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New k-th Yau algebras of isolated
hypersurface singularities and
weak Torelli-type theorem
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Let V' be a hypersurface with an isolated singularity at the ori-

gin defined by the holomorphic function f : (C",0) — (C,0). The
Yau algebra L(V) is defined to be the Lie algebra of derivations

of the moduli algebra A(V) := O, /(f, ng’ e 597’;), ie, L(V)=
Der(A(V), A(V)). It is known that L(V3 is a finite dimensional

Lie algebra and its dimension A(V) is called Yau number. In this
paper, we introduce a new series of Lie algebras, i.e., k-th Yau al-
gebras L*(V), k > 0, which are a generalization of Yau algebra.
LE(V) is defined to be the Lie algebra of derivations of the k-
th moduli algebra A*(V) := O,,/(f,m*J(f)),k >0, ie., LF(V) =
Der(A¥(V), A¥(V)), where m is the maximal ideal of O,. The
k-th Yau number is the dimension of L¥(V) which we denote
as A*(V). In particular, L°(V) is exactly the Yau algebra, i.e.,
LO(V) = L(V),\°(V) = A(V). These numbers \¥(V) are new nu-
merical analytic invariants of singularities. In this paper we obtain
the weak Torelli-type theorems of simple elliptic singularities us-
ing Lie algebras L'(V) and L?(V). We shall also characterize the
simple singularities completely using L*(V).
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1. Introduction

Recall that the simple (Kleinian, rational double point) singularities which
play significant role in singularity theory [AVZ], consist of two series Ay :
{422 =0} CC% k>1, Dy:{adza+ab 1 =0}cC? k>4, and three
exceptional singularities Eg, E7, Fg defined in C? by polynomials x3 + x%,
113 4+ w203, 23 + xg, respectively. It should be noted that each simple sin-
gularity belongs to one of these three series: A) x¢ + 28, B) xxq + 25, C)
x{xe + :chl. These are called binomial singularities, a special kind of fewno-
mial singularities (see Definition [2.3).

For any isolated hypersurface singularity (V,0) C (C", ) where V =
V(f) = {f = 0}, one has the factor-algebra A(V) = O,,/(f ,871 . ,;Tfn) is
finite dimensional. This factor-algebra is called the moduli algebra of V
and its dimension 7(V) is called Tyurina number. The order of the low-
est nonvanishing term in the power series expansion of f at 0 is called the
multiplicity (denoted by mult(f)) of the singularity (V,0). It is well known
that a polynomial f € Clxy, - ,x,] is said to be weighted homogeneous
if there exist positive rational numbers wy, - -, w, (weights of x1,---,x,)
and d such that, ) a;w; = d for each monomial []z}* appearing in f with
nonzero coefficient. The number d is called weighted homogeneous degree
(w-deg) of f with respect to weights w;. The weight type of f is denoted as

(wy, -+ ,wp;d). Without loss of generality, we can assume that w-degf = 1.
The Milnor number of the isolated hypersurface singularity is defined by
"= dlmOn/ T ,%)

The well known Mather-Yau theorem [MY] stated that: Let V; and
Va2 be two isolated hypersurface singularities and, A(V;) and A(V2) be the
moduli algebras, then (V7,0) = (V3,0) <= A(V1) = A(V2). Motivated from
the Mather-Yau theorem, Yau considered the Lie algebra of derivations of
moduli algebra A(V):=0,,/(f, 2 axl ,%), ie., L(V)=Der(A(V), A(V)).
The finite dimensional Lie algebra L(V) was called Yau algebra and its
dimension A\(V) was called Yau number (see [Yu], [EK]). The Yau algebra
plays an important role in singularity theory [SY]. Yau and his collaborators
have been systematically studying the Yau algebras of isolated hypersurface
singularities begin from eighties (see [Yall [Ya2, [Ya3|], [BY1], [BY2], [SY],
IYZ1, YZ2), [CYZ, [CXY], [CCYZ), [Yal, [HYZI, HYZ2, HYZ3, HYZd,
[Hul). In particular, Yau algebras of simple singularities and simple ellip-
tic singularities were computed and a number of elaborate applications to
deformation theory were presented in [BY1] and [SY]. However, the Yau al-
gbra cannot characterize the simple singularties completely. In [EK], it was
shown that if X and Y are two simple singularities except the pair Ag and
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Ds, then L(X) = L(Y) as Lie algebras if and only if X and Y are analyti-
cally isomorphic. Therefore, a natural question is to find new Lie algebras
which can be used to distinguish singularities (at least for the simple sin-
gularities) completely. The aim of this paper is to introduce the series of
new k-th Yau algebra, which will be used to characterize singularities, and
we also compare it with Yau algebra that arising from isolated hypersurface
singularities.
Recall that we have the following theorem.

Theorem 1.1. ([GLS], Theorem 2.26) Let f,g € m C O,. The following
are equivalent:

1) (V(£),0) = (V(9),0);

2) For allk >0, O,/(f,mFJ(f)) = n/(g, kJ(g)) as C-algebra;

3) There is some k > 0 such that On/(f, K1) = 0,/(g,m*I(g)) as

C-algebra, where J(f) = (3{1 - 7awn

In particular, if Kk = 0 and & = 1 above, then the claim of the equivalence
of 1) and 3) is exactly same as the Mather-Yau theorem.

Based on Theorem it is natural for us to introduce the new se-
ries of k-th Yau algebras L¥(V') which are defined to be the Lie algebras
of derivations of the k-th moduli algebra A*(V) = O,/(f,m*J(f)),k >0,
i.e., L¥(V) = Der(A¥(V), A¥(V)). Its dimension is denoted as A\*(V'). This
number A\*(V) is a new numerical analytic invariant of a singularity. We call
it k-th Yau number. In particular, L°(V) is exactly the Yau algebra, thus
LO(V) = L(V), (V) = A\(V). Therefore, we have reasons to believe that
these new Lie algebras L¥(V') and numerical invariants A*(V) will also play
an important role in the study of singularities.

On the one hand, since L(V') can not characterize the simple singularities
completely, so there is a natural question: whether these simple singulari-
ties (or which classes of more general singularities) can be characterized
completely by the Lie algebra L¥(V), k > 1? In this paper, we shall answer
this question positively. We prove that the simple singularities V' can be
characterized completely using the L!(V). Therefore the k-th Yau algebra
LE(V),k > 1, is more subtle comparing to the Yau algebra L(V) in some
sense.

Furthermore, since derivations of moduli algebras are analogs of vector
fields on smooth manifolds, such direction of research is in the spirit of
the classical theorem of Pursell and Shanks stating that the Lie algebra of
smooth vectors fields on a smooth manifold determines the diffeomorphism
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type of the manifold [PS]. In fact, Theorem [B| below yields a similar result
for the simple singularities.

One of our main goals is to investigate whether the k-th Yau algebras
determine the analytic structures of singularities, similar as the mentioned
result of Pursell and Shanks. In this paper, we have computed L(V) for
some natural classes of singularities beyond simple singularities, in order to
reveal the specific properties for simple singularities. In particular, we obtain
more detailed information about L' (V') for three series of fewnomial isolated
hypersurface singularities chosen in such a way that each simple singularity
belongs to one of three series. Thus our results about computation of L*(V)
that arising from simple singularities can be considered as extension of those
presented in [EK].

On the other hand, Griffiths has studied the Torelli problem when a fam-
ily of complex projective hypersurfaces in CP" is given and his school asks
whether the period map is injective on that family, i.e., whether the fam-
ily of complex hypersurfaces can be distinguished by means of their Hodge
structures. A complex projective hypersurface in CP™ can be viewed as a
complex hypersurface with isolated singularity in C**!. Let V = {z € C**! :
f(2) = 0} be a complex hypersurface with isolated singularity at the origin.
Seeley and Yau investigated the family of isolated complex hypersurface sin-
gularities using Yau algebras and obtained two strong Torelli-type theorems
for simple elliptic singularities E7 and Eg (cf. [SY]). There is a natural ques-
tion arises: whether the family of isolated complex hypersurface singularities
can be distinguished by means of their k-th Yau algebras L*(V'), k > 1. The
family of hypersurface singularities here is not arbitrary. First of all, as in
projective case, we are actually studying the complex structures of an iso-
lated hypersurface singularity. In view of the theorem of Lé and Ramanujan
[LR], we require that the Milnor number p is constant along this family. Re-
call that the Tyurina number 7 is a complex analytic invariant. So it suffices
to consider only a (u,7)-constant family of isolated complex hypersurface
singularities [SY]. The simple elliptic singularities are such families. Unfor-
tunately, the methods in [SY] can not be generalized to L,k > 1 directly.
We shall use completely new method to prove weak Torelli-type theorems
of L' and L? for simple elliptic singularities Fg, E7 and Es. However, to
prove the weak Torelli-type theorem for Eg, we have to consider the 2-th
Yau algebra L?(Eg). In fact, the family L'(Eg) is constant.

In this paper, we will prove the following main results.
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Theorem A. L2(Eg), L'(E7), L*>(E;), L'(Eg) and L?*(Eg) are non-trivial
one-parameter families. Thus the weak Torelli-type theorems hold for simple
elliptic singularities Eg, E7 and Fg.

Theorem B. If X and Y are two simple hypersurface singularities, then
LY(X) = LYY) as Lie algebras, if and only if X and Y are analytically
isomorphic.

Remark 1.1. Using the same method as in our proof, though the calcula-
tions are extremely complicated, we conjecture that Theorem [A] and Theo-
rem B are still true for k > 2 and k > 1 respectively.

2. Preliminaries
2.1. Isolated hypersurface singularities

Let C[zy, z2, - ,zy] be the algebra of complex polynomials in n indetermi-
nates. We use O, to denote the algebra of germs of holomorphic functions at
the origin of C". Obviously, O,, can be naturally identified with the algebra
of convergent power series in n indeterminates with complex coefficients.
For a polynomial f € Clzy,x2, - ,xy,], denotes by V = V(f) the germ at
the origin of C" of hypersurface {f = 0} C C". We say that V is a germ
of isolated hypersurface singularity if the origin is an isolated zero of the
gradient of f. The local (function) algebra of V is defined as the (commu-
tative associative) algebra F(V) = O, /(f), where (f) is the principal ideal
generated by the germ of f at the origin. According to Hilbert’s Nullstel-
lensatz for an isolated singularity V = V(f) = {f = 0} the factor-algebra
A(V) = On/(ﬁ%?”' ,%) is finite dimensional. This factor-algebra is
called the moduli algebra of V' and its dimension 7(V') is called Tyurina
number.

Definition 2.1. A polynomial f € Clzy,z2, - ,z,] is called weighted ho-
mogeneous if there exist positive rational numbers wy, - - - , w, (called weights
of indeterminates ;) and d such that, for each monomial Hl‘f’ appearing
in f with non-zero coefficient, one has ) w;k; = d. The number d is called
the weighted homogeneous degree (w-deg) of f with respect to weights w;
and is denoted deg f. The collection (w;d) = (wy,- -+ ,wy;d) is called the
weight type of f.

It is well known that a polynomial f is a weighted homogeneous after a
biholomorphic change of coordinates if and only if 4 = 7 [Sa]. In the weighted
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homogeneous case, the Milnor number can be computed from the following
simple formula.

Proposition 2.1. [MO] For an isolated hypersurface singularity V' defined

by a weighted homogeneous polynomial of (wi,--- ,wp;d) type, one has
- d— w;
(V) =n(vV)=[]—
i=1 ¢

2.2. Yau algebra

Recall that a derivation of commutative associative algebra A is defined as
a linear endomorphism D of A satisfying the Leibniz rule: D(ab) = D(a)b +
aD(b). Thus for such an algebra A one can consider the Lie algebra of its
derivations Der(A, A) with the bracket defined by the commutator of linear
endomorphisms.

Definition 2.2. Let f(z1, - ,z,) be a complex polynomial and V = {f =
0} be a germ of an isolated hypersurface singularity at the origin in C™. Let
A(V') be the moduli algebra and L(V) := Derc(A(V), A(V)). Yu [Yu] call
L(V) the Yau algebra of V. Its dimension is called the Yau number by
Elashvili and Khimshiashvili [EK] and will be denoted A(V').

2.3. Fewnomial singularities

Since we shall also deal with new Lie algebras that arising from fewnomial
isolated singularities, so we recall the definition of fewnomial isolated singu-
larities. The concept of fewnomial is introduced in [Kh].

Definition 2.3. We say that a polynomial f € C[xy,xo,- - ,zy] is fewno-
mial if the number of monomials appearing in f does not exceed n.

Obviously, the number of monomials in f may depend on the system of
coordinates. In order to obtain a rigorous concept we shall only allow linear
changes of coordinates and say that f (or rather its germ at the origin) is a
k-nomial if k is the smallest natural number such that f becomes a k-nomial
after (possibly) a linear change of coordinates. An isolated hypersurface sin-
gularity V is called k-nomial if there exists an isolated hypersurface singu-
larity Y analytically isomorphic to V' which can be defined by a k-nomial
and k is the smallest such number. It was shown that a singularity defined
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by a fewnomial f can be isolated only if f is a n-nomial in n variables when
its multiplicity at least 3 [CYZ].

Definition 2.4. We say that an isolated hypersurface singularity V is
fewnomial if it can be defined by a fewnomial polynomial f. V is called
weighted homogenous fewnomial isolated singularity if it can be defined by
a weighted homogenous fewnomial polynomial f. 2-nomial (resp. 3-nomial)
isolated hypersurface singularity is also called binomial (resp. trinomial) sin-
gularity.

The following proposition and corollary tell us that each simple singu-
larity belongs to one of the following three types of series.

Proposition 2.2. [YZ2] Let f be a weighted homogeneous fewnomial iso-
lated hypersurface singularity with multiplicity at least 3. Then f analytically
equivalent to a linear combination of the following three series:

Type A. z{* + 25 + -+ ap" 7 + a8, n>1,

Type B. x{'xo + 25°x3 + - + o' Tp + 287, 0 > 2,

An—1

Type C. x{'xy + x5?x3 + -+ + 2, " Ty + 021, N > 2.

Corollary 2.1. [YZ2] FEach binomial isolated singularity is analytically
equivalent to one from the three series: A) x{* +x5?, B) x{'za + 252, C)
' wy + 2522y

In many situations it is necessary to have an explicit basis of A(V).
It is well known that there always exist bases consisting of monomials.
Such bases are called monomial bases and will often be used in the sequel.
Recall that the monomial bases in moduli algebras of simple singularities
(Ag, Dy, Eg, E7, Eg) are given in [AVZ].

2.4. Deformation and cohomology of Lie algebras

The main tool in our proof of Theorem [A]is the theory of deformation and
cohomology of Lie algebra [NR].

Definition 2.5. A Lie algebra is a vector space L over some field &k (in this
paper k = C) together with a

[, ]:LxL—>L

called the Lie bracket that satisfies the following axioms:
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(1) Bilinear operator
oz + by, 2] = alz, 2] + bly, 2], [z, az + by = a2, 7] + blz, 4]

for all scalars a,b in k and all elements z,y, z in L.
(2) Alternativity,

[x,2] =0

for all x in L.
(3) The Jacobi identity,

[, [y, 2]] + [, [z, 9] + [y, [2,2]] = O

for all z,y,z in L.
If x € L,y — [x,y] is an endomorphism of L, which we denote by ad x.

Let L be a Lie algebra. For two subspaces A, B of L the symbol [A, B]
denotes the linear span of the set of all [z,y] with z in A and y in B.
A sub Lie algebra of L is a subspace, say J, of L that is closed under
the bracket operation (i.e., [/, J] C L); J becomes then a Lie algebra with
the linear and bracket operations inherited from L. A sub Lie algebra J is
called an ideal of L if [L,J] C J (if z € L and y € J implies [z,y] € J). The
centralizer Cg of a subset S of L is the set of those x in L that commute
with all y in S (i.e., [z,y] = 0). We say that two Lie algebras L, L’ over k are
isomorphic if there exists a vector space isomorphism ¢ : L — L’ satisfying
o([z,y]) = [¢(x), #(y)]. We will basically deal with solvable and nilpotent
Lie algebras so for completeness we recall the corresponding definitions.

Definition 2.6. Given a Lie algebra L, introduce two series of ideals: L,y =
{L}, L ={LO}, Ly = LO = L, Ly = LW = [L, L], Ly = [L, L)),
L0 = [L(i_l), L(i_l)], 1=2,3,---, L is called nilpotent if the lower centeral
series L, terminates. L is called solvable if the derived series L™ termi-
nates.

Definition 2.7. Let V be a finite dimensional vector space over some field
k. Call x € End V semi-simple if the roots of its minimal polynomial over k
are all distinct. Equivalently (k being algebraically closed), = is semi-simple
if and only if x is diagonalizable.

Definition 2.8. A Cartan subalgebra C in Lie algebra L is a nilpotent
subalgebra that is self-normalising (i.e., if [x,y] € C for all z € C, then y €
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(). Equivalently, Cartan subalgebra is a maximal commutative subalgebra
C such that, for each h € C, ad h is semi-simple.

Cartan subalgebras exist for finite-dimensional Lie algebras L whenever
the base field k is infinite. If the field k is algebraically closed of charac-
teristic 0 and the algebra is finite-dimensional then all Cartan subalgebras
are conjugate under automorphisms of the Lie algebra, and in particular
are all isomorphic. Hence of the same dimension r which is called the rank
rkL of Lie algebra L [Bo|. According to Engel’s theorem, a Lie algebra L
is nilpotent if and only if all operators ada : L — L are nilpotent for a € L
[Bo]. Another general result states that a solvable algebraic Lie algebra can
be decomposed into a semidirect sum of a Cartan subalgebra and maximal
nilpotent ideal N (L) (the latter is called the nilpotent radical of L).

Let L = (V,n) be a finite dimension Lie algebra where n is a Lie al-
gebra multiplication and V' is the based vector space. Define C"(L, L) to
be the vector space of all alternating n-linear maps of V into itself. The
coboundary operator § : C"(L, L) — C" (L, L) is given as follows: for any
ae€C"(L,L),

n

oa(xg, -+, Tp) :Z(—l)in(:ni,a(:ro, Cee Tyt X))

=0
+Z(_1)HJO‘(T7(@’%)7$O, o 7fi7” : )fjv'” 7$n)7
1<J

here #; means that the variable should be omitted. Recall that Z"(L, L) =
Kernel(d : C*(L, L) — C"*Y(L,L)), B"™(L,L) = Image(§ : C" *(L,L) —
c"(L,L)), B*(L,L)C Z"(L,L) and H"(L,L) = Z"(L,L)/B™(L,L).

Let L = (V,n) be a Lie algebra and ¢ € C%(L, L) be a alternating bilin-
ear map of V into itself. Then n = 1 + ¢ is also a Lie algebra multiplication
if and only if it satisfies the Jacobian identity

(1) ' (@0 (y, 2) + ' (v, ' (2, 2)) + 0 (2,0 (2,y)) = 0
for any x,y,z € V. It can be shown that holds if and only if
(2) 0o — [, ¢l/2=0

where [p, @] is defined as follow:

[o, ol(, y, 2) = 20(p(,y), 2) + 20(0(y, 2), x) + 20(p(2,7), ).
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is called the deformation equation. Let 7y =1+t + t2ps +--- be
an one-parameter family of Lie algebra multiplications on V', where ¢; €
C?(L,L). Then tpy + t2p9 + - - - satisfies the deformation equation, which
implies that §p; = 0. Hence @1 € Z%(L, L), and we call 1 an infinitesimal
deformation of 7.

A one parameter family of Lie algebra multiplications n; = n + tp1 +
t29 + - -+ is said to be trivial if (V,n;) =~ (V,ns) for any s,t. Then there ex-
ists an one-parameter family of invertible linear maps I; = I + taq + t2an +

-+, where o; € CY(L, L) is linear from V into itself and I is the identity
map, such that

(3) m(z,y) = Im((I) "o, (I) " 'y)

for any z,y € V. It’s easy to verify that implies that p1 = —da1. Hence
@1 € B%(L, L), and we call ¢; a trivial infinitesimal deformation.

3. Proof of Theorem A
3.1. Simple elliptic singularity E\;

The simple elliptic singularity E; is defined by {(z,y,2) € C3 | 2* +y* +
2?2 = 0}. In [SY], the authors showed that its (u, 7)-constant family is given
by

Vi ={(z,9,2) € C°| fulw,y,2) = " + y* + ta®y’ + 2* = 0}
with t? # 4, and they constructed a family of Lie algebra by associating to
the singularities (V4,0) a Lie algebra which is defined to be the algebra of

derivations of the moduli algebra A(V;) (i.e. the Yau algebra of V;). For
k =1, the moduli algebra of V; is given by

AYVE) = i) (o' 't 2y O,
Oy’ 0z’ 0z 0z
=< l,x,y,z,xy,xz,yQ,x?’,wa,ny,y?’,y4 >,

with multiplication rules

=y ==Y =2z=yz=0.
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By calculation, a basis for Lie algebra L} := Der(A!(V;), AY(V;)) is the fol-
lowing (for t2 # 0,4, 36):

20y YOy —x%ay zyt?0, 20%t0, Y220,
61:7—’_77 €2 = - ) €3 = 2 2
4 4 6 24 —4+t -4+t
—xytoy 20%t0, 2220,
€4 = y €5 = + ’
4 —124+3t2  —12 4+ 3¢t2
o —x2ytd, _ Y20, n z%to, n ry(—4 +1%)0,
6 4 2 4 16 ’
o — YOy 4220, 2%t0, o — 230, o —22yt0,
87 o T 4re T 4y 0T o 0 2
2 3
xytd 2x°0
€11 = y43z, €12 = y382 + y2 =, ez = $y28z + r =, ey = 20,
2
x=yto
e15 = y4ay7 €16 = ygay + 5 Loer = —5'32y3x + $y2ay,
2
Tyt
e1s = 2°0, + y2 T e19 =20y, e =1y'0y,
2 3
Tyt 2x°0,
€91 = y?’(‘)x + y2 oc’ €99 = my28$ + P a:7 €93 = 20,.

Now we need to prove L} (t2 # 4) is not a trivial family. By calculation, the
multiplication table of L} is given as:

ferea] = == feres] = ==, [eneal = =50 e es] = =
er,ea] = —— ler,e3] =——, ler,eq]l =——, J[e1,e5] =——
1,€2 A 1,€3 A 3 1,€4 4 ) 1,€5 4 )
le1, e10] = _co le1,e11] = —e11, [er,e7] = — le1, e8] = _%
) 2 ) ) ) ) 4 ) ) 4 b
€9 €6 _ 3e1n _ 3eis
[61,69] = *57 [61,66] = *5, [61,612] = *T, [61,613] = *Ta
[e1, e15] = s le1,e16) = =28 [er,enr] = =27, e, e18] = — =20
b 4 ) ) 2 ) ) 2 ) ) 2 h)
e19 3ea €21
le1,e19) = —, le1,e20] = ———, [er,ea] = ——=, [e2,e16] = —eis,
4 4 2

[ ] €92 [ ] et teq
e1, ey = ——= e, e _

1,€22 5 2,€4 3 5
lea, €3] = — %eis et tley e10(—20t2 — t*)

2T 3(—d+62) 3(—4+62) 24(—4+62) 24(-4+e2)
[e . ] _ 2t2617 B t3610 B t3618 _ t3€21

2 9(—4+12) 6(—4+12) 9(—4+12) 36(—4+2)’

t2€22

le2, e7] = —teg — ——
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2teio t3€21 618(—20t + t3) 617(—36t2 + t4)
eoes] =~ T i T 2T e A8(—4+ %)
teis t2€20
[e2, e9] = 5 [e2, e10] = YRS le2, e12] = —e1r,
t2€20 t€15
[627621] = —€20, [63766] = m, [64366] = Ta
t3€21 €10(4t + tg) 8teg 2t2622
e ed =T Y amar e sl T 3T e st ey
610(*4 — t2) t2€18 t3617 €21 (20t2 - t4)
e T A By R B ) R T B Rar o
4teq t?ei6 t2eg9
leares] = —e6 = T T o Car ey T Tag i
2t€20
le3, eq] = R le3,e13] = —e11, [e3,e1r] = —e15, [e3, ean] = —eao,
t2€10 t2621 tegg t66 69(4 — t2)
S I ML R R
t€17 t2€21 610(—4 — t2) tego
lenes] = 57— ooy ey T acar 0 vl =
t€11 t€15 tego
les, e12] = = les, e16) = — leg, e17] = €20, e, e21] = —
telo t2€17 t3618 €21 (20t — tS)
sl = = T3 Cag ) T eat?) T 2Ait )
869 t616 2t622 620(12 — t2)
les,es] = —— =3 ~ 3(—4+2) | At les, €] = 6(—4+12)
2e11 _ 2ey €15
les, e13] = - les, e18] = —e15, [es, e22] = - les, e7] = —
e18(20t — 13) €01 (—20t +t3)  e17(—48 + 482 — 1)
leresl = 5 8(—4+12) 324112
[e7, eo] = teis le7, e10] = e0(—4 + %) les, eq] = _dean
’ 4’ ’ 16 ’ ’ —4 42’
es, e10] = % le11,e14] = —e11,  [e11,e19] = —e15,  [e11, €23] = —eao,
le12,€14] = —e12, [e12, e23] = —e21, [e13,e14] = —eu3,
2e1g 2teg
le13, e19] = —e17 — —~ le13, e23] = —e22, [es,e6] = At )
teog 2tesq
les, e8] = = [e6, e8] = T le12, e19] = —e1s,

le14, e19] = —e19,  [e14, 23] = —eas.
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Other Lie brackets [e;, e;] are 0. Let V be the based vector space of L} and
n: be the Lie algebra multiplication of L}. Then we can write

ne = 1o + ter,
where 79 is matrix which have following 23 rows and columns:

e: e €: e e e e 3e 3e 3e
{{O ZQ f7_14>_f7_767_f7_187_ 1 _Ta —€11, — 412a_ 412707_ 4157

€16 €17 €18 €19 3ea0 €21 €22 €23

2072 T 20 407 T4 T 20

2e18 2
TOGE TG B T B W T T 0 e g

35e 19 5
+ 144117 + 618 + %7 - (1)‘ ) 6224 707 —€11, 070707 _615707070707 _620707 0} ’

€3 Teio €i7 2e1s €21 O _5610 ex1  2ea: 8egy €20 5e10 + €17 + €18
)

2~ 1229 ~ 9> 307716 6 ' 30

19 4 2
621 + 616 - % — e+ %7 - %207070707 _6117070707 _615707070707 _62070} ’

€s €6 | €9 Deig 4 €21 €10 | €21 €15 __ €22 _ € | 3€ Deio 4 €17 | €
{473+1712+17079+18’47 8 2+876+8+6’07

{g_m_@_m_@_2ezz+8ﬁ €0 _ €21 () 220 _ €0 4 €1r | €is
b b 4 9 1

[e )

L ets 20y 80 Mexn (0, —2e1,0,0,0,0,—e15,0,0,0, —2e2,0} ,

676707 %’ _%7 26920 ) 07 _%a 26‘320’0’0707()’ 05 Oa Oa 07 07 07 07 07 07 0,0} )

2_1_676_369 m_m_elg_i_lg@m €15 O
)

e 19e 19e e 3e
% - 2418 + 24217%7_ 1(2‘)())070707070’0’0707070703070}7

es 2e19 35e17 19e15 €21 616 + 622 + eg deg 5€e10 eir €21

[ 2e 8e 2e [ 19e 19e 4de e
_f—i_ 322 _?97_ 3207_%—1_ 2418_ 21 0 - 207%7070707(])0)07070707

0,0,0,0}, {<%, &, 220 0, Hen o —as den 0 0,0,0,0,0,0,0,0,0,0,0,0,0,0,
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{6117 07 07 07 07 07 07 07 07 07 07 07 07 —€11, 07 07 07 07 —€15, 07 07 07 _620} ;

{392 ¢11,0,42,0,0,0,0,0,0,0,0,0, —e12,0,0,0,0, —e16,0,0,0, —e21 } ,

{ 36413 , 07 €11, O, 2611, 0, 0, O, 0, O, O, 0, 0, —e13, 0, 0, 0, 0, —e17 — 26187 0, 0, 07 —622} ,
{07 07 07 07 07 07 07 07 07 07 €11, €12, €13, 07 07 07 0) O) —€19, O) O) 07 _623} )

{3@415707 0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0} ,

{48, e15,0,%2,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0} ,
{47,0, €15, —e20,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0} ,
{%70703 eQA,615,0,0,0,0,0,0,0,0,0,0,0,0, 0>O70707070} )

{_%7 07 Oa Oa Oa 07 07 07 07 07 €15, €16, €17 + 26187 €19, 07 07 Oa Oa Oa 07 07 07 0} )

{322 0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0} ,

{2, e90,0,%,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0}

{€22,0, e, 0, 2e29,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0} ,

{—22,0,0,0,0,0,0,0,0,0, e2, €21, €22, €23,0,0,0,0,0,0,0,0,0} }.
And 1 : W x W — W is given by

{{0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0},

29¢e10 1lleq7 16e1g Tea1 __es _ €9 llejg 16e17 lle;s 1legy
{0’0’ 36 + 27 + 27 +108’ 3 6° 54 + 81 + 81 + 324707

e 10e 137e 89¢ lle e e
_ﬁv 910 + 21617 + IOéS + 10;1 ) _%’ _%’ O) 07 Oa 07 07 07 07 07 07 07 07 07 O} )

{0 _29610 _ 11617 _ 16618 _ 7621 O _31610 _ 11621 16622 _ 4069 _8620
) 36 27 27 108 >~ 36 36 7 27 27 0 9

e lle 8e 73e 4e 8e 20e 10e
% + 1817 + 918 - 7221, 916 - 922 + 9977 920,0,070,0,0,0,0,0,0,0,0,

W

e ey 3le 1le 8e 4e €15 e
0,0,0}, {0, % + G, 253 + 58, 0, 55 + A 9, - —

e _ s 8eio ez
2 45 9 +8’
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+4621707 @,0, _mmoaoaov _%707 _%aoaov —%,0,0} )

{O’ _1161(} _ 16617 _ 11618 _ 11621 _16622 _|_ 4069 8610 4621 0 _10620

54 81 81 324 > 27 27 0 27T T 27 0 27

_ ey 8eir 116418 _ 8% beis _ 10% + 1%69 8eap

4 27 5 216 27 T 2T

07 07 07 26111 Oa Oa 07 07 26207 O} ’

{0,0,80 —as 100 (0, %0 0,0,0,0,0,0,0,0,0,0,0,0,0,0,0},

{O €22 €10 11817 86913 +73€21 %_i_%_i_eg €10 8617 11613 +89621

2408 18 72 4074 T 27T T T h4 216 °

07 07 - 1311217 - 8976218 + 8976221 ) 64115 ) %7 07 07 07 07 07 07 07 07 07 07 07 07 0} )

’ 9 216 108 108 7 9

{O _10e1o _ 137eiz _ 8%z _ lles 4616_’_8%22 20eo _ 8eio _ €17 _ dea

_ beig _ 16eg _ 10eyq 137ei7 + 89e1s _ 89e21 0 _ 8ean
27 9 9 o 144 72 72 0 9

0,0,0,0,0,0,0,0,0,0,0,0,0,0},

eis 10ey 8eao eis 8eazo
{07T)T70) 27 707_75 9 7070)0)0)070505050707030707070}7

{0,€2,0,—%2,0,0,-%,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0} ,
{0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0},
{0,0,0,4,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0} ,
{0,0,0,0, —2e11,0,0,0,0,0,0,0,0,0,0,0,0,0, 2e18,0,0,0,0},
{0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0},

{0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0,0},

{07 07 07 655707 07 07 07 07 07 07 07 07 07 07 07 07 07 07 07 07 07 0} )
{0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0},

{07 07 07 %707 07 07 07 07 07 07 07 07 07 07 07 O? O? 07 07 07 07 0} )
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{0,0,0,0,0,0,0,0,0,0,0,0,—2e;8,0,0,0,0,0,0,0,0,0,0} ,
{0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0},
{0,0,0, %0,0,0,0, 0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0} ,
{0,0,0,0, —2e9,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0},
{0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0} }.

Now we only need to check that ¢; is not a trivial infinitesimal de-
formation, (i.e. 1 ¢ B%(L,L) where L = (V,n)), then we can say L} is
not a trivial family. Write no(e;, e;) = 82231 u;;es and v1(ei, e5) = si v;j€s for
1,7 =1,...,23. If there exists a linear map « : V — V such that da = ¢,
write a(e;) = §1 a;jej, then we have

j=
p1(ei, e5) = da(ei, e;)
= no(es; ale;)) — no(ej, alei)) — alno(es ;)

23 2 23
=nolei, Y ajrer) —nolej, > amer) — a(d_ uljer)
k=1 k=1 k=1

23 23

k
= Z Z(ajkufk - aikuj‘k - uijaks)es-
s=1 k=1
n
Hence ) (ajjus, — AUy, — ufjaks) = vy ford,j,s =1,...,23. Then we get

12167 liﬁelar equations about 529 variables a;;. We solve this system of linear
equations with the help of computer and find that they have no solution.
Hence ¢ ¢ B%(L,L) and the family is not trivial. In case of k =2, the
moduli algebra is defined by

A2(V}) = < La,y, 2, 2%, 2%, 2% zy, 2%y, 23y, %, 2y?, 2297, o3 2yt oz, yz >

By calculation, a basis for Lie algebra L? := Der(A?(V;), A%(V;)) is the fol-
lowing (for t2 # 4):

20, yiﬁ‘y 220,
3 3 3

3 2 2
el = eo = y°0,, e3=uay“0,, eq=x"Y0d,,
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es = 230, eg= —20y — y30, — 22ytd,, er = —z0,,
2zy0 29 2220 0,
68:_533/1_’_?/7@/’ egz—x z_’_xyy’
3 3 3 3
2
x40,
€10 =" Yooenn =420z, e12 =aydy, e13 =20y,
2 3 2 2
xy“0, Y20 Y0 xy“0
€14 = — 2x+Ty, €15 = — 2w+ 2y7
3 2 3
z°0 xy0, x°0,
€16 = — 236 + 22/ y, e1r = 2y, 618:y36z7 619=$925x;

€20 = 22Y0y, €91 = 13°0,, e =yz0., es3 =120, e =1y'0,,
eos = 2y°0., ex = 2°Y°0., exr = Y0,

€98 = :U48Z, €29 = Y20y, €30 = x20y, €31 = y48y, ez = :Ey38y,
€33 = $2y28y, €34 = a?3y8y, €35 = w46y, e3¢ = Y20z, es37 = 120y,

4 3 2.2 3 4
€3z =Y ax, €39 = 1Y Op, €w=2 Yy ax, €41 =T yaa:, €12 = T 0y.

Next by using same steps as we used in case of k=1, we get a system

of linear equations which have no solution. So finally the family L%(E) is

nontrivial.

3.2. Simple elliptic singularity E;;
The simple elliptic singularity Eg is defined by {(z,y,2) € C3 | 2% + 93 +
23 = 0}. Tts (u, 7)-constant family is given by

Vi ={(2,y,2) € C*| folz,y,2) = 2 + y* + 23 + tayz = 0}

with #3427 # 0 (cf. [Yal]). In case of k = 2, the moduli algebra of V; is

given by

AQ(‘/}/) :<17 x? y? Z7 3927 xy? $2y7 y27 nya y37 xZ? '1"227 yz7

2

zyz,y’z, 2 w22y, 2 >
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By calculation, a basis for the Lie algebra L?(V;) = Der(A%(V;), A%2(V})), is
the following (for t3 + 27 # 0):

20y | Yoy, 20, w20; Y20, 220,
A=zttt 2T > T
2 2 2
 xyd, Y0, Y20, 20, xydy 220, _y*0,
BT y g “4T T o T ST g
0 20 20,  txyo
6’6=$y2z, 67=Z2x+x2z+ x@; z, 88:Z28y> eg = yz0y,

elo = x20y, e = gﬁay, el2 = xy0y, e13= :U28y, e1q = 220,

e15 = Y20y, €16 =020y, €17 =Yy, €138 =YDy, e19 =30y,

e = 2°0,, ea =y2’0,, e =x2°0,, es3=y’20,, e = Y20,
€25 = 2720, eg5=y"0:, ey =ay’0., e =a"yd;, e =20,
e3n = y228y, €3] = a:zQE)y, €39 = y228y, e33 = xYz0y, €34 = :E228y,
ess = Y20y, €36 = 1Y°0y, €31 =a°Y0y, e33 =20y, ez9=1yz’0y,
10 = 12°0y, €11 =Y’20p, €42 = Y20y, €43 =3°20,, ea =y’0,,

2 2
€45 = 1Y axa €46 = T yax

We have following multiplication table:

e1,6| = — ,2<4 <19, le,el=—— ,20 <9 <46,
3 J 3
€21 €32 €42 €34
[62763] = 7 - 7 - 77 {627613] - 7a
€22 €33 €43 €35 €45
el = m Ty leal=es oo os
_ €36 €46 _ €37 e | eaq | teg
[62766]—624—T—T> [62567]—625—T—7 T Ta
€30 €31 €32 €33
le2, e9] = — le2, e10] = — le2, e11] = - le2, e12] = DX
fea,e14] = —28 ey, e1s] = — 2, Jeg,en0] = — 2, [eg,ene] = L
2, €14 5 2, €15 5 2, €16 5 2, €17 5
€42 €43 3ez6 3ear
[e2, e18] = bR [e2, e19] = R le3, e5] = 1 le3, e6] = 7
3eag  3esg  teys €20 €40
les, er] = R 1 les, es] = 5 2e30 — 50
le3,e10] = 2 —e33— B ez en] = 22 M0 gy ] = 2 A6
35 €10 2 33 2 ) 3y €11 9 9 ) 35 €12 2 2 )
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€25 €38 €44  teyo 3es9 e41
les, e13] = 5 T + o + N [es, e14] = O [es, e15] = Ty
les, eg] = T gy — 22 lea, eg] = 3o le, e5] = Sear
) - 2 2 ) bl - 2 ) b - 4 )
[6’3,6’16] = —&ﬁ, [6’3,6’17] = %, [637618] = &ﬁ, [637619] = &ﬁ,
2 2 2 2
[6466]_36& [6467]__@_36&_@_640_@_@
g ) 4 4 2 4
3esp ess3 €34 €36
leq, e8] = — 5 lea, e9] = — le4, €10] = — leq, €11] = ER
lea,e12] = 20, [ea 613]__@_@_@
) - 2 b ) - 2 2 2 )
ey €30 €21 €32
leq, €14] = 5 "5 " 2e40, [ea,e15) = 5 T e
€22 €33 €23 €35
le, e16] = o5 Ty e leq, e17] = > 5o
_e2q €36 __€ez5 €37 e41
[647618] = 7 - 77 [647619] = 7 - 77 [65767] = _77
€35 €36
[65, 68] = €21 — €32, [65, 69] = €23 — o0 [65, 610] = €24 — o0
€44 ey4
[657 613] = €28, [657 614] = —€41, [657 615] - _77 [657 616] = _757
e1  eq2 | teoy €22 €24 €36
les, e7] = T_7+T’ [es, es] :?—6337 e, €9] =5 T 9
€25 €37 €27 €28
les, €10] = 5 T 90 les, e11] = TR les, €12) = bR les, e12] = ear,
[ee]:_@_eﬁ_teﬁ leo, e14] = 2 — ¢ le6, e15] = 22 — S
65 €13 2 2 2 ) 65 €14 9 42 6y €15 9 9
e e
[6’6,6’16] - ﬁa [663617] = eﬁ, [667618] = @, [667619] = eﬁ,
2 2 2 2 2
e7, e8] = —e3a + el le7, e9] = _ar | tew le7, e10] = 35 teas
) 2 ) 75 €9 2 2 3 75 €10 2 2 y
[66]:% [66]:_@_% teas le13, e16] = 2¢
7, €11 5 7,€12 5 5 5 13, €16 34,
tess tew  tPess tesg
[6’7,6’13] = —e31 — tegy — 9 9 T o9 [677614] =e22 — €43 + 5
e46  teqn e te
le7,€15] = €24 — —> + L [er,e16] = €25 + — + —=,  [es, e11] = ea,
2 2 2 2
teqq
le7,e17] = ear + — leg, e9] = —ea9, [es, e18] = —euo,
€39 tegs
le7, e18] = €28 — 5 le7, e19] = —ea0 — €26 — €40 — teas — D
[68,611] = —2e30, [68,612] = —e€31, [68,615] = —e€3s, [68,617] = —2e39,
[69,610] = €31, [697611] = —€32, [697613] = €34, [69,615} = —€39,
leg, e18] = —ean, [er0,e11] = —2e33, [e10,e12] = —e34, [e10, e14] = €29,
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€10, €15 €30 — €40, [611, 617] = —2ey4, [69, 617] = —2ey1,
e10,e16] = €31,  [e10,€17] = €32 — 2eq2, [e10, 18] = €33 — €us,
e10,e19] = €34, [e11,€e12] = eszs, [e11,e13] = 2e37, [e1r, e15] = —ea,
e11,e18] = —ess, [e12,e13] = —eag — e35 — tesz, [e12,e14] = eao,
e12,e15] = e32 — eq2, [e12,e16] = €33,  [e12,€17] = €35 — 2eus,
€12, €19] = €37, [6137 614] = 2e31, [613, 615] = 2e33 — €43,
= 2e37 + €38 + eqq + teqa, [e13,e19] = —2e29 — 2e35 — 2tess,

le14,e18] = —e39, [e14,e19] = —2e49, [e15,e16] = —e3o,

Il
|
[
0o
®

[ | =

[ ]

[ ]

[ ]

[ | =

le12,e18] = €36 — €46, [€13, €17] = 2e36 — 2e4,
[ | =

[ ] =

[ ]

[ | = —eq1, [e1s,e19] = —2e42, [e16,€17] = ea1, [e16,€10] = —€u3,
[ ]

—€44, [6177619]2—26457 [6187619] —€46-

Other Lie brackets [e;, e;j] are 0. Let V be the based vector space of L? and
n: be the Lie algebra multiplication of L?. Then we can write

N = Mo + tp1
Now we only need to check that ¢; is not a trivial infinitesimal deforma-
tion, (i.e. o1 ¢ B*(L, L) where L = (V,n0)), then we can say L? is not a
46
trivial family. Write no(e;, e) = E ug;es and v1(ei, ej) = Z vjes fori,j =
1 =1
46 If there exists a linear 1 map «:V — V such that 6a = 1, write
a(el) E a;je;j, then we have
j=1
p1(ei ej) = daei, e5)

= no(ei, (e;)) — mo(ej, alei)) — almolei, e;))

46 46 46
= o (ei, Z ajker) — nole;, Z aiker) — Oé(z Ufjek)
k=1 k=1 k=1

46 46
_ s s k
= § E (ajrugy, — Aik U — uijaks)es
s=1 k=1
n
Hence ) (ajjus, — AUy, — ufjaks) =v;; ford,j,s =1,...,46. Then we get

=1
97336 linear equations about 2116 variables a;;. We solve this system of lin-
ear equations with the help of computer and find that they have no solution.
Hence ¢ ¢ B*(L, L) and the family is not trivial.
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3.3. Simple elliptic singularity Esg

The simple elliptic singularity Es is defined by {(#,y,2) e C* | 2® + ¢ +
2?2 = 0}. In [SY], the authors had studied the (u,7)— constant family of Es,
which is given by

Vi = {(z,y,2) € C*| fr = 2% + 4% + 22 + ta'y = 0},

with 4¢3 + 27 # 0. For k = 1, the moduli algebra of V; is given by

AY(V)
= Clavy, 2}/ (fow Lt o 22 O OR \OK Oh Oh Of O

7 o7 0x’ 0x Oy’ Oy Oy’ 0277 0z Oz
=< 1,29,z zy, 22, y% 2>, 2%y, 23y, z*, 2°, 25 >,

with multiplication rules z” = y* = 22 = 23y? = 22 = yz = 0. By calcula-

tion, a basis for L} := L' (V}) (for 4t + 27 # 0 and t # 0), is the following:

0y N YOy 2utd,  Axyt3d,  4x3(—9t% + 2t°)0,
e = _— €y — — —
T T 15 27+ 413 15(27 + 43)
zytdy  2x%yt30, 4y2t19,
e3 = —
s 6 27+ 45 ' 3(27 + 43)’
ot 220,  3aydy | yto: 23420,
1Ty 4 6 6
18zyto, 4:E3t38y 181:2yt8y 12y2t23y
e5 = — eg = — —
T o4 Tt a4y ° 27+ 413 27+ 413"
222ytd,  4x3yt39, 230,  22%yd, n 2zytd,  4y*td,
er = — eg = — —
7 9 81 ' % 3 3 9 9
27y28y 61:2yt28y 23yto,
€9 = 3 - 3 €10 = — )
27 + 4t 27 + 4t 3
3y20,  2*ytd,  ady(—27 — 4t3)0, 223ytd,
el = — + ;o €12 =
2t 3 54 3
2t3y0 3520
e13 = 2%0,, el =20, + xgy =, ers =120, + yt =
2234t0
€16 = Z(?Z, el = $68y, €18 — x58y + %,
3420
€19 = $48y + %, e = 20y, €21 = %0,
22310 3320
€22 = £U58x + %, €23 = 1’43x + yt x, €24 = 20;.
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For k = 2, the moduli algebra of V; is defined by

2 2 .3 .4 .5 .6 .7
A (‘/t) :<17$7y727$ y LT T, T, T, Y,

2 3 4 2 2,3
Y, XY, XY, Y, YT, Y, 2, Yz >

By calculation, a basis for Lie algebra L?(V;) = Der(A2%(V;), A%2(V;)) (4¢3 +
27 #0), is given as:

x0y  2y0y 320, 20y 3y%0,  tz*o,
“A=5 5 50 2T Ty 9
e5 = _w4€)Z B 320y B 3420, = 18tx°0, B 12t%23y0,
2 2t 2t 27 + 4¢3 27+ 443 7
e5 = —20, eg =150, e;= x23a$ + 23:3;83,,
230,  txyd, (27— 4t3)0,
eg — + - ,
2 3 24¢2
54xyd,  12t2230, y?9,  5t%2%0,  xy(81 + 2t3)0,
O orrar  ortar T 3 Touryas T 3er+ad)
_z%9, 15t2%0, ay(—81-—2t3)d,
U= T a4 (2748
1y — _27x2y6x 3 9tm58y N 6t2240, B 6t2m3y8y
27 + 483 27+ 413 27+ 43 2T+ 437
ey —  3a%yd,  45xyd, | 3x%(9+8t°)0,
2t 27+ 43 T 2427 + 413)
B 6tz30, 4t22y0,
R, SN Y RVTER
_ 18tz0,  18txtyo, 12t*2%yd,  4tPz°0,
R Y SUYYE R SRV YRR SRV TERY SRR
e16 = 420n + 18210, 18ta’yd, | 12t°2°yd, 4t3:1:58y,
2T+ 413 2T+ 413 27T+ 43 27T+ 483
5423yd,  36txyd, 12t%2°9, 54
VT or a3 2rras 2myas " (1= 27+4t3)8‘”’
_ 36tz?d, 36tayd, 8t3z°0,  3xy(—27 + 4t3)
T T a3 2743 27443 (2T +4t5) U
5 6
e = 70 | T 0y e1s = 1°0y,

3 2t
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3 5 6 3 6
_2y0y | x°0y  x°(—27 —4t°) 2P0, B
en=—o— + - 512 Oy, en=——, en=yz0,
260, ta®d
eon = 120, ex5 =y°0, Salara ess = 2y°0, + 3 Z,
3260
exr = x4yaz + 5 2. egg = :c7(92, ea9 = Y20y €30 = x20y,
6 5 6
3 x°0y o tx°0, 3x 3
e31 =y 0y — 5 e32 = xY“0y + 3 ess = 2y, + o7
69
es1 =10y, e35=yz0; ess=1x20; ° 5 -,
5
z°t0 320 8
es3g = $y23x + 3 m, €39 =T y8 + ey = 1‘7896.

2t

using same steps as we used in case of LY(E7), we can check that the families
L'(Eg) and L?(Ejy) is non-trivial.

4. Computing the Lie algebras

In this section we shall use the computation of Lie algebra L'(V) ([HYZ2]),
for binomial singularities, which include the simple hypersurface singulari-
ties. As an application, we prove that the simple hypersurface singularities
can be characterized completely by using Lie algebras L(V).

Proposition 4.1. ([HYZ2]) Let (V,0) be a weighted homogeneous fewno-
mial isolated singularity of type A which is defined by f = xi* + x3* (a1 >
2, ag > 2) with weight type (a ,a ;1). Then

)\I(V) | 2a1a2 —3(a1 +a2) +10; a3 >3,a2 >3
| a2 ay > 2,ag = 2.

Proposition 4.2. ([HYZ2]) Let (V,0) be a binomial isolated singularity of
type B whz’ch is defined by [ = x{'xy + x5* (a1 > 1, ag > 2) with weight type
= 1). Then

aiaz’ az

2a1a2 — 2a17 — 3ae +11; a1 > 2,a9 > 3
MV =< 24y +2; a1 >1,a0 =2
4, ar =1,as > 3.

Proposition 4.3. ([HYZ2]) Let (V,0) be a binomial isolated singularity of
type C which is defined by f = x{'wo + x5%x1 (a1 > 1,a9 > 1) with weight
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type
-1 -1
= 4 ;1)
alagfl alagfl
Then
2a1a0 — 2a1 —2a9 +12; a1 > 3,a2 > 3
2a1 + 6; a1 > 2,a9 =2
1 _ 1 ) 1 = 4,02
A (V)_ 4; al 21,@2:1
4; a1 =1,a9 > 2.

In order to prove Theorem [B], we need the following proposition.

Proposition 4.4. The following four cases of Lie algebras L*(V) that aris-
ing from simple hypersurface singularities are not isomorphic:

(1) L'(Ds) 2 L' (Ay),

(2) L'(Es) % L'(D7), L' (Es) % L' (A1), L' (D7) 2 L' (Aw),
(3) L'(Er) 2 L' (Dg), L' (E7) 2 L' (A1), L'(Dg) 2 L*(An1),
(4) L'(Eg) 2 L' (Do), L' (Eg) # L'(Ai3), L' (Do) # L'(A13).

Proof. (1) It is easy to see from Proposition L'(Dg) is a 12-dimensional
complex Lie algebra spanned by following basis:

2 3 4 2 2 3 4
< xlalv 33261, x1$2817 anla 33261, x1827 $1827 l‘leaQ, .%'282, x2827 Jf202, x262 >

Set e1 = x101,- -+ ,e12 = a:%ﬁg. We obtain following multiplication table.
le1, e2] = ea, [e1, e4] = —ey, [e1, €5] = —es, [e1, €6] = €6, [e1, e7] = 2e7,
le1, es] = es, [e2, e6] = €7, [e3,e4] = —es, [e3,e6] = —ea + €3, [e3,e9] = —e3,
leq, e6] = €11, €4, es] = €12, [ea, e9] = —3eu, [e4, e10] = —3es, [e5, €] = €12,
[es, eg] = —4es, [eq, e8] = er, [e6, 9] = €6, [eq, €10] = 2e8, [e7, e9] = e7,
[

eg, €10] = €10, [€9, €11] = 2e11, [eg, €12] = 3e12, [e10, €11] = e12.

The Cartan subalgebra is generated by < eq, eg >. Therefore the rank of
LY(Dg) is 2. It follows from multiplication table the sequence of dimensions
of derived series are {12,10,6,0}. It is easy to see from Proposition
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L'(Ag) is a 12-dimensional complex Lie algebra spanned by following basis:

9 2 3 4 5 6 7 8 9
< 13181,%281,.73182,1’282, x282,x282,x282,x282, mgag,xzaz,w282,$282 > .

Set dy = 2101, -+ ,d12 = 9:882. We obtain following multiplication table.
di,dy) = —da, [d1,d3] = d3, [da, d3] = di2, [d2, ds] = —9da, [d3, ds] = d3,
dy,ds| = ds, [d4, de] = 2ds, [da, d7| = 3d7, [d4, dg] = 4dg, [d4, dg] = 5dy,

10] = 6d10, [d4, d11] = Td11, [da, di2] = 8di2, [ds, ds) = d7, [ds, d7] = 2dg,

ds, dg] = 3dy, [ds, dg] = 4dy0, [ds, d1o] = 5d11, [ds, d11] = 6d12, [de, d7] = dy,
de, dg] = 2d0, [de, dg] = 3d11, [de, d1o) = 4d12, [d7, dg] = di1, [d7, dy] = 2d12.

T E RS
=
&

The Cartan subalgebra is generated by < dy,dy >. Therefore the rank of
L'(Ag) is 2. It follows from multiplication table the sequence of dimensions
of derived series are {12, 10, 6,2, 0}. It should be noted that both Lie algebras
L'(Dg) and L'(Ag) have different sequences of dimensions of derived series.
Therefore we conclude that L!'(Dg) and L'(Ag) are non-isomorphic.

Case (2) It is easy to see from Proposition the L!(Eg) is a 13-
dimensional complex Lie algebra spanned by the following basis:

2 2 2
<$1817 xlala $1$281, 1'1113281, $2817

3 2 2 2 3
$281, 1'182, .1'182, 513282, $2(92, .’L‘lxgag, 3311'262, .%'282 > .

Set e1 = 2101, ,e13 = :E%E)g. We obtain following multiplication table.
le1,ea] = ea,[e1,e5] = —es, [e1, e6] = —es, [€1,€7] = €7, [e1, eg] = 2es,
le1, e11] = e11, [e1, e12] = e12, [e2, e5] = —2ey4, [e2, €7] = €3, [e3, e5] = —es,
[e3, e7] = —ea2 + e11, [e3, €9] = —esles, e10] = —eq, [e3, €11] = ez,
lea, e7] = €12, [eq, e9] = —2ey, [e5, e7] = —2e3 + €11, [e5, e8] = 2e12,
les, e9] = —2es, [es5, €10] = —2eg, [€5, €11] = —2e4 + €13, [es, €7] = —3e4 + €13,
le6, e9] = —3es, [e7, e9] = e7, [e7, e10] = 2e11, [e7, e12] = es, [e7, e13] = ez,
[es, e9] =

8, [€9, €10] = €10, [€9, €12] = €12, [eg, €13] = 2e13, [e10, €11] = —e12.

The Cartan subalgebra is generated by < ey, eg >. Therefore the rank of
LY(Eg) is 2. Tt follows from multiplication table the sequence of dimensions
of derived series are {13,11,8,1,0}.
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It is easy to see from Proposition L'(D7) is a 13-dimensional complex
Lie algebra spanned by following basis:

2 4 5 2
<$1817 561617 xlea]_, $2817 552817 $182, 33132,

2 3 4 5
xl.%'gag, :0282, 1‘282, xzﬁg, .%'2(92, .TU282 > .

dy, dio] = dio, [dy, d11] = 2d11, [dg, d12] = 3di2, [dy, d13] = 4di3,
di0, d11] = di2, [dio, d12] = 2d;3.

Set di = 2101, ,d1g = xgag. We obtain following multiplication table.
[dy,d2] = da, [d1,ds] = —d4,[d1,ds5] = —ds, [d1, ds] = dg, [d1, d7] = 2d7,
[dy,dg] = dg, [da,ds] = d7,[d3,ds] = —d5, [d3, dg] = ds — da, [d3, dg] = —d3,
[y, dg] = di2, [d4, dg] = d13, [d4, dg] = —4dy, [dy, d10] = —4ds5, [d5, d] = d13,
[d5,dy] = —bds, [dg, dg| = d7, [dg, dy| = dg, [dg, d10] = 2ds, [d7, dg] = d7,

[
[

The Cartan subalgebra is generated by < dy, dg >. Therefore the rank of
LY(D7) is 2. It follows from multiplication table, the sequence of dimensions
of derived series are {13,11,6,0}. It is easy to see from Proposition
L'(Ajp) is a 13-dimensional complex Lie algebra spanned by following basis:

10 24 34 A4
<2101, Ty O1,x102, 2202, £502, 502, 502,

xgag, .%'gag, 1‘;82, JI%@Q, xgag, .%'%()82 > .
Set a1 = 2101, ,a13 = x;‘)ag. We obtain following multiplication table.

ai,az) = —ag, |a1,a3] =as, |a2,as] =ais, [a2,a4] = —10ag,
as,aq] = as, [ag,as] = as, |aq,a¢] = 2ag, [a4,a7] = 3az,

ay,ag) = 4dag, las,a9] = bag, [a4,a10] = 6ag, [a4,a11] = Ta1,
as,a12] = 8aiz, [as,a13] = 9a13, las, a6 = a7, [as,a7] = 2as,
as,ag] = 3ag, [as, ag] = 4a10, [as,a10] = 5ai1, |as,a11] = 6aia,
as,a12] = Tais, lae, a7] = a9, |ag,as] = 2a10, |ae,a9] = a1,
ag, a10) = 4a12, [ae, a11] = Sai3, [ar,as] = a1, |ar,ag] = 2a12,
ar,ai0] = 3a13, [ag,ag] = ai3.

[
[
[
[
[
[
[
[

The Cartan subalgebra is generated by < a1,a4 >. Therefore the rank of
LY(Ajyp) is 2. It follows from multiplication table the sequence of dimensions
of derived series are {13,11,7,3,0}. it follows that the Lie algebra L'(D7),
LY(Eg) and L!(Ajg) have different sequence of dimensions of derived series.
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Therefore these three Lie algebras are pairwise non-isomorphic. Similarly we
can prove cases (3) and (4). O

Proof of Theorem

Proof. Tt follows from Proposition the series Ay : {:U’f“ + 23 =0} C
C, k > 1, have following basis of Lie algebra:

LY(Ay) =< 2101; 2109; 2501 ; xézﬁg, 1 <iy < k > . Therefore we get \!(4;) =
k+3 and Cartan subalgebra that arising from L!(Aj) generated by <
1101, 2202 >. Let g(V) be the nilradical of Lie algebra L'(V). For Ay sin-
gularity k£ > 6, we have

g(V) =< 2501, 2100; 25202,2 < g < k > .
By setting e; = xé@l, e =x102, "+ , €511 = xé“@g, we have the following mul-

tiplication table:
Case 1. kiseven and k=2l +4 > 6,1 > 1, then

e1, e2] = exq1,

les, e4] = es5, [e3,e5] = 2eq, [e3,e6) = 3er, -+ ,les,ex] = (K — 3)ext1,
leq, e5] = er, [eq, €] = 2es, [eq,e7] = 3eg, --- ,leq,ex—1] = (K — 5)egt1,
les, es] = eg, [es,e7] = 2e10, [e5, e8] = 3e1r, -+, [es, en—2] = (K — T)egt1,
[es, e7] = e11, [es, es] = 2e12, [e6,e9] = 3e1s, -+, [eq; ex—3] = (b — 9)exy1,

ler 43, €1+4] = €a45.

Case 2. kisodd and k =21+5> 7,1 > 1, then

e1, e2] = epy1,

les, eq] = €5, [es,es5] = 2eq, [e3,e5] = 3er, -+ ,[es,ex] = (K — 3)ext1,
leq, 5] = [ eg] = 2es, [eq,e7] = 3eg, -+ ,les,ek—1] = (K — 5)egt1,
les, e6] = eg, [es,e7] = 2e10, [es,es] = 3er, -+, [es, ex—2] = (K — T)exs1,
les, e7] = ea1, [66768] = 2e12, [e6,e9] = 3e13, -+, [eq; ex—3] = (k — 9)ery1,

le113, e1a] = €2145, [€143; €145] = 2€2116-

The type of Ag(k > 6) singularity =dim g(V')/[g(V), g(V)] = 4.



482 N. Hussain, S. S.-T. Yau, and H. Zuo

It follows from Proposition the series Dy : {#3x9 + 2571 =0} C C?,
k > 4, have following basis of Lie algebra L'(V):

29 . k=39 .
<$1alaxlala$lx28lax2 817

$§_2(91;.%'182;.1‘%62;.%’11’262;.%';282, 1<in<k—2>.

Therefore we get A\'(Dy) = k + 6 and Cartan subalgebra that arising from
LY(Dy,) generated by < w101, 2202 >. The nilradical of Lie algebra of Dy, is
defined by:

g(V) =<a20y; x12900; 257205 2200

$182;$%82;$1$282;xé282,2 <in<k—2>.

By setting e; = :B’gal,eg =x12202,+ ,€ftqs = x§7282. For D, singularity
k > 8, we have the following multiplication table:
Case 1. when k is odd and k =2[ 47,1 > 1, then

le1,e5] = €6, [e2,e3] = —e4, [ea,e5] = —e1 + e, [e3,e5] = epy3,
le3, e7] = exqa, [e3,es] = —(k — 3)es, [eq,e5] = exqa, [e5,e7] = €6,
les, e8] = 2e7, [es,eg] = €10, [es,e10] = 2e11, [es,e11] = 3e1a, -+,
les, ext3] = (k — 5)exta, [eg,e10] = €12, [eg,e11] = 2e13,

eg, e12] = 3e1q, -+, [eg, exta] = (k — T)exta,

[62l+77621+8] = €2]+10, [62l+77€2l+9] = €2]+11-

Case 2. when k is even and k = 21+ 6, [ > 1, then

le1,e5] = eq, [e2,e3] = —eq, [ea,e5] = —e1 +e7, [e3,e5] = epy3,

[e3, e7] = erya,

[es,es] = —(k — 3)eq, [ea,e5)] = exta, le5,€7] = €6, [e5, e8] = 2er,

es, e9] = €10, [es, e10] = 2e11, [es, e11] = 3eia, -+, [es, ext3] = (k — 5)exta,
[

[e2147, €2148] = €21410-

The type of Dy, singularity (for k > 8) =dim g(V')/[g(V), g(V)] = 5. There-
fore when k > 8, then the series Ay and Dy have different type of singularity.



New k-th Yau algebras 483

The type of singularity for Lie algebras L!(Dy), L'(Ds), L*(Dg) and L*(D7)
are 3, 3, 4 and 5 respectively. The type of singularity for Lie algebras L'( A7),
L1(Ag) and L(Ay) are 4. It is easy to see from Propositions [4.1) and [4.2[ the
M (Eg) = 13, \1(E7) = 14, A\ (Eg) = 16 and Cartan subalgebra that arising
from L'(Eg), L'(E7) and L'(Fg) generated by < 10,2202 >. Therefore
in case of Lie algebra L'(V), the simple hypersurface singularities (ADE
singularities) have rank 2. Next we need to distinguish the remaining pairs
which have same rank, same dimensions of Lie algebras and same type of
singularity. It is noted that we only need to treat four cases:

L*(Dg) % L'(Ay),
2. LI(EG) % L'(D7), L'(Eg) 2 L'(Aw), LY(Dr) 2t L*(Aw),
3. LYEq) 2 LY(Dg), L'(E7) 2 L'(Awn), L'(Ds)2 L'(An),
4. LY(Fg) 2 LY(Dy), L'(Eg) % L'(A3), L'(D1o) 22 L'(A13).

It follows from Proposition [£.4] these four cases are non-isomorphic. There-

fore we completely characterized the simple hypersurface singularities by
using Lie algebra L'(V). O
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