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Weight elimination in two dimensions

when p = 2

Xiyuan Wang

We prove the ‘weight elimination’ part of the weight part of Serre’s
conjecture for mod 2 Galois representations for rank two unitary
groups, by modifying the results in [GLS14] and [GLS15].

1. Introduction

Let p be a prime number and F be a number field with ring of integers OF .
We let GF denote the absolute Galois group of F . Assume that r : GF →
GL2(Fp) is an irreducible and modular Galois representation. When F is
unramified at p, a conjecture of Buzzard-Diamond-Jarvis (see [BDJ10]),
proved by [GLS14, GK14, New13, BLGG13] when p > 2, predicts the set
of irreducible representations a of GL2(OF /p) such that r is modular of
weight a. We recall the shape of this conjecture. For each place v | p, let
Fv be the completetion of F at v and denote the residue field of Fv by
kv. For each representation ρ : GFv

→ GL2(Fp), Buzzard-Diamond-Jarvis
define a set W explicit(ρ) of irreducible representations of GL2(kv) (called
Serre weights), and conjecture that r is modular of weight a if and only if
a ∈W explicit(r) := ⊗v|pW

explicit(r|GFv
)

The papers [GLS14, GLS15] in particular prove the ‘weight elimination’
direction of this conjecture (as well as its natural generalization to the case
where F is ramified at p), i.e., that if r is modular of weight a (in the sense
of [BLGG13, Def. 2.1.9], i.e., arising from a suitable automorphic form on
a rank two unitary group), then a ∈W explicit(r). They achieve this goal by
proving a purely local result, namely that for another set of Serre weights
W cris(ρ) (defined in terms of the Hodge-Tate weights of crystalline lifts of
the local representation ρ), one has W cris(ρ) ⊆W explicit(ρ).

The main reason they require p > 2 is that they use a field extension
lemma (see [Liu08, Lem. 5.1.2]) which relies on this condition. In this note,
we remove the condition p > 2 by proving Lemma 2.1 below. This note is
closely related to the papers [GLS14] and [GLS15]. We follow exactly the
same notations and ideas in these two papers. One should treat this note as
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a complement of [GLS14, GLS15] when p = 2. The main result of this note
is as follows.

Theorem 1.1 (Theorem 6.2). Let F be an imaginary CM field with
maximal totally real subfield F+. Assume that F/F+ is unramified at all
finite places, that every place of F+ above 2 splits in F , and that [F+ : Q] is
even. Suppose that r : GF → GL2(F2) is an irreducible representation with
split ramification that is modular in the sense of [BLGG13, Def. 2.1.9].

Let a be a Serre weight. If r is modular of weight a, then a ∈W explicit(r).

We now explain the structure of this note. In Section 2, we prove the
main lemma of this note. In Section 3, we recall some sets of Serre weights.
They are important for the formulation and the proof of the weight part of
Serre’s conjecture. In Section 3 and 4, we revise [GLS14, GLS15] to prove the
main local result of this paper. One should read these two sections together
with [GLS14] and [GLS15]. In the last section, we prove our main global
result.

I would like to thank Hui Gao for helpful discussions. The results in this
note were proved in 2015 as part of the author’s Ph.D. project. Now I decide
to publish this note since the results in this note has already been used in
several papers (see [DS17], [CEGM17], [EG19], [Bar20], and [Ste20]).

The converse to weight elimination, namely that r is modular of each
predicted weight, appears to be rather more difficult, because of limitations
on 2-adic automorphy lifting theorems. However, we will report on some
results in this direction in a future paper.

1.1. Notations

Let p be a prime number. Let K be a finite extension of Qp, with ring of
integers OK and residue field k. LetK0 be the maximal unramified extension
of Qp contained in K. Let π be a uniformizer of K. Let E(u) denote the
minimal polynomial of π over K0 , and set e = degE(u). Let W (k) be the
ring of Witt vectors which is the ring of integers in K0. We write IK for the
inertia subgroup of the absolute Galois group GK of K.

If W is a de Rham representation of GK over Qp and κ : K →֒ Qp is an
embedding, then by definition the multiset HTκ(W ) of Hodge-Tate weights

ofW with respect to κ contains i with multiplicity dimQp
(W ⊗κ,K K̂(−i))GK

with the usual notations for Tate twists. Thus for example HTκ(ε) = {1},
where ε is the p-adic cyclotomic character. We will refer to the elements of
HTκ(W ) as the “κ-labeled Hodge Tate weights”.
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DefineG =W (k)[[u]]. The ringG is equipped with a Frobenius endomor-
phism φ via u 7→ up along with the usual (arithmetic) Frobenius on W (k).
Let S be the p-adic completion of the divided power envelope of W (k)[u]
with respect to the ideal generated by E(u). Write SK0

= S[1/p].
Let R = lim←−OK/p where the transition maps are the pth power maps.

W (R) is the ring of Witt vectors of R. We have a unique surjective projection
map θ :W (R)→ ÔK to the p-adic completion of OK . We denote by B+

dR
the ker(θ)-completion of W (R)[1/p]. We define filtration on W (R) by

FiliW (R) =W (R) ∩ (ker(θ))iB+
dR.

Let Acris be the p-adic completion of the divided power envelope of W (R)
with respect to ker(θ). We write B+

cris = Acris[1/p].
We fix a compatible system of pnth roots of π. Set π = (πn)n⩾0 ∈ R,

ϵ = (ζpn)n⩾0 ∈ R, and t = −log([ϵ]) ∈ Acris. For any g ∈ GK , write ϵ(g) =
g(π)/π. By [Liu07, Ex. 5.3.3] there exists an element t ∈W (R) such that
t = cφ(t) with c ∈ S×. Following [Fon94, §5] we define

I [m]W (R) = {x ∈W (R) : φn(x) ∈ FilmB+
cris for all n > 0}.

(See [Fon94, §5] for the definition of the filtration on B+
cris.) By [Fon94,

Prop. 5.1.3] the ideal I [m]W (R) is principal, generated by φ(t)m.
We define

K∞ =

∞
⋃

n=0

K(πn), Kp∞ =

∞
⋃

n=1

K(ζpn), K̂ =

∞
⋃

n=1

K∞(ζpn).

Write G∞ = Gal(K/K∞), Ĝp∞ = Gal(K̂/Kp∞), Ĝ = Gal(K̂/K), andHK =
Gal(K̂/K∞).

2. The main lemma

In this section, we let p = 2. We have the following main lemma of this note.

Lemma 2.1. There is a uniformizer ϖ of K, such that K2∞ ∩K∞ = K,
where K∞ =

⋃∞
n=1K( 2

n√
ϖ).

Proof. By [Liu10, Prop. 4.1.5], for any uniformizer π of K, we have K2∞ ∩
K∞ = K or K(

√
π). So we just need to show that we can choose a uni-

formizer ϖ, such that K(
√
ϖ) ̸⊆ K2∞ .
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Assume that [K : Q2] = d. By Kummer theory, there are 2d+1 quadratic
extensions of K which are of the form K(

√
π)/K, where π is a uniformizer

of K.
On the other hand, Gal(K2∞/K) is a subgroup of Z×

2
∼= Z/2× Z2. One

can see that there are at most three quadratic extensions of K inside K2∞ .
Since 2d+1 ≥ 4 > 3, we can find a uniformizer ϖ, such that K(

√
ϖ) ̸⊆ K2∞ .

We are done. □

Note that, when p > 2, one hasKp∞ ∩K∞ = K for any choice of uniformizer
π.

As a corollary of the above lemma, we have Ĝ ≃ Ĝ2∞ ⋊HK . To com-
plete the proof of weight elimination when p = 2, it suffices to make several
modifications of some results in [GLS14] and [GLS15].

3. Serre weights

In this section, we recall some sets of Serre weights. Note that p can be
any prime number in this section. K is a finite extension of Qp with ring of
integers OK and residue field k. We set f = [k : Fp].

Definition 3.1. A Serre weight is an isomorphism class of irreducible Fp-
representation of GL2(k).

We know that any such representation, up to isomorphism, is of the form

Fa := (⊗σ:k→֒Fp
detaσ,2 ⊗ Symaσ,1−aσ,2 k2)⊗σ,k Fp,

where 0 ≤ aσ,1 − aσ,2 ≤ p− 1 for each σ. We have Fa
∼= Fb as representations

of GL2(k) if and only if aσ,1 − aσ,2 = bσ,1 − bσ,2 for each σ, and the character

k× → F
×
p , defined by x 7→

∏

σk:→֒Fp
σ(x)aσ,2−bσ,2 , is trivial.

We write Z2
+ for the set of pairs of integers (a1, a2) with 0 ≤ a1 − a2 ≤

p− 1 and say a = (aσ,1, aσ,2)σ ∈ (Z2
+)

Hom(k,Fp) is a Serre weight. We identify

the Serre weight a ∈ (Z2
+)

Hom(k,Fp) with the Serre weight represented by Fa.

We say that λ ∈ (Z2
+)

HomQp (K,Qp) is a lift of a ∈ (Z2
+)

Hom(k,Fp) if for each
σ ∈ Hom(k,Fp) there is an element κ ∈ HomQp

(K,Qp) lifting σ such that
λκ = aσ, and for other κ

′ ∈ HomQp
(K,Qp) lifting σ we have λκ′ = 0.

Definition 3.2. Let K/Qp be a finite extension, let λ ∈ (Z2
+)

HomQp (K,Qp),
and let ρ : GK → GL2(Qp) be a de Rham representation. Then we say that ρ
has Hodge type λ if for each κ ∈ HomQp

(K,Qp) we have HTκ(ρ) = {λκ,1 +
1, λκ,2}.
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Now we want to define several sets of Serre weights (see Section 4 of
[BLGG13]). The point is that, conjectually, they are the same. And it should
be the set of predicted Serre weights.

We firstly introduce the predicted sets of Serre weights W cris(ρ).

Definition 3.3. Let ρ : GK → GL2(Fp) be a continuous representation.

Then we let W cris(ρ) be the set of Serre weights a ∈ (Z2
+)

Hom(k,Fp) with the
property that there is a crystalline representation ρ : GK → GL2(Qp) lifting

ρ, such that ρ has Hodge type λ for some lift λ ∈ (Z2
+)

HomQp (K,Qp) of a.

Now we want to give a lower bound for the set W cris(ρ). Let K
′

be the
quadratic unramified extension of K inside Qp with residue field k

′

.

Definition 3.4. If ρ : GK → GL2(Fp) is irreducible, then we letW explicit(ρ)

be the set of Serre weights a ∈ (Z2
+)

Hom(k,Fp), such that there is a subset
J ⊂ Hom(k

′

,Fp) contaning exactly one element extending each element of
Hom(k,Fp), for each σ ∈ Hom(k,Fp) and integer 0 ≤ δσ ≤ e− 1, and, if
Hom(k

′

,Fp) = J
∐

Jc, then

ρ|IK ∼=
(

∏

σ∈J ω
aσ,1+1+δσ
σ

∏

σ∈Jc ω
aσ,2+e−1−δσ
σ 0

0
∏

σ∈Jc ω
aσ,1+1+δσ
σ

∏

σ∈J ω
aσ,2+e−1−δσ

)

.

If ρ : GK → GL2(Fp) is reducible, then we let W explicit(ρ) be the set of

Serre weights a ∈ (Z2
+)

Hom(k,Fp), such that ρ has a crystalline lift of the form

(

ψ1 ∗
0 ψ2

)

which has Hodge type λ for some lift λ ∈ (Z2
+)

HomQp (K,Qp) of a. In particular,
if a ∈W explicit(ρ), then it is necessarily the case that there is a decomposition
Hom(k,Fp) = J

∐

Jc and for each σ ∈ Hom(k,Fp) there is an integer 0 ≤
δσ ≤ e− 1 such that

ρ|IK ∼=
(

∏

σ∈J ω
aσ,1+1+δσ
σ

∏

σ∈Jc ω
aσ,2+δσ
σ ∗

0
∏

σ∈Jc ω
aσ,1+e−δσ
σ

∏

σ∈J ω
aσ,2+e−1−δσ
σ

)

.

If K is a finite unramified extension of Qp, then W
explicit(ρ) is exactly

the set WBDJ(ρ) defined in Section 2 of [GLS14]. By the above definitions
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and [BLGG13, Lem. 4.1.19], we have

W explicit(ρ) ⊆W cris(ρ).

We have the following main local result of [GLS14, GLS15].

Theorem 3.5. Let ρ : GK → GL2(Fp) be a continuous representation. If
p > 2, then W cris(ρ) ⊆W explicit(ρ).

In the following two sections, we remove the condition p > 2.

4. Revision of [GLS14] when p = 2

In this section, We revise the paper [GLS14] for the case p = 2. From now
on, we fix the uniformizer π = ϖ in Lemma 2.1 and let p = 2. With this
choice of uniformizer, the conclusions of [Liu08, Lem. 5.1.2] still hold when
p = 2. We have Ĝ ≃ Ĝ2∞ ⋊HK . So we can choose (and fix) a topological
generator τ ∈ Ĝ2∞ , such that ϵ(τ) = τ(π)/π = ϵ.

Let T be a GK-stable Z2-lattice in a semi-stable representation V of
dimension d with Hodge-Tate weights in [0, 2]. Let M be the Kisin module
attached to T . LetD = SK0

⊗φ,G M be the Breuil module attached toM and
N be the monodromy operator on D. We regard M as an φ(G)-submodule of
D. Select a φ(G)-basis ê1, . . . , êd ofM. We haveN(ê1, . . . , êd) = (ê1, . . . , êd)U
with U a matrix with coefficients in SK0

. Let S̃ =W (k)[[u2, u
2e

2 ]]

Proposition 4.1. We have U ∈Md×d(S̃[
1
2 ]). If V is crystalline, then fur-

thermore U ∈ u2Md×d(S̃[
1
2 ] ∩ S). In particular, the hypothesis p > 2 can be

removed from [GLS14, Prop. 4.7 and Prop. 5.9]

Proof. The statement that U ∈Md×d(S̃[
1
2 ]) has been proved in [GLS14,

Prop. 4.7]. Now we assume that V is crystalline. By the first part of the proof
of Proposition 4.7 in [GLS14], we have U ∈ u2Md×d(S̃[

1
2 ]). Let U = u2U

′

.
We need to show U

′ ∈Md×d(S).
Following exactly the same idea of the proof of Proposition 2.13 in

[Liu12], for any x ∈ D we have

(4.1) τ(x) =

∞
∑

i=0

γi(t)⊗N i(x).
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Since τ ∈ Ĝ2∞ acts trivially on ϵ, it acts trivially on t. By computations we
have

(4.2) (τ − 1)n(x) =

∞
∑

m=n





∑

i1+···+in=m,ij⩾1

m!

i1! · · · in!



 γm(t)⊗Nm(x).

Following the proof of Proposition 4.7 in [GLS14], we have (τ − 1)n(x) ∈
u2I [n]W (R)⊗φ,G M.

We next show that ((τ − 1)n/ntu2)(x) is well defined in Acris ⊗φ,G M

and ((τ − 1)n/ntu2)(x)→ 0 2-adically as n→∞. Note that t = cφ(t) with
φ(t) a generator of I [1]W (R). It suffices to show that for any n, (φ(t))n−1/n is
in Acris and it goes to zero 2-adically. Note that φ(t) ∈ Fil2W (R) + 2W (R),
we have φ(t)/2 ∈ Acris. So φ(t)3/4 = 2(φ(t)/2)3 ∈ Acris. This verifies that
(φ(t))n−1/n ∈ Acris when n = 2 or 4. When n is not 2 or 4, we let n = 2sm
with 2 ∤ m. We have

(4.3)
φ(t)n−1

n
=
φ(t)n−1

(n− 1)!

(2sm− 1)!

2sm
.

Since (φ(t)i)/i! goes to zero 2-adically, it suffices to show that (2sm−
1)!/2sm is in Z2 when n is not 2 or 4. If s = 0, this is trivial. If s = 1, then
m ⩾ 3. So v2((2m− 1)!) ⩾ v2(5!) ⩾ 1. If s = 2, then m ⩾ 3. So v2((4m−
1)!) ⩾ v2(11!) ⩾ 2. If s > 2, then v2((2

sm− 1)!) ⩾ v2((2
s − 1)!) ⩾ v2(2

s−1 ·
2) = s = v2(2

sm).
By a formal computation, we get

(4.4)
N(x)

u2
=

∞
∑

n=1

(−1)n−1 (τ − 1)n

ntu2
(x).

So we have proved N(x)/u2 ∈ Acris ⊗φ,G M. Since Acris ∩ S̃[12 ] ⊂ Acris ∩
S[12 ] = S, we are done. □

Now following the proof in [GLS14], we can show that the structure
theorem for Kisin modules [GLS14, Thm. 4.22] still holds when p = 2.

Theorem 4.2. Assume that K is unramified with uniformizer π chosen as
in Lemma 2.1, V is crystalline with Hodge-Tate weights in [0, 2]. Then there
exists an OE [[u]]-basis {ej,s} of M such that

• e1,s, . . . , ed,s is an OE [[u]]-basis of Ms for each 0 ≤ s ≤ f − 1, and



✐

✐

“11-Wang” — 2022/11/26 — 22:35 — page 894 — #8
✐

✐

✐

✐

✐

✐

894 Xiyuan Wang

• we have

φ(e1,s−1, . . . , ed,s−1) = (e1,s, . . . , ed,s)XsΛsYs

where Xs and Ys are invertible matrices, Ys is congruent to the identity
matrix modulo 2, and Λs is matrix [E(u)r1,s , . . . , E(u)rd,s ].

Proof. The hypothesis p > 2 is only used in one place in the proof of [GLS14,
Thm. 4.22], namely in the proof of [GLS14, Prop. 4.7] (see the footnote in the
proof of that item), and our Proposition 4.1 provides the missing argument
in that case. □

Now that we have extended [GLS14, Thm. 4.22] to the case p = 2, the
proof of [GLS14, Thm. 7.9] carries over to the case p = 2; one must only ad-
just the statement to account for the additional special case (r0, . . . , rf−1) =
(2, . . . , 2), J = {0, . . . , f − 1}, and a = b that one finds in [GLS14, Thm. 7.4].
To be precise, one obtains the following.

Theorem 4.3. Suppose that K/Q2 is unramified with uniformizer π chosen
as in Lemma 2.1. Let T be a GK-stable OE-lattice in crystalline represen-
tation V of E-dimension 2 whose κs-labeled Hodge-tate weights are {0, rs}
with rs ∈ [1, 2] for all s. Let M be the Kisin module attached to T , and let
M := M⊗OE

kE.
Assume that the kE [GK ]-module T := T/mET is reducible. Then M is

an extension of two φ-modules of rank one, and there exist a, b ∈ k×E and a
subset J ⊂ {0, . . . , f − 1} so that M is as follows.

Set hi = ri if i ∈ J and hi = 0 if i ̸∈ J . Then M is an extension of
M(h0, . . . , hf−1; a) by M(r0 − h0, . . . , rf−1 − hf−1; b), and we can choose
bases ei, fi of the Mi so that φ has the form

φ(ei−1) = (b)iu
ri−hiei

φ(fi−1) = (a)iu
hifi + xiei

with xi = 0 if i ̸∈ J and xi ∈ kE constant if i ∈ J , except in the following
two cases:

• (r0, . . . , rf−1) ∈ P, J = {i : ri−1 ̸= 2}, and a = b, or

• (r0, . . . , rf−1) = (2, . . . , 2), J = {0, . . . , f − 1}, and a = b.

In that case fix i0 ∈ J ; then xi may be taken to be 0 for all i ̸∈ J , to be
a constant for all i except i = i0, and to be the sum of a constant and a
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term of degree 2 (for the first exceptional case) or degree 4 (for the second
exceptional case).

Finally, T |IK ≃
( ∏

i∈J ω
ri
i ∗

0
∏

i ̸∈J ω
ri
i

)

.

Proof. The proof of the second exceptional case is exactly the same as the
first exceptional case. See the proof of [GLS14, Thm. 7.9]. □

Corollary 4.4. Suppose that K/Q2 is unramfied. Let ρ : GK → GL2(F2)
be the reduction mod 2 of a GK-stable Z2-lattice in a crystalline Q2-
representation of dimension 2 whose κ-labeled Hodge-Tate weights are {0, rκ}
with rκ ∈ [1, 2] for all κ.

Assume that ρ is reducible. Let S = Hom(k,F2), and identify the set S
with HomQ2

(K,Q2). Then there is a subset J ⊂ S such that

ρ|IK ≃
( ∏

i∈J ω
ri
i ∗

0
∏

i ̸∈J ω
ri
i

)

Proof. This follows immediately from Theorem 4.3. □

The discussion of [GLS14, §8] now carries over directly to the case p = 2,
with the following minor modification. In the definition of Jmax preceding
[GLS14, Prop. 8.8], according to [GLS14, Lem. 7.1] there is one more case to
consider when p = 2, namely when ri = 2 for all i and J = ∅ or {0, . . . , f −
1}. In this case we set Jmax = {0, . . . , f − 1}. Then we have

Proposition 4.5. Let M̂ be a (φ, Ĝ)-module of type (r⃗, a, b, J), and set

h = h(J). Then there exists a (φ, Ĝ)-module N̂ of type (r⃗, a, b, Jmax), such

that T̂ (N̂) ≃ T̂ (M̂).

Proof. If r⃗ = (2, . . . , 2) and J = ∅, then the ambient Kisin module M is

split, and the extension M̂ is also split. So in this case there is nothing to
prove. For the other cases, see the proof of [GLS14, Prop. 8.8] □

We have the following Theorem.

Theorem 4.6. Let K/Q2 be a finite unramified extension and ρ : GK →
GL2(Z2) be a continuous representation such that ρ : GK → GL2(F2) is re-
ducible. Suppose that ρ is crystalline with κ-Hodge-Tate weights {bκ,1, bκ,2}
for each κ ∈ HomQ2

(K,Q2), and suppose further that 1 ≤ bκ,1 − bκ,2 ≤ 2 for
each κ.
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Then there is a reducible crystalline representation ρ′ : GK → GL2(Z2)
with the same κ-Hodge-Tate weights as ρ for each κ, such that ρ ≃ ρ′.

Proof. Write ρ ≃
(

ψ1 ∗
0 ψ2

)

. By Corollary 4.4, there is a decomposi-

tion HomQ2
(K,Q2) = J

∐

Jc such that ψ1|IK =
∏

κ∈J ω
bκ,1

κ

∏

κ∈Jc ω
bκ,2

κ and

ψ2|IK =
∏

κ∈Jc ω
bκ,1

κ

∏

κ∈J ω
bκ,2

κ . If bκ,1 − bκ,2 = 2 for all κ and (ψ1ψ
−1
2 )|IK =

1, the result follows from [GLS14, Lem. 9.4], whose proof allows p = 2 (note
that the mod 2 cyclotomic character is trivial). In all other cases, thanks to
Theorem 4.3 and Proposition 4.5 we can proceed as in the proof of [GLS14,
Thm. 9.1]. □

Corollary 4.7. If K/Q2 is a finite unramified extension, then

W cris(ρ) ⊆W explicit(ρ).

Proof. If ρ is reducible, this is an immediate consequence of Theorem 4.6
and Definition 3.4. If ρ is irreducible, it can be deduced from the reducible
case following the idea in Section 10 of [GLS14]. □

5. Revision of [GLS15] when p = 2

In this section, we revise the paper [GLS15] for the case p = 2. Note that p is
2 in this section. We use the same terminology and notations as in [GLS15];
in particular we refer the reader to [GLS15, Def. 2.3.1] for the definition of
a pseudo-BT representation. The goal is to prove our main local result that
W cris(ρ) ⊆W explicit(ρ) in the case that K/Q2 is a possibly ramified finite
extension.

We have our main structure theorem for Kisin modules associated to
pseudo-BT representations, thus generalizing [GLS15, Thm. 2.4.1] to the
case p = 2.

Theorem 5.1. Assume that K is a finite extension of Qp with uniformizer
π chosen as in Lemma 2.1. Let M be the Kisin module corresponding to a
lattice in a pseudo-BT representation V of weight {ri}. Then there exists an
OE [[u]]-basis {ei, fi} of Mi for all 0 ≤ i ≤ f − 1 such that

φ(ei−1, fi−1) = (ei, fi)Xi

(

e−1
∏

i=1

Λi,e−jZi,e−j

)

Λi,0Yi,
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for Xi,Yi ∈ GL2(OE [[u]]) with Yi ≡ I2(mod mE), matrices Zi,j ∈ GL2(OE)

for all j, and Λi,0 =

(

1 0
0 (u− πi,0)ri

)

and Λi,j =

(

1 0
0 u− πij

)

for j =

1, . . . , e− 1.

Proof. The discussion of [GLS15] allows p = 2 until Theorem 2.3.5(2). How-
ever, the only place the proof of [GLS15, Thm. 2.3.5(2)] uses p ̸= 2 is in an
application of [GLS14, Cor. 4.11], which now applies in our setting thanks
to our work in the previous section. Thus Theorem 2.3.5(2) of [GLS15] holds
in our setting when p = 2. It follows that [GLS15, Cor. 2.3.10] holds as well.
Since these are the only inputs to the proof of [GLS15, Thm. 2.4.1] that
required p ̸= 2, the result follows. □

Corollary 5.2. The Proposition 3.1.3 of [GLS15] holds without the as-
sumption that p ̸= 2 (with suitably chosen uniformizer when p = 2).

Proof. This is an immediate consequence of Theorem 5.1. □

If V is a pesudo-BT representation of weight {ri} and λ=κi∈Hom(k,F2),
we write rλ := ri. Let k2 denote the unique quadratic extension of k inside
the residue field of K. If λ ∈ Hom(k2,F2), we write rλ := rλ|k .

Theorem 5.3. Let T be a lattice in pseudo-BT representation V of weight
{ri}, and assume that T = T ⊗OE

kE.
If T is reducible, then there is a subset J ⊆ Hom(k,Fp) and integers

xλ ∈ [0, e− 1] such that

T |IK ≃
(

∏

λ∈J ω
rλ+xλ

λ

∏

λ ̸∈J ω
e−1−xλ

λ ∗
0

∏

λ ̸∈J ω
rλ+xλ

λ

∏

λ∈J ω
e−1−xλ

λ

)

If T is absolutely irreducible, then there is a balanced subset J ⊆
Hom(k2,Fp) and integers xλ ∈ [0, e− 1] such that xλ depends only on λ|k
and

T |IK ≃
(

∏

λ∈J ω
rλ+xλ

λ

∏

λ ̸∈J ω
e−1−xλ

λ 0

0
∏

λ ̸∈J ω
rλ+xλ

λ

∏

λ∈J ω
e−1−xλ

λ

)

Proof. If T is reducible, see the proof of [GLS15, Thm. 3.1.4], which now
goes through in our setting thanks to Corollary 5.2. In the irreducible case,
the case e ≥ 2(= p) is handled exactly as in the proof of [GLS15, Thm. 3.1.5].
The case e = 1 is a consequence of the results in §4. □
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Except in the application of [GLS15, Thm. 2.4.1] to the proof of [GLS15,
Thm. 5.1.5], none of the arguments in Section 5 of [GLS15] make any use
of the hypothesis p ̸= 2. Thus all of the results in that section hold when
p = 2 (and the uniformizer of K is suitably chosen). Similarly, since we have
checked that [GLS14, Cor. 5.10] still holds when p = 2, the same is true of
[GLS15, Lem. 6.12, Lem. 6.1.3, Prop. 6.1.7]. Finally, we have our main local
theorem.

Theorem 5.4. Suppose that ρ : GK → GL2(F2) is a continuous represen-
tation. Then W explicit(ρ) =W cris(ρ).

Proof. If ρ is semisimple, thanks to our Theorem 5.3 the result follows as
in the proof of [GLS15, Thm. 4.1.6]. If ρ is not a twist of an extension of
the trivial character by the cyclotomic character, the result follows as in the
proof of [GLS15, Thm. 5.4.1]. If ρ is a twist of an extension of the trivial
character by the cyclotomic character, the result follows as in the proof of
[GLS15, Thm. 6.1.8]. □

We conclude this section by checking that the set of Serre weights
W explicit(ρ) depends only on the restriction to inertia ρ|IK when p = 2.

Proposition 5.5. Assume that K/Q2 is a finite extension. Let ρ, ρ′ :
GK → GL2(F2) be two continuous representations with ρ|IK ∼= ρ′|IK . Then
W explicit(ρ) =W explicit(ρ′).

Proof. Thanks to our results in Section 4 and 5, the proof of [GLS15,
Prop. 6.3.1] carries over to the case p = 2. □

6. Global results

In this section, we prove the main global result in this note. Let F be an
imaginary CM field with maximal totally real subfield F+. For each place
w of F above p, let kw denote the residue field of Fw. If w lies over a place
v of F+, we write v = wwc. Write S :=

∐

w|pHom(kw,Fp), and let (Z2
+)

S
0

denote the subset of (Z2
+)

S consisting of elements a such that for each w|p,
if σ ∈ Hom(kw,Fp) then

aσ,1 + aσc,2 = 0.

If a ∈ (Z2
+)

S and w|p is a place of F , then let aw denote the element

(aσ)σ∈Hom(kw,Fp)
of (Z2

+)
Hom(kw,Fp).

Let r : GF → GL2(Fp) be a continuous irreducible representation.
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Definition 6.1. We define W explicit(r) (resp. W cris(r)) to be the set of ele-
ments a ∈ (Z2

+)
S
0 such that, for each w above p, aw ∈W explicit(r|GFw

) (resp.
W cris(r|GFw

)).

We now establish weight elimination in the weight part of Serre’s con-
jecture for rank two unitary groups when p = 2. In particular, we follow
[BLGG13, Def. 2.1.9] for the definition of what it means for r to be modu-
lar, and more precisely for r to be modular of some Serre weight a. Now we
can state the main result of this note.

Theorem 6.2. Let F be an imaginary CM field with maximal totally real
subfield F+. Assume that F/F+ is unramified at all finite places, that ev-
ery place of F+ above 2 splits in F , and that [F+ : Q] is even. Suppose
that r : GF → GL2(F2) is an irreducible modular representation with split
ramification that is modular in the sense of [BLGG13, Def. 2.1.9].

Let a be a Serre weight. If r is modular of weight a, then a ∈W explicit(r).

Proof. This theorem is a consequence of [BLGG13, Thm. 4.1.3] (cf. also
[BLGG13, Lem. 2.1.11]) by our Theorem 5.4 and Definition 6.1. Note that
in Theorem 4.1.3 of [BLGG13], the hypothesis p > 2 is required beacuse
they assume the same condition at the beginning of Section 2. But one can
check that everything is right in the proof of [BLGG13, Lem. 2.1.11] when
p = 2 (see e.g. Section 4 of [Tho17]). □

Remark 6.3. Let W (r) be the set of Serre weights in which r is modular.
The proof of the weight part of Serre’s conjecture for rank two unitary groups
in [GLS14, GLS15, BLGG13] proceeds by proving the chain of inclusions

W explicit(r) ⊆W (r) ⊆W cris(r) ⊆W explicit(r).

This note verified this chain when p = 2 except the first inclusion. When
p > 2, the first inclusion is one of the main results of [BLGG13]. Their
proof uses a ‘change of weight’ automorphy lifting theorem for p-adic Galois
representations developed in [BLGGT14]. However, such a theorem is not
presently available when p = 2.
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