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An approach to the Griffiths conjecture

PHILIPP NAUMANN

The Griffiths conjecture asserts that every ample vector bundle
FE over a compact complex manifold S admits a hermitian metric
with positive curvature in the sense of Griffiths. In this article, we
first give a sufficient condition for a positive hermitian metric on
Op(g-)(1) to induce a Griffiths positive L?-metric on the vector
bundle E. This result suggests to study the relative Kéhler-Ricci
flow on Op(g+)(1) for the fibration P(E*) — S. We define this flow
and prove its convergence.

1. Introduction

Let E — S be a holomorphic vector bundle of rank r over a compact complex
manifold S. The projectivized bundle X :=P(E*) whose fiber over s € S
parametrizes hyperplanes of Es carries the tautological line bundle Op(g-)(1)
which we also denote by Op(1). There is an isomorphism f,(O(1)) = E
where f: X — S is the projection map. In [11] Hartshorne defined the am-
pleness of a vector bundle over a projective manifold: A vector bundle is
called ample if the tautological line bundle Og(1) is ample over X. On the
other hand, Griffiths defined in [10] a notion of positivity for a hermitian
holomorphic vector bundle (E, H) by using the curvature of (E, H) which is
now called Griffiths positivity. For a line bundle the ampleness of the bun-
dle is equivalent to Griffiths positivity. It is also well-known that a Griffiths
positive metric on E induces a positive metric on Og(1), hence any Griffiths
positive vector bundle is always ample. Griffiths conjectured also the con-
verse, that an ample vector bundle E also carries a Griffiths positive metric.
Umemura [I§] as well as Campana and Flenner [6] gave an affirmative an-
swer to this question when the base S is a curve. But in general finding a
Griffiths positive metric on an ample vector bundle seems to be very difficult
and is worth to be investigated.

Another important contribution which points into the direction of this
conjecture comes from the general positivity theory for direct images of
adjoint bundles. Berndtsson proved in [2] that the bundle F ® det E' has
always a hermitian metric which is Nakano positive for any given ample
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vector bundle E. Together with the result of Demailly and Skoda [9] which
says that (F® det E, H® det H) is Nakano positive if (E, H) is Griffiths
positive, this can be seen as a further indication for the Griffiths conjecture.
The Nakano positivity of F ® det E follows from Berndtsson’s main theorem
by the identity fi«(Ky,s® O(r +1)) = E ® det E. This article is motivated
by his result. In order to study E instead of E ® det E we look at f,(O(1)) =
E which is no longer the direct image of an adjoint bundle (an ample twisted
relative canonical bundle).

Now assume that F is ample and choose a positive hermitian metric A
on Og(1). We define the positive form

wy = —v/—1001og h.

This gives Kéhler forms
Ws (= Wy ‘ X,

on the fibers X which induce a hermitian metric on det Ty g = K, ¢ de-

1
X/s
noted by
(—v/—1001log h)™,

where n = dim X = r — 1. We define the L?-inner product of two sections
u,v € HY(X,, Op(g-)(1)) = E, on the direct image f,(O(1)) = E at a point
s €8 by

(1) (1, 0) 12 (5) = /X () 5

When the hermitian metric b is induced from a hermitian metric H on E,
we already know from [12, Theorem 7.1] that the L?-metric then gives back
the original metric H on F up to a constant factor. In particular we know
that if we start with a Griffiths positive metric H on FE, it should be possible
to prove the Griffiths positivity of the L?-metric directly by looking at its
curvature expression. By analyzing this situation very carefully and using
a general curvature formula for direct images due to To and Weng [17], we
give a proof of the following result:

Theorem 1. Suppose E is an ample vector bundle such that Og(1) is
equipped with a positively curved metric h. Let wy = —/—1901logh be the
curvature of h and regard the family of volume forms (wi)ses = (Wx|x.)ies
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as a metric on K);}S Then, if the canonical isomorphism
(2) K;(}S >~ Op(r) @ f*det(E)~*

becomes an isometry for some hermitian metric on f*det(E)~! that is the
inverse of the pullback of a hermitian metric G on det E, the L*-metric on

f«(OQ)) = E is Griffiths positive.

The assumption in the statement implies that the curvature form of h
defines Kéhler-Einstein metrics on the fibers, which are projective spaces.
But the Fubini-Study metrics on P(E?) are in one-to-one correspondence
with hermitian structures on E7, hence the theorem actually gives a char-
acterisation of those metrics on Og(1) which are induced by metrics on
E. For the proof we give in the next section we work on the level of cur-
vature. This gives some insight into the structure of the general curvature
formula for L2-metrics. More precisely, the proof is a study of the conditions
needed to insure Griffiths positivity of the L?-metric on the ample bundle
f+Op(1) = E.

Theorem [I] gives a link between the Kahler-Einstein problem on projec-
tive spaces and the Griffiths conjecture. Therefore we propose in section 3 to
study the relative Kéhler-Ricci flow on the bundle Og(r) instead of K;(} 5
Here we rely on Berman’s article [I] and first recall his definition for the
normalized relative K&hler-Ricci flow on the level of hermitian metrics for
the bundle K);l g+ By using more recent results for the Kahler-Ricci flow on
Fano Kéhler-Einstein manifolds, we explain how to extend his result on the
convergence of the flow to the case of non-discrete automorphism groups of
the fibers. Afterwards we define the relative Ké&hler-Ricci flow on Og(r) and
obtain

Theorem 2. The relative Kdhler-Ricci flow on Og(r) exists and it is
smooth over X x [0,00[. The flow converges to a hermitian metric ¢oo on
Og(r) that is of class C* on each fiber Xs.

Finally we state the evolution equation for the geodesic curvature func-
tion of the evolving metrics on Og/(r) which completely encodes its positivity.
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2. Griffiths positivity of L?-metrics

In this section we prove Theorem [I| First we introduce the main objects
which appear along the computation of the curvature. We cite the formula
of To and Weng and prove the Propositions [I| and [2| that allow to simplify
the curvature expression. It will also clarify the structure of the geodesic
curvature function that finally allows to evaluate the curvature integrals.

We use local holomorphic coordinates (s*) on the base S and coordinates
(z%) on the fibers and write for the curvature of the positively curved metric
h on Og(1)

wy =v-1 <9aB dz% A d2P + hiz ds® A dzP + h;dz" A ds' + hyg ds® A dsi)
Thus the Kéhler forms are given by
Wg 1= \/jgag dz A d2P
and the induced metric on K;(} g can be written as
det(g,3)-

According to [14] we denote the horizontal lift of a tangent vector 9y, = 9/9s*
on the base S by vg. It is given by

v = Ok + af O
where 0% = 0/0z% and

ay = —gBa th.
We obtain the Kodaira-Spencer forms by

Ak = é(vk)‘xs

and define the geodesic curvature in the direction of k,[ by

()1 = (Vks Vl)wa -

Here we differ slightly in notation from [14] and use instead the notation
from [3] to indicate that c¢(y) depends on h where locally h =e™%. In our
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local coordinates we have
() = hyg + aighyg = hyg — agag,.

We observe that the matrix (c(¢),;) is positive definite iff the hermitian line
bundle (Og(1), h) is positive which was our assumption.

The main ingredient in the proof of Theorem [1| is a general curvature
formula for the direct images of the form p,L due to To and Weng:

Theorem ([17]). Letp: X — S be a smooth family of n-dimensional com-
pact complex manifolds and (L,h) — X be a hermitian holomorphic line
bundle. Furthermore assume that X admits a smooth (1,1)-form wx such
that its restrictions ws := wx|x. are Kdhler forms on X5 and such that

k
Cl(Lv h) = %WX

for some k € R. Assume that p.L is locally free on S with fiber (piL)s =
HY(X, Ls). Then the curvature tensor © of the associated L*-metric (de-

fined as in ) on piL is given by

_ _—
Oupi(s) = = /X <G(AZEt“?7dZﬂ)a A;Btbwd'z%hn*
Wy

!
- /X (ke()iz + B, c(@)ig) (tas to)n v

n

or ta.ty € HY(X,, Ly). Here G denotes the Green operator.
for ta, ) P

Here as before A;Laydzﬂ are the Kodaira-Spencer forms and ., stands
for the covariant derivative of the section t, in the fiber direction 0/0z7 with
respect to the Chern connection on (Lg, h|x,). The formula in this general
form is of course difficult to deal with. We prove the following two results
(cf. [14]) that allow considerable simplifications in our setting:

Proposition 1. Under the assumption of Theorem[d], the Kodaira-Spencer
forms A; are harmonic, hence zero.
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Proof. We use the symbol ; to denote covariant derivatives with respect to
the Chern connection on (X, ws). On the fiber Xg we have

7

SYA o OV — OV OV,
g Aiﬁ5w_g U5y =9 Qigyp — 9 T S By

ys 0? log h) > _
= 578 = + CLZ‘?RZ
<g ! ( 0s'02° ) ) 3 b

% 0? log h) ) -
= 5’782. _ + aj= Tap
<g ( 051029 ) ) 3 9 o

— (_ggwﬁi(gﬂ/g)) 3 + ay(n + 1)ga§

)

= —030;logdet(g) + (n + 1)a;z
2] 2]
_ 0 ogdeﬁ(g) +(n+ 1)8 ‘ogiL
0s02P 051028
o2 log(hn—H . (f*G)—l) 52 log pntl
- _ Y + A
051028 Dst02P
_ 9%logh™tt  *loghmtt
Dsi0zP Dsi0zP

il

because by our assumption (det Ty /g, det(g)) = (O(n+1)® f*(det E)~*,
R (f*G)71) and the pullback metric f*G is constant on the fibers.
This proves the harmonicity of A;. The last part follows from the fact that
HY(P", Tpn) = 0. O

Proposition 2. Under the assumption of Theorem [, the following equa-
tion holds:

(3) (Bo, = (n+1))e(p)g = = (BE ),
where (REYE) 7 is the curvature of (det E,G) in the direction of 9y, and 0.
Proof. It holds —Ol, c(@),; = gg”(hkj — ajaj,)..5- We compute

3 5
9" M5 = 9°7 OkOph 5
= ¢"10k019. 5
= 0k(9"019,5) = Oh9" Or9,5
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= O(9" Oyg.5) + g gﬁ'yakgag&gwg

= Oy0;log det(g 5)+a) alﬂY 5

= 00 log(h™* - (FG) ™) + af. 0,59
—(n+1)h; + f*(R?JEtE)ki + az;vafo;ggév

and

& 5
(agaZO')'ygg 7= ( . a’lo‘ + AU Alo'y + ag;’yaio;g + az ZO”}/;E)g 7.
The two terms involving AZ vanish because of Proposition |1 For the first
we get

=A% ‘57+aR M =0—a) 2R =—(n+1)aj,

,759 ks:r9 Aoy 9

g

We observe that by integrating the equation against the volume form
induced by ws we get

Corollary 1.

f*(RdetE)* ng
(4) el ARSI LONE S

n! n!
Now we can prove Theorem

Proof. First we can make some reductions: By placing one-dimensional discs
in all directions in the base .S, we can restrict to the case of a one-dimensional
base S. We fix a point s € S and consider the corresponding Kéahler-Einstein
form ws. Because this is a Fubini-Study form, we can choose a local holomor-
phic frame ey,...,e,11 of E* around s and the corresponding coordinates
homogenous coordinates Wi, ..., Wy, on P(EY) such that this form be-
comes the standard Fubini-Study form on P(E¥) = P" which we denote by
wrg. At the same time we view the coordinates W1, ..., W, 11 as a base of
global holomorphic sections of f.(Og(1)|x,) = Es. Because the hermitian
(1)l given by

1 1
W2 [Wil2 + [Wal? + ...+ [Wiaa?

have the same curvature form on X, = P(E?), they differ by a positive con-
stant C' on the fixed fiber Xj.
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Now we apply the formula of To and Weng to study the curvature of the
L?-metric given by on f,Og(1) = E. Using Proposition |1] the first term
in the curvature formula completely disappears. Using the further reductions
we made the second term reads as

R - n
WilW5 wig

@ijsg(s) :/){S (C(g@)‘Fprsc(gD))C |W|2 7

We invoke also Proposition 2] to obtain

v de W, W= W'
Ous(s) = [ ((n-+2)ele) — R Fy 0D b
N W]

n!

Now we remind ourselves that we are integrating over P” with respect to
the standard Fubini-Study form. For such integrals we have the following
(see [12, Lemma 4.1])

Lemma 1.

/ WaW5 Wi _ Oa7

pn W2 n! (n+1)!

/ WQWBW’YWS W%s _ 60435’}/3 + 50[5573
P |[W 4 n! (n+2)!

Thus, using also the identity from the corollary above, we can write

/ f*R%etE C Wle W?TS
X

W12 n!
W;W= W
— *RdetEC/ 284V FS
R x. W2 n!
* pdet F/
:;f Rg C 6;
(n+1)! J

Wi
— [ coete)
X, n:
Hence we can rewrite the expression for the curvature as
W;W5

6)  Ouale) =C [ (4 2)ete) [ el .

From this expression alone it it not yet possible to read off the Griffiths
positivity of the direct image metric. We need a further ingredient that
explains the structure of the geodesic curvature function ¢(yp) which allows
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us to evaluate the integral. For this we go back to the elliptic equation .
We can rewrite it as

(Burs = (n+1))((n + 1)e(p) — fREP) = 0.

This means that the function (n+ 1)c(p) — f*REE is an eigenfunction to
the smallest positive eigenvalue n 4 1 on the Kéhler manifold (P", wrg). But
those functions are known. A generating system of eigenfunctions is given

by

1 — )=

Hence we can write

a,B=1

(6) (n+ 1)ely) - /X (n+ 1) clp) wis
ns—&—l n+1
n+1 Z )\aﬁ Z 5a5/\ag
a,f=1 ’ o,f=1

for some constants A\gs € C. Here we assume now that Vol(X,,wipg) = 1.
Because the system (¢ aB) oB satisfies the unique relation

n+1

Z ¢aa =0,
a=1

the coefficients A\ z 7 are only determined up to
)\aB — )‘aﬁ + C’(Sag

for a constant C’. Therefore we can choose A\ af SO that > Aaa = f*Ra
which then implies that

n+1 W We n+1
(n+1)ec(p) = (n+1) Z A& e Z Xaa + [*Ra
a,f=1 a+1
n+1 We
1) Aa .
n + ﬁzl B2 |W|2
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Plugging this into the equation , we can proceed as

WW wh
'Ljss 0/ 7’L—|—2 _51] ( )) £3

\W|2 n!

WsWa WiW; WsWa, wih

= [ (4 2 T )
WWaWW5 wig WWa wig

Clg
= " (915 + Op30:m) — Dgadiy)
(n+1)!
(n+1)!

Now because the expression

n+1 C
Z 97,]88 |W’2 = (n_'_l)'C((?D)

3,j=1

is positive (because (Og(1),h) was positive by assumption), we conclude
that the L?-metric on f,Og(1) = E is indeed Griffiths positive. This proves
Theorem [l O

3. The relative Kahler-Ricci Flow

3.1. The flow on KX/S
First we recall the relative Kéhler-Ricci flow for the bundle K;(ls and a
family of Fano-Ké&hler-Einstein manifolds X as introduced in [I]. As proved
in [I] this flow converges in C*° to a Ké&hler-Einstein weight ¢, on any
Fano-Kihler-Einstein manifold X with H°(X,Tx) = 0. But using the re-
cent developments concerning the Kéhler-Ricci flow on Fano-Kéahler-Einstein
manifolds, we show that the condition about the automorphism group can
be removed.

For this, we consider the absolute case of a Fano-Kéahler-Einstein man-
ifold X (dim X = n) with a metric h = e~ on Ky of positive curvature.
We write ¢ € Hx, where Hy is the set of smooth and positive (weights for)
metrics on K)_Cl. In this notation h = e~? is the pointwise norm squared of
a local trivializing section

(dz)™':=0/02' A ... NO/D"
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of K)zl. But more globally, we can view e~? as a volume form on X by
regarding

(7) endz AL ANdZT AN A LA dZTe,

where by abuse of notation we write e~® for |(dz)~!%e~% (cf. also [5
Sect.2.1]). Here ¢, is a unimodular constant that makes the expression pos-
itive definite. Therefore, we can define the canonical measure

P— €_¢
fo = Jxe

We have also the Monge-Ampére measure defined as
MA(¢) == V™~ }(dd°¢)",

where V = [ (dd°¢)™. These two measures only depend on the curvature
form w = dd¢ of ¢ and thus we write py = p,. The Kéahler-Einstein condi-
tion becomes

Vlom = p,.
The smooth function

(8) w = 1, = log (V_lwn> _ (1\“@)

M e

satisfies dd“u = w — Ric(w) and V! [ ¢ € “w" =1 and hence coincides with
the normalized Ricci potential.
We consider the (normalized) Kéahler-Ricci flow

(9) W = w — Ric(wy)

on the level of Kéhler forms starting with some initial Kéhler form wg €
¢1(X) which is the curvature form of a positively curved hermitian met-
ric hg = =% on K)_(l. This flow has a global solution [7], and Perelman’s
estimates show that the normalized Ricci potential

Vfl n
uy := log < i )
:uwt

is uniformly bounded in C°. This means that w}* and p,, remain uniformly
comparable along the flow. The main result of [I3] is the following:




1516 Philipp Naumann

Theorem. If there exists constants C,e >0 such that the Mabuchi K-
energy M(w;) and the first positive eigenvalue \i(w;) of the O-Laplacian
with respect to wy on the space of smooth vector fields satisfy M(wy) > —C
and A\ (w¢) > € along the flow, then wy converges at exponential rate in C'™
topology to a Kdhler-Einstein metric.

As observed in [§], this combines with the main result of [16] to give

Corollary. If X is Fano and Kahler-Finstein, then the flow of Kdhler
forms w; according to @ converges at exponential rate to a Kahler-Einstein
metric.

Proof. Since the Mabuchi K-energy is minimized at a K&ahler-Einstein met-
ric, it is bounded from below. By the result of Tian and Zhu, there exists a
path g; € Aut®(X) such that gjw; converges to a Kihler-Einstein metric. In
particular, A;(w;) = A1(gjw;) is bounded away from 0 and we conclude by
the previous result. [l

Now we lift the flow @ to the level of hermitian metrics on K)_(l. We
denote the space of hermitian metrics on K)_(1 with positive curvature form
by Hy 1. As introduced in [1], we consider the normalized flow on the space
H K as follows:

. (MA(¢r) V= (ddpy)"
o= () = s (e res

Using the above corollary we can prove

(10) ) b=

Theorem 3. The flow (@) exists and it is smooth over X x [0,00]. Fur-
thermore, ¢, converges in C™° to a smooth Kdhler-FEinstein potential ¢oo.

Proof. The first part is due to [7]. As already observed in [I], the fact that the
two measures MA(¢;) and p4, are both probability measures gives that the
time derivative ¢ coincides with the normalized Ricci potential u; defined
by . But now since w; converges exponentially fast to a Kéhler-Einstein
metric weo, ¢ = Uy converges exponentially fast to u, = 0. But since the

operator
V—lwn
ity = ( )
Mo

is Lipschitz on bounded sets with respect to the C*° topology, the exponen-
tial convergence can be integrated to imply that ¢ — ¢; is Cauchy as t — oo.
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Hence ¢, converges to a hermitian metric ¢, which gives a Kéahler-Einstein
potential for ws. O

For the relative case of a family f: X — S of Fano-Kéhler-Einstein mani-
folds, we define the flow fiberwise as in . This time we are looking for
solutions in H K3l the space of hermitian metrics on K/;} g that has positive
curvature along the fibers, starting with a metric ¢ = ¢y € H Kylsr Using the
result form the absolute case, we get

Theorem 4. (= Theorem@) The fiberwise Kahler-Ricci flow for a family
f: X = S of Fano-Kdihler-FEinstein manifolds as defined in @ erists and
it is smooth over X x [0,00[. Moreover, it converges to a hermitian metric

Poo ON K;(}S that is of class C° on each fiber X;.

Proof. The first part is already contained in [I, Th. 4.1]. The second part is
just the convergence statement in Theorem O

Remark 1. Under the assumption that the fibers X of the family X — S
all satisfy the condition H°(X,, Tx,) = 0, the convergence is locally uniform
with respect to the base, see [4, Th.4.1]. We expect this to be true as well in
our situation. Moreover, in the case H*(Xs,Tx,) = 0 one obtains that the
limit metric ¢oo s of class C° globally on X. This is due to the fact that
we have uniqueness of the Kdhler-Einstein metric in this case. In our more
general setting, the reqularity for the limit metric in the horizontal direction
of the fibration is unclear.

3.2. The flow on Ofg(r) - Definition and convergence

In this section, we work with an arbitrary vector bundle £ — S, not neces-
sarily ample. We would like to run the flow on the bundle Og(r) instead of
Kb.. Therefore, we first recall that the isomorphism

x/S

(11) Kyg = Op(r) @ f*det(E)™!

is canonical, because it comes from the natural relative Euler sequence
0= Qy/s = [FE®Op(-1) = O = 0.

Furthermore, the line bundle

(12) fo(Kx/s ® Op(r)) = det E
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is fiberwise trivial and hence we have that
HO(X,, Kx, ® Op(gy(r)) = det B,

and it is one-dimensional. Now we start with a hermitian metric h = e™¥
on O(r) with fiberwise positive curvature. A local holomorphic (trivializing)
section u of det £ can be represented under the isomorphism by a
holomorphic section of Ky /g ® O(r) on the total space (after shrinking S),
which are fiberwise holomorphic n-forms with values in O(r) (see also [15]).
On the other hand, the pullback section f*u can locally on X be written as
(by abuse of notation we write again u for f*u)

u=dzQ® s

with local trivializing sections dz := dz1 A ... A dz, of Ky /g and s of Op(r)
using the isomorphism

f(det B) = Ky /s ® Op(r).
Of course, both descriptions are compatible with each other. This means

that dz and s are only local, but dz ® s is the local description of the global
form u. We write (see again [5], Sect. 2.1] for this notation)

|l == |s?e™*
for the pointwise norm squared and
lu|?e™% := c,dz A dZ \s\i,

which gives volume forms on the fibers X;. The associated norm of us :=
ulx, € HY(X, Kx, ® Op(g+)(r)) = det E; is given by the L?-norm

a2 1= / g [2e=% = / eolsPePdz A dz.
X

s s

Now we write |f*ug|?e % := ||u5||a, which gives a metric e™¥ on f*det E;

the pullback of the L?-metric on det E. Hence

e ? = e Pe?
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is a metric on —K y /g corresponding to the trivializing section (dz)~'. This
is a relative volume form on X, in other words

o = ug%e ) / g P
X

is a volume form on each fiber X, which does not depend on the choice of
the local trivializing section u. Obviously, we have

Proposition 3. pu, is a probability measure.

Thus we define the flow of hermitian metrics ¢; on Og(r), which are all

positive along the fibers X, by the fiberwise flow
MA
(13) ¢t = log (“Dt)> :
/’L<Pt

Theorem 5. The relative Kdhler-Ricci flow on Og(r) as defined in
exists and it is smooth over X x [0,00[. The flow converges to a hermitian
metric poo on Op(r) that is of class C*° on each fiber Xs.

$o = ¥.

Proof. We have f*u = s® dz, where u is a local section of det £ on S.
As above, we write for short u = s ® dz, where u is constant on the fibers
X,. This gives (dz)~! ® u = s, which just means that we can identify local
sections of K/;}S and O(r) by means of the local trivializing of f*(det E)
given by u. In particular, this gives an identification of K)_(1 and Op(g=(r)
on the fibers. Hence we can write
lu|2e=% _cpdz A dz |s|?e=¥
[x luPe=® [y cpdz AdZ|s|?e%

_ cpluffdz Adz|(dz) " HPe

 Jx calulPdz A dz |(dz) 7t 2em?

_ cpdz ANdZ|(d2) T Pem?

[y cndz Adz|(dz) "t Pem#

because the section u was constant and non-vanishing on the fibers. By using
the notation from , we can write the last expression simply as

6_410
sz e ¥

Hence fiberwise, there is now difference between the flow [T10|and [13] The dif-
ference only occurs globally, where the denominator of the canonical measure
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in [10[is interpreted as a metric on the trivial line bundle on X', where in the
case of [13| the corresponding normalization gives a metric on f* det £ which
is only trivial fiberwise. But this does not affect the analysis of the fiberwise
flow, hence we obtain Theorem [5] from Theorem [4] O

Remark 2. As an observation we remark that the hermitian metric on
K;,}S given by the Monge-Ampére measure (dd®py)™/n! splits in the limit

into the product metric
-1
o (frupee)

which is of course what we expect in the Kdhler-Finstein limit.

Remark 3. In the particular case where det E is trivial, the bundle K;fls
is canonically isomorphic to Og(r) and the flow coincides with the
normalized flow in [1)].

Remark 4. By writing the metric e~% on K;,}S as a product metric e~ e?
on O(r) ® (f*det E)~1 we get

cndz N dZ |s|?e™%
[ufPe

cndz N dZ |(dz) 71 ?e™? =
Therefore, we are actually forced to set

\u|2e1/’:/ cndz A\ dZ |s|?e™?,

s

i.e. we have to choose the pullback of the L?-metric for the metric on f* det E
in order to normalize the volume form |u|?e=%, which is in turn necessary
for the convergence.

3.3. The evolution equation for the geodesic curvature function

Now we turn back to the Griffiths problem and start with a positive hermi-
tian metric h on Og(1). Then we run the flow on Og(r) for the positive
initial metric h®" = e~%°. In order to apply Theorem (1| to the limit metric,
we are left to prove that the positivity of the geodesic curvature function
c(py) is preserved under the flow . (Note that e™%* is now the metric
on Og(r).) Hence we need to study how it evolves along the flow. For this
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we can again assume that our base manifold S is a one-dimensional disc.
By using the computation from [I, Theorem 3.3, Theorem 4.7], we get the
following evolution equation for c(¢p):

Proposition 4. On a fiber X we have

dc(pr)

(14) ot

= —0y,c(er) + re(er) + |Aft\f,t + 858glog/ \us\ze*“’t.

s

Note that in the limit we get indeed equation . For the last term on
the right hand side, which is minus the curvature of

/ ’u5’2eiipt7

we can apply for instance the curvature formula from [5, Theorem 3.1]. This
result says that the above L2-metric on f, (Kx/s ®O(r)) = det E is positive
if (O(r), h®") is positive. But because the latter is equivalent to the positivity
of the function c(¢;), this means that the expression

858glog/ |u8|2e_50t

s

always gives a negative contribution on the right hand side in this case, which
is an obstruction to apply the usual maximum principles for the heat equa-
tion. On the other hand, this term has to be there, otherwise ¢(¢,) could
never be positive, compare [I, Remark 4.11.]). But the question whether the
positivity of ¢(pg) is preserved or not remains open.
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