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On the finiteness of ample models

JUNPENG JI1AO

In this paper, we generalize the finiteness of models theorem in [2]
to Kawamata log terminal pairs with fixed Kodaira dimension. As
a consequence, we prove that a Kawamata log terminal pair with
R-boundary has a canonical model, and it can be approximated by
log pairs with Q-boundary and the same canonical model.

1. Introduction

Throughout this paper, the ground field k is the field of complex numbers.
The purpose of this paper is to prove the following theorems on the finiteness
of ample models and good minimal models.

Theorem 1.1 (Finiteness of Ample Models). Let X be a projective
normal variety of dimension n. Let V be a finite dimensional affine subspace
of the vector space WDivg(X) which is defined over Q. Fiz a nonnegative
integer 0 < k < n. Suppose L C L(V') (see Definition[2.9) is a closed rational
polytope, such that for any Q-divisor A € L, (X,A) is kit and v(X, Kx +
A) =k.

Then there are finitely many rational contractions wj : X --» Z;,1 <1 <
I, such that if mw : X --+ Z is the ample model of Kx + A for some R-divisor
A € L, then there is an index 1 < j <1 and an isomorphism & : Z; — Z such
that m = £ o ;.

Theorem 1.2 (Finiteness of Good Minimal Models). With notation
as in Theorem if for some R-divisor Ay € int(L), Kx + Ao has a good
minimal model. Then for any A € L, Kx + A has a good minimal model.
And there are finitely many birational contractions ¢; : X --+» X;, 1 <i<m
such that if ¢ : X --+Y is good minimal model of Kx + A, for some R-
divisor A € L, then there is an index 1 < j < such that (Y, p.A) is crepant
birational with (X;, ¢j.A).

There are several interesting applications of these results. The first is an
approximation of an effective kit pair with R-boundary.
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Corollary 1.3. Suppose X is a projective variety, A is an R-divisor such
that (X, A) is a klt pair and (X, Kx + A) > 0. Then for any 0 < e < 1,
we can find finitely many Q-divisor A;, 1 < i <1, such that,

1) A is a convex R-linear combination of A;.
2) |A — Al < c.

3) There is a normal variety Z, such that Z = Proj R(X, Kx + A;) for
every i.

The idea is to use the Kodaira-type canonical bundle formula on litaka
fibration. Let f: (X,A) — Z be an lc-trivial fibration, see definition
The Kodaira-type canonical bundle formula says that

D ~q Ky + By + My,

where By is the boundary part and My is the moduli part. Much is known
about the birational behaviour of such formulas: In particular, it is known
that, after passing to a certain birational model Y’ of Y, the divisor My is
nef and for any higher birational model Y — Y” the induced moduli part
My on Y" is the pullback of My:. We call such a variety Y’ the Ambro
model of f.

Two of the main conjectures in higher dimensional birational geometry
are:

Conjecture 1.4 (B-semiampleness Conjecture). Let (X,A) be a sub
pair and let f: (X,A) =Y be a kit-trivial fibration to an n-dimension va-
riety Y. If Y is an Ambro model of f, then My is semiample.

Conjecture 1.5 (Nonvanishing). Let (X,A) be a kit pair of dimension
n with Q-boundary. If Kx + A is pseudo-effective, then there exists an ef-
fective Q-divisor D such that Kx + A ~g D.

Assume that these two conjectures hold in dimension n — 1, we prove the
following statement which says that if a pseudo-effective klt pair is the limit
of effective pairs with non-maximum litaka dimension, then it is effective.

Corollary 1.6. Assume Conjecture[1.] and Conjecture[1.5 hold in dimen-
sion n— 1. Let (X,A) be a kit pair with Q-boundary. Suppose Kx + A is
pseudo-effective, and there is an effective Q-divisor H on X, such that for



On the finiteness of ample models 765

any 0 < e K 1, we have
0<k(X,Kx+A-+eH)<n.
Then there exists an effective Q-divisor D such that Kx + A ~q D.
Another interesting application concerns the MMP with scaling.

Corollary 1.7. Let (X,A) be a klt pair with Q-boundary, x(X, Kx + A) >
0 and H is a pseudo-effective Q-divisor, such that (X, A + H) is klt. Suppose
we can run the Kx + A MMP with scaling of H to get a sequence ¢; : X; -+
Xi11 of Kx + A flips and divisorial contractions and real numbers 1 > A\ >
Ao > ... such that Kx, + A; + tH; is nef for t € [\j, \i+1]. Let A := lim \;.
If Kx + A+ H has a good minimal model and \ # \; for any i € IZ\T_,mz?hen
A=0

2. Preliminary
2.1. Notations and Conventions

We will use the notations in [2] and [§].

Let Q be the field of rational numbers and R be that of real numbers,
let K be Q or R. Let w : X — U be a proper morphism of normal algebraic
varieties. A K-divisor (respectively K-Cartier divisor) D on X is a K-linear
combination of prime divisors (respectively Cartier divisors). We say two
K-divisors D and D’ are K-linearly equivalent over U, denoted D ~g ¢y D',
if their difference is a K-linear combination of principal divisors and an K-
Cartier divisor pulled back from U.

If D=5 d;D; is an R-divisor on a normal variety X, then the round
down of D is | D] = > |d;|D;, where |d| denotes the largest integer which
is at most d, the fractional part of D is {D} = D — | D].

The sheaf Ox (D) is defined by

Ox(D)(U) = {f € k(X) | (Nl + Dl = 0},

so that Ox (D) = Ox (| D]). Similarly we define |D| = || D]|.

A pair (X,A) consists of a normal variety X over C and an R-divisor
A on X such that Kx + A is R-Cartier. If g : Y — X is a birational mor-
phism and F is a divisor on Y, the discrepancy a(E, X, A) is —coeffg(Ay)
where Ky + Ay := ¢g*(Kx + A). A pair (X, A) is called subklt (respectively
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sublc) if for every birational morphism Y — X as above, a(F, X,A) > —1
(respectively > —1) for every divisor E on Y. A pair (X,A) is called klt
(respectively lc) if (X, A) is subklt (respectively sublc) and B is effective.

Definition 2.1. ([Nak04] and [Fuj17]) Let D be an R-divisor of a projective
normal variety X of dimension n. Assume that |D| # (). Then we have a
rational map

¢p = ¢p, : X --» P(H’(X,0x(D))).
We set Wp to be image of ¢p.
Let N(D) := {m € N; |mD| # 0}. The Iitaka-dimension (D) = k(X, D)
of D is defined as follows:

1) D)= {‘°°’ | (D) =0
max{dim W,,p | m € N(D)}, if N(D) # 0.

We define the invariant litaka dimension of D, denoted by k,(X, D), as
follows:

(2)

k(X D) = k(X, E), if there is an R-divisor E > 0 such that E ~g D,

—00, otherwise.
Let A be an ample divisor on X, set

v(X,D,A) = max{k € Z>o | limsupm *dimH’(X, [mD] + A) > 0},
m—ro0
if HO(X,|mD|+ A) # 0 for infinitely many m € N or v(X,D,A) = —c
otherwise.
We define the numerical Iitaka dimension of D, denoted by v(X, D), to
be

v(X,D)= max v(X,D,A)

ample
It is easy to see that v(X, D) > k(X, D).

The relative invariant litaka dimension is defined as follows.

Let X — U be a projective morphism of normal varieties and D be
an R-Cartier R-divisor on X. Then the relative invariant Iitaka dimen-
sion of D, denoted by k,(X/U, D), is defined as follows: If there is an R-
divisor £ > 0 such that D ~g ¢ E, set k,(X/U, D) = k,(F, D|r), where F
is a general fiber of the Stein factorization of X — U, and otherwise we set
k,(X/U, D) = —co. Similarly, we define the relative numerical Iitaka dimen-
sion to be v(X/U, D) = v(F, D|r). When there is an R-divisor £ > 0 such
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that D ~gy E, it is easy to see that ,(X/U,D) and v(X/U,D) do not
depend on the choice of E and F.

Definition 2.2. ([BCHM10]) Let 7 : X — U be a projective morphism of
normal projective varieties and let A be an R-divisor on X such that (X, A)
is a lc pair.

We say that a birational contraction f: X --+Y over U is a minimal
model (respectively good minimal model) of Kx + A over U, if given a
common resolution p: W — X and ¢ : W — Y, we may write

p*(Kx +A)=¢"(Ky + A+ FE

where A’ = f,A, Ky + A is nef (respectively semiample), E >0 is ¢-
exceptional and the support of E contains the strict transform of the f-
exceptional divisors, Y is normal, projective and Q-factorial.

Let D be an R-Cartier divisor on X, we say that g: X --+ Z is the
ample model of D over U, if g is a rational map over U, Z is normal and
projective over U and there is an ample divisor H over U on Z such that if
p:W — X and q: W — Z resolve g then ¢ is a contraction morphism and
we may write p*D ~q  ¢*H + E, where E > 0 and for every B € |p*D/U|g,
B > E. In particular, if D is Q-Cartier and the Op-algebra R(X, D) :=
Sm>0mOx (mD) is finitely generated, then Z = Proj;R(X, D). If (X, A)
is lc and Kx + A is big, the ample model of Kx + A is also called the
canonical model of Kx + A.

Definition 2.3. ([BCHM10]) Let K denote either the rational number field
Q or the real number field R. Let 7 : X — U be a morphism of projective
normal varieties, let V' be a finite dimensional affine subspace of the K-vector
space WDivg(X) of Weil divisors on X. For a K-divisor A, define

1) Va={A|A=A+B,BeV},

2) LV)={A eV | (X,A)is alc pair},

3) LA(V)={A=A4+BeVy| (X,A)isalcpair and B > 0},
4) E(V)={A € L(V) |Kx + A is pseudo-effective},

5) and given a rational contraction ¢ : X --+ Z, define

Az (V) ={A € L(V) | ¢ is the ample model of Kx + A over U }.

For an R-divisor D = ) d;D; where the D; are the irreducible compo-
nents of D, define ||D;|| := max{|d;|}.
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Proposition 2.4. Let X — U be a projective morphism of normal varieties
and D be a pseudo-effective R-divisor over U.

(1). If D1 > 0,D3 > 0 are two R-divisors, then
v(X/U, D1 + D2) > max{v(X/U, Di),v(X/U, Dy)}.

(2). If D > 0 is an R-divisor, then v(X/U, D) > k(X/U, D).

(3). If D' is an R-divisor with D' — D being pseudo-effective, then
v(X,D") > v(X,D).

(4). Suppose that Dy ~ry N1 and Dy ~py No for some R-divisors
Ny >0 and Ny >0 such that Supp(IN1) C Supp(Nz). Then we have
k,(X/U, D) < k,(X/U, D2) and v(X/U, D;) < v(X/U, Ds).

Proof. (1), (2) are obvious, (3) comes from [8, Proposition 5.2.7], (4) comes
from [5, Remark 2.8]. O
Lemma 2.5. Let (X, A) be a kit pair with R-boundary. Then (X,A) has a
good minimal model if and only if K, (X, Kx + A) = v(X, Kx + A).

Proof. When A is a Q-divisor, this is proved in [3, Theorem 4.3]. This R-

divisor version comes from [5, Lemma 2.13]. O

Lemma 2.6. Let f: X — U be a projective morphism, (X,A) a kit pair
with Q-boundary and ¢ : X --» Xy and ¢' : X --» X, be minimal models
for Kx + A over U. Then

1) the set of ¢-exceptional divisors coincides with the set of divisors con-
tained in B_(Kx + A/U) and if ¢ is a good minimal model for Kx +
A over U, then this set also coincides with the set of divisors contained
in B(Kx + A/U).

2) X}, --» X is an isomorphism in codimension 1 such that
a(E; Xy, :A) = a(E; Xy, gLA)

for any divisor E over X, and

3) if ¢ is a good minimal model of Kx + A over U, then so is ¢'.
Proof. This is [4, Lemma 2.4]. O
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Theorem 2.7. Let w: X — U be a projective morphism between normal
projective varieties. If (X, A) is a kit pair with Q-boundary and k(X,A) > 0,
then the Oy -algebra

R(X, Kx + A) = @mz(ﬂr*OX(m(KX + A))

1s finitely generated, therefore the ample model of Kx + A over U exists.
Proof. This is [2, Corollary 1.1.2]. O

Definition 2.8. An lc-trivial fibration f : (X, A) — Y consists of a proper
surjective morphism f: X — Y between normal varieties with connected
fibers and a Q-divisor A = A>g — A< written as the difference of its posi-
tive and negative parts, satisfying the following properties:

1) (X, A) is sublc over the generic point of Y.
2) Let F denotes the generic fiber of Y, then h%(F, Or([A<o|r])) = 1.
3) There exists a Q-Cartier Q-divisor D on Y such that

KX—{—ANQ f*D

The following is a simplified version of the Kodaira-type canonical bundle
formula given in [6].

Theorem 2.9. Let f:(X,A) = Z be an lc-trivial fibration, B a reduced
divisor such that f has slc fibers in codimension 1 over Z \ B. Then we can
write

Kx—i-A ~Q f*(Kz—l-J—‘rBA)
where J and Ba have the following properties
1) J is a Q-linear equivalence class, called the modular part. It depends

only on the generic fiber (Xy(z), Apz)) and it is the push-forward of
a nef class by some birational morphism Z' — Z.

2) Ba is a Q-divisor, called the boundary part. It is supported on B.
3) Let D C B be an irreducible divisor. Then

1+a(E,X,A)

ffpBa = sup{l —
coeffp Ba = sup{ mltp D

where the supremum is taken over all divisors over X that dominate
D.
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This implies the following.

1) If D is dominated by a divisor E such that a(E, X, A) < 0 (respectively
< 0) then coeffpBa > 0 (respectively > 0).

2) If A is effective then so is Ba.

3) If (X, A) is sublc then coeffp Ba < 1 for every D and coeff pBa = 1 if
and only if D is dominated by a divisor E such that a(E, X, A) = —1.

3. Proof of Main Theorem

In this section we prove the relative version of Theorem[I.I|and Theorem|[I.2]

Lemma 3.1. Let X — U be a projective morphism of normal varieties,
fix an integer 0 < k <n. Let V be a finite dimensional affine subspace of
the vector space WDivg(X) of Weil divisors on X which is defined over
the rationals. Suppose L is a convex subset, and for every Q-divisor D € L,
k(X/U, D) =k and the ample model of D over U exists. Suppose fp : X --»
Zp is the ample model of D over U. Then the generic fiber of fp are the
same for every D € L, in particular, Zp are birational equivalent for every
DelL.

Proof. Choose two Q-divisors Di, Dy € L. After replacing X by a higher
birational model and D; by its pull back, we may assume that X — Zp, is
a morphism. Then we have the following diagram

X
S N
ZD <7]21ZD1 X ZDZFZDQ

1

where p; and py are two projections from the fiber product Zp, x Zp,. Since
Zp, is the ample model of D; over U, there exists an ample divisor A; on
Zp,, such that

D; ~qu fiAi + E;,

where F; is effective, i = 1, 2.
By definition of the fiber product, A := %(pfAl +p3As) is an ample
divisor on Zp, x Zp,. Let Z be the normalization of image of X in Zp, X
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Zp,, then A|z is ample on Z, in particular,
k(Z/U,A|z) =dim(Z) — dim(U) > dim(Zp,) — dim(U) = k(X/U, D;) = k,

Because
1

) 1
§(D1 + D) ~qu h*A|z + §(E1 + E»),

and %(Dl + D) € L, we have that
1
k= K(X/U, S(D1 + D2) > w(X/U.KAl7) = K(Z[U,Al) > k.

which means dim Z = dim Zp,. Because f;,? = 1,2 are algebraic contrac-
tions, it is easy to see that the morphisms p;|z : Z — Z;,i = 1,2 are bira-
tional. g

3.1. Finiteness of Ample Models

Let h: X — Y be an equidimensional algebraic fibration over U such that Y
is smooth. Suppose (X, A) is kIt with Q-boundary, x(X/U, Kx + A) =k >
0 and h is birational equivalent to the Iitaka fibration of Kx 4+ A over U,
therefore x(X,), (Kx 4+ A)|,) =0, where X,, is the generic fiber of h. First
we show how to get a pair (Y, C) of log general type from (X, A).

Since k(X/U, Kx + A) = k > 0, there is a Q-effective divisor L such that

Kx—l-ANQU L.

We put D := max{N | N is an effective Q-divisor on Y such that L > h*N}
and F := L — h*D. Then we have

Kx + A ~qu h*D + F.

Because k(X;,(Kx + A)|,) =0, then h,Ox([iF]) is a reflexive sheaf of
rank 1 on Y. Moreover, since Y is smooth, h,Ox(|iF']) is an invertible
sheaf on Y. By construction, for any prime divisor P on Y, Supp(F') does
not contain the whole fiber over the generic point of P, therefore Oy =
h«Ox (|iF|). Moreover, it is easy to see that D and F' are both Q-divisors.
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Remark 3.2. Notations as above, we show how D and F' vary depending
on A. Define

m
D = {(al,ag, "'7am) c [0’ 1]><m ’Zaz _ 1}
=1

Let h : X — Y be an equidimensional algebraic fibration and Y is smooth,
let X,, denote the generic fiber of h. Suppose {L;,1 < i < m} are m linearly
independent effective Q-Cartier Q-divisors, such that for every (ay, ag, ..., an)
€ D, we have (X, Y i~ a;L;) = 0. Define

D(ay,...,an) := max{N | N is an effective Q-divisor on Y

m
such that ZaiLi > f*N}.
i=1

and

m
F(ay,...,ap) = ZaiLi — f*D(ay,...,anm).
i=1
Next we show that D(aq,...,a,) is a piecewise Q linear function on D.
Let P be a prime divisor on Y, suppose h*P = Z 1 b;G;, where Gj,1 <
j <l are prime divisors on X. Then the coefficient of P in D(ay,...,am) is

coeffpD(aq, ..., am) = mln{z —CoeffG Li, 1<j<m}.
=1 ]

It is easy to see that coeffpD(aq,...,an,) is a piecewise linear function of
(a1, ..., am). Moreover, because there are only finitely many prime divisors P
such that Supp h*P C Ui<j<mSupp L, and + b coeffg, L; are rational numbers
for every j, we can divide D into finitely many rational polytopes Ui Dy, such
that D(ay, ..., an,) is a Q-linear function in each Dy.

Definition 3.3. Let X be a projective normal variety, V be a finite dimen-
sional affine subspace of the vector space WDivg(X). Let 2 C L(V) be a
subset, define

totaldiscrep(X, Q) := iEng{a(E,X, D) | E is a prime divisor over X, D € Q}

Theorem 3.4. Letnw : X — U be a projective morphism of normal varieties
and dim(X) = n. Let V be a finite dimensional affine subspace of the vector
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space WDivg(X) which is defined over the rationals. Fiz an integer 0 <
k <n. Suppose L € L(V) be a closed convex rational polytope, such that
forany A € L, (X,A) is kit and k(X/U, Kx + A) = k. Then there exists a
commutative diagram

X r X/

o |

U Y

with the following properties.

1) w is birational morphism, h is an equidimensional algebraic fibration,
X' has only Q-factorial toroidal singularities and Y is smooth;

2) There exits a finite dimensional affine subspace V' of the vector space
WDivg(X') which is defined over Q, a closed rational polytope L' C
L(V') such that

totaldiscrep(X’, L') = totaldiscrep(X, L),

and a Q-linear isomorphism %' : L — L'. For any divisor A € L,
(X', Supp(A")) is quasi-smooth (i.e., (X', Supp(A’)) is toroidal), and

1:O0x/(m(Kx: + A')) = Ox(m(Kx + 4)), ¥m e N;

3) h is birational equivalent to the Iitaka fibration of Kx + A for every
AeL.

Proof. Fix A; € L, we may choose a birational projective morphism g :
X" — X, such that there exists a projective morphism A : X’ — Y of smooth
projective varieties over U and the restriction h, : X7’7 — Y, over the generic
point 7 of U is birational to the Iitaka fibration of Kx + Ay. By Lemma|3.1
it is birational to the Iitaka fibration of Kx + A, forevery A € L. Let Ag € L
be an inner rational point. By the weak semi-stable reduction theorem of
Abramovich and Karu (cf. [I]), we can assume that h: (X', D) — (Y, Dy)
is an equidimensional toroidal morphism for some divisors D’ on X’ and Dy
on Y where (X', D') is quasi-smooth, Y is smooth and x~*(Aq U Sing(X)) C
D'

Let F' be the exceptional divisor of u, denote a := totaldiscrep(X, L).
For a A € L, define A’ by

A= p A+ max{0, —a} F



774 Junpeng Jiao

Since Ay is an inner point of L, it is easy to see that Supp(A’) € D', clearly
(X', A') satisfies (1) and (2). O

The following theorem is the relative version of Theorem

Theorem 3.5. Letw: X — U be a projective morphism of normal varieties
and dim(X) = n. Let V be a finite dimensional affine subspace of the vector
space WDivg(X) which is defined over Q. Fiz a nonnegative integer 0 <
k <n. Suppose L C L(V) is a closed rational polytope, such that For any
AeL, (X,A) is kit and (X, Kx + A) = k.

Then there are finitely many rational contractions m; : X --» Z;,1 <i <
I over U, such that if m: X --+ Z is an ample model of Kx + A over U for
some Q-divisor A € L, then there is an index 1 < j <1 and an isomorphism
§:7Zj — Z such that m = { omj.

Proof. It is easy to see that we may assume that L is a convex polytope.
By Theorem there are a birational morphism p: X’ — X, an equidi-
mensional algebraic fibration h: X’ — Y over U and a Q-linear isomor-
phism « : L — L' such that totaldiscrep(X’, L') = totaldiscrep(X, L) and
wOx (m(Kx: + A") = Ox(m(Kx + A)), Vm € N. Moreover, Z is the am-
ple model of (X, A) over U if and only if it is the ample model of (X', A’)
over U. Therefore we can replace X by X’ and L by L’. Then we can assume
that there is an equidimensional algebraic fibration h : X — Y over U, Y is
smooth and for every Q-divisor A € L, k(X,, (Kx + A)|,) = 0, where X, is
the generic fiber of h.

By Remark we may divide L into finitely many rational simplexes
U; L. For every A € L, there are divisors Da and Fa satisfying the following
equations

Kx + A ~Q,U h*DA —i—FA,

Oy = h,Ox(|jFa])

for all j > 0. Moreover, Da is a linear function of A in each L. It is easy to
see that (X, A — FA) — Y is an lc-trivial fibration for every A € L. Because
this division is finite and rational, we only need to prove finiteness of the
ample models for each Lg. Let {A;,;1 <1i < m} be the vertexes of L and
let D;, F; be short for Da, and Fh,.
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By Theorem[2.9], for every Q-divisor A;, 1 < i < m, there exist Q-divisors
B; and J; on Y, such that (Y, By) is klt and

D; ~qu Ky + B; + J;.
Also we can find a birational morphism f : Y’ — Y, such that

where J/ is a U-nef Q-divisor for every 1 <i <m, (Y, B)) is subklt and
[«B. = B;. Because D; is big, there are an ample Q-divisor A" and a big Q-
divisors E; on Y, such that f*D; ~q f*A’ 4+ E;. Let € > 0 be a small enough
rational number such that (Y', B} + C/ +ef*A’),1 < i < m is subklt, where
C! € |J! + eE;|g is a general member. Let C; := f.(B} 4+ C?) and A € |[eA'|g
be a general member, then we have (Y, A+ C;),1 < i < m is klt and

(1+6)(Ky+Bi+JZ‘) ~Q Ky +A+C;.

Let W C WDivg(Y) be the finite dimensional subspace spanned by the
{C;,1 <i < m}. For a point (ay, ..., an,) € D, we have

m m
1+ ) (Kx + > aili) ~qu h*(Ky + A+ aiCy) + Ri,, 4
i=1 =1
where R/(al,...,am) is effective and Oy = h*(’)X(LjR’(a1 ..... am)J) for all j > 0.
Therefore a projective variety Y. is the ample model of (X, /", a;A;) if
and only if it is the canonical model of (Y, A+ 3 " a;C;). Then we have
a Q-linear map C, : Ly — LAo(W), and for every R-divisor A € Ly, (X, A)
and (Y, Ca) have the same ample model over U. Therefore the claim is now
immediate from [2, Corollary 1.1.5] . O

Remark 3.6. Because the map A — Da — Cp is Q-linear, by Theorem [3.5
it is easy to see that if L is a rational polytope, A (V') N L is also a rational
polytope.

3.2. Finiteness of good minimal models
Lemma 3.7. Letw: X — U be a projective morphism of normal varieties,

V be a finite dimensional affine subspace of WDivg(X) which is defined over
the rationals. Fiz a nonnegative integer 0 < k <n, let L CV be a closed
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convez rational polytope of R-divisors, such that for any Q-divisor D € L,
k(X/U,D) =k >0.

If there is an R-divisor Do €int(L) satisfying v(X/U, Do) =k, (X/U, Dy).
Then for any R-divisor D € L, we have v(X/U, D) = k,(X/U, D).

Proof. Let D;,1 < i <m be the vertexes of L, by assumption, D; are Q-
divisors and k(X /U, D;) = k. Choose E; such that D; ~q E; > 0, then for
every point (a1, asg, ...,am) € D, we have " a;D; ~py > 1oy a;E; > 0. By
Proposition [2:4] we may replace D; by E;, then we may assume D > 0 for
every D € L and replace ,(X, D) by (X, D).

If for some Dg € int(L), we have v(X/U, D) = k(X/U, D). Then for ev-
ery D € L, we have Supp(D) C Supp(Dg). Thus the claim comes easily from
the following inequality.

k(X/U, D) < v(X/U,D) < v(X/U,Dy) = k(X/U, Do) = k = &(X/U, D).
|

Theorem 3.8. Let X be a projective variety, then there are at most count-
ably many birational contractions ¢; : X --+» X;,i € N, such that if X' is a
projective normal Q-factorial variety and ¢ : X --» X' is a birational con-
traction, then there is an isomorphism 7 : X; — X' such that ¢ = T o ¢;.

Proof. After replacing X by a resolution, we may assume that X is smooth.
If  : X --» X' is a birational contraction, let p: W — X and ¢ : W —
X' resolve the indeterminacy of f. Let A be a general ample divisor on
X', define D := p,.q¢*A. By negativity lemma, p*D = ¢*A + E for some p-
exceptional divisor £ > 0, which is also g-exceptional. Therefore

R(X,D) =~ R(W,p*D) = R(X', A).

Because A is ample on X', we have that X’ = ProjR(X’, A) = ProjR(X, D).

On the other hand, if D’ is another divisor on X such that D' = D,
because X' is Q-factorial, ¢,p* D’ = q.p*D = A, which means that g,p*D’ is
an ample divisor on X', denote it by A’. Since p* D’ — ¢* A’ = p*D — ¢* A and
they are both g-exceptional, by the negativity lemma, we have p* D’ — ¢* A’ =
p*D —q*A=FE >0, hence X' =ProjR(X’, A") = ProjR(X, D’). Therefore
each birational contraction is determined by the numerical class of a big
Q-divisor. Since N!(X) is finite dimensional, the claim follows. O

Theorem 3.9. Let X be a projective normal variety over a normal variety
U,V be an affine finite dimensional subspace of WDIVg (X)) which is defined
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over the rationals, suppose L is a rational polytope of L(V') such that for any
Q-divisor A € L, (X, A) has a good minimal model over U and has the same
ample model Z over U. Then there is a birational contraction f: X --+ X',
such that for any R-divisor A € L, f is a good minimal model of (X,A)
over U.

Proof. Because for any Q-divisor A € L, (X, A) have the same ample model
Z over U and (X, A) has a good minimal model, it follows that x(X/U, Kx +
A) are the same. Then by Lemma and Lemma for any R-divisor A,
we have k,(X/U, Kx + A) = v(X/U, Kx + A), which implies that for any
R-divisor A € L, Kx + A has a good minimal model over U.

Since a good minimal model is Q-factorial, by Theorem we can
divide L into countably many subset U;>oL;, such that for any R-divisor
A € L;, f; is a good minimal model of (X, A) over U. Because f : X --» X’
is a good minimal model for both (X, A1) and (X, Ay) implies that f is also
a good minimal model for (X, \A; + (1 — A)Az), VA € [0, 1], then each L;
is convex.

By the Pigeon-hole Principle, we may assume L; spans V', which means
that there are finitely many Q-divisors {A; € Ly, 1 <j <m} spanning
V and f; is a good minimal model for (X,A;), 1 <j<m. So Kx, +
f1:A4,1 < j < m are semiample over U. Because (X, A;) and (X1, f1+4;)
have the same ample model Z for every 1 < j <m, by [2 Lemma 3.6.5],
Kx, + f1:A;,1 < j < mdefine amorphism h; : X; — Z, and there are some
ample Q-divisors D;,1 < j < m on Z, such that

Kx, + fi«Aj ~qu hiDj, 1<j<m.

Because {Aj,1 < j < m} span V, then for any Q-divisor A € L, there is a
Q-divisor D on Z such that Kx, + fi+A ~qu hiD.

For a Q-divisor A € L, let (X', A’) be a good minimal model of (X, A)
and A/ : X' — Z be the morphism from the good minimal model to the
ample model. let A! be the image of A on X;. Choose a common resolution
p:W = X; and ¢: W — X’ of X’ and X;. Because A’ and A! are the
images of A on X’ and X7, we have an equation

(3) p(Kx, +AY+E=q¢"(Kx + A)+ F

where E is p-exceptional and F' is g-exceptional. By assumption, there are
divisors C" and C! on Z, such that Kx, + Al ~Q h’{Cl and Kx + A’ ~g
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h*C'. Let f:=pohy =qoh, then is equal to
ffct-cY=F-F

Since the irreducible components of Supp(F — E) are either exceptional for
p or exceptional for ¢, Supp(F — E) does not contain the whole fiber of
any prime divisor on Z, therefore C! = C’, which means (X', A’) is crepant
birational with (X1, A!). By Lemma (X1,AY) is a good minimal model
for (X, A). Therefore, for every Q-divisor A € L, f; is a good minimal model
for (X, A). Because L is a rational polytope, any R-divisor A € L is a convex
combination of Q-divisors in L, therefore, for any R-divisor A € L, f; is a
good minimal model for (X, A). O

The following theorem is the relative version of theorem [I.2]

Theorem 3.10. Let X be a projective normal variety of dimension n over
a normal variety U. Let V be a finite dimensional affine subspace of the
vector space WDivg (X)) which is defined over Q. Fiz a nonnegative integer
0 <k <n. Suppose L C L(V) is a closed rational polytope, such that For
any A € L, (X,A) is kit and (X, Kx + A) = k.

If there is an R-divisor Ay € int(L) such that Kx + Ag has a good mini-
mal model over U. Then for any A € L, Kx + A has a good minimal model
over U, and there are finitely many birational contractions ¢; : X --+» X,
1 <i < m, such that for any R-divisor A € L, if ¢ : X --+ Y is a good min-
imal model of Kx + A over U, then there is an index 1 < j <1 such that
(Y, ¢ A) is crepant birational with (X, ¢j.A).

Proof. If for some R-divisor Ag € int(L), Kx + A has a good minimal
model over U, then by Lemma[3.7]and Lemma [2.5] for any R-divisor A € U,
Kx + A has a good minimal model over U. Then the claims comes easily
from Theorem [3.5 and Theorem [3.9 O

4. Applications

4.1. Approximation of pair with R-boundary

Proof of Corollary[1.3 If A is a Q-divisor, then the result is straight for-
ward. So we assume that A is not a Q-divisor.

After taking a Q-factorialization of X, we may assume that X is Q-
factorial. First we show that there is an effective Q-divisor B, such that
A—-B>0and k(X,Kx + B) > 0.



On the finiteness of ample models 779

Because (X, Kx + A) =k > 0, there exists a positive integer m such
that

hO(X, Ox(|mKx +mA])) > 0.

Since X is Q-factorial, we can choose m sufficiently divisible such that mKx
is Cartier, therefore, h%(X, Ox(mKx + |mA])) > 0. So we can choose B :=
LimAl.

m

Now we can write A as an R-linear combination of Q-divisor
m
A =B + Z OéjEj.
=1

Let V' be the space spanned by F;,1 < j < m. It is easy to see that A C
int(Lp(V)).

Because k(X, Kx + B) > 0, by Proposition for any R-divisor D €
int(Lp(V)), we have k,(X, Kx + D) = k. Choose a rational polytope L C
V' containing A, by Theorem we can assume that for every Q-divisor
D e L, Kx + D has the same ample model.

By basic convex geometry, we can find D; € L,1 < i <[, such that ||A —
D;|| < e and A is a convex linear combination of D;. Let Z be the ample
model of Ky + D1, then Z = Proj R(X, D;) for any D;,1 <i <. O

4.2. Nonvanishing

Proof of Corollary[1.6, Because H is effective, x(X, Kx + A + tH) is a non-
decreasing function of ¢. Also by Proposition for 0 < t; <t9 < t3, we
have

KX, Kx + A+ toH) > max{r(X,Kx + A+ t1H),k(X,Kx + A +t3H)}.
Thus there is an integer 0 < k < n, such that for ¢t >0, (X, Kx + A+
tH) = k.

If K =0, then

K(X,Kx+A+eH)=0 and
ROU(X,0x(m(Kx + A+ eH))) <1

for € small enough. Choose ¢y small enough, there exists an integer mgy and
a rational function fy on X, such that,

div(fo) + mo(Kx + A +eH) >0,
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Similarly, for any rational number 0 < € < ¢y, we can find f. and m,, such
that

div(fe) + me(Kx + A+ €H) > 0,

Since H > 0, it is easy to see that div(f™) +mom(Kx + A+eH) >0
and div(fg)né) +mome(Kx + A+ ¢ H) > 0.
Since h°(X, Ox(mome(Kx + A +€eH))) < 1, we have

div(f") + mome(Kx + A+ eoH) = div(fy") + mome(Kx + A+ e H).

This implies that m%)div( fo) = miediv( fe). Therefore taking the limit for e —
0, we have m%)div(fo) + (Kx + A) > 0, which implies x(X, Kx + A) > 0.

Next we consider when k > 1. By assumption (X, A) is klt, so (X, A+
tH) is still kIt for 0 < ¢ < 1. Let (X', A"),p: X' = X and h: X' =Y be
the pair and morphisms given in Theorem such that

1:0x (m(Kxr + N + tH')) 2 Ox (m(Kx + A +tH)), ¥m €N,

therefore for 0 < t < 1, k(X,Kx + A+ tH) > 0 if and only if (X', Kx/ +
A'+tH") > 0. (X, Kx +A) >0 is equal to k(X', Kx, +A’) > 0. So we
may replace X by X'(respectively A by A’, H by H’') and assume that
there is an equidimensional algebraic fibration A : X — Y.

Let F' denotes the generic fiber of h. By properties of the litaka fibration,
we have that for all 0 <t < 1,

H(F,KF—FAF-FtHF) = 0.

This means on the generic fiber F';, Kr + A is the limit of effective divisors,
therefore it is pseudo-effective. Since we assume Conjecture holds in
dimension < n — 1, then x(F, Kp + Ap) > 0 and it is easy to see that

K(F, Kp+ Ap) = 0.

Let m be sufficiently divisible, such that m(Kx + A) is Cartier, since
h is equidimensional and k(F, Kr + Ap) =0, h,Ox(m(Kx + A)) is a re-
flexive sheaf of rank 1. Also because Y is smooth, h,Ox(m(Kx + A)) is an
invertible sheaf. So there is a Cartier divisor D’ on Y, such that

(4) h.Ox(m(Kx + A)) = Oy (D).

Let A’ be a sufficiently ample divisor on Y, such that D'+ A’ is ample
on Y. Therefore h,Ox(m(Kx + A) +h*A’) = Oy(D' + A’) is ample and
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m(Kx + A) 4+ h* A’ is effective. Let A := LA’ by Remark for0 <t <1,
we can find D} and F} such that

Kx +A+h*"A+tH ~g h*D; + F;

where Dj is a linear function of ¢t and Oy = h,Ox ([iF']) for all i > 0. Let
D; := D; — A, which is also a linear function of ¢, and we have

Kx +A+tH ~g h*D; + F;.

Since for t >0, xk(X,Kx + A+ tH) =dim(Y), then D, is big for every
t > 0. Therefore Dy is pseudo-effective. By the canonical bundle formula,
perhaps replacing h : X — Y by a higher model, we can find Q-divisors B
and J on Y such that

Do ~g Ky + B+ J.

where (Y, B) is kit pair and J is nef.

If Conjecture holds in dimension< n — 1, J is semiample, choose
a general member C' € |J + Bl|g, then (Y, C) is klt, and Ky + C is pseudo-
effective, by Conjecturein dimension < n — 1, (X, Ky + C) > 0. There-
fore k(X,Kx +A) > 0. O

4.3. MMP with scaling

Definition 4.1. (MMP with scaling) Let (X1,4A1) and (X1,A; + Hyp) be
two klt pairs such that Ky, + Ay + H; is nef, A; > 0, H; is Q-Cartier and
pseudo-effective. Suppose that either Kx, + A; is nef or there is an extremal
ray R; such that (Kx, + A1).R; < 0and (Kx, + A1 + A\ H;p).Ry = 0 where

A c=inf{t >0 | Kx, + Ay +tH; is nef}

Now, if Kx, + A; is nef or if R; defines a Mori fibre structure, we stop.
Otherwise assume that Ry gives a divisorial contraction or a log flip X7 --»
X5. We can now consider (X9, Ay + A; Hy) where Ay + Ay Hy is the birational
transform of A; + A\ H; and continue. That is, suppose that either Kx, + As
is nef or there is an extremal ray Ry such that (Kx, + Az).Re <0 and
(KX2 + Ag + )\QHQ).RQ = 0 where

Ay 1= inf{t >0 ‘ KX2 + Ao +tHy is nef}
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By continuing this process, we obtain a sequence of numbers A; and a special
kind of MMP which is called the MMP on Kx, +A; with scaling of H;.
Note that by definition A; > A; 41 for every 7.

Proof of Theorem[I.7]] Because Kx + A+ H has a good minimal model,
K(X,Kx + A+ H)>0, therefore k, (X, Kx + A+ H)=kr(X,Kx + A+ H),
and by Theorem [2.5

VX, Kx +A+H)=r(X,Kx+A+H)=r(X,Kx+A+H)=k

for some nonnegative integer k. Since H is pseudo-effective, by Proposi-
tion[2.4](4), v(X, Kx + A+ tH) < k, Vt € [0, 1]. By assumption, (X, Kx +
A) > 0, therefore we have

k>v(X,Kx + A+tH) > k(X,Kx + A+tH)
> max{k(X,Kx + A), s(X,Kx + A+ H)} >k,

for every t € (0,1]. Then (X, Kx + A+ tH) has a good minimal model for
every t € (0,1].

Suppose A > 0. By Theorem [I.1] there exists € > 0, such that for ev-
ery t € [\,A\+¢€], Kx + A+tH has the same ample model Z. Consider
the interval I := [\, A + €|. By definition of MMP with scaling, we have in-
finitely many birational contractions ¢;, such that ¢; is a minimal model
for Kx + A+tH,t € [\, N\i+1], and Kx, + ¢+t H is not nef when
t< M\

On the other hand, by Theorem there are finitely many birational
contractions f; : X --» Y}, 1 < j < 'm, and we can divide I into finitely many
closed interval I = Ulgjgm[tja tj+1], such that for t € (tj,tj+1), fj is a good
minimal model for Kx + A 4+ tH. It is easy to see that there exist i, j, such
that L‘j < >\z < >\i+1 < tj+1.

Consider two rational number 71,79 € (A;, Ait+1). By assumption, ¢; and
fj are respectively good minimal models of Kx + A +rH and Kx + A +
roH. Let h:X; = Z and ¢g:Y; — Z be the morphism from good mini-
mal models to the ample model, then there are two divisors D, D2 on
7, such that KX,; + (ﬁZ*A 4+ rpis H ~Q h* D), and Ky] + f]*A + kaj*H ~Q
g* Dy, for k = 1,2. Therefore by linearity, for all ¢ € [0, 1], (X, ¢ixA + tpi H)
is crepant birational with (Y}, fj+A + tf;«H), which means ¢; is also a min-
imal model for Kx + A+ tH,t € [t;,t;j4+1], this contradicts with the defini-
tion of MMP with scaling. ]
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