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On the finiteness of ample models

Junpeng Jiao

In this paper, we generalize the finiteness of models theorem in [2]
to Kawamata log terminal pairs with fixed Kodaira dimension. As
a consequence, we prove that a Kawamata log terminal pair with
R-boundary has a canonical model, and it can be approximated by
log pairs with Q-boundary and the same canonical model.

1. Introduction

Throughout this paper, the ground field k is the field of complex numbers.
The purpose of this paper is to prove the following theorems on the finiteness
of ample models and good minimal models.

Theorem 1.1 (Finiteness of Ample Models). Let X be a projective
normal variety of dimension n. Let V be a finite dimensional affine subspace
of the vector space WDivR(X) which is defined over Q. Fix a nonnegative
integer 0 ≤ k ≤ n. Suppose L ⊂ L(V ) (see Definition 2.3) is a closed rational
polytope, such that for any Q-divisor ∆ ∈ L, (X,∆) is klt and κ(X,KX +
∆) = k.

Then there are finitely many rational contractions πj : X 99K Zj , 1 ≤ i ≤
l, such that if π : X 99K Z is the ample model of KX +∆ for some R-divisor
∆ ∈ L, then there is an index 1 ≤ j ≤ l and an isomorphism ξ : Zj → Z such
that π = ξ ◦ πj.

Theorem 1.2 (Finiteness of Good Minimal Models). With notation
as in Theorem 1.1, if for some R-divisor ∆0 ∈ int(L), KX +∆0 has a good
minimal model. Then for any ∆ ∈ L, KX +∆ has a good minimal model.
And there are finitely many birational contractions ϕj : X 99K Xj, 1 ≤ i ≤ m
such that if ϕ : X 99K Y is good minimal model of KX +∆, for some R-
divisor ∆ ∈ L, then there is an index 1 ≤ j ≤ l such that (Y, ϕ∗∆) is crepant
birational with (Xj , ϕj∗∆).

There are several interesting applications of these results. The first is an
approximation of an effective klt pair with R-boundary.
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Corollary 1.3. Suppose X is a projective variety, ∆ is an R-divisor such
that (X,∆) is a klt pair and κ(X,KX +∆) ≥ 0. Then for any 0 < ϵ ≪ 1,
we can find finitely many Q-divisor ∆i, 1 ≤ i ≤ l, such that,

1) ∆ is a convex R-linear combination of ∆i.

2) ||∆−∆i|| < ϵ.

3) There is a normal variety Z, such that Z ∼= Proj R(X,KX +∆i) for
every i.

The idea is to use the Kodaira-type canonical bundle formula on Iitaka
fibration. Let f : (X,∆) → Z be an lc-trivial fibration, see definition 2.8.
The Kodaira-type canonical bundle formula says that

D ∼Q KY +BY +MY ,

where BY is the boundary part and MY is the moduli part. Much is known
about the birational behaviour of such formulas: In particular, it is known
that, after passing to a certain birational model Y ′ of Y , the divisor MY ′ is
nef and for any higher birational model Y ′′ → Y ′ the induced moduli part
MY ′′ on Y ′′ is the pullback of MY ′ . We call such a variety Y ′ the Ambro
model of f .

Two of the main conjectures in higher dimensional birational geometry
are:

Conjecture 1.4 (B-semiampleness Conjecture). Let (X,∆) be a sub
pair and let f : (X,∆) → Y be a klt-trivial fibration to an n-dimension va-
riety Y . If Y is an Ambro model of f , then MY is semiample.

Conjecture 1.5 (Nonvanishing). Let (X,∆) be a klt pair of dimension
n with Q-boundary. If KX +∆ is pseudo-effective, then there exists an ef-
fective Q-divisor D such that KX +∆ ∼Q D.

Assume that these two conjectures hold in dimension n− 1, we prove the
following statement which says that if a pseudo-effective klt pair is the limit
of effective pairs with non-maximum Iitaka dimension, then it is effective.

Corollary 1.6. Assume Conjecture 1.4 and Conjecture 1.5 hold in dimen-
sion n− 1. Let (X,∆) be a klt pair with Q-boundary. Suppose KX +∆ is
pseudo-effective, and there is an effective Q-divisor H on X, such that for
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any 0 < ϵ ≪ 1, we have

0 ≤ κ(X,KX +∆+ ϵH) < n.

Then there exists an effective Q-divisor D such that KX +∆ ∼Q D.

Another interesting application concerns the MMP with scaling.

Corollary 1.7. Let (X,∆) be a klt pair with Q-boundary, κ(X,KX +∆) ≥
0 and H is a pseudo-effective Q-divisor, such that (X,∆+H) is klt. Suppose
we can run the KX +∆ MMP with scaling of H to get a sequence ϕi : Xi 99K

Xi+1 of KX +∆ flips and divisorial contractions and real numbers 1 ≥ λ1 ≥
λ2 ≥ ... such that KXi

+∆i + tHi is nef for t ∈ [λi, λi+1]. Let λ := lim
i→∞

λi.

If KX +∆+H has a good minimal model and λ ̸= λi for any i ∈ N, then
λ = 0

2. Preliminary

2.1. Notations and Conventions

We will use the notations in [2] and [8].
Let Q be the field of rational numbers and R be that of real numbers,

let K be Q or R. Let π : X → U be a proper morphism of normal algebraic
varieties. A K-divisor (respectively K-Cartier divisor) D on X is a K-linear
combination of prime divisors (respectively Cartier divisors). We say two
K-divisors D and D′ are K-linearly equivalent over U , denoted D ∼K,U D′,
if their difference is a K-linear combination of principal divisors and an K-
Cartier divisor pulled back from U .

If D =
∑

diDi is an R-divisor on a normal variety X, then the round
down of D is ⌊D⌋ =

∑

⌊di⌋Di, where ⌊d⌋ denotes the largest integer which
is at most d, the fractional part of D is {D} = D − ⌊D⌋.

The sheaf OX(D) is defined by

OX(D)(U) = {f ∈ k(X) | (f)|U +D|U ≥ 0},

so that OX(D) = OX(⌊D⌋). Similarly we define |D| = |⌊D⌋|.
A pair (X,∆) consists of a normal variety X over C and an R-divisor

∆ on X such that KX +∆ is R-Cartier. If g : Y → X is a birational mor-
phism and E is a divisor on Y , the discrepancy a(E,X,∆) is −coeffE(∆Y )
where KY +∆Y := g∗(KX +∆). A pair (X,∆) is called subklt (respectively
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sublc) if for every birational morphism Y → X as above, a(E,X,∆) > −1
(respectively ≥ −1) for every divisor E on Y . A pair (X,∆) is called klt
(respectively lc) if (X,∆) is subklt (respectively sublc) and B is effective.

Definition 2.1. ([Nak04] and [Fuj17]) LetD be an R-divisor of a projective
normal variety X of dimension n. Assume that |D| ≠ ∅. Then we have a
rational map

ϕD := ϕ|D| : X 99K P(H0(X,OX(D))).

We set WD to be image of ϕD.
Let N(D) := {m ∈ N; |mD| ≠ ∅}. The Iitaka-dimension κ(D) = κ(X,D)

of D is defined as follows:

(1) κ(D) =

{

−∞, if N(D) = ∅

max{dim WmD | m ∈ N(D)}, if N(D) ̸= ∅.

We define the invariant Iitaka dimension of D, denoted by κι(X,D), as
follows:
(2)

κι(X,D) =

{

κ(X,E), if there is an R-divisor E ≥ 0 such that E ∼R D,

−∞, otherwise.

Let A be an ample divisor on X, set

ν(X,D,A) = max{k ∈ Z≥0 | lim sup
m→∞

m−kdimH0(X, ⌊mD⌋+A) > 0},

if H0(X, ⌊mD⌋+A) ̸= 0 for infinitely many m ∈ N or ν(X,D,A) = −∞
otherwise.

We define the numerical Iitaka dimension of D, denoted by ν(X,D), to
be

ν(X,D) = max
A ample

ν(X,D,A)

It is easy to see that ν(X,D) ≥ κ(X,D).
The relative invariant Iitaka dimension is defined as follows.
Let X → U be a projective morphism of normal varieties and D be

an R-Cartier R-divisor on X. Then the relative invariant Iitaka dimen-
sion of D, denoted by κι(X/U,D), is defined as follows: If there is an R-
divisor E ≥ 0 such that D ∼R,U E, set κι(X/U,D) = κι(F,D|F ), where F
is a general fiber of the Stein factorization of X → U , and otherwise we set
κι(X/U,D) = −∞. Similarly, we define the relative numerical Iitaka dimen-
sion to be ν(X/U,D) = ν(F,D|F ). When there is an R-divisor E ≥ 0 such
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that D ∼R,U E, it is easy to see that κι(X/U,D) and ν(X/U,D) do not
depend on the choice of E and F .

Definition 2.2. ([BCHM10]) Let π : X → U be a projective morphism of
normal projective varieties and let ∆ be an R-divisor on X such that (X,∆)
is a lc pair.

We say that a birational contraction f : X 99K Y over U is a minimal
model (respectively good minimal model) of KX +∆ over U , if given a
common resolution p : W → X and q : W → Y , we may write

p∗(KX +∆) = q∗(KY +∆′) + E

where ∆′ = f∗∆, KY +∆ is nef (respectively semiample), E ≥ 0 is q-
exceptional and the support of E contains the strict transform of the f -
exceptional divisors, Y is normal, projective and Q-factorial.

Let D be an R-Cartier divisor on X, we say that g : X 99K Z is the
ample model of D over U , if g is a rational map over U , Z is normal and
projective over U and there is an ample divisor H over U on Z such that if
p : W → X and q : W → Z resolve g then q is a contraction morphism and
we may write p∗D ∼Q,U q∗H + E, where E ≥ 0 and for every B ∈ |p∗D/U |R,
B ≥ E. In particular, if D is Q-Cartier and the OU -algebra R(X,D) :=
⊕m≥0π∗OX(mD) is finitely generated, then Z ∼= ProjUR(X,D). If (X,∆)
is lc and KX +∆ is big, the ample model of KX +∆ is also called the
canonical model of KX +∆.

Definition 2.3. ([BCHM10]) Let K denote either the rational number field
Q or the real number field R. Let π : X → U be a morphism of projective
normal varieties, let V be a finite dimensional affine subspace of the K-vector
space WDivK(X) of Weil divisors on X. For a K-divisor A, define

1) VA = {∆ | ∆ = A+B,B ∈ V },

2) L(V ) = {∆ ∈ V | (X,∆) is a lc pair},

3) LA(V ) = {∆ = A+B ∈ VA | (X,∆) is a lc pair and B ≥ 0},

4) E(V ) = {∆ ∈ L(V ) |KX +∆ is pseudo-effective},

5) and given a rational contraction ϕ : X 99K Z, define
Aπ,ϕ(V ) = {∆ ∈ L(V ) | ϕ is the ample model of KX +∆ over U }.

For an R-divisor D =
∑

diDi where the Di are the irreducible compo-
nents of D, define ||Di|| := max{|di|}.
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Proposition 2.4. Let X → U be a projective morphism of normal varieties
and D be a pseudo-effective R-divisor over U .

(1). If D1 ≥ 0, D2 ≥ 0 are two R-divisors, then

ν(X/U,D1 +D2) ≥ max{ν(X/U,D1), ν(X/U,D2)}.

(2). If D ≥ 0 is an R-divisor, then ν(X/U,D) ≥ κ(X/U,D).

(3). If D′ is an R-divisor with D′ −D being pseudo-effective, then
ν(X,D′) ≥ ν(X,D).

(4). Suppose that D1 ∼R,U N1 and D2 ∼R,U N2 for some R-divisors
N1 ≥ 0 and N2 ≥ 0 such that Supp(N1) ⊆ Supp(N2). Then we have
κι(X/U,D1) ≤ κι(X/U,D2) and ν(X/U,D1) ≤ ν(X/U,D2).

Proof. (1), (2) are obvious, (3) comes from [8, Proposition 5.2.7], (4) comes
from [5, Remark 2.8]. □

Lemma 2.5. Let (X,∆) be a klt pair with R-boundary. Then (X,∆) has a
good minimal model if and only if κι(X,KX +∆) = ν(X,KX +∆).

Proof. When ∆ is a Q-divisor, this is proved in [3, Theorem 4.3]. This R-
divisor version comes from [5, Lemma 2.13]. □

Lemma 2.6. Let f : X → U be a projective morphism, (X,∆) a klt pair
with Q-boundary and ϕ : X 99K XM and ϕ′ : X 99K X ′

M be minimal models
for KX +∆ over U . Then

1) the set of ϕ-exceptional divisors coincides with the set of divisors con-
tained in B−(KX +∆/U) and if ϕ is a good minimal model for KX +
∆ over U , then this set also coincides with the set of divisors contained
in B(KX +∆/U).

2) X ′
M 99K XM is an isomorphism in codimension 1 such that

a(E;XM , ϕ∗∆) = a(E;X ′
M , ϕ′

∗∆)

for any divisor E over X, and

3) if ϕ is a good minimal model of KX +∆ over U , then so is ϕ′.

Proof. This is [4, Lemma 2.4]. □
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Theorem 2.7. Let π : X → U be a projective morphism between normal
projective varieties. If (X,∆) is a klt pair with Q-boundary and κ(X,∆) ≥ 0,
then the OU -algebra

R(X,KX +∆) := ⊕m≥0π∗OX(m(KX +∆))

is finitely generated, therefore the ample model of KX +∆ over U exists.

Proof. This is [2, Corollary 1.1.2]. □

Definition 2.8. An lc-trivial fibration f : (X,∆) → Y consists of a proper
surjective morphism f : X → Y between normal varieties with connected
fibers and a Q-divisor ∆ = ∆≥0 −∆≤0 written as the difference of its posi-
tive and negative parts, satisfying the following properties:

1) (X,∆) is sublc over the generic point of Y .

2) Let F denotes the generic fiber of Y , then h0(F,OF (⌈∆≤0|F ⌉)) = 1.

3) There exists a Q-Cartier Q-divisor D on Y such that

KX +∆ ∼Q f∗D.

The following is a simplified version of the Kodaira-type canonical bundle
formula given in [6].

Theorem 2.9. Let f : (X,∆) → Z be an lc-trivial fibration, B a reduced
divisor such that f has slc fibers in codimension 1 over Z \B. Then we can
write

KX +∆ ∼Q f∗(KZ + J +B∆)

where J and B∆ have the following properties

1) J is a Q-linear equivalence class, called the modular part. It depends
only on the generic fiber (Xk(Z),∆k(Z)) and it is the push-forward of
a nef class by some birational morphism Z ′ → Z.

2) B∆ is a Q-divisor, called the boundary part. It is supported on B.

3) Let D ⊂ B be an irreducible divisor. Then

coeffDB∆ = sup
E

{1−
1 + a(E,X,∆)

multEf∗D
}

where the supremum is taken over all divisors over X that dominate
D.
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This implies the following.

1) If D is dominated by a divisor E such that a(E,X,∆) < 0 (respectively
≤ 0) then coeffDB∆ > 0 (respectively ≥ 0).

2) If ∆ is effective then so is B∆.

3) If (X,∆) is sublc then coeffDB∆ ≤ 1 for every D and coeffDB∆ = 1 if
and only if D is dominated by a divisor E such that a(E,X,∆) = −1.

3. Proof of Main Theorem

In this section we prove the relative version of Theorem 1.1 and Theorem 1.2.

Lemma 3.1. Let X → U be a projective morphism of normal varieties,
fix an integer 0 ≤ k ≤ n. Let V be a finite dimensional affine subspace of
the vector space WDivR(X) of Weil divisors on X which is defined over
the rationals. Suppose L is a convex subset, and for every Q-divisor D ∈ L,
κ(X/U,D) = k and the ample model of D over U exists. Suppose fD : X 99K

ZD is the ample model of D over U . Then the generic fiber of fD are the
same for every D ∈ L, in particular, ZD are birational equivalent for every
D ∈ L.

Proof. Choose two Q-divisors D1, D2 ∈ L. After replacing X by a higher
birational model and Di by its pull back, we may assume that X → ZDi

is
a morphism. Then we have the following diagram

X
f1

yy

f2

%%

h
��

ZD1
ZD1

× ZD2p1

oo
p2

// ZD2

where p1 and p2 are two projections from the fiber product ZD1
× ZD2

. Since
ZDi

is the ample model of Di over U , there exists an ample divisor Ai on
ZDi

, such that

Di ∼Q,U f∗
i Ai + Ei,

where Ei is effective, i = 1, 2.
By definition of the fiber product, A := 1

2(p
∗
1A1 + p∗2A2) is an ample

divisor on ZD1
× ZD2

. Let Z be the normalization of image of X in ZD1
×
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ZD2
, then A|Z is ample on Z, in particular,

κ(Z/U,A|Z) = dim(Z)− dim(U) ≥ dim(ZDi
)− dim(U) = κ(X/U,Di) = k,

Because

1

2
(D1 +D2) ∼Q,U h∗A|Z +

1

2
(E1 + E2),

and 1
2(D1 +D2) ∈ L, we have that

k = κ(X/U,
1

2
(D1 +D2)) ≥ κ(X/U, h∗A|Z) = κ(Z/U,A|Z) ≥ k,

which means dim Z = dim ZDi
. Because fi, i = 1, 2 are algebraic contrac-

tions, it is easy to see that the morphisms pi|Z : Z → Zi, i = 1, 2 are bira-
tional. □

3.1. Finiteness of Ample Models

Let h : X → Y be an equidimensional algebraic fibration over U such that Y
is smooth. Suppose (X,∆) is klt with Q-boundary, κ(X/U,KX +∆) = k ≥
0 and h is birational equivalent to the Iitaka fibration of KX +∆ over U ,
therefore κ(Xη, (KX +∆)|η) = 0, where Xη is the generic fiber of h. First
we show how to get a pair (Y,C) of log general type from (X,∆).

Since κ(X/U,KX +∆) = k ≥ 0, there is a Q-effective divisor L such that

KX +∆ ∼Q,U L.

We put D := max{N | N is an effective Q-divisor on Y such that L ≥ h∗N}
and F := L− h∗D. Then we have

KX +∆ ∼Q,U h∗D + F.

Because κ(Xη, (KX +∆)|η) = 0, then h∗OX(⌊iF ⌋) is a reflexive sheaf of
rank 1 on Y . Moreover, since Y is smooth, h∗OX(⌊iF ⌋) is an invertible
sheaf on Y . By construction, for any prime divisor P on Y , Supp(F ) does
not contain the whole fiber over the generic point of P , therefore OY

∼=
h∗OX(⌊iF ⌋). Moreover, it is easy to see that D and F are both Q-divisors.
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Remark 3.2. Notations as above, we show how D and F vary depending
on ∆. Define

D = {(a1, a2, ..., am) ∈ [0, 1]×m |
m
∑

i=1

ai = 1}

Let h : X → Y be an equidimensional algebraic fibration and Y is smooth,
let Xη denote the generic fiber of h. Suppose {Li, 1 ≤ i ≤ m} are m linearly
independent effectiveQ-CartierQ-divisors, such that for every (a1, a2, ..., am)
∈ D, we have κ(Xη,

∑m
i=1 aiLi) = 0. Define

D(a1, ..., am) := max{N | N is an effective Q-divisor on Y

such that

m
∑

i=1

aiLi ≥ f∗N}.

and

F (a1, ..., am) :=

m
∑

i=1

aiLi − f∗D(a1, ..., am).

Next we show that D(a1, ..., am) is a piecewise Q-linear function on D.
Let P be a prime divisor on Y , suppose h∗P =

∑l
j=1 bjGj , where Gj , 1 ≤

j ≤ l are prime divisors on X. Then the coefficient of P in D(a1, ..., am) is

coeffPD(a1, ..., am) = min{
m
∑

i=1

ai
bj
coeffGj

Li, 1 ≤ j ≤ m}.

It is easy to see that coeffPD(a1, ..., am) is a piecewise linear function of
(a1, ..., am). Moreover, because there are only finitely many prime divisors P
such that Supp h∗P ⊂ ∪1≤i≤mSupp Li, and

1
bj
coeffGj

Li are rational numbers
for every j, we can divide D into finitely many rational polytopes ∪kDk such
that D(a1, ..., am) is a Q-linear function in each Dk.

Definition 3.3. Let X be a projective normal variety, V be a finite dimen-
sional affine subspace of the vector space WDivR(X). Let Ω ⊂ L(V ) be a
subset, define

totaldiscrep(X,Ω) := inf
E,D

{a(E,X,D) | E is a prime divisor over X, D ∈ Ω}

Theorem 3.4. Let π : X → U be a projective morphism of normal varieties
and dim(X) = n. Let V be a finite dimensional affine subspace of the vector
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space WDivR(X) which is defined over the rationals. Fix an integer 0 ≤
k ≤ n. Suppose L ∈ L(V ) be a closed convex rational polytope, such that
for any ∆ ∈ L, (X,∆) is klt and κ(X/U,KX +∆) = k. Then there exists a
commutative diagram

X

π

��

X ′µ
oo

h
��

U Yg
oo

with the following properties.

1) µ is birational morphism, h is an equidimensional algebraic fibration,
X ′ has only Q-factorial toroidal singularities and Y is smooth;

2) There exits a finite dimensional affine subspace V ′ of the vector space
WDivR(X

′) which is defined over Q, a closed rational polytope L′ ⊂
L(V ′) such that

totaldiscrep(X ′, L′) = totaldiscrep(X,L),

and a Q-linear isomorphism ∗′ : L → L′. For any divisor ∆ ∈ L,
(X ′, Supp(∆′)) is quasi-smooth (i.e., (X ′, Supp(∆′)) is toroidal), and

µ∗OX′(m(KX′ +∆′)) ∼= OX(m(KX +∆)), ∀m ∈ N;

3) h is birational equivalent to the Iitaka fibration of KX +∆ for every
∆ ∈ L.

Proof. Fix ∆1 ∈ L, we may choose a birational projective morphism µ :
X ′ → X, such that there exists a projective morphism h : X ′ → Y of smooth
projective varieties over U and the restriction hη : X ′

η → Yη over the generic
point η of U is birational to the Iitaka fibration of KX +∆1. By Lemma 3.1,
it is birational to the Iitaka fibration ofKX +∆, for every ∆ ∈ L. Let ∆0 ∈ L
be an inner rational point. By the weak semi-stable reduction theorem of
Abramovich and Karu (cf. [1]), we can assume that h : (X ′, D′) → (Y,DY )
is an equidimensional toroidal morphism for some divisors D′ on X ′ and DY

on Y where (X ′, D′) is quasi-smooth, Y is smooth and µ−1(∆0 ∪ Sing(X)) ⊂
D′.

Let F be the exceptional divisor of µ, denote a := totaldiscrep(X,L).
For a ∆ ∈ L, define ∆′ by

∆′ := µ−1
∗ ∆+max{0,−a}F
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Since ∆0 is an inner point of L, it is easy to see that Supp(∆′) ∈ D′, clearly
(X ′,∆′) satisfies (1) and (2). □

The following theorem is the relative version of Theorem 1.1.

Theorem 3.5. Let π : X → U be a projective morphism of normal varieties
and dim(X) = n. Let V be a finite dimensional affine subspace of the vector
space WDivR(X) which is defined over Q. Fix a nonnegative integer 0 ≤
k ≤ n. Suppose L ⊂ L(V ) is a closed rational polytope, such that For any
∆ ∈ L, (X,∆) is klt and κ(X,KX +∆) = k.

Then there are finitely many rational contractions πj : X 99K Zj , 1 ≤ i ≤
l over U , such that if π : X 99K Z is an ample model of KX +∆ over U for
some Q-divisor ∆ ∈ L, then there is an index 1 ≤ j ≤ l and an isomorphism
ξ : Zj → Z such that π = ξ ◦ πj.

Proof. It is easy to see that we may assume that L is a convex polytope.
By Theorem 3.4, there are a birational morphism µ : X ′ → X, an equidi-
mensional algebraic fibration h : X ′ → Y over U and a Q-linear isomor-
phism ∗′ : L → L′ such that totaldiscrep(X ′, L′) = totaldiscrep(X,L) and
µ∗OX′(m(KX′ +∆′)) ∼= OX(m(KX +∆)), ∀m ∈ N. Moreover, Z is the am-
ple model of (X,∆) over U if and only if it is the ample model of (X ′,∆′)
over U . Therefore we can replace X by X ′ and L by L′. Then we can assume
that there is an equidimensional algebraic fibration h : X → Y over U , Y is
smooth and for every Q-divisor ∆ ∈ L, κ(Xη, (KX +∆)|η) = 0, where Xη is
the generic fiber of h.

By Remark 3.2, we may divide L into finitely many rational simplexes
∪iLk. For every ∆ ∈ L, there are divisorsD∆ and F∆ satisfying the following
equations

KX +∆ ∼Q,U h∗D∆ + F∆,

OY
∼= h∗OX(⌊jF∆⌋)

for all j ≥ 0. Moreover, D∆ is a linear function of ∆ in each Lk. It is easy to
see that (X,∆− F∆) → Y is an lc-trivial fibration for every ∆ ∈ L. Because
this division is finite and rational, we only need to prove finiteness of the
ample models for each Lk. Let {∆i, 1 ≤ i ≤ m} be the vertexes of Lk and
let Di, Fi be short for D∆i

and F∆i
.
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By Theorem 2.9, for everyQ-divisor ∆i, 1 ≤ i ≤ m, there existQ-divisors
Bi and Ji on Y , such that (Y,BY ) is klt and

Di ∼Q,U KY +Bi + Ji.

Also we can find a birational morphism f : Y ′ → Y , such that

KY ′ +B′
i + J ′

i ∼Q f∗(KY +Bi + Ji).

where J ′
i is a U -nef Q-divisor for every 1 ≤ i ≤ m, (Y ′, B′

i) is subklt and
f∗B

′
i = Bi. Because Di is big, there are an ample Q-divisor A′ and a big Q-

divisors Ei on Y ′, such that f∗Di ∼Q f∗A′ + Ei. Let ϵ > 0 be a small enough
rational number such that (Y ′, B′

i + C ′
i + ϵf∗A′), 1 ≤ i ≤ m is subklt, where

C ′
i ∈ |J ′

i + ϵEi|Q is a general member. Let Ci := f∗(B
′
i + C ′

i) and A ∈ |ϵA′|Q
be a general member, then we have (Y,A+ Ci), 1 ≤ i ≤ m is klt and

(1 + ϵ)(KY +Bi + Ji) ∼Q KY +A+ Ci.

Let W ⊂ WDivQ(Y ) be the finite dimensional subspace spanned by the
{Ci, 1 ≤ i ≤ m}. For a point (a1, ..., am) ∈ D, we have

(1 + ϵ)(KX +

m
∑

i=1

ai∆i) ∼Q,U h∗(KY +A+

m
∑

i=1

aiCi) +R′
(a1,...,am)

where R′
(a1,...,am) is effective and OY

∼= h∗OX(⌊jR′
(a1,...,am)⌋) for all j ≥ 0.

Therefore a projective variety Yc is the ample model of (X,
∑m

i=1 ai∆i) if
and only if it is the canonical model of (Y,A+

∑m
i=1 aiCi). Then we have

a Q-linear map C∗ : Lk → LA(W ), and for every R-divisor ∆ ∈ Lk, (X,∆)
and (Y,C∆) have the same ample model over U . Therefore the claim is now
immediate from [2, Corollary 1.1.5] . □

Remark 3.6. Because the map ∆→D∆→C∆ is Q-linear, by Theorem 3.5,
it is easy to see that if L is a rational polytope, Aπ,ϕ(V ) ∩ L is also a rational
polytope.

3.2. Finiteness of good minimal models

Lemma 3.7. Let π : X → U be a projective morphism of normal varieties,
V be a finite dimensional affine subspace of WDivR(X) which is defined over
the rationals. Fix a nonnegative integer 0 ≤ k ≤ n, let L ⊂ V be a closed
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convex rational polytope of R-divisors, such that for any Q-divisor D ∈ L,
κ(X/U,D) = k ≥ 0.

If there is an R-divisor D0∈ int(L) satisfying ν(X/U,D0)=κι(X/U,D0).
Then for any R-divisor D ∈ L, we have ν(X/U,D) = κι(X/U,D).

Proof. Let Di, 1 ≤ i ≤ m be the vertexes of L, by assumption, Di are Q-
divisors and κ(X/U,Di) = k. Choose Ei such that Di ∼Q,U Ei ≥ 0, then for
every point (a1, a2, ..., am) ∈ D, we have

∑m
i=1 aiDi ∼R,U

∑m
i=1 aiEi ≥ 0. By

Proposition 2.4, we may replace Di by Ei, then we may assume D ≥ 0 for
every D ∈ L and replace κι(X,D) by κ(X,D).

If for some D0 ∈ int(L), we have ν(X/U,D) = κ(X/U,D). Then for ev-
ery D ∈ L, we have Supp(D) ⊂ Supp(D0). Thus the claim comes easily from
the following inequality.

κ(X/U,D) ≤ ν(X/U,D) ≤ ν(X/U,D0) = κ(X/U,D0) = k = κ(X/U,D).

□

Theorem 3.8. Let X be a projective variety, then there are at most count-
ably many birational contractions ϕi : X 99K Xi, i ∈ N, such that if X ′ is a
projective normal Q-factorial variety and ϕ : X 99K X ′ is a birational con-
traction, then there is an isomorphism τ : Xi → X ′ such that ϕ = τ ◦ ϕi.

Proof. After replacing X by a resolution, we may assume that X is smooth.
If ϕ : X 99K X ′ is a birational contraction, let p : W → X and q : W →

X ′ resolve the indeterminacy of f . Let A be a general ample divisor on
X ′, define D := p∗q

∗A. By negativity lemma, p∗D = q∗A+ E for some p-
exceptional divisor E ≥ 0, which is also q-exceptional. Therefore

R(X,D) ∼= R(W, p∗D) ∼= R(X ′, A).

Because A is ample on X ′, we have that X ′ = ProjR(X ′, A) ∼= ProjR(X,D).
On the other hand, if D′ is another divisor on X such that D′ ≡ D,

because X ′ is Q-factorial, q∗p
∗D′ ≡ q∗p

∗D = A, which means that q∗p
∗D′ is

an ample divisor on X ′, denote it by A′. Since p∗D′ − q∗A′ ≡ p∗D − q∗A and
they are both q-exceptional, by the negativity lemma, we have p∗D′ − q∗A′ =
p∗D − q∗A = E ≥ 0, hence X ′ = ProjR(X ′, A′) = ProjR(X,D′). Therefore
each birational contraction is determined by the numerical class of a big
Q-divisor. Since N1(X) is finite dimensional, the claim follows. □

Theorem 3.9. Let X be a projective normal variety over a normal variety
U , V be an affine finite dimensional subspace of WDIVR(X) which is defined
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over the rationals, suppose L is a rational polytope of L(V ) such that for any
Q-divisor ∆ ∈ L, (X,∆) has a good minimal model over U and has the same
ample model Z over U . Then there is a birational contraction f : X 99K X ′,
such that for any R-divisor ∆ ∈ L, f is a good minimal model of (X,∆)
over U .

Proof. Because for any Q-divisor ∆ ∈ L, (X,∆) have the same ample model
Z over U and (X,∆) has a good minimal model, it follows that κ(X/U,KX +
∆) are the same. Then by Lemma 2.5 and Lemma 3.7, for any R-divisor ∆,
we have κι(X/U,KX +∆) = ν(X/U,KX +∆), which implies that for any
R-divisor ∆ ∈ L, KX +∆ has a good minimal model over U .

Since a good minimal model is Q-factorial, by Theorem 3.8, we can
divide L into countably many subset ∪i≥0Li, such that for any R-divisor
∆ ∈ Li, fi is a good minimal model of (X,∆) over U . Because f : X 99K X ′

is a good minimal model for both (X,∆1) and (X,∆2) implies that f is also
a good minimal model for (X,λ∆1 + (1− λ)∆2), ∀λ ∈ [0, 1], then each Li

is convex.
By the Pigeon-hole Principle, we may assume L1 spans V , which means

that there are finitely many Q-divisors {∆j ∈ L1, 1 ≤ j ≤ m} spanning
V and f1 is a good minimal model for (X,∆j), 1 ≤ j ≤ m. So KX1

+
f1∗∆j , 1 ≤ j ≤ m are semiample over U . Because (X,∆j) and (X1, f1∗∆j)
have the same ample model Z for every 1 ≤ j ≤ m, by [2, Lemma 3.6.5],
KX1

+ f1∗∆j , 1 ≤ j ≤ m define a morphism h1 : X1 → Z, and there are some
ample Q-divisors Di, 1 ≤ j ≤ m on Z, such that

KX1
+ f1∗∆j ∼Q,U h∗1Dj , 1 ≤ j ≤ m.

Because {∆j , 1 ≤ j ≤ m} span V , then for any Q-divisor ∆ ∈ L, there is a
Q-divisor D on Z such that KX1

+ f1∗∆ ∼Q,U h∗1D.
For a Q-divisor ∆ ∈ L, let (X ′,∆′) be a good minimal model of (X,∆)

and h′ : X ′ → Z be the morphism from the good minimal model to the
ample model. let ∆1 be the image of ∆ on X1. Choose a common resolution
p : W → X1 and q : W → X ′ of X ′ and X1. Because ∆′ and ∆1 are the
images of ∆ on X ′ and X1, we have an equation

(3) p∗(KX1
+∆1) + E = q∗(KX′ +∆′) + F

where E is p-exceptional and F is q-exceptional. By assumption, there are
divisors C ′ and C1 on Z, such that KX1

+∆1 ∼Q h∗1C
1 and KX′ +∆′ ∼Q
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h′∗C ′. Let f := p ◦ h1 = q ◦ h′, then (3) is equal to

f∗(C1 − C ′) = F − E

Since the irreducible components of Supp(F − E) are either exceptional for
p or exceptional for q, Supp(F − E) does not contain the whole fiber of
any prime divisor on Z, therefore C1 = C ′, which means (X ′,∆′) is crepant
birational with (X1,∆

1). By Lemma 2.6 (X1,∆
1) is a good minimal model

for (X,∆). Therefore, for every Q-divisor ∆ ∈ L, f1 is a good minimal model
for (X,∆). Because L is a rational polytope, any R-divisor ∆ ∈ L is a convex
combination of Q-divisors in L, therefore, for any R-divisor ∆ ∈ L, f1 is a
good minimal model for (X,∆). □

The following theorem is the relative version of theorem 1.2.

Theorem 3.10. Let X be a projective normal variety of dimension n over
a normal variety U . Let V be a finite dimensional affine subspace of the
vector space WDivR(X) which is defined over Q. Fix a nonnegative integer
0 ≤ k ≤ n. Suppose L ⊂ L(V ) is a closed rational polytope, such that For
any ∆ ∈ L, (X,∆) is klt and κ(X,KX +∆) = k.

If there is an R-divisor ∆0 ∈ int(L) such that KX +∆0 has a good mini-
mal model over U . Then for any ∆ ∈ L, KX +∆ has a good minimal model
over U , and there are finitely many birational contractions ϕj : X 99K Xj,
1 ≤ i ≤ m, such that for any R-divisor ∆ ∈ L, if ϕ : X 99K Y is a good min-
imal model of KX +∆ over U , then there is an index 1 ≤ j ≤ l such that
(Y, ϕ∗∆) is crepant birational with (Xj , ϕj∗∆).

Proof. If for some R-divisor ∆0 ∈ int(L), KX +∆0 has a good minimal
model over U , then by Lemma 3.7 and Lemma 2.5, for any R-divisor ∆ ∈ U ,
KX +∆ has a good minimal model over U . Then the claims comes easily
from Theorem 3.5 and Theorem 3.9. □

4. Applications

4.1. Approximation of pair with R-boundary

Proof of Corollary 1.3. If ∆ is a Q-divisor, then the result is straight for-
ward. So we assume that ∆ is not a Q-divisor.

After taking a Q-factorialization of X, we may assume that X is Q-
factorial. First we show that there is an effective Q-divisor B, such that
∆−B ≥ 0 and κ(X,KX +B) ≥ 0.
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Because κ(X,KX +∆) = k ≥ 0, there exists a positive integer m such
that

h0(X,OX(⌊mKX +m∆⌋)) > 0.

Since X is Q-factorial, we can choose m sufficiently divisible such that mKX

is Cartier, therefore, h0(X,OX(mKX + ⌊m∆⌋)) > 0. So we can choose B :=
1
m
⌊m∆⌋.
Now we can write ∆ as an R-linear combination of Q-divisor

∆ = B +

m
∑

j=1

αjEj .

Let V be the space spanned by Ej , 1 ≤ j ≤ m. It is easy to see that ∆ ⊂
int(LB(V )).

Because κ(X,KX +B) ≥ 0, by Proposition 2.4, for any R-divisor D ∈
int(LB(V )), we have κι(X,KX +D) = k. Choose a rational polytope L ⊂
V containing ∆, by Theorem 1.1, we can assume that for every Q-divisor
D ∈ L, KX +D has the same ample model.

By basic convex geometry, we can find Di ∈ L, 1 ≤ i ≤ l, such that ||∆−
Di|| ≤ ϵ and ∆ is a convex linear combination of Di. Let Z be the ample
model of KX +D1, then Z ∼= Proj R(X,Di) for any Di, 1 ≤ i ≤ l. □

4.2. Nonvanishing

Proof of Corollary 1.6. BecauseH is effective, κ(X,KX +∆+ tH) is a non-
decreasing function of t. Also by Proposition 2.4, for 0 < t1 < t2 < t3, we
have

κ(X,KX +∆+ t2H) ≥ max{κ(X,KX +∆+ t1H), κ(X,KX +∆+ t3H)}.

Thus there is an integer 0 ≤ k < n, such that for t > 0, κ(X,KX +∆+
tH) = k.

If k = 0, then

κ(X,KX +∆+ ϵH) = 0 and

h0(X,OX(m(KX +∆+ ϵH))) ≤ 1

for ϵ small enough. Choose ϵ0 small enough, there exists an integer m0 and
a rational function f0 on X, such that,

div(f0) +m0(KX +∆+ ϵ0H) ≥ 0,
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Similarly, for any rational number 0 < ϵ < ϵ0, we can find fϵ and mϵ, such
that

div(fϵ) +mϵ(KX +∆+ ϵH) ≥ 0,

Since H ≥ 0, it is easy to see that div(fm0

ϵ ) +m0mϵ(KX +∆+ ϵ0H) ≥ 0
and div(fmϵ

0 ) +m0mϵ(KX +∆+ ϵ0H) ≥ 0.
Since h0(X,OX(m0mϵ(KX +∆+ ϵH))) ≤ 1, we have

div(fm0

ϵ ) +m0mϵ(KX +∆+ ϵ0H) = div(fmϵ

0 ) +m0mϵ(KX +∆+ ϵ0H).

This implies that 1
m0

div(f0) =
1
mϵ

div(fϵ). Therefore taking the limit for ϵ →

0, we have 1
m0

div(f0) + (KX +∆) ≥ 0, which implies κ(X,KX +∆) ≥ 0.
Next we consider when k ≥ 1. By assumption (X,∆) is klt, so (X,∆+

tH) is still klt for 0 < t ≪ 1. Let (X ′,∆′), µ : X ′ → X and h : X ′ → Y be
the pair and morphisms given in Theorem 3.4, such that

µ∗OX′(m(KX′ +∆′ + tH ′)) ∼= OX(m(KX +∆+ tH)), ∀m ∈ N,

therefore for 0 < t ≪ 1, κ(X,KX +∆+ tH) ≥ 0 if and only if κ(X ′,KX′ +
∆′ + tH ′) ≥ 0. κ(X,KX +∆) ≥ 0 is equal to κ(X ′,KX′ +∆′) ≥ 0. So we
may replace X by X ′(respectively ∆ by ∆′, H by H ′) and assume that
there is an equidimensional algebraic fibration h : X → Y .

Let F denotes the generic fiber of h. By properties of the Iitaka fibration,
we have that for all 0 < t ≪ 1,

κ(F,KF +∆F + tHF ) = 0.

This means on the generic fiber F , KF +∆F is the limit of effective divisors,
therefore it is pseudo-effective. Since we assume Conjecture 1.5 holds in
dimension ≤ n− 1, then κ(F,KF +∆F ) ≥ 0 and it is easy to see that

κ(F,KF +∆F ) = 0.

Let m be sufficiently divisible, such that m(KX +∆) is Cartier, since
h is equidimensional and κ(F,KF +∆F ) = 0, h∗OX(m(KX +∆)) is a re-
flexive sheaf of rank 1. Also because Y is smooth, h∗OX(m(KX +∆)) is an
invertible sheaf. So there is a Cartier divisor D′ on Y , such that

(4) h∗OX(m(KX +∆)) = OY (D
′).

Let A′ be a sufficiently ample divisor on Y , such that D′ +A′ is ample
on Y . Therefore h∗OX(m(KX +∆) + h∗A′) = OY (D

′ +A′) is ample and
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m(KX +∆) + h∗A′ is effective. Let A := 1
m
A′, by Remark 3.2, for 0 ≤ t ≪ 1,

we can find D′
t and Ft such that

KX +∆+ h∗A+ tH ∼Q h∗D′
t + Ft

where D′
t is a linear function of t and OY

∼= h∗OX(⌊iF ⌋) for all i ≥ 0. Let
Dt := D′

t −A, which is also a linear function of t, and we have

KX +∆+ tH ∼Q h∗Dt + Ft.

Since for t > 0, κ(X,KX +∆+ tH) = dim(Y ), then Dt is big for every
t > 0. Therefore D0 is pseudo-effective. By the canonical bundle formula,
perhaps replacing h : X → Y by a higher model, we can find Q-divisors B
and J on Y such that

D0 ∼Q KY +B + J.

where (Y,B) is klt pair and J is nef.
If Conjecture 1.4 holds in dimension≤ n− 1, J is semiample, choose

a general member C ∈ |J +B|Q, then (Y,C) is klt, and KY + C is pseudo-
effective, by Conjecture 1.5 in dimension ≤ n− 1, κ(X,KY + C) ≥ 0. There-
fore κ(X,KX +∆) ≥ 0. □

4.3. MMP with scaling

Definition 4.1. (MMP with scaling) Let (X1,∆1) and (X1,∆1 +H1) be
two klt pairs such that KX1

+∆1 +H1 is nef, ∆1 ≥ 0, H1 is Q-Cartier and
pseudo-effective. Suppose that either KX1

+∆1 is nef or there is an extremal
ray R1 such that (KX1

+∆1).R1 < 0 and (KX1
+∆1 + λ1H1).R1 = 0 where

λ1 := inf{t ≥ 0 | KX1
+∆1 + tH1 is nef}

Now, if KX1
+∆1 is nef or if R1 defines a Mori fibre structure, we stop.

Otherwise assume that R1 gives a divisorial contraction or a log flip X1 99K

X2. We can now consider (X2,∆2 + λ1H2) where ∆2 + λ1H2 is the birational
transform of ∆1 + λ1H1 and continue. That is, suppose that eitherKX2

+∆2

is nef or there is an extremal ray R2 such that (KX2
+∆2).R2 < 0 and

(KX2
+∆2 + λ2H2).R2 = 0 where

λ2 := inf{t ≥ 0 | KX2
+∆2 + tH2 is nef}
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By continuing this process, we obtain a sequence of numbers λi and a special
kind of MMP which is called the MMP on KX1

+∆1 with scaling of H1.
Note that by definition λi ≥ λi+1 for every i.

Proof of Theorem 1.7. Because KX +∆+H has a good minimal model,
κ(X,KX +∆+H)≥0, therefore κι(X,KX +∆+H)=κ(X,KX +∆+H),
and by Theorem 2.5,

ν(X,KX +∆+H) = κι(X,KX +∆+H) = κ(X,KX +∆+H) = k

for some nonnegative integer k. Since H is pseudo-effective, by Proposi-
tion 2.4.(4), ν(X,KX +∆+ tH) ≤ k, ∀t ∈ [0, 1]. By assumption, κ(X,KX +
∆) ≥ 0, therefore we have

k ≥ ν(X,KX +∆+ tH) ≥ κ(X,KX +∆+ tH)

≥ max{κ(X,KX +∆), κ(X,KX +∆+H)} ≥ k,

for every t ∈ (0, 1]. Then (X,KX +∆+ tH) has a good minimal model for
every t ∈ (0, 1].

Suppose λ > 0. By Theorem 1.1, there exists ϵ > 0, such that for ev-
ery t ∈ [λ, λ+ ϵ], KX +∆+ tH has the same ample model Z. Consider
the interval I := [λ, λ+ ϵ]. By definition of MMP with scaling, we have in-
finitely many birational contractions ϕi, such that ϕi is a minimal model
for KX +∆+ tH, t ∈ [λi, λi+1], and KXi

+ ϕi∗∆+ tϕi∗H is not nef when
t < λi.

On the other hand, by Theorem 1.2, there are finitely many birational
contractions fj : X 99K Yj , 1 ≤ j ≤ m, and we can divide I into finitely many
closed interval I = ∪1≤j≤m[tj , tj+1], such that for t ∈ (tj , tj+1), fj is a good
minimal model for KX +∆+ tH. It is easy to see that there exist i, j, such
that tj < λi < λi+1 < tj+1.

Consider two rational number r1, r2 ∈ (λi, λi+1). By assumption, ϕi and
fj are respectively good minimal models of KX +∆+ r1H and KX +∆+
r2H. Let h : Xi → Z and g : Yj → Z be the morphism from good mini-
mal models to the ample model, then there are two divisors D1, D2 on
Z, such that KXi

+ ϕi∗∆+ rkϕi∗H ∼Q h∗Dk and KYj
+ fj∗∆+ rkfj∗H ∼Q

g∗Dk for k = 1, 2. Therefore by linearity, for all t ∈ [0, 1], (Xi, ϕi∗∆+ tϕi∗H)
is crepant birational with (Yj , fj∗∆+ tfj∗H), which means ϕi is also a min-
imal model for KX +∆+ tH, t ∈ [tj , tj+1], this contradicts with the defini-
tion of MMP with scaling. □
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