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An approach to the Griffiths conjecture

Philipp Naumann

The Griffiths conjecture asserts that every ample vector bundle
E over a compact complex manifold S admits a hermitian metric
with positive curvature in the sense of Griffiths. In this article, we
first give a sufficient condition for a positive hermitian metric on
OP(E∗)(1) to induce a Griffiths positive L2-metric on the vector
bundle E. This result suggests to study the relative Kähler-Ricci
flow on OP(E∗)(1) for the fibration P(E∗) → S. We define this flow
and prove its convergence.

1. Introduction

Let E → S be a holomorphic vector bundle of rank r over a compact complex
manifold S. The projectivized bundle X := P(E∗) whose fiber over s ∈ S
parametrizes hyperplanes of Es carries the tautological line bundle OP(E∗)(1)
which we also denote by OE(1). There is an isomorphism f∗(O(1)) ∼= E
where f : X → S is the projection map. In [11] Hartshorne defined the am-
pleness of a vector bundle over a projective manifold: A vector bundle is
called ample if the tautological line bundle OE(1) is ample over X . On the
other hand, Griffiths defined in [10] a notion of positivity for a hermitian
holomorphic vector bundle (E,H) by using the curvature of (E,H) which is
now called Griffiths positivity. For a line bundle the ampleness of the bun-
dle is equivalent to Griffiths positivity. It is also well-known that a Griffiths
positive metric on E induces a positive metric on OE(1), hence any Griffiths
positive vector bundle is always ample. Griffiths conjectured also the con-
verse, that an ample vector bundle E also carries a Griffiths positive metric.
Umemura [18] as well as Campana and Flenner [6] gave an affirmative an-
swer to this question when the base S is a curve. But in general finding a
Griffiths positive metric on an ample vector bundle seems to be very difficult
and is worth to be investigated.

Another important contribution which points into the direction of this
conjecture comes from the general positivity theory for direct images of
adjoint bundles. Berndtsson proved in [2] that the bundle E ⊗ detE has
always a hermitian metric which is Nakano positive for any given ample
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vector bundle E. Together with the result of Demailly and Skoda [9] which
says that (E ⊗ detE,H ⊗ detH) is Nakano positive if (E,H) is Griffiths
positive, this can be seen as a further indication for the Griffiths conjecture.
The Nakano positivity of E ⊗ detE follows from Berndtsson’s main theorem
by the identity f∗(KX/S ⊗O(r + 1)) ∼= E ⊗ detE. This article is motivated
by his result. In order to study E instead of E ⊗ detE we look at f∗(O(1)) ∼=
E which is no longer the direct image of an adjoint bundle (an ample twisted
relative canonical bundle).

Now assume that E is ample and choose a positive hermitian metric h
on OE(1). We define the positive form

ωX := −
√
−1∂∂̄ log h.

This gives Kähler forms

ωs := ωX |Xs

on the fibers Xs which induce a hermitian metric on detTX/S = K−1
X/S de-

noted by

(−
√
−1∂∂̄ log h)n,

where n = dimXs = r − 1. We define the L2-inner product of two sections
u, v ∈ H0(Xs,OP(E∗

s )
(1)) ∼= Es on the direct image f∗(O(1)) ∼= E at a point

s ∈ S by

(1) ⟨u, v⟩L2(s) :=

∫

Xs

h(u, v)
ωns
n!

.

When the hermitian metric h is induced from a hermitian metric H on E,
we already know from [12, Theorem 7.1] that the L2-metric then gives back
the original metric H on E up to a constant factor. In particular we know
that if we start with a Griffiths positive metric H on E, it should be possible
to prove the Griffiths positivity of the L2-metric directly by looking at its
curvature expression. By analyzing this situation very carefully and using
a general curvature formula for direct images due to To and Weng [17], we
give a proof of the following result:

Theorem 1. Suppose E is an ample vector bundle such that OE(1) is
equipped with a positively curved metric h. Let ωX = −

√
−1∂∂̄ log h be the

curvature of h and regard the family of volume forms (ωns )s∈S = (ωX |Xs
)ns∈S
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as a metric on K−1
X/S. Then, if the canonical isomorphism

(2) K−1
X/S

∼= OE(r)⊗ f∗ det(E)−1

becomes an isometry for some hermitian metric on f∗ det(E)−1 that is the
inverse of the pullback of a hermitian metric G on detE, the L2-metric on
f∗(O(1)) = E is Griffiths positive.

The assumption in the statement implies that the curvature form of h
defines Kähler-Einstein metrics on the fibers, which are projective spaces.
But the Fubini-Study metrics on P(E∗

s ) are in one-to-one correspondence
with hermitian structures on E∗

s , hence the theorem actually gives a char-
acterisation of those metrics on OE(1) which are induced by metrics on
E. For the proof we give in the next section we work on the level of cur-
vature. This gives some insight into the structure of the general curvature
formula for L2-metrics. More precisely, the proof is a study of the conditions
needed to insure Griffiths positivity of the L2-metric on the ample bundle
f∗OE(1) = E.

Theorem 1 gives a link between the Kähler-Einstein problem on projec-
tive spaces and the Griffiths conjecture. Therefore we propose in section 3 to
study the relative Kähler-Ricci flow on the bundle OE(r) instead of K−1

X/S .

Here we rely on Berman’s article [1] and first recall his definition for the
normalized relative Kähler-Ricci flow on the level of hermitian metrics for
the bundle K−1

X/S . By using more recent results for the Kähler-Ricci flow on
Fano Kähler-Einstein manifolds, we explain how to extend his result on the
convergence of the flow to the case of non-discrete automorphism groups of
the fibers. Afterwards we define the relative Kähler-Ricci flow on OE(r) and
obtain

Theorem 2. The relative Kähler-Ricci flow on OE(r) exists and it is
smooth over X × [0,∞[. The flow converges to a hermitian metric φ∞ on
OE(r) that is of class C∞ on each fiber Xs.

Finally we state the evolution equation for the geodesic curvature func-
tion of the evolving metrics onOE(r) which completely encodes its positivity.
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2. Griffiths positivity of L2-metrics

In this section we prove Theorem 1. First we introduce the main objects
which appear along the computation of the curvature. We cite the formula
of To and Weng and prove the Propositions 1 and 2 that allow to simplify
the curvature expression. It will also clarify the structure of the geodesic
curvature function that finally allows to evaluate the curvature integrals.

We use local holomorphic coordinates (sk) on the base S and coordinates
(zα) on the fibers and write for the curvature of the positively curved metric
h on OE(1)

ωX =
√
−1

(

gαβ dz
α ∧ dzβ + hkβ ds

k ∧ dzβ + hαl dz
α ∧ dsl + hkl ds

k ∧ dsl
)

Thus the Kähler forms are given by

ωs :=
√
−1 gαβ dz

α ∧ dzβ

and the induced metric on K−1
X/S can be written as

det(gαβ).

According to [14] we denote the horizontal lift of a tangent vector ∂k = ∂/∂sk

on the base S by vk. It is given by

vk = ∂k + aαk ∂α

where ∂α = ∂/∂zα and

aαk = −gβα hkβ .

We obtain the Kodaira-Spencer forms by

Ak := ∂̄(vk)|Xs

and define the geodesic curvature in the direction of k, l by

c(φ)kl = ⟨vk, vl⟩ωX
.

Here we differ slightly in notation from [14] and use instead the notation
from [3] to indicate that c(φ) depends on h where locally h = e−φ. In our



✐

✐

“10-Naumann” — 2022/7/26 — 16:15 — page 1509 — #5
✐

✐

✐

✐

✐

✐

An approach to the Griffiths conjecture 1509

local coordinates we have

c(φ)kl = hkl + aαkhαl = hkl − aαkalα.

We observe that the matrix (c(φ)kl) is positive definite iff the hermitian line
bundle (OE(1), h) is positive which was our assumption.

The main ingredient in the proof of Theorem 1 is a general curvature
formula for the direct images of the form p∗L due to To and Weng:

Theorem ([17]). Let p : X → S be a smooth family of n-dimensional com-
pact complex manifolds and (L, h) → X be a hermitian holomorphic line
bundle. Furthermore assume that X admits a smooth (1, 1)-form ωX such
that its restrictions ωs := ωX |Xs

are Kähler forms on Xs and such that

c1(L, h) =
k

2π
ωX

for some k ∈ R. Assume that p∗L is locally free on S with fiber (p∗L)s =
H0(Xs, Ls). Then the curvature tensor Θ of the associated L2-metric (de-
fined as in (1)) on p∗L is given by

Θabiȷ(s) = −
∫

Xs

⟨G(Aγ
iβ
ta;γdz

β), Aγ
jβ
tb;γdz

β⟩h
ωns
n!

+

∫

Xs

(kc(φ)iȷ +□ωs
c(φ)iȷ)⟨ta, tb⟩h

ωns
n!

for ta, tb ∈ H0(Xs, Ls). Here G denotes the Green operator.

Here as before Aγ
iβ
∂γdz

β are the Kodaira-Spencer forms and ta:γ stands

for the covariant derivative of the section ta in the fiber direction ∂/∂zγ with
respect to the Chern connection on (Ls, h|Xs

). The formula in this general
form is of course difficult to deal with. We prove the following two results
(cf. [14]) that allow considerable simplifications in our setting:

Proposition 1. Under the assumption of Theorem 1, the Kodaira-Spencer
forms Ai are harmonic, hence zero.
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Proof. We use the symbol ; to denote covariant derivatives with respect to
the Chern connection on (Xs, ωs). On the fiber Xs we have

gδγAiβδ;γ = gδγaiδ;βγ = gδγaiδ;γβ − gδγaiτR
τ
δ βγ

=

(

gδγ∂γ

(

∂2 log h

∂si∂zδ

))

;β

+ aiτR
τ
β

=

(

gδγ∂i

(

∂2 log h

∂sγ∂zδ

))

;β

+ aiτg
ταRαβ

=
(

−gδγ∂i(gγδ)
)

;β
+ aαi (n+ 1)gαβ

= −∂β∂i log det(g) + (n+ 1)aiβ

= −∂2 log det(g)

∂si∂zβ
+ (n+ 1)

∂2 log h

∂si∂zβ

= −∂2 log(hn+1 · (f∗G)−1)

∂si∂zβ
+

∂2 log hn+1

∂si∂zβ

= −∂2 log hn+1

∂si∂zβ
+

∂2 log hn+1

∂si∂zβ
= 0,

because by our assumption (detTX/S , det(g)) ∼= (O(n+ 1)⊗ f∗(detE)−1,
hn+1 · (f∗G)−1) and the pullback metric f∗G is constant on the fibers.
This proves the harmonicity of Ai. The last part follows from the fact that
H1(Pn, TPn) = 0. □

Proposition 2. Under the assumption of Theorem 1, the following equa-
tion holds:

(3) (□ωs
− (n+ 1))c(φ)kl = −f∗(RdetE

G )kl,

where (RdetE
G )kl is the curvature of (detE,G) in the direction of ∂k and ∂l.

Proof. It holds −□ωs
c(φ)kl = gδγ(hkl − aσkalσ);γδ. We compute

gδγhkl;γδ = gδγ∂k∂lhγδ

= gδγ∂k∂lgγδ

= ∂k(g
δγ∂lgγδ)− ∂kg

δγ∂lgγδ
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= ∂k(g
δγ∂lgγδ) + gδαgβγ∂kgαβ∂lgγδ

= ∂k∂l log det(gγδ) + aγ;δk alγ;δ

= ∂k∂l log(h
n+1 · (f∗G)−1) + aσk;γalσ;δg

δγ

= −(n+ 1)hkl + f∗(RdetE
G )kl + aσk;γalσ;δg

δγ

and

(aσkalσ)γδg
δγ = (aσ

k;γδ
alσ +Aσ

kδ
Alσγ + aσk;γalσ;δ + aσkAlσγ;δ)g

δγ .

The two terms involving Al vanish because of Proposition 1. For the first
we get

aσ
k;γδ

gδγ = Aσ
kδ;γ

gδγ + aλkR
σ
λδγ

gδγ = 0− aλkR
σ
λ = −(n+ 1)aσk .

□

We observe that by integrating the equation (3) against the volume form
induced by ωs we get

Corollary 1.

(4)
f∗(RdetE

G )kl
n!

=

∫

Xs

(n+ 1) c(φ)kl
ωns
n!

if

∫

Xs

ωns = 1.

Now we can prove Theorem 1:

Proof. First we can make some reductions: By placing one-dimensional discs
in all directions in the base S, we can restrict to the case of a one-dimensional
base S. We fix a point s ∈ S and consider the corresponding Kähler-Einstein
form ωs. Because this is a Fubini-Study form, we can choose a local holomor-
phic frame e1, . . . , en+1 of E∗ around s and the corresponding coordinates
homogenous coordinates W1, . . . ,Wn+1 on P(E∗

s ) such that this form be-
comes the standard Fubini-Study form on P(E∗

s )
∼= Pn which we denote by

ωFS . At the same time we view the coordinates W1, . . . ,Wn+1 as a base of
global holomorphic sections of f∗(OE(1)|Xs

) ∼= Es. Because the hermitian
metric h|Xs

and the standard hermitian metric on OE(1)|Xs
given by

1

|W |2 :=
1

|W1|2 + |W2|2 + . . .+ |Wn+1|2

have the same curvature form on Xs = P(E∗
s ), they differ by a positive con-

stant C on the fixed fiber Xs.
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Now we apply the formula of To and Weng to study the curvature of the
L2-metric given by (1) on f∗OE(1) ∼= E. Using Proposition 1 the first term
in the curvature formula completely disappears. Using the further reductions
we made the second term reads as

Θiȷss(s) =

∫

Xs

(c(φ) +□ωFS
c(φ))C

WiWȷ

|W |2
ωnFS
n!

.

We invoke also Proposition 2 to obtain

Θiȷss(s) =

∫

Xs

((n+ 2)c(φ)− f∗RdetE
G )C

WiWȷ

|W |2
ωnFS
n!

.

Now we remind ourselves that we are integrating over Pn with respect to
the standard Fubini-Study form. For such integrals we have the following
(see [12, Lemma 4.1])

Lemma 1.
∫

Pn

WαWβ

|W |2
ωnFS
n!

=
δαβ

(n+ 1)!
∫

Pn

WαWβWγWδ

|W |4
ωnFS
n!

=
δαβδγδ + δαδδγβ

(n+ 2)!

Thus, using also the identity (4) from the corollary above, we can write

∫

Xs

f∗RdetE
G C

WiWȷ

|W |2
ωnFS
n!

= f∗RdetE
G C

∫

Xs

WiWȷ

|W |2
ωnFS
n!

=
f∗RdetE

G

(n+ 1)!
C δiȷ

=

∫

Xs

C δiȷ c(φ)
ωnFS
n!

Hence we can rewrite the expression for the curvature as

(5) Θiȷss(s) = C

∫

Xs

((n+ 2)c(φ)
WiWȷ

|W |2 − δiȷ c(φ))
ωnFS
n!

.

From this expression alone it it not yet possible to read off the Griffiths
positivity of the direct image metric. We need a further ingredient that
explains the structure of the geodesic curvature function c(φ) which allows
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us to evaluate the integral. For this we go back to the elliptic equation (3).
We can rewrite it as

(□ωFS
− (n+ 1))((n+ 1)c(φ)− f∗RdetE

G ) = 0.

This means that the function (n+ 1)c(φ)− f∗RdetE
G is an eigenfunction to

the smallest positive eigenvalue n+ 1 on the Kähler manifold (Pn, ωFS). But
those functions are known. A generating system of eigenfunctions is given
by

(

ϕαβ := (n+ 1)
WβWα

|W |2 − δαβ

)n+1

α,β=1

.

Hence we can write

(n+ 1)c(φ)−
∫

Xs

(n+ 1) c(φ) ωnFS(6)

= (n+ 1)

n+1
∑

α,β=1

λαβ
WβWα

|W |2 −
n+1
∑

α,β=1

δαβλαβ

for some constants λαβ ∈ C. Here we assume now that Vol(Xs, ω
n
FS) = 1.

Because the system (ϕαβ)αβ satisfies the unique relation

n+1
∑

α=1

ϕαα = 0,

the coefficients λαβ are only determined up to

λαβ 7→ λαβ + C ′δαβ

for a constant C ′. Therefore we can choose λαβ so that
∑

α λαα = f∗RG

which then implies that

(n+ 1)c(φ) = (n+ 1)

n+1
∑

α,β=1

λαβ
WβWα

|W |2 −
n+1
∑

α+1

λαα + f∗RG

= (n+ 1)

n+1
∑

α,β=1

λαβ
WβWα

|W |2 .
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Plugging this into the equation (5), we can proceed as

Θiȷss(s) = C

∫

Xs

((n+ 2)c(φ)
WiWȷ

|W |2 − δiȷ c(φ))
ωnFS
n!

= C

∫

Xs

((n+ 2)λαβ
WβWα

|W |2
WiWȷ

|W |2 − δiȷ λαβ
WβWα

|W |2 )
ωnFS
n!

= C(n+ 2)λαβ

∫

Xs

WβWαWiWȷ

|W |4
ωnFS
n!

− Cδiȷ λαβ

∫

Xs

WβWα

|W |2
ωnFS
n!

=
Cλαβ
(n+ 1)!

((δβαδiȷ + δβȷδiα)− δβαδiȷ)

= λiȷ
C

(n+ 1)!
.

Now because the expression

n+1
∑

i,j=1

Θiȷss
WiWȷ

|W |2 =
C

(n+ 1)!
c(φ)

is positive (because (OE(1), h) was positive by assumption), we conclude
that the L2-metric on f∗OE(1) ∼= E is indeed Griffiths positive. This proves
Theorem 1. □

3. The relative Kähler-Ricci Flow

3.1. The flow on K
−1

X/S

First we recall the relative Kähler-Ricci flow for the bundle K−1
X/S and a

family of Fano-Kähler-Einstein manifolds Xs as introduced in [1]. As proved
in [1] this flow converges in C∞ to a Kähler-Einstein weight ϕ∞ on any
Fano-Kähler-Einstein manifold X with H0(X,TX) = 0. But using the re-
cent developments concerning the Kähler-Ricci flow on Fano-Kähler-Einstein
manifolds, we show that the condition about the automorphism group can
be removed.

For this, we consider the absolute case of a Fano-Kähler-Einstein man-
ifold X (dimX = n) with a metric h = e−ϕ on K−1

X of positive curvature.
We write ϕ ∈ HX , where HX is the set of smooth and positive (weights for)
metrics on K−1

X . In this notation h = e−ϕ is the pointwise norm squared of
a local trivializing section

(dz)−1 := ∂/∂z1 ∧ . . . ∧ ∂/∂zn
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of K−1
X . But more globally, we can view e−ϕ as a volume form on X by

regarding

cndz
1 ∧ . . . ∧ dzn ∧ dz1 ∧ . . . ∧ dzne−ϕ,(7)

where by abuse of notation we write e−ϕ for |(dz)−1|2e−φ (cf. also [5,
Sect.2.1]). Here cn is a unimodular constant that makes the expression pos-
itive definite. Therefore, we can define the canonical measure

µϕ :=
e−ϕ

∫

X e−ϕ
.

We have also the Monge-Ampère measure defined as

MA(ϕ) := V −1(ddcϕ)n,

where V =
∫

X (ddcϕ)n. These two measures only depend on the curvature
form ω = ddcϕ of ϕ and thus we write µϕ = µω. The Kähler-Einstein condi-
tion becomes

V −1ωn = µω.

The smooth function

(8) u = uω := log

(

V −1ωn

µω

)

=

(

MA(ϕ)

µϕ

)

satisfies ddcu = ω − Ric(ω) and V −1
∫

X e−uωn = 1 and hence coincides with
the normalized Ricci potential.

We consider the (normalized) Kähler-Ricci flow

(9) ω̇t = ωt − Ric(ωt)

on the level of Kähler forms starting with some initial Kähler form ω0 ∈
c1(X) which is the curvature form of a positively curved hermitian met-
ric h0 = e−ϕ0 on K−1

X . This flow has a global solution [7], and Perelman’s
estimates show that the normalized Ricci potential

ut := log

(

V −1ωnt
µωt

)

is uniformly bounded in C0. This means that ωnt and µωt
remain uniformly

comparable along the flow. The main result of [13] is the following:
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Theorem. If there exists constants C, ϵ > 0 such that the Mabuchi K-
energy M(ωt) and the first positive eigenvalue λ1(ωt) of the ∂̄-Laplacian
with respect to ωt on the space of smooth vector fields satisfy M(ωt) ≥ −C
and λ1(ωt) ≥ ϵ along the flow, then ωt converges at exponential rate in C∞

topology to a Kähler-Einstein metric.

As observed in [8], this combines with the main result of [16] to give

Corollary. If X is Fano and Kähler-Einstein, then the flow of Kähler
forms ωt according to (9) converges at exponential rate to a Kähler-Einstein
metric.

Proof. Since the Mabuchi K-energy is minimized at a Kähler-Einstein met-
ric, it is bounded from below. By the result of Tian and Zhu, there exists a
path gt ∈ Aut0(X) such that g∗t ωt converges to a Kähler-Einstein metric. In
particular, λ1(ωt) = λ1(g

∗
t ωt) is bounded away from 0 and we conclude by

the previous result. □

Now we lift the flow (9) to the level of hermitian metrics on K−1
X . We

denote the space of hermitian metrics on K−1
X with positive curvature form

by HK−1

X
. As introduced in [1], we consider the normalized flow on the space

HK−1

X
as follows:

(10) ϕ̇t =

(

MA(ϕt)

µϕt

)

= log

(

V −1(ddcϕt)
n

e−ϕt/
∫

X e−ϕt

)

, ϕ0 = ϕ.

Using the above corollary we can prove

Theorem 3. The flow (10) exists and it is smooth over X × [0,∞[. Fur-
thermore, ϕt converges in C∞ to a smooth Kähler-Einstein potential ϕ∞.

Proof. The first part is due to [7]. As already observed in [1], the fact that the
two measures MA(ϕt) and µϕt

are both probability measures gives that the
time derivative ϕ̇t coincides with the normalized Ricci potential ut defined
by (8). But now since ωt converges exponentially fast to a Kähler-Einstein
metric ω∞, ϕ̇t = ut converges exponentially fast to u∞ = 0. But since the
operator

ω 7→ uω =

(

V −1ωn

µω

)

is Lipschitz on bounded sets with respect to the C∞ topology, the exponen-
tial convergence can be integrated to imply that t 7→ ϕt is Cauchy as t → ∞.
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Hence ϕt converges to a hermitian metric ϕ∞ which gives a Kähler-Einstein
potential for ω∞. □

For the relative case of a family f : X → S of Fano-Kähler-Einstein mani-
folds, we define the flow fiberwise as in (10). This time we are looking for
solutions inHK−1

X/S
, the space of hermitian metrics onK−1

X/S that has positive

curvature along the fibers, starting with a metric ϕ = ϕ0 ∈ HK−1

X/S
. Using the

result form the absolute case, we get

Theorem 4. (= Theorem 2) The fiberwise Kähler-Ricci flow for a family
f : X → S of Fano-Kähler-Einstein manifolds as defined in (10) exists and
it is smooth over X × [0,∞[. Moreover, it converges to a hermitian metric
ϕ∞ on K−1

X/S that is of class C∞ on each fiber Xs.

Proof. The first part is already contained in [1, Th. 4.1]. The second part is
just the convergence statement in Theorem 3. □

Remark 1. Under the assumption that the fibers Xs of the family X → S
all satisfy the condition H0(Xs, TXs

) = 0, the convergence is locally uniform
with respect to the base, see [4, Th.4.1]. We expect this to be true as well in
our situation. Moreover, in the case H0(Xs, TXs

) = 0 one obtains that the
limit metric ϕ∞ is of class C∞ globally on X . This is due to the fact that
we have uniqueness of the Kähler-Einstein metric in this case. In our more
general setting, the regularity for the limit metric in the horizontal direction
of the fibration is unclear.

3.2. The flow on OE(r) - Definition and convergence

In this section, we work with an arbitrary vector bundle E → S, not neces-
sarily ample. We would like to run the flow on the bundle OE(r) instead of
K−1

X/S . Therefore, we first recall that the isomorphism

(11) K−1
X/S

∼= OE(r)⊗ f∗ det(E)−1

is canonical, because it comes from the natural relative Euler sequence

0 → ΩX/S → f∗E ⊗OE(−1) → O → 0.

Furthermore, the line bundle

(12) f∗(KX/S ⊗OE(r)) ∼= detE
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is fiberwise trivial and hence we have that

H0(Xs,KXs
⊗OP(E∗

s )
(r)) ∼= detEs

and it is one-dimensional. Now we start with a hermitian metric h = e−φ

on O(r) with fiberwise positive curvature. A local holomorphic (trivializing)
section u of detE can be represented under the isomorphism (12) by a
holomorphic section of KX/S ⊗O(r) on the total space (after shrinking S),
which are fiberwise holomorphic n-forms with values in O(r) (see also [15]).
On the other hand, the pullback section f∗u can locally on X be written as
(by abuse of notation we write again u for f∗u)

u = dz ⊗ s

with local trivializing sections dz := dz1 ∧ . . . ∧ dzn of KX/S and s of OE(r)
using the isomorphism

f∗(detE) ∼= KX/S ⊗OE(r).

Of course, both descriptions are compatible with each other. This means
that dz and s are only local, but dz ⊗ s is the local description of the global
form u. We write (see again [5, Sect. 2.1] for this notation)

|s|2φ := |s|2e−φ

for the pointwise norm squared and

|u|2e−φ := cndz ∧ dz |s|2φ,

which gives volume forms on the fibers Xs. The associated norm of us :=
u|Xs

∈ H0(Xs,KXs
⊗OP(E∗)(r)) ∼= detEs is given by the L2-norm

||us||2φ :=

∫

Xs

|us|2e−φ :=

∫

Xs

cn|s|2e−φdz ∧ dz.

Now we write |f∗us|2e−ψ := ||us||2φ, which gives a metric e−ψ on f∗detE;
the pullback of the L2-metric on detE. Hence

e−ϕ := e−φeψ
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is a metric on −KX/S corresponding to the trivializing section (dz)−1. This
is a relative volume form on X , in other words

µφ := |us|2e−φ/
∫

Xs

|us|2e−φ

is a volume form on each fiber Xs, which does not depend on the choice of
the local trivializing section u. Obviously, we have

Proposition 3. µφ is a probability measure.

Thus we define the flow of hermitian metrics φt on OE(r), which are all
positive along the fibers Xs, by the fiberwise flow

(13) φ̇t = log

(

MA(φt)

µφt

)

, φ0 = φ.

Theorem 5. The relative Kähler-Ricci flow on OE(r) as defined in (13)
exists and it is smooth over X × [0,∞[. The flow converges to a hermitian
metric φ∞ on OE(r) that is of class C∞ on each fiber Xs.

Proof. We have f∗u = s⊗ dz, where u is a local section of detE on S.
As above, we write for short u = s⊗ dz, where u is constant on the fibers
Xs. This gives (dz)

−1 ⊗ u = s, which just means that we can identify local
sections of K−1

X/S and O(r) by means of the local trivializing of f∗(detE)

given by u. In particular, this gives an identification of K−1
Xs

and OP(E∗
s )
(r)

on the fibers. Hence we can write

|u|2e−φ
∫

Xs
|u|2e−φ =

cndz ∧ dz |s|2e−φ
∫

Xs
cndz ∧ dz |s|2e−φ

=
cn|u|2dz ∧ dz |(dz)−1|2e−φ

∫

Xs
cn|u|2dz ∧ dz |(dz)−1|2e−φ

=
cndz ∧ dz |(dz)−1|2e−φ

∫

Xs
cndz ∧ dz |(dz)−1|2e−φ ,

because the section u was constant and non-vanishing on the fibers. By using
the notation from (7), we can write the last expression simply as

e−φ
∫

Xs
e−φ

.

Hence fiberwise, there is now difference between the flow 10 and 13. The dif-
ference only occurs globally, where the denominator of the canonical measure
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in 10 is interpreted as a metric on the trivial line bundle on X , where in the
case of 13 the corresponding normalization gives a metric on f∗ detE which
is only trivial fiberwise. But this does not affect the analysis of the fiberwise
flow, hence we obtain Theorem 5 from Theorem 4. □

Remark 2. As an observation we remark that the hermitian metric on
K−1

X/S given by the Monge-Ampère measure (ddcφt)
n/n! splits in the limit

into the product metric

e−φ∞ ·
(
∫

|us|2e−φ∞

)−1

,

which is of course what we expect in the Kähler-Einstein limit.

Remark 3. In the particular case where detE is trivial, the bundle K−1
X/S

is canonically isomorphic to OE(r) and the flow (13) coincides with the
normalized flow in [1].

Remark 4. By writing the metric e−ϕ on K−1
X/S as a product metric e−φeψ

on O(r)⊗ (f∗ detE)−1 we get

cndz ∧ dz |(dz)−1|2e−ϕ =
cndz ∧ dz |s|2e−φ

|u|2e−ψ .

Therefore, we are actually forced to set

|u|2e−ψ =

∫

Xs

cndz ∧ dz |s|2e−φ,

i.e. we have to choose the pullback of the L2-metric for the metric on f∗ detE
in order to normalize the volume form |u|2e−φ, which is in turn necessary
for the convergence.

3.3. The evolution equation for the geodesic curvature function

Now we turn back to the Griffiths problem and start with a positive hermi-
tian metric h on OE(1). Then we run the flow (13) on OE(r) for the positive
initial metric h⊗r = e−φ0 . In order to apply Theorem 1 to the limit metric,
we are left to prove that the positivity of the geodesic curvature function
c(φt) is preserved under the flow (13). (Note that e−φt is now the metric
on OE(r).) Hence we need to study how it evolves along the flow. For this
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we can again assume that our base manifold S is a one-dimensional disc.
By using the computation from [1, Theorem 3.3, Theorem 4.7], we get the
following evolution equation for c(φ):

Proposition 4. On a fiber Xs we have

(14)
∂c(φt)

∂t
= −□ωt

c(φt) + rc(φt) + |Aφt
s |2ωt

+ ∂s∂s log

∫

Xs

|us|2e−φt .

Note that in the limit we get indeed equation (3). For the last term on
the right hand side, which is minus the curvature of

∫

|us|2e−φt ,

we can apply for instance the curvature formula from [5, Theorem 3.1]. This
result says that the above L2-metric on f∗(KX/S ⊗O(r)) = detE is positive
if (O(r), h⊗r) is positive. But because the latter is equivalent to the positivity
of the function c(φt), this means that the expression

∂s∂s log

∫

Xs

|us|2e−φt

always gives a negative contribution on the right hand side in this case, which
is an obstruction to apply the usual maximum principles for the heat equa-
tion. On the other hand, this term has to be there, otherwise c(φ∞) could
never be positive, compare [1, Remark 4.11.]). But the question whether the
positivity of c(φ0) is preserved or not remains open.
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