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Hormander Fourier multiplier theorems
with optimal regularity in
bi-parameter Besov spaces

Jiao CHENT, LiaNG HUANG*, AND GUOZHEN Lu*?

The main aim of this paper to establish a bi-parameter version
of a theorem of Baernstein and Sawyer [I] on boundedness of
Fourier multipliers on one-parameter Hardy spaces H? (R™) which
improves an earlier result of Calderén and Torchinsky [2]. More pre-
cisely, we prove the boundedness of the bi-parameter Fourier multi-
plier operators on the Lebesgue spaces LP(R™ x R™2) (1 < p < 00)
and bi-parameter Hardy spaces HP(R™ x R™2) (0 < p < 1) with
optimal regularlty for the multiplier being in the bi-parameter
Besov spaces Bé 2 "7)(R"1 x R"2) and B(SI’SZ)(R"1 x R"2).

The Besov regularlty assumption is clearly weaker than the as-
sumption of the Sobolev regularity. Thus our results sharpen the
known Hormander multiplier theorem for the bi-parameter Fourier
multipliers using the Sobolev regularity in the same spirit as Baern-
stein and Sawyer improved the result of Calderén and Torchinsky.
Our method is differential from the one used by Baernstein and
Sawyer in the one-parameter setting. We employ the bi-parameter
Littlewood-Paley-Stein theory and atomic decomposition for the
bi-parameter Hardy spaces HP(R™ x R™) (0 < p < 1) to estab-
lish our main result (Theorem . Moreover, the bi-parameter
nature involves much more subtlety in our situation where atoms
are supported on arbitrary open sets instead of rectangles.
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1. Introduction

We first recall some basics about the Fourier multiplier operators. For m €
L>(R™), the Fourier multiplier operator T, is defined by

Trf(z)= [ m(&)f(&)e* ™ 4de

R»

for f e S(R™). The Mihlin multiplier theorem [25] says that if m €
Cl/A+1 R\ {0}) satisfies

0¢m(€)] < Cale| 1!

for all || < [n/2] + 1, then the Fourier multiplier operator Ty, is bounded
from LP(R™) to LP(R™) for all 1 < p < oo.

Let 1) € S(R") be a Schwartz function in R? (with d changing from time
to time as needed) satisfying

(1.1)
suppy) C {5 cR%: % < el < 2} ) W(€/2) =1 for all £ € RN\{0}.

JEZ.

For s € R, the Sobolev space W*(R™) consists of all f € S’'(R") such
that

(1.2) 1w & 1(L = 2)72 £l < oo,

where (I — A)S/2f = F7Y(1 + |£[2)%/2f(¢)] and € € R™. Then the Horman-
der multiplier theorem [18] says

Theorem 1.1. Ifm € L>®(R") satisfies

sup ]|m(2j-)¢|]WS(Rn) < oo for all s > ﬁ,
JEZ 2



Hormander Fourier multiplier theorems 1049

where 1 is the same as in when d =n and W?*(R") is the Sobolev
space, then the Fourier multiplier operator Ty, defined with the symbol m is
bounded from LP(R™) to LP(R™) for all 1 < p < cc.

Calderén and Torchinsky [2] set up the following Hérmander’s multiplier
theorem on Hardy spaces.

Theorem 1.2. If m € L>®(R") satisfies

n

(1.3) sup Hm(2j')¢|\ws(Rn) < oo for all s > g ~ 5
z

VIS

where 1 is the same as in when d =n and W*(R") is the Sobolev
space, then the Fourier multiplier operator T, defined with the symbol m is

bounded from HP(R™) to HP(R™) for all0 < p < 1.

Baernstein and Sawyer [1] obtained the following sharpened result when
0 < p < 1 at the limiting case of 1 ,le, s= % - 3.
Theorem 1.3. If m € L>(R") satisfies
(1.4) sup Hm(2j')¢HB;q(Rn) <00
JEZ

foralla:%—gandquora>g—gand0<q<oo,

where 1 is the same as in when d =n and BS,(R") is the Besov

space(see the definition of Besov space in Section 2), then T, is bounded
from HP(R™) to HP(R™) for all 0 < p < 1.

Remark 1.1. If p=1 and m satisfies (1.4) with o > &, then T}, is still
bounded from H*(R™) to H'(R™). For p = 1, if m satisfies (1.4) and o = %,
a counterexample of Baernstein and Sawyer shows that T,, needs not be
bounded on H!(R").

In the bi-parameter setting, the Fourier multiplier operator is defined by

T (f) (a1, 2) 1= / m(ér, &) f (€1, &)t e g, dey
Rn71 xR™2
for f € S(R™ x R™), where x € R™ x R™ and £ = (§,&) € R™ x R"2.
We note that as convolution type singular integral operators in multi-
parameter setting, the LP boundedness for the bi-parameter Fourier multi-
plier operators follows from the work of R. Fefferman and Stein [17]. We also
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refer to [26] for LP boundedness and [23] for HP boundedness of a class of
rather general non-convolutional type of multi-parameter singular integral
operators. The Hardy HP — HP boundedness for the bi-parameter Fourier
multipliers (thus being convolutional type singular integral operators) fol-
lows from the works [4], [5], [15], [24] without knowing the optimal regularity
of the multipliers.

We set

(1.5) My o (€1, €2) = m(261,226)9 (E)Y(&), 1.2 € Z,
where 1(&;) is as in with d = ny and (&) is as in with d = na.

For s1,s3 € R, the two-parameter Sobolev space W (1:52)(R™ x R™) is
defined to be the class of all f € §'(R™ x R"?) such that

(1-6) ||f||W<51»52>(R"1 xRn2) — ||D(51,82)f||L2(R"1 xR™2) < 00,

where Dy, o) f(z1,22) = FU(1 + [6]2)*/2(1 + |&[%)%=/2f (&1, &)](x1, 22).
The following is a bi-parameter version of the Fourier multipliers theorem
of Calderén and Torchinsky (see [3] and [10]). This sharpens results in [11],
11 11

16}, 20]. The numbers s1 > n1(;; — 3) and sz > na(;; — 5) are optimal in the

sense of the Sobolev regularity (see [3] and [10]).
Theorem 1.4. Assume that m(§) is a function on R™ x R™ satisfying

sup |[my, g, [l e < 00
J1,J2€Z

with s; > nl(ll; — %) for 1 <i < 2. Then T, is bounded from HP(R™ x R"2)
to HP(R™ x R™) for all0 <p <1 and

[Tl —mr S sup [[my, g, llweies s
J1,J2€7Z

where myj, j, s defined by . Moreover, the smoothness assumption on
s; 1s optimal in the sense that there exists a multiplier m with some s; <
nl(% — 1) such that T,, is not bounded on HP(R™ x R"2).

We also refer to the reader to [7] and [19] for the Hérmander multiplier
theorem in the anisotropic one and bi-parameter settings.

In the present paper, we shall consider the Fourier multipliers which
satisfy the following conditions or with optimal regularity in the
bi-parameter Besov spaces (see the definition in Section 2). We will obtain a
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limiting case of the above Theorem using the bi-parameter Besov spaces
regularity instead of using the bi-parameter Sobolev space regularity.

The following is the first main result, which gives the LP-estimates of
the bi-parameter Fourier multipliers for 1 < p < oo.

Theorem 1.5. Let 1 <p < oco. Assume that m(£1,&2) is a function on
R™ x R™ satisfying

(1.7) sup Hmjth HB;T'S/Q‘"Z/”(]R"I XR"2) < 0.

J1,J2€%L
Then

||TmHLP—>L7’ S .Sup Hmjlvjz|’B;”11/2'”2/2)(R"1 xRm2)°
J1,J2€L '

Remark 1.2. We can show that the numbers n;/2, n2/2 in Theorem
are sharp, see Proposition [5.1]

For s; > n1/2 and sy > ny/2, it should be remarked that
Wsnsa) (R™M x R™2) e BW/2™2/2(R™M x R™) s LZ(R™ x R™).
Thus, we can obtain a corollary of Theorem [1.5

Corollary 1.1. Let 1 <p < oco. Assume that m(&1,&2) is a function on
R™ x R™ satisfying

(1.8) sup Hmjl’jQHW(sl‘sz)(Rnl xR"2) < 0.
J1,J2€Z

Then

[Tonllzesze S sup|lmyg, g lw e e er xrn)s
J1,J2€7Z

where s1 > ny1/2 and s3 > ny/2.

The following theorem is the second main result.
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Theorem 1.6. Let 0 <p <1 and 0 < q < co. Assume that m(&1,£2) is a
function on R™ x R™ satisfying

(1.9) sup Hmﬁ,jz|’B;2’52)(R"1XR”2) < 0.

J1,J2€7Z
Then

Tnllsostir S 50150 i sy

where s; > ni(1/p—1/2) and so > na(1/p —1/2).

Let 0 <p<1,s1 >ni(1/p—1/2), s2 > na(l/p —1/2) and ¢ > 2. Notice
that

W) = BELSD(R™ x R™) e BEV™ (R™ x R™)
Thus, Theorem [T.4]is a corollary of Theorem [I.6]

Remark 1.3. One may wonder if Theorem is still true when 0 < p <1
and s; =ni1(1/p—1/2),s9 = na(1/p—1/2) as in the one-parameter case.
In establishing our Theorem we apply Fefferman’s criterion (see The-
orem below) in the bi-parameter case. We provide an example here to
show that the multiplier operators T}, do not satisfy Fefferman’s criterion
when s1 = ni(1/p — 1/2), s2 = na(1/p — 1/2). (see Section [f for such an ex-
ample.)

Remark 1.4. Furthermore, if we assume assume

(1.10) jlsjlge)z ||mj1,jz||3§f11»52>(Rn1 xR72) < o0,

where s1 > ny/2, s > ny/2, then T, is bounded on H!(R™ x R"2) and the
numbers n1/2 and ng/2 are sharp, see Proposition

Remark 1.5. We can also prove that the numbers nl(% — 1) and ng(% -3
in Theorem [I.6] are sharp for 0 < p < 1.

By duality of the product HP(R™ x R™) and CMOP(R™ x R™) (see
[22]) and the HP(R™ x R™) boundedness of T),, we have

Theorem 1.7. Assume that m(&1,&2) is a function on R™ x R™ satisfying

(1.11) jlsju}éz ||mj1,j2||Bgfqlvsz>(Rn1 xRn2) < 09

withsy >ni (L — 1), 52>n2(%—%) and 0 <p<1and0<q< .

1
p
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Then Ty, is bounded from CMOP(R™ x R"™) to CMOP(R™ x R"™).
Moreover

[Tmllosorsomor S sup (1M, o ll s v oy s -
J1,J2€7Z 4

In the case of p = 1, we derive the boundedness of T;,, on the bi-parameter
BMO(R™ x R™) under the assumption that the multiplier m satisfies the
minimal smoothness s; > n1/2 and s > ny/2.

As we pointed out earlier, the following relationship shows that our main
results (Theorems and |1.6|) indeed improve the known Hormander type

multiplier theorem with regularity in the bi-parameter Sobolev spaces (e.g.,
Theorem (1.4)):

W(sl,32)(Rn1 X RnQ) _ 35?21,82)(Rn1 < R?’Lg) SN Béi;,&)(RTM % an)
for0<p<1,¢>2 81 >n1(1/p—1/2) and s2 > na(1/p —1/2) and
W) (R™ x R™) «p B/2™2/2) (R x R"2) 5 L(R™ x R")

for s1 > n1/2 and sg > ny/2.

We finally mention that Hormander Fourier multiplier theorems with
optimal Besov regularity on Hardy spaces of arbitrary number of parameters
have been recently established by the authors [§]. It requires different ideas
since the Fefferman’s boundedness criterion fails in the case of three or more
parameters.

We use the notations A ~ B to denote C~1B < A < CB for some abso-
lute constant C' > 1 and A < B to denote A < CB for some absolute con-
stant C > 0.

The organization of this paper is as follows: In Section 2 we recall some
preliminary facts and give some relevant definitions. In Sections 3 and 4, we
prove Theorems and respectively. In Section 5, the sharpness of the
conditions of Theorem [1.5( and Theorem are discussed and an example
is constructed to show T,, does not satisfy Fefferman’s criterion.

2. Preliminary results

Let S(R™) and S'(R™) be the Schwartz spaces of all rapidly decreasing
smooth functions and tempered distributions, respectively. We define the
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Fourier transform Ff and the inverse Fourier transform F~!f of f € S(R")
by

~

FHO=T©) = | f)e@de and F@)= | fe)ede.

For m € L*°(R™), the linear Fourier multiplier operator m(D) is defined
by

m(D)f(@) = F'mfl(x) = | m(E)f©T e, | e SR,
The Hardy-Littlewood maximal function M is defined by
1
M = —_— dy,
) =swp g [ Wy

r>0

where f is a locally integral function on R™.
We recall the definition of Besov spaces. Let ¢ € S(R?) be such that

(2.12) suppp C {€ € R :1/2< ¢/ <2}, Y w(¢/2F) =1, £eR?\{0}.
keZ

And see po(§) =132, 0(€/2%), ¢i(€) = w(€/2%) for k > 1.
For 0 < p,q < oo and s € R, the Besov space B, ,(R") consists of all

f € §'(R™) such that

00 1/q
B, (R") = (Z kaqllsok(D)quLp) < .

k=0

/1

The norm of the Besov space of the product type Bz(gi}’sz)(Rnl x R™2),
51,82 € R, for f € §'(R™ x R™) is also defined by

[e%¢] 1/‘1
1l s o) (gns scnzy = ( Z 2<k181+k252)q”¢(k1,kz)(D)qup> < o0,
pa—
where
(2.13) Dy k) (€) = (0h, @ 0k, )(§) = Pk, (€1) Pk, (82),

fz (fl,fg) € R™ x R"=,

Let us recall the definition of bi-parameter Hardy spaces and atomic de-
composition of the product Hardy spaces HP (R x R"). For ¢(&;) € S(R™)
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satisfy condition (1.1)) for i =1,2 and set ¥; j, (21, 22) = ¥, (x1)Y;, (z2).
The product Littlewood-Paley square function of f € S'(R™ x R"2) is de-
fined by

1/2
[ (@1, 20) = ( > |‘*I’j1,j2(D1,D2)f(331,$2)|2> :

J1,J2€Z
For 0 < p < 1, the product Hardy space HP(R™ x R™) can be defined by
HP(R™ x R™) = {f € S'(R™ x R™) : f* € LP(R™ x R™)}

with HfHHP(Rmew) = Hf*HLP(RnlxR"z)-

A function a(z1,x2) defined in R™ x R™ is called an HP(R™ x R"2)
atom if a(z1,x2) is supported in an open set 2 C R™ x R™ with finite
measure and satisfies the following conditions:

(i) llall 2 < 0'/2177,

(ii) a can further be decomposed as a(x1,%2) = > pen(o) @r(T1,72),
where ap are supported on the double of R =1 x J (I a dyadic cube in
R™, J a dyadic cube in R"™) and M(Q) is the collection of all maximal
dyadic rectangles contained in §2,

1/2
{ > !aRH%z} < Q2
Q)

ReM(

(iil) [o; ar(z1, x2)afde; =0  forall zy € R™, 0 < |af < Npyp,,

Jos aR(azl,xg)azgdxg =0 forallz; e R™, 0<|[8] < Npn,,
where Nj ., Np n, are large integers depending on n1,n2 and p.

Chang and R. Fefferman [4, [5] proved the atomic decomposition of prod-
uct Hardy spaces HP(R™ x R™). Moreover, we also employ in the proof of
Theorem the following boundedness criterion which was established by
R. Fefferman [15].

Theorem 2.1. Let 0<p<1 and T be a bounded linear operator on
L*(R™ x R™). Suppose that there exist constants C >0 and § >0 such
that, for any HP(R™ x R™) rectangle atom a supported on R,

(2.14) / \Ta(xy,x2)[Pdeides < Cy™°  for all v > 2,
Rm1 xR™2\vR

where YR denotes the concentric v-fold dilation of R. Then T is a bounded
operator from HP(R™ x R"™) to LP(R™ x R").
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We now recall the definition of the dual space of weighted multi-
parameter Hardy spaces HP(R™ x R™) introduced in [22] using the
Littlewood-Paley-Stein square functions. We only consider the nonweighted
case here. It is the so-called Carleson measure space CMOP = CMOP(R™ x
R™). We refer to [22] for more details.

Definition 2.1. For 0 <p <1, we call f &€ CMOP(R™ xR™) if f e
(Soo) (R™ x R™) with the finite norm defined by

1/2
sup{l S ST [ (D/2)a(D/25) f(27 27 P x |1 x Iz\}

21
o Q> rez i<t

for all open sets  in R™ x R™ with finite measures, here I; are dyadic
cubes in R™ with the side length 277 and the left lower corners of I is
27911,1; € Z™ and I, are dyadic cubes in R™ with the side length 27% and
the left lower corners of I is 2_kl2, lo € 7.

We will use Littlewood-Paley-Stein square functions to prove our opti-
mal Fourier multiplier theorem using the Besov space regularity. We remark
the multi-parameter local Hardy space theory has also been developed us-
ing the Littlewood-Paley-Stein square functions and boundedness of multi-
parameter singular integrals and pseudo-differential operators on such spaces
has been established (see [12], [13], [14], [6]).

We also need the definition of the strong maximal operator Mg in [21].
Suppose that f is a locally integrable function on R™ x R™, then M(f) is
defined by

1 1
(2.15) M f(x1,22) = sup —— | f(y1, y2)|dy1dys,

r1,r2>0 T1" 12" JRny xRr2
where R = {(y1,y2) € R™ x R" : |y; — x1| < r1,|ye — x2] < ro}. Tt is well
known that Mg is bounded on LP(R™ x R™2) for all 1 < p < oo (see [9]).

The following lemma and proposition will be used later, we can find
them in [27].

Lemma 2.1. Let 51,89 >0,1 <p <00 and 0 < q < oo. Then there exists
a constant C such that the estimate

(2.16) ||f - gHBS(}’SQ)(R"IXRW) < C||f||B;§;’52>(Rn1 anz)”9||ng}j2>(Rn1 xR"2)

holds for all f in BZ(;;S,}’SZ) and all g in Bc(>f>1,z}82)-
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Proposition 2.1. Let s1,82 > 0,1 <p <00 and0 < g < oco. Then the fol-
lowing inequality holds:

1F 2", 2 )| gy o S max{1, 211 }2707/2 max{1, 2252} 272 £ ooy o

holds for all f in BSY™ and all g in BS).

We also need the following result which will be used in the proof of
Theorem [L5l

Theorem 2.2. ([17]) Let 1 < p < oo, and let 1 € S(R™), 2 € S(R™) be
such that suppipy C {€ € R™ : 1/a < €| < a} for somea > 1, suppips C {n €
R™ :1/b < |n| < b} for some b > 1. Then there exists a constant C > 0 such
that

1/2
(2.17) H{ > \wl(D/2j)wz(D/2k)f!2}

JkeZ L
< C|\fllr for all f € LP(R™+2)

where [Y1(D/27)a(D/2%) f1(&1,2) = F [Zbl('/?j)?,l)z('/?k)f(', ')] (&1, 62).
Moreover, if 3, ¥i(€;/27) =1 forall & # 0, fori= 1,2, then

1/2
(2.18) H{ > Wl(D/Qj)%(D/zk)f’?}

J,kEL o
~ || fllpr for all f € LP(R™"2),

Lemma 2.2. Lets; > 0,50 >0, ¢ > 0, and let ¢'(§;) € S(R™) be such that
supp’ (&) is a compact subset of R™ \ {0} for i =1,2. Assume that ¢ €
C®(R™ x R™ \ {0}) satisfies

102198231, 62)| < Clay s (€] + [Eo) " 1HI2D
for all multi-indices aq, as. Then there exists a constant C > 0 such that

sup Hm(t1'7 t2')¢(t1'7 tz')WWHBm,sz) <C sup Hmjlva HB(SWZ)
t1,t2>0 >a J1,52€Z 2

for all m € L>(R™ x R") satisfying sup;, j,ez HmjhjZHB;sl,sz) < 00, where
2q

mj, j, s defined by .
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Proof. We may assume that suppy/(£1) C {& € R™ 1 1/2h < |¢&] < 2}
and suppy’ (&) C {& € R™ : 1/282 < |&] < 22} for some 1,1 € N. Given
t1,ta > 0, take ji,jo € Z satisfying 27171 < t; <27 and 27271 <ty < 202,
Then, since 1 < 271 /t; <2 and 1 < 22 /ty < 2, by a change of variables and
Proposition

lm(tr:, o) d(tr-, tar) "¢ peer.o
< Cf|m(27t-,272)¢(271-, 272 )9 (27147 ) (27285 1) | gion o

Let ¢ € S(RY) be as in (1.1) with d = ny and d = ns, and note that

Supp¢(£1/2k1) C {2]61*1 S |€1‘ S 2k1+1}

and
suppy)(&2/272) C {2F71 < |g| < 2kt
Set W(&1,82) = (&)Y (&) and W'(&1, &) = 4 (&1)¢'(§2). Using

suppy/ (27147 161) € {1/2" 1 < & < 21}

and
suppy) (27215 162) C {1/25H1 < 6| < 27},
we have by Lemma 2.1
(2, 22 )g(27, 272 ) W' (2747 22451 | e

I lo
[ (271, 292.) (27, 292.)

(]
(]

k1:7(11+1) sz:*(lQJrl)
« \I’/(letfl', 2j2t2’1-)\11(-/2k1, '/QkQ)HB(”’”)

<C Z Z ||m(2j1.72j2.)\11(./2k17./2k2)‘|BéSC},32>
ki=—(141) ka=—(lo+1) ’
~ |]¢(2j1~,2j2~)\1’/(2j1tf1~,2j2t51-)\|B<s1,52>

<C D @ 2 e 6t )V e
klz—(ll-‘rl) kzz—(12+1) Y

<C sup ”mjhjan(sl,sQ) < sup ||¢(t1'7tz.)\Il/HB(Sl,Sz)) .
J1,J2€Z 2.9 t1,t2>0 ooq
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Since |0¢!0¢2 ¢(t1€1,t262)| < Caya, (1&1] + &)~ Ueal*le2D) - and suppW¥’ does
not contain the origin, we have |0g'0g? (¢(t1-, t2) V)| < Caya, for all o, o
and t1,t9, and consequently,

Sup Hgi)(t17 tz')\IIIHB(sl,sz) < Q.
t1,t2>0 0,49

The proof is complete. O

Remark 2.1. By Lemma [2.2] we have

k k —1
> 2tk o, FHEM € my, 5, (6, )N1T2 < sup[Imy, gL, s
K1 ks J1,J2€ZL 2,9

where s1,s92 > 0 and mj, j, is defined by (1.5). In fact, since
f_l[ 1 ' (212mj17j2(§17§2)] = f_l[m(2j1'7 2‘72')5?1532@]7
the estimate follows from Lemma with ¢ =1 and ¢'y)' = 7152 0.

We first prove the following lemma which is needed in our proof of The-
orem

Lemma 2.3. Let ¢ € S(R?) be such that ¢(z) = ¢(—x), x € R, and () =
1 on {z e R%: |z| <2}. Then

o0

|Tm(~/211,./212)(f)(x)|§ Z 2(k1n1+k2n2)/2”(I)(k1,kz)(D)m||L2
k1,k2=0

X US) ki) 1B )] % LF1P ()2

for x=(x1,x2) ER™ xXR™ and ji, jo €Z, where (|¢|2)(k) (y) =27 p(27Fy)|?
with d =ny, d =ny and Py, 1,y is defined by .

Proof. Let {¢x, }7°_, be the partition of unity appearing in the definition of
Besov spaces of the product type for ¢ = 1,2. Then

T 21, )202) () (@)
= Q/imtian / Fm(2 (w1 — y1), 277 (w2 — y2)) f (1, y2) dyrdyz
R71 xR"2

oo
=iy /R . Pk, (27 (y1 — 1)), (2 (y2 — 22))
o ey =0 7R XRE2

x (27 (y1 — @1), 27 (y2 — 22)) f(y1, y2) dy1dys.
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Since supppy, C {y; € R™ : [yi| < 2571}, we have op, (y:) = @n, (i) o (i/2").
Hence, using Schwartz’s inequality, a change of variables and ¢(y;) = ¢(—y;),
we have

T j21 . y202) () ()]

(o)
S 2imtim N / [Pk, 1)) (27 (Y1 — 1), 27 (y2 — 22))
R71 xR"2

k‘l,kgzo
X Y1 — 1 272 Y2 — X2
X ¢ <(2k1)> ¢ <(2k2) f(y1,y2)dy1dys
< e N[ @, gy (27 (1 — 21), 27 (g2 — 32)) 12
k1,ka=0
Y1 — 71 Y2 — T2
X d) < oki—j1 ) ¢ ( k2 —j2 ) f(ylayQ) .
_ Z 2(k1nl+kzn2)/2”(b(khk2)(D)mHL2
k‘1,k2:0

X 1D ) (S ()] % LF1P ()2,

This completes the proof of Lemma, [2.3 ([

3. The proof of main theorem: Theorem [1.5

In this section, we prove Theorem

Proof. First, we consider 2 < p < co. We obtain that

[T (H)llze S

1/2
( > IAjl,jom(f)|2>

J1,J2€Z

Lr

Here, we use A to denote the set of ¢ € S(RY) for which supp® is a compact
subset of R?\ {0}. Then we can find functions ¢ € A independent of ji, jo
such that

m(&, &2)¥ (& /27 ) (&2/27) ) .
= m(&1, E2)V (&1 /27 ) (E2/ 272 )0 (&1 /27 )i (€272,
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where we used the fact that suppy(&;) C {& € R™ : 1/2 < [§;| < 2}. Hence,
we see that

Ajy o Tn (f) ()
:/R” - m(ih52)¢(€1/2j1)1/1(52/2j2)f(£1’62)627”;(15151+1252)d§1d§2

= ijl,jz(./zn,./zjz)(zjl,ﬁf)(fc),

where ﬁjhjzf = [(D /291 )ib(D/272)] f.

By Lemma [2.3] we have

‘ijl,m(-/2jl,-/272) (Ajl,jzf)(x)‘

[e.9]

5 Z 2(k1n1+k2n2)/2Hq)(khkz)(D)mjlyj?HL2
]C],kQZO

X (D) sy (101D (ea—i)] # 18 g f12 ()12
= Ejl,h(x).

It follows from Schwartz’s inequality that E;, j,(x) is estimated by

o0

1/2
Ej, g, (@) < ( > 2(k1”1+k2"2)/2\¢(k1,k2)(D)mj1,jz\L2>
kl,k’2=0

00
X{ z 2(k1n1+k2n2)/2“q)(]g17k2)(D)mjl,j2HL2
kl,kQZO

1/2
X (U1 =51y (D1 (ko) * |5j1,12f|2(:v)}

o
1/2 k k
< Hmﬁ,jz!!BQnyw{ S 2t 2 ) (D)m, g, e
' kl,kzzo

1/2
X (1B oy —2) (B (ko —jn)] * \zjl,jzfp(x)} :
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Thus,

[T (e S

1/2
( > IAjl,ngm(f)P)

J1,J2€7Z

Lr

1/2
S (510 el gy
J1,J2 ’

(Z S othmtkn)2 g o (D)my, g e

J1,J2€%Z k1,k2=0

X

X D1 sy (1) o)) * 1B o f17 ()12

L

In order to estimate the above LP-norm, we use a duality argument. Let
g € S be such that ||g||;/2» = 1. Then, we have

1/2
| T (F)llLe S { sup 1mg, g, | g r2mare
J1,J2 21

oo
/ ( Z Z 2(k1n1+k2n2)/2H(I)(k1,k2)(D)mj1,j2HL2
Rm1 xR72

J1,J2€Z k1,k2=0

X

1/2
X [(1017) ey —50) (D1 (k)] * Iﬁjl,jszQ(fv)>g(w)dx1d$2

1/2
5 (Sup Hmjlva ||B;"11/2’"2/2)>
J1,J2 ’

X { Z Z 2(k1n1+k2n2)/2||(I)(k17k2)(D)mjl,j2||L2

J1,J2€Z k1,k2=0

1/2
< B P@I6 a9k *g(z)dxldxz}
R"l XRTLQ

1/2
S (sup Hmj17j2 HBé"ll/z’”?/?))
J1,J2 ,

0o 1/2
X Sup Z 2(k1n1+k2n2)/2||(I)(k17k2)(D)mj1,j2||L2
J17]26Z kl,k‘zzo

1/2
X {/Rnl XRW( Z ’Aj17j2f|2(x)) Msg(x)d$1d$2}

jl?jZeZ
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'S (sup ”mthé HB;"ll/an/’z))
J1,J2 )

>< {
1/2

S (sup s e ) LNl
J1,J2 ’

> 1A ufP(@)

J1,J2€Z

1/2
[Msg()| o2y }

Lp/2

By taking the supremum over all g as above, we have

(3.19) [T (F)l[Le S (sup (11255, | s 2o )| f || 2o
J1,]2 ’

For the proof of 1 < p < 2, we use duality. Then the dual space of
LP(R™ x R™) is LP (R™ x R"™). Therefore exists a function g € L (R™ x
R™) such that

1T (F)lle = / Ton(f)(@)g(x)daxy iz

R71 xR™2

— [ I Talg)@)dndr,
RnlxRTLQ
<|f

S (510 Il e ) 15l
J1,J2 ?

o[ T )| £

By taking the supremum over all g as above, we have

(3.20) T (500 Iy ) 1

J1,J2

For p = 2, by Plancherel’s theorem and the embedding theorem, we have

(3.21) 1Tz S (

sup 1,2 gy 2020 ) -
J1,J2 !

A combination of (3.19)), (3.20) and (3.21)) yields

TPl 5 (510 sl ) 17l
J1,J2 ’

for all 1 < p < co. This completes the proof. O
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4. The proof of main theorem: Theorem [1.6

In this section, we prove Theorem

First we write *o for the convolution operational symbols in variables xo
and P for the Fourier transform acting only on xzo variables.
For0<p<1land0< ¢ < g2 < 00, then

By (R™ x R™) < B0 (R™ x R™).

Therefore, we just consider ||m;, j, ) <00 for g > p.

HB;; 752)(Rn1 < R"2
Since T}, is a convolution operator, we have

[Tmllz2—r2 S [lmll e

By the Besov embedding theorem, we then have

[ml[ze < sup M, 5o | ges o
J1,J2 ¢

when s1 > n1/2,81 > nyi/2.

Therefore, to establish Theorem 1.6, by Fefferman criterion, we just need
to prove the following: if a is an HP(R™ x R™) rectangle atom (0 < p < 1)
supported on R = I x J, we have

/ /( @) P S sup [ ™ for all 22
vR) J1.d2 2,q

where s1 > ni(1/p —1/2),s2 > na(1/p —1/2) and some fixed 6 > 0. By a
translation, we only consider an atom a supported in R which is centered at
(0,0). By the Besov embedding theorem, it is sufficient to consider the case

ni(1/p—1/2) < s; < [ni(1/p—1)] +n;/2+ 1 for alli=1,2.

Let a be a rectangle atom supported in R. We decompose (YR)® :=
R™ x R™ \ vR into the following three subsets:

Vi={(§,8): (YR)\ (V2 U V3)},
Vo ={(£1,&) : &1 € (V)62 € J},
V3 ={(&,&) & e€l,6& € (7))}

The proof of Theorem will then be divided into three steps.
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Step 1: Estimate ||T},(a)(x1,x2)

||}]7{p (Vl ) .
We define

Koo = F 7 ml, Yo/ 20 /25)] = F g, (/20 -/27)]
If we write I?jlij = f*l[mjhjz], then
Kj17j2 (xh 132) = 231”1+]2TL2K (2 1, 2]21,2)

The Littlewood-Paley-Stein square function 77}, (a)(x1, x2) of Ty, (a)(x1, z2)
can be written as

T (a)(z1, 22)

1/2
= ( Z ‘(lpjlajz)v*Tm(a)(xth)P)

J1,J2€Z

(x

J1,J2€7Z

1/2
=: ( Z |Fj17j2($1’$2)|2> .

J1,J2€7Z

2) 1/2

/ Kj, j, (1 — y1, 22 — y2)a(y1, y2)dy1dy2
R71 xRn"2

We shall estimate the function Fj, j,(z1,22). To this end, for i = 1,2,
writing 0§ K, j,(y1,y2) = 05 Kj, j,(y1,y2) and using the moment condition
on rectangle atom a(y1,y2), we have for nonnegative integers L and Lo to
be chosen below.

Fjlyjz(xlva) = / [thjz(xl —Y1,T2 — yQ)
IxJ

(_yl)a aoq
Z ' K]l,h (:Ela T2 — 312) a(y1>y2)dy
|ai|<Li—1

/ / yl . tl)Ll—lain
IxJ
\al Ly

x Kj, j, (1 — tiyr, w2 — y2)a(y, y2)dtrdy
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_ Z Y (—y)™ Li—1
jou|=, P70 T

X laflKjl,jz (1 — t1y1, @2 — y2)

(_y2)a2 929N K
o Z ! 2 U1 jl,jz(l”l —t1y1, T2 — Yo)
|a2\§L271 ’

x a(y1,y2)dtidy
1 1 (_ ar [ as
y1)* (—y2) L1
a%::Ll |a§::L2 IxJJo Jo aq! !
X (1 — t2)L2—18?18§‘2KJ‘17j2 (l‘l —t1y1, T — t2y2)]
X a(yla Zn)dtdy,

where 0 < L; < [ni(1/p—1)]+1, 0 < Ly < [nao(1/p— 1)] + 1, dy = dy1dys
and dt = dtldtg.

Thus, by Holder inequality, we have

‘F}ﬁ,jz (xlv x2)’

1/2
S |I|L1/n1|J‘L2/n2 Z Z (/I J|a(y1,y2)|2dy1dy2>
X

|1 [=Ly |az|=L2

1 1 1/2
( / / / |a?165"2f<j1,j2<x1—tlyl,xg—mm)?dydt)
IxJ JO 0

5 Z Z ‘1‘1/2—1/p+L1/n1‘J’1/2—1/p+L2/n2

| [=Ly |ea|=L2

1 1 1/2
( / / / |afla§2f<j1,j2<w1—tlyl,xz—mm)%ydt) |
IxJ JO 0

By the subadditivity of the p-th power of the LP-norm, 0 < p <1 and
by Holder inequality, we have

Ty (a) (1, ) [Pdardzy < ) / | Fjy o (21, 22) |Pdiy dics
Vi

Vi j1,j2€Z
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Z Z Z ‘I‘p/2—1+L1p/n1|J|p/2—1+L2p/n2

j17j2€Z ‘Oél|:L1 |a2|:L2

1M p/2
X/ (/ / / ‘6?18§2Kj17j2 (561 — tlyl,ﬂfg — t2y2)|2dydt> d.’L’ldCL‘Q
Vi IxJ JO 0

Z Z Z ’[’p/2—1+L1p/n1‘J’p/2—1+sz/nszhj2'

jl)j2€Z |C¥1‘:L1 ‘Cl(ngLQ

Next, we will estimate G, ;, pointwisely. We set Ay, = {z; € R™ : 2k <
21| < 2MH1) and Ay, = {xg € R : 2k < \x | < 2k2+11 Since s; > nz(l -
3), we can choose that s, = (s; +nl(p 3))/2 for i =1,2. Hence, using
Holder’s inequality and a Change of varlables we have

1 1 p/2
Gjl,j2:/ (/ //’5?1632&‘1,;'2(901—t1y1,$2—t2y2)\2dydt> dzydxy
Vi IxJ JO 0
1-p/2
< / 1|72 |y T day das
Vi
1 1
A L[ oo -t — tae)
1 JIXJ JO 0

p/2
X dtdy|:1:1|25l1|332|25,2d:n1dx2>

< 7—5‘[‘—8’1p/n1+1—p/2’J’—s/zp/nzﬂ—p/?

2 2
{/ / / / |z1 — tiy1] 51\962 — tays| %2
k1>pl ks> ps Apy X Agy JIXJT

p/2
X \8“180‘2 j1 J2( T — tlyl,xQ — t2y2)|2dtdydac1d:c2}

S Z 7—5’I|—s’1p/n1+1’J|—s’2p/n2+1
ki,k2€Z

8 /
Akl XAk

where —§ = max{—s|p + n1 — nip/2, —shp + no — nap/2}, 2/ ~ 4|1, 2> =~
y|J| for p1,p2 € Z.

Since Kj, j,(x1,x9) = 2t i, o (20hg), 222y). We also set By, =
{m; € R 2 2k < |y < 2Rt gy > 1} and By, = {z; e R™ : |z;| <2,k; = 0}.

p/2
||561|S/1\f?lséaf‘lag”f(jhjz(ﬂ?lv332)de’vldﬂ«“z} :

2



1068 J. Chen, L. Huang, and G. Lu

Then, by direct calculations and a change of variables, we obtain
Giogo S 7 T[S0/t g sip/t
> Z 9i1p(=si+nit|ea]) 9jap(—sr+na+{az|)

ki,ko€Z

p/2
X / H2j1$1|8l1|2j2$2’8/26?1832kj17j2(2j1.%'1,2j2x2)|2d$1d.7}2
Ale ko

_ 776’I’fs/lp/n1+l’J’fs;p/nﬁl
% Z 2j1p(*8’1+n1/2+L1)2jzp(*8’2+n2/2+L2)

k1,k2€Z

p/2
x {/ Hl’l!sllIwz\séaflangfjl,jz(xh$2)|2df171dl’2}
kq X Akgy

< 7O/t g = sip et giip(= st /24 L) 9jap(= sy Fn2 /24 Le)

p/2
X Z {/ ’|x1,s,l|x2|8/281a1832]?j1,j2(1'1,$2)|2d$1dx2}

k1,k2€N By, X Bg,
< 7’5|I|’S’1p/”1+1|J|’S;p/"ﬁl2j1p(73’1+”1/2+L1)2j2p(fs;+n2/2+L2)

x D / |21tk o) (1) o, (2)
ki,k2€N Biey X By

p/2
X 8?1832f?j17j2 (xl,xg)yzdﬁldl‘g}

< ,7—6|I|—s’1p/n1+1|J|—s’zp/nz—i-l2j1p(—8’1+n1/2+L1)szp(—5§+”2/2+L2)
% Z 2(—k1015’1—k2923/2)p{2k1(1+91)s’1+k2(1+92)s/2

ki,k2€N

X [lor, or, FHET €52 m 5 (€1, €2)] |22}
< 775|I|7s’1p/n1+1’J|fs;p/nngl2j1p(fs’1+n1/2+lz1)2j2p(*8'2+n2/2+L2)

1-p/q
> [ Z 2(k1918'1k2925’2)p/(1p/@]
k1,k2€N

X{ Z 9 (k1 (1401)s| +k2(1402)s3)q
k1,k2€EN

p/q
X || on, o, FHED 32mj1,j2(€1,52)]||%2}
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< 0| ISP AL g | = sip/natLogip(=sitni /24 L)
jop(—s 24+L
% 2]217( sh+ma/2+ 2)||mj17j2”pBésl,52)?
»q

where the last inequality holds by Lemma and ¢y, is defined by ,
q>pand (1+40;)s, =s; fori=1,2.

For I x J, there exist l1,ly € Z such that |I| = 27h™  |J| ~ 27" Thus,
use the estimates of G, j,, we obtain that

/\T;L(a)(xl,xgﬂpd:cldmg
Z Z Z |I|(fs’1+n1/2+L1)p/n1|J|(*s;+n2/2+Lz)p/nz

J1,J2€Z |a1|=L1 |az|=Lo
—8901p(—8i+n1/2+L1) 9jep(—sh+nz /2+L P
x 47990 (—si+n1/ 1)2 2p(—sh+nz/ 2)Hm]1,J2HB(S1w82)
2.q
5 sup ”mjl,]2H (51 52)7
J1,J2€ZL
% 2 : 2(g1—ll)p(—81+n1/2+L1)Q(jz—lz)p(—5§+n2/2+L2)‘

J1,J2€Z
Set
B = Z 2(j17l1)p(*3/1+77«1/2+L1)2(]'2*12)p(73/2+n2/2+[/2).
jlijEZ
In the above summation B, we can choose L; = 0, if j; > ; and L; = [n;/p —
ni| + 1, if j; < l; for i = 1,2. Hence, we have

(T (@) (21, 22) Pdardas S 70 sup 1772032 W e o2

V1 ]17]262
> E 91 =l)p(=s1+n1/24+L1) 9(j2—l2)p(=s5+n2/2+L2)
J1,J2€7Z
-4
S sup ”m]quHB(n s2)
J1,J2€Z

oUr=l)p(=s1+n1/2) 4 Z 91 =l)p(=s1+n1/2+[n1 /p—m]+1)

J1>l1 Ji<ly }

J2>la Ja<la

{ 9(2—l2)p(=s54n2/2) 4 Z 9(J2—l2)p(=s5+n2/2+[n2 /p—n2]+1)
-4

sup ||m]1732H <S1 s2)
J1,J2€Z

where —§ = max{—s|p +n1 — nip/2, —shp + na — nap/2} < 0.
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Finally, we have concluded

-0
(4.22) | Tw(a)(@r, 22) Iy S77° SUP_ MMyl -
J1,J2€7Z 2,9

Step 2: Estimate ||Tm(a)(331,a:2)|\%p(v2).

As before, we have

p/2
15, @)(or,20)Pdrdos < Y [ <Z|Fyl,jz<x1,x2>|2> darday
V2 VZ

J1EZL J2EZ
1-p/2
g2
<3 ([ i ann
J1EZ Va
p/2
x (/ Z |Fj17j2(x1,.'12‘2)’2|;U1‘231d;1;1d$2>
V> J2€Z

5 ,.)/75/’I’fs/lp/n1+1fp/2|(]‘lfp/2

p/2
X Z Z </A R Z ’Fjl,j2<1’1,$2)’2’x1‘251dx1d$2>

€L k1 2>py J2E€Z
= 7—5"[’—5’11)/”1+1—p/2u‘1—p/2

xy > 1, o (s w2) e [ ez 72 4y, e

jl €L ky Zﬂl

=R I 5 S

J1EZ k1>p1

where —§' = —s\p+ny — nip/2.

In order to estimate (%), we use a duality argument.

(x) < sup S Bl oz derdes,
I{A;, }1?2 ||L2<Ak1 xrn2y<1 j2€Z Apy xRm2

Similarly, we have

Fi i Y=L Z lﬂ(l_t)h—l
J1,J)2 Z1,%2) = 1 <7 Jo 041' 1

|ar|=La

X a?lKjlyjz (xl - tlylv Zo — y2)a(y17 y?)dtldyv

where 0 < L; < [n1(1/p—1)] + 1 and dy = dy1dys.
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Fixed hj,, we have

/A \Fy, gy (21, 22) |1 [ By (21, @2)drr iy
k1 xRn2

o |=Ls
x 07" K, j, (1 — tiyr, x2 — y2)a(y1, y2)dt1dy1dys:

k1 xRn2

X |~T1 |sl1 th (1’1, xz)d:zldxg.

Fixed T, tla yl)j17j27 define
S(a)(w2) = / O K, j, (1 — tiyr, ©2 — y2)a(yi, y2)dya.
J

Set Tfﬂl,tl’yhjlva (372) = 8?:[?321,]'2 (1‘1 - tlylva) and Supp{; - {€ : 1/3 < ‘5’ <

3}, ¥ =1 on suppy and Aj,g(z2) = [{bv(D/2j2)g]. By Lemmam we obtain

S(CL) (.Tg)hjz (1,‘1, CL‘Q)dZL‘Q
Rn”2

= [ S(a)(w2)Aj,hj, (z1,22)dzs

R72
o

S Y2, d KG (w1 — tiyr, @)l e
k2:0

x / (D) gy #2 18, )PP (22)| A By (1, 202 .

Thus, we obtain

/ Fj, ja (w1, m2) |1 [ hj, (21, m2)dw1 dao
Ay, XRn2

SO A -
Ay xRn2 JIxJ JO al!

laa|=Ln

X S(a) (xg)dtldyl ‘:L’l ’Sll th (a;l, arg)dazld:cg
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1 &
<SS [ S e
las|=L, IJ A xR™2 J0 ko=0

X |lr, 07 K3, (21 — tiyr, 22) || L2 (mee)

X ((|¢‘2)(k2—j2) *2 |Aj2a(y1¢ ')‘2)1/2($2)‘5j2h]'2|(x17x2)dt1dwldx2dy1'

Using Schwartz’s inequality and a change of variables, we have
1 ) R _
/A /0 |$1|51 ||80k28?1K]217j2 (xl — l1y1, 332)||L§2 |Aj2hj2 ’(331, xQ)dtldxl
k1

1 o~
S / 21 — tin [ o, 07 K7, j, (21 — t1yn, 22) || L2 (A, xrea) [ DG, Ryl L2 4 )
0
= [l |, 07 K3, 5, (w1, 22)[| L2 (4, xrre) 1A Pl L2 (4 )

= 2 (ZstmtLy) H ’2j1 L1 ‘S,l (Pk’zaih KJ% 2J2 (Zjl x1, x2) ”L2(Ak1 xRn2) ”Ajz hj2 HL2(A;€1)

Pr, 07 K 5 (w1, 22) | 12 (4, xcrro) 185 [l L2 ()

S 2% 97 R 0 20 oD B

< 2 Cstm 2R ok o mi, gl p2 18k L re 4, ).

7
S1

= 23'1(*5'1+n1/2+L1)”|x1

J2 h]2 ||L2(Ak1)

where we have used Lemma[2.2]to obtain the last inequality and 1) is defined
by (L.1).
Therefore,

/A IFy, gy (21, 22) |1 [ by (21, 22)derr iy
ky XR™2

J2€Z

[ee]
< 2j1(—si+n1/2+L1)|I‘L1/n1 Z Z 2k2n2/22kls’1||¢kl(pk2mjhj2||L2
jQGZ k2:0
< /, / (012 ey *2 B ssayn, )PV 2 @) | R gy 2y i

o0
< 9d1(—si+n1/2+L1) ‘[‘la/m Sup{ Z okanz/29k: s} ¥k, Pr iy o || L2 }
72 po=0

« > S}:p{ 0Py 52 i P o)

J2€Z "

X szzhjéHL2(Akl)dyld$2}-
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It follows from Schwartz’s inequality that the sum concerning js in the last
line is estimated by

Z Sup{/ |¢| ) (k2—j2) *2 ‘Ejza(ylv ')|2)1/2(x2)||£j2hj2||L2(Ak1)d$2}

J2€Z ke

1/2
< <Z sup | ((101*) (ka—ja) *2 IAjza(yu')!Q)(fﬂz)dmz)

o EZ Rn2

1/2
(Z/A . |Aj,hj, | da:ldx2>
J2€Z xRm2

0P ey w2 Batn. )P )z

)1/2
)1/2

< Zsup sup
j2€Z k2 |lgllzee=1

1/2
(Z/A . hi,| d:zldx2>
J2€Z xRm™2

< (Z Sup ~ sup /an |£j2a(y1, NP (@2) (8] ) (ka—jz) *2 9(w2)dz2

jaez k2 llgllLe=1

1/2
(Z/ 125 dxlda:2>
= A, XxR"2

< < o | [ 5 1Bty ) Flaa Mot
gLOO—l Rn2

J2€Z

1/2
(Z/ 128 dxlda:2>
jo€Z Ap, XRm2

< llayrs lzees) [{hi. Yol L2 Ay, xrna)-

)1/2

Since ||a| > < |I x J|/?71/P, we have

> sup{ | [ 9P 52 Bt ->|2>1/2<x2>||5j2hj2HLz(Akl)dyldxa}

J2€EZL k2

< /I layr, Mooy [ b 22t sy o

< 11" llall 2l {hys el 2y, xRr)
< V2L < IRy el e ay, <.
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Combining these estimates and for I x J, there exist [; € Z such that || =
2-hm e have

|T (a)(x1, x2)[Pdxidey

Vs
0o p
SEREL DY { > 2k l22hs gy o, my, HL?}

132 ez L, =0
« Z 2j1p(*5'1+n1/2+L1)‘I’P(*Si+nl/2+L1)/n1
J1E€EZ
i p
s el e

h; nyy <1
s llzcay, xina) <

< ’Y_é/ sup{ Z Z ok2s2pgkis1p

332 gy €N koeN
« E 2j1p(*5'1+n1/2+L1)‘I’P(*Si+n1/2+L1)/n1

J1EZL

|<70k1 @kzm]’hjz ||Z[7,2 }

S (s g ) 30 P i 2
»q

J1,J2 jleZ

-0
5 0 (sup Hmjl,jQ ||%é51f52)>
2q

J1,J2
> {Z oUr—l)p(=s1+n1/2) 4 Z 2(]'1—ll)p(—si+n1/2+[n1/p—n1]+1)}
Ji=>l J1<h
s
S 7~ sup ||mj17j2Hg(s1152)'
Ji:Jz2 2.9
Thus, we obtain
s
(423) [ Tul@)@n )y S 7 sup [l
J1,J2€Z 2.q

with —¢' = —s|p + n1 — n1p/2. By symmetry of the situation, the cases V»
and V3 are treated in the similar way.

Therefore, we have

"

-4
(4.24) 1T (@) (@1, 22) vy S0 sUP_ [, 5ol oo
J1,J2€7Z 2,9

with —8" = —shp + no — nap/2.
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Combining (4.22)) with (4.23) and (4.24)), we have the desired estimate,

p

(4.25) 1T (@)1, 22) g ey S 500 (05311

J1,J2€ZL
where —o = max{—49, —¢', —d"}.

By Theorem [2.1], we have proved the H? boundedness for T},. The proof
of Theorem [I.6]is thus completed.

5. The sharpness of the conditions in Theorem [1.5] and

In this section, we consider the sharpness of Theorems and

Proposition 5.1. Let 1 < p < co. Then the estimates

(5.26) ITn(D)llzr < € sup [1m ]l gy o0 1 £ll2r
J1:J2 ’

holds only if s1 > n1/2,s9 > na/2.

Proof. First, we set f(x1,x2) = fi(z1)f2(x2) where fi(x1) € LP(R™) and
fa(x2) € LP(R™). We take functions ¢ and ¢y such that

0 € SR™), ;=1 for |§&] <1, supp p C{§ e R™ 1 || <2}

for all i =1,2. And let 51 and §2 be smoothing functions, and assume that

~

0; € S(R™), 6;(&) =1 for |&] <1/2,  supp 6; C {& € R™ : |&] < 1},

for all ¢ =1,2. And define ﬁ(fz) =i ((& — ?7?)/61') and m;(&) = é\z((gz _
10)/e;) with |n?| =1 for i = 1,2

To prove the necessity of the condition s; > n1/2 and sy > na/2, we set,
for sufficiently small 0 < ¢; < 1,

m(&1,&) = mi(E)ma(&2) = 01((&1 — nY)/e1)B2((€2 — 19) Je2).
For m = mims and f = fi fs, we have
T () (1, 22) = FHOL(C — 1) Jex) ful (z0) F 0L — 09)/€2) Fo ()] (w2).

Fix €;, we first estimate the norm |]7TL\|B<51,52>(R”1 «Rn2)*
2,1
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In fact, we have

Il ey = 1102((61 = m) /e0) |l g, oy 102((§2 — ) /€2) Bz, (2
< 061_81+n1/262_82+n2/2,

the last inequality follows from Proposition [2.1

Hence, we have

||Tm(f)($1v$22||m R R R
< C||f_1[91((' - U?)/el)fl](ifl)f_l[%((' —n3)/€2) f2()] (w2) | o
< Cl61((&1 = nD)/e1)ll By, o) 182((E2 — 1) /€2))]

— 2 — 2
< Cer P | foll e

— 9 _ 2 _ —
SCfl s1t+n1/ € Sa+nz/ 67111 "1/1767212 nz/p.

Bz &) L f1ll e[| f2ll e

Moreover, a simple calculation gives

T (f) (@1, 22) | 1o = €8 @1 (e121) €8 a(eams) | 1o = Cey /P2 /P,

Thus, (5.26) yields the inequality

ni—n na—n —s14n1/2 —sa+n2/2 ni—n no—n
611 1/]0622 z/p Scel 1 1/ 62 2 2/ 611 1/P622 2/107

which holds only if s; > n1/2 and so > na/2. O
Proposition 5.2. Let p = 1. Then the estimates

T )l @y < C SO sy g gy 1 1 s
J1,J2 ’

holds only if s1 > ny/2,s9 > na/2.

Proof. First of all, we only need to consider the simplest case. In the follow-
ing, we set f(x1,22) = fi(z1)f2(x2), where fi(x1) € HY(R™) and fo(xo) €
H1(R™), then we have f(z1,72) € H(R™ x R"2). Furthermore, we also set
m(&1,&2) = ma(&1)ma(&2), where mi(§1) € B34 (R™) and ma(&2) € B3 (R™).
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Therefore, we just estimate

Tmf(xla 1"2) = Tm1 fl (‘rl)Tmz fl (CCQ)

Moreover, we could obtain

[T (f) (21, 22) | 2 s xenay = Ol Ty (1) (@0) | 12 @) 1 T (F2) (22) [ 12 2

By the sharpness of Baernstein and Sawyer’s Theorem [I], we have that
Theorem is sharpness in the sense that there exists a multiplier m €
Bg’sll’SQ)(Rnl x R™) with s1 < ni1/2 or s9 < ny/2 such that T}, is unbounded
on product Hardy spaces H*(R™ x R"2) for p = 1. Propositionis proved.

O

Proposition 5.3. Let 0 < p < 1. Then the estimate

(5.27) | T ()| e < C ,surézIImjl,jQHB;smIIme
J1,J2 4

holds only if s; > nl(% - %), S9 > n2(% — %)

Proof. We take the function 6; as in the proof of Proposition [5.1

L) and s9 >

To prove the necessity of the condition s znl(%— 3

7%2(% — %), we set, for sufficiently small 0 < ¢; < 1,

m(€r, &) = m1(&1)ma(&2) = 01((& — 17) /e1)02((&2 — 19) fe2).

For m = myms and f = fi fs, we have

T (f) (@1, 22) = FHOL((- = n9)/er) il (1) FHOL((- — m3) /e2) fo ()] (2).

Fix €;, we first estimate the norm |’mHB(sl,52)(Rnl «Rn2)*
2,q

In fact, we have

||mHB(31,52) < 061*81+n1/262752+n2/2‘
2,9

We take the function f;(z;) = vi(x;) € S(R™), where ¢;(z;) is chosen
such that suppy; is a compact subset of R™ \ {0}, ¥;(§) =1 in a neigh-
borhood of Y for i = 1,2.
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Hence, we have

1T () (@1, 22) e < ClOU(E = 1) /) g o)
X [[2((€2 = n3) /€2l gz oy 1 f1 | 1o || fo | 1o

< 061_51+n1/262_82+n2/2”f1 HHP ”f2HHp

S 061—81+n1/262—82+n2/2.

Moreover, a simple calculation gives
| T () (@1, 22) s = Clle 61 (er1)€5ba(exwa)l|rr = O™ Peg ™7,

Thus, (5.27) yields the inequality

- - - 2 - 2
671“ nl/pegz na/p < Cel si+ni/ & S2+n2/ :

which inequality holds only if s; > nl(% — ) and sy > ng(]lD — 2). The proof
of Proposition [5.3]is complete. U

At last, we give an example of T}, to show that T;, does not satisfy Fef-
ferman’s criterion when s; = nl(l% —3), 82 = ng(% — 3). The construction
of our counterexample is based on [I]. First, we must introduce function

spaces K ¥ (R™) which was considered in [I]. Suppose that
1<s5s<00,0<a<o00,0<p<o0.

Herz space Kg"P(R") consists of all functions f e L7 (R"\{0}) N L*(R")
with

1 llkeoany = 11y + 1l g g < 50

where

/]

00 p/s 1/p
Kor(mn) = {Z</A |f($)|3dx) 2ka8} for Ay = {2 < |z| < 2¥+1}.

—00

Now, we recall a Lemma in [I].
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Lemma 5.1. ([1]) Suppose that s >0, 0<p <1, r>n+ «a and that Q €
LY (R™) satisfies

(5.28) 1Qll ey <1, and Q)| <lal™  for |o] > 2.
Then, for g € K3P(R™), we have
g * Qllxgr@ny < C(s, 0,7 1) |9l k2w @r)-

Notice that F maps Bj , isomorphically onto K37 for a >0 and 0 <
q < 00, see [I]. For simplicity, we consider the case n = 1.

Our main purpose of this section is to give an example of a bi-parameter
Fourier multiplier m such that the multiplier operator does not satisfy the
Fefferman criterion of boundedness from the bi-parameter Hardy space. To
this end, we will first construct such an example in the one-parameter set-
ting.

Proposition 5.4. For0<p<1,s=1/p—1/2, we can find a sequence of
constants v > 2 and a multiplier m(§) satisfying

SUP”mJH <~—>p <00
jez

such that

| T (a )HLP (1)) N0 fails for any given § > 0,
where a(x) = € x(0.2x) is a HP(R) atom, I = (0,2m).
Proof. Define fy by

2=k/P|k|71/P* | for all z € Ay, k=2,4,6,...,
(520 folw) —{ & ¢

0, otherwise.

Then, we have fj € Kg_g’p(R). Take @ € C*°(R) satisfying @ > 0, Q(0) >
0, |Qllzr®) =1, Q € C*°(R) and suppQ C {[¢] < %} For fixed r > % + %,
Q satisfies |Q(x)| < Clz|™" for some C, and so cQ satisfies the hypothesis
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of Lemma [5.1] for some ¢ > 0. Hence,

i n(ifé)’
fle) = e (fox Q)a) € Ky » T (R).
Define m = f. Then suppm C {1 <¢l <2} and m, (&) = m(c&)Y(€) =0
unless £ < o < 8. And the inverse Fourier transform of mﬁé) iso~lf(oc™ ).

These functions are all in Kég_g)’p(R). From Lemma with Q = ¢, it
follows that m satisfies that

sup lma| sy, & L.
(e

(l
K,?

Take z € Ay, k =2,4,6,.... Then

(fo* Q) = / Qz — ) foly)dy

ly|<2k-t

v Qenhwas [ Q6w

Since |Q(z)| < C|z|™", the first and the third integrals are controlled by
follzr)- Since Q(0) > 0, the middle integral

C
b

Qe = )ty > C2 AP
Ay,
Since r > %, it follows that for all sufficiently large k

(fo* Q)(x) > C27HPE|7VP" for € A,

Take an HP atom a(z) = eixx(ogﬂ), where % < p < 1. Hence,

» _
||Tm(a>||LP((7[)C) N /

(vI)e

p
dx

/ ") fo x Q(x — y)aly)dy
(0,2m)

p
:/ / foxQ(z —y)dy| dx
(v0ye 1/ (0.2m)
p
z/ / fo* Qz — y)dy| de
A lJ(0,27)

> Clk|V?,
we can take v =~ 2, then we deduce

k|77 < a7k,
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which is impossible when k trend to co. Therefore,

||Tm(a)||§p((71)c) é 0’775- O

Next, we will construct an example in the bi-parameter setting.

Proposition 5.5. For0<p<1,s=1/p—1/2, we can find a sequence of
constants v > 2 and a multiplier m(&1,&2) satisfying

su m; 1_1 < 0
S Ikl 350

and a rectangle atom a(x1,x2) in HP(R x R) supported in the rectangle I =
(0,27) x (0,27) such that
HTm(a)pr((,ﬂ)c) < 0'7_6 fails

for any given & > 0.

Proof. For bi-parameter case, we set a(xi,x2) = ai(xi)az(x2), where
a1(x1) = €™ x(0.2r) € HP(R) and ap(x2) = €2 x (g 2r) € HP(R). Furthermore,
- %)7

"(R),ma(&) €

KQ;_5 ’p(]R) are the same as in the above example. Therefore, we just esti-
mate

we ?lsg set m(&1,&2) = mi(&1)ma(&2), where my(&1) € Kég_

T f(x1,22) = Tpnya1(21) Ty a2(w2).

Moreover, we have

||Tm(f)(3317932)||12p((3)c) > CHTM1(‘11)HIZP((71)c)
> C|k1|_1/7’|k2|_1/1’,

Tin, (a2)||IL)p((71)c)

where R =1 x I and I = (0, 27).

We can take v ~ 2122 then we deduce
ey | TV/P kg | 71/P < 27R1097R0 for 6 > 0
which is impossible when k1, ko tend to oo. Then,
-0
1T (F) 1 22) ey £ 7"

Therefore, T}, does not satisfy Fefferman’s criterion when s; =

%—%for0<p§1. O
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