({)|n < CE*(2"T2 Ae)N "2 |w(()

C'n+2 5

where C' is a constant only depending on the metric g and dimension n and
[w(Q)|em =225 [0 w(Q)] for any m > 0.

Proof. Recall that when || <1, 72Uy ,.(¢) = ¥n(r¢), which is the Taylor
polynomial of ¢ at 0. By Taylor’s theorem,

1
V0 =m0 = Y 260" [ 1= (D) ()

|a|=N—-n

Allow C(n) to be a constant only depending on n, which may change in dif-
ferent steps. Thus, for r < eM YN and sufficiently small €, we can estimate
the difference as

[4(r¢) = ¥n—n-1(r¢)|

o2 (lcl<1) < C(n)2(n+3)N(€A)an
< C(n)(2n+36A)N_n,

Similarly, gn—n—3,(¢) = gn—n—3(r¢) for |(| <1, which is the Taylor poly-
nomial of g at 0, whence

lg(r¢) — gn—n—3,(C)]

cria(ci<ny S Cn)(27FA) N2,



768 H. Hezari and H. Xu

Since gy, are bounded below and above uniformly on |¢| <1 by (3.11)), we
also have the similar estimates on the inverses of gy, and g. That is,

< C(2n+3AE)N7n72’
Crt2(I¢1<1)

lo™ 00 = 93ts,0)

where C' = C(n,g) is a constant depending only on the metric g and di-
mension n. Note that in general, the notation Ay, 4 , denotes a second order
differential operator, whose coefficients are polynomials of derivatives (up
to second order) of g,¢ and g~!, together with & and k2. Thus, for any
w € C%(B(0,1)) and any |¢| < 1, we have

|Aw(C) — Anvw({)]gn < CK*(23 Ae)N 2w ()| cnete.

Now define w(¢) = u,(¢) := u(r¢). Since for any |{| < 1,

Aur(€) = Ag y(r0),9(r)WTC) = A o(r¢),g(re)u(1¢) = 0,
by using the interior estimates (2.5), we have for any |¢| < 1,

(3.12) IANU(O)|on < CEA2" 3 A)N 72, (C) o

< Ck2n+5(2n+3A€)anf2HUTHLQ 1

(B(¢:5)

Recall that Ay =Ap2 wy_, 9,5, Where uniformly for r < eM~N,
V=190V v, is positive by Lemma(3.11fand [[gn(¢)|lc2(cn) is bounded above
by (3.11). Performing a standard integration by parts calculation (see Chap-

ter IV in [Ho66]), for \/% <r <eM~YN and any h € C§°(C™, A%,

kr?
(Athh)mZT(hvh)Lz

Note that the L? norm here is induced by the metric gn_,_3 on C".
Let 1 be a smooth cut-off function such that n=1 in B(0,3) and
suppn C B(0, %) Then for the equation

Anv = nAnu,,
there exits a solution v such that

(313) ||’UHL2 < — UANUTHLZ-
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Combining with (3.12]), we have
(3.14) [vllre < CR*M5(27 2 A)N =2 | L2 (o 1) -

By the interior estimates (2.5) and the Sobolev embedding, we have the
pointwise estimates of v in B(0, 7). That is,

[0(Q)] < Cllollmeso,y < C (B ol aaoay + F* ANV ans0.1)) -

Using (3.12)) and (3.13)), we have

[0(Q)] < CR™ Ayl a0,y < OB 0@ AN "2, o

€3

On the other hand, as Ay(u, —v) =0 for ¢ € B(0, ) and all the data in
Remark are uniform for % <r<eM YN by Lemma

= vl 0,2y < Ce™ Ml = vl =(00,2))
< Ce—bkrz (1 + k3n+6(2n+3A€)N—n—2) ||Ur||L°°(B(O,1))7

where b is some positive constant independent from k,r and N. Therefore,

[ur]| L (B(0,1)) < CE*M 0™ |u, || L 5 (0,1))

+ C 3716~ (N—n—2) log( 5 )

||| Lo (B(0,1))-

We restrict N > 2n + 4 and e < 2271642 and rename b to be min {b, %}
Then,

(3.15)  [lurllp=~(Bo,2)) < Ok <€_ka2 + belOg(é)) |wrll = (B(0,1))>
where C' is a positive constant depending on the constant Ain (3.1)) for 0%¢
and g, the dimension n, the positivity of v/—1900¢ and g.
We now set 7 = eM(N)~/N with ¢ < €, where ¢ is sufficiently small
so that (3.15)) holds, and match the decay rates to obtain
kr? = Nlog (%) .

To get the fastest decay rate, our goal is to maximize kr? under the above
restrictions.
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2NJ’ (zg)

Lemma 3.15. Given k > x3J(z0)J (x0)e 7@, if r € (0,00), € € (0,¢1],
N € [zg,00) satisfy

r=eM(N)"YN  kr? = Nlog(1/e),

Then there exists a unique point (7,&, N) mazimizing kr? under the above
conditions. What is more, the mazximum satisfies

(3.16) C(e1) 1 f2(k) log k < max(kr?) < f?(k)logk,

where f(k) is defined as in and C’(e ) is a constant depending on &1

(for example we can take C(e ) = 4103 1 /€1) ).

Now we use this lemma. to finish the proof of Lemma and the proof
of Lemma, is delayed to the next section.
Since (r g, N) is the point where kr? is attaining the maximum,

implies

Clen) ™2 F(R)\REE <7 < )y 2EE.
Plugging r = §7 into (3.15)) for given ¢ € (0,1) and using the fact that
limg_, o0 f(k) = 400 by Lemma we have

Il s, e f (VD)
< C3n+6 (e—bd max(kr?) + e—bmax(kr2)>

HUHLw(B(o,&f(k)\/@))

< Ce—lbdzfz(k) logk:HuHLoo

O(Sf k’) /logk

Here C is a positive constant depending on the constant A in (3.1) for 0%¢
and g, the dimension n, the positivity of /—109¢ and g. We then rename
%béQ by b. The result follows by a covering argument.

3.3. The optimization problem for f(k)

In this section we prove Lemmas [3.15 and [3.3]
Note

kr? = ke?M YN = Nlog (1).
This can be written as
ke?

1 NM?N .= ¢(N).
og(

(3.17)

;=

M [=
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By Lemma[3.9 g(N) = NM?/N = NJ2(N) is strictly increasing for N > .
We set N > g from now on. Equivalently, that means
ke?

@ = g(N) > g(zo).

Let eo(k) be the only solution to 10’;?21) = g(zp). Then given & > go(k) we

can solve N = N(g) = g~ ! < ke ) For ¢ € [g9(k), 1), we set

log (%)
1
h(e) = N(e)log (5) .
Then h satisfies the following property.
Lemma 3.16. Given k > 0, h(e) has a unique critical point in (eo(k),1),
denoted by (k). h is strictly increasing in (0,e(k)) and strictly decreasing
in (e(k),1).

Proof. We compute the critical point of h,

1 N
h(e) = N'(e)1 - =-—.
& =N (1) - 2
On the other hand, if we rewrite (3.17)) into
2 1
ke® = g(N) log g )
and take the derivative, we get
2ke = ¢/ (N)N'(¢) log <1> _ 9,
€ €
Therefore,
1\ 2ke + 20
3.18 N'(e)1 - )= —F
(3.18) @oe (2) =

and h'(¢) turns into

(3.19) h/(g):%g""MTz g(N) 210%(%)9(N)+9(N)—Ng’(N)'

JIN) e eg'(N)
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If we set h'(¢) = 0, then the critical point satisfies

1\ N¢(N)—g(N)  NJ(N)
o <>‘ 20(N) ID)

Plugging this back into (3.17]),

Ng/(N) = g(N) | sahsms oy o
3.20 k=g- e ) =N"J(N)J'(N)e 7.
(3.20) T (N).'(N)

We will show that the function on the right side is strictly increasing to
infinity when N > x.

Lemma 3.17. Let G(z) = % for x € Rsg and let zy be defined by
Definition|3.10. Iflog M (z) is strictly convex and M(z)> is unbounded, then
g(x) - G(z) - @) s strictly increasing on (xg,00) and converges to 400 as
T — 00.

Proof. Recall that g(z) = asz(:c) and thus zlog(g(z)) — zlogx is strictly
convex. By a straightforward computation,

(3.21) (zlog(g(z)) — zlogx)’ =

By Lemma @ is strictly increasing on (xg, 00). It implies that for
xr > X,

So (3.21)) rewrites into

G'(z) — éa(x) )+ L) % > 0.

In order to show that In g(x) + In G(x) + G(z) is increasing, we compute its
derivative:

G'(x)

(Ing(z) +InG(z) + G(z)) = G(z)

+G'(z) >

1
+->0.
T



Quantitative upper bounds for Bergman kernels 773

Now that g(z)-G(z) - e“®) is strictly increasing for = > xg, it remains to
check g(z) - G(z) - e“® is unbounded. Assume not. Then there exists some
constant C' > 0 such that

which can be rewritten into

/
(9(@ n C) <0,
x x
which is against the assumption that @ = M(z)%* is unbounded. So the
result follows. O

Now that the right side of (3.20f) is strictly increasing in N, for any k >
39(20)G(20)e%(®) there exists a unique solution N(k) >z as in (L.2).
And by using the relation kgi = ¢g(N) in (3.17)), we can further solve (k) €

lo
(0,1), the critical point of h(e). It is clear that (k) € (e9(k),1) by the fact
g(N(k)) > g(xo).
Since h(e) has a unique critical point in (¢o(k), 1), it remains to check h
attains a local max at (k). By taking one more derivative of (3.19),

" 2log (3) +3g  2log () +1(¢)" —99" N'() N
h (8) - 2 o 2 - + 2
€ g € (9" € £
__2log(2)+3yg L 2log (2)+1(g)° — 99"
e 3 (9')?
B 1 2glog (%) +9 N
e2log (%) q )
Using (3.6)),
h//() _210g(%)+32 210g(%)+1 Qigl_i g 2i
62 g/ € q N g, N

e2log (1) ¢
Since at the critical point

g(e(k))

=

g'(e(k)) 2log <%> + 1,
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it follows that

” B 2 N 2
h (E(k')) < E(k‘)Q 2log <ﬁ> 1 + E(k)
1 N

e(k) (2 log (ﬁ) + 1) e(k)?log (ﬁ) .

Thus h”((k)) < 0 by noting the fact

N

| 1 1 < 1
ma og|—)=-<—.
0<a§1€ & 15 e 2

So the function h is strictly increasing before the critical point (k) and is
strictly decreasing afterwards. O

As ¢ is actually contained in (eo(k),e1] under our constraint, there are
two cases for the maximum of h(e). The first case is when (k) < &;. Then

1
h = N(k)1 — .
ety el () (k) log <e(k)>

The second case is when (k) > e and the maximum of h(e) is attained
at €1 instead. But in this case, h(e1) is actually comparable to h(e(k)). To
be precise, we claim that there exists some constant C'(¢;) depending on &;
such that

(3.22) h(e1) < h(e(k)) < C(e1)h(er).

The first inequality is clear by Lemma [3.16] To prove the second one, we
need the following lemma on g.

Lemma 3.18. Iflog M () is strictly convex and M(z)= is unbounded, then

(a) g(x) is strictly conver on Rsg.

(b) For anyy > 1 and any k > g(xo),

;g‘l(ky) < g '(2k).
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Proof. Recall (3.21)) and rewrite it into

g"<x>><g'<x>>2_2g/<x> 1<g’<x> 1)2

o)~ \g@) ORE

g(z) =

Thus (a) follows immediately.

Now we prove (b). Since g(z) is increasing for = € (xg, c0) by Lemma
and convex by (a), the inverse function g~!(z) is concave on (g(z¢), o0). For
any k > g(xo) and y > 1, we have

So we obtain (b). O

Now we prove (3.22). If e(k) € (e1,e7!), then

ke(k)?

n(ets) = tog (/=) o~ (P

> <log(1/e1) g ' (k),

and Lemma [3.18| gives that for any k >

9

29(z0) 102g(1/€1)
£

1

1 2log(1/e1) _,4 ke?
o = R ()

&1
Therefore, (3.22)) follows by setting C'(e1) = %%/51).
On the other hand, if (k) € (e71, 1), then using Lemma again, for
any k > 210g5(21/61)

, we have

4log(1 ket
() < g (o) < TG/ (m(%)) ’

€1

and thus (3.22)) follows by setting C(e1) = %.

Proof of Lemma[3.3 We denote S(N(k)) = ‘5((]]\\,[((5)))) and then f2(k) writes
into

N2(E)B(N (k)

2 _
F(k) = log k&
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We denote N (k) = ‘%(/{) and compute the derivative of f2(k):

. e
(3.23) (f2)f(k):NN(2ﬂ+Nﬁ)klgk N3

klog? k
Taking the logarithm of (1.2]), we get
(3.24) 2log N +2logJ +log B+ 2N = log k.

Differentiating this, we get

_ 1
=

(2 ! AN p 1
N<N+26+5+2ﬁ+2N5>_N(N5 +26)<NB+2)

We solve N and plug it into (3.23):

-1
1 _ N2
(f?)/(k):N(Nﬂ_'_Q) logk Nﬁ:Nlogk—N—QNzﬁ
klog? k 2. ( L '
klog® k Nﬂ+2

Note that S(N(k)) = % >0 for N(k) > xo by Lemma So it is

sufficient to check logk — 1 — 2N is positive. By (3.24)),
logk —1— 2N =2logJ +log (N?8) — 1.

By , log (NZB) is bounded below when N (k) > zy. Recall J(z) is in-
creasing to infinity when x > xg by Lemma and N (k) is also increasing
to infinity. Thus f(k) is strictly increasing when k is large enough. It remains
to show that limg_,o f(k) = 00.

Recall from the proof of Lemma that

F2(k)logk = h(e(k)) > h(k™Y%).

The second inequality is valid because h attains the maximum at e(k).
If e =k /4, then for sufficiently large k satisfying 4‘@ > x9, N(e) =

log
gt (fﬁﬁ) by (3.17). Thus,

1 4k
~1/4y _ 1 1
h(k™/%) 19 (logk) log k.

The result follows by the fact that g(z) = xJ?(z) is increasing to infinity on
(x0, 00). O
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3.4. The second proof of Theorem in the analytic case

Let s € (1,2) and assume h € G' C G*. Clearly the majorant is given by
M(N) = NG"DN and hence correspondingly J(N)= N*"! and g(N)=
NJ?(N) = N?*71 Tt is clear from Definition that in this case z¢ = 1,
and therefore kg = (s — 1)e?*~2. From the proof of Lemma we also
require that k > %, where €1 only depends n and A but not s. In

addition, in the proof of estimate (3.15]), we need N (k) > 2n + 4. But since
N (k) satisfies (|1.2) we get

o225 5T L o225 5T
N(k)—<8_1> kzzs—12<8_1> .

Hence by choosing s sufficiently close to 1 we get N(k) > 2n+4 for all
k > 1. Another place that we need to carefully study the dependence of our
constants on s is in the proof of Lemma when we absorb k%) into
e*bf(k)glogk, where a(n) depends only on n. To do this we need to choose
k large enough so that bf(k)? > 2a(n). This follows because by for s
sufficiently close to 1, we have

(s —1)N(k) 2 1 aee kE 1 ks
E=—"r—=> = — 1)2s—1 e25-1 > = .
f(k) ( log 8 ) e e 2 5 sk

Finally, since b and C' in Theorem [3.4] are independent of s, we can take the

limit as s — 17, and obtain f(k) — %, which proves Theorem in the

analytic case.

3.5. Estimates of the Bergman kernel when d(z,w) < v/ loik

In the shrinking neighborhood d(z,w) < v4/ % for any v > 0, the asymp-

totic expansion of Bergman kernel ((1.8)) is actually still valid. The following
theorem is due to Shiffman and Zelditch in [ShZe02] and [ShZe08]. We in-
clude a proof here for the completeness using [BeBeSj08].

Theorem 3.19. Assume he C™. Given any positive constant v, if d(z,w) <

log k

©, then we have

m—1 _
B kT bj(z,w) 1
— o—kY(zw) M I\ i
(3.25) Ki(z,w) =e¢ — 1+ ;:1 % + o Om (1)
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Here, (z,w) and bj(z,w) are (almost) holomorphic extensions of ¢(z) and

b(2,2) from (L3).

Note that by taking m = 1, (3.25|) writes into (|1.9)), which in particu-
lar implies the desired estimates (1.1]) of the Bergman kernel for d(z,w) <
logk
~

Proof. For any m € N, when d(z,w) is sufficiently small, we have the off-
diagonal expansion from [BeBeSj08]:

m—

Kp(z,w) = " w) (¢(2)+¢(w))k*m+n0m(1)'

=1
By combining the terms on the right hand side together, we obtain
7’L m—

Ki(z,w) =" Z

+62(¢(Z)+¢(w) WEO)E=mO,, (1)

Now we replace m by m + p in the above equation. Then

ﬂ-n

n m+p—1 ) _
Kk(z 'w) ekw(zrw)k<1 + Z b](z,'w)
j=1

+ ez (@R =20 pmmopg (] )>

For the error term, if we take p > ~? we have

o5 (@(2)+o(w) 20 (2,0)) ‘_62 (2w) < Ghd*(zw) < }7* < P,

Therefore,

n m—1 - m+p—1 _
Ki(z,w) :e_k¢(sz)k<1+ bj(z,.w) n Z M

+ kP - kmp0m77(1)>

—kl/)(z w) ( mz:
=1

So the result follows. O

) 0,0 ))
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4. Estimates of the Green kernel far from the diagonal
In this section, we are going to prove Theorem By the relation ([2.1))

between the Bergman kernel and Green kernel. it is sufficient to estimate
Gr(z,w) and its derivatives.

4.1. Construction of local Green kernel

Lemma 4.1. Given any r with v > f(k)y/ 6%, there exists a bounded lin-
ear operator

T : L*(X, A" (LF) = L2(X, A% (LF))
such that for sufficiently large k,
(1) The distribution kernel of T is supported in {(z,w) : d(z,w) < r},

(2) [|T 0Oy — I|| < e trfVklogk “yhere b is a positive constant depend-
ing on (L,h) and X.

Proof. Fix r with r > f(k)y/ %, For any z,y € X, define

K(z,w) = Gi(z,w)n (fQ(k;Clngd(Z’ w)2> )

where 7 is a smooth cut-off function such that suppn C B(0,1) and n =1
on B(0, 1). Then clearly we have

supp K C {(z,w) €X xX:d(z,w) < f(k) lol%k}.

Define
P L3(X,A%Y(LF)) = L2(X, ADY(LF))

as the operator with distribution kernel K (z, w). Letting O act on z variable
and computing derivatives straightforwardly,

|0k (K (z,w) — Gg(z,w))| < Ck (|G(z,w)| + |V.Gi(z,w)]) .

Since |0y (K (z,w) — Gi(z,w))| is supported in

{(Z,U))EXXX:%f(k) %Sd(%w)g!}c(k) 10%k}7
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so by Theorem we have
|G (z,w)| + [VaGr(z,w)| < Ce /" R)loek,
and therefore we must have
IO (K (2, w) — Gr(z, w))| < Ck2e b/ (R)logk,
In terms of the operator P, the above inequality becomes
|0y 0 P —I|| < Ck2e b/*(R)logk,
If we change b to %, then for sufficiently large k,
|0y o P —I|| < e b/ (R)logk,

Next define operators

N-1
E=I1—-00P, T:PoZEj.
7=0
Then
N-1
OkoT=(I—-E)o Y E =I-EV.
7=0

Taking the operator norm, we get
|OgoT —I|| < |E|N < e PN (k) logk,

1_ vk
2 ) log R+ L hen

_ [ Vkr
Set N = 70 viog®) =

b
IOk oT — I|| < e~ 2 fIVETogF,

Since [ and T are both formally self-adjoint, we immediately get the
same bound for T o, — I. Recall supp K C {(z,w) € X x X : d(z,w) <

F(k)\/28%) so is the distribution kernel of E. Therefore, the distribution

k
kernel of T is supported where

d(z,w) < Nf(k)\/ %85 <.
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Now we will prove Theorem First, note that when d(z,w) <~ lo,% k.

the asymptotic expansion ([1.9) is valid and (1.1)) directly follows, and when
% <d(z,w) < f(k) lolfk, (1.1)) follows by Theorem It remains to

prove the result for d(z,w) > f(k)4/ lo]%k:'

4.2. Estimates of the Green kernel when d(z,w) > f(k) loik

Lemma 4.2. There exist positive constants C and b such that for any
z,w € X with d(z,w) > f(k)\/ 2%, we have

k

1Gr(z,w)|c2 < Ce b R)VElogkd(zw),

Proof. Given z,w € X with d(z,w) > f(k) %. By taking necessary
embedding and restriction, we can regard () as an operator from
L2(B(y, 3d(z,w)), A% (L)) to L2(B(z, 3d(z, w)), A% (L*)). Set r = d(z, w).
Let T'(2',w") be a local Green kernel constructed in Lemma supported
where d(2',w') < § and T be the associated operator. Then for any u €
L?(B(w, +d(z,w)), A% (L*)) with suppu C B(w, +d(z,w)), we have

Gru = TO,Gru + (I - TDk) Gru=Tu+ (I — TDk) Gru.

Since supp Tu C B(w, $d(z,w) + %), which is disjoint from B(z, 1d(z,w)),

| (I = TOk) Grull L2z, 2 d(z w)))
%e‘brf(k)m||u|‘L2(B(

1Grull L2 (B(z L d(zw))) =

IA

w,%d(z,w))) .

The second inequality follows by the second part of Lemma [4.1] and the fact
that (g is bounded below by g for sufficiently large k. Thus as an operator
from L2(B(w, 1d(z,w)), A%L(LF)) = L2(B(z, 1d(z,w)), A%L(LF)),

|G|l < ZembrfUIVRIoEE < obri(k)VETogk

Since O Gru = u, which vanishes in B(z, id(z, w)), if we apply the interior
estimates (2.5 to Gru, then for any m € N,

[nGrull g (p(z,1y) < CE™|Grull 2Bz, 1))

< Ck™e T OIVEIER lu Loy a0y
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where C' is a constant only depending on m and Kéahler potential ¢. Taking
m = n + 1 and applying Sobolev embedding theorem,

|Gru(z) ey < CRMTLePrd (R klogkHUHLQ(B(w,id(z,w)))'

Therefore,

[ uw(Q)Gr(z, Qe O], .,
1Gk (2, ) L2 (B(w, d(z0))) = sup
u€L?(B(w,td(z,w))) HUHLQ(B(w,id(z,w)))
< Ckntle—trf(k)vkloghk

Since for any ¢ € B(w, %d(z, w)), we have
UkGr(2,¢) =0,

where [ acts on the second component, again using the interior estimates
(2.5) and Sobolev embedding theorem, we have

|Gz, w) e < CE" |Gl )l 12 (B, Ld(ayy) < CK et/ K)ViIosk,

1
r4
Therefore,

’Gk(z,’wﬂhk < Ck2n+26—bf(k’)\/md(z,w) < C/e—%f(k)\/klogkd(z,w)'

Note the constant C only depends on the dimension n, constant A as in ((3.1])
for 9%¢ and positivity of v/—109¢. Then using a standard bootstrapping
argument, we obtain the estimates for the C? norm of G, (z, w) with respect
to z and w variables. O

4.3. Proof of Corollary

In Theorem we proved that in the particular case when h is analytic we
have for any k& > k

Gk (2, 0)| + |V.Gr(z,w)| + |V VuGi (2, w)| < Cebhlzmwl®,

whenever 10%k < |z —w| <1, which in terms of the distance function on

X can be considered as 10%]’3 < d(z,w) < for some § > 0 and a new ~y
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comparable with the previous one. We then use the same iterative argument

1
as above with f(k) = \/Ifozﬁ’ combined with a covering argument, to obtain

1Gr(z,w)|c2 < Ce R0 for  d(z w) > 4,

which implies the same estimates for the Bergman kernel. But note that
since X is compact, in this estimate we can replace d(z,w) with d(z,w)? by
making b a bit smaller; for example changing b to ﬁ(x)’ with diam(X)
being the diameter of X, would do the job.

Acknowledgements

We are grateful to M. Christ for communicating to us a sketch of the proof
of Corollary The second author would like to thank Z. Lu and B. Shiff-
man for their constant support and mentoring. We are also thankful to the
anonymous referee for many helpful comments.

References

[BeBeSj08] R. Berman, B. Berndtsson, and J. Sjostrand, A direct ap-
proach to Bergman kernel asymptotics for positive line bun-
dles, Ark. Mat. 46 (2008), no. 2, 197-217.

[Be03] B. Berndtsson, Bergman kernels related to Hermitian line
bundles over compact complex manifolds, in: Explorations in
Complex and Riemannian Geometry, Contemp. Math. 332,
pp. 1-17, Amer. Math. Soc., Providence, RI, (2003).

[Cal53] E. Calabi, Isometric imbedding of complex manifolds, Ann.
of Math. 58 (1953), no. 2, 1-23.

a . Catlin, e Bergman kernel and a theorem of Tian,

Ca99] D. Catlin, The B kernel and h Ti
in: Analysis and Geometry in Several Complex Variables,
(Katata, 1997), Trends Math., pp. 1-23. Birkhéuser, Boston,
(1999).

[Ch91] M. Christ, On the O equation in weighted L? norms in C!,
J. Geom. Anal. 1 (1991), no. 3, 193-230.

[Ch03] M. Christ, Slow off-diagonal decay for Szego kernels associ-
ated to smooth Hermitian line bundles, in: Harmonic Analy-
sis at Mount Holyoke (South Hadley, MA, 2001), Contemp.



784

[Ch13a]

[Ch13b]

[Ch17]

[ChSho1]

[DaLiMa06]

[De9s]

[Den21]

[Gel§]

[GiMal2]

H. Hezari and H. Xu

Math. 320, pp. 77-89, Amer. Math. Soc., Providence, RI,
(2003).

M. Christ, Upper bounds for Bergman kernels associated to
positive line bundles with smooth Hermitian metrics, Alge-
braic and Analytic Microlocal Analysis; Springer Proceed-
ings in Mathematics and Statistics, edited by M. Hitrik,
D. Tamarkin, B. Tsygan, and S. Zelditch , Springer-Verlag,
(2013).

M. Christ, Off-diagonal decay of Bergman kernels: On a con-
jecture of Zelditch, Algebraic and Analytic Microlocal Anal-
ysis; Springer Proceedings in Mathematics and Statistics,
edited by M. Hitrik, D. Tamarkin, B. Tsygan, and S. Zelditch
, Springer-Verlag, (2013).

M. Christ, Off-diagonal decay of Bergman kernels in the an-
alytic case, Email correspondence, (2017).

S.-C. Chen and M.-C. Shaw, Partial differential equations
in several complex variables, volume 19 of AMS/IP Studies
in Advanced Mathematics, American Mathematical Society,
Providence, RI; International Press, Boston, MA, (2001).

X. Dai, K. Liu, and X. Ma, On the asymptotic expansion of
Bergman kernel, J. Differential Geom. 72 (2006), 1-41.

H. Delin, Pointwise estimates for the weighted Bergman pro-
jection kernel in C", using a weighted L? estimate for the
O equation, Ann. Inst. Fourier (Grenoble) 48 (1998), no. 4,
967-997.

A. Denjoy, Sur les fonctions quasi-analytiques de wvariable
réelle, C. R. Acad. Sci. Paris 173 (1921), 1329-1331.

M. Gevrey, Sur la nature analytique des solutions des

équations aux dérivées partielles, Premier mémoire. (French)
Ann. Sci. Ecole Norm. Sup. 35 (1918), no. 3, 129-190.

M. Giaquinta and L. Martinazzi, An introduction to the reg-
ularity theory for elliptic systems, harmonic maps and min-
imal graphs, volume 11 of Lecture Notes. Scuola Normale
Superiore di Pisa (New Series). Edizioni della Normale, Pisa,
second edition, (2012).



Quantitative upper bounds for Bergman kernels 785

[HeKeSeXul6]

[HeLuXul§]

[Ho66]

[Lin01]

[Lu00]

[LuSh15]

[LuTi0d]
[LuZel6]

[MaMa07]

[MaMa08]

[MaMal3]

[MaMalb5]

H. Hezari, C. Kelleher, S. Seto, and H. Xu, Asymptotic
expansion of the Bergman kernel via perturbation of the

Bargmann-Fock model, Journal of Geometric Analysis 26
(2016), no. 4, 2602—2638.

H. Hezari, Z. Lu, and H. Xu, Off-diagonal asymptotic proper-
ties of bergman kernels associated to analytic Kdhler poten-
tials, International Mathematics Research Notices (2018).

L. Hérmander, An introduction to complex analysis in sev-
eral variables, D. Van Nostrand Co., Inc., Princeton, N.J.-
Toronto, Ont.-London, (1966).

N. Lindholm, Sampling in weighted LP spaces of entire func-
tions in C" and estimates of the Bergman kernel, J. Funct.
Anal. 182 (2001), no. 2, 390-426.

Z. Lu, On the lower order terms of the asymptotic expansion
of Tian-Yau-Zelditch, American Journal of Mathematics 122
(2000), no. 2, 235-273.

Z. Lu and B. Shiffman, Asymptotic expansion of the off-
diagonal Bergman kernel on compact Kahler manifolds,
Journal of Geometric Analysis 25 (2015), no. 2, 761-782.

Z. Lu and G. Tian, The log term of the Szegé kernel, Duke
Math. J. 125 (2004), no. 2, 351-387.

Z. Lu and S. Zelditch, Szegé kernels and Poincaré series, J.
Anal. Math. 130 (2016), 167-184.

X. Ma and G. Marinescu, Holomorphic Morse inequalities
and Bergman kernels, Progress in Math. 254, Birkhéauser,
Basel, (2007).

X. Ma and G. Marinescu, Generalized Bergman kernels on
symplectic manifolds, Adv. Math. 217 (2008), no. 4, 1756—
1815.

X. Ma and G. Marinescu, Remark on the off-diagonal expan-
sion of the Bergman kernel on compact Kdhler manifolds,
Communications in Mathematics and Statistics 1 (2013),
no. 1, 37-41.

X. Ma and G. Marinescu, Ezponential estimate for the
asymptotics of Bergman kernels, Math. Ann. 362 (2015),
no. 3-4, 1327-1347.



786

[Sel5)

[ShZe02]

[ShZe08]

[Ta80]

[Tr78]

[Xul2]

[Xulg]
[Z¢98]

[Zel4]
[Ze16]

H. Hezari and H. Xu

S. Seto, On the asymptotic expansion of the Bergman kernel,
Thesis (Ph.D.)-University of California, Irvine, (2015).

B. Shiffman and S. Zelditch, Asymptotics of almost holomor-
phic sections of ample line bundles on symplectic manifolds,
J. Reine Angew. Math. 544 (2002), 181-222.

B. Shiffman and S. Zelditch, Number variance of random
zeros on complex manifolds, Geom. Funct. Anal. 18 (2008),
no. 4, 1422-1475.

D. Tartakoff, The local real analyticity of solutions to L, and
the 0-Neumann problem, Acta Math. 145 (1980), 177-204.

F. Treves, Analytic hypo-ellipticity of a class of pseudodif-
ferential operators with double characteristics and applica-
tions to the 0-Neumann problem, Comm. Partial Differential
Equations 3 (1978), 475-642.

H. Xu, A closed formula for the asymptotic expansion of the
Bergman kernel, Comm. Math. Phys. 314 (2012), no. 3, 555—
585.

H. Xu, Asymptotic properties of Bergman kernels for poten-
tials with Gevrey regularity, arXiv:1808.02769, (2018).

S. Zelditch, Szegd kernels and a theorem of Tian, Internat.
Math. Res. Notices 6 (1998), 317-331.

S. Zelditch, personal communication, (2014).

S. Zelditch, Off-diagonal decay of toric Bergman kernels,
Lett. Math. Phys. 106 (2016), no. 12, 1849-1864. Volume
in Memory of Louis Boutet de Monvel.



Quantitative upper bounds for Bergman kernels

DEPARTMENT OF MATHEMATICS, UC IRVINE
IrvINE, CA 92617, USA

FE-mail address: hezari@uci.edu

DEPARTMENT OF MATHEMATICS, JOHNS HOPKINS UNIVERSITY
BALTIMORE, MA 21218, USA
E-mail address: hxu@math. jhu.edu

RECEIVED AuGusT 1, 2018
ACCEPTED SEPTEMBER 23, 2018

787






	Introduction
	Background materials
	Estimates of the Green kernel near the diagonal
	Estimates of the Green kernel far from the diagonal
	References

