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For distinct unitary cuspidal automorphic representations 7 and
7o for GL(2) over a number field F' and any a € R, let S, be the
set of primes v of F for which A\, (v) # €“*\,, (v), where A, (v) is
the Fourier coefficient of 7; at v. In this article, we show that the
lower Dirichlet density of S, is at least %. Moreover, if m; and o
are not twist-equivalent, we show that the lower Dirichlet densities
of S, and N, S, are at least 1—23 and ﬁ, respectively. Furthermore,
for non-twist-equivalent m; and o, if each m; corresponds to a
non-CM newform of weight k; > 2 and with trivial nebentypus, we
obtain various upper bounds for the number of primes p < = such
that Ar, (p)2 = Ar,(p)?. These present refinements of the works of
Murty-Pujahari, Murty-Rajan, Ramakrishnan, and Walji.
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1. Introduction and statement of main results

Let F' be a number field and Ag be its adele ring. Let 71 and 72 be (uni-
tary) cuspidal automorphic representations for GLa(Af). For each i, at any
unramified (finite) prime v of F for m;, we denote the trace of the Langlands
conjugacy class of m; by Ar, (v). There is a question of determining whether
71 and 7o are globally equivalent (i.e. 1 ~ m9) from the local information
on 71 and me. For instance, given the set

Sp = Sp(m1, m2) = {v unramified for both w1 and o | Ax, (v) # Ar,(v)},

what information on Sy would be sufficient for one to determine the global
equivalence of 71 and m? In [II], Jacquet and Shalika showed that if Sy
is finite, then 7 ~ w9 (which is often called the strong multiplicity one
theorem). This was improved by Ramakrishnan [21], who showed that if
So is of density less than %, then m; and my are globally equivalent. By an
example given by Serre [25] (see also [28] Sec. 4.4]), such a bound is attained
by a pair of dihedral automorphic representationsﬂ

Naturally, one may ask if the bound can be improved if dihedral au-
tomorphic representations are excluded. In [28], Walji gave an affirmative
answer by proving that if m; and 7o are distinct and non-dihedral, then
5(Sp) > 1, where §(Sp) denotes the lower Dirichlet density of SOH

The main result of this article is the following generalisation of the work
of Ramakrishnan [21] and Walji [28].

LA cuspidal automorphic representation 7 for GLa(Af) is called dihedral if it
admits a non-trivial self-twist, namely, there is a non-trivial Hecke character y of
F such that 7 ® x ~ 7. Gelbart and Jacquet [7] showed that Ad(w) is cuspidal if 7
is non-dihedral.

2We recall that the lower Dirichlet density §(A) of a subset A of the primes v of

F' is defined by )
8(A) = liminf Lved Nt

s—1+ log(L5)

where Nv is the norm of v.
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Theorem 1.1. Let m; and my be distinct cuspidal automorphic representa-
tions for GLa(AF). Given o € R, let

So = Sa(m1,m2) = {v unramified for both 71 and o | Ar, (v) # €A, (v)},

and let 0(Sq) denote the lower Dirichlet density of So. Then

1

612 cos(2a) if cos(2a) > 0 and cos o > 0;

1 ) .

5(S,) > { TT2esZa)—Seosa if cos(2ar) > 0 and cos a < 0;
B K if cos(2ar) < 0 and cosa > 0;
T if cos(2a) < 0 and cosa < 0.

Moreover, if both w1 and mo are non-dihedral, then

5(Sa) > {mln { 3+4-cos(2a) ? 3+cos(2a) —2k1 cos a } if COS(QO&)
B N e

0;
min {%’ 3—2&} cosoc} Zf COS(2 ) 07

>
<

where k1 is 1 if w1 ~ Mo ® v for some cubic Hecke character v and 0 other-
wise.

Remark. Let n > 3, and let m; and ms be distinct cuspidal automorphic
representations for GL,(Af), satisfying the Ramanujan-Petersson conjec-
ture. It can be shown that §(Sa) > 555. In addition, if both Ad(mr) and
Ad(ms) are cuspidal, then §(S,) > 1. (See the final remark in Section [5| for
more details.) Also, as pointed out by the referee, Walji [30] obtained 6(Sg) >
i ?nd, assuming further that Ad(m) and Ad(mws) are distinct, 0(Sg) >

34+2v2°

We shall note that our interest in this theorem was motivated by the
following theorem of Ramakrishnan [22], Corollary] and [23, Corollary 4.1.3],
which uses the information on Sy NS, to determine whether two given
GL(2)-forms are twist-equivalent.

Theorem 1.2 (Ramakrishnan). Let m and 7 be cuspidal automorphic
representations for GLa(Afp). If m1 and my are with trivial central character,
and

)‘71'1 (1})2 = )\71'2 (U)Q

for all unramified primes (for both 7 and 7a), then 7 and 7o are twist-
equivalent.
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Moreover, if w1 and wy correspond to holomorphic newforms (over Q) of
same weight and with same nebentypus, and

Am (p)z = Am, (p)2

outside a set S of primes p of density less than %8, then w1 and wo are twist-
equivalent. Furthermore, if both w1 and wo are non-dihedral, then one has
the same result assuming only that the density of S is less than 1.

In light of this theorem, one may also ask a question of determining
whether 71 and 7o are twist-equivalent from the information on a single S,.
For av = 0, Walji [28] proved the following theorem.

Theorem 1.3 (Walji). Let m and m be non-twist-equivalent cuspidal
automorphic representations for GLo(Ap) with unitary central characters.
Then

(i) if both w1 and o are dihedral, then §(Sp) > %;
(ii) if exactly one of my and ma is non-dihedral, then 0(Sp) > %;
(iii) 4f both m1 and ma are non-dihedral, then 0(Sp) > %

The second objective of this article is to prove the following “rotation

variant” of the work of Walji, Theorem

Theorem 1.4. Let o € R, and let m; and m be non-twist-equivalent cuspi-
dal automorphic representations for GLa(Afp) with unitary central characters
w1 and ws, respectively. Then

(i) if both m and 7o are dihedral, then §(Sy) > min{dq, 1}, where

#os(m) if cos(2a) > 0 and cosa > 0;
d, = ;+2cos(2i)—4cosa Z:f cos(2a) > 0 and cos o < 0;
7 if cos(2a) <0 and cosa > 0;
—ewa if cos(2a) <0 and cosa < 0;

(ii) if exactly one of w1 and my is non-dihedral, then

5(5.) > | T i cos(20) 2 0;
0(Sa) 2 2 if cos(2a) < 0;
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(iii) if both m1 and my are non-dihedral, then 0(Sq) > m, where Ko
18 1 if w1 = wo and 0 otherwise.
Furthermore, we have the following refinement of Theorem [1.2

Theorem 1.5. Let w1 and mo be non-twist-equivalent cuspidal automorphic
representations for GLa(Ap) with unitary central characters, and let

Sy = Su(m1,m2) = {v unramified for both m and 7 | |Ar, (V)| # [Ary ()]}

Then

1
8

0(Sy) > ﬁ if exactly one of w1 and o is dihedral;

if both m and 7o are dihedral;

710%76 if both w1 and o are non-dihedral.

Consequently, we have the following refined version of [23, Theorem
4.1.2] asserting that if the adjoint lifts of m; and mo agree at almost all
primes, then 7 and w9 are twist-equivalent.

Theorem 1.6. Let m = ®) 71, and T3 = Qlma, be cuspidal automorphic
representations for GLa(Ap) with unitary central characters. If

Ad(m ) ~ Ad(m2)
outside a set of lower Dirichlet density less than ﬁ, then
Ty > ® X
for some idéle class character.

Proof of Theorem[I.6. Toward a contradiction, suppose that 7 and 2 are
not twist-equivalent. By Theorem we know that §(S,) > Tlm' However,
from our assumption of the theorem, it follows that Ayq(r,)(v) = Aad(r,) (V)
outside a set of lower Dirichlet density less than ﬁ. In other words,
the lower Dirichlet density of the set of primes v for which Apq(r,)(v) #
AAd(r,)(v) is less than 5=z. This, together with the fact that [Ar, (v)* =

AAd(r;)(v) + 1 (for unramified v), leads to

1

58 = O({v [ Aaagm) (v) # Asairn) () < 15767

10.76 — —

a contradiction. O
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We also have the following interesting variant.

Theorem 1.7. Let m; and o be non-twist-equivalent cuspidal automorphic
representations for GLo(Ap) with unitary central characters, and let

S* = S*(ﬂ'l,ﬂ'g)
= {v unramified for both 7 and o | |Ar, (0)]* + | Am, (V)] # 2}.

Then

1—18 if m1 and wo are simultaneously dihedral or non-dihedral;
1

i(S%) > {

5 if exactly one of m1 and w3 is dihedral.

—

Remark. (i) As remarked in [23], if 7 and 7y correspond to Hilbert new-
forms, one can establish a version of Theorem by invoking the f-adic
representations associated to m; and 7 as done in [22].

(ii) In the case that m; ~ m9 ® x for some idele class character x, as m X
71~ o W g, [Ar, (0)]? = | Ar, (v)|? for any unramified v, and thus §(S.) = 0.
Hence, to have positive §(Sx) in Theorem the non-twist-equivalence
condition is necessary.

Remark. Our method is an adaption of the work of Walji [28], which subtly
relies on the L-functions associated to 71 and mo. The crucial ingredients are
the automorphy of the adjoint lift from GL(2) to GL(3) (due to Gelbart and
Jacquet [7]) and the functoriality of the tensor product GL(2) x GL(2) —
GL(4) (due to Ramakrishnan [23]). To prove Theorem we will further
require the automorphy of Sym®* 7 and its cuspidality criterion established
by Kim and Shahidi [13], 14].

There are other variants and refinements of the above-mentioned work of
Ramakrishnan [22, 23]. For instance, when 7; is a cuspidal automorphic rep-
resentation corresponding to a non-CM newform in Sp"(I'g(g;)) with trivial
nebentypus for each 7, by Galois-theoretic techniques, Rajan [20], Corollary 1]
showed that if

kp—1 ko—1
lim sup #Hp <z |[An(P)p = =An(p)p = }
T—$00 77(55)

> 0,

then 7; and 79 are twist-equivalent. Also, in [I7], Murty and Pujahari showed

that if
< —
lim sup #{p <z | Ar,(p) = A\, (D)}
T—00 77(55)

> 0,
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then 7 and my are twist-equivalent. In much the same spirit, we have the
following theorem.

Theorem 1.8. Let F be a totally real number field. For each i, let w; be
a cuspidal automorphic representation corresponding to a non-CM Hilbert
newform of weights k; j > 2 (at all infinite primes v; of ') and with trivial
nebentypus. If

< 2 _ 2
a2 LY €7 A (02 = e, (0)%)

>0,
T—00 7TF(CC)

where wp(x) denotes the number of primes v of F' such that Nv < z, then
w1 and wo are twist-equivalent.

It is also worth mentioning that when 7; and 7o correspond to non-CM
newforms or non-dihedral Maafl forms, assuming the generalised Riemann
hypothesis and certain analytic properties for Rankin-Selberg L-functions
of Sym™* m; and Sym™? my, Murty and Rajan [I8] showed that if m; and o
are not twist-equivalent, then

x5/6(log(Nx))1/3

(1.1) #Hp <[ A (p) = An(p)} < (log 2)2/3

for some suitable constant N (depending on 7 and m2). As a consequence, if
the number of primes p < x for which Ay, (p) = Ar, (p) is > 27 for some 6 >
5/6, then m and 7o are twist-equivalent. In light of this and Theorems
and it shall be reasonable to expect that m ~ m ® x for some Dirichlet
character x whenever A, (p)? = Ay,(p)? for certain “thin” sets of primes p
(i.e., sets of zero upper density among all primes). We shall show that such
an expectation holds, unconditionally, in certain instances as follows.

Theorem 1.9. For each i, let w; be a cuspidal automorphic representation
corresponding to a non-CM newform in Sp* (T'o(g;)) with trivial nebentypus.

If
>0

< 0 = A 0)?)
im sup
z—oo m(z)(logloglog z)1*¢/(log log x)1/2

for some € > 0, then m ~ ma ® x for some Dirichlet character x.

Indeed, Theorem follows from the following estimate.
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Theorem 1.10. In the notation of Theorems if there is no Dirichlet
character x such that w1 >~ m ® X, then

log(k1¢1k2g2 loglog x)

vloglog x '

Proof of Theorem[1.9 Suppose that w1 and 7o are not twist-equivalent (i.e.,
there is no Dirichlet character such that m ~ m2 ® x). Theorem implies
that

#{p <@ | A () = Ara ()} < ()

#Hp <o | A ()’ =A@} 1
7(x)(logloglog x)1t¢/(loglog z)1/2 ~ (logloglog z)e

for any € > 0. Taking lim sup,_, ., on both sides, we see that the assumption
leads to 0 < 0, a contradiction. O

Furthermore, assuming the generalised Riemann hypothesis, we have the
following refined version of the above-mentioned works of Murty-Rajan (|L.1])
and Ramakrishnan [22] 23].

Theorem 1.11. In the notation of Theorem assume that w1 and 7o are
not twist-equivalent. If for (m1,mz) € {(n,n —2),(n —2,n),(n —2,n — 2) |
n >3}, L(s,Sym™ m x Sym"™? my) satisfies the generalised Riemann hy-
pothesis, then

2%/ (log(k1q1kagaz)) /3
(log x)2/3

#{p<z|A (p)Q = Am, (p)2} <

Remark. (i) We shall note that in order to prove Theorems and
we invoke the recent work of Newton and Thorne [19] (who proved that all
the symmetric powers of cuspidal automorphic representations correspond-
ing to non-CM newforms are automorphic).

(ii) With a little more effort, it is possible to extend Theorems and
to non-CM Hilbert newforms under the assumption of the automorphy of
the pertinent symmetric powers (and the generalised Riemann hypothesis
for the extension of Theorem by adapting the methods developed in
[27, B1]. However, for the sake of conceptual clarity, we shall not do this
here. Nonetheless, in Section [6] we will develop our argument in the setting
of Hilbert newforms so that the corresponding results can be immediately
derived once an effective version of Proposition is established.

(iii) Similar to [I7] 20] and Theorem [L.2] it is possible to prove a version of

Theorems and by only assuming 7y corresponds to a newform
without CM. We will discuss this in more detail in Section [Tl
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Remark. (i) Our method makes use of the Selberg polynomials (see Sec-
tion [2.4), which is more elementary than the one used by Murty and Rajan
[18] (who invoked the Erdés-Turédn inequality to bound the “discrepancy” of
certain sequences, associated to Ar, (p) and Ar,(p), in terms of exponential
sums). Nonetheless, similar to the argument of [I8], we apply the effective
versions of the joint Sato-Tate distribution established by Thorner [27] and
the author [31].

(ii) Compared to the argument used in [I7], ours is slightly more compli-
cated. Nevertheless, our argument yields better estimates. For instance, un-
der the generalised Riemann hypothesis, using the argument of [I7] would
result in

#p <2 | Ay (0)* = Ay (9)°} Ky @73/ (log )2,
which is not as good as the one given in Theorem

The rest of article is structured as follows. In the next section, we will
discuss Walji’s argument as well as collecting the relevant facts that will be
used later. We will prove Theorems and in Sections [3| (for pairs of
dihedral representations) and 4] (for the remaining cases); we will prove The-
orems [L.5] and [L.7] in Section [5] The proofs of Theorems and
will be given in Section [6] In Section [7] we will discuss how to extend The-
orem [L.8 to the case that one of the newforms is with CM.

2. Preliminaries
2.1. L-functions

We shall begin by reviewing automorphic L-functions, Rankin-Selberg L-
functions, and their properties.

Let F' be a number field, and let @ be a cuspidal automorphic repre-
sentation for GL,(Ar) with unitary central character, where, as later, Ap
denotes the adele ring of F. We define the (incomplete) automorphic L-
function L(s, ) attached to 7 by

L(s,m) = [ [ det(I, — Ay(m)Nv)7",
v
for Me(s) > 1, where the product is over unramified (finite) primes v for m,

and A, () denotes the Langlands conjugacy class of w at v. By the work of
Jacquet and Shalika [10], it is known that L(s, ) is non-vanishing at s = 1
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and with a possible simple pole at s = 1 that only appears if 7 is equivalent
to the trivial idele class character 1 of F'.

Let m and 7’ be cuspidal automorphic representations, with unitary cen-
tral characters, for GLy,(Ar) and GL,,(AF), respectively. We define the (in-
complete) Rankin-Selberg L-function L(s, X 7’) attached to = and " by

L(s,m x ') Hdet nm — (Ay(m) ® AU(W/»NU_S)_lv

for MRe(s) > 1, where the product is over unramified primes v for both 7 and
7', Tt can be shown that L(s, 7 x 7’) extends holomorphically to Re(s) =1
except for a possible simple pole at s = 1 — it that exists only if 7/ ~ 7 ® | -
| where 7 is the dual of 7. Moreover, Shahidi [26] showed that L(s, 7 x 7')
is non-vanishing on MRe(s) > 1.

2.2. GL(2)-forms

We also collect some fact regarding cuspidal automorphic representations
for GLa(A ) that we will make use of repeatedly throughout our discussion.

For any cuspidal automorphic representation 7 for GL2 (A ) with unitary
central character w, by the work of Gelbart-Jacquet [7], the (automorphic)
tensor product 7w X 7 exists as an automorphic representation for GL4(AR)
and satisfies

7 X7~ 18 Ad(n),

where B denotes the (Langlands) isobaric sum, and Ad(r) is an automorphic
representation for GL3(Ap). If 7 is non-dihedral, then Ad(n) is cuspidal.
Also, one knows that Ad(m) satisfies the relation

Ad(m) ~ Sym? 7 @ w™,

where Sym? 7 is the symmetric square of 7. (We shall discuss more properties
of Ad(r) for dihedral representations 7 in Section [3])

Now, let 71 and 73 be cuspidal automorphic representations for GLa (A )
with unitary central characters. Ramakrishnan [23] proved that the tensor
product m X 7o exists as an automorphic representation for GL4(Ar); when
both 7 and 7y are dihedral, one has the following cuspidality criterion of
Ramakrishnan [23]:

m W e is cuspidal if and only if 71 and wo cannot be induced from the
same quadratic extension K of F.
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Lastly, we recall that from the work of Gelbart and Jacquet [7], it follows
that if 1 and 7 are twist-equivalent (i.e., 7 ~ my ® x for some idele class
character x), then

1BAd(m) ~m K7 ~m KTy ~ 18 Ad(ms),

as xx ~ 1, which means that Ad(m;) ~ Ad(m2). Moreover, by [22, Theorem
4.1.2], the conserve is also true. Thus, we have the following twist-equivalence
criterion:

w1 and o are twist-equivalent if and only if Ad(m1) ~ Ad(ms).

2.3. Walji’s strategy [28]

Let F be a number field, and let 71 and w9 be cuspidal automorphic repre-
sentations for GLa(Ap) with (unitary) central characters w; and wa, respec-
tively. As before, for each i, we denote the trace of the Langlands conjugacy
class of m; at unramified v by A, (v). For any o € R, we define

So = Sa(m1,m2) = {v unramified for both 71 and 73 | Ar, (v) # €A, (v)}.

We let 0(S,,) denote the lower Dirichlet density of S, and let xs. denote the
indicator function of S,.

Writing a, = Ay, (v) and b, = Ar,(v), in light of the argument used by
Walji [28] (who considered the case that o = 0), to study the lower bound
of S,, we shall apply the following consequence of the Cauchy-Schwarz in-
equality:

(2.1) Z o — e

zab |2

Z lay — €™y [*xs.. (V)
Nuvs

_ plap |4 é %
< (Shesi (s Ly

v vES,

where, as later, the sums are over unramified primes v for both 71 and .
Recalling that

_1
Q(Soz) = lim inf E’LQINWS’
P e )

to obtain a lower bound for §(S,), we shall analyse the asymptotic be-
haviours of sums in (2.1)) as real s — 17.
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From the identities |a, — €®by|? = aya, — e “ayb, — €®ayb, + byb, and
(2.2) lay — @by |t = a2@2 + e 2202 + e*a2b? + b2b? + 4a,aybyb,
— 267104(112)@”6@ — 2610‘@@&31)@
— 267iaavbvl;g — 2emévbgi)v,
it is not hard to see that to bound the sums in (2.1]) as real s — 17, it suffices
to study the asymptotic behaviours of the Dirichlet series
i =3 pkpl
alanbkby

D(S; i?j? k? l) = NUS

as real s — 1. Indeed, for example,
log(L(s,m B x ma R 7y)) =D(s;1,1,1,1) + O(1),

where the big-O term is contributed by prime powers v* (we note that
Ar, (V%) and A, (vF) can be controlled by the bound established by Blomer
and Brumley [6]), and thus

D(s;1,1,1,1 log(L X 7 X 7
lim (57 ) ): lim Og( (57771 T X T2 7T2))

s—1+ log(i) s—1+ log(ﬁ)

=01,1,1,1,

where 6111,1 denotes the order of the pole of L(s,m K7 x ma K 7o) at
s = 1. Hence, to prove our main result, it is sufficient to bound the orders
of the poles of L-functions involved at s = 1. We shall use this argument
throughout Sections and

To prove Theorem we borrow the following estimates from [28] Sec.
2 and p. 4999].

Proposition 2.1. In the notation as above, let m and mo be distinct. For
0<14,5,k,1<2, let
. D(s;i,7,k,1
0ij k1 = lim (71)
s—1+ log(ﬁ)

If m1 is not dihedral but wo is dihedral, then one has

(2.3)
0 if (i,4,k 1) € {(2,1,0,1),(0,1,2,1), (1,2,1,0), (1,0,1,2)};
s U Gk = (L),
SEEZN 9 if (6,4, k1) € {(2,2,0,0), (2,0,0,2), (0,2,2,0)};
4 if (3,5, k1) = (0,0,2,2).
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If both 1 and my are non-dihedral and non—tetmhedmlﬂ then one has
(2.4)
0 i (4,4,k,0) €{(2,1,0,1),(0,1,2,1),(1,2,1,0),(1,0,1,2)};
6i7j7k7l S 2 Zf (i’j’ k? l) 6 {(17 17 ]" 1)?(2? 27070)?(070? 27 2)7(27070? 2)’
(0,2,2,0)}.

If both m and mwo are non-dihedral, and at least one of w1 and mwo is
tetrahedral, then one has
(2.5)

dijrey =r1 if (i,5,k,1) € {(2,1,0,1),(0,1,2,1),(1,2,1,0),(1,0,1,2)};

0ijkt <2  otherwise,

where K1 18 1 if T ~ my Q@ v for some cubic Hecke character v and 0 other-
wise.
If 71 and my are non-dihedral and non-twist-equivalent, then one has

(2.6)

dijres =0 if (i,5,k1) €{(2,1,0,1),(0,1,2,1),(1,2,1,0),(1,0,1,2)};
Oi kg <1 if (i,4,k, 1) = (1,1,1,1);

Sijkd <2 if (4,5,k,1) € {(2,2,0,0),(0,0,2,2)};

Sigkt = k2 if (1,5,k,1) € {(2,0,0,2),(0,2,2,0)},

where ko s 1 if w1 = wo and 0 otherwise.

Remark. Let 7 and 7’ be cuspidal automorphic representations, with uni-
tary central characters, for GL,(Ar) and GL,,(AF), respectively. By the
theory of Rankin-Selberg L-functions, we know that the poles of L(s, 7 x 7)
and L(s,7 X 7') at s = 1 must have the same order. Consequently, the poles
of D(s;2,0,0,2) and D(s;0,2,2,0) at s = 1 are of the same order, and thus
(52,07072 = 5072,270. Similarly, (527170,1 = 51,27170 and (50717271 = 51,07172. ‘We shall use
this fact throughout our discussion.

2.4. Joint Sato-Tate distribution and Selberg polynomials
To adapt the strategies developed in Murty-Pujahari [17] and Murty-Rajan

[18], we shall recall the joint Sato-Tate distribution and some basic properties
of Selberg polynomials.

3A cuspidal automorphic representation 7 for GLo(Ar) is called tetrahedral if it
is non-dihedral and its symmetric square Sym? 7 admits a non-trivial self-twist by
a (cubic) Hecke character.
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Let F' be a totally real number field. For each i, let m; be a cuspidal
automorphic representation corresponding to a non-CM Hilbert newform of
weights k; ; > 2 (at all infinite primes v; of F') and with trivial nebentypus.
For each i, we write

Ar, (V) = 2cos b,

for some 6; ,, € [0, 7]. (Recall that by the work of Blasius [5], the Ramanujan-
Petersson conjecture holds for each 7;.)

We recall that the n-th Chebyshev polynomial Uy, (z) (of the second
type) is defined by

sin((n + 1)6)
sin ¢ '

Un(cosf) =

(Note that Up(cosf) = 1 and Uy (cosf) = 2cosf.)

We will require the following version of the joint Sato-Tate distribution,
which is a consequence of the work of Barnet-Lamb et al. [2, B] (see [31]
Theorem 1.1 and Sec. 3] for more details).

Proposition 2.2 (Barnet-Lamb et al.). In the notation as above, for
any mi,my € N, one has

Z Up, (€08 01 4)Up,, (cos 02 ) = o(mp(x)),

Nv<zx

where Tp(x) denotes the number of primes v of F' such that Nv < z.

We shall further require the following effective versions of the joint
Sato-Tate distribution, proved by Thorner [27, Proposition 2.2] and the au-
thor [31].

Proposition 2.3 (Thorner). For each i, let m; be a cuspidal automor-
phic representation corresponding to a non-CM newform in Sp*™(To(g:))
with trivial nebentypus. Assume that all the symmetric powers Sym™* mq
and Sym™? 7y are automorphic. Then there exist positive constants ci, ca,
cs, ¢4 and cs such that for any

1 <my,mg < M < c1+/loglog x/log(kiq1kags loglog ),
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one has

—cologx )

Z Unn, (€08 01 ) Upn, (cos B2 ) < (x) exp <(k1q1 koo M )M

p<z

—cslogx ) +exp<_c5\/@>).

2(, o
() mma)? (¢ oo (ot M

Proposition 2.4. [31, p. 287] In the notation of Proposition assume
that the symmetric powers Sym™ w1 and Sym™? wo are automorphic. If the
Rankin-Selberg L-function L(s,Sym™ m x Sym" 7y) satisfies the gener-
alised Riemann hypothesis, then

ZUml (co8 01.p)Upn, (cos 0 ,) < mymaz/? log((k1qikagz)(m1 4+ ma)z).
p<z

Remark. We shall note that the automorphy assumption of Sym™ 7; and
Sym™2 9 in Propositions [2.3]and can be removed by invoking the recent
work of Newton and Thorne [19].

To end this section, we review some basic properties of Selberg polynomi-
als. We begin by recalling that for any integer M > 1, the Vaaler polynomial
V() is defined by

1 — k 1 k
vMu)—MH;(MH = 5) B (o= o)
1 1
———sin(27(M + 1)) — —A in(2
T o g 1) SR@r M+ 1)a) = 5n A (@) sin(2ma),

where Ap/(z) = ﬁ(%ﬂ is the Fejér kernel (see, e.g., [I5, Sec. 1.2,

Eq. (16) and (17)]). Following [15, Sec. 1.2, Eq. (211)], for any subinterval
J =10,0] € [0,1] and integer M > 1, we define the Selberg polynomial

(2.7) SIM(x) =0+ By(x —0) + By (—x),
where B/ () is the Beurling polynomial as defined in [I5] Sec. 1.2, Eq. (20)],

namely,

BM(w):VM(ZL')+2 !

mA]\/]_ﬁJ(I’).

We recall that
XJ(x) < S}:M(x)v
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where x; is the indicator function of J. (In what follows, we shall regard
both ST ,,(x) and xs(x) as functions of period 1 defined over R.) Moreover,
writing the Fourier expansion of ST, (z) as

S}-M Z S 27r7,n:c

n=—oo

we know that

SjM() 5—|-M+1 if n=0;
0 if [n| > M;

also, for 1 < |n| < M,

N 1 1
g+ < i {5 —}
| J,M(n)| = M + 1 + min ) ﬂ_’n’

(see [15, pp. 6-8]). From the definition of Fourier transform, it follows di-
rectly that

STa(n) + ST, (—n) = 2Re(S} (),
and thus

SIM(QJ) + S:}:M(—l’) =20 +

+2 Z SJM n) cos(2mnx)
O<\n\<M

=25 +

M1 + 4; %Q(SjM(n)) cos(2mnz).
To summarise, we have the following proposition.

Proposition 2.5. In the notation as above, for any subinterval J = [0, ] C
[0,1] and integer M > 1, one has

10) = 5 (v (57) + (- 37)

1 &t
<0+ Ml —i-QZD‘{e(SJ,M(n))COS(nH),

where for 1 <n < M,

N 1 1
+ < : o
[9e(S7 5 ()] < 3777 +min {5, — }
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3. Proofs of Theorems and [1.4], part I: both m; and 7
are dihedral

In this section, we shall prove Theorems and for the case that both
w1 and 7o are dihedral. We will emphasise the case that w1 and mo are
twist-equivalent. (The case that = 0 was not treated in [2§] as the bound
established by Ramakrishnan [21] is already sharp.)

Recall that every dihedral cuspidal automorphic representation 7 for
GL2(AF) can be induced from a Hecke character ¢ of K for some quadratic
extension K of F. For such an instance, we shall write 7 = I£(1). Following
Walji [28] p. 4995], we say that a dihedral cuspidal automorphic representa-
tion 7 for GLa(Ar) has property P if 7 = I£ (1)), and the Hecke character
Y /4¢7 is invariant under 7, the non-trivial element of Gal(K/F). We also
recall that m; X w9 is cuspidal if and only if 71 and 7 cannot be induced
from the same quadratic extension of F'.

In this section, we let m; and me be dihedral cuspidal automorphic rep-
resentations for GLy(Ar) induced from v and p of quadratic extensions K
and K> of F', respectively. In addition, we let y; be the Hecke character asso-
ciated to K;/F and let 7; be the non-trivial element of Gal(K;/F'). Besides,
if 71 and 79 can be induced from the same quadratic extension K of F', then
we shall choose K1 = K9 = K and define x = x1 = x2 and 7 = 71 = 7».

We shall argue according to whether m; has property P for each i.

3.1. Exactly one of w1 and w2 has property P

Assume that exactly one of the dihedral automorphic representations 7
and 7o satisfies property P. Without loss of generality, we consider the case
that m; = IE(v) has property P (i.e., (v/v™)™ = v/v™, where 7 is the non-
trivial element of Gal(K;/F)).

3.1.1. w1 and w2 cannot be induced from the same quadratic ex-

tension of F'. We first consider that case that m; and w9 cannot be induced

from the same quadratic extension of F. (This case was not discussed in [28]

p. 4998]. Nonetheless, the bound for this case is better than the one for the

case that m; and 79 can be induced from the same quadratic extension.)
Since m; has property P, we have

(3.1) mEm ~18x Br/v™ B (v/v™)x,
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where x; is the Hecke character associated to Ki/F. Also, as m X ~
1 B Ad(m), we see that

(3.2) Ad(my) ~x1 Br/v™ B (v/v™)x:1.
On the other hand, since mo does not have property P,
(3.3) T R 7o ~ 1B xo BIE (u/u™),

where xo is the Hecke character associated to Ky/F, and If (p/p™) is
cuspidal. Thus,

(3.4) Ad(mg) ~ xo B If, (11/p™).

Since each Ad(m;) is self-dual, we know that L(s,Ad(m;) x Ad(m)) has a
pole of order three at s =1 and that L(s, Ad(my) x Ad(ms)) has a pole of
order two at s = 1. (Note that v/v™ % x1; otherwise, m; ~ v B vy, which
contradicts to the cuspidality of m.) Moreover, in this case, m X my is cus-
pidal. Thus, from the identity

L(S, (1 H Ad(ﬂ'l)) X (1 H Ad(ﬂ'g))) = L(S,ﬂ'l X1 X m X 77'2)

= L(S,T(‘l X1y X T &77‘2),
we see that L(s, Ad(m1) x Ad(my)) is holomorphic at s = 1.

Since the Ramanujan-Petersson conjecture holds for 7 and 7y (as they
are dihedral), we have |\, (v)|? < 4. Recalling that for each 1,

(3.5) Md(r) (v) = [Ar, (0)F = 1,

we derive

Aadm) (V) = Aadem) (0)] = 1A, (0)F = 1 = Ay (0)]* + 1] < 4

and thus
Z [Aad(r) (V) = Aad(r,) Z [Aad(r) (V) = Aad(m) (0)]*xaa(v)
Nuovs a Novs
(3.6)

1
<16 ),

VESAa
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where

(3.7) Sad = Saa(m,m2)
= {v unramified for both m and 72 [ Ayq(r,) (V) # Aad(m,) (V) }-

Note that as each Ad(m;) is self-dual, for any unramified v, [Aaq(r,)(v) —
Aad(m) (0)[? is equal to

AAd(m) xAd(m) (V) = 2Xad(m) x Ad(m) (V) + Aad(ms) x Ad () (V)

Now, dividing both sides of (3.6) by log(ﬁ) and making real s — 17T,
we deduce that 5 = 3 + 2 < 16 6(Saq)- By (3.5), we know that if Ayg(r,)(v) #
AAd(m,) (V), then [Ar, (v)| # |[Ar,(v)]. Thus, for any o, Saq € Sa, and we ob-
tain

5
— < < .
16 = Q(SAd) s é(sa)

3.1.2. m; and 72 can be induced from the same quadratic extension
of F. Suppose that m; and 7w can be induced from the same quadratic
extension K of F'. As argued in [28] p. 4998], for any prime w of K, we have
v(w) = £v7(w), and thus for any prime v of F, [ Az, (v)| = [A;r () (v)| equals
either 0 or 2.

Write my = I5 (1) as before. As (u/u™)™ # p/p™, u?/(u™)? is non-trivial,
and thus there is a set S of density 1/4 consisting of primes v of F' that split
in K such that y?/(u7)%(w) # 1 for w | v. Hence, if w | v for some v € S, then
p(w) # 7 (w), which implies that [Ar,(v)| = [A7r(,)(v)] is not equal to 0
nor 2. Therefore, for any v € S, [Ar, (v)| # [Ar, (v)| and thus [Ayqer,)(v)] #
[AAd(m,) ()] for any v € S. In particular, for any v € S and any « € R,

)‘71'1 (’U) 7& eia)‘ﬂ'z (/U)

From the above discussion, we see that

whenever exactly one of w1 and 7o satisfies property P.

Remark. If we argue as in the previous section, as L(s, Ad(m) x Ad(m2))
has a pole of order one at s = 1, we will have a slightly weaker lower bound:

3-2+2 3

> —
0(Sad) > 6 6
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for the case that m; and w9 can be induced from the same quadratic extension
of F.

3.2. Both m; and 72 do not have property P

3.2.1. m; and 7 are twist-equivalent. Assume that both 7 and o
do not have property P and that m; and w9 are twist-equivalent. Note that

(3.8) m R~ 18y BIE (v/v™),

where 1 is the quadratic Hecke character associated to K1/F, and I (v/v™)
is cuspidal. From (3.8]), it follows that

L<8,7T1 X T X m |Z7_Tl)
= L(s, (18 x BHIIF(I(I//I/TI)) x (18 x1 BHIIF(l(y/VTl)))

has a pole of order three at s = 1. Also, as Ad(m1) ~ Ad(mg), mo X 7y ~
w1 X 71, and thus

L(8,7T2®7_T2 X7T2®7_T2) :L(S,Wlﬁﬁ'l XWQ&’Z_TQ) :L(S,ngﬁ'l X 71 &7?1)

has a pole of order three at s = 1.
Now, we consider the L-function L(s,m K m x 71 X 72). Writing g ~
m1 ® x for some (non-trivial) idele class character x, we deduce

L(s,m Wm x 7 Kmg) = L(s,m ¥ xm X (7 ® X))
= L(s,(1Bx1 BIg, (v/v™)) x (YBxixBIg, (v/v™) @ X))

has a pole of order at most three at s = 1. Similarly, L(s,m K7 X o X
7o) = L(s,m 7 x 71 X (71 ® ¥?)) has a pole of order at most three at
s=1.

As 9; 11 < 3 for all cases, we derive

(3 +6cos(2a) +3+12)6(Sq) if cos(2a)) > 0 and cos v > 0;
92 < (3+6cos(2a) + 3+ 12 — 24 cosa) 8(S,) if cos(2a) > 0 and cos o < 0;
(3+3+12)6(Sy) if cos(2a) < 0 and cosa > 0;
(34+3+4+12—24cosa) §(Sq) if cos(2a)) < 0 and cosa < 0.

3.2.2. w1 and w2 are not twist-equivalent. Now, we consider the sit-
uation that m; and w9 do not have property P, and m; and o are not
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twist-equivalent. Similar to (3.4]), by (3.8), we have
(3.9) Ad(m) ~ x1 BIE (v/v™).

Recalling that I f;l(u/ v™) and I }122 (u/p™) are cuspidal, we note that as
Ad(m) # Ad(m2) and Ad(me) is self-dual, Ad(7;) % Ad(mz) and thus either
X2 % X1 or I}g(u/,uﬁ) %~ I}?I(y/zfl). Hence, by (3.4) and (3.9)), we see that

L(s,Ad(m) x Ad(m2)) = L(s, (x1 B I, (v/v™)) x (x2 B Ig, (/1))

has a pole of order at most one at s = 1. Also, from (3.4]) and (3.9)), it follows
immediately that for each i, L(s, Ad(m;) x Ad(m;)) = L(s, Ad(m;) x Ad(m;))
has a pole of order two at s = 1. Therefore, by the estimate (3.6|), we obtain

2=2-2+2<165(Saq),

where Spq is defined as in (3.7)). Since for any «, Saq C S, we obtain

< (Sad) < (Sa)-

This can be further improved for S, by Walji’s argument. It was shown
in [28, pp. 4995-4996] that

1 if (4,5, k1) € {(2,1,0,1),(0,1,2,1),(1,2,1,0),(1,0,1,2)};
Oijka < <2 if (4,4,k,1) € {(1,1,1,1),(2,0,0,2),(0,2,2,0) };
3 if (4,7,k,1) € {(2,2,0,0),(0,0,2,2)}.

Hence, we have

(34 4cos(2a) +3+8)0(Sa) if cos(2a)) > 0 and cosa > 0;

92 < (34 4cos(2a) +3+8 —8cos) 0(Sq) if cos(2a)) > 0 and cosa < 0;
T 1 B+3+8)d(Sa) if cos(2a)) < 0 and cosa > 0;
(34+3+8—8cosa)d(Sa) if cos(2a)) < 0 and cosa < 0.

Thus, for any a € R, §(S,) > & (which is > £). (We note that although our
method gives a worse bound than the one given by Walji’s argument, it will
be useful in Section )
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3.3. Both m; and w2 have property P

3.3.1. w1 and w9 are twist-equivalent. We move on to the case of
twist-equivalent m; and 7o that satisfy property P. We recall that in Sec-

tion we showed that
1BAd(m) omKm ~ 18y Br/v" R (v/v™)xa
and that L(s, Ad(m;) x Ad(m)) has a pole of order three at s = 1. Thus,
L(s,m B 7, x m W 7)) = L(s,1)L(s, Ad(m1))2L(s, Ad(m) x Ad(m1))

has a pole of order four at s = 1. Since m ~ 7 ® x for some (non-trivial)
Hecke character, we know that

L(S,ﬂ'l&ﬁ'l Xﬂlgﬁ'l) :L(S,ﬂ'lgﬁ'l ><7T2|X77'2) :L(S,Trggﬁ'g Xﬂggﬁ'g)

and thus 5i,j,k,l =4if (’i,j,k,l) S {(1, 1,1, 1), (2, 2,0,0), (0,0, 2,2)}.
Moreover, L(S,?Tl X 11 X 7o &7_1'2) = L(S,Wl X (7_T1 ®)Z) x m1 X (’/'_1'1 ®)_())
equals

L(s,(xBxix 8B w/v™)x B (v/v™)xi1X)
x (XHxax 8 (v/vT)x B (v/v™)xiX)),
which has a pole of order at most four at s = 1 (note that x, x1x, (v/v™)x,

and (v/v™)x1x are pairwise distinct). Similarly, we know that L(s,m X
m X 1 X 7e) = L(s,m X1 x m X (7 ® X)) is equal to

L(s, 1B x1 Br/v™ B (v/v™)x1) x (xBxax B (v/v™)x B (v/v™)x1X)),

which has a pole of order at most four at s = 1.
By the above discussion, d; ;1 < 4 for all cases, and thus

(4 + 8cos(2a) + 4+ 16) 6(Sa) if cos(2a)) > 0 and cos o > 0;

92 < (4+8cos(2a) +4+ 16 — 32cos ) §(Sy) if cos(2a) > 0 and cos o < 0;
T | (44+4416)6(Sa) if cos(2a) < 0 and cosa > 0;
(4+4+16—32cos) §(Sa) if cos(2a) < 0 and cosa < 0.

It is evident that it gives a worse lower bound for §(S,) than most cases
given in Section (except for Section where % appears).
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3.3.2. w1 and w5 are not twist-equivalent. To end this section, we
analyse the case of non-twist-equivalent m; and my that satisfy property P.
We first recall that by [28, Lemma 6], Walji showed that both L(s, Ad(m) X
Ad(m)) and L(s,Ad(m2) x Ad(ms)) have a pole of order three at s = 1; also,
if m; and 79 can be induced from K/F, L(s,Ad(m) x Ad(m2)) have a pole
of order one at s = 1.

In addition, if 71 and 7o cannot be induced from the same quadratic
extension, then 71 X 79 and 7 X 79 are cuspidal. So L(s, m X my x 7 X 79)
has a pole of order one at s = 1. As argued in Section [3.1.T] we deduce that
L(s,Ad(m1) x Ad(m2)) is holomorphic at s = 1. (We note that this case was
not discussed in [28, pp. 4997-4998].)

Hence, from , it follows that if 71 and 7y are induced from the same
quadratic extension of F

3—24+3 1
P ——
Q(SAd) = 16 47

where Spq is defined as in (3.7)); otherwise,

3+3

> 20
0(Saq) > 16

3
5
In particular, for any «, as Saq C Sq, (Sa) > %.

4. Proofs of Theorems and [1.4], part II: at least one of m;
and 7, is non-dihedral

In this section, we shall complete the proofs of Theorems and [L.4] by
analysing the case that at least one of 71 and w9 is non-dihedral.

4.1. Exactly one of w1 and w3 is dihedral

If 71 is not dihedral but 7y is dihedral, then using (2.3) and the fact that
02,0,0,2 = 00,2,2,0 and arguing similarly as before, we obtain

22 < (2 + 252’0,072 COS(20¢) +4+ 4) Q(Sa)

< (10 +4cos(2a)) 0(Sqa)  if cos(2a)) > 0;
~ 1100(Sa) if cos(2a) <0,
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and thus

2 if cos(2a)

5(Sa) > { 5+2 cos(2a) 0;
B N 0.

>
2 if cos(2ar) <

(By the symmetry, the bound also holds if 71 is dihedral and 79 is not
dihedral.)

4.2. Both m; and 73 are non-dihedral

4.2.1. Both w; and w2 are non-tetrahedral. If both m; and m are
non-tetrahedral, from (2.4]), we see that

22 < (24 202,002 cos(2a) + 2+ 8) 6(Sq)

and hence

5(Sa) > {3+cols(2a) if COS( )

1 if cos(2a)

> (;
} <.

4.2.2. At least one of w1 and s is tetrahedral. If at least one of m
and 7o is tetrahedral, then applying (2.5)), we have
22 < (24202002 cos(2a) + 2+ 8 — 8k cosa) §(Sa)

< {(12 + 4 cos(2a) — 8k cosa) 0(Sy)  if cos(2a)

>0
(12 — 8r1cosa) 0(Sq) if cos(2a) < 0.

Comparing this with the previous case, we complete the proof for the second
part of Theorem

4.2.3. m; and 72 are not twist-equivalent. If m; and 7o are not twist-
equivalent, then from (2.6)), it follows that

22 < (24 2k3cos(2a) + 2 +4) §(Sa) < (8 4 2k2 cos(2a)) 6(Sa)

and thus

2
> -
A(Sa) = 4 + kg cos(2a)’

which completes the proof of Theorem O
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5. Proofs of Theorems [1.5] and

In this section, we shall prove Theorems and Since the proof of
Theorem [I.7]follows the same line, we shall focus on the proof of Theorem [I.5]
and then discuss how to modify it to prove Theorem at the end of this
section.

Our key observation is that Saq and

Si = Su(m1,m2) = {v unramified for both 71 and 72 | |Ar, (V)| # |Ar,(v)|}

are exactly the same (which follows from the identity that |\, (v)|? =
Amox7; (V) = Aad(r,)(v) + 1 for unramified v). As the case that both m; and
mo are dihedral is already proved in Section [3] we shall only consider the
situation that at least one of m; and 7o is non-dihedral.

We shall require the following proposition, which is a consequence of
the work of Kim and Shahidi [I4], concerning the orders of poles of certain
L-functions at s = 1.

Proposition 5.1. Let w, 1, and mo be non-dihedral cuspidal automorphic
representations for GLo(Ap) with unitary central characters w, wi, and wa,
respectively. Suppose that m1 and my are not twist-equivalent. Then we have
(5.1)
7 if m is tetrahedral;
—ords—1 L(s, I x II x IT x IT) = ¢ 4 if 7 is octahedral;

3 if ™ is not solvable polyhedral,
where II = Ad(ﬂ)ﬁ Also, if w1 is not solvable polyhedral, then we have

1 s tetrahedral;
(5.2)  —ords_y L(s,IT; x IT; x Iy x IIy) < if mz is tetrahedral,
2 otherwise,

where I1; = Ad(m;) for each i.

Proof. We first note that II and II; are self-dual cuspidal representations for
GL3(AF). As a consequence of Clebsch-Gordon decomposition (see, e.g, [29]

4A cuspidal automorphic representation 7 for GLy(Af) is called octahedral if it
is non-dihedral and non-tetrahedral, and Sym® = admits a non-trivial self-twist by
a Hecke character; 7 is called solvable polyhedral if it is either dihedral, tetrahedral,
or octahedral.
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Lemma 3.3]), it is known that
Ad(IT) ~ Ad(7) B Sym* 7 @ w™2,

where by [12], Sym* 7 is automorphic. We note that 1 will never appear in
the isobaric sum of Ad(II) = Ad(Ad(n)). Indeed, by the identity

L(s, 11 x IT) = L(s,1)L(s, Ad(II))

and the fact that II = Ad(w) is cuspidal, the theory of Rankin-Selberg L-
functions yields that

1 = —ords—1 L(s,II x IT) = 1 — ords—1 L(s, Ad(II)),

and so L(s, Ad(II)) is holomorphic at s = 1.
Moreover, we recall the cuspidality criteria established by Kim and
Shahidi [I4] Sec 3.2 and Theorem 3.3.7]:

(i) if 7 is tetrahedral, one has
Symir @w 2 ~ B2 BSym? T @ w ! ~ B p? B Ad(n),
where p is a (cubic) Hecke character such that Ad(r) ® p ~ Ad(w);
(ii) if 7 is octahedral, one has
Sym*r ®@w™? ~ o BAd(T) @1

for some dihedral representation o and (quadratic) Hecke character #;

(iii) if 7 is not solvable polyhedral, then Sym®*r is cuspidal (and so is
Sym* 71 ® w2).

To prove (5.1)), we use the following decomposition of L-functions:
L(s, T x II x IT x IT) = L(s, I)L(S,Ad(H))QL(S, Ad(IT) x Ad(II)),

where L(s, Ad(II)) has no pole at s = 1, and

L(s, Ad(IT) x Ad(II))
= L(s, (Ad(7) B Sym* 7 ® w™?) x (Ad(7) B Sym? 7 @ w™?)).

Now, (5.1]) follows from the above-mentioned cuspidality criteria of Kim and
Shahidi and the theory of Rankin-Selberg L-functions.
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Similarly, we have

L(S,Hl X H1 X HQ X Hg)
= L(s,1)L(s, Ad(IL;)) L(s, Ad(IIs))L(s, Ad(IL;) x Ad(ILs)),

where each L(s, Ad(Il;)) has no pole at s = 1, and

L(s,Ad(IT;) x Ad(IIy))
= L(s, (Ad(m) BSym? 71 @ w?) x (Ad(ms) B Sym? m @ wy?)).

For non-dihedral 71, we have

1 if mg is octahedral;
—ords—1 L(s, Ad(m) x Sym* 19 ® w; ?) < e 1S_OC anedrab
0 otherwise

(here we do not assume that 71 is not solvable polyhedral). Moreover, if my
is not solvable polyhedral, then

— ords—1 L(s, Sym* 7 ® wl_z x Sym* 7y ® w2_2)
< {1 if 7o is not solvable polyhedral;

0 otherwise.

Putting everything together, we obtain (5.2)). O
5.1. Exactly one of w1 and w3 is dihedral

Suppose that 7; is non-dihedral and 7y is dihedral. As Ad(m;) is cuspidal and
Ad(mg) is not cuspidal, L(s, Ad(m1) x Ad(m1)) has a simple pole at s =1,
and L(s, Ad(m1) x Ad(m2)) is holomorphic at s = 1. Also, by and (3.4),
we know that L(s, Ad(m2) x Ad(72)) has a pole of order at least two at s = 1.
Now, as argued in Section (see, especially, (3.6])), if the Ramanujan-
Petersson conjecture holds for 71, then we have

1+2 3

0(S«) =129 > —=—

As the Ramanujan-Petersson conjecture holds for solvable polyhedral
representations (see, e.g., [29, Sec. 6]), it remains to discuss the case that
71 is not solvable polyhedral. To do so, we shall apply the Cauchy-Schwarz

inequality as follows. Note that as the Ramanujan-Petersson conjecture is
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valid for 72 (and thus [Aaq(r,)(v)| < 3), applying the Cauchy-Schwarz in-
equality, we have

Aadm) (V) = Aadgm) (@)1 < 203 ad(m) (0)17 + Aadr) (0))
< 2|/\Ad(m)(v)|2 + 18.

Hence, as Saq = S«, we have

[ Aad(m) (V) = Aad(m) (V) [2Xs 04 (V)

v

<2Z|Adm )|X$ +182NUS

Applying the Cauchy-Schwarz inequality again and using “positivity” as in
[29, Eq. (2.2)], we can bound the first sum on the right of (5.3)) as

v)|? v ) (v 41 :
T ’)‘Ad(m)](vzl Xs. (v) <Z |/\Ad](\]q;)8( )l > (Z vas)

v v veES

IN

1

<log(L(s,H1 x Iy x TT x Hl)))§< 3 vas)g,

VES.

IN

where IT; = Ad(7). Therefore, arguing similarly as in Section by (5.1),

we obtain
3<2-376(S.)7 + 184(S.).

A numerical calculation then yields

2

5 1
) > — — —— >0.1044... > —.
2Sx) 2 27 o4 0-10 ~ 9.58

5.2. Both m; and 73 are non-dihedral
We start with noting that if both 7; and 79 are non-dihedral, then Ad(m;)

and Ad(mq) are cuspidal and thus each L(s, Ad(m;) x Ad(m;)) has a simple
pole at s = 1. Also, as 71 and 7y are non-twist-equivalent, Ad(7;) % Ad(ms),
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L(s, Ad(m1) x Ad(mg)) is holomorphic at s = 1. As argued previously, assum-
ing the Ramanujan-Petersson conjecture (for both 7; and m2), we obtain

1

2
0(S4) =9(Saq) > — .
(S0 = 8(Sna) = 15 = 5
In the case that the Ramanujan-Petersson conjecture is unknown, we
shall modify Walji’s strategy, discussed in Section [2.3] to prove:

Theorem 5.2. Let w1 and mo be a non-dihedral cuspidal automorphic rep-
resentation for GLo(Ap) with unitary central characters. Suppose, further,
that 1 and wo are not twist-equivalent. If w1 is not solvable polyhedral, then

1007 f m2 is tetrahedral;
8(8+) > < 155 if m2 is octahedral;
39 if w9 is not solvable polyhedral.

Proof. We first remark that when at least one of 71 and w9 is not solvable
polyhedral, the information on at least one of L(s,II; x IT; x II; x II) and
L(s,II; x IIg x Iy x II3) at s = 1 seems unavailable at present. Therefore,
instead of using an estimate similar to directly, we shall require a
modification.

From the inequality

Aad(m) (V) = Aad(m) (V)2
< [Aad(r) () + 2 8d(m) (V) Aad(re) ()] + [Aad(ey) ()

and the Cauchy-Schwarz inequality, it follows that

5 [Xad(r) () = Aad(m) (V)P X500 (V)
Nwvs

v

< ((ZPHE) (T P) + (2 P5h))
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where, as before, II; = Ad(m;). From Proposition arguing similarly as
before, we derive

4 > _1
Va2V = 1017

8(S4) = 0(Saq) > (\/§+2j§+ﬂ)2 > == if o is octahedral;

if 7y is tetrahedral;

m > 9%9 if o is not solvable polyhedral.

Herein, we conclude the proof. [l

5.3. Proof of Theorem
To prove Theorem we consider the set

Siaq = Saqlm,m)
= {v unramified for both 7 and 2 | Apd(m,)(v) # —Aad(m) (V) }

and the sum
Z ‘)‘Ad(m)(v) + AAd(Wz)(”)PXSZd (U>
Nvs ’

v

where Xss, is the indicator function of S ;. Note that the Ramanujan-
Petersson conjecture gives

[Aad(r) (V) + Aad(m) (V) < (34 3)% < 36.

Processing a similar argument as in the previous sections (including Sec-
tion |3) then results in

% if w1 and 7o are simultaneously dihedral or non-dihedral;

9(Sha) 2 { 1

75 if exactly one of w1 and 7o is dihedral.

Finally, observing that
Ad(m) (V) + Aad(m) (V) = [Ar, (0)]2 + [Ar, (0)]2 = 2,
we completes the proof of Theorem O

Remark. Although it seems that one would obtain a better bound for
4(8*) in the simultaneously non-dihedral case than the simultaneously di-
hedral case by applying the argument used in Section [5.2] it is not always
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the case. Indeed, if both 7y and 7y are tetrahedral, L(s,II; x Iy x Iy x IIg)
may admit a pole of order three at s = 1, where II; = Ad(m;). This results
in 6(S*) =0(Sxy) = (\ﬁ+2§+ﬁ)2 R 31%88. Nonetheless, if m; is not solvable

polyhedral (regardless of that 7o is non-dihedral or not), arguing as in Sec-

tions and one can obtain §(S*) = 6(Syy) = T%'

Remark. Let n > 3, and let m; and w5 be distinct cuspidal automorphic
representations for GL,(Af), satisfying the Ramanujan-Petersson conjec-
ture, such that Ad(m;) and Ad(my) are cuspidal. Applying the Cauchy-
Schwarz inequality twice, we have

i=1 v

z(Z'AW )’ (z;vs)i

vES,

where
So = {v unramified for both 7; and 73 | Ar, (v) # € Ar, (v)}.
Since we know
L(s,m; X T x m; X ;) = L(s,1)L(s, Ad(m;))2L(s, Ad(m;) x Ad(m;)),

L(s,m; x m; X m; X 7;) has a pole of order two at s = 1. Hence, we have

§(Sa) > (435)2 -

Furthermore, without the assumption that Ad(m;) and Ad(my) are au-
tomorphic, as each Ad(m;) satisfies the Ramanujan-Petersson conjecture, we
know that |\, (v)|?> < n?. Thus, applying the first inequality in (5.4), we

obtain

2 1
> — = —=.
8(Sa) 2 4n?  2n?

6. Proofs of Theorems and

In this section, we will prove Theorems and For the sake
of convenience, we shall assume that any prime v in the consideration is
unramified for both 7; and my. (Note the argument presented in Section
does not make the assumption that both 7; and 7y are non-dihedral.)
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6.1. Generality

For each i, we write
Ar, (V) = 2cos b,
for some 6; ,, € [0, 7]. It is clear that

Ar, () = Ar, (v) if and only if 6, , = 62,

and that
Ar (V) = =X, (v) if and only if 01, =7 — ba,.
Thus, #{v | Nv <z, A, (v)? = Ar, (v)?} is less than or equal to

(6.1) #{v|Nv<z, O1p,="00,}+#{v | Nv<z, 01,=71—0,}

In the notation of Section for any M > 1 and ¢ € (0, m], we
first observe that
(6.2)

#{v|Nv<a, 01,=0,}< Z (15(91,u —b24) +Zs5(61,0 + 92,v))-

Nv<z

From Proposition [2.5] and the identity
cos(n(bh,y — O2,)) + cos(n(b1,, + O2.,)) = 2cos(nb ) cos(nbay),

it follows that the sum on the right of (6.2)) is less than or equal to

M
2 N
Ml ) wp(z)+4 ngl iRe(SIM(n)) NUE<I cos(nb ) cos(nbay),

(6.3) (25 +

where 7p(2) denotes the number of primes v of F' such that Nv < z. Since
€ (0, m}, |9{e(SIM(n))\ <0+ ﬁ < 2, and thus

2
N 1
(6.4) 4Z%e(SIM(n)) Z cos(nb y) cos(nbs,) < M?TF(QZ)
n=1 Nv<z

Also, recalling that for n > 2,

2cos(nf) = sin((n + 1)0) _ sin((n —1)6) = Up(cos @) — Uy, _2(cosh),

sin 0 sin 0
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we see that the remaining termsﬂ in the double sum of (6.3 become

(6.5) < — Z‘ > ( (cos(01,0)) — Un_2(008(91,v)))

n=3 Nv<z

x (Un(cos(ez,v)) — Un,Q(cos(ez,v))) ‘

By (6.2), (6.3), (6.4), and (6.5)), we see that #{v | Nv <z, 61, =0,} is
Z ‘ Z H ( (cos(biw)) — Un—2(COS(9i,u))) ‘

n=3 Nv<zi=1

6.6) < ”

To bound #{v | Nv <z, 01, =7 —603,}, we use the estimate

#{v|Nv<z, b,=m—"02,}
< 37 (Zol0r0 = (7 = 02)) + Ts(0r0 + (7 = 02.) )

Nv<z
As cos(n(br,, — (m — b2,))) + cos(n(br,, + (7 — b2,))) equals
2 cos(nby ) cos(n(m — bO2,)) = 2(—1)" cos(nbi ) cos(nba,),

by Proposition we see that #{v | Nv <z, 61, =m —0,} is less than
or equal to

M
(26 + Mi1)7rF<a:)+4;%e<S;M(n)><—1>" > cos(nfyy) cos(nfa,).

Nv<z

By an analogous argument as above, this becomes

Z ‘ Z H ( (cos(6 - Un,g(cos(ﬂiyv))) ‘

n=3 Nv<zi=1

(6.7) <z

®We note that although [I7] includes the case n = 2 in their consideration, one
has to treat it separately since [I7), Proposition 2.1] (cf. Propositions does not
cover the situation that Us_z(cos(61,,))Uz—2(cos(f2,)) = 1.
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6.2. Proof of Theorem [1.8|

Now, we are in a position to prove Theorem Assume that both 7 and
79 are non-dihedral and that

(6.8) lim sup #{U ’ Nv < z, /\7r1 (U)Q = )\7r2 (0)2}

> 0.
T—00 7TF<37)

Suppose, on the contrary, that m; and o are not twist-equivalent. From
Proposition and estimates and (6.7)), it follows that the limit on
the left of is less than or equal to

#{U | Nv <z, ‘91,1) = 02,1}}

lim sup
T—00 WF(I')
Nv < 0, =7—0 1
+ lim sup #{v| Nv <z, v =7 2’0} < —
T—00 7TF(33) M
for any M > 1. Making M — oo yields that
o F LN S 2 A 0 = A 0P _
T—00 TFF(x)
and thus 0 < 0, a contradiction. O

6.3. Completing the proof of Theorems [1.10| and [1.11]

Let FF = Q. For each i, let m; be a cuspidal automorphic representation cor-
responding to a non-CM newform in Sy (T'o(g;)) with trivial nebentypus.
Assume that 7 and 7y are not twist-equivalent. Applying Proposition [2.3]
(and the recent work of Newton and Thorne [I9] on the automorphy of
symmetric powers of 7;), we have

(6.9) % i ) Zf[ <Un(cos(0¢7p)) — Un_g(cos(ﬁi,p))> ‘

—cologx
< m(x)ex ( 2)
() exp (k1qhaqa M )M
—logz —c5logx
M) (exp (S22 +exp ( )
+ M*m(x)( exp Ve + exp M?2log(k1q1kaga M)

=)

+exp<



Refinements of strong multiplicity one for GL(2) 593

Thus, using (6.1]), , (6.7), and and choosing
M = [cgr/loglog x/log(k1q1kaga loglogz)] > 3,

for some sufficiently small cg > 0, we arrive at

log(k1q1k2q2 loglog )
< A 2= Ar 2 '
#{p <z | Ar,(p) .(p)7} < m(x) Vioglog z

Moreover, assuming the generalised Riemann hypothesis, by Proposi-

tion and estimates (6.1]), , and , we have

1 =z
#{p <z | A, (p)? = A, (p)*} < Miogz + M2 log((k1q1 kago M )).
Choosing
M = [2"/%/(log )"/ (log((k1q1 k2g0)2)) /*],
we derive

2%/5 (log(k1q1kagoz)) '/
(log z)?/3

#p <z | A (p)? = A (0)?} <

7. Remarks on non-CM condition in Theorems [1.9]
1.10, and [1.11

We shall note that in Theorems and we assume m; and
mo correspond to non-CM newforms f1 and fo, respectively, just for the sake
of simplicity of discussion. As done in [I7, 20, 22], it is possible to drop the
assumption that fs is without CM. (We note that as remarked in [I7] if both
f1 and fo are with CM, then the theorems are not always true.)

To extend Theorem we require the following estimate.

Proposition 7.1. Let F be a totally real number field. For each 1, let w; be
a cuspidal automorphic representation corresponding to a Hilbert newform f;
of weights k; j > 2 (at all infinite primes v; of F') and with trivial nebentypus.
Let m; > 1. Assume that f1 is a non-CM newform such that Sym™ w1 is
automorphic, and suppose that fo is with CM. Then one has

Z Um, (€08 01,4)Up, (cos O2,,) = o(mp(x)).

Nov<zx
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We note that this proposition was stated in [I7, Proposition 2.1] (for
F = Q) without assuming the automorphy of Sym™ m;. However, as may
be noticed, the argument in [I7, Sec. 4] only works for the case that both f;
and fo are without CM. Indeed, as argued in [I7), Sec. 4] (see also [8, pp. 716—
719, especially, Theorems 2.4 and 2.5] and [31), Proof of Theorem 1.1]), to
use the “Brauer-Taylor induction” (together with the automorphy theorem
from [4] and the theory of Rankin-Selberg L-functions), one would require
the cuspidality of both Sym™* 71 and Sym™? w9 after a suitable base change,
which may not hold if f is with CM (see the proof below).

We also note that the proof of Hecke’s theorem on the distribution of
the Frobenius angles of CM modular forms does not rely on the symmetric
power L-functions but the equidistribution of the values of Hecke characters
(see, e.g., [I, Theorem 3.1.1 and Sec. 3.3]).

Since we did not find a reference with the precise proof for the propo-
sition (although it seems to be known by experts, at least, implicitly), we
include a proof in this section for the sake of completeness.

Proof of Proposition[7.1. As argued in [17], by the Wiener-Ikehara Taube-
rian theorem (see, e.g., [16]), to prove the proposition, it suffices to show
that the L-function

L(s,Sym™ 71 x Sym™? m3)

extends to a non-vanishing holomorphic function on fe(s) > 1. As remarked
in [24, pp. 243 and 251], if w9 corresponds to a CM Hilbert newform f (and
so 7o is dihedral), there exists an imaginary quadratic extension K of F
such that

Sym™? w9 o~ 8,115,

where II; is either an idele class character of F' or a two-dimensional cuspidal
automorphic representation induced from a (non-trivial) character of K.
Thus, we have the factorisation

L(s,Sym™ 71 x Sym™? my) = H L(s,Sym™ m x II;).
J

By the theory of Rankin-Selberg L-functions, each L(s, Sym™* m; x II;)
extends holomorphically to fRe(s) > 1 except for a possible simple pole at
s =1—it that exists only if Sym™ 7 ~II; ® | - |"*. By a dimension con-
sideration, if L(s,Sym™ m x II;) admits a pole at s = 1 — it, then m; =1
and dimIl; = 2 and thus m ~ II; ® | - |**. However, it is impossible as f;
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is without CM (so 7y is non-dihedral), but II; is induced from a charac-
ter (so it is dihedral). Finally, it follows from the work of Shahidi [26],
each L(s,Sym™ m x II;) is non-vanishing on Re(s) > 1, which concludes
the proof. O

Now, using Proposition in the place of Proposition in the proof
of Theorem [I.8] given in Section [6.2 we have the following:

Theorem 7.2. Let F be a totally real number field. For each i, let w; be
a cuspidal automorphic representation corresponding to a Hilbert newform
[i of weights k; j > 2 and with trivial nebentypus. Assume that fi is without
CM and that all the symmetric powers Sym™* m are automorphic. If

< 2 _ 2
i up L1V S 2 A, (02 = A, (07}
T—00 7T(il7)

>0,

then m and my are twist-equivalent.

In closing this section, we remark that it is possible to prove an effective
version of Proposition by adapting the methods used in [27, B1] and
thus obtain a version of Theorems and without assuming that o
is without CM, by using the argument developed in Section [6]
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