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Fourier-Mukai partners for very general

special cubic fourfolds
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We exhibit explicit examples of very general special cubic fourfolds
with discriminant d admitting an associated (twisted) K3 surface,
which have non-isomorphic Fourier-Mukai partners. In particular,
in the untwisted setting, we show that the number of Fourier-Mukai
partners for a very general special cubic fourfold with discrimi-
nant d and having an associated K3 surface, is equal to the num-
ber m of Fourier-Mukai partners of its associated K3 surface, if
d ≡ 2(mod 6); else, if d ≡ 0(mod 6), the cubic fourfold has ⌈m/2⌉
Fourier-Mukai partners.
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1. Introduction

A cubic fourfold Y is a (smooth) hypersurface of degree 3 in P5
C. In [15],

Kuznetsov studied the derived category Db(Y ) of bounded complexes of
coherent sheaves on Y to address the problem of the (non)rationality of the
cubic fourfold. More precisely, for i = 0, 1, 2, let OY (i) be the pullback of the
line bundle OP

5

C
(i) with respect to the embedding of Y in P5

C. The derived

213
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category Db(Y ) admits a semiorthogonal decomposition of the form

Db(Y ) = ⟨AY ,OY ,OY (1),OY (2)⟩,

where AY is the right orthogonal of the subcategory of Db(Y ) generated by

{OY ,OY (1),OY (2)},

i.e.

AY := {F ∈ Db(Y ) : HomDb(Y )(OY (i), F ) = 0 for every i = 0, 1, 2}.

Moreover, the triangulated subcategory AY has certain similarities with the
bounded derived category of coherent sheaves on a K3 surface. Indeed, the
Serre functor on AY is the shift by two and the Hochschild cohomology of
AY is isomorphic to that of a K3 surface (see [14], Corollary 4.3 and [16],
Proposition 4.1).

The only non-trivial piece AY of the decomposition above should carry
the information about the birational type of the cubic hypersurface. In fact,
it has been conjectured that the cubic fourfold Y is rational if and only if the
categoryAY is equivalent to the derived category of coherent sheaves on a K3
surface (see [15], Conjecture 1.1). To support this guess, Kuznetsov proved
in [15] that the cubic fourfolds which were known to be rational satisfy this
condition (see also [19]). Furthermore, this conjecture descends from a more
general one, concerning the Clemens-Griffiths components associated to a
(maximal) semiorthogonal decomposition (see [16], Section 3).

On the level of the Hodge theory, the existence of an associated K3 sur-
face as an indicator of rationality was deeply studied (see [9], for a complete
survey). Actually, Kuznetsov’s conjecture would imply that a cubic fourfold
with a Hodge associated K3 surface is rational, by results of Addington,
Thomas and Bayer, Lahoz, Macr̀ı, Nuer, Perry and Stellari, relating the
categorical and the Hodge theoretical setting (see [1], Theorem 1.1 and [2],
Corollary 1.7). Nevertheless, these conjectures have not been proved yet.

In [11], Huybrechts deeply studied the category AY , in order to develop
a theory for cubic fourfolds which parallels that of the derived category of
a (twisted) K3 surface. In particular, he proved the analogous version for
AY of some results concerning Fourier-Mukai partners of a K3 surface. In
general, we recall that a functor Ξ : Db(Z) → Db(Z ′), between the derived
categories of two algebraic varieties Z and Z ′, is of Fourier-Mukai type if
there exist an object K in the derived category Db(Z × Z ′) of the product
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and an isomorphism of exact functors

Ξ(−) ∼= ΦK(−) := RpZ′∗(K
L
⊗ Lp∗Z(−)),

where pZ : Z × Z ′ → Z and pZ′ : Z × Z ′ → Z ′ are the natural projections
(see [16], Section 1.5). A cubic fourfold Y ′ is a Fourier-Mukai partner of
Y if there exists an equivalence of categories

AY
∼
−→ AY ′

which is of Fourier-Mukai type, i.e. such that the composition

Db(Y )
i∗
−→ AY

∼
−→ AY ′ →֒ Db(Y ′)

is a Fourier-Mukai functor; here, i∗ denotes the left adjoint functor of the
full inclusion i : AY →֒ Db(Y ). Usually in the literature this denomination
is used to identify smooth projective varieties with equivalent derived cat-
egories. However, cubic fourfolds satisfying this condition are isomorphic
by a result of Bondal and Orlov (see [5], Theorem 3.1). Thus, it becomes
interesting to address the same problem by considering the K3 categories.

Huybrechts showed that the number of (isomorphism classes of) Fourier-
Mukai partners for a cubic fourfold Y is finite (see [11], Theorem 1.1), as
in the case of Fourier-Mukai partners for a K3 surface (see [4], Proposi-
tion 5.3). Moreover, he proved that a very general cubic fourfold Y , i.e. such
that rk(H2,2(Y,Z)) = 1, has no non-trivial Fourier-Mukai partners (see [11],
Corollary 3.6).

It is natural to ask whether a special cubic fourfold Y , i.e. such that
rk(H2,2(Y,Z)) is ≥ 2, admits Fourier-Mukai partners which are not isomor-
phic to Y . In particular, we may wonder if for special cubic fourfolds it is
possible to prove a version of Theorem 1.7 and Corollary 1.8 of [21], which
state that there are examples of K3 surfaces having a prescribed number of
non-isomorphic Fourier-Mukai partners.

In the third section of this paper, we prove that the answer is positive
in the case that the rank of H2,2(Y,Z) is exactly two and the cubic fourfold
Y admits an associated K3 surface X with “enough” non-trivial Fourier-
Mukai partners. More precisely, given a positive integer d, we denote by Cd
the divisor parametrizing special cubic fourfolds with discriminant d (see
Section 2.1). We recall that:
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• (see [8], Theorem 1.0.1) the divisor Cd is non empty if and only if

(0) d > 6 and d ≡ 0, 2(mod 6);

• (see [8], Theorem 1.0.2 or Section 2.1) a cubic fourfold Y ∈ Cd has an
associated K3 surface if and only if

(a) 4 ∤ d, 9 ∤ d, p ∤ d for any odd prime p such that p ≡ 2(mod 3).

The first result of this paper is a counting formula for the number of
Fourier-Mukai partners for very general special cubic fourfolds admitting an
associated K3 surface.

Theorem 1.1. Let d be a positive integer satisfying (0) and (a). Let Y
be a very general special cubic fourfold in Cd and let m be the number of
non-isomorphic Fourier-Mukai partners of an associated K3 surface to Y .
Then, the cubic fourfold Y has exactly m non-isomorphic Fourier-Mukai
partners, when d ≡ 2(mod 6); otherwise, if d ≡ 0(mod 6), the number of non-
isomorphic Fourier-Mukai partners of Y is equal to ⌈m/2⌉.

As a consequence of Theorem 1.1, we deduce that there exist cubic four-
folds admitting an arbitrary number of Fourier-Mukai partners, depending
on the number of distinct odd primes in the prime factorization of the dis-
criminant (see Proposition 3.2).

More generally, we recall that a cubic fourfold Y ∈ Cd has an associated
twisted K3 surface (see [11], Section 2.4 or Section 2.4) if and only if

(a’) ni ≡ 0(mod 2) for all primes pi ≡ 2(mod 3) in 2d =
∏

pni

i .

A weaker formulation of Theorem 1.1 holds for very general special cubic
fourfolds Y in Cd, admitting an associated twisted K3 surface (X,α), if 9
does not divide the discriminant d. Indeed, in Section 4.1, we show that the
number of non-isomorphic twisted Fourier-Mukai partners of (X,α) with the
Brauer class of the same order as α, gives a lower bound for the number of
Fourier-Mukai partners of the cubic fourfold.

Theorem 1.2. Let d be a positive integer satisfying (0) and (a’). Assume
that 9 does not divide d. Let Y be a very general special cubic fourfold in
Cd with associated twisted K3 surface (X,α), where α has order κ; let m′ be
the number of non-isomorphic Fourier-Mukai partners of (X,α) with Brauer
class of order κ. Then the cubic fourfold Y admits at least m′ non-isomorphic
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Fourier-Mukai partners, when d ≡ 2(mod 6); otherwise, if d ≡ 0(mod 6), the
number of non-isomorphic Fourier-Mukai partners of Y is at least ⌈m′/2⌉.

In particular, under the hypotheses of Theorem 1.2, the value m′ is
controlled by the number of distinct primes in the prime factorization of
d/2 divided by the square of the order of the Brauer class α and by the
Euler function evaluated in ord(α), as we show in Proposition 4.7.

These results complete the expected analogy between cubic fourfolds
and K3 surfaces, stated in [11], and prove that the isomorphism class of a
cubic fourfold is in general not determined by its K3 subcategory. They also
represent a first step in order to understand whether cubic fourfolds which
are Fourier-Mukai partners are birational.

Related works. In [3], Proposition 6.3, the authors prove that a cubic
fourfold Y in C8 with H2,2(Y,Z) of rank 2 has only one isomorphism class of
Fourier-Mukai partners. Also in [3], Remark 6.4, they explain how to con-
struct examples of non-isomorphic Fourier-Mukai partners for cubic fourfolds
in C8 with H2,2(Y,Z) of rank > 2.

Plan of the paper. In Section 2 we recall some preliminary material on
cubic fourfolds and K3 surfaces we will use in the next sections. In Section 3.1
we count the period points defined by the Fourier-Mukai partners of a K3
surface associated to a very general special cubic fourfold. Section 3.2 is
devoted to the proof of Theorem 1.1. In Section 4.1 we prove Theorem 1.2.
In Section 4.2 we give a counting formula for twisted non-isomorphic Fourier-
Mukai partners of a twisted K3 surface which is associated to a cubic fourfold
as in Theorem 1.2. In Section 4.3 we explicit the lower bound of Theorem 1.2.

Notation. We use the following terminology: a cubic fourfold Y is very
general if rk(H2,2(Y,Z)) = 1, while a very general special cubic fourfold Y
has rk(H2,2(Y,Z)) = 2 and belongs to the complement of a countable union
of divisors in a divisor Cd.

The number of non-isomorphic Fourier-Mukai partners of a K3 surface
is denoted by m, which could be also equal to 1.

Note. Using the new results in [2], it is possible to prove that Theorem 1.1
and Theorem 1.2 hold for every cubic fourfold with associated (twisted) K3
surface and rk(H2,2(Y,Z)) = 2, not only for the very general special ones.
See Remark 2.12, Remark 3.3 and Remark 4.2 for more details.
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2. Recollection of results and notation

In this section we recall some results about cubic fourfolds and K3 surfaces
we will use in the next.

2.1. Special cubic fourfolds and associated K3 surface

Let Y be a cubic fourfold; we denote by H4(Y,Z)(1) the degree four integral
cohomology group of Y with weight two Hodge structure and intersection
form ( , ) with reversed sign. By classical results of Hodge theory and clas-
sification of quadratic forms, we have that H4(Y,Z)(1) is isometric to the
odd unimodular lattice L := Z⊕2⊕Z(−1)⊕21. It contains an element h such
that (h, h) = −3, corresponding to the square of the class of a hyperplane in
Y . Moreover, the primitive lattice H4(Y,Z)prim(1) (with weight two Hodge
structure and intersection form with reversed sign) is isometric to

L0 := A2(−1)⊕ U⊕2 ⊕ E8(−1)⊕2;

here U denotes the free group Z⊕2 with intersection form

(

0 1
1 0

)

, E8(−1)

is the unique even, unimodular lattice of signature (0, 8) and A2(−1) :=
(

−2 1
1 −2

)

(see [8], Proposition 2.1.2). We set

(1) Q := {y ∈ P(L0 ⊗ C) : (y, y) = 0, (y, ȳ) > 0}.

The choice of a connected component D′ of Q determines the local period
domain for cubic fourfolds. Let Γ+ be the subgroup of the group of auto-
morphism of L, preserving the class h and the component D′. The global
period domain of cubic fourfolds is the quotient D := Γ+ \ D′. We denote by
C the moduli space of cubic fourfolds and let

τ : C → D

be the period map. Voisin proved that τ is an open immersion, i.e. Torelli
Theorem holds for cubic fourfolds (see [23]).

A cubic fourfold Y is special if there exists a rank-two (negative definite)
primitive sublattice (K, ( , )) of H4(Y,Z) ∩H2,2(Y ), containing the class h.
This lattice K is a labelling for Y and the discriminant of the pair (Y,K) is
the determinant of the intersection matrix of K. We will write Kd to under-
line the fact that the labelling has discriminant d. By Hassett’s work, special
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Hodge structures with labelling Kd form a divisor D′
d in the local period do-

main. If Dd = Γ+ \ D′
d, then Cd = C ∩ Dd (via τ) is the irreducible divisor

in C of special cubic fourfolds of discriminant d. By [8], Theorem 1.0.1, the
divisor Cd is non empty if and only if

(0) d > 6 and d ≡ 0, 2(mod 6).

Hassett also gave numerical conditions on d which ensure the existence of
an associated K3 surface.

Theorem 2.1 ([8], Theorem 1.0.2). Let Y be a cubic fourfold in Cd with
labelling Kd. There exist a K3 surface X with polarization class of degree d
and an isometry of Hodge structures

K⊥
d
∼= H2(X,Z)prim

between the orthogonal sublattice to Kd in H4(Y,Z)(1) and the degree two
primitive cohomology of the K3 surface, if and only if d satisfies the following
condition:

(a) 4 ∤ d, 9 ∤ d, p ∤ d for any odd prime p such that p ≡ 2(mod 3).

We point out the following property concerning the discriminant group
d(K⊥

d ) of K⊥
d , endowed with the discriminant form qK⊥

d
induced by the

intersection form.

Proposition 2.2 ([8], Proposition 3.2.6). If d≡0(mod 6), then d(K⊥
d )∼=

Z /d
3Z⊕ Z /3Z, which is cyclic unless nine divides d. Furthermore, we may

choose this isomorphism so that

qK⊥

d
((0, 1)) ≡ −

2

3
(mod 2Z) and qK⊥

d
((1, 0)) ≡

3

d
(mod 2Z).

If d ≡ 2(mod 6), then d(K⊥
d ) ∼= Z /dZ. Furthermore, we may choose a gen-

erator g so that

qK⊥

d
(g) ≡

1− 2d

3d
(mod 2Z).

2.2. Immersion into the moduli spaces of K3 surfaces

In [8], Section 5.3, Hassett proved that the existence of an isometry of Hodge
structures as in Theorem 2.1 allows an identification between the moduli
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space of marked special cubic fourfolds of discriminant d and the moduli
space of degree d polarized K3 surfaces. Let us explain this observation. We
fix a rank-two, negative definite, primitive sublattice Kd ⊂ L of discrimi-
nant d, containing h. We write Γ+

d to denote the subgroup of the group of
automorphisms of L fixing the class h and preserving the labelling Kd. Let
Dlab

d be the period domain which parametrizes Hodge structures x ∈ D′ with
Kd ⊂ H2,2(x) ∩ L, modulo the action of Γ+

d , i.e.

Dlab
d := Γ+

d \ D′
d.

We say that Dlab
d is the period domain of labelled special Hodge structures

with discriminant d. Notice that Dlab
d is birational to Dd via the morphism

Dlab
d → D. Actually, a point in Dd with the minimal number of algebraic

classes has a unique labelling. In particular, Dlab
d is the normalization of Dd

(see [8], Section 3.1)
Let, now, G+

d be the subgroup of Γ+
d of automorphisms acting trivially

on Kd. Then, Hassett defines the period domain of marked special Hodge
structures of discriminant d as the quotient

Dmar
d := G+

d \ D′
d.

In this new space, two cubic fourfolds having the same labelling Kd which
comes from different primitive embeddings in H2,2(−) ∩ L are not identified.
The relation betweenDmar

d andDlab
d is explained in the following proposition.

Proposition 2.3 ([8], Proposition 5.3.1). The group G+
d is equal to Γ+

d

(resp. the group G+
d is an index-two subgroup of Γ+

d ), if d ≡ 2(mod 6) (resp.
if d ≡ 0(mod 6)).

The forgetful map ρ : Dmar
d → Dlab

d is an isomorphism (resp. a double
cover), if d ≡ 2(mod 6) (resp. if d ≡ 0(mod 6)).

Remark 2.4. Assume d ≡ 0(mod 6) and let y be a point in Dlab
d . By Propo-

sition 2.3, the fiber on y of the map Dmar
d → Dlab

d contains two elements,
which we denote by y1 and y2. Then, the Hodge structures on L0 repre-
sented by y1 and y2 are related by the automorphism γ of L0, acting as
the multiplication by −1 on the two hyperbolic planes and as the identity
elsewhere. The automorphism γ is an element of Γ+, but it does not belong
to G+

d for these values of the discriminant (see [8], the proof of Proposi-
tion 5.3.1).

On the other hand, let us recall the construction of the global period
domain for degree d polarized K3 surfaces. The degree two cohomology group
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of a K3 surface with the usual intersection form ( , ) is isometric to the lattice
Λ := E8(−1)⊕2 ⊕ U⊕3. We denote by Σd the group of automorphisms of
Λ, preserving the element l := e1 + (d/2)f1 ∈ U . Let Λ0

d be the orthogonal
complement of l in Λ. Then, the quadric

{x ∈ P(Λ0
d ⊗ C) : (x, x) = 0, (x, x̄) > 0}

has two connected components N ′
d and N

′

d. Let Σ
+
d be the subgroup of Σd

preserving the component N ′
d: the quotient

Nd := Σ+
d \ N ′

d

is the global period domain for K3 surfaces with polarization class of de-
gree d.

The following result follows from the fact that an isometry K⊥
d
∼= Λ0

d

induces the isomorphisms D′
d
∼= N ′

d and G+
d
∼= Σ+

d .

Theorem 2.5 ([8], Theorem 5.3.2, 5.3.3). Let d be a positive integer
satisfying conditions (0) and (a). Then, there exists an isomorphism

jd : Dmar
d → Nd,

induced by K⊥
d
∼= Λ0

d, which is unique up to the choice of an element in

Iso(d(K⊥
d ), d(Λ0

d))/(±1).

2.3. Mukai lattice for AY

Let us now consider the categorical framework. The subcategory AY of a
cubic fourfold Y behaves in a certain way as the derived category of a K3 sur-
face. Indeed, the Serre functor on AY is the shift by two and the Hochschild
cohomology of AY is isomorphic to that of a K3 surface (see [14], Corol-
lary 4.3 and [16], Proposition 4.1). In [15], Kuznetsov proved that for cer-
tain special cubic fourfolds Y , there exist a K3 surface X and an equivalence
of categories AY

∼
−→ Db(X). In general, if this condition is satisfied, we say

that AY is geometric. In [1], Addington and Thomas explained the relation
between Kuznetsov’s K3 surface and Hassett’s Hodge theoretic associated
K3 surface. Indeed, let Ktop(Y ) be the topological K-theory of Y , which in
this case is simply the Grothendieck group of topological complex vector
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bundles on Y , endowed with the Euler pairing χ. Let

vM : Ktop(Y )⊗Q
∼=
−→

4
⊕

p=0

H2p(Y,Q)(p),

be the isomorphism induced by the Mukai vector, defined as vM (−) :=
ch(−)

√

td(Y ). Then vM induces a weight-zero Hodge structure on

Ktop(AY ) := {k ∈ Ktop(Y ) : χ([OY (i)], k) = 0, for all i = 0, 1, 2}.

We denote by H̃(AY ,Z) the lattice Ktop(AY )(−1) with the induced weight-
two Hodge structure and Euler form with reversed sign: it is isomorphic to
the lattice Λ̃ := E8(−1)⊕2 ⊕ U⊕4 and it is called the Mukai lattice of Y (see
[1], Section 2.3). Let

N(AY ) := H̃1,1(AY ,Z) = H̃1,1(AY ) ∩ H̃(AY ,Z)

be the generalized Néron-Severi lattice of AY and we denote by T (AY ) its
orthogonal complement in H̃(AY ,Z), which is the generalized trascendental
lattice of AY . Then, there exist two elements λ1, λ2 in N(AY ) spanning a
rank two sublattice with intersection matrix

A2 :=

(

2 −1
−1 2

)

.

Proposition 2.6 ([1], Proposition 2.3). The Mukai vector induces an
isometry between the orthogonal complement A⊥

2 of A2 in H̃(AY ,Z) and
the primitive lattice ⟨h⟩⊥ = H4(Y,Z)prim(1). Moreover, if k1, . . . , kn are el-
ements of H̃(AY ,Z), then vM induces an isometry

⟨λ1, λ2, k1, . . . , kn⟩
⊥ ∼= ⟨h, c2(k1), . . . , c2(kn)⟩

⊥.

Remark 2.7. Since, by definition, the lattice A2 is contained in N(AY ),
the orthogonality condition implies that T (AY ) is in A⊥

2 . In particular, as
observed in [11], Section 3.3, the orthogonal complement to the trascendental
lattice in A⊥

2 is N(AY ) ∩A⊥
2 .

Theorem 2.8 ([1], Theorem 1.1). If AY is geometric, then Y belongs
to Cd for some d satisfying condition (a) of Theorem 2.1. Conversely, for
each d satisfying (a), the set of cubic fourfolds Y in Cd for which AY is
geometric forms a Zariski open dense subset.
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Remark 2.9. In [2], Corollary 1.7, the authors prove that every Y ∈ Cd for
d satisfying (a) is geometric, extending Addington and Thomas’ result to
the whole divisor.

In [11], Proposition 3.4, Huybrechts proved that, given two cubic four-
folds Y and Y ′, the existence of a Fourier-Mukai equivalence AY

∼
−→ AY ′

implies the existence of a Hodge isometry of the corresponding Mukai lat-
tices. The surprising fact is that, under some assumptions, the category AY

is completely determined by the Hodge structure on H̃(AY ,Z), as we recall
in the next section.

2.4. Associated twisted K3 surface

In [11], Huybrechts generalized Theorem 2.1 and Theorem 2.8 to the case of
cubic fourfolds admitting an associated twisted K3 surface. We recall that a
twisted K3 surface is the data of a K3 surface X and a class in the Brauer
group H2(X,O∗

X)tors of X. Following [12], Section 2, let B be a rational
class of H2(X,Q), which is sent to α through the composition

H2(X,Q) → H2(X,OX)
exp
−−→ H2(X,O∗

X).

We say that B is a B-field lift of α. We denote by H̃(X,α,Z) the cohomology
ring H∗(X,Z) with the Mukai pairing and the weight two Hodge structure
defined by

H̃2,0(X,α) := exp(B)H2,0(X) and H̃1,1(X,α) := exp(B)H1,1(X).

We see that H̃(X,α,Z) is isomorphic as a lattice to Λ̃ and we call it the
Mukai lattice of (X,α). We can consider the algebraic part

N(X,α) = H̃1,1(X,α,Z) := H̃1,1(X,α) ∩ H̃(X,α,Z)

and we define the generalized twisted trascendental lattice T (X,α) as the
orthogonal complement of N(X,α) with respect to the Mukai pairing. On
the other hand, using the intersection product with B, we can identify the
class α with a surjective morphism α : TX → Z /ord(α)Z. Then, the kernel
of α is isomorphic via exp(B) to T (X,α) (see [10], Proposition 4.7). For
this reason, we will use the same notation for T (X,α) and ker(α) (resp. for
N(X,α) and the orthogonal complement of ker(α) in H̃(X,α,Z)), even if
the first one is primitively embedded in H̃(X,α,Z), while the second one is
not.
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As in the untwisted case, the condition of having an associated twisted
K3 surface on the level of Hodge structures on the Mukai lattices depends
only on the value of the discriminant d.

Theorem 2.10 ([11], Theorem 1.3). Let Y be a cubic fourfold. There ex-
ist a twisted K3 surface (X,α) and a Hodge isometry H̃(AY ,Z) ∼= H̃(X,α,Z)
if and only if Y belongs to Cd for d such that

(a’) ni ≡ 0(mod 2) for all primes pi ≡ 2(mod 3) in 2d =
∏

pni

i .

Moreover, Theorem 2.8 and Remark 2.9 have the following form in the
twisted setting.

• If there exists a twisted K3 surface (X,α) such that the category AY

is equivalent to the derived category Db(X,α) of bounded complexes
of α-twisted coherent sheaves on X, then the cubic fourfold Y be-
longs to Cd for d satisfying condition (a’) of Theorem 2.10 (see [11],
Theorem 1.4(i)).

• In [11], Theorem 1.4(ii), Huybrechts proved that if d satisfies (a’), then
a Zariski open subset of cubic fourfolds Y in the divisor Cd have AY

∼
−→

Db(X,α). In [2], Proposition 32.2, the authors extend this result to all
cubic fourfolds in Cd.

Finally, we recall the following result, crucial for the proofs in the next
sections, which states that the Hodge structure on the Mukai lattice de-
termines the K3 category for cubic fourfolds with (twisted) associated K3
surface.

Theorem 2.11 ([11], Theorem 1.5(ii)). For d satisfying (a’) and a
Zariski dense open set of cubic fourfolds Y ∈ Cd, there exists a Fourier-
Mukai equivalence AY

∼
−→ AY ′ if and only if there exists a Hodge isometry

H̃(AY ,Z) ∼= H̃(AY ′ ,Z).

Remark 2.12. Using that every Y in such a divisor has AY
∼
−→ Db(X,α)

by [2], we can extend this result to all the divisor Cd following the same
proof of [11].

Remark 2.13. Set

Q̃ := {φ ∈ P(Λ̃⊗ C) : (φ,φ) = 0, (φ, φ̄) > 0}.
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A point φ ∈ Q̃ is of K3 type (resp. of twisted K3 type) if there is a K3
surface X (resp. a twisted K3 surface (X,α)) such that the Hodge structure
defined by φ on Λ̃ is Hodge isometric to H̃(X,Z) (resp. H̃(X,α,Z)) (see
[11], Definition 2.5). We denote by QK3 (resp. QK3′) the set of points of K3
type (resp. of twisted K3 type) in Q̃.

Notice that D′ ⊂ Q ⊂ Q̃, as L0 ∼= A⊥
2 . Thus, we can consider the sets

DK3 := QK3 ∩ D′ and DK3′ := QK3′ ∩ D′,

containing period points in D′ of (twisted) K3 type (see [11], Section 2.5).

2.5. Counting formulas for Fourier-Mukai partners of
a K3 surface

The aim of this subsection is to recollect some known formulas which count
the number of isomorphism classes of (twisted) Fourier-Mukai partners of a
given (twisted) K3 surface. We recall that a twisted Fourier-Mukai partner
of a K3 surface X (resp. a twisted K3 surface (X,α)) is a twisted K3 sur-
face (X ′, α′) such that there exists an equivalence of categories Db(X)

∼
−→

Db(X ′, α′) (resp. Db(X,α)
∼
−→ Db(X ′, α′)); if the Brauer class α′ is trivial,

we say that the Fourier-Mukai partner is untwisted.
The first result concerns the number of isomorphism classes of untwisted

Fourier-Mukai partners of a very general polarized K3 surface, which is de-
termined by the number of distinct primes in the factorization of the degree
of the polarization class.

Theorem 2.14 ([21], Proposition 1.10). Let X be a K3 surface with
Néron-Severi lattice NS(X) of rank one generated by a polarization class
lX such that l2X = 2n. Let m be the number of (isomorphism classes of)
Fourier-Mukai partners of X; then we have:

• m = 1, if l2X = 2 or l2X = 2a,

• m = 2h−1, if l2X = 2pe11 · . . . pehh ,

• m = 2h, if l2X = 2ape11 · . . . pehh ,

where a, h and the ei’s are natural numbers with a ≥ 2, the pi’s are different
primes such that pi ≥ 3.

More generally, Ma proved in [18] a counting formula for isomorphism
classes of twisted Fourier-Mukai partners of a twisted K3 surface (X,α)
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which admits an untwisted Fourier-Mukai partner (see [18], Theorem 1.1).
Moreover, relaxing this hypothesis, he obtained an upper bound to the num-
ber of twisted Fourier-Mukai partners of (X,α). We conclude this paragraph
by resuming Ma’s construction, which will be useful in Section 4.

Let (X,α) be a twisted K3 surface with ord(α) = κ. We recall that a
twisted K3 surface (X ′, α′) is isomorphic to (X,α) if there exists an isomor-
phism F : X ∼= X ′ such that F ∗α′ = α. We denote by FMr(X,α) the set of
isomorphism classes of Fourier-Mukai partners (X ′, α′) of (X,α), having α′

of order r. We say that (X1, α1) and (X2, α2) in FMr(X,α) are ∼-equivalent
if there exists a Hodge isometry g : TX1

∼= TX2
such that g∗α2 = α1. We de-

fine the quotient

FMr(X,α) := FMr(X,α)/ ∼

and we denote by π : FMr(X,α) ↠ FMr(X,α) the quotient map.
Let Ir(d(T (X,α))) be the set of all isotropic elements of order r of the

discriminant group (d(T (X,α), qT (X,α)) of T (X,α), i.e.

Ir(d(T (X,α))) :=
{

x ∈ d(T (X,α)) : qT (X,α)(x) = 0 ∈ Q /2Z, ord(x) = r
}

.

We define the map

(2) µ : FMr(X,α) → OHdg(T (X,α)) \ Ir(d(T (X,α))),

where OHdg(T (X,α)) is the group of Hodge isometries of the generalized
trascendental lattice, in the following way. For every (X1, α1) in FMr(X,α),
there exists a Hodge isometry g1 : T (X1, α1) ∼= T (X,α). Then

g∨1 (TX1
)

T (X,α)
∼=

TX1

T (X1, α1)
∼=

Z

rZ

is an isotropic, cyclic subgroup of d(T (X,α)) of order r. Thus, for every
class [(X1, α1)] in FMr(X,α), we set

µ([(X1, α1)]) = x := [g1(α
−1
1 (1̄))] ∈ OHdg(T (X,α)) \ Ir(d(T (X,α))).

We have that:

1) The map µ is well-defined and injective (see [18], Lemma 3.2);
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2) The image of µ is contained in OHdg(T (X,α)) \ Jr(d(T (X,α))), where

Jr(d(T (X,α))) ={x ∈ Ir(d(T (X,α))) :

there exists an embedding U →֒ ⟨N(X,α), λ(x)⟩},

for λ : d(T (X,α)) ∼= d(N(X,α)) (see [18], Proposition 3.4).

On the other hand, for every (X1, α1) in FMr(X,α), we can define a
map

(3) ν : π−1(π(X1, α1)) → Γ(X1, α1)
+ \ Emb(U,N(X1)),

where Emb(U,N(X1)) is the set of the embeddings of U in N(X1) =
H0(X1,Z)⊕NS(X1)⊕H4(X1,Z) and Γ(X1, α1)

+ is the set of orientation-
preserving isometries of N(X1)

1, which come from isometries of TX1
fixing

α1 (see [18], Section 3.2). We have that:

1) The map ν is injective (see [18], Lemma 3.5);

2) The map ν is surjective if and only if the Cǎldǎraru’s Conjecture holds
(see [18], Remark 3.7).

We recall the statement of Cǎldǎraru’s Conjecture, which was proposed for
the first time in [6], Conjecture 5.5.5.

Conjecture 2.15 ([18], Question 3.8). Let (X,α) be a twisted K3 sur-
face. For each untwisted Fourier-Mukai partner X ′ of X and each Hodge
isometry g : TX′

∼= TX , the twisted K3 surface (X ′, g∗α) is a Fourier-Mukai
partner of (X,α).

Remark 2.16. We point out that Conjecture 2.15 is related to an other
conjecture due to Cǎldǎraru, which asks whether two twisted K3 surfaces
having Hodge isometric twisted trascendental lattices are Fourier-Mukai
partners. This conjecture is known to be false in general by [12], Exam-
ple 4.11.

1In general, given a lattice L of signature (l+, l−) with l+ > 0, we can consider
the set of oriented positive definite l+-planes in L⊗ R. An orientation for L is the
choice of an orientation for such a positive definite l+-plane. For a subgroup Γ of
O(L), we denote by Γ+ the subgroup of isometries of Γ which preserve the given
orientation (see [18], Section 2.1).
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To state Ma’s formula, we need to introduce some notation. For every x
in Ir(d(T (X,α))), we define the overlattice

Tx := ⟨x, T (X,α)⟩

of T (X,α) and the morphism

αx : Tx ↠
Tx

T (X,α)
∼= ⟨x⟩ ∼=

Z

rZ
.

For a pair (x,M) such that

⟨λ(x), N(X,α)⟩ ∼= U ⊕M,

we define the number

τ(x,M) := #(OHdg(Tx, αx) \O(d(M))/O(M)),

where OHdg(Tx, αx) is the set of Hodge isometries g of Tx, such that g∗αx =
αx. For a natural number r, we define

ε(r) =

{

1, if r = 1, 2

2, if r ≥ 3.

Finally, if G(L) is the genus of a lattice L, O(L)0 is the kernel of the map
rL : O(L) → O(d(L)) and O(L)+0 is the subgroup of O(L)0 of orientation-
preserving isometries, we define the subsets

G1(L) := {L′ ∈ G(L) : O(L′)+0 ̸= O(L′)0},

G2(L) := {L′ ∈ G(L) : O(L′)+0 = O(L′)0}.

Using the previous observations, Ma proved that the following inequality
holds.

Theorem 2.17 ([18], Proposition 4.3). We have the inequality

(4) #FMr(X,α) ≤
∑

x

{

∑

M

τ(x,M) + ε(r)
∑

M ′

τ(x,M ′)

}

.

Here:

• x runs over the set OHdg(T (X,α)) \ Jr(d(T (X,α)));
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• the lattices M and M ′ run over the sets G1(Mϕ), G2(Mϕ) respectively,
where Mϕ is a lattice satisfying ⟨λ(x), N(X,α)⟩ ∼= U ⊕Mϕ.

3. Construction of the examples (untwisted case)

The aim of this section is to prove Theorem 1.1. In the first paragraph we
make some preliminary remarks, while in the last section we provide the
proof of the theorem.

3.1. Some preliminary computations

Let Y be a cubic fourfold in Cd with d satisfying condition (a) of Theorem 2.1
and rkH2,2(Y,Z) = 2; let us choose a K3 surface X of degree d associated to
Y . In this section we show that the m non-isomorphic representatives of the
isomorphism classes of untwisted Fourier-Mukai partners of X determine m
(resp. ⌈m/2⌉) distinct points in the period domain Dd if d ≡ 2(mod 6) (resp.
d ≡ 0(mod 6)).

We recall that N(AY ) has rank 3, because Y has rkH2,2(Y,Z) = 2 (see
[11], Lemma 2.2). Let vY be a generator of the rank one lattice N(AY ) ∩A⊥

2 .
Let m be the number of isomorphism classes of Fourier-Mukai partners of X.
We fix a representative for each class of isomorphism and we denote them
by X1, . . . , Xm, choosing X1 := X. By [22], Theorem 3.3, this is equiva-
lent to ask that, for every index 2 ≤ k ≤ m, there exists a Hodge isometry
H̃(X,Z) ∼= H̃(Xk,Z). In particular, the Néron-Severi lattice of Xk has rank
one with the polarization class of degree d. We denote by xk the point
in the period domain N ′

d, which is determined by the Hodge structure on
H2(Xk,Z). These points also descend to different points in the period do-
main Nd, since they come from non-isomorphic polarized K3 surfaces.

Composing the isometries of Proposition 2.6 and of Theorem 2.1, we get
the isometry of Hodge structures

φ : T (AY ) = ⟨λ1, λ2, vY ⟩
⊥ ∼= H2(X,Z)prim = TX .

This induces an isomorphism

j′ : D′
d → N ′

d

between the local period domains. For every 1 ≤ k ≤ m, we denote by yk the
preimage of xk with respect to j′. By definition, the point yk parametrizes a
special Hodge structure with labelling of discriminant d on A⊥

2 . In particular,
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there exists a class vk in A⊥
2 with (vk, vk) = (vY , vY ), such that if Tk =

(Z vk)
⊥ in A⊥

2 , then there is an isometry of Hodge structures φk : TXk

∼= Tk.
By Theorem 2.5, the isomorphism j′ descends to an isomorphism

j : Dmar
d → Nd.

Thus, the points y1, . . . , ym descends to distinct points, which we denote in
the same way, in the period domain Dmar

d .
Let us consider their images in the period domain Dlab

d ; here, these points
could be identified. We observe that, if some of them are not identified
in Dlab

d , then they correspond to distinct points in the period domain Dd.
Indeed, the map sending Dlab

d in Dd, which forgets the labelling, is generically
an isomorphism.

In particular, it is enough to study the behavior of the forgetful map
ρ : Dmar

d → Dlab
d over the points y1, . . . , ym, to understand how many of

them define different special Hodge structures of discriminant d. Accord-
ing to Proposition 2.3, we have to distinguish two cases depending on the
value of the discriminant.

Case d ≡ 2(mod 6): by Theorem 2.5, we have that the map ρ is an isomor-
phism. Hence, y1, . . . , ym are not identified by the action of Γ+

d and they
determine m distinct special Hodge structures of discriminant d.

Case d ≡ 0(mod 6): by Theorem 2.5, the map ρ is a double cover. Hence,
our points y1, . . . , ym descend to at least ⌈m/2⌉ different Hodge structures
in Dd.

On the other hand, we observe that if T is a sublattice of Λ which
is Hodge isometric to TX , then the lattice γ(T ), with the Hodge structure
induced by the one on T through γC, satisfies the same property. As a conse-
quence, we obtain that the K3 surface Xγ(T ) with trascendental lattice γ(T )
is a Fourier-Mukai partner of X. Let XT be the K3 surface with trascenden-
tal lattice T and consider XT and Xγ(T ) with the unique polarization. Note
that XT and Xγ(T ) are not isomorphic as polarized K3 surfaces, because γ is
not in G+

d
∼= Σ+

d by Remark 2.4 and Theorem 2.5. Thus, their corresponding
period points in Nd define two distinct period points in Dmar

d , which belong
to the same fiber of ρ.

As a consequence, the m points y1, . . . , ym determine exactly ⌈m/2⌉
different special Hodge structures of discriminant d.
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3.2. Proof of Theorem 1.1

Keeping the notation introduced in Section 3.1, we set

p :=

{

m if d ≡ 2(mod 6)

⌈m/2⌉ if d ≡ 0(mod 6).

Firstly, we prove that p is an upper bound to the number of Fourier-Mukai
partners of Y . Actually, this represents an alternative way to prove the
finiteness result of [11], Corollary 3.5, for a cubic fourfold with H2,2 of rank
2 and associated K3 surface.

Proposition 3.1. Let Y be a cubic fourfold in Cd with d satisfying condition
(a) of Theorem 2.1 and with rkH2,2(Y,Z) = 2. If the associated K3 surface
X admits m non isomorphic Fourier-Mukai partners, then the cubic fourfold
Y cannot have more than m (resp. ⌈m/2⌉) Fourier-Mukai partners if d ≡
2(mod 6) (resp. if d ≡ 0(mod 6)).

Proof. Consider the p distinct points y1, . . . , yp ∈ Dd defined in Section 3.1.
We claim that yk belongs to the image of the period map of cubic fourfolds
for every 1 ≤ k ≤ p. Indeed, we observe that d is not 2 or 6, because d
satisfies condition (0), as Cd is not empty. Moreover, the point yk has a
unique labelling, as recalled in Section 2.2. It follows that yk is a period
point in the complement of D2 ∪ D6. By [17], Theorem 1.1, there exists a
cubic fourfold Yk in Cd such that τ(Yk) = yk, as we wanted.

Now, let Y ′ be a Fourier-Mukai partner of Y , i.e. such that there ex-
ists an equivalence AY

∼
−→ AY ′ of Fourier-Mukai type. By [11], Proposi-

tion 3.4, this induces a Hodge isometry H̃(AY ,Z) ∼= H̃(AY
′ ,Z). Notice that

rkH2,2(Y ′,Z) = 2, as for Y . Thus its period point τ(Y ′) ∈ Dd corresponds
to a point in Dlab

d which we denote in the same way. Let y′ ∈ Dmar
d be a point

in the fiber ρ−1(τ(Y ′)). We set x′ := j(y′) ∈ Nd. The point x′ corresponds
to a very general K3 surface X ′ with unique primitive polarization lX′ of
degree d. In particular, since H̃(AY

′ ,Z) is Hodge isometric to the Mukai lat-
tice H̃(X ′,Z), it follows from [22], Theorem 3.3 that X ′ is a Fourier-Mukai
partner of X. Thus, there exists an index k ∈ {1, . . . ,m} such that, if lXk

denotes the unique primitive polarization on Xk, then (X ′, lX′) ∼= (Xk, lXk
)

as polarized K3 surfaces. Equivalently, the points x′ and xk are identified in
Nd. Since j is an isomorphism, it follows that yk = y′ in Dmar

d . In particu-
lar, they represent the same point in Dd: by the Torelli Theorem for cubic
fourfolds, we conclude that Y ′ is isomorphic to Yk. This implies the desired
statement. □
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We are ready to prove Theorem 1.1, which is formulated in a more precise
way using Theorem 2.14.

Proposition 3.2 (Theorem 1.1). Let d be a positive integer satisfying
conditions (0) and (a). Then, the number of isomorphism classes of Fourier-
Mukai partners for a very general special cubic fourfold in Cd is

• p = 2h−1, if d ≡ 2(mod 6) and the prime factorization of d has h > 1
distinct odd primes;

• p = 2h−2, if d ≡ 0(mod 6) and the prime factorization of d has h > 2
distinct odd primes;

• p = 1, otherwise.

Proof. Let Y be a very general special cubic fourfold in Cd as in the state-
ment. We consider the p distinct points y1, . . . , yp in Dd defined in Sec-
tion 3.1. We claim that there exist p very general special cubic fourfolds
Y1, . . . , Yp ∈ Cd such that τ(Yk) = yk for k = 1, . . . , p. Indeed, d is not 2 or 6,
because d satisfies condition (0). Moreover, every yk has a unique labelling,
since they are very general. It follows that yk is a period point in the com-
plement of D2 ∪ D6. By [17], Theorem 1.1, we deduce our claim. Note that
Y1 ∼= Y and the cubic fourfolds Y1, . . . , Yp are not isomorphic to each other
by Torelli Theorem for cubic fourfolds.

By construction, for every 2 ≤ k ≤ p, there is an isometry of Hodge struc-
tures

H̃(AY ,Z) ∼= H̃(X,Z) ∼= H̃(Xk,Z) ∼= H̃(AYk
,Z).

By Theorem 2.11, the existence of such an isometry of Hodge structures
implies the existence of a Fourier-Mukai equivalence between AY and AYk

.
On the other hand, by Proposition 3.1 every other Fourier-Mukai partner
of Y is isomorphic to one of those we constructed. Finally, the counting
formula of Theorem 2.14 implies the statement. □

Remark 3.3. As explained in Remark 2.12, using [2] we can remove the
assumption that Y is very general special to Theorem 1.1 and prove the
result for every cubic fourfold with H2,2(Y,Z) of rank two and associated
K3 surface.

Example 3.4. Using Proposition 3.2, it is easy to find the divisors in C
whose very general element has non trivial Fourier-Mukai partners. For ex-
ample, take d = 182, which is ≡ 2(mod 6). By Proposition 3.2 the very gen-
eral cubic fourfold in C182 has one non isomorphic Fourier-Mukai partner.
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If d = 546 ≡ 0(mod 6), then the very general element in C546 has one non
isomorphic Fourier-Mukai partner.

Remark 3.5. Notice that, to prove these results, we have fixed an associ-
ated K3 surface to Y and, consequently, an isomorphism between the period
domains Dmar

d and Nd. Actually, we could choose a Fourier-Mukai partner
of X as fixed associated K3 surface to Y : this would have given a different
isomorphism j̃ on the level of period domains and a different identification
of Fourier-Mukai partners of Y with Fourier-Mukai partners of X (see [9],
Remark 27).

4. Construction of the examples (twisted case)

This section is devoted to the proof of Theorem 1.2. In particular, in Section
4.2 and 4.3 we explicit the lower bound to the number of Fourier-Mukai
partners of a cubic fourfold Y as in Theorem 1.2, in terms of the number
of primes in the prime factorization of the discriminant of Y and the Euler
function evaluated in the order of the Brauer class of the associated twisted
K3 surface.

4.1. Proof of Theorem 1.2

Let Y be a very general special cubic fourfold in Cd such that condition
(a’) of Theorem 2.10 holds. If d satisfies in addition (a), then we fix an
associated untwisted K3 surface and the following construction provides the
same period points constructed in Section 3. In the general case, the cubic
fourfold Y has a twisted associated K3 surface, which we denote by (X,α)
with α of order κ. Assume also that

(b) 9 does not divide the discriminant d.

Condition (b) implies that the discriminant group of T (AY ) and, conse-
quently, also that of T (X,α), are cyclic, by Propositions 2.6 and 2.2. As a
consequence, by [20], Theorem 1.14.4, the natural embedding

(5) T (X,α) →֒ H̃(X,α,Z) ∼= Λ̃

is unique up to isometry of Λ̃, because rk(N(X,α)) ≥ l(d(T (X,α))) + 2 =
3. 2

2Assumption (b) is used in the proof of Lemma 4.1, to lift an isometry of the
twisted trascendental lattices acting trivially on the discriminant group to the
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Now, let (X ′, α′) be a twisted Fourier-Mukai partner of (X,α) of the
same order κ. By [12], Proposition 4.3, there is an isometry of Hodge struc-
tures H̃(X,α,Z) ∼= H̃(X ′, α′,Z) preserving the orientation. Thus the choice
of (X ′, α′) determines a Hodge structure on the abstract lattice Λ̃ which
is Hodge isometric to H̃(AX ,Z). Roughly speaking, in order to produce a
Fourier-Mukai partner of Y out of (X ′, α′), we need to check whether the two
Hodge structures on H̃(AX ,Z), induced by (X,α) and (X ′, α′) respectively,
are not Hodge isometric on A⊥

2 .
To explain better the previous sentence, we need to introduce the fol-

lowing notation. Let y′ be the period point in the quadric Q defined in (1)
parametrizing the Hodge structure on H̃(AX ,Z) induced by (X ′, α′). Up to
exchanging H̃2,0(X ′, α′) with H̃0,2(X ′, α′), we can assume that y′ is in D′

d.
Recall that the image of y′ in Dd (which we still denote by y′) is equal to
the period point y := τ(Y ) if and only if there is an isometry of K⊥

d which
extends to an isometry of L0. In this case, we would have that the two
Hodge structures on K⊥

d given by those on H̃(X,α,Z) and H̃(X ′, α′,Z),
respectively, induce the same Hodge structure on L0, or equivalently on A⊥

2 .
As in the untwisted case, it is convenient to consider firstly the period

domain Dmar
d . Here, the points y and y′ are identified if and only if they are

in the same orbit by the action of G+
d . We recall that elements in G+

d are
isometries of K⊥

d acting trivially on the discriminant group d(K⊥
d ).

Assume that (X ′, α′) is not isomorphic to (X,α). In the next lemma,
we prove that y and y′ are distinct in the period domain Dmar

d under this
assumption.

Lemma 4.1. The period points y and y′ are distinct in Dmar
d .

Proof. We will actually prove that if y = y′ in Dmar
d , then the twisted K3

surfaces (X,α) and (X ′, α′) are isomorphic, in contradiction with our as-
sumption.

If y and y′ are the same point in the period domain Dmar
d , then there

exists an isometry of Hodge structures

η : T (X,α) ∼= T (X ′, α′),

such that the induced isomorphism η̄ between the discriminant groups
d(T (X,α)) and d(T (X ′, α′)) is trivial.

trascendental lattices of two twisted K3 surfaces. Also it is used in the proof of
Proposition 4.4, to lift an isometry of the twisted trascendental lattices to the
Mukai lattices of two twisted K3 surfaces.
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First of all, we prove that the Hodge isometry η extends to a Hodge
isometry g of the trascendental lattices TX and TX′ . Indeed, consider the
natural (non primitive) embeddings i : T (X,α) →֒ TX and i′ : T (X ′, α′) →֒
TX′ . We set

H =
TX

T (X,α)
and H ′ =

TX′

T (X ′, α′)
,

which are cyclic subgroups of Z /dZ of order κ. Thus,H andH ′ are the same
subgroup, because they have the same order. If η̄ denotes the automorphism
of Z /dZ induced by η, then

η̄(H) = id(H) = H

by assumption. By [20], Proposition 1.4.2, we conclude that the isometry
η extends to an isometry g : TX

∼= TX′ . By construction, the isometry g
preserves the Hodge structures on TX and TX′ .

Secondly, it is easy to check that, if the isomorphism η̄ acts as the identity
on Z /dZ, then also ḡ, induced by g, acts trivially on the discriminant groups.

Finally, we denote by Z l the rank one lattice which is the orthogonal
complement of TX in H2(X,Z) ∼= Λ. Since d(TX) ∼= d(Z l), by [20], Propo-
sition 1.5.2 we conclude that the isometry g extends to an isometry fΛ of
Λ and, therefore, the isometry g extends to f : H2(X,Z) ∼= H2(X ′,Z). Fur-
thermore, the restriction of fΛ to Z l is the identity, because by construction
it induces the identity on the discriminant group of Z l. In particular, we de-
duce that the isometry f preserves the ample cones of X and X ′. By Torelli
Theorem, there exists an isomorphism F between the K3 surfaces X ′ and
X such that F ∗ = f . Since, by definition, the isometry f sends the class α
to α′, we conclude that (X,α) and (X ′, α′) are isomorphic as twisted K3
surfaces, in contradiction with our assumption. Therefore, we conclude that
y and y′ are not the same point in Dmar

d , as we wanted. □

Proof of Theorem 1.2. The representatives of the m′ isomorphism classes of
twisted Fourier-Mukai partners of order κ of (X,α) determine m′ distinct
period points yk ∈ Dmar

d by Lemma 4.1. Arguing as in the untwisted case, the
proof follows from Proposition 2.3, Theorem 1.1 of [17] and Remark 2.12. □

Remark 4.2. As explained in Remark 2.12, using [2] we can remove the
assumption that Y is very general special to Theorem 1.2, which holds for
every cubic fourfold with H2,2(Y,Z) of rank 2 in the fixed divisor Cd.

Remark 4.3. Notice that it is necessary to assume that ord(α) = ord(α′),
in order to extend the isometry η to the trascendental lattices. Indeed, if
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this condition is not satisfied, then the discriminant groups of TX and TX′

could not be isomorphic. Actually, we can prove that Lemma 4.1 does not
hold in general without this assumption, by giving a counterexample in the
untwisted case.

We set d = 2 · 132, which is congruent to 2 modulo 6 and let Y be a
very general cubic fourfold in Cd. Since d satisfies condition (a), there ex-
ists a K3 surface X, which is associated to Y . By the counting formula
of Theorem 2.14, the K3 surface X admits 20 = 1 isomorphism class of
Fourier-Mukai partners. On the other hand, by [18], Proposition 5.1, there
exist φ(13) · 2−1 = 6 isomorphism classes of Fourier-Mukai partners of order
13 of X. We denote by (X ′, α′) one of them. Assume that there is a cubic
fourfold Y ′ ∈ Cd such that H̃(AY ′ ,Z) ∼= H̃(X ′, α′,Z). By Remark 2.12, Y ′ is
a Fourier-Mukai partner of Y . On the other hand, by the counting formula
of Theorem 3.2, every Fourier-Mukai partner of Y is isomorphic to Y ; it
follows that Y ∼= Y ′. On the other hand, the K3 surfaces X and (X ′, α′)
cannot clearly be isomorphic.

This prevents us to have a well-defined map between Dmar
d and the period

domain of generalized Calabi-Yau structures of hyperkähler type (see [10]
for the definition), and to generalize Theorem 5.3.2 and 5.3.3 of [8] to the
twisted case.

4.2. Ma’s formula in our setting

The aim of this paragraph is to prove that if we consider a very general
cubic fourfold Y in Cd satisfying condition (a’) and (b), then formula (4)
gives precisely the number of elements in the set FMr(X,α), where (X,α)
is a twisted K3 surface associated to Y . The key point of the proof is the
fact that the Cǎldǎraru Conjecture 2.15 holds in this particular case.

Proposition 4.4. Let (X,α) be a twisted K3 surface such that there exist a
special cubic fourfold Y of discriminant d and a Hodge isometry H̃(X,α,Z)∼=
H̃(AY ,Z). If X has rk(H1,1(X,Z)) = 1, and 9 ∤ d, then the number of (iso-
morphism classes of) Fourier-Mukai partners of (X,α) of order r is given
by formula (4).

Proof. Firstly, we observe that the Cǎldǎraru’s Conjecture 2.15 holds under
our assumptions for every Fourier-Mukai partner (X1, α1) of (X,α). More
precisely, we prove that if a K3 surface X ′

1 has the trascendental lattice TX′

1

Hodge isometric to TX1
via g1, then the twisted K3 surface (X ′

1, α
′
1 := g∗1α1)

is a Fourier-Mukai partner of (X1, α1). Indeed, the isometry g1 restricts to
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the isometry of Hodge structures

f := (g1)|T (X′

1
,α′

1
) : T (X

′
1, α

′
1)

∼= T (X1, α1).

Notice that there exists a Hodge isometry T (X,α) ∼= T (X1, α1); therefore,
the discriminant group d(T (X1, α1)) is cyclic. Thus, by [20], Theorem 1.14.4,
the isometry f extends to an isometry of Hodge structures

ϕ1 : H̃(X ′
1, α

′
1,Z)

∼= H̃(X1, α1,Z).

By [11], Lemma 2.3, we know that every Hodge structure on Λ̃ determined
by a point in D′ admits a Hodge isometry that reverses any given orientation
of the four positive directions. As a consequence, up to composing with this
isometry, we can assume that ϕ1 is orientation-preserving: by [13], Theorem
0.1, we conclude that there exists an equivalence of categories Db(X ′

1, α
′
1)

∼
−→

Db(X1, α1). In particular, we obtain that the map ν of (3) is bijective.
To conclude the proof, we show that the map µ of (2) has image

OHdg(T (X,α)) \ Jr(d(T (X,α)));

in particular, this implies that we have an equality in formula (4).
Let x be in Jr(d(T (X,α))); by definition, x is an element of Ir(d(T (X,α)))

such that there exists an embedding

φ : U → M̃x,

where

M̃x := ⟨λ(x), N(X,α)⟩ ⊂ N(X,α)∨

is an overlattice of N(X,α). By [20], Proposition 1.4.1, we have

d(M̃x) ∼= ⟨λ(x)⟩⊥/⟨λ(x)⟩ ∼= ⟨x⟩⊥/⟨x⟩ ∼= d(Tx).

Thus, by [20], Proposition 1.6.1, we have an embedding M̃x ⊕ Tx →֒ Λ̃, with
M̃x and Tx both embedded primitively. We define the lattice

Λϕ := φ(U)⊥ ∩ Λ̃,

which is isometric to the K3 lattice Λ, with the Hodge structure induced
from Tx. By the surjectivity of the period map, there exist a K3 surface Xϕ
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and a Hodge isometry

h : H2(Xϕ,Z) ∼= Λϕ.

We denote by αϕ the composition αx ◦ h|TXϕ
; then, we obtain a twisted K3

surface (Xϕ, αϕ).
Now, we observe that the map h induces the isometry

f : T (Xϕ, αϕ) = kerαϕ
∼= kerαx = T (X,α).

Moreover, since d(T (X,α)) is a cyclic group, applying [20], Theorem 1.14.4,
we conclude that f extends to a Hodge isometry

f̃ : H̃(Xϕ, αϕ,Z) ∼= H̃(X,α,Z).

By [11], Lemma 2.3, we can assume that f̃ is orientation-preserving. By
[13], Theorem 0.1, we conclude that (Xϕ, αϕ) belongs to FMr(X,α). By
construction, we have µ([(Xϕ, αϕ)]) = [x].

Finally, we observe that if x and x′ in Jr(d(T (X,α))) are in the same
orbit for the action of OHdg(T (X,α)), then the twisted K3 surfaces (Xϕ, αϕ)
and (X ′

ϕ, α
′
ϕ), such that µ([(Xϕ, αϕ)]) = [x] and µ([(X ′

ϕ, α
′
ϕ)]) = [x′], are

∼-equivalent. Indeed, by hypothesis, there exists a Hodge isometry η of
T (X,α) which induces an isomorphism η̄ on d(T (X,α)) such that η̄(x) = x′.
Then, by [20], Proposition 1.4.2, the overlattices ⟨x, T (X,α)⟩ ∼= TXϕ

and
⟨x′, T (X,α)⟩ ∼= TX′

ϕ
are isomorphic. Moreover, this isomorphism sends αϕ

to α′
ϕ, because it is an extension of η; this observation completes the proof

of the proposition. □

4.3. Application of Proposition 4.4

Let Y be a very general special cubic fourfold of discriminant d satisfying
conditions (a’) and (b). By Proposition 4.4, the number of isomorphism
classes of Fourier-Mukai partners of order κ of (X,α) is

m′ =
∑

x

{

∑

M

τ(x,M) + ε(r)
∑

M ′

τ(x,M ′)

}

.

Let us write m′ in a more explicit way, in order to find numerical conditions
on d and κ, which guarantee the existence of non isomorphic Fourier-Mukai
partners for Y . We consider only the case κ ≥ 2, because we have already
treated the untwisted case in Section 3. Let c be the degree of the polariza-
tion class on X. Notice that d = κ2c (see [11], Lemma 2.13).
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Lemma 4.5. Let g be a generator of the cyclic group d(T (X,α)) of order
d. Then

Iκ(d(T (X,α))) = {(aκc)g : a ∈ (Z /κZ)×}.

Proof. We observe that every element of the form x = (aκc)g with
a ∈ (Z /κZ)× belongs to Iκ(d(T (X,α))). Indeed, let g be a generator of
d(T (X,α)) as in Proposition 2.2. An easy computation shows that
qT (X,α)((aκc)g) ∈ 2Z and that (aκc)g has order κ. On the other hand, the
elements of Iκ(d(T (X,α))) are all the possible generators of the unique sub-
group of order κ of d(T (X,α)) ∼= Z /dZ. □

For every x = (aκc)g in Iκ(d(T (X,α))), we set

M̃x := ⟨λ(x), N(X,α)⟩ and Hx :=
M̃x

N(X,α)
.

We point out that

Jκ(d(T (X,α))) = {x ∈ Iκ(d(T (X,α))) : M̃x
∼= U ⊕ Z l with l2 = c}.

Indeed, given x ∈ Jκ(d(T (X,α))), let (Xx, αx) be the twisted K3 surface
such that µ([(Xx, αx)]) = [x] (which exists because µ is surjective as showed
in the proof of Proposition 4.4). Then, by definition, we have

N(Xx) ∼= ⟨λ(x), N(X,α)⟩ and TXx

∼= ⟨x, T (X,α)⟩.

Since T (Xx, αx) ∼= T (X,α), we have

d = |d(T (Xx, αx))| = ord(αx)
2|d(TXx

)| = κ2|d(TXx
)|,

which implies that

d(M̃x) ∼= d(TXx
) ∼= Z /cZ.

On the other hand, the opposite inclusion follows from the definition of
Jκ(d(T (X,α))).

Lemma 4.6. Every element x in Iκ(d(T (X,α))) belongs to Jκ(d(T (X,α))).
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Proof. Let x̄ = (āκc)g be the image via µ of the isomorphism class of the
K3 surface (X,α), with ā in (Z /κZ)×. By definition, we have

U ⊕ Z l ∼= N(X) ∼= ⟨λ(x̄), N(X,α)⟩,

with l2 = c; in particular, the lattice U ⊕ Z l is an overlattice of N(X,α).
Let x = (aκc)g be an element in Iκ(d(T (X,α))). Since the groups Hx and
Hx̄ are cyclic subgroups of d(N(X,α)) of the same order, they are the same
subgroup. By [20], Theorem 1.4.1, we conclude that the overlattices U ⊕ Z l
and M̃x are isomorphic. In particular, the element x is in Jκ(d(T (X,α))). □

Proposition 4.7. We have

m′ := #FMκ(X,α) =

{

φ(κ)2h−2 if κ > 2 and c = 2

φ(κ)2h−1 if κ = 2 or c > 2,

where h is the number of distinct prime factors in the prime factorization
of c/2 if c > 2, and h = 1 if c = 2.

Proof. The previous lemmas and the fact that OHdg(T (X,α)) = {±id} imply
that

#(OHdg(T (X,α))) \ Jκ(d(T (X,α))) =

{

1 if κ = 2,
1
2φ(κ) if κ > 2

where φ denotes the Euler function. On the other hand, the only lattice
Mϕ such that M̃x

∼= U ⊕Mϕ is Z l with l2 = c. Thus, our computation is
actually the same used in [18], to prove Proposition 5.1. Indeed, we have

G(Z l) = {Z l} =

{

G1(Z l) if c = 2,

G2(Z l) if c > 2.

Moreover, we notice that

O(Z l) = {±id} and O(d(Z l)) =

{

{id} if c = 2,
(

Z

2Z

)h
if c > 2.

In particular, the order of the set O(d(Z l)) is 2h if c > 2. Finally, we observe
that

OHdg(Tx, αx) =

{

{±id} if κ = 2,

{id} if κ > 2.
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So, if κ > 2, then

m′ =

{

1
2φ(κ) if c = 2,
1
2φ(κ)2

h = φ(κ)2h−1 if c > 2.

Otherwise, if κ = 2, then

m′ =

{

1 if c = 2,

2h−1 if c > 2,

as we claimed. □

By Proposition 4.4 and Proposition 4.7, the lower bound given by Theo-
rem 1.2 is explicitely determined. In particular, it is easy to construct exam-
ples of very general twisted K3 surfaces and, consequently, of very general
cubic fourfolds with an arbitrary large number of non-isomorphic Fourier-
Mukai partners.

Example 4.8. Let us take d = 50, which satisfies condition (a’) and (b).
A cubic fourfold in C50 has a twisted associated K3 surface with Brauer
class of order κ = 5. By Theorem 1.2 and Proposition 4.7, the very general
element in C50 admits at least φ(5)/2 = 4/2 = 2 (isomorphim classes of)
Fourier-Mukai partners.
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