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Monge-Ampere measures on contact sets

ELEONORA DI NEZZA AND STEFANO TRAPANI

Let (X,w) be a compact Kéhler manifold of complex dimension
n and 6 be a smooth closed real (1,1)-form on X such that its
cohomology class {#} € HY1 (X, R) is pseudoeffective. Let ¢ be
a 6-psh function, and let f be a continuous function on X with
bounded distributional laplacian with respect to w such that ¢ < f.
Then the non-pluripolar measure 07} := (6 + dd°p)" satisfies the
equality:
Lip=ry 05 = Lip=py 07,

where, for a subset T'C X, 17 is the characteristic function. In
particular we prove that

05y = Wpo(p)=sy 07 and  0p, 1015 = Lpolel(n=13 0%

1. Introduction

Starting from the works of Zaharjuta [30] and Siciak [27], which years later
have been taken over by Bedford and Taylor [IH3], envelopes of plurisubhar-
monic functions started to be of interest and to play an important role in
the development of the pluripotential theory on domains of C”.

When, relying on the Bedford and Taylor theory in the local case, the
foundations of a pluripotential theory on compact Kéahler manifolds has been
developed [20} 2], envelopes of quasi-plurisubharmonic functions started to
be intensively studied.

The geometric motivations we can mention are, among others, the study
of geodesics in the space of Kéhler metrics [6, OH11] 4], 16, 26] and the
trascendental holomorphic Morse inequalities on projective manifolds [29].

The two basic (and related) questions are about the regularity of en-
velopes and the behaviour of their Monge-Ampere measures. To fix nota-
tions, let (X,w) be a compact Kéhler manifold of complex dimension n, let
0 be a smooth closed real (1,1)-form and let f be a function on X bounded
from above. We are going to refer to f as “barrier function”. Then the
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“prototype” of an envelope construction is
Pp(f) == ({u e PSH(X,0), u < f})".

Such a function is either a genuine #-plurisubharmonic function or identi-
cally —oo. When f = —17 is the negative characteristic function of a subset
T, then Py(f) = f7 is the so called relative extremal function of 7" [20].
When f =0, then Py(0) = Vp is a distinguished potential with minimal sin-
gularities.

The study of such envelopes has lead to several works. We start by summa-
rizing them in the case of a smooth barrier function f.

The first result to mention is [5], where the author proves that in the case
6 € c1(L) where L is a big line bundle over X, the envelope Py(f) is C1! on
Amp({f}) and moreover

(1) 0%, (r) = Lip(r)=1197F-

After [4], people started to work on possible generalisations of the above
results in the case of a pseudoeffective class {0}, that does not necessarily
represent the first Chern class of a line bundle. Assume that {0} is big and
nef, Berman [7], using PDE methods, proved that the envelope Py(f) is in
C1 on Amp({6}) for any « € (0,1) and that the identity in (1)) holds. The
optimal regularity C! in the Kihler case was then proved independently
by [28] and [12], while the big and nef case was settled in [11].

For general pseudoeffective classes only the following inequality of measures
is known [16]:

(2) Op.(r) < Lipo()=1105F-

In the study of geodesics, [26] introduced another type of envelope: given
a f-plurisubharmonic function ¢, the so called mazimal envelope is defined
as

Rl )=l Pain(+C.))

In the same paper, under the assumption {6} = ¢1(L), the authors proved
the equality

(3) 08,1015 = Lipalel(n=110F-

In the case of general pseudoeffective classes, the inequality < in was
proved in [I5], whereas the equality is obtained in [25] when ¢ has analytic
singularities.
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In the literature, regularity questions about envelopes for functions f
that are less regular have been also adressed: in the case when 0 is a Kahler
form, Darvas and Rubinstein [I8] proved that if f is C1/C!1| its envelope
is C1/CY1 as well; while Guedj, Lu and Zeriahi [19] proved that if f is
a continuous function, Py(f) is also continuous. They also proved that its
Monge-Ampere measure (w.r.t. any big class {#}) is supported on the contact
set {Py(f) = [}

In the present paper we prove the following theorem:

Theorem 1. Let 6 be smooth closed real (1,1)-form on X such that the
cohomology class {0} is pseudoeffective. Let ¢ be a 0-plurisubharmonic func-
tion and f € CY'(X). Assume o < f. Then the non-pluripolar product 05
satisfies the equality

Lip=1105 = Lip=p}0}.

In particular, when the barrier function f is in C*1(X) we obtain the equa-
lity in and in the general pseudoeffective case. Note that, at the best
of our knowledge, the equality in is new even in the case of a Kéahler
class.

2. Preliminaries

Let (X,w) be a compact Kahler manifold of dimension n and fix 6 a smooth
closed real (1,1)-form. A function ¢: X — RU{—oo} is called quasi-
plurisubharmonic (qpsh for short) if locally ¢ = p + u, where p is smooth
and v is a plurisubharmonic function. We say that ¢ is #-plurisubharmonic
(6-psh for short) if it is quasi-plurisubharmonic and 6, := 6 + i00p > 0 in
the weak sense of currents on X. We let PSH(X, #) denote the space of all §-
psh functions on X. The class {6} is pseudoeffective if PSH(X, 6) # () and it
is big if there exists ) € PSH(X, 6) such that 6 + i00 > cw for some & > 0,
or equivalently if PSH(X, 0 — ew) # 0.

When 6 is non-Kéhler, elements of PSH(X, #) can be quite singular, and we
distinguish the potential with the smallest singularity type in the following
manner:

Vp := sup{u € PSH(X, 6) such that u < 0}.

A function ¢ € PSH(X,#) is said to have minimal singularities if it has the
same singularity type as Vp, i.e., |¢ — V| < C for some C > 0. Note that,
given any #-psh function ¢ we have ¢ —supy ¢ < Vj.

Given 6!, ...,6™ closed smooth real (1,1)-forms representing pseudoeffective
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cohomology classes and ¢; € PSH(X, %), j = 1, ...n, following the construc-
tion of Bedford-Taylor [Il, 2] in the local setting, it has been shown in [§]
that the sequence of positive measures

1
(4) lﬂj{% >Vyi _k}emax(gol,vg1 —k) ARERNA eglax(go",v(;n—k‘)

has total mass (uniformly) bounded from above and is non-decreasing in
k € R, hence converges weakly to the so called non-pluripolar product

1 n
N

The resulting positive measure does not charge pluripolar sets. In the par-
ticular case when @1 = o = ... =, = ¢ and ' = ... = 0" = 0 we will de-
note 67 the non-pluripolar Monge-Ampere measure of . As a consequence
of Bedford-Taylor theory it can be seen that the measures in all have
total mass less than f % 9‘1/91 A ... ABY ., in particular, after letting k — oo

1 n 1 n
/XH%/\.../\G%§/X0V91/\.../\9V0".

We recall that the plurifine topology is the weakest topology for which gpsh
functions are continuous and that the non-pluripolar Monge-Ampeére mea-
sure satisfies a locality condition with respect to the plurifine topology [8,
Section 1.2], i.e. if ;,9;,7 = 1,...,n, are 67-psh functions such that ©; = 1Y;
on U an open set in the plurifine topology, then

(5) Lyb,, A AOL =16y A NG .

We also note that sets of the form {¢ < 1}, where ¢, are qpsh functions,
are open in the plurifine topology.

In the following we are going to work with some well known envelope con-
structions:

Po(f), Po(f1s---, fr)s Polol(f), Polel.

Given f, f1,... fr functions on X bounded from above, we consider the
“rooftop envelopes”

Py(f) := (sup{v € PSH(X,0), v < f)})*
and

Py(f1,---, fx) :== Pyp(min(fy,..., fx))
= (sup{v € PSH(X,0), v < min(fi,... fr)})".
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Then, given a #-psh function ¢, the above procedure allows us to introduce

*

Pilel(f) = (im_Pole+C. 1))

Note that by definition we have Py[p](f) = Pole|(Po(f)). When f =0, we
will simply write Py[p] := Py[¢](0). We emphasize that the functions Py(f),
Py(f1,..., fr) and Py[p](f) are either O-psh or identically equal to —oo.
Observe that if —C < f < C, then Vy — C < Py(f) < Vp + C; hence Py(f)
is a well defined 6-psh function. Morever, if we assume ¢ < f the following
sequence of inequalities holds:

(6) © < Pole](f) < Po(f) < f.

As in [I8, Section 2] we denote by C*!(X) the space of continuous func-
tion with bounded distributional laplacian w.r.t. w. Elliptic regularity and
Sobolev’s embedding theorem imply that C1'(X) c W?2P for all p > 1, and
MNp>1 W2P C CH for any a € (0,1). Here W?2P denotes the Sobolev space
of functions with all derivatives up to second order in LP. By Holder’s in-
equality, any polynomial having as coefficients the second derivatives of f is
in any L9, ¢ > 1. In particular (6 + dd°f)™ = hw™ where h € L4.

3. Monge-Ampere measures

The starting point is given by the following Lemma that deeply relies on [5l
Theorem 3.4] and on [I8, Theorem 2.5]:

Lemma 3.1. Let f1,fo € CIJ(X). Then P, (f1, f2) is also CLl and for
i =1,2 the functions f; and P, (f1, fo) are equal up to second order at al-
most every point on the set {P,(f1, fo) = fi}. In particular, the functions
f1, f2, Po(f1, f2) are equal up to second order at almost every point on the

set {P,(f1, f2) = fr = f2}. In particular

Lip,(fi fo)=fi=f2}9F, = YR (fr fo)=fi=f2} W,

Moreover the measures

L, (fofo)=f 3% YR (hufo)=f3%F  YP(hofo)=fi=f3wf, (T=12)
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are positive and

WE (£ f2) = WP (f )=} F + LR (f ) =139, — VP (1 fo)=Fi= 12} 9,
= L, (s )= + L1 fo)=£39F — LPL(f1. ) =fi= 19T,

Proof. Observe that P,(f1, f2) is a genuine w-psh function. Moreover, by [I8,
Theorem 2.5] the function P,(f1, f2) € CY1(X), hence the measures Wi,
w}‘z and Wp (fu.fo) 1€ absolutely continuous with respect to the Lebesgue
measure. We set ¥y = P,(f1, f2) — f1, V2 = P,(f1, f2) — f2 and V3 = f; —
fo. Since the functions ¥; are C! the sets A; = {¥; = 0,d¥; # 0} are real
hypersurfaces and they have Lebesgue measure zero. Since ¥; € W?2P, the
set B; where the real hessian matrix of ¥; does not exist also has Lebesgue
measure zero. Finally by [23 page 53, Lemma A4], the set C; where ¥; =
0,d¥; = 0 and the real hessian matrix of ¥; exists but it is non zero, has
Lebesgue measure zero as well. Then for 1 < ¢ < 3, the function ¥; is zero
up to order two almost everywhere on the set {¥; = 0}. Furthermore by
[2, Corollary 9.2] the measure W (f,.,) 1 supported on the set {¥; =0}U
{Uy =0}. Set Uy = {f1 < fa},Us = {f1 > f2}, and note that U; and Uy are
open sets such that U; N {Wy = 0} = ) and Uy N {¥; = 0} = (). Then we can
argue that

L0, {0, =0} WP, (f,.f2) = LUin{w,=0}w},
1Uzﬂ{‘1’2=0}w1@w(f1,f2) = 1Uzﬂ{‘1’2=0}w?z‘
This implies that the measures 1Um{\1,1:0}w;}1 and 1U2r1{\1/2:0}w?2 are posi-
tive.
By the above argument, we can also garantee that at almost every point
of the set ({\111 = 0} U {\Ifg = 0}) N {\113 = 0} = {Pw(fl,fg) =f1= fg} the
functions fi, fo and P,(f1, f2) coincide up to order two. Therefore we also
have

P, (fu o)== f 9P (f1 o) = HP(fiof)=hi=F: 390 = LPL(fu fo)=fi= 2} WS

and in particular it follows that, for any j =1,2, the measure
Lip, (fo fo)=fr= fz}w}‘j is positive. Combining all the above equalities we get
that for any j =1, 2,

WP, (fu.f2) = Yoin{w,=03@F, + 1u,n{w,=0f, + L(p, (1, o) =fi=£}9F,
= 1y, —oyw}, = Lp,(f. fo)=fi=£)9F, T L{w,=0}w7,
- 1{Pw(f1»f2)=f1=f2}w?2 +1{Pw(f17f2):f1:f2}w.?j' [
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Theorem 3.2. Let §',...,0" be smooth closed real (1,1)-forms on X such
that the cohomology classes {0'},...,{0"} are pseudoeffective. For 1 <i <
n, let @; be a 0'-psh function and f; be a CH! function on X such that @; <
fi- Then the non-pluripolar product 0301 N .. NOG  satisfies the equality:

(7) 1nj{<pj:fj}9i)1 AN egn = lﬂj{%:fj}ejlﬁ A A e}ln
The proof below is inspired by [29].

Proof. Step 1. We start proving the case when 6 :=0' =% = ... = 0" is a
Kahler form, ¢ := 1 =2 = ... = ppand f := f1 = fo = ... = f, are both
0-psh functions. Let ¢; be a sequence of smooth functions on X decreasing
to ¢ and define ¢; := Py(¢;, f). Note that, since ¢ is 6 -psh and ¢ < ¢;, f,
we have

(8) p < b <min(¢;, f) < f.

In particular,

9) {¢ = f} € {¢j = min(¢;, f)} N {min(¢;, f) = f}
={y;=f1n{¢; > f}.

Moreover, thanks to we can infer that the functions ¢; are decreasing to
© as j goes to +00. From Lemma [3.1] we then get

<1O) 017’1‘ = 1{¢j:f}9? + 1{T/Jj:¢j}9$j o 1{1/)j=¢j=f}egj
> Liy,=pybf = Lp=p)07,

where the last inequality follows from @

Fix C' > 0 such that min f > —C and g a non negative continuous function
on X. By [22, Theorem 4.26] we know that for any sequence of uniformly
bounded quasi-continuous functions ; converging in capacity to a bounded
quasi-continuous function y, the measure Xjeglax( 0;,—C) weakly converges to
XGQMX(%_C) as j goes to +o00.

Fix € > 0. We set

RO max(y; + C,0) Ce max(p + C,0)

I max(v; 4+ C,0) + ¢’ - max(e+C,0)+¢

and we observe that hf’a,hc’s are quasi-continuous (uniformly) bounded
functions (with values in [0, 1]) and that hJC’E converges in capacity to h*.
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The last statement follows from the fact that

BC,E . maX(SO + 07 O) < C,E < maX(¢j + C, O) - BC,E
77 max(¢;+C,0)+¢e = 7 T max(p+C,0)+e Y

and iLJC’s, ﬁfé are monotone sequences (increasing and decreasing, respec-
tively) converging to h©*.

Moreover, since h]qs =0if ¢; < —-C and h¢e =0 if ¢ < —C, by the local-
ity of the Monge-Ampeére measure with respect to the plurifine topology [8,
Section 1.2], we have

C, C,
W50, = h % Oy, oy and AOSGO% = KOG O, o,

Combining all the above we get

ganz/hC,sgen
feo= [ et

= | K907 o
/X (p,—C)

— 3 078 n
=t R e, o)

. Cie
=1 h: g0
Jim | K796,

J=+o0 Jip=f}
:/ hC’Egﬁ}‘
{o=1}

where the last inequality follows from while the last identity follows from
the fact that convergence in capacity implies L! -convergence 22, Lemma
4.24]. Observe that since we choose min f > —C| the functions hCF >0 on
{¢ = f}. Letting € — 0, the dominated convergence theorem gives that

99”2/ g0,
/X 77 Sy

Since the above inequality holds for any non negative continuous function
g, by Riesz’ representation theorem [I3, Theorem 7.2.8] we then we derive

> lim hqu g0%¥
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the inequality between measures
(11) 05 2 Lip=n)0}-
Then, by [I7, Lemma 4.5] we get the equality

(12) L= = Lie=¥5-

Step 2. The next step is to prove the equality in when 6 is merely
pseudoeffective and not necessarily Kahler. Also, we assume that there exists
A > 0 such that § + Aw is a Ké&hler form and f is (@ + Aw)-psh. Observe
that, since ¢ is 6-psh function, then ¢ is also 6 + tw-psh, for ¢ > 0. Let
g € C°(X,R) and consider the function

Q(t) ::/ g(0 + tw + dd°p)" / g(0 +tw +dd°f)"
{e=r} {o=r}

defined for ¢t > 0. Then by multilinearity of the non-pluripolar product and
the multilinearity of the product of forms, it is clear that Q(¢) is a polynomial
in ¢ of the form:

Qt)y=> ((”) / g ((04dd°p)? — (04 dd°f)7) A w”_j> .
j=0 J {p=1}
Thanks to we can infer that for any t > A
1{90:f} (9 + tw + ddcgo)n = l{cp:f} (9 + tw + ddcf)n.

This implies that the polynomial Q(¢) is identically zero for ¢ > A, hence
Q(t) = 0. It then follows that Q(0) = 0. Since g € C°(X, R) is arbitrary we
have the desired equality between measures.

Step 3. We now prove equality when f € C L1 and not necessarily qpsh.
Choose A > 0 such that 0 + Aw is a Kéhler form. Since the function ¢ is
(0 + Aw)-psh, then

(13) 0 < Ppyaw(f) < [

In particular

(14) {o=f}={¢ = Porau(f)} N {Porau(f) = f}
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Observe that, even if Py, 4,(f) and f are not f-psh they are both C1! [18]
Theorem 2.5]. Lemma applied to the functions f; = fo = f ensures that
the functions Py; 4, (f) and f are equal up to second order at almost every
point on the set {Pyi,(f) = f}. Hence

(15) LPya(H=110Ppsae(r) = HPorau(H=1105""

Moreover, since Pyya.,(f) is (6 + Aw)-psh, Step 2 ensures that

(16) 1{<P:P9+Aw(f)}gg = 1{90:P9+AW(f)}9?39+Aw(f) :

If we multiply by 1¢p,, ..(5)=f) and use and we derive (12)).
Step 4. We now prove the general case. Let A = (A1, A2, ..., A\p) € (RT)™

We set 0 := > N0, oy = > Ajiwjs fai=2_;Ajfj. Observe that ¢ is

6*-psh and f is still C*! and that
(17) ({ei = fi} S{er = H}
j=1

By Step 3 and we get

1 (o=} (050" = 10 g, =13 (03"

Using the multilinearity of the non-pluripolar product we get an identity be-
tween two polinomials in the variables Ay, ..., A\,. Comparing the coeflicients
of A\1 -\, we obtain

1 n __ 1 n
I (o= 10p, N NOG =10 (=05, A NG 0

Remark 3.3. One cannot expect Theorem to hold when the barrier
function f is singular. The following counterexample shows indeed that
does not hold when f is merely continuous.

Let B C X be a small open ball and let p be a smooth potential such that
w = dd®p in a neighbourhood of B. We solve the Dirichlet problem

(dd°(p+wv))" =0 inB, v|os = 0.

Since the boundary data is continuous, [22] Proposition 1.6 and Corollary
1.17] garantees the existence of a continuous solution v > 0 which is w-psh
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in B. We then define

e v inB
" 10 in X\B.

By construction f > 0 is a continuous function and, since max(v,0) = v, [24]
Corollary 3.9.15] ensures that f is also w-psh. On the other hand we observe

that
Wwi= [ wi=[ Ww"> w".
Jowst=Jr= =

Since {f = 0} C X \ B, we then deduce that the two measures 1;;_gw" and
1{ f:()}w? can not coincide.

Corollary 3.4. Let ¢ € PSH(X,0) and f € CY(X) be such that o < f.
We have:

1) 0%, = Lp(n=197-
i) Opi ) = Lpil(n=r19%-

) Lig=ry(n)} Oby(r) = Lig=ri(n) % and
Ho=rolel () ORafel(r) = Ho=Palel(n} O
Moreover, the measure 07 is supported on the set {e=fUu{p<

Palel(f)}-

iv) The following conditions are equivalent:
1) Lip<pifpl(nifp =0
2) either 0 = 0, or ¢ = Py[p](f).

v) Assume 6 > 0. The set {Py[¢|(f) = f, ¢ < f} has measure zero w.r.t.
9}‘ if and only if ¢ = P[o](f).

Proof. The statement in (7) immediately follows from Theorem (3.2 and [16],
Proposition 2.16].
Since Pylp](f) = Pole](Po(f)) and ¢ < Py(f), by [15, Theorem 3.8] we have

08,10 < Lplol (=P (1P (1) = Lol (r)=1107

where in the last equality we used (7). The opposite inequality follows from
Theorem This proves (i).
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Let’s now prove (iii). By (i) and by Theorem

(18) Lipmry (9P, () = Lio=Po(n)=110F = Yp=Po(n)=1105 < L{p=p,(5)}0¢-

The other inequality is given by [I7, Lemma 4.5]. In particular the inequality
in is in fact an equality, hence

Lip,(f)=p<s3bp = 0.

Using (i7) and Theorem the same arguments as above give

Lio=r (9P 01(5) = He=Plel(0p  and  Lipy(p)=p<f3by = 0.

We now prove (iv). If 67 = 0 or ¢ = P[] (f) then clearly 11, p,(0)()105 =
0. This proves that 2) implies 1). Viceversa we assume 1) and that [ 67 > 0.
By [15, Remark 2.5]

19 /0”_/9" _/en.
(19) e T TRl T Rl

The domination principle [I5, Proposition 3.11] gives the conclusion.
We finally prove (v). By assumption and by (i) we have

O iy = / 0} = 0.
/{w<Ps[¢](f)} D Je<riamntpiein=rn

Using ([19), (éii) and the above we get that

n- | [ o
/{so<Ps / {p=Po¢](f Lp {p<Pol¢](f)} ()

Once again the conclusion follows from the domination principle [15, Propo-
sition 3.11]. O

Next we give a formula relating the Monge-Ampere measure of
Py(fi1,-.., fr) to the (n,n)-forms 0%, 1<j<k Set R:= {Po(fr,-- s fx) =
min{ f1,..., fx})}, and let Z be the family of all non empty subsets of
{1,...,k}. For I € Z, we let

Ry = {1‘ e X : fz(l') = min(f1, . ,fk)(.%') = Pg(fl, R ,fk)(m) iff i € I}

Then {R;}re7 gives a partition of R by Borel sets.



Monge-Ampere measures on contact sets 1349

Proposition 3.5. Let f1,... [ € C’LT(X). ForI € Z,I= /iy, ia,... i} we
have:

]‘RIH}:l — ... = 1R10}l[_7l == 1R19$9(f17---7fk) = M[
Moreover, Oy = > o rer M-
Proof. By [16l Proposition 2.16] the measure 6$0(f1,--~7fk) is supported on the

contact set R. Moreover, for any h = 1,...,r, we have Py(f1,..., fx)) < fi,
with equality on the set R;. The conclusion follows from Theorem O
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