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Grothendieck rings of periplectic
Lie superalgebras

MEE SEONG IM, SHIFRA REIF, AND VERA SERGANOVA

We describe explicitly the Grothendieck rings of finite-dimensional
representations of the periplectic Lie superalgebras. In particular,
the Grothendieck ring of the Lie supergroup P(n) is isomorphic to
the ring of symmetric polynomials in ] Lo , 21 whose evalua-
tion 2y = x5 ' =t is independent of .

1. Introduction

The Grothendieck group is a fundamental invariant attached to an abelian
category. It is defined to be the free abelian group on the objects of the
category modulo the relation [B] = [A] + [C] for every exact sequence 0 —
A — B — C — 0. If the category possesses tensor products of objects, then
the Grothendieck group inherits a structure of a ring. A beautiful example
is the Grothendieck ring K[GL(n)] of the category of finite-dimensional
representations of the general linear group. It is isomorphic to the ring of
symmetric Laurent polynomials
K[GL()] = Z [« ... a2

(see for example, [0, Sec. 23.24]). Moreover, the famous Schur polynomials
are images of irreducible representations under this isomorphism.

This description generalizes to all semisimple complex Lie algebras. In
this case, the category admits complete reducibility and the characters of ir-
reducible representations are given explicitly by the Weyl character formula.
The Grothendieck ring is then isomorphic to the ring Z[P]" of W-invariants
in the integral group ring Z[P], where P is the corresponding weight lattice
and W is the Weyl group. The isomorphism is given by the character map.

The analogous theory for Lie superalgebras is more difficult: the category
of finite-dimensional representations is not semisimple and a general Weyl
character formula is unknown. The class of basic classical Lie superalgebras
is better understood, as it carries an invariant bilinear form.
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In 2007, A.N. Sergeev and A.P. Veselov [11] described the Grothendieck
ring for basic classical Lie superalgebras. Since modules over Lie superal-
gebras admit a parity shift functor II which does not change the action of
the Lie superalgebra, it is natural to consider one of the two quotients of
the ring, either by the relation [M] = [IIM] or [M] = —[IIM]. We refer to
these quotients as the ring of characters and the ring of supercharacters,
respectively.

The theorem of A.N. Sergeev and A.P. Veselov states that the ring of su-
percharacters is equal to the subring of Z[P]", admitting an extra condition
which corresponds to the isotropic roots of the Lie superalgebra. This extra
condition can be seen as invariance under an action of the Weyl groupoid. In
particular, for the general linear Lie supergroup G L(m|n), the ring of super-
characters is isomorphic to the ring of supersymmetric Laurent polynomials,
namely,

S X Sn ..
{f €7 [:Elﬂ, e ,:pil, yfl, cee yfl] ¢ flay=y,=¢ is independent of t} .

The periplectic Lie superalgebra p(n) imposes further difficulties than
basic classical Lie superalgebras due to the lack of an invariant bilinear form.
It was only recently that its representations were understood and translation
functors were computed in [2] and [IJ.

In this paper, we describe the ring of supercharacters of the periplectic
Lie superalgebra. We show that it is isomorphic to the ring of supersymmet-
ric functions with a suitable supersymmetry condition. In particular, for the
periplectic Lie supergroup P(n), we get the following theorem:

Theorem 1.0.1. The ring of supercharacters of P(n) is isomorphic to
Jn={f € Z[$1i1, . .,1:?51]5” : f|$1:m2_1:t is independent of t}.

The inclusion from left to right for Theorem is obtained by re-
striction to rank-one subalgebras as done in [II, Prop. 4.3]. The other
inclusion is much more involved. A key tool is the ring homomorphism
dsy : J(P(n)) — J(P(n — 2)) induced from the Duflo-Serganova functor.
We use the realization of ds;, as the evaluation map f — f wn=a- L, =¢> PTOVEN
in [9] as well as the description of its kernel. The main step is to prove that
dsy is surjective in order to apply an inductive argument. We construct
preimages of ds, using Euler characteristics of parabolic inductions given in
[7] and translation functors given in [2].

The description of the ring of supercharacters of the Lie supergroup
SP(n) and the Lie superalgebras p(n) and sp(n) are deduced from the one
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of P(n). We also express the character ring of p(n) as the ring of invariant
functions under a Weyl groupoid corresponding to the root system of p(n).

Structure of the paper

In Section [2| we summarize the representation theory of the periplectic Lie
superalgebra p(n). In Section [3| we define the Duflo-Serganova functor for
P(n), construct the corresponding homomorphism between supercharacter
rings and compute its kernel. The kernel is explicitly described in terms
of the supercharacters of thin Kac modules (see Proposition . In Sec-
tion [ we prove the surjectivity of the Duflo-Serganova homomorphism for
P(n), and in Section we prove Theorem We then describe the
Grothendieck ring of the periplectic Lie superalgebra in Section and the
special periplectic Lie superalgebra in Section We end this manuscript
by describing the super Weyl groupoid for p(n) in Section

2. The periplectic Lie superalgebra and its representations
2.1. Lie superalgebras

Given a Zg-graded vector superspace V = V5 @ Vi, the parity of a homoge-
neous (even) vector v € Vj is defined as v = 0 € Zo = {0, 1} while the parity
of an odd vector v € Vj is defined as ¥ = 1. If the parity of a vector v is 0
or 1, we say that v has degree 0 or 1, respectively. We always assume that
v is homogeneous whenever the notation v appears in expressions. By II we
denote the switch of parity functor.

The Lie superalgebra g = gl(n|n) is defined to be the endomorphism
algebra End (Vg @ V3), where dimVy = dimVj = n. Then g = g @ g7, where

g5 = End(V5) ©End(V) and g7 = Hom(V3, V§) @ Hom(V7, V3).

Let [z,y] = 2y — (—1)®yz, where z and y are homogeneous elements of g,
and extend [ , | linearly to all of g. By fixing a basis of V5 and Vi, the
superalgebra g can be realized as the set of 2n x 2n matrices, where

A 0 0 B
90_{<0 D).A,DEMWL} and gl_{(C 0>.B,C€Mn,n},
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and M, ,, are n X n complex matrices. Recall that the supertrace is defined
by

ste (g g) _ tr(A) — tr(D).

2.1.1. Periplectic Lie superalgebra. Let V be an (n|n)-dimensional
vector superspace equipped with a nondegenerate odd symmetric form

(1) g: VeV —=C, Bvw)=pFw,v), and Bv,w)=0 if ©v=w.

Then Endc¢ (V) inherits the structure of a vector superspace from V. Let p(n)
be the Lie superalgebra of all X € End¢ (V') preserving 3, i.e., 3 satisfies the
condition

ﬁ(X’Uv w) + (_1)Xﬁ5(va XU)) = 0.

With respect to a fixed bases for V', the matrix of X € p(n) has the form
(é _at ), where A, B, C' are n X n matrices such that B is symmetric and C
is antisymmetric.

For the remainder of this manuscript, we will write g := p(n). Note that
ste: g — C is a one-dimensional representation of g. We will also use the
Z-grading g = g_1 @ go @ g1 where go = gg ~ gl(n), g+1 is the annihilator
of V5 (respectively, V7). By G we denote the algebraic supergroup P(n).

2.2. Root systems

For the periplectic Lie superalgebra g, fix the standard Cartan subalgebra
b of diagonal matrices in gy with its standard dual basis {e1,...,&,}. So we
have a root space decomposition g = h @& (@aGA ga), where A = A(g_1) U
A(go) U A(g1), and

Algo) ={ei —¢j: 1 <i#j<n},
Algr) ={ei+¢ej:1<i<j<n},
and A(g_1) ={—(ei+¢;):1<i<j<n}

The set of simple roots is chosen to be
IT={-2e1,e1 —€2,...,6n—1 — En}

This implies that AT (go) = {e; —¢; : 1 <i < j < n}. Our Borel subalgebra
is then by ® g_1, where by = @aeA+(go) goand g 1 = ®aeA(g_1) go. We set
= 2i<icn(n — )i
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Let

Ry = H (I—-e% and R_;= H (1—e9).

a€A*(go) a€A(g-1)

For W = 5,,, the Weyl group of the even subalgebra of p(n), R_; is W-
invariant and e”R is W-anti-invariant.

2.3. Weight spaces

Let C, be the category of finite-dimensional representation of g and F,
be the category of finite-dimensional representation of G. Both are abelian
symmetric rigid tensor categories. The latter category is equivalent to the
category of finite-dimensional g-modules, integrable over the underlying al-
gebraic group Gop = GL(n), see [10].

The Cartan subalgebra b is abelian, so it acts locally-finitely on a finite-
dimensional g-module M. This yields a decomposition of M as a direct
sum of generalized weight spaces M = @ycp+ My where My ={ve M : (h—
A(h))™v for all h € h} # {0} for some sufficiently large m. If M is a G-
module, it is semisimple over gy and hence h acts diagonally on M.

Suppose that M = @uef)* M,, is weight space decomposition of a g-
module M. Define the character of M as

while the supercharacter is defined as
sch(M) =) sdim(M,)e".
HED*

Weights of modules in the abelian category F,, of finite-dimensional rep-
resentations of the periplectic Lie supergroup P(n) are denoted as

)\:()\1,...,>\n): Z)\isi, A € Z.
1<i<n
Define the parity of A as p(A) = %Egign Ai (mod 2) if } 7y, Ai is even
and p(A) = 3(3;c;<n A + 1) (mod 2) if ;. ,, A; is odd. We use the stan-
dard partial ordering of weights, namely

A>p if A—pe > Z>oa.
a€A+(go)UA(g-1)
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Note that in this ordering €; > ¢; when ¢ < j and ¢; < 0 for all 4.

A weight )\ is dominant if and only if Ay > Ay > --- > A,,. We will denote
A, as the set of dominant integral weights. Simple objects in F,, (up to
isomorphism and parity-switch) are parametrized by A,. Denote by L(\) the
simple module with highest weight A with respect to the Borel subalgebra
bo ® g—1, where the parity is taken such that the parity of the highest weight
vector is p(\).

2.4. Thin Kac modules

Let V(\) be a simple go-module with highest weight A with respect to the
fixed Borel by of go. Given a dominant integral weight A, the thin Kac module
corresponding to A is

v(A) =[]/ dg

aooa V(A =) =~ Coindg

goDo V()\)7

where v =37 cng )@ =21 (1—n)e;. We will also write Vp(,)(A) to
specify that the thin Kac module is a representation over the algebraic su-
pergroup P(n).

Lemma 2.4.1. The supercharacter of the thin Kac module V() with weight
A s

R-
— (—1)PW) 1 —1)¢w) gw(Ap)
(2) sch V(A) = (—1) Ra wEGW( 1)"%e .

Proof. Since V(A) = A(g*;) ® V(\) as h-modules, the supercharacter of
A(g* ) and the character of V(\) are

sh @)= [[ a-e?)

ﬁEA(Q—l)
and  chV()) = (¢”Ro)™ Z (—=1) Wy (A Fr0),
weW

respectively, where py = %ZaeAﬂgo) «. Since —pg + wpg = p — wp, we ob-
tain (2)). O

2.5. Weight diagrams

Let {\1,..., \n} € Zbesuch that A + p = Yoy Aigi. The weight diagram d)
corresponding to a dominant weight A is the labeling of the line of integers
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by symbols e and o, where i has label e if i € {M,..., A}, and o if i &
{A1,..., A\n}. For example, dj is

(¢] [ ] [ ] [ ] e} (¢]
-1 0 1 n—1 n n+1
and d_3., ., _, IS
(e] [ ] e} (¢] [ ] (¢] [ ] [ ] [ ]
-4 -3 -2 -1 0 1 2 3 n—1

Note that A < p if and only if A\; > u; for each 7. In terms of weight
diagrams, the i-th black ball in dy (counted from left) lies further to the
right of the i-th black ball of d,.

2.6. The Grothendieck ring

Let K(P(n)) be the Grothendieck ring of F,,, and define
(3) J(P(n)) = K(P(n))/{[M] + [lIM] : M € Fy).

The ring J(P(n)) is isomorphic to the reduced Grothendieck ring
K(P(n))/([M] — [IIM] : M € F,,), with the isomorphism given by [L(\)] —
(=1)PM[L(N)], where L()\) is the simple module of highest weight .

One may identify J(P(n)) as the ring of supercharacters as follows: let
A C b* be the abelian group of integral weights of gg and W be the Weyl
group of go. The supercharacter function sch : .J(P(n)) — Spang{e*: \ €
A}, sends [M] +— sch(M). Since isomorphic modules have the same super-
character and sch(M) = —schIIM, sch is well-defined. Furthermore, sch is
injective since two irreducible modules have the same character if and only
if they are isomorphic.

Throughout this manuscript, we will also write x; := e for 1 <1i < mn.
The ring

Jni={f € Z[x{d, .. ,:c,fl]s" : f’mi:ac;l:t is independent of ¢ for ¢ # j}

is then identified with a subring of Spany{e* : A € A}.

The following lemma is proved using restriction to subalgebras of the
form g_, ® h O g, where « is an odd root and 2« is not a root.

Lemma 2.6.1 ([11, Prop. 4.3]). We have

J(P(n)) C Jh.
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2.7. Translation functors

Let ® = - @V : F, — F, be an endofunctor. Consider the involutive anti-
automorphism o : gl(n|n) — gl(n|n) defined as

A B\? _(-D' B!
(@ 5) = S
One can see that p(n) = {z € gl(n|n) : 2° = z}, and we set p(n)* = {z €
gl(n|n) : 27 = —x}.

Since p(n) and p(n)+ form maximal isotropic subspaces with respect to
the form sttXY we obtain a nondegenerate bilinear p(n)-invariant pairing
(-, ) :p(n)@p(n)* — C. Choose Z-homogeneous bases {X;} in p(n) and
{X%} in p(n)* such that (X%, X;) = §;;. We define the fake Casimir element
as

Q= ZZX,- @ X' € p(n) @p(n)t C p(n) @ gln|n).

=1

Given a p(n)-module M, let Qpr: M @V — M ® V be the linear map

Quimev)=2 > ()X Xm e X'y,

1<i<n

where m € M and v € V are homogeneous. By [2, Lemma 4.1.4], we see that
Qs commutes with the action of p(n) on M ® V for any p(n)-module M.

For k € C, define a functor ©, : F;, = F,, as ©' = — @ V followed by the
projection onto the generalized k-eigenspace for €2, i.e.,

o, = — m .
W(M) == | ker(Q - k1d) oy
m>0
Since ©), = 0if k ¢ Z, we set ©' = P, O}, and Oy, := 1T ©}, when k € Z.
The endofunctors ©y, of F,, for k € Z are exact.
The following is [2, Prop. 5.2.2].

Proposition 2.7.1 (Translation of thin Kac modules). Let k € Z.
Then
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1) ©,.V(X) =V (i) if dy looks as follows at positions k — 1, k, k + 1, with
dy displayed underneath:
dy =
A ko1 t K1
dur = Ko Z K

2) ©.V(X) =1IV(y') if dy looks as follows at positions k—1,k, k+ 1,
with d,y displayed underneath:

dy = o ° °
k—1 k k+1
d#’ = ° o °

k—1 k k+1

3) In case dy looks locally at positions k — 1,k,k + 1 as below, there is a
short exact sequence

0—- V) —e,V(\) - 1Iv(y) —0,

where d,; and d, are obtained from dy by moving one black ball away
from position k (to position k — 1, respectively, k + 1) as follow:

dy = o ° o
k—1 k k+1
d#/ = ° o o
k—1 k k+1
du// = o o °
k—1 k k+1

4) ©,.V(X) =0 in all other cases.
2.8. Parabolic induction

We consider the standard scalar product on h* such that (g;,¢;) = 6; ;. Let
~ be some weight. Set

E=hHo @ Jo, t:= @ ga, G =t
(a,y)=0 (a,y)>0

The subalgebra q is called a parabolic subalgebra of g with the Levi sub-
algebra € and the nilpotent radical v. If @ is the corresponding parabolic
subgroup of G, then G/Q is a generalized flag supervariety.
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Let X\ be a weight such that A(h N [¢, ¢]) = 0. We denote by O(—A\) the
line bundle on G/@ induced by the one dimensional representation of @
with weight —\. Set

E(N) =) (=1)'sch H'(G/P,O(-))).

%

By definition £(A) is in J(P(n)). By [7, Prop. 1],

5(A):6p;30 S (—new [ [T (1—e)

wew a€A ()

where Aj(v) := {a € Ay : (a,7y) > 0}. Since e’Ry is W-anti-invariant, this
can be written as

1—e™@
=2 (eA e e—a>)> ‘

weWw

3. Duflo—Serganova homomorphism for P(n)

We show that the Duflo-Serganova functor induces a homomorphism be-
tween the rings of supercharacters, and discuss the kernel of this homomor-
phism (cf. [9]).

3.1. The ds,, homomorphism

Let x € g1 ® g_1 such that [z, 2] = 0. Then 22 is zero in U(g) and for every
g-module M, we define

M, =kerpx/xM,
and similarly,
9o = 0"/[z, 9],
where g* = {g € g : [z, 9] = 0}. By [3| Lemma 6.2], M, carries a natural g,-
module structure. Moreover, the Duflo-Serganova functor DS, : M — M,

is a symmetric monoidal functor from the category of g-modules to the
category of g,-modules. We consider a special case of the DS functor:

DS, : Fr = Fn—2, DS(M) = M,,

defined as follows. Suppose = = x3 for § € A(g_1). By 4, Lemma 5.1.2],
gz = p(n —2). We embed g, in g such that the Cartan subalgebra b, of g,
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is contained in {h € b : 5(h) = 0}. By [9, Sec. 3], the map
(4) dsg: J(P(n)) = J(P(n—2)), where dsz(sch M) = sch(DS;(M)),

is well-defined and equal to (sch M)|p, . Since § = —¢; — ¢j and f € J(P(n))
satisfies that f|, _,-1_; is independent of ¢, we get that

-1,
;=T

flh. = flinepe,y=—c, )y = f
Let —e; — g5 € A(g—1), and define
(5) dsy : J(P(n)) = J(P(n—2)), ds,=pods,,.,

where p is a bijection p: {1,...,n}\ {i,5} = {1,...,n — 2}. Since the ele-
ments in J(P(n)) are Sy-invariant, ds,, is independent of i and j. Moreover,
the map ds,, extends naturally to J,, by the evaluation ds,(f) = f|,  _,-1_,
(eventually we show that J(P(n)) = J, but for now .J, O J(P(n))).

We define

(6) dsglk) = dSp_ok420 -+ 0dsy.

Note that applying ds%k) is the same as applying ds, for x of higher rank.

3.2. The kernel of ds,,

The following proposition is a straightforward generalization of [9, Thm. 17].

Proposition 3.2.1. The kernel of ds,, : J, — Jn_o is spanned by the su-
percharacters of thin Kac modules.

Proof. Suppose f € kerds,,. Then f is divisible by 1 — x,_1x,. Since f is
W-invariant, f is also divisible by [];_;(1 — z;z;) and hence

f=1[0-zz))g=R-1-g,
1<J

where g is also W-invariant. Write g as a linear combinations of Schur func-
tions

finite
g= Z axe PRy Z (sgnw)w(e*tP).
XS weWw

Thus f = Zig‘;e axV(A). O
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3.3. Translation functors and DS,

We will need the following statement, see [5, Corollary 3.0.2].
Lemma 3.3.1. The functor DS,, commutes with translations functors ©..

Corollary 3.3.2. If [M] € Imds,, then [©;(M)] € Imds,, for every trans-
lation functor ©;.

Proof. Suppose that DS,,(A) = M for some finite-dimensional P(n)-module
A. By Lemma [3.3.1] we have

dsn([0:(A)]) = [DSn(8i(A))] = [0:(DSn(A))] = [0:(M)].

4. Surjectivity of the Duflo-Serganova map for P(n)

As explained in Proposition [3.2.1] the kernel of ds,, is well-understood. We
now turn to discuss the image of ds,, and prove the following theorem.

Theorem 4.0.1. The map dsy, : J(P(n)) — J(P(n — 2)) is surjective.

We prove Theorem in three steps. We first show that if [V(0)] is
in the image of s for some k > 0 (see (6] for the definition), then [V(4)]
is also in the image of ds%) for every u. We then show that [V(0)] is in the
image of ds, by explicitly constructing its preimage. Finally, we show that
the fact that [V(u)] is in the image of ds\ for every yu implies that the map
is surjective.

4.1. Thin Kac modules are in the image of ds,,

We prove the following proposition using the action of translations functors
O on thin Kac modules.

Pr0p051t10n 4.1.1. If [V(0)] € Tm ds for some k >0, then [V(u)] €
Im dsn for all p € Ay,

Proof. Assume that [V(0)] € Imd ) for some k > 0. Consider ©0(V(0)) =
V(—&y). By Corollary[3.3.2 [V(—&,)] is also in the image. Now, apply ©_; to
V(—&p). Then [©_1(V(—¢,))] = [ (—2e,)] + [V(0)] by Proposition [2.7.1]
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(@) Since [©_1(V(—¢,))] — [V(0)] is in the image, —[V(—2¢,)] is also in
the image. We can inductively apply ©_j , where k, > 1, to V(—kne,) to
obtain

[0, (V(=Fnen))] = =[V(=(kn + Den)] + [V(=(kn — Den)],

Thus [V(—kpep)] is in the image for every k,, > 1.

Now assume that V(=3 k&) is in the image for all k, >--- >
kr >n—r, r>2. In a similar way, we apply ©,_,41 to V(=Y. kig;)
to obtain that V (—e,—1 — >« kie;) is also in the image. Now suppose
that V (—jey,—1 — > i, kig;) is in the image for some 1 < j < k,. We apply
On—rt1—j to V (—jer—1 — > 1 kig;) to obtain that

\Y4 <—(j +1)er—q — Zkz€z>

is also in the image.

Thus, we obtain that V (= >_7 , k;&;) is in the image for all k,, > --- >
ko > 1. Finally, we can obtain all other thin Kac modules via tensoring with
powers of the supertrace representation. Indeed, L (k1 - &) is in the im-
age because sch L (ky 7, &;) = (z1 - - 2,)" and ds, ([L (k‘l Sonte 51)]) =

(L (k1> €i)]. Since

V(p)® L <k1i€i> =V (u—&-lﬁi&) ;

the assertion follows. O
We now show that [V(0)] is in fact in the image of ds. We construct
the preimage using parbolic induction.

Proposition 4.1.2. One has [V(0)] € Im ds'"".

Proof. Choose the parabolic subalgebra q associated with v = —>"}" o, 416l
(see Section [2.8). Then we have € ~ p(2k) + gl(n — 2k) and

Ao(t):{&“i—&‘j11§i§2k<j§n},
Ai(t) ={—-ei—¢gj:i<yj, 1<i<n, 2k <j<n}

~ (k
We set A =a(e; + -+ e9) for a € Z and define dsfl) as an evaluation

at x; =1, T = ti_l for i =1,...,k (namely the same as ds,(lk) up to a
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permutation). So

[Ticicn 2k<j<n,i< (1 —zi25)
E(A):Zw<e’\ e .

1
weS, H1§i<j§n(1 —x; xj)

Note that if w & Sor X Sy,_ak, then there exists i < k such that w=!({,i +
k}) & {1,...,2k}. This implies that for any w & Sox X S, ok, we have

cisik) w H (1 —wzizy) =0.

1<i<n,2k<j<n

Thus, we have

= ~ [Ti<i<n <j<n,i<j(1_xixj)
(M s E0) = Y ds, (w (eA e ))

WES2k X Sp—2k Hl§i<j§n(1 o .ZE; LL'])

~ (k
Now, we notice that A is Soi X 5, _og-invariant and dsi )(eA) — 1. Moreover,
set
 Tlhi<icorej<n(t — ziz))
1 )
;)

A

H1§i§2k<j§n(1 —x;

~ (k
then A is also Soi, X S,,_op-invariant, and ds; )(A) = 1. We can further sim-

plify as

~ > i<j<n 1- Lilj
dsflk) (EWN) = Z dsilk) (w (H ( Harcicyen ) i )>> )
1<i<j<2k

'y P P
WESar X Sk L= J1”;)1_[21c<i<jgn(1 T Tj

Finally, the latter expression can be rewritten as

~ (k) 1 H2k<i<j<n(1 — T;T;5)
ds U v = .
" ((u;‘:zk <H1§i<j§2k(1 - a7 z)) )) (vegn:zk (H2k<i<j§n(1 —z; 'zj) > ) )

By the denominator identity of sl(2k) and sl(n — 2k), we have that

1 1
U — = v — ) =1.
uezs% <H1§i<j§2k(1 - xj)) Ueg% <H2k<i<j§n(1 —x; ;)
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So we finally get

~ i< i<n 1*1‘1'1‘]'
dsy (EQ) = 3 v(HQ’KW-( e ))> = [I a-wap,

VES o [orcicjcn(l — 27 2, 2k<i<j<n

and ds\” (EN) =TTi<icjcor—i(l —ziz;) = sch V(0), as desired. O

4.2. Surjectivity of the ds,, map

The following proposition concludes the proof of Theorem

Proposition 4.2.1. If Span{[V(A)]: A € A,,_2} C Imds,, then J(P(n —
2)) CImds,.

Consider
J(P(n)) &5 J(P(n —2)) ©5 J(P(n — 4) =5 25 7 (P (n—2]2])),

where x = n — 2 L%J + 2. Then there is a filtration

(8) 0 =ker dsglo) C ker dsg) C ker dsgf) C ... Cker dsﬁLL%J) = J(P(n)).

We write the associated graded of J(P(n)) with respect to this filtration,
namely,

GrJ(P(n) = J

where jﬁ := ker dsq(qk)/ker dsV. Let ds, : Gr J(P(n)) = GrJ(P(n —2))

and

be the corresponding maps. Note that %S) is the zero map.
Remark 4.2.2. The filtration ({8]) is also used in [8, Prop. 42].

We now prove Proposition [4.2.1]

Proof. It is enough to prove the statement for the associated graded, namely,
if Span{[V(\)]}aea,_, € Imds,, then J(P(n —2)) C Imds,. We will con-
sider the cases when n is even and odd separately.
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We have the following diagram of maps when n is even

GrJ(P(n)) GrJ(P(n—=2)) ... GrJ(P(6)) GrJ(P(4)) GrJ(P(2)) GrJ(P(0))
Fn/2+1
"o T /24D

—n/2 \ —n/2
T, I s

[ ] ——(r [ ]
a0
—(n/2)—1
. ‘]71—2
. [
7 T
[ ] [ ]

— ——(a)

ds,, dsg
ey . _
. \‘LHQ . > \ JZ

7 2N N
° —2) ° —@2) ® —@2) e (2)
ds,, dsg ds, dsy
7. \J,L,2 T \7; 7N g
[ ] [ ]
(n+1)/2 )
and we have a similar diagram when n is odd, with Gr J(P(n)) = @ I
k=1

We show that all the arrows in the diagram are bijective. Since

jZ = ker ds®) / ker ds(F=1),

the map ds; ) is injective for every k and n. It remains to show that dsfl )

surjective. We prove it by induction on n, separately for even and odd n.
For n =2 | note first that J(P(0)) = Z. Since the map

is

dsy : J(P(2))/ kerdso — J(P(0))

sends the supercharacter of the trivial representation to the supercharacter
of the trivial representation, i.e., dsy(1) = 1, we have that ds, is surjective,
and that is an isomorphism of vector spaces. For n = 3, note that J(P(1)) =
Z[z . Since ds; 73 — 7} maps dss(z17273) = 271, it is an isomorphism.
Now suppose that we proved the statement up to n — 2. We will prove it
for n. Namely, we show that the maps in the leftmost column in the above
diagrams are surjective. The lowest map in the diagram %,(12) : ji — j711_2 is

surjective. Indeed, by Proposition J! o is spanned by [V(A)], A € Ao

k —k—1

which is assumed to be in the image of ds,. Consider %ﬁf) MR

n
where 2 < k < [§] + 1.
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First, consider the map ¢ in the diagram below

—kt1 AV sy omods,”, 1
g
——(2 ——(k)  ——(k+1 . . .
where g = dsé oo d‘S?(’L—)Q o dsgl ). The map g is surjective since when

n is even, ggl) =1, and when n is odd, g(x; - - - x,) = x1. By induction hy-
pothesis, %22) o---0 %ﬁf_)Z is bijective. Thus, ds, s a surjection. O

5. Grothendieck rings of periplectic Lie superalgebras

5.1. Proof of Theorem [1.0.1]

We will now prove the main theorem.

Proof. By Lemma we have that J(P(n)) C J,. Let us show the reverse
inclusion. Suppose by induction that J(P(n — 2)) = J,—_2.
By Theorem the evaluation map

dsp, @ Jp = J(P(n —2))

given by ds,(f) = fl,, ,_,-1—; is surjective when restricted to J(P(n)).
Thus, every element of J,, is a sum of elements from J(P(n)) and ker ds,,.
By Proposition kerds,, C J(P(n)) and the claim follows. O

5.2. The Grothendieck ring of the Lie superalgebra p(n)

The description of the ring of supercharacters of finite-dimensional represen-
tations over the Lie superalgebra p(n) can be deduced from the description
of the ring corresponding to the Lie supergroup P(n).

Proposition 5.2.1. Denote by S the additive group of C and by T its
subgroup Z. We have

J(p(n)) = Z[S] @1 Jn-

Proof. The character of any simple module can be written in the form
(1 xp)*sch L, where (z1---xy,)* is a complex power of the character of
the supertrace representation and L € F,,. Such presentation is unique up
to the relation (z1-+-2,) ® 1 =1& (21 - xy,). The statement follows. [
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5.3. The Grothendieck ring of SP(n) and sp(n)

Let sp(n) be the special periplectic Lie superalgebra defined as

o ={ (& ) evtnsuta—of.

and SP(n):= P(n) N SL(n|n) denote the corresponding Lie supergroup.
Note that SP(n) has two connected components det A =1 and det A = —1.
The following statement is straightforward.

Proposition 5.3.1. The ring J(SP(n)) is isomorphic to the quotient ring
In/((x1- -z —1)(21 -+ 20 + 1))

and the ring J(sp(n)) is isomorphic to J,/(x1 -z, — 1)).
5.4. A Weyl groupoid for p(n)

In this section, we describe the polynomial invariants of certain affine action
of the super Weyl groupoid 20 of p(n). We follow the definition of the Weyl
groupoid given in [I1] Section 9] (see also [12]).

We identify the Cartan subalgebra h with its dual using the scalar prod-
uct (+,-) for which the standard basis {¢; : i = 1,...,n} is orthonormal. Let
T be a groupoid with the set of objects {[e; —¢;] : i # j} = A(go) and the
set of morphisms Morz([a], [8]) = 0 if a # £, and Morz([a], [£a]) of car-
dinality 1. For every object [a], we denote by 7, the unique morphism in
Morz ([, [~a]). We have the relation 747 = id[_q-

The Weyl group W = S,, acts on A(go) and we have the naturally defined
homomorphism @ from W to the group of autoequivalences of T. This yields
the semidirect product groupoid ¥ = W x T. The objects of T are the same
as the object of T. The morphisms in T are generated by r, and wa wa €
Morz([a], [wa]), where w € W, satisfying the relations

Uwa,uwaWa,wa = (uw)a,uwaa TwaWa,wa = W—a,~wala-
The Weyl groupoid is defined as
w=w][]g,

where W is considered as a groupoid with a single point base [W].
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Example 5.4.1. For p(2), let s = s., ., € W. Then 20 takes the following
form

61 - 62
S
(W] Sei—eg,e0—e1 GEQ 7"52> Seg—e1,61—€9"
€ — 61

Let $ denote the category of all affine subspaces of h with morphisms
given by affine transformations. For any a = ¢; —¢; € A(go), let

o ={heb:(he+e;) =0}
Note that II, = II_,. Define 7, € Morg(I1,,II,) by the formula
Ta(h) = h + a.
Define the functor F': 20 — ) by setting

F(la]) =T, F(W])=b, F(ra)=Ta,
F(w) =w, F(wawa) = Resm, w.

A function f on b is called 2-invariant if for any ¢ € Morgy (A, B)

F(¢)* Respp f = Respa f.

Let Py C bh* be the abelian group of the integral weights of the Lie su-
peralgebra p(n)o. The description of J(P(n)) can be formulated as follows:

Theorem 5.4.2. The reduced Grothendieck ring J(P(n)) of finite-dimen-
sional representations of the supergroup P(n) is isomorphic to the ring
(SpanZ{eA A E Po})Qn of invariants of the Weyl groupoid 20 as defined
above.

Remark 5.4.3. One can enlarge the groupoid U to a slightly bigger cat-
egory W by adding the morphisms i, : [@] — [W] and the relations wi, =
zwawa was I_aTa = iq. Note that the functor F' : 20 — $ can be extended
to F: 90 — £ by mapping ¢, to the embedding II, — §. In this way F
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is a functor from 27 to the category of all affine spaces. An invariant func-
tion is then the collection f4 € O(FA) (FA Oz ,) for all objects A € 2

satisfying fq = (A( )) [ for all ¢ € Morg; (A, B).

Acknowledgments

We thank Bar-Ilan university at Ramat Gan, Israel for hosting M.S.I. and
providing excellent collaboration conditions. We are also grateful to Vladimir
Hinich and Malka Schaps for interesting discussions. This project is partially
supported by ISF Grant No. 1221/17, NSF grant 1701532, and United States
Military Academy’s Faculty Research Fund.

References

[1] M. Balagovic, Z. Daugherty, I. Entova-Aizenbud, I. Halacheva, J. Hen-
nig, M. S. Im, G. Letzter, E. Norton, V. Serganova, and C. Stroppel,
The affine VW supercategory, arXiv:1801.04178, to appear in Selecta
Math. (2018).

[2] M. Balagovic, Z. Daugherty, I. Entova-Aizenbud, I. Halacheva, J. Hen-
nig, M. S. Im, G. Letzter, E. Norton, V. Serganova, and C. Stroppel,
Translation functors and decomposition numbers for the periplectic Lie
superalgebra p(n), Math. Res. Lett. 26 (2019), no. 3, 643-710.

[3] M. Duflo and V. Serganova, On associated variety for Lie superalgebras,
arXiv:math/0507198, (2005).

[4] 1. Entova-Aizenbud and V. Serganova, Deligne categories and the
periplectic Lie superalgebra, arXiv:1807.09478, (2018).

[5] 1. Entova-Aizenbud and V. Serganova, Kac—Wakimoto conjecture for
the periplectic Lie superalgebra, arXiv:1905.04712, (2019).

[6) W. Fulton and J. Harris, Representation Theory, Vol. 129 of Grad-
uate Texts in Mathematics, Springer-Verlag, New York (1991), ISBN
0-387-97527-6; 0-387-97495-4. A first course, Readings in Mathe-
matics.

[7] C. Gruson and V. Serganova, Cohomology of generalized supergrass-
mannians and character formulae for basic classical Lie superalgebras,
Proc. Lond. Math. Soc. (3) 101 (2010), no. 3, 852-892.



Grothendieck rings of periplectic Lie superalgebras 1195

[8] C. Hoyt, I. Penkov, and V. Serganova, Integrable sl(co)-modules and
category O for gl(m|n), J. Lond. Math. Soc. (2) 99 (2019), no. 2, 403—
427.

[9] C. Hoyt and S. Reif, Grothendieck rings for Lie superalgebras and the
Duflo—Serganova functor, Algebra Number Theory 12 (2018), no. 9,
2167-2184.

[10] V. Serganova, Quasireductive supergroups, in: New Developments in Lie
Theory and Its Applications, Vol. 544 of Contemp. Math., 141-159,
Amer. Math. Soc., Providence, RI (2011).

[11] A. N. Sergeev and A. P. Veselov, Grothendieck rings of basic classical
Lie superalgebras, Ann. of Math. (2) 173 (2011), no. 2, 663-703.

[12] A. N. Sergeev and A. P. Veselov, Orbits and invariants of super Weyl
groupoid, Int. Math. Res. Not. IMRN (2017), no. 20, 6149-6167.

DEPARTMENT OF MATHEMATICAL SCIENCES

UNITED STATES MILITARY ACADEMY

WEsT PoinT, NY 10996, USA

Current address:

DEPARTMENT OF MATHEMATICS, UNITED STATES NAVAL. ACADEMY
AnnapoLis, MD 21402, USA

E-mail address: meeseongim@gmail.com

DEPARTMENT OF MATHEMATICS, BAR-ILAN UNIVERSITY
RAMAT GAN, ISRAEL
E-mail address: shifra.reif@biu.ac.il

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF CALIFORNIA AT BERKELEY
BERKELEY, CA 94720, USA

E-mail address: serganov@math.berkeley.edu

RECEIVED AucgustT 20, 2019
ACCEPTED MAY 3, 2020






	Introduction
	The periplectic Lie superalgebra and its representations
	Duflo–Serganova homomorphism for P(n)
	Surjectivity of the Duflo-Serganova map for P(n)
	Grothendieck rings of periplectic Lie superalgebras
	Acknowledgments
	References

