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We consider a compact connected CR manifold with a transver-
sal CR locally free R-action endowed with a rigid positive CR line
bundle. We prove that a certain weighted Fourier-Szegé kernel of
the CR sections in the high tensor powers admits a full asymptotic
expansion and we establish an R-equivariant Kodaira embedding
theorem for CR manifolds. Using similar methods we also establish
an analytic proof of an R-equivariant Boutet de Monvel embedding
theorem for strongly pseudoconvex CR manifolds. In particular,
we obtain equivariant embedding theorems for irregular Sasakian
manifolds. As applications of our results, we obtain Torus equiv-
ariant Kodaira and Boutet de Monvel embedding theorems for CR
manifolds and Torus equivariant Kodaira embedding theorems for
complex manifolds.
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1. Introduction and statement of the main results

Let (X,T%°X) be a torsion free CR manifold of dimension 2n — 1, n > 2.
Then there is a Reeb vector field T'€ C°°(X,TX) such that the flow of T
induces a transversal CR R-action on X. The study of R-equivariant CR, em-
beddablity for X is closely related to important problems in CR geometry,
complex geometry and mathematical physics. For example, for a compact
irregular Sasakian manifold X, it is important to know if there is an em-
bedding of X preserving the Reeb vector field and this problem is related to
R-equivariant CR. embedding problems for torsion free strongly pseudocon-
vex CR manifolds. Furthermore, R-equivariant CR embedding problems are
also congeneric to G-equivariant Boutet de Monvel and Kodaira embedding
problems for CR and complex manifolds.

Suppose that all orbits of the flow of T" are compact. Then X admits a
transversal CR S!'-action €. In [5] and [12], we established S'-equivariant
Boutet de Monvel and Kodaira embedding theorems. Let us briefly review
the method used in [I2]. Assume that X admits a rigid CR line bundle
L. For k € N, let H)(X, L*) denote the space of global smooth CR sections
with values in L*. The difficulty of Kodaira embedding problem for X comes
from the fact that it is very difficult to understand the large k£ behavior of
’Hg(X7 L*) even if L is positive. By using the S'-action e?, we consider the
spaces

(1.1) 0 k 0 k
Hb,gkd(XvL ) = @mGZ,|m|§k6Hb7m(X)L ), 6> 0.

We proved in [12] that if L is positive and § > 0 small enough, then
dy = dimH) 5 (X, LF) = k™ if k> 1

and a weighted Fourier-Szeg6 kernel for 7—[27 <1 (X, L*) admits a full asymp-
totic expansion. Using that weighted Fourier-Szeg6 kernel asymptotics, we
showed in [12] that the map

(i)kﬁ X = (C]P)dk_l,
x— [fi(z),..., fa,(x)]
is an embedding if k is large enough, where {fi,..., fg,} is an orthonormal

basis for the space 7—[2’ <is( X, LF) with respect to some S'-invariant L? inner
product such that for each j =1,2,...,d;, we have f; € ”Hg’mj (X, LF) for
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some m; € Z. It is clear that the map (i)]w; is S'-equivariant and hence X
can be S'-equivariant CR embedded into the projective space.

The method mentioned above does not work when there is an orbit of
the flow of T which is non-compact. In that case, X admits a transversal CR
R-action 1. How to get R-equivariant embedding theorems for CR manifolds
(and irregular Sasakian manifolds) is an important and difficult problem in
CR (and Sasaki Geometry). In this paper, we introduce a new idea and
we successfully establish an R-equivariant Kodaira embedding theorem for
CR manifolds. For example, we obtain an equivariant Kodaira embedding
theorem for irregular Sasakian manifolds. Let us briefly describe our idea.
Let T be the infinitesimal generator of the R-action and assume that X
admits a rigid CR line bundle L. Consider the operator

—iT : C®°(X, L*) —» C=(X, LF).

Assume that there is an R-invariant L? inner product (- |- )z on C*(X, L¥)
(if L is positive, we can always find an R-invariant L? inner product (- |- )
on C*(X, L¥)) and we extend —iT to L? space by

—iT : Dom (—iT) C L*(X,LF) — L*(X, LK),
Dom (—iT) = {u € L2(X, L"); —iTu € L3(X, Lk)} .

It is easy to see that —iT" is self-adjoint with respect to (-|-)r. When T
comes from S'-action, we can assume Spec (—iT) = {m; m € Z} and every
element in Spec (—iT") is an eigenvalue of —iT", where Spec (—iT") denotes
the spectrum of —iT". When T' comes from an R-action, it is very difficult to
understand Spec (—iT"). The key observation in this paper is the following:
we show that if there exists a Riemannian metric ¢ on X, such that the
R-action acts by isometries with respect to this metric, then the R-action
comes from a torus action on X. From this result, we prove that if L is
positive then the R-action comes from a torus action on X and by using the
torus action, it is not difficult to show that if L is positive, then Spec (—iT")
is countable and any element in Spec (—iT') is an eigenvalue of —iT.

It was known before that the automorphism group of a compact Sasakian
manifold is compact (see [22] and [4]) and therefore that the R-action in-
duced by the Reeb flow comes from a torus action (see for example [3]).
Using that result, an R-equivariant embedding result for compact Sasakian
manifold (and hence for compact strongly pseudoconvex maniflolds with
transversal CR vector fields) with vanishing first cohomology was proven
in [3]. In this work we use elementary tools from Riemannian geometry to
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study the R-actions on CR manifolds. It turns out that the strongly pseu-
doconvexity condition can be replaced by the existence of a rigid positive
CR line bundle. Furthermore, we can even drop the compactness condition
and find out that there only exists two types of transversal CR R-actions
(see Theorem [3.5)). This enables the study of non-compact CR manifolds by
analytic methods.

However, in this work we restrict ourselves to the compact case, that is
we only need to consider R-actions which come from a CR torus actions.

Now, assume that L is positive, i.e. there is an open interval I C R
such that RZ — 2sL, is positive, for every € X and every s € I, where
RE denotes the curvature of L and L denotes the Levi form of X (see
Definition . For simplicity, we may assume that | — §,[C I, where § >
0. For every «a € Spec (—iT), put

O (X, LF) := {u € C®(X,LF); —iTu = ozu} :
As , we define
Hg@(X, L* .= {u € C%(X, L%); Oyu = 0}

and

My <ps(X, LF) = D Hp o (X, L),
a€eSpec (—iT),|a|<kd
We can prove that ’H27< 45(X, L¥) is finite dimensional (see Lemma and
hence that it is a closed subspace. Then, we can modify the method used
in [12] and show that a weighted Fourier-Szegé kernel for HY (X, L¥)
admits a full asymptotic expansion and by using the weighted FoHrier—Szegé
kernel asymptotics, we show that the map

Pp5: X — CPE—1
xr — [f1($)7 . 'afdk(x)]

is an embedding if k is large enough, where {fi,..., f4,} is an orthonormal
basis for the space 7—[27<k5(X, L*) such that for each j = 1,2, ..., dy, we have
s ’Hg’a(X, L¥), for some o € Spce (—iT). It is clear that the map é)]w; is
R-equivariant. As an application, we obtain equivariant Kodaira embedding
theorems for irregular Sasakian manifolds. In particular, we show that a
compact transversal Fano irregular Sasakian manifold can be R-equivariant
CR embedded into the projective space. It should be mentioned that the
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idea of using CR sections to embed CR manifolds into the projective space
was introduced by Marinescu [16] (see also [17]).

When X is strongly pseudoconvex, the R-action also comes from a torus
action on X and we established a R-equivariant Boutet de Monvel embed-
ding theorem for X by using our S'-equivariant Boutet de Monvel embed-
ding theorem [5].

We now formulate our main results. We refer the reader to Section
for some standard notations and terminology used here. Let (X, T"°X) be
a compact connected CR manifold of dimension 2n — 1, n > 2, endowed
with a R-action n, neR: n: X - X, x € X > nox € X. Let T be the
infinitesimal generator of the R-action. We assume that the R-action 7 is
transversal CR, that is, T preserves the CR structure 799X, and T and
T1OX @ T19X generate the complex tangent bundle to X.

Let (L, ") be a rigid CR line bundle over X, where h” is a rigid Hermi-
tian metric on L. Let R” be the curvature of L induced by h”. We say that
(L, ") is a rigid positive CR line bundle over X if there is an open interval
I C R such that RY — 2sL is positive definite at every point of X, for every
s € I, where £ denotes the Levi form on X. For simplicity, in this work, we
always assume that | — &, 5[C I, where § > 0. Let L* be the k-th power of
L. The Hermitian metric on L* induced by h” is denoted by hX". Let (-|-)
be the rigid Hermitian metric on CT'X induced by R” such that

X 179X, T 1L (TYX T X), (T|T)=1.

We denote by dvx the volume form induced by (-|-). Let (-|-)x be the
L? inner product on C*°(X, L*¥) induced by h" and dvy. Let L?(X, L¥) be
the completion of C*°(X, L*) with respect to (-|-)x. We extend (-|-)x to
L?(X, L*). Consider the operator

—iT : C®°(X, L*) —» C=(X, LF)
and we extend —i7T to L? space by
—iT : Dom (—iT) ¢ L*(X, L*) — L*(X, L*),
Dom (—iT) = {u € L3(X, L*); —iTu € L*(X, Lk)} .
By using the fact that the R-action comes from a torus action on X (see
Theorem [3.5)), we will show that (see Theorem and Theorem —iT
is self-adjoint with respect to (|- ), Spec(—iT') is countable and every

element in Spec (—iT') is an eigenvalue of —iT', where Spec (—iT") denotes
the spectrum of —iT.
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Let 9y, : Q%4(X, LF) — Q%9T1(X, L*) be the tangential Cauchy-Riemann
operator with values in L*. For every o € Spec (—iT'), put

(1.2) CX(X, LF) .= {u € O®(X, LF); —iTu = au} ,
and
(1.3) HY (X, IF) = {u € 02 (X, LF); Gyu = o} .

It is easy to see that for every a € Spec (—iT"), we have

(1.4) dim My (X, L*) < cc.
For A > 0, put
(15) Hg,g)\(Xa Lk) = @ Hg,a(Xu Lk)

a€eSpec (—iT),|a| <A

For every a € Spec (—iT), let L2 (X, L*) ¢ L?(X, L*) be the eigenspace
of —iT with eigenvalue a. It is easy to see that L2 (X, L¥) is the completion
of C°(X, L¥) with respect to (-|- ). Let

(1.6) QYY) : LA(X, LF) — LA(X, LF)

be the orthogonal projection with respect to (-|-)x. We have the Fourier
decomposition

L(x,lhy= @ LiX, L.
a€eSpec (—iT)

We first construct a bounded operator on L?(X, L*) by putting a weight
on the components of the Fourier decomposition with the help of a cut-off
function. Fix § > 0 and a function

)
(17) T5 € Cgo((_57 5))7 0<75<1, is=1o0n |:—2’ 5 :| .
Let Fy.s: L?(X, L*) — L?(X, L*) be the bounded operator given by
Fys: L*(X,LF) — L*(X, LF),
o 0
(1.8) ue YT <E) Q&}c(u)_

a€Spec (—iT)
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For every A > 0, we consider the partial Szegé projector

(1.9) Iy <x : L2(X, LF) = H) (X, L)

which is the orthogonal projection on the space of R-equivariant CR sec-
tions of degree less than \. Finally, we consider the weighted Fourier-Szeg6
operator

(1.10) Py = Frs 0 Tg<ps 0 Fog 0 L*(X, L¥) = Hy) 15(X, LF).

The Schwartz kernel of Pjs with respect to dvyx is the smooth section
(z,y) = Prs(z,y) € LF® (L’;)* satisfying

111 (P / Pes(e, y)uly) dvx (y) , u € LA(X, L¥).

Let f; = fj(k)7 j .,d, be an orthonormal basis of Hgéké(X, LF).

Then
dk
Pys(z,y) = Z(Fkﬁfj)(x) ® (Frsfi) )"
(1.12) "d:kl
Pk75(x>x) = Z ‘(Fk?,&fj)(x){th
j=1

It should be noticed that the full Szegd kernel Z?":' L fiz) }QLLk doesn’t admit
an asymptotic expansion in general, hence the necessity of using the cut-off
function Fj, 5. In the discussion after Corollary 1.2 in [I2], we gave an example
to show that the full Szeg6 kernel doesn’t admit an asymptotic expansion.
In order to describe the Fourier-Szegé kernel Py 5(x,y) we will localize Py s
with respect to a local rigid CR trivializing section s of L on an open set
D C X. We define the weight of the metric 2" on L with respect to s to be
the function ® € C*°(D) satisfying |S|}2LL = e 2%, We have an isometry

(1.13) Uk : L*(D) — L*(D, L"), u+— ue*®s”,

with inverse U, ! : L*(D, L¥) — L?(D), g~ e #®s7*g. The localization of
P, s with respect to the trivializing rigid CR section s is given by

(1.14) Prss : Loomp(D) = L*(D), Prss = Uy 2 PrsUss,

comp
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where L2, (D) is the subspace of elements of L?(D) with compact support

comp

in D. Let Pys5s(z,y) € C(D x D) be the Schwartz kernel of P ;s with
respect to dvx. The first main result of this work describes the structure of
the localized Fourier-Szeg6 kernel Py 5 s(z,y).

Theorem 1.1. Let X be a compact CR manifold of dimension 2n — 1,
n > 2, with a transversal CR locally free R-action and let L be a positive
rigid CR line bundle on X. With the notations and assumptions above,
consider a point p € X and a canonical coordinates neighborhood (D, x =
(x1,...,@an—1)) centered at p. Let s be a local rigid CR trivializing section
of L on D and set |s|; = e 2®. Fiz § > 0 small enough and Dy € D. Then

(115) Pk,&,s(f’?» y) = / eikcp(m,y,t)g(m’ Y, 1, k)dt + O(k_oo) on DO X DOa
R

where p € C®°(D x D x (—4,9)) is a phase function such that for some con-
stant ¢ > 0 we have

(1.16)
dep(2,Y, 1) z=y = —2Im () 4 two(),
dyo(@, Y, )| s=y = 2Im Fp®(x) — two(x),
Imp(z,y,t) > c|z —wl?,
(x,y,t) € D x D x (—=0,0),x = (2, x2n-1),y = (W, Y2n—1),
(e, y,0) + | % ey, 0)| > ele—yl?, (.9.1) € D x D x (=5,0)
o(z,y,t) =0 and %—‘tp(x,y,t) =0 if and only if v = v,

and g(z,y,t, k) € Sl

. (1;D x D x(=6,0)) NCG(D x D x (=6,0)) is a sym-
bol with expansion

117)  gla,y,t, k) ~ Y gi(a,y, )k in P (1;D x D x (—4,6)),
=0

and for x € Dy and |t| < § we have
(1.18) go(z,x,t) = (2m) 7" |det (RE — 2¢L,)| |7s(1)]?,

where wy € C(X,T*X) is the global real 1-form of unit length orthogonal
to T*1OX @ T*01X | see , !det (Rg% - 2t£z)‘ = A (z,t) - A1 (z, )]
where \j(x,t), j=1,...,n—1, are the eigenvalues of the Hermitian quadratic
form RL — 2tL, with respect to (-|-), RL and L, denote the curvature two
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form of L and the Levi form of X respectively (see Definition and
Definition .

We refer the reader to Section 2.2 in [I2] for the notations in semi-
classical analysis used in Theorem [I.I] For more properties of the phase
function ¢(z,y,t), see Section 3.3 in [12]. For the meaning of canonical
coordinates, we refer the reader to the discussion after Definition [2.15

We define now the equivariant Kodaira map. Consider an open set D C
X with

(1.19) UnD)cD,
neR

and let s : D — L be a local rigid CR trivializing section on D, where
n(D):={nox; z € D}.

For any u € C*°(X, L¥) we write u(z) = s*(z) ® u(x) on D, with @ € C*=(D).
Let {f; }?’;1 be an orthonormal basis of H27Sk5(X, L¥) with respect to (- |- )
such that f; € Hg7aj(X, L¥), for some a; € Spec (—iT). Set gj = Fy5fj, j =
1,...,ds. The equivariant Kodaira map is defined on D by
(I)k75 D — (dek_l,
(1.20) T —> [Fk,(;fl (x),... s Ey s fa, (x)]
= [q1(2),...,Ga,(x)], for z € D.
We will show in Theorem [3.12] and Corollary that there exists an open
cover of X with sets D satisfying (1.19). Thus we have a well-defined global
map
By 5 : X — CPU1

(1.21) v [Fesfi(@),... Fosfa ()] =t [@h (), ..., 0P (x)].

Since g; € HY o (X, LF) we have —iT gj = a;g; hence

gi(nox)=s*(nox)®gj(nox)=s"(nox)®eg;(x).
Thus

Py s(nox) =[gi(nox), -, ga,(now)
(1.22) = [e""Tg1 (), -, €' gy, ()]
= [0} 5(z),..., 1P (z)].
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We are thus led to consider weighted diagonal R-actions on CPY, that is,

actions for which there exists (ar,...,an,any1) € RVT! such that for all
neER,
(1.23)

nolzi,...,2N4+1) = [emmzl, e em‘N*mzNH], [21,...,2N+1] € CPV.

Theorem 1.2. Let (X,T"°X) be a compact CR manifold of dimension
2n — 1, n > 2, with a transversal CR R-action 1. Assume there is a rigid
positive CR line bundle L over X. Then there exists 6o > 0 such that for all
d € (0,60) there exists k() so that for k > k(6) and any orthonormal basis
{fj};i’;l 0f”H27<k5(X, L¥) with respect to (|- )i, such that f; € %g,aj (X, LF),
for some o; € Spec (—iT), the map @y 5 introduced in 18 a smooth
CR embedding which is R-equivariant with respect to the weighted diagonal
R-action on CP%~! defined by (a1, ...,aq,) € R¥* as in , that s,

(I'k#;(n ox)=mno (I>k75(:1:), re X, neR.

In particular, the image @5 5(X) C CP%~1! s a CR submanifold with an
induced weighted diagonal locally free R-action.

Remark 1.3. Let {f; ?’;1 be an orthonormal basis of Hgéké(X, LFY with
respect to (|- )i such that f; € Hgaj (X, L¥), for some a; € Spec (—iT). As
above, we define

‘ik,g X — (CPdk_l,

(1.24)
T — [fl(x), . ,fdk(x)].

From Theorem it 1s easy to see that <i>k’5 is a smooth CR embedding
which is R-equivariant with respect to the weighted diagonal R-action on

CP%~1 defined by (ay,...,aq,) € R%* as in (1.23).

Ohsawa and Sibony [19] 20] constructed for every x € N a CR projective
embedding of class C* of a Levi-flat CR manifold by using O-estimates. The
second author and Marinescu [9] gave a Szeg6 kernel proof of Ohsawa and
Sibony’s result. A natural question is whether we can improve the regularity
to k = 0o. Adachi [1] showed that the answer is no, in general. The analytic
difficulty of this problem comes from the fact that the Kohn Laplacian is not
hypoelliptic on Levi flat manifolds. The second, third author and Marinescu
[12] generalized Ohsawa and Sibony’s result to C°°-smooth when the CR
manifold admits a transversal CR circle action and the CR line bundle is
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rigid and positive. Theorem above shows that the circle action in [12]
can be weakened to a R-action.

Corollary 1.4. Let (X, T'°X) be a compact irregular Sasakian manifold
and let T be the associated Reeb vector field. Let n € R be the R-action in-
duced by the Reeb vector field. If X admits a rigid positive CR line bundle
L, then, for k sufficiently large, the maps ®y, 5 and ékﬁ are smooth CR em-
beddings of X in CP%*~1 which are R-equivariant with respect to a weighted
diagonal R-actions on CP%~1 (cf. Theorem and Remark .

Corollary 1.5. Let (X,T'X) be a compact transverse Fano irreqular
Sasakian manifold. Let T be the associated Reeb vector field on X and let
n € R be the R-action induced by the Reeb vector field. Then , for k suf-
ficiently large, the maps @5 and @;W; are smooth CR embeddings of X
in CP%—1 which are R-equivariant with respect to a weighted diagonal R-

actions on CP%~1 (cf. Theorem and Remark .

Remark 1.6. If the rigid CR line bundle over the Sasakian manifold
(X, T X) in Corollary or Corollary is not positive the maps ®y, s
and (i)k’g may fail to be embeddings. However, in that case we can still find
a smooth R-equivariant embedding of X into some CPN with respect to a
weighted diagonal R-actions on CPN. That follows from C’orollm“y using
the map CN > (z1,...,2n5) = [1,21,...,2y5] € CPV.

Now, we consider a torsion free compact connected strongly pseudocon-
vex CR manifold (X,T1°X) of dimension 2n — 1, n > 2. Then, X admits a
transversal CR R-action n, n € R: n: X — X, x — noz. By using the fact
that the R-action comes from a torus action on X (see Corollary and
the equivariant embedding theorem established in [5], we get (see the proof

of Theorem (3.11))

Theorem 1.7. Let X be a connected compact strongly pseudoconver CR
manifold equipped with a transversal CR R-action . Then, there exists N €
N, v1,...,ux €R and a CR embedding ® = (®1,...,Pn): X — CN such
that

d(nox) = ("1Py(x),...,e" Py (z))

holds for all x € X and n € R. In other words, ® is equivariant with respect
to the holomorphic R-action no z = (ezy,...,e"~"zy) on CV.
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Corollary 1.8. Let X be a compact connected Sasakian manifold with Reeb
vector field T'. There exist N € N, vq,..., vy € R and an equivariant embed-
ding ®: X — CN with respect to the R-action on X generated by T and the
R-action no z = (ezy,...,e"~"zx) on CN. Furthermore, we have

®,.T, —iiu(za—za”
o ~ g ]82’]' ]8Z z=®(z) -

1.1. Applications: Torus equivariant Kodaira and Boutet de
Monvel embedding theorems for CR manifolds

We will apply Theorem to establish a torus equivariant Kodaira em-
bedding theorem for CR manifolds. Let (X,7'°X) be a compact connected
orientable CR manifold of dimension 2n — 1, n > 2. We assume that X ad-
mits a d-dimensional Torus action T% ~ X denoted by (e,...,e"%). Let
g denote the Lie algebra of T?. For any & € g, we write £x to denote the
vector field on X induced by ¢, that is, (Exu)(z) = 2 (u(exp(t€) o 2)) |i=o,
for any u € C*°(X). Let g = Span {£x; £ € g}. Forevery j =1,...,d, let T}
be the vector field on X given by

(Tju)(x) = iu((l, L% 1 D) ox)e—o.
00, g

We have g = span {T}; j = 1,...,d}. We assume that

(1.25) [T;,C®(X, T"°X)] c C=(X, T'°X), j=1,2,...,d,
' span {Tl’oX T X, (Cg} =CTrX.
Suppose that X admits a torus invariant CR line bundle L. For every
(m1,...,mq) € Z%, put
Hgmhwmd(){, Lk) ={u e C?(X, Lk); Opu =0,
(1.26) u((e?,. .., e o ) = elmibittimabay (z)

Voe X, V(e .. e eTy.

Theorem 1.9. With the notations and assumptions used above, assume
that L admits a T -invariant Hermitian metric h™ such that the induced cur-
vature R is positive. Fiz any BieR, j=1,...,d, where B;, j=1,...,d,
are linear independent over Q. Then there is a kg > 0 such that for all
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k > ko, there is a torus equivariant CR embedding

®p 0 X — CPVeL,
= [g1(2),. .., gn, ()],

such that g; € ’Hg,m X, LF), for some (mj,,...,mj,) € 7% with

Imj, 81+ -+ 4+ mj,Ba| <k,
j=1,...,Ng, where N € N,
Proof. From , there is a real non-vanishing vector field 7' € g such that
X o T™X @ CT = CTX.

By continuity, we may take T' = 8111 + - - - + 8414. Then, X admits a locally
free R-action #:

n: X —=X,

znox = (PN . ePimyoy,

and T is the infinitesimal generator of the R-action n. From , we see
that the R-action is transversal and CR. Take a T“%invariant Hermitian
metric h” on L such that the induced curvature R” is positive. Then, h”
is also T-rigid. As before, let (-|-) be the rigid Hermitian metric on CT'X
induced by R such that

T™OX LT9X, T 1L (TYYXoT™X), (T|T)=1

and let (-|-); be the L? inner product on C*(X, L*) induced by h*" and
(-]-). For every (my,...,mq) € Z¢, put

Oty (X L)

= {u e C®(X,LF); u((e?,. .., e"%) o x) = embitFimabay, 7).
Ve e X, V(e ... ef) e Td}.

For uw € C*(X), we have the orthogonal decomposition with respect to

(1w

L27) @)= 3 s (@), (@) € O (X, IF).

(ma,...,mq)EZ?
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From (1.27) and note that ;, j =1,...,d, are linear independent over Q,
it is easy to check that
(1.28)

COO

mi,...,mMm

my (X LF) = CR(X,LF), a=pBimy+ -+ Bamg € Spec (—iT),

where C°(X, LF) is as in (1.2)). From (1.28), we conclude that for every
a € Spec (—iT'), we have

(1'29) Hg,a(Xv Lk) = %8,m1,.4.,md (X7 Lk)v a=m1f+ - +mgBq,

where 7—[87 o (X, LF) is as in . By Theorem we can find an orthonor-
mal basis {gj};l’“:l of Hgéké(X, L*) with respect to (-|-)x such that g; €
Hg@j (X, L¥), for some a; € Spec (—iT'), the map Py 5 introduced in
is a smooth CR embedding, where ”Hb <k5(X, LF) is as in . From ,
we see that each gj is in HY iy i, (X L¥), for some (mj,,...,m;, € Z*

with |mj, f1 + - - - +m;, Ba| < kI. The theorem follows. O

Let (X, T%%X) be a compact connected strongly pseudoconvex CR man-
ifold of dimension 2n — 1, n > 2. We assume that X admits a d-dimensional
torus action (e, ...,e"). Assume that this torus action satisfies (1.25)).
For every (my, ..., mg) € Z4, put

H87m1,...,md (X)
= {u € C®(X); Gyu = 0,u((e, ..., e0%) o x) = elmibit—Fimabay ),
Ve X, V(... ef) ¢ Td}.

From Theorem [I.7] and by repeating the proof of Theorem [I.9 with minor
change, we obtaln torus equivariant Boutet de Monvel embedding theorem
for strong pseudoconvex CR manifolds.

Theorem 1.10. With the assumptions and notations used above, there is
a torus equivariant CR embedding

d: X —»CV,
= (gl(w)?"ng(x)):

such that g; € Hbm“, m, (X)), for some (mj,,...,m;,) € Z% j=1,...,N.

de
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1.2. Applications: Torus equivariant Kodaira embedding
theorem for complex manifolds

Let (E,h*) be a holomorphic line bundle over a connected compact com-
plex manifold (M, J) with dim ¢ M = n, where J denotes the complex struc-
ture map of M and hF is a Hermitian fiber metric of E. Assume that
(M, J) admits a holomorphic d-dimensional torus action 7% ~ X denoted
by (€%, ..., e") and that the action lifts to a holomorphic action on E. For
(m1,...,mq) € Z%, put

(1.30)
H?’L],...,md (M7 Ek)
={u e C®°(M,E*); ou = 0,u((e?, ..., M%) o) = embrttimabay r)

Ve e M, V(e ... %) e Td}.
We have the following torus equivariant Kodaira embedding theorem.

Theorem 1.11. With the notations and assumptions used above, assume
that E admits a T%-invariant Hermitian metric h® such that the induced cur-
vature RF is positive. Fiz any BieR, j=1,...,d, where B;, j =1,....,d,
are linear independent over Q. Then there is a ko > 0 such that for all
k > kg, there is a torus equivariant holomorphic embedding

¢r : M — CPM 1,

X — [QI(J;)?' . .,qu(JI)],

such that q; € H?nm (M, EF) with

<MGg
’mjlﬁl +"‘+mjd/8d+mjd+1‘ < k9,
for some (my,,...,mj,,mj,,,) € 74+ 5 =1,..., Ny, where Nj, € N.

Proof. We will use the same notations as in the proof of Theorem [I.9] Con-
sider X := M x S'. Then X is a compact connected CR manifold with CR

structure Tlx’oem)X .= Ty"M, for every (z,e™) e M x S'. Then X admits
a T% 1 action (e, ..., e efat) with
(eiol, ., e eied“) o (z,e™) = ((eiel, .. ,eied) ouw, eied“"'iu),

V(z,e™) e M x St
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It is clear that E is a 79 -invariant CR line bundle over X and the 791
action satisfies ((1.25)). By Theorem there is a kg > 0 such that for all
k > kg, we can find a CR embedding the map

(1.31) ve€X— [fi(z),..., fn.(@)] € CpN+—1

such that each f; is in Hg,mj (X, L) with

M1
‘mjlﬁl +oeet mjd/Bd + m]'d+1’ < ko,

for some (m;,,...,mj,,mj,.,) € Z41, j=1,..., Ny, where Ny € N. For ev-
ery j=1,...,Ng, let g;(z):= fj(z,e™)|u=0. Then we have that g;(z) €
HO, o, (M, EF) holds for some (my,...,mq) € Z% It is not difficult to

mi,...,

check that the map
v€Mr— [qi(z),....qn, (7)] € cpNe—t
is a holomorphic embedding. The theorem follows. U
2. Preliminaries

2.1. Some standard notations

We will use the following notations. B
N={1,2,...}, Ng=NU{0}, R is the set of real numbers and R, :=

{z € R; z > 0}. For a multiindex o = (a1, ..., ) € Nj" we set |a| = aq +
<o+ Q. For o = (z1,...,2) € R™ we write
d glal
= xpr, O, = e oF =001 ... .00 = S
J
1 1

_ o __ « «@ _
Dy, =0, Di=Dg..Dgn, Di=-0,.

Let z = (21,..., 2m), 2j = ®2j—1 + ix2j, j = 1,...,m, be coordinates of C™,
where © = (z1,...,T2,) € R?™ are coordinates in R?™. Throughout the pa-
per we also use the notation w = (wi,...,wn) € C™, wj = yoj—1 + iy2j,
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j=1,...,m, where y = (y1,...,%m) € R*™. We write

2=, =220,

_i_1< 9 _ia) &_i_l( 0 +Z~f">
Zjiazj 2 8.752]'_1 8x2j ’ Z"if)zj 2 amzj_l 8x2j ’
olel glol

0f =08 O =S, 02 =08 00 = o

Let X be a C* orientable paracompact manifold. We let T X and T*X
denote the tangent bundle of X and the cotangent bundle of X respectively.
The complexified tangent bundle of X and the complexified cotangent bun-
dle of X will be denoted by CT'X and CT*X respectively. We write (-, )
to denote the pointwise duality between 7'X and T*X. We extend (-, )
bilinearly to CTX x CT*X.

Let E be a C°° vector bundle over X. The fiber of E at x € X will be
denoted by E,. Let F' be another vector bundle over X. We write F' X E*
to denote the vector bundle over X x X with fiber over (z,y) € X x X
consisting of the linear maps from E, to F;.

Let Y C X be an open set. The spaces of smooth sections of E over Y and
distribution sections of F over Y will be denoted by C*°(Y, E) and 2'(Y, E)
respectively. Let &’(Y, E) be the subspace of 2'(Y, E) whose elements have
compact support in Y. For m € R, we let H™(Y, E) denote the Sobolev
space of order m of sections of F over Y with respect to some Hermitian
metric and some locally finite atlas. Put

Hio (Y, E) ={ue 2'(Y,E); pu e H"(Y,E),Vp € C(Y)},
H™ (Y,E)=H"(Y,E)n&'(Y,E).

comp

2.2. CR manifolds with R-action

Let (X,T'9X) be a compact CR manifold of dimension 2n — 1, n > 2, where
T'9X is a CR structure of X. That is T"°X is a subbundle of rank n — 1
of the complexified tangent bundle CT X, satisfying 710X N T% X = {0},
where TO'X =T10X, and [V, V] C V, where V = C®(X,TH0X). We as-
sume that X admits a R-action n, neR:n: X - X, z—nox. Let T €
C*(X,TX) be the infinitesimal generator of the R-action which is given by

(2.1) (Tu)a) = 5 (w0 2) yma w € CX(X).
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Definition 2.1. We say that the R-action n is CR if
[T,C™(X,T'°X)] c C=(X, TH0X)

and the R-action is transversal if for each x € X,
CT(z) ® TH(X)® T X = CT, X.

Moreover, we say that the R-action is locally free if T # 0 everywhere.

Assume that (X, TV X) is a compact CR manifold of dimension 2n — 1,
n > 2, with a transversal CR R-action n and we let T' be the global vector
field induced by the R-action. Let wy € C°°(X,T*X) be the global real one
form determined by

2.2) (wo,u)=0, VueT"X aT"X,
' (wo, T)=—1.

Definition 2.2. For p € X, the Levi form L, is the Hermitian quadratic

form on Ty° X given by Ly(U,V)=—2(dwo(p), UNV), U,V € T, °X.

Denote by T*19X and T*%' X the dual bundles of T°X and T%'X re-
spectively. Define the vector bundle of (0, q) forms by T*%4X = A4(T*01 X).
Let D C X be an open set. Let 2%9(D) denote the space of smooth sections
of T*%4X over D and let Qg’q(D) be the subspace of 2%9(D) whose elements
have compact support in D. Similarly, if F is a vector bundle over D, then
we let Q%9(D, E) denote the space of smooth sections of T*9X ® E over
D and let Qg’q(D,E) be the subspace of Q%4(D, E) whose elements have
compact support in D.

As in the Sl-action case (see Section 2.3 in [12]), for u € Q%4(X), we
define

0
(2.3) Tu := a—n(n*u)|nzo € Q%(X),

where n* : T;‘(?:;:‘IX — T;O’QX is the pull-back map of 1. Let 0y : QO’Q(X) —
Q04T X) be the tangential Cauchy-Riemann operator. Since the R-action
is CR, as in the S'-action case (see Section 2.4 in [12]), we have

Tgb = ng on Qo’q(X).
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Definition 2.3. Let D C X be an open set. We say that a function u €
C>(D) is rigid if Tu = 0. We say that a function u € C*°(X) is Cauchy-
Riemann (CR for short) if Oyu = 0. We say that u € C*°(X) is rigid CR if
Ou =0 and Tu = 0.

2.3. Rigid CR bundles

Let (X,T'°X), dim X = 2n +d, be a CR manifold of codimension d € N
and CR dimension n € N. The following definitions for CR vector bundles
can be found in [6].

Definition 2.4. A complex vector bundle (E,mw,X) over X is called CR
vector bundle if

(i) E is a CR manifold of codimension d,
(ii) m: E — X is a CR submersion,

(i) E@ES (6,6) 2 &G +& EE and Cx E3 (M &) —» X € E are CR
maps.

A smooth section s € C*°(U, E) defined on an open set U C X is called CR
section if the map s: U — E is CR.

Let (E1,m,X) and (Ea, m2, X) be two CR vector bundles over X. A map
F: E1 — E»is called a CR bundle isomorphism if F' is a C*°-diffeomorphism
such that F, F~! are CR maps, m o F = m; and F is fiberwise linear.

Given a CR vector bundle (E,r, X) we find (see [6]) the linear partial
differential operator ng: C®(X,E) = C*(X,E @ T*"' X) satisfying

(a) By (f - s) = sBy(f) + fOy (s) for all f € C(X) and s € C®(X, E),
(b) s € C*(U, E) is a CR section if and only if 555 =0.

Definition 2.5. A CR vector bundle (E,m, X) of rank r is called locally CR
trivializable if for any point p € X there exists an open neighborhood U C X

such that E|y is CR vector bundle isomorphic to the trivial CR vector bundle
UxCr.

The following lemma is well-known.

Lemma 2.6. Let (E,m, X) be a CR vector bundle. The following are equiv-
alent:
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(i) (E,m,X) is locally CR trivializable,

(ii) For anyp € X there exists a smooth frame { f1,..., fr} of Ely on an open
neighborhood U C X around p such that f1,..., fr: U = E are CR sections.

Proof. Let p € X be a point. Assuming that (E, 7, X) is locally CR trivial-
izable we find an open neighborhood U C X around p and a CR bundle iso-
morphism F': U x C" — Ely. For 1 < j <rlet e; € C" be the vector which
has a one at the j-th position and zeros everywhere else. Then we have that
x — (x,e;) defines a CR map between U and U x C". Putting f;: U — E|y,
fj(x) = F(x,e;) it follows that f; is a smooth CR map and since F' is a bun-
dle map we find that f; is a CR section for any 1 < j < r. For x € U assume
> i1 Ajfi(x) =0 for some Ai,..., A\ € C. We find 0= F(z,(\1,...,\r))
and since F' is a bundle isomorphism we must have A\; = ... = A, = 0. Hence
{fi(z),..., fr(x)} is linear independent for any = € U.

Now let {f1,..., fr} be a smooth frame of E|y such that f;: U — E|y
is a CR map for any 1 < j <r. From (iii) in Definition it follows that
F:UxC" = Ely, F(x, (A, ..., M) = 2751 Ajfi(2) is a CR map. By con-
struction we have that F' is a bundle isomorphism and since { f1,..., f-} is a
smooth frame we have that F' is a diffeomorphism. Then we just need to show
that dF(T°(U x C")) = TYYE|y in order to prove that F~! is a CR map.
The map F is CR which means dF(T*°(U x C")) c T*E|y. Furthermore,
we have that dF is injective at any point which implies dim¢ dF(T10(U x
C")) =n+1r = dimc THYE|y and the claim follows. O

Remark 2.7. Let{fi,..., fr} be a frame of E|y for some open set U C X.
Then {f1,..., fr} is called CR frame if any fr, 1 < k <r, is a CR section.
Given two CR frames of E|y we find by (a) and (b) that the corresponding
transition matriz is CR in the sense that any entry is a CR function.

Definition 2.8. Let (X,T%°X) be a CR manifold of codimension d and
let T € C®(X,TX) be a CR wvector field (that is [T,C>®(X,T*X)] C
C®(X, T X)). A CR bundle lift of T to (E,, X) is a smooth linear partial
differential operator

TE. C*(X,E) - C*(X,E)
such that

(G) TE(f-s)=T(f) s+ fTF(s) for all f € C®(X) and s € C*(X, E),
(ii) [TF,9)] = 0.



Szeg6 kernels and equivariant embedding theorems 213

In order to define [TF ,ng] we need to define T on (0,1) forms with
values in FE first. But this definition follows immediately from the fact that
any w € C°(X, E ® T*%1 X) locally can be written w = D=1 fi® w’ where
{w’} are (0,1)-forms and {f;} are local frames of E and that T is defined
also for (0, ¢)-forms using the Lie derivative.

Definition 2.9. Let (X,T%°X) be a CR manifold of codimension d and let
T e C*(X,TX) be a CR vector field. A CR vector bundle (E, 7, X) of rank
r over X with a CR bundle lift T¥ of T is called rigid CR (with respect to
TF) if for every point p € X there exists an open neighborhood U around p

and a CR frame {f1,..., f+} of Elu with TE(f;) =0 for 1 <j <r.

A section s € O®(X, E) is called a rigid CR section if T%s =0 and
558 = 0. The frame {f;}7_; in Definition is called a rigid CR frame of
E|y. Note that it follows from Lemma that any rigid CR vector bundle
is locally CR trivializable.

Lemma 2.10. Let (E,m,X) be CR vector bundle over a CR manifold
(X, T X)) of codimension d and let T € C*®°(X,TX) be a CR vector field.
The following are equivalent:

(i) T has a CR bundle lift T¥ such that (E,m, X) is rigid CR with respect
to TF.

(ii) There ezist an open cover {U;}jen of X and CR frames {ff, L
for Ely,, j €N, such that the corresponding transition matrices are
rigid CR in the sense that any entry is a rigid CR function.

Recall that a function f € C°°(X) is rigid if T'f = 0 holds.

Proof. In order to prove ”(ii) = (i)“ define a CR bundle lift T¥ of T as
follows: Given a smooth section s € C*°(X, E) and a point p € X write
slu, = Y —1 ai.f; for any j € N with p € U; where aj, are smooth functions
on Uj. Then define T(s)(p) = > 5 _, T(ai,)f,z. The definition is independent
of j since the transition matrices are rigid. Since 1" satisfies the Leibniz rule
the same holds for T and since [T, 3;] = 0 and the local frames {f{,..., f},

j € N, are CR we find [T'F ,ng] = 0. By construction we find that the frames
{f],..., f} are rigid CR and hence that (F,r, X) is rigid CR with respect
to TF.

The implication ” (i) = (ii)“ follows from Definition For any point
p € X we find an open neighborhood U, around p and a CR frame {f7,..., f’}
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of Ely, with T¥(fF) =0 for 1 <1< r. Since X is a manifold we can choose
{pj}jen such that {U),, }jen is an open cover of X. For j € Nand 1 <1 <r
put flj = lpj and Uj := Up,. Given j,k € N with Uy N U; # () let A denote
the transition matrix between the frames {f{,..., f/} and {fF,..., f¥} that
is

(o )= HA.
It follows from Remark [2.7] that A is CR. Furthermore, we find

0= (TE(f]),....TP(f1)) = (TE(fE), ... . TEP(FINA+ (fF,..., fH)TA
= (fF,.... fHTA.

Since {fF,..., f¥} is a frame we have TA = 0, that is the transition matrix
is rigid and CR. O

Let (X,7T'YX), dim X = 2n — 1, be a CR manifold of codimension one
and CR dimension n — 1 with a transversal CR R-action. Let T be the
infinitesimal generator of the R-action. In this paper we will make systematic
use of appropriate coordinates introduced by Baouendi-Rothschild-Treves [2,
Theorem II.1, Proposition I1.2]. For each point p € X there exist a coordinate

neighborhood U with coordinates (z1,...,z2,-1), centered at p, and £ > 0,
€0 > 0, such that, by setting z; = woj_1 +ix9;, j=1,...,n—1, x9,_1 =17
and D ={(z,m) € U: |z| <¢e,|0] <eo} C U, we have

0
(2.4) T=_— onD,

on

and the vector fields

g 09 0
2. Zi=———t—(2)=— =1,...,n—1
( 5) J 8,2] ZaZJ(Z)aT]’ ] ) , )

form a basis of To° X for each z € D, where ¢ € C*°(D,R) is independent
of n. We call (z1,...,x2,-1) canonical coordinates, D canonical coordinate
patch and (D, (z,7n),¢) a BRT trivialization. The frames are called
BRT frames. We can also define BRT frames on the bundle T#%4X. We
sometime write (D, z = (x1,...,Z2,—1)) to denote canonical coordinates.

Example 2.11. Let X be a compact CR manifold with a transversal CR
R-action. Let T be the infinitesimal generator of the R-action. We study here
the bundle T X by using the canonical BRT coordinates [, Theorem II.1,
Proposition 1.2]. In particular, we will show that the BRT coordinates give
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rise to a CR structure on T'°X and a CR bundle lift of T, such that T"°X
becomes a rigid CR vector bundle. Let (D, (z,0),$) be a BRT trivialization

defined in (2.5). Then on D,

r=2

ol
(2.6) g0 08 0 ,
f_aizj_zaizj@%’ J=L4L...,n=1

where {Z; :j=1,...,n—1} is a frame (Zle’OX over D. Let (D, (w,n), )
be another BRT trivialization. Then on D,

ro2,
2.7) o -
> L0 0
J 810] aw] 9 877’ ]_ 9 7n 9

where {Zj cj=1,....,n—1} is a frame of T'°X over D. We have on DN
D,

n—1
(28) Zj = ch,kzk
k=1

where cjj, € C*(D N D) are rigid CR functions. Write E = T'°X. The lo-
cal frames give rise to a CR vector bundle structure on E. Then T will admit
a natural CR bundle lift T¥ on E. In fact, for any f € C®(X, E) we can
write f = Z?:_ll fjZ; and one can define

n—1
(2.9) TEf =Y (T)Z;

j=1
Moreover, since [T,0y] = 0 then it follows from that [TE,ng] =0.

The goal of our paper is to prove a Kodaira embedding theorem, so
to work with very ample line bundles, whose global CR sections give an
embedding in the projective space. Such bundles are locally CR trivializable,
so we restrict here to CR vector bundles which are locally CR trivializable.
The following lemma can be seen as a variant of Proposition 2.7 in [12] for
bundle lifts of the vector field T'.
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Lemma 2.12. Let (X, T%°X) be a CR manifold of codimension one with
a transversal CR R-action. Let T be the infinitesimal generator of the R-
action. Let (E,m, X) be a locally CR trivializable CR vector bundle of rank
r = 1. Assume that T is a CR bundle lift of T to (E,n,X). Then (E, 7, X)
is rigid CR. More precisely, for any p € X there exist an open neighborhood
U C X around p and a CR frame {f} of E|y with T¥(f) = 0.

Proof. Using Lemma we find an open neighborhood V C X around p
and a CR frame {s} of E|y. Any other smooth frame {f} on V can be
written as f = sA where A: V — C\ {0} is smooth. Furthermore, we can
write TF(s) = sB with B: V — C smooth. Since T is non vanishing, we
can solve the linear partial differential T(A) = —BA in A with A(p) =1
in a small neighborhood V' of p with A(x) € C\ {0} for any x € V'. Then
{f} defined by f = sA is a frame of E|y» with T (f) = s(TA+ AB) =0. It
remains to show that we can find a solution A such that {f} is a CR frame,
that is 9pA = 0. With [T, ] = 0 we find 9,8 = 0 and since [T, ] = 0
we have T(0,A) = B(0yA). Therefore we have to find a hypersurface H
around p transversal with respect to T" and initial Data Ag on H such that
the solution of the transport equation T'(A) = —BA with A= Ay on H
satisfies 9, A = 0 on H. Then it follows from T'(0yA) = —B(0,A) that 9, A =
0 holds in an open neighborhood around p. Choose BRT coordinates ((z,t) €
P x I,¢) on an open neighborhood U’ around p such that P is an open
polydisc in some C*~!, I C R an open interval around 0 and identify U’ with
P x I where p corresponds to (0,0) € P x I. Set H =P x {0} and write
A= A(z,t), B= B(z,t). If Ais a solution of T(A) = —BA with 9,4 =0
we must have OA(z,0) = —i(dp)B(z,0)A(z,0) on P where d = Z;L:_ll dz; A
B%j' From 9,B = 0 we find 0B = i(0¢)T B and hence 9((dp(z))B(z,0)) =0
on P. So let g € C*°(P) be a smooth solution of dg(z) = —i(dyp)B(z,0)
with g(0) = 0 and set Ao(z,t) = exp(g(z)). Let A be the solution of T'(A) =
—BA with A = Ay on H. By construction we have 9,4 = 0 on H and since
T(0pA) = B(0pA) we have 9,A =0 in a neighborhood of p. Since A(p) =
A(0,0) = exp(g(0)) =1 we find that A is non vanishing in a neighborhood
U around p. Then f := sA is the desired frame for E|. O

Definition 2.13. Let E be a rigid vector bundle over X. Let (-|-)g be a
Hermitian metric on E. We say that (-|-)g is a rigid Hermitian metric
if for every local rigid frame fi,..., fr of E, we have T fj| fx)r =0, for
every 3,k =1,2,...,r.
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In order to simplify the notation we will denote by 0y, T the operators
55, T¥ where F is any rigid CR vector bundle on X. Let (X,7"°X) be a CR
manifold of codimension one with a transversal CR R-action and let T" be the
infinitesimal generator of the R-action. Consider a locally CR trivializable
CR line bundle L over X with a CR bundle lift of 7. By Lemma[2.12| we find
that L is rigid CR with respect to that bundle lift. Hence there exists an
open covering (Uj)§\7:1 and a family of rigid CR trivializing frames {s; };VZI
with each s; defined on U; and the transition functions between different
rigid CR frames are rigid CR functions. Let L* be the k-th tensor power

of L. Then {séC ;V: 1 is a family of rigid CR trivializing frames on each U;.
Let gék L QUI(X LF) — QUat(X| LF) be the tangential Cauchy-Riemann
operator. Since L* is rigid CR we have 9,f = O, f; ® s;?, Tf=(Tf)® s?

for any f = f; ® s? € 0%(X, LF) and
(2.10) Ty = 0,T on Q%(X, L¥).

Let h' be a Hermitian fiber metric on L. The local weight of Al with
respect to a local rigid CR trivializing section s of LY over an open subset
D C X is the function ® € C*>°(D,R) for which

(2.11) s(z)]?, = e 2®@) 2 e D.
We denote by ®; the weight of h' with respect to 5j.

Definition 2.14. Let L be a rigid CR line bundle and let h*™ be a Hermitian
metric on L. The curvature of (L, h") is the the Hermitian quadratic form
RE = R o TIOX defined by

(2.12) RL(U,V) = (d(0,®; — 0,®;)(p), U AV ), U,V € )X, peUj.

Due to [8, Proposition 4.2], R is a well-defined global Hermitian form,
since the transition functions between different frames s; are annihilated
by T.

Definition 2.15. We say that (L,h") is positive if there is an interval
I C R such that the associated curvature RL — 2sL, is positive definite at
every v € X, for every s € I.
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3. The relation between R-action and torus action
on CR manifolds

In this section we state and proof our main results about R-actions on a
CR manifold X (see Theorem [3.5)). It turns out that if the R-action is CR
transversal and X is either strongly pseudoconvex or admits a rigid positive
CR line bundle there are only two cases which need to be considered. In
particular, we find out that the R-action does not come from a CR torus
action if there exists an orbit which is a closed but non-compact subset of X
and in that case all the orbits have this property (see Corollary and .
If X is in addition compact it is easy to see that the R-action is always
induced by a CR torus action.

3.1. Some facts in Riemannian geometry

Let (X, g) be a connected Riemannian manifold with metric g and denote
by Iso(X,g) the group of isometries from (X, g) onto itself, that is F €
Iso(X, g) if and only if F' is a C*°-Diffeomorphism and F*g = g. A Lie group
is always assumed to be finite dimensional. The following result is well-known
(see [18]).

Theorem 3.1. We have that Iso(X, g) is a Lie transformation group acting
on X. More precisely, Iso(X, g) together with the composition of maps carries
the structure of a Lie group such that the map

Iso(X,g) x X 3 (F,z) — F(z) € X

is of class C'.
Furthermore, assuming that X is compact it follows that Iso(X,g) is
compact too.

Lemma 3.2. In the situation of Theorem we have that for every v €
CTX the map Qy: Iso(X,g) = CTX, Qu(F) = dFy,)v is continuous. Here
m:CI'X — X denotes the standard projection and all fibrewise linear maps
on TX are extended C-linearly to CT'X.

Proof. The proof follows immediately from Lemma 7 in [I§]. O

Lemma 3.3. The map Iso(X,g9) x X 3 (F,z) — (z,F(z)) € X x X s
proper.

Proof. see Satz 2.22 in [21]. O
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3.2. Application to CR geometry

Let (X, T'X) be a connected CR manifold and denote by Iso(X,g) the
group of isometries on X with respect to some Riemannian metric g. Let
Autcr(X) be the group of CR automorphisms on X, that is F' € Autcr(X)
if and only if F: X — X is a C*°-Diffeomorphism satisfying dF(T'°X) C
TWOX.

Lemma 3.4. We have that Iso(X, g) N Autcr(X) is a Lie group. Further-
more, assuming that X is compact implies that Iso(X, g) N Autcr(X) is a
compact Lie group.

Proof. Obviously, Iso(X, g) N Autcr(X) is a subgroup of Iso(X, g). We only
need to show that Iso(X, g) N Autcr(X) is a topologically closed subset of
Iso(X,g). Then, by Theorem Cartan’s closed subgroup theorem and
the fact that a closed subset of a compact set is again compact, the result
follows. Recall that Cartan’s closed subgroup theorem states that if H is a
closed subgroup of a Lie group G, then H is an embedded Lie group with
the relative topology being the same as the group topology.

We have that T"°X is a closed subset of CT'X. Then by Lemma 3.2 we have
that for every v € THOX the set Q,1(T1°X) is a closed subset of Iso(X, g)
and hence H := (), cproy @y H(T0X) is a closed subset of Iso(X, g). More-
over, by definition a C°°-Diffeomorphism F': X — X is CR if and only if
dF (v € THOX holds for all v € T'0X. Hence, H = Iso(X, g) N Autcgr (X)
which proofs the claim. O

Now assume that (X, T5°X) is equipped with a CR R-action, i.e. a Lie
group homomorphism 7 : R — Autcr(X).

Theorem 3.5. Let (X, T0X) be a connected CR manifold equipped with a
CR R-action. Assume that there exists a Riemannian metric g on X, such
that the R-action acts by isometries with respect to this metric. Then exactly
one of the following two cases will appear:

case 1: All orbits are closed subsets and non compact.

case 2: y(R) is a torus in Iso(X, g) N Autcr(X). In other words, the R-action
comes from a CR torus action.

Here y(R) is the closure of yv(R) taken in Iso(X, g) N Autcr (X).

Remark 3.6. Note that we neither assume that the R-action is transversal
or locally free nor that the manifold is compact. However, if we additionally
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assume that X is compact, we find that the first case cannot appear and
hence the R-action is induced by a CR torus action.

Proof of Theorem [3.5 If v fails to be injective, we find that the R-action is
either constant or reduces to an S'-action. In both cases there is nothing to
show. So let us assume that + is injective.

We have that Iso(X,g) N Autcr(X) is a Lie group and that v(R) is a
topologically closed, abelian subgroup. Hence, v(R) is an abelian Lie group
and thus can be identified with V' x 7, where V is a finite dimensional real
vector space and 7T is some torus.

In the case v(R) = «v(R) we find by dimensional reasons and because 7 is
injective that 7 = {id} and V' ~ R holds. Take a point p € X and consider
the map 7: R — X, t — ~(t)(p). Since v(R) is a closed subset of Iso(X, g) N
Autcr(X) which is closed in Iso(X, ¢g) and by Lemma [3.3| we have that 7 is
proper. Furthermore, 7 is injective, because otherwise it would be periodic
or constant what contradicts the properness. Summing up we have that 7 is
continuous, injective and proper and hence it is an embedding. Since p € X
was chosen arbitrary, case 1 follows.

Given the case 7(R) # vy(R) we will show that V = {0} holds. Denote the
action T ~ X by (e, ... e). Tt is not difficult to see that the R-action
v is given by

ts (tv, et . et for some v € V and (ay,...,aq) € R?

and hence the projection of v onto V is of the form ¢ — tv, for some v € V.
First consider the case v # 0. For h = (w, A\) € v(R) =V x T choose an open
neighbourhood U in V x T around h with compact closure. We find that
there exists ¢y > 0 such that y(t) ¢ U for |t| > t. So we have h € y([—to, to]).
Since y([—to, to]) is compact we conclude h € ~([—tg, to]). Thus, v(R) # v(R)
implies v = 0 which leads to V = {0} since 7(R) has to be dense in V x

T. 0

Example 3.7. Consider X =C, xR,, T''X =C- (% +ig—f(z)%) for
some function ¢ € C*(C,R). Then (X,T*°X) is a CR manifold and (t, (2, s))
— (2,5 +t) defines a transversal CR R-action. We observe that this action
is not induced by a CR torus action.

Corollary 3.8. Let (X, T'°X) be a connected strongly pseudoconvexr CR
manifold equipped with a transversal CR R-action. We have that the R-
action comes from a CR torus action if and only if at least one of the fol-
lowing conditions is satisfied:
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a) there exists an orbit which is a non-closed subset of X,

b) there exists an orbit which is compact.

Proof. Using Theorem we just need to construct an R-invariant Rieman-
nian metric on X. Let T denote the vector field induced by the R-action.
Since the action is transversal we have

CTX =CToT' X T X.

Let P, P19 P% be the projections which belong to the decomposition
above and denote by wq the real one form which satisfies wo(7') = —1 and
wo(TH°X @ T X) = 0. Since (X, TH0X) is strongly pseudoconvex we have
that %dwg induces a Hermitian metric on T5°X. Now set

9= wo ®wo + sdwo (PHO(), PP()

Identifying T X with 1 ® T X C CI'X we find that g defines a Riemannian
metric on X. Using BRT trivializations (see Section [2]) one can check that
the Lie derivative of g with respect to T vanishes and hence that g is R-
invariant. Then the claim follows from Theorem [3.5 0

Corollary 3.9. Let (X, T'°X) be a connected CR manifold equipped with
a transversal CR R-action. Assume that L — X is a rigid positive CR line
bundle over X. We have that the R-action comes from a CR torus action if
and only if at least one of the following conditions is satisfied:

a) there exists an orbit which is a non-closed subset of X,

b) there exists an orbit which is compact.

Proof. We have that L is an R-invariant Hermitian CR line bundle, which
implies that the fibrewise metric on L is R-invariant. Therefore its curvature,
which is a smooth (1,1)-form R* on X, is R-invariant. Using the positiv-
ity of RY —2sL, for some s € R, we can proceed similar to the proof of
Corollary replacing %dwo by RY — 2sL. Thus, the Corollary follows from
Theorem O

Remark 3.10. Note that we do not assume compactness of X in the corol-
laries above. When X is compact, at least one of the the conditions a) and
b) is automatically satisfied. Note that under the additional assumption that
X is compact the conclusion of Corollary can be found in [15].



222 H. Herrmann, C.-Y. Hsiao, and X. Li

From Corollary and the equivariant embedding theorem established
in [5], we can prove

Theorem 3.11. Let X be a connected compact strongly pseudoconvexr CR
manifold equipped with a transversal CR R-action n, n € R: n: X — X,
x+—nox. Then, there exists N € N, vq,...,uy € R and a CR embedding
® = (Py,...,Py): X = CV such that

d(nox) = (M1®(x),...,e" DN (z))

holds for all x € X andn € R. In other words, ® is equivariant with respect
to the holomorphic R-action no z = (e¥zy,...,e"¥zy) on CV.

Proof. By the assumptions we can apply Corollary Since X is compact

we have that the R-action is a subaction of a CR torus action 7" ~ X

denoted by (e'™,...,e'™). We may assume that its rank r satisfies r > 1,

because otherwise we have that the R-action reduces to an S'-action.
Consider the vector fields T1,...,T,. on X given by

P i
(Tj)it:¥<17"'71,e”—]717"'71)Ox‘Tj:o.
J

Let T' denote the vector field induced by the R-action. We find T' = 3 °%_; A;T;

for some real numbers Ay, ..., A, € R. By assumption, T is transversal and
hence we find A\, S Ar € Q (A close to ), such t%lat T= 29:1 N is
transversal. Since \; € Q, j =1,...,7, we have that 7' defines a transversal

CR S'-action on X and after rescaling T we can achieve that the S'-action
can be represented by (e, z) — € o z with

Xreg 1= {:U eX;e¥oun 2,V E]O,Qﬂ'[} #

We denote the rescaled vector field by Ty. Choose a T"-invariant Hermitian
metric on X with

7YX 1L 791X, Ty L 7YX @ 7% X and ||Tp|| = 1.

Denote the space of CR functions for eigenvalue m € N with respect to the
S'-action € by Hgm(X), that is

Hpm(X) = {f € C¥(X); Dpu =0, Tof =imf}
= {feC®(X); pf =0, f(¥ox)=e™f(x), VoeX,0cR}).
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The S'-action is transversal, so we have dimH,)  (X) < oc. Since [Tp, Tj] =
0 for j =1,...,r (or in other words, the S'-action commutes with the 7"-
action) we find a decomposition

(31) ,Hg,m(X) = @ Hb,(m,a) (X)

a€Z"

where

My noy(X) = {f € Hp(X), Tjf =iayf,1<j<r}

={fe Hg’?m(X), f((em™,...,e™)ox)
=T f(x), Vo € X,7 €R"}

with a- 7= ay7m + ...+ ;7. Furthermore, the decomposition is or-
thogonal with respect to the L? inner product coming from the 77-invariant
Hermitian metric. Given f € Ha(mg) we find f(n o x) = e!PrarttAran)n £ (4
for all 2 € X and n€R because T =} " \;T; and hence nox =
(e ..., e) o z. Choose an orthonormal basis {fj}?gl of Hg’m(X) with
respect to the decomposition and define a CR map

Ui X = C W, (2) = (fi(x),..., fo. ().

By construction the map ¥,, is R-equivariant, that is

U (n - 2) = ("7 fi(2),..., """ fy, ()

for some v1,...,v4 € R. Applying the embedding theorem in [5] there exist
my,...,mg € Nsuch that the map ® := (¥, ..., ¥y ) : X — CVNisaCR
embedding where N € N is some positive integer. Since ¥, is R-equivariant
the same is true for ® which completes the proof. O

Let (X, T°X) be a compact connected CR manifold with a transversal CR
R-action. Assume that X admits a rigid positive CR line bundle L. From
Theorem and Corollary we see that the R-action comes from a CR
torus action T¢ ~ X denoted by (ewl, e ewd). It should be mentioned that
CR torus action means that 7¢ acts by CR automorphisms. In this work,
we need

Theorem 3.12. With the assumptions and notations above, we can find
local CR rigid trivializations of L defined on D;, j=1,...,N, such that
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X = Ujvzl Dj, and

(3.2) Dj = U (e, ... e%)oD;, j=1,2,...,N,
(€01,....0%) T4

where (1, ..., ¢e%) o D; = {(ewl, e oxx € Dj}.

Proof. Fix p € X. Assume first that

(3.3) (e%,1,...,1) op # p, for some 0; €]0,27].

Put
A = {)\ €0, 27]; We can find a neighborhood W of p and € > 0 such that

there is a local CR rigid trivializing section s defined on
U91€[0,)\+6[(6i017 17 ey 1) [e) W}

It is clear that A is a non-empty open set in [0, 27]. We claim that A is
closed. Let Ao be a limit point of A. Consider the point g := (e**,1,...,1) o
p. From , it is not difficult to see that 8%1 %0 at q. We take local
coordinates x = (x1,...,z2,—1) defined on some neighborhood

D:{.’IJ:(Z‘l,...,{L‘anl); |1‘j|<45,j:1,...,2n—1}, 4 >0,

of ¢ so that x(q) =0, 8%,1 = axf,l on D. Let

Dy ={z = (x1,...,22n-1); |zj| <0, =1,...,2n — 1}.
Then, Dy is an open neighborhood of ¢ and
(eiel, 1,..., 1) ox = (:El, v, Top—1 +91),Vl‘ € Dy, 0, € [0,5].

It is clear that for some § > &1 > 0, 1 small, there is a local CR trivializing
section s1 defined on

U (ewl,l,...,l)oW@Do,
01€]Xo—€1, 0461

where W is a small neighborhood of p. Since Ay is a limit point of A, we can
find a local CR trivializing section s defined on

U (eiel,l,...,l)ow,
916[0)\0—3[

4
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where W is a small neighborhood of p. Since L is rigid, s = gs; on
U (ewl,l,...,l)o<WﬂW)
91€]>\0*€1y)\0*%1

for some rigid CR function g. Let

W = {(e_i)‘o,l,...,l)ox; x = (x1,...,%o,—1) € Dy,

\xj|<7,j:1,...,2n—1},

where 0 < v < J is a small constant so that W & (W N W) We consider g
as a function on

U (ewl,l,...,l)oW

616})\0—&‘1,)\0—%
We claim that g is independent of x9,_1. Fix

x=(x1,...,T9p-1) € U (e?,1,...,1) o W € Dj.
916])\0—51,>\0—%[

We have g(z) = g((e!®—+2) 1, 1) o (21,...,%om—2, —%)). Note that

&1 .
(561,...,332”_2,—5)6 U (6191,1,,_,71)01/‘/,
016])\0—517>\0—%[

In view of Theorem we see that v(R) is the torus 7%, we can find a se-
quence of real numbers ¢;, j = 1,2, ..., such that ¢; o (z1,...,72,-2,—%) =
(e"(“"*ﬁ?l), 1,....1)o(z1,..., 22,1, —%) as j — oo and by Theorem

€1 €1

(3.4)  g(z) = lim g(tjo (z1,...,Ton—2,—=)) = g(x1,...,Tan—2, ——=).

j—o0 2 2
The claim follows. Hence, we can extend g to Uele[)\ri’)\ﬁi[(ewl, 1,...,1)0
W by

g: U (eiel,l,...,l)oW%C,
(3.5) DT Ao+ 2|
€1
= g(x1,...,Top—2,——).

2
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Put s =5 0on Up, cjo r,—= (e,1,...,1) oW and s = gs; on

4

U (ewl,l,...,l)oW
91€])\0*517)\0+%[

It is straightforward to check that s is well-defined as a local CR rigid triv-
ializing section on Uele[O,AoJr%[(ewl’ 1,...,1) o W. Thus, A\g € A and hence
A =10,27].

Now, assume that (e’ 1,...,1)op = p, for all #; € [0,27]. Let s be a
local CR rigid trivializing section of L defined on an open set U of p. Since
(€,1,...,1) op = p, for all §; € [0,27], we can find a small open set W of
p with

U @ 1,....)ewcU
01€[0,2m[
We conclude that there is a local CR rigid trivializing section of L defined
on

U (ewl,l,...,l)oW
91€[O,2ﬂ'}

Assume that (1,e?2 1,...,1) o p # p, for some 6, €]0, 27[. Put

B :={\ € [0,2r]; we can find a neighborhood W of p and € > 0 such that

there is a local CR rigid trivializing section s defined on

9. i,
U91€[0,2ﬂ'],02€[0,)\+g[(el e, 1) o W

We can repeat the procedure above with minor change and conclude that
B = [0,27]. Assume that (1,e"2,1,...,1)op=p, Vb € [0,27]. It is clear
that we can find a neighborhood W of p such that there is a local CR
rigid trivializing section s defined on Up, cj0 2x1,6,¢(0,27] (e, et .. 1) o W.
Continuing in this way, we conclude that for every p € X, there is a local
CR rigid trivializing section s of L defined on

U (eial,...,ewd)OW,

(e?1,...,e1%)eTd
where W is an open set of p. Since X is compact, the theorem follows. [J

Theorem tells us that L is torus invariant. From Theorem we
deduce
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Corollary 3.13. With the assumptions and notations above, we can find
local CR rigid trivializations Dj of L, j =1,..., N, such that X = U;VZI D;,
and

(3.6) D;=|JtoD;, j=12,...,N,
teR

where to Dj = {tox; x € D;}.
We also need

Lemma 3.14. With the assumptions and notations above, let h% be any
rigid Hermitian fiber metric of L. Then, h* is T%-invariant.

Proof. By Theorem we can find local CR trivializations D; of L, j =
1,..., N, such that X = Ujvzl D;j, and

D; = U (e,....e’)oD;, j=1,2,...,N,
(81'917_”76’i94)6Td

where (¢1... €)oo D; = {(ewl, L R = D;j}.

For each j = 1,..., N, let s; be alocal rigid CR trivialization of L on Dj,
\sj]}%pj = ¢72%i_ Then, ¢; is R-invariant. Fix (e, ... ¢?) € T and x € D;.
In view of Theorem we see that v(R) is the torus 7% and we can find

a sequence of R-action ¢, k = 1,2, ..., such that t;, oz — (¢%1,... e oz
as k — +oo and by Theorem [3.1] we have
¢j(x) = lim ¢;(ty ox) = ¢j((e™,...,e") 0 ).
k—o00
Thus, h” is torus invariant. The lemma follows. ]

4. The operator —iT

From now on, we let (X,7'%X) be a compact connected CR manifold of
dimension 2n — 1, n > 2, endowed with a locally free transversal CR R-
action 9, n €R: n: X — X, v+ nowx, and let (L, h") be a rigid CR line
bundle over X and assume that there is an open interval I C R, such that
RY —2sL is positive definite on X, for every s € I, where h” is a rigid
Hermitian metric on L and R” is the curvature of L induced by hl. For
simplicity, we assume that | — 6, 6[C I, where § > 0. Hence R’ is positive on
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X. Let (-|-) be the rigid Hermitian metric on CTX induced by R such
that

T™OX L9 X, T 1L (T X oT™X), (T|T)=1.

The rigid Hermitian metric (-|-) on CTX induces a rigid Hermitian metric
(-]-) on @?;fT*O’j X. We denote by dvy the volume form induced by (- |-).
Let (-|-)x be the L? inner product on Q%9(X, L¥) induced by h%" and dvx
and let |||, be the corresponding norm. Let L%qu)(X, L*) be the completion
of Q%4(X, L¥) with respect to (-|-)r. We extend (-|-); to L?O,q)(X’ LF).
Consider the operator

—iT : QY(X, L*) — Q%(X, LF)

and we extend —iT to L2, (X, L*) space by

(0,9)
— T : Dom (—iT) C L{y (X, L) = L, (X, L"),
Dom (—iT) = {u € L) (X, L¥); —iTu € L}, (X, Lk)} .

Theorem 4.1. The operator

—iT : Dom (—iT) C Ly (X, L*) = L{ (X, LF)

is self-adjoint.

Proof. Let (—iT)* : Dom (—iT)* C Lf, (X, L — LYy (X, L*¥) be the
Hilbert adjoint of —iT" with respect to (- f )k Since (- |- ) is rigid, we have
(—iTu|v)p = (u| —iTv ), Yu,v € Q¥(X, LF).

From this observation, it is easy to see that Dom (—iT")* C Dom (—iT") and
—iTu = (—iT)*u, for all u € Dom (—iT)*. Now, fix u € Dom (—iT"). We want
to show that w € Dom (—iT")* and —iT'u = (—iT")*u. Let g € Dom (—iT"). By
the classical Friedrichs’ lemma, we can find g; € Q09(X, L*), j =1,2,...,
such that [|g; — g||,, = 0asj — ocoand ||(—iTg;) — (=iTg)|, — 0asj — oo.
Now,

(u| —iTg )k = lim (u| —iTg; )y = lim (—iTu|g;)p = (—iTul|g ).
Jj—00 Jj—00

Hence, u € Dom (—iT")* and —iTu = (—iT")*u. The theorem follows. O
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From Theorem and Corollary we see that the R-action 7 comes
from a torus action 7% ~ X denoted by (e1,..., e%). By Theorem
we see that X can be covered by torus invariant trivializations. By using
these torus invariant trivializations, the torus action on X lifts to L*. In
view of Theorem and Lemma we see that L, h” and R” are torus
invariant and hence the Hermitian metric (-|-) and the L? inner product
(-] )k are torus invariant.

Note that T¢ € Autcr(X). As in the S'-action case (see Section 2.3
n [12]), for v € Q%9(X, L) and for any (¢, ..., e") € T? | we define

(4.1) w((e?,. .. e ox) = (i, ... e)u(z) € QO(X, L),
where
101 i04\* . *U, 0,
(€% @) T = T, o X

is the pull-back map of (¢, ..., e"). For every (m1,...,mq) € Z%, put

Q4 (X LF) = {u € QY(X, LR); (e .. ) o )

TN yeeny
= eimibuttimalay () oy (et g%y e 7Y
Let L2 o o (X, LF) be the L2 completion of O, (X, L¥) with re-

spect to (-|-)g. For (ma,...,mq) € Z%, let

k k
(42) QEngrnzmd,k : L%O#J) (X’L ) — L%07Q)7m17~--7md(X’L )
be the orthogonal projection with respect to (- |- ). Form = (my,...,my) €
74, denote |m| = \/m}+ -+ m2. By elementary Fourier analysis, it is

straightforward to see that for every u € Q%9(X, L¥),

fim 2. QW .kt =1uin C> Topology,
( ) N—oo m=(ma,...,mq)€Z |m|<N sy,
43 ,
2
> | st <, v >0

m=(ma ... ma) €24, |m|<N

Thus, for every u € L?, (X, LF),

(0,q)
lim )> QW) = win L (X, IF),
( ) NHOOm:(m17~-~7md)€Zd,|m|§N 1yeeesMayk (0,9)
4.4 )
> |Q ostd|, < i, v >0

m=(ma,...,ma) €L, |m|<N
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For every j = 1,...,d, let T; be the operator on 2%9(X) given by

(Tju)(x) = %u((l, 1% 1 1o )], =0, Vu € Q¥(X).
J

Since L is torus invariant, we can also define Tju in the standard way, for
every u € Q09(X, L*), j =1,...,d. Note that T} can be zero at some point
of X. Since the R-action n comes from T¢, there exist real numbers Bj € R,
7 =1,...,d, such that

(4.5) T =711+ -+ BdTy.

Using the following remark we can assume that the §;’s in (4.5)) are linear
independent over Q.

Remark 4.2. Assume that p1,...,084 in are linear dependent over
Q. Without loss of generality, we may assume that Bi,...,[5, are linear
independent over Q, where 1 < p < d, and

p
(46) /BJZZT],Z/BZJ j:p+177d7
/=1

where 1, € Q, for every j=p+1,...,d, £=1,...,p. Consider the new
Torus action on X:

(e, ... ey ox = (N0, .. N0, eN Xtz rornele o oiN Y racde) o g,
where N € N with r;¢|N, for every j =p+1,...,d, £ =1,...,p. For every
j=1,...,p, let Tj be the operator on C*°(X) given by

(Tyu)(z) = a‘zu((l,...,Lei@j, 1,...,1) - 2)|p,—0, Yu€ C(X).
] _

It is easy to check that the R-action n comes from the new torus action
(e, ... e?) and

T=227 4. 4 PP
N 1 + + N p
Note that %, ceey % are linear independent over Q. Hence, without loss of

generality we may assume that B1,...,Bq are linear independent over Q.

Lemma 4.3. Fix (mq,...,mq) € Z%. Then, L? (X, LF) #0.

(qu)’mlv"'ymd
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Proof. 1t is straightforward to see that we can find v; € Q,...,v4 € Q such
that the vector field

To =11+ -+ 41y

induces a transversal CR S! action ¢ on X with
Kreg 1= {a: eX;e%ox vl 6]0,277[} £ 0
and

(4.7) Q%9 (X,IF) = {uemq(x L®); Tou = imou } 0% (X, LR,

my,...,m

where m., :=miy1 + -+ + mgya. Fix p € Xyeg andlet © = (21,...,29541) =
(2', xan+1) be local coordinates of X centered at p defined on

R2n+1 .

i

DZ{fZ(CEl,...,LEQn_H)G $/|<5,’$C2n+1‘<6}

such that Tp= F T , where 6 >0, ¢ >0 are constants and 2’ =(x1,...,z2,).
Let s be a local CR. rlgld trivializing section of L on D. It is not d1fﬁcult to
see that there is a small open set Dy € D of p such that for all (2’,0) € Dy,
we have

(4.8) e o (2,0) ¢ Dy, VO €le,2m — el

Let x(z) € C§°(Dy) with
(4.9) /X($/,$2n+1)dfﬁ2n+1 # 0.

Let u(z) := s¥(2) ® x(x)e™*2n+1 € C°(X, L¥). From (4.§)) and (4.9) we can
check that

1 2

. ,. 1
o u(e” o (a',0))e” " 0df = gsk(@ ® /X($/,$2n+1)d$2n+1 # 0.
Since 5= fOQW u(e? o z)e™™0dp € Q?ﬁz (X, L¥), we deduce that Q?ﬁz (X, LF) #
{0}. From this observation and (4.7)), the lemma follows. O

We need

Lemma 4.4. Assume that (1,...,08q in are linear independent over
Q. Given p:= (p1,...,pq) € Z* we have that pg = Z;l:l piB; is an eigen-

value of —i'T' and the corresponding eigenspace is L%O,q),pl,...,pd (X, LF).
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Proof. Set
E,, = {u € Dom (—iT"); —iTu = pgu} .

Given u € Q0% . (X, L¥) it is easy to check that

d d
—iTu = —1i Z BiTju = Z Bijpju = pau

j=1 j=1

and hence u € E,,. We obtain Qp?_,,. (X, L*) C E,,.

Letge L2\ (X,IF). Take g; € Q4 L (X, LF), j=1,2,..., such
that g; — ¢ in L%O,q) (X, L*) as j — +oo. Since —iTg; = pgg;, for every j,
we deduce that —iT'g = pgg in the sense of distribution. Thus, g € E,,. We
have proved that L?O,q),p (X,L*) C E,,.

We claim that L%O T (X,LF) > E,,. If the claim is not true, we can

find a u € E,,, ||ul|,, = 1, such that

1y-+5Pd

(4'10) u J_ L%qu)7p17”'7pd (X7 Lk)‘
From (4.4), we have
(4.11) lim D Q\? w=win L2 . (X,LF).
T m=(ma,...,ma) €L, |m|<N ek (00
Note that for every m = (myq,...,mg) € Z, ngz,...,md,k“ is an eigenvector of
—iT" with eigenvalue Z?Zl m;B; and since 31, ..., B4 are linear independent

over Q we have pg = Z?:1 m;f; if and only if (p1,...,pa) = (Mm1,...,mq).
From this observations and (4.10)), we conclude that

(4.12) (u\Q(q) Rk =0, Y(mi,...,mgq) e 7.

mi,...,Md,

From (4.12)), we see that for every N € N, we have

2
(a)
O Z Qﬂ’qll,...,md,ku
(4.13) m=(mi,...,ma) €L, |m|<N L
2
= [lull? + > | ]

m=(mu,....,ma) €L, |m|<N

From (4.13]) and (4.11)), we get a contradiction. The lemma follows. O
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Let Spec (—iT') denote the spectrum of —i7". We can now prove

Theorem 4.5. Spec (—iT) is countable and every element in Spec (—iT)
is an eigenvalue of —iT. Moreover, for every o € Spec (—iT'), we can find

(ma,...,mq) € Z4

such that o = Z;-lzl Bjm;, where 1 € R,..., B4 € R, are as in (4.5).

Proof. Let A = {a = Z;-lzl m;Bi; (ma,...,mg) € Zd}. From Lemma
we see that A C Spec (—iT") and every element in A is an eigenvalue of —iT".
For a Borel set B of R, we denote by E(B) the spectral projection of —iT
corresponding to the set B, where FE is the spectral measure of —iT'. Fix a
Borel set B of R with B[ A = and let g € Range F(B) C L? (X, LF).

(0,9)
Since B()A = and by Lemma we see that
(4.14) (91Q% @)k =0, ¥(mi,...,mq) € Z%

From (4.14) and (4.4), we get

2
(@)
g - Z le,..‘,md,kg
M=(m1.eesma) €24, m| <N L
2
2
= llglit + > X

k
m=(m ..y 0 €24, || <N

—0 as N — oo.

Hence, g = 0. We have proved that A = Spec (—iT'). The theorem follows.
O

We will prove now that

Hg,g)\(X, Lk) = @ Hg,a(Xv Lk)
a€eSpec (—iT),|a|<A

is finite dimensional, that is, Hg o(X, L*)=0 for almost every « € Spec (—iT),
la] <A

Lemma 4.6. We have that dim?-[gé/\(X,Lk)<oo and hence that
7-[25/\()(, L*) is closed.
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Proof. Consider the operator [y :=8, 0y, : C*°(X, L*) = C>°(X, L¥) where
a, - QOY(X, LF) - c>(X, LF)

is the formal adjoint of d, with respect to (- |- ) (see Section for a detailed
description). Consider

Ag = 0pp — T?: OF(X, LF) — C>®(X, LF)
and we extend Ay to L? space by Ay : Dom A, C L*(X, L*) — L*(X, L¥),
Dom Ay, = {u € L*(X, L*); Agu € L*(X,LF)} and A, = Oy, — T?)u, for
every u € Dom Ay. Let o, , and o7: denote the principal symbols of [

and T2 respectively. It is well-known (see the discussion after Proposition
2.3 in [7]) that there is a constant C' > 0 such that

(4.15) o, (2,€) + (€| wo(2))|* = C ], V(z,€) € T°X.

Moreover, it is easy to see that

(4.16) or2(2,€) = — (& wo(2))[*, V(z,8) € T*X.

From and , we deduce that A\ is elliptic. As a consequence
Spec (Ag) is discrete and every element in Spec (A\) is an eigenvalue of A.

For every p € Spec (Ag), put E,(Ag) == {u € Dom Ay; Apu = pu}. For ev-
ery A > 0, it is easy to see that

(4'17) Hg,g)\(X7 Lk) C EBuESpec (Ak),\,u\g)\"’Eu(Ak‘)’

From (4.17) and notice that dim E,(Ay) < +oo, for every p € Spec(Ag),
the lemma follows. 0

5. Szego kernels and equivariant embedding theorems

In this section, we will prove Theorem [I.1] and Theorem We first recall
some results in [I0]. We refer the reader to Section 2.2 in [I2] for some
notations in semi-classical analysis used here. Let

ay - QX LF) = c=(X, LF)
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be the formal adjoint of 9, with respect to (-|-)z. Since (-|-) and h are
rigid, we can check that
Td, =8,T on QOYX, LK), ¢q=1,2,...,n—1,

5.1 .,
(5:1) dy - QUY(X, LF) » C®(X, L¥), Vo € Spec(—iT),

where Qg’l(X, LF) = {u c QO (X, LF); —iTu = au}. Put
(5.2) Oy g == 0,05 : (X, LF) — C®(X, L*).

From (2.10) and (5.1]), we have

Ty = Oy kT on C=(X, LF),

5.3
(5:3) Oy : C°(X, LF) — C(X, LF), Va € Spec (—iT).

Let ITj, : L?(X) — Ker Oy be the orthogonal projection (the Szegé projec-
tor).

Definition 5.1. Let Ay, : L>(X, L*) — L*(X, L*) be a continuous operator.
Let D € X. We say that Oy, has O(k™"™) small spectral gap on D with
respect to Ay, if for every D' € D, there exist constants Cp: > 0, ng,p € N,
ko € N, such that for all k > ko and u € C§°(D’, L*), we have

|Ap(I = Tg)ull, < Cp k™ /((Opr)Pu|u)k

Fix A > 0 and let II <) be as in ([1.9).

Definition 5.2. Let Ay : L*(X,L*) — L*(X,L*) be a continuous opera-
tor. We say that 11y, < is k-negligible away the diagonal with respect to Ay,
on D € X if for any x,x1 € C5°(D) with x1 =1 on some neighborhood of
Supp x, we have

(xAr(1 = x1) g <x (xAk(1 = x1))" = O(k™>)  on D,

where (XAk(l - Xl))* : L2(X, L*) — L?(X, LF) is the Hilbert space adjoint
of xAk(1 — x1) with respect to (- |- ).

Fix 0 > 0 and let F}, 5 be as in ((1.8]). Let s be a local rigid CR trivializing
section of L on an open set D of X. The localization of Fj, s with respect to
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the trivializing rigid CR section s is given by

(5.4) Figs: L2

comp (

D) — L*(D), Fyss= U;;;Fk,aUk,s,
where Uy s is as in ((1.13)). The following is well-known

Theorem 5.3 ([10, Theorem 1.5]). With the notations and assump-
tions used above, let s be a local rigid CR trivializing section of L on a
canonical coordinate patch D € X with canonical coordinates x = (z,0) =
(x1y...,Top—1), \s\iL =e 2%, Let § > 0 be a constant so that RL — 2tL, is
positive definite, for every x € X and |t| < §. Let Fy, 5 be as in and let
F}. 5, be the localized operator of Fy s given by . Assume that:

(I) O has O(k™™) small spectral gap on D with respect to Fy, 5.

(I) Iy <sk is k-negligible away the diagonal with respect to Fy, s on D.

(IIT) Fis5s— Br =O0(k™°) : H,,, (D) = H (D), Vs € No, where

comp

k2n—1

Bk:(%)%_l/el @98 oz, &, k) + O (k)

is a classical semi-classical pseudodifferential operator on D of order O with

(@, &, k) ~ D72 gz, )k~ Tin SY . (1;T*D),
(Xy(.’E,{) € COO(T* )7 J=0,1,...,

and for every (z,€) € T*D, oz, &, k) =0 if [(£|wo(z) )| > 8. Fiz Dy € D.
Then

(5.5)  Prss(z,y) = / e*eevt) (2 y,t, k)dt + O(k™>) on Dy x Dy,

where p(x,y,t) € C°(D x D x (—0,0)) is as in and
g(z,y,t, k) € Slt. (1; D x D x (=6,0)) NCG°(D x D x (—4,0)),
g(z,y,t, k) ~ Zgj(x,y,t)k"*j in St (1; D x D x (=9,9))
j=0

is as in (1.17), where Py s is given by (L1.14]).

In view of Theorem we see that to prove Theorem we only need
to prove that (I), (II) and (III) in Theorem 5.3|hold if 6 > 0 is small enough.
By repeating the proof of Theorem 3.9 in [12], we see that (I) holds. We
only need to show that (II) and (IIT) hold.



Szeg6 kernels and equivariant embedding theorems 237

Recall that the R-action 1 comes from a CR torus action T¢ ~ X which
we denote by (€1, ...,e%) and L, h”, R*, the Hermitian metric (-|-) and
the L? inner product (-|-) are torus invariant. For every j =1,...,d, let
Tj be the operator on C*°(X) given by

(Tju)(x) = %u((l, 1€ ox)lg,—0, Yu e C(X).
J

Since the R-action 7 comes from T%, there exist real numbers B; eR, j=
1,...,d, such that

<5'6) T =p5T1+ -+ Baly.
Using Remark [1.2] we can assume that (1, ..., 84 are linear independent over
Q.

Let D C X be a canonical coordinate patch and let © = (x1,...,22,-1)

be canonical coordinates on D. We identify D with Wx] — ¢, e[C R?"~1,
where W is some open set in R?*~2 and ¢ > 0. Until further notice, we work
with canonical coordinates x = (x1,...,22,-1). Let £ = (&1,...,&n—1) be
the dual coordinates of x. Let s be a local rigid CR trivializing section of
L on D, |s]}21L = e 2%, Let F 55 be the localized operator of F s given by

. Put

k2n—1

(5.7) By, = W /eik@_y’aTé(fzn—l)df,

where 75 € C§°((—9,6)) is given by (1.7]).
Lemma 5.4. We have

Frss — Bi= O(k™) : Hipy (D) — Hiy (D), Vs € No.

comp

Proof. We also write y = (y1, ..., Yy2n—1) to denote the canonical coordinates.
It is easy to see that on D,

(5.8) )
Fossuly) = > m( S el

(ma,...,mq)€EZ?

x / e limubutetimala)y (e ¢ o4/ )ITy, € CS(D),
Td
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where 3 = (y1,...,Y2n_2,0), dTy = (27)"%dh;---dhy and B €R,...,Bq €
R are as in . Recall that Sy, ..., 84 are linear independent over Q. Fix
D' € D and let x(y2n—1) € C§°(] — €, €[) such that x(y2n—1) =1 for every
(v, y2n—1) € D'. Let Ry : Cg°(D') — C*°(D’) be the continuous operator
given by

(5.9)
(Rpu)(x) =

i E 6i<12n717y271.717£271.71>+7;(2?:1 mjﬁj)yznflfimlel*"'*imded

2w
(ma,...;ma) €2 pa

X 7_6(627]:;1 ) (1= x(y2n-1))u((e”, ..., e") 0 2')dT dEsn1dyan-1,

where u € C§°(D’). We claim that

(5.10) Ry =O(k~>): HS, (D) — H:.(D'), Vs e N,.

comp

We only prove the claim for s = 0. For any s € N, the proof is similar.
Fix any g € C§°(D’). By using integration by parts with respect to yan—1
and &o,—1 several times, it is straightforward to check that for every N € N,
there is a constant C'y > 0 independent of k such that

(5.11)
/ |Ryul? (z)g(z)dvx (z)
1 2N
< Cwk™" > +1
( M) EZE (M yeyma) # (0., 0)(m151 +- +md5d) )
2
/ / 191 . ’Led) o 1:/) g(x)dedUX(x)
Td

It is clear that

2
! g(x)de:/
Td
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From this observation, (5.11)) and since dvx is T%invariant, we conclude

that
/ / u((e?,. .., e%) o))
x Jrd

- :/X/Td u((eiel,...,ei‘gd)ox)‘Qg(ﬂﬁ)dedUX(fU)
5.12

sc/X/Td

< /X () ? dox (),

where C' > 0 is a constant independent of k£ and u. From ((5.12)), (5.11]) and

since )
2N
< 400
Z m151+“'+mdﬁd)

(ma,...,mq) €LY

if N is large enough, we get the claim (5.10)).
Now, we claim that

’ g(z)dTgdvx (x)

. . 2
u((€,. .. ei) o x)‘ dTydvy (z)

(5.13) By + Ry = Frs, on C(D').

Let u € C§°(D"). From (5.7) and Fourier inversion formula, it is straightfor-
ward to see that

1 ; - Son—1
—_ 7/<I2n—1 y2n717€2n71>
(5.14) Bru(x) 5 E /e 7'5< 3 )X(an—l)

(ma,....,mq)€EZ?

. d . . . .
X €Z(Zj=1 mjﬁj)y2n71*1m191*'"*lmdeu((elel’ o 7619d) ° xl)dedQZn—ldébn—l‘

From (5.14) and (5.9), we have
(5.15) (Bi+Rou(@) = — 3 / ei<w2n—1—y2n—1f%—%(52”‘1)
k

2T
(mq,...,mq)€Z

—d . . . .
X €Z(Z-i:1 mjﬁj)y2n71_lm191_"'_Zmdedu((elel’ o ’el%) ° wl)dedy2n—1d§2n—1-

Note that the following formula holds for every a € R,

(516) / eiayZn—le_iy2n—1§2n—1 dy2n—1 — 271.5& (5271—1)7

where the integral is defined as an oscillatory integral and ¢, is the Dirac

measure at . Using (5.8)), (5.16]) and the Fourier inversion formula, (5.15))
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becomes
SI miBiy s
(Br+ ReJu(z) = > 7 <7j_ - )ez(Zj:1 m;P;)22n -1
(M yeeyg) EZE
(5.17) , . . .
« / e—zmlel—m—zmdﬂdu((ez@l’ o 7619(1) o l’l)de
Ty

= Fk,&su(m).

From (5.17)), the claim (5.13) follows. From (5.13) and (5.10)), the lemma
follows. g

From Lemma we see that the condition (III) in Theorem holds.

Lemma 5.5. Let D C X be a canonical coordinate patch of X. Then,
I <51 1s k-negligible away the diagonal with respect to Fj s on D.

Proof. Let x,x1 € C§°(D), x1 =1 on some neighbourhood of Supp x. Let
u € Hg7<k5(X, L*) with ||ul|, = 1. We can repeat the proof of Theorem 2.4
in [11] and deduce that there is a constant C' > 0 independent of k and u
such that

(5.18) lu(z)[7x < Ck™, Ve X.

Let x = (1,...,2Z2,-1) = (2/, 22,—1) be canonical coordinates on D and let s
be a rigid CR trivializing section of L on D, |s|7, = e~ 2®. Put v = (1 — x1)u.
It is straightforward to see that on D,

(5.19) (2m)xFrs(1 —x1)u

=X ety ()

(ma,...,mq)€Z?,
|1 B+ +mafa| <2k6

x ei(z;lzl mjﬁj)yznfl—im191—"'—imd9dv((ei91’ e €i9d) o x/)de d€on—_1 dyan_1.
Let € > 0 be a small constant so that for every (z1,...,z2,-1) € Supp x, we
have

(5.20) (.%'1, . ,a}2n_2,y2n_1) S {.73 (S D; Xl(a}) = 1}, V|y2n_1 — .%'2n_1’ < eE.
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Let ¥ € C5°((—1,1)), y =1 on [ — L, 1]. Put

(5.21)
I()(J}) =

% Z /ei<x271_1—y2n—1,§2n—1> (1 _ lb(w))x(ﬂs)

(ml,...,md)EZd,
[maBr+-+maBa|<2k6

X Ts (52"7_1) ei(ijl m;B5)Yan—1—im101——imal,

x v((e, ..., e o 2’ )dTydéan—1dyan—1,

(5.22)
Il (.T) =

% Z /ei<x2n1_y2n1,§2”lw <x2n—1 ; y2n_1>x(x)75 (522—1)

(ma,...,mq)€Z?

X 6“23;1 M B5)Y2n—1—tm1601—-—imablg

x v((e,...,e"%) o a')dT déon—1dyan—1,
and

(5.23)
IQ(Z‘) =

% Z /ei<mzn,—1—yzw,—17§2n—1>¢(Mlgmnl)X(x)7-6<£221)

(ma,...,mq)€EZ?,
|ma B1+--+maBa|>2kd

X el(zj=1 mjﬁ.i)y2n—l_imlel_"'_imded

x v((e, ... %) o a')dT déxn—1dyzn—1.

It is clear that on D,
(5.24) XFrs(1 = x1)u(z) = Io(z) + L1 (x) — Ia(x).

On D, write I;(x) = s*(z) ® I;(x), I;(x) € C™(D), j = 0,1,2. By using
integration by parts with respect to £2,,—1 and y2,—1 several times and (5.18)),
we conclude that for every N > 1 and ¢ € N, there is a constant C ¢ > 0
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independent of u and k such that
(5.25)

- 1 2N
—k®(x)] H < 2N Z
‘ (@) ce(D) — Cne (mlﬁl + 4 mdﬁd)

(ma,...,mq)€Z?

< 61\7,2]972]\[7

where C N, > 0is a constant independent of u and k. Similarly, by using inte-
gration by parts with respect to yo,—1 several times and , we conclude
that for every N > 0 and £ € N, there is a constant éN,g > (0 independent of
u and k such that

(5.26)

efkq)(:v)fQ(x) ’

(D)

We can check that

R(0) = g [ ey (LTI (St

3

(5.27)
X v(2, Yan—1)dEon—1dYan—1.

From (5.20)) and (5.27)), we deduce that

(5.28) I(z) =0 on D.

On D, write xFj 5(1 — x1)u = s* ® h, h € C*(D). From (5.24)), (5-25)), (5-26)
and (5.28), we conclude that for every N > 0 and ¢ € N, there is a constant
Cn, > 0 independent of u and k such that

(5.29) He—’fq’@)h(a:)‘ < Cy k™.

cH(D)

Let {f1,..., fa, } be an orthonormal basis for H) <ks (X LF). On D, write
XFis(1=x1)fj = s" @hj, hj€ CX(D), j=1,2,... dy.
From (5.18)) and (5.29), it is not difficult to see that

dy.
(5.30) > |(02h;) (2)e**@ [* = O(k=>) on D, Va € NZ" .
J:

From (5.30)), the lemma follows. O
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From Lemma and Lemma we see that the conditions (I), (II)
and (III) in Theorem holds. The proof of Theorem is completed.

From Theorem we can repeat the proof of Theorem 1.3 in [12] (see
Section 4 in [12]) and get Theorem We omit the details.
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