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Closed geodesics on semi-arithmetic
Riemann surfaces

GREGORY Cosact aAND Cavo DORriat

In this article, we study geometric aspects of semi-arithmetic Rie-
mann surfaces by means of number theory and hyperbolic geome-
try. First, we show the existence of infinitely many semi-arithmetic
Riemann surfaces of various shapes and prove that their systoles
are dense in the positive real numbers. Furthermore, this leads to
a construction, for each genus g > 2, of infinite families of semi-
arithmetic surfaces with pairwise distinct invariant trace fields,
giving a negative answer to a conjecture of B. Jeon. Finally, for
any semi-arithmetic surface we find a sequence of congruence cov-
erings with logarithmic systolic growth and, for the special case
of surfaces admitting modular embedding, we are able to exhibit
explicit constants.
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1. Introduction

A closed Riemann surface is a compact 1-dimensional complex manifold
without boundary. Due to Riemann’s celebrated Uniformization Theorem,
any closed Riemann surface of genus g > 2 may be identified with the quo-
tient I'\H of the upper half-plane H = {x + iy € C | y > 0} by the action of
a discrete group I' of automorphisms of H. Since the Lie group PSL(2,R),
acting on H via Mobius transformations, is isomorphic to the group of au-
tomorphisms of H, I' can be realised as a Fuchsian group, i.e, a discrete
subgroup of PSL(2,R). Furthermore, the hyperbolic metric ds? = M
on H is preserved by this action and PSL(2,R) is actually the full group
of orientation-preserving isometries of (H,dy), where dy is the hyperbolic
distance function. For this reason, any such surface is naturally equipped
with a hyperbolic structure and is therefore called a hyperbolic surface.

Let T, denote the Teichmiiller space of genus g, i.e., the space of all
isomorphism classes of marked closed Riemann surfaces of genus g (we shall
always assume g > 2). Among the most studied invariants used in order to
understand the hyperbolic structure of a generic surface S € Ty, one finds
the diameter diam(S) of S, the spectral gap A;(S) of the Laplace-Beltrami
operator defined on S and, more generally, the distribution of such spectrum
(see [20]), the isometry group Isom(S) of S, and the systole sys(S), defined
as the minimal length of a closed geodesic of S.

There exists a continuum of isomorphism classes of these marked struc-
tures. Indeed, Ty may be equipped with a topology that makes it a topolog-
ical manifold of dimension 6g — 6. In view of this fact, one may endeavour
to study special classes of hyperbolic Riemann surfaces endowed with some
extra structure allowing the application of a greater range of techniques. For
us, the starting point is the class of arithmetic Riemann surfaces. This class
contains known surfaces such as the closed Hurwitz surface of genus 3, the
Bolza surface of genus 2 and the noncompact Riemann surfaces obtained
as congruence coverings of the modular surface PSL(2,7Z)\H. Moreover, in
several aspects, arithmetic surfaces present very rare or strong properties
which are not known to hold for a generic hyperbolic Riemann surface. To
mention a few:

Example 1.1.

(i) The cofinite Fuchsian group of minimal coarea is the triangular group
(2,3,7) which is arithmetic by [33]. The closed Riemann surfaces of
genus g whose automorphism group attains the maximal cardinality of
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84(g — 1) are, therefore, also arithmetic. Moreover, for non-arithmetic
surfaces, the cardinality of the automorphism group is at most %6(9 —
1), as proved in [2].

For any Riemann surface S, a simple geometric argument gives that:
sys(S) < 2log(area(S)) + A,

where A > 0 is some absolute constant ([7, Lemma 5.2.1]). Buser and
Sarnak showed in [§] that congruence coverings of closed arithmetic
Riemann surfaces defined over QQ satisfy the following logarithmic sys-
tolic growth:

4
sys(S;) 2 3 log(area(S;)),

In [I7], Katz-Schaps-Vishne generalised this result to congruence cov-
erings of any closed arithmetic Riemann surface. In particular, the
logarithmic upper bound is optimal.

For the non-cocompact case, Schmutz Schaller showed in [3I] that
infinitely many congruence coverings of the modular surface are maxi-
mum points for the systole function in the corresponding moduli space.

While systoles of arithmetic surfaces can be very large, there exists an
explicit lower bound in terms of the area. Indeed, Belolipetsky proved
in [3] the following inequality:

log log log area(S)©? ) 3

>
svs($) = < log log area(S)C2

for any arithmetic Riemann surface S, where C1,Cy > 0 are universal
constants. In fact, the short geodesic conjecture predicts the existence
of a universal lower bound for the systole of any arithmetic Riemann
surface.

The commensurability class of an arithmetic Riemann surface is de-
termined by its Laplace-Beltrami spectrum [28].

On the other hand, arithmetic surfaces are somewhat rigid in the sense
that, for any g > 2, the number of arithmetic surfaces in the moduli space M,
is finite (see [6]). In [29], Schmutz Schaller and Wolfart extended the notion
of arithmeticity to a larger class of semi-arithmetic Riemann surfaces. This
new class contains all arithmetic surfaces as well as the important class of
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quasiplatonic surfaces (see [30]). Moreover, Schmutz Schaller and Wolfart
give infinite families of examples which are not arithmetic.

Since then, relevant facts concerning the arithmetic and algebraic aspects
of semi-arithmetic surfaces have been uncovered (see [12], [I8]). The main
purpose of our work is to give an account of the geometric aspects of semi-
arithmetic Riemann surfaces by means of number theory and hyperbolic
geometry, comparing them to the extremal properties enjoyed by arithmetic
surfaces that were mentioned in Example and In essence, the
logarithmic growth of systoles along congruence coverings remains valid for
the class of semi-arithmetic Riemann surfaces (Theorem [1.4]). However, the
systole of semi-arithmetic surfaces of a given genus is not bounded away from
zero anymore and, as a result, inequality no longer holds (Theorem [1.2)).
In particular, the short geodesic conjecture fails for semi-arithmetic Riemann
surfaces.

Before we discuss the main results in greater details, let us recall the
definition of a length function. Given a closed topological surface F' of genus
g > 2 and a homotopically nontrival closed curve o« C F', we define the cor-
responding length function {, : Ty — R, that associates to each Riemann
surfaces S in Ty the length £, (S) of the unique closed geodesic on S freely
homotopic to a.

While, for any g and any length function on T, the image of the set of
arithmetic surfaces is finite, we prove that:

Theorem 1.2. For any g > 2 there exists a length function £ : Ty — R such
that

{€(S) | S € Ty is semi-arithmetic}

is dense on the set of positive real numbers.
In fact, with some more effort, we obtain that:

Theorem 1.3. The set {sys(S)|S is a closed semi-arithmetic Riemann
surface} is dense in the positive real numbers.

With the appropriated definition of congruence covering of a semi-
arithmetic Riemann surface (see §2.3), we are able to prove the following:

Theorem 1.4. Let S be a closed semi-arithmetic Riemann surface. There
exists a sequence of congruence coverings S; — S of arbitrarily large degree
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such that
sys(5i) > Alog(area(S;)) — c,

where A > 0 and ¢ are constants depending only on S.

Moreover, for a suitable subclass of semi-arithmetic surfaces, the Rie-
mann surfaces admitting a modular embedding, we are able to obtain an
explicit constant A\ depending only on the corresponding embedding. For
any r > 1, consider the symmetric space X, = H", i.e., the product of r
copies of H. We say that a Riemannian manifold is an X,-manifold if it is
locally isometric to X,..

Theorem 1.5. If S is a semi-arithmetic Riemann surface which admits
modular embedding into an arithmetic X,.-manifold for some r > 1, then
there exists a sequence of congruence coverings S; — S of arbitrarily large
degree satisfying

sys(S;) > Si log(area(sS;)) — ¢,
T

where the constant ¢ does not depend on the 1.

Note that when r = 1 we recover the result for arithmetic surfaces.

Theorem [1.5 will follow from geometric results combined with estimates
for the systolic growth of congruence coverings of irreducible arithmetic X,.-
manifolds, for any » > 1. In [23], Murillo treats the noncompact case of such
arithmetic manifolds, but his argument may be generalised almost verbatim
for the compact case. For the sake of completeness, in Appendix[B|we provide
a proof of:

Theorem 1.6. Let M be an arithmetic closed X,.-manifold, there exists a
sequence M; of congruence coverings of M with vol(M;) — oo such that

sys; (M;) > 3?/; log(vol(M;)) — ¢,

where ¢ does not depend on 1.

We conclude the introduction with a brief outline of the article. In Sec-
tion [2| we review the necessary basic mathematical tools that will be used
later on. In §2.1] a minimal list of definitions in algebraic number theory
is given. We recall some general facts about Fuchsian groups and their Te-

ichmiiller spaces, and define semi-arithmetic Riemann surfaces in In
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the notion of congruence subgroups in the context of semi-arithmetic
Fuchsian groups is introduced.

Theorem is proved in Section [3] The idea for the proof is to em-
bed surface-groups in groups generated by reflections across the sides of
some specific hyperbolic polygons, namely, trirectangles and right-angled
hexagons. These embeddings are constructed in such a way that their im-
ages contain a special element whose trace is a free parameter. By varying
this parameter, we are able to obtain the density asserted in the theorem.

In we give two applications of Theorem [I.2] First, using the density
of lengths for semi-arithmetic surfaces of genus 2, we conduct an argument
similar to the one used in [9] and show that any such length is the systole
of a finite covering of the corresponding surface, thus proving Theorem
Next, we use the methods applied in the proof of Theorem in order
to construct (see Theorem , for each genus g > 2, infinite families of
semi-arithmetic Riemann surfaces with pairwise distinct invariant trace field.
In [16, Conjectrue 2|, B. Jeon conjectured that, for a fixed genus g > 2,
only finitely many number fields and quaternion algebras could arise as the
invariant trace field and quaternion algebra of a genus g hyperbolic Riemann
surfaces with integral traces. So, in particular, we provide a negative answer
to Jeon’s conjecture.

In Section [, we prove Theorems and . Theorem will follow
from a more general theorem whose proof is provided in Appendix [B] The
proofs of these theorems are, in some sense, reminiscent of an idea of Mar-
gulis used in [22]. We estimate the displacement of any closed geodesic in the
congruence coverings by means of a convenient arithmetic function in each
context. On the other hand, the asymptotic behavior of the area/volume
growth of the congruence coverings follows from recent results in [I§].

2. Background
2.1. Number theoretic tools

In this subsection we review some classical results which will be assumed
along the text. This material can be found in most textbooks on Algebraic
Number Theory or Arithmetic Geometry (e.g. [19] and [21]).

Let L be a number field (i.e, a subextension Q C L C C of finite degree),
the subset of algebraic integers of L form a ring O known as the ring of
integers of L. Let o : L — C be a Galois embedding. We say that o is real
if 0(L) C R, otherwise we say that o is complex. Note that if o is complex,
then the complex conjugated & is another Galois embedding different from
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0. Let r1 be the number of real Galois embeddings of L and ro the number of
pairs of complex conjugate embeddings, so [L : Q] = r1 + 2rq. The following
is a well-known theorem in algebraic number theory.

Theorem 2.1 (Dirichlet’s Unit Theorem, [26]). The group of units
Of of O is a finitely generated group of rank r1 + ro — 1. The torsion part
1s the cyclic subgroup formed by the roots of unity contained in L.

A wvaluation v on L is a multiplicative sub-additive nonnegative function
v : L — R such that v(x) = 0 if and only if x = 0. Two valuations vy, v2 on
L are said to be equivalent if vy = v§ for some positive number a € R. If a
valuation v satisfies a condition stronger than sub-additivity, namely, that

(3) v(r 4+ y) < max{v(x),v(y)} forall z,y € L,

we say v is non-Archimedean. On the other hand, it is Archimedean if it is
not equivalent to a valuation satisfying . Next, we indicate two ways of
describing a valuation on the number field L:

(i) Let 0 : L — C be a Galois embedding and define v, (x) = |o(z)|, Vz €
L, where | - | is the usual norm in C. Then v, is Archimedean and two
such valuations v,, v, are equivalent if and only if ¢’ is the complex
conjugate of o.

(ii) Let p be any prime ideal in O, and let N(p) denote its norm, i.e,
the cardinality of the finite field O /p. For any nonzero z € Oy, de-
fine vy(z) = N(p) =% @) where ord,(x) is the largest integer k such
that p* divides 2Og. It is natural to extend these functions to 0 as
ord,(0) = 400 and v,(0) = 0. Finally, since L is the field of fractions
of O, we may extend vy, to L by imposing the multiplicative property
and defining vy (z/y) := vy (z) /vy (y). It is easy to check that v, defines
a non-Archimedean valuation on L.

It is an important result that these are all valuations on L, up to equiv-
alence. In other words, any Archimedean valuation on L is equivalent to v,
for some Galois embedding ¢ : L — C, and any non-Archimedean valuation
on L is equivalent to vy, for some prime ideal p € Oy,.

We define a place of L to be an equivalence class of valuations on L
and denote by V(L) the set of all places of L. The set V(L) decomposes
as Voo UV, where Vo, denotes the set of Archimedean (or infinite) places
of L and Vy, the set of non-Archimedean (or finite) places of L. Note that
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Voo has cardinality r1 + r9, whereas Vy is in bijection with the set of prime
ideals of Oy..

We adopt the following convention: for an infinite place associated to a
real Galois embedding o, we consider v, as described in to be the nor-
malised valuation in its equivalence class. In case o is a complex embedding,
choose v, (z) = |o(x)|? instead. Finally, for a finite place associated to p, we
consider vy, as defined in to be the normalised valuation. Henceforth,
we will usually denote an arbitrary place of L by v, as well as the normalised
valuation in its equivalence class following the aforementioned criteria.

For any o € L, a # 0, there exists at most finitely many places v € V(L)
such that v(a) > 1. Thus, we may define

H(a) = H max{1l,v(a)} | ,

veV(L)

where n = [L : Q).

We say that H(«) is the absolute height of a. The name absolute comes
from the fact that H does not depend on the field containing « (cf. [I9, Chap-
ter 3]). Note that, if a, 8 € L, we have that v(a+ ) < 4max{v(«a),v(8)}
for v an Archimedean place and v(a + ) < max{v(«),v(8)} for v a non-
Archimedean place, whence the function H satisfies the following inequali-
ties:

(4) H(o + )
(5) H(ap)

A
\-/3
= E
%\/\
- =

Now let A = ch Z) be a matrix with a,b,c,d € L and ad — bc = 1. We

define the height of A by

Note that H(A) is well-defined and it holds that H(A) = H(—A). So, for v €
PSL(2, L) we may define H() := H(A), for any representative A of v. Again
the definition of H() does not depend on the field L. It is immediate from
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the definition that properties and extend to the following property:
(6) H(yn) < 4H(7)H(n)  for any v,n € PSL(2, L).

2.2. Semi-arithmetic Fuchsian groups
Let I' < PSL(2,R) be a finitely generated nonelementary Fuchsian subgroup

of the first kind. Such groups are known to have the following standard
presentation (see, for example, [13]):

(7) <A1,Bl,...,Ag,Bg,Cl,...,CT,Pl,...,PS

r

g9
CimZ'-'ZCmT:H[Ai,Bi]Cl'“CrPr"Ps:1>,

=1

where Ay, By, ..., Ay, By are hyperbolic elements, C1, ..., C, are elliptic el-
ements of order my,...,m,, respectively, and Pi,..., Ps are parabolic el-
ements of PSL(2,R). The quotient I'\H has a unique Riemann surface
structure that makes the projection II: H — I'\H holomorphic. With this
structure, I'\H becomes a genus g Riemann surface with s punctures and
r marked points over which II is branched (i.e., II is a branched covering).
Alternatively, I'\H has the structure of a hyperbolic 2-orbifold with genus
g, s punctures and 7 cone singularities. Its hyperbolic area is given by

(8) area(D\H) = 27 [2g — 245+ Z (1 - 1)]

"
i=1 g

and we say I' is cofinite in case area(I"\H) < oco.

Conversely, when g > 0,7 > 0,m; > 2,7 =1,...r,s > 0 are integers such
that the right-hand side of @ is positive, then Poincaré’s Theorem asserts
the existence of a Fuchsian group with signature (g;m1,...,m;;s).

In what follows, unless otherwise stated, we will assume I" to be cocom-
pact, i.e., such that T'\H is compact. In this case, s = 0 and we denote the
signature simply as (g;mq,..., m,).

By a representation of T' into PSL(2,R) we mean a group homomor-
phisms ¢ : I' — PSL(2,R). Note that ¢ is determined by the image of any set
generating I'. Moreover, the representations of I' into PSL(2,R) are in one-
to-one correspondence with the elements (Ai, B1,..., Ay, By, C1,...,Cy) of
PSL(2,R)?9"" whose coordinates satisfy the relations described in (7). Let
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R/(T') denote the set of all representations of ' into PSL(2,R). Given the
above correspondence, we will identify 9R'(I') with a closed subset of
PSL(2,R)29+". This identification induces a natural topology on R/(T"). Let
R(T) be the subset of R'(T") consisting of injective representations ¢ such
that ¢(I") is a discrete cocompact subgroup of PSL(2,R). In [34], A. Weil
proved that RR(T") is open in 2R'(T"). This is also true for noncocompact Fuch-
sian groups or even Fuchsian groups of the second kind, although, in those
cases, it follows from a stronger result due to Bers (cf.[4]).

Note that PGL(2,R), the group of all conformal and anti-conformal
homeomorphisms of the upper half-plane H, acts on SR(I") by conjugation.
The Teichmiiller space of I', Teich(I'), is defined to be the quotient of R(I")
by this action.

Remark 2.2. Let S; be a closed orientable surface of genus g. The Te-
ichmiiller space Teich(S,) of Sy may be defined as the set of all hyperbolic
metrics on S, up to isometries isotopic to the identity. Alternatively, one
may consider all pairs formed by a genus g Riemann surface together with a
marking, i.e, a choice of homotopy classes for the canonical generators of its
fundamental group. T'wo such pairs are said to be equivalent when there ex-
ists a biholomorphism between the surfaces that respects the corresponding
markings. The space of equivalence classes is called the Teichmdiller space
of genus g, and is denoted by T,. We observe that the spaces Teich(S,) and
T, may be identified. Moreover, when S, = I'\H, there exits a natural cor-
respondence between Teich(I') and Teich(Sy) = T,. For further discussion
on this topic, one may refer to well known textbooks on the subject, such
as [15] and [10].

For an element A € PSL(2,R) we define its trace, Tr A, to be |tr A],
where tr denotes the usual trace of matrices and A is any one of the pre-
images of A under the projection P: SL(2,R) — PSL(2,R). Let {Trv | v €
I'} denote the trace set of T'. The field extension Q(TrI") obtained by adjoin-
ing all the traces of elements of I to the rational number field Q is called the
trace field of . If I denotes the subgroup of I' generated by {42 |y €T},
then Q(TrI'®) is called the invariant trace field of T and is denoted by kT
The name is justified since kI' is an invariant of the commensurability class
of T' (see [2I, Theorem 3.3.4]), where two groups I'; and T'y are said to be
commensurable if 'yt N T’y is a subgroup of finite index in both I'; and T's.
More generally, two groups are said to be commensurable in the wide sense
if one is commensurable to a conjugate of the other. Since the trace of a
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matrix is invariant under conjugation, it follows that kI' is also invariant
under wide commensurability.

In [32], Takeuchi characterised arithmetic Fuchsian groups as cofinite
Fuchsian groups satisfying the following two conditions (cf. [29]):

(i) kI is an algebraic number field and Tr ') C O

(ii) If ¢ : k' — C is any Galois embedding different from the identity then
H(TrT?) is bounded in C.

One possible way to define a class of Fuchsian groups larger than that
of the arithmetic groups is to drop the hypothesis on the boundedness of
#(Tr ). Note, however, that conditionsandtogether imply that kT"
is totally real ([32, Proposition 2]), i.e., that every embedding of £I" into C
has its image lying in R. This property is retained in the following definition:

Definition 2.3 ([29]). A cofinite Fuchsian group I' is said to be semi-
arithmetic when kI' = Q(TrT'(?)) is a totally real number field and TrI'?)
Ogr.

Equivalently, it follows from elementary trace relations that I' is semi-
arithmetic if kI" is a totally real number field and, for every v € I', Tr~ is
an algebraic integer.

As per usual, we say that a hyperbolic Riemann surface (or hyperbolic
2-orbifold) S is semi-arithmetic in case S = I'\H where I' < PSL(2,R) is
semi-arithmetic. Likewise, we may refer to kI' as the invariant trace field of
S.

The first examples are, of course, arithmetic Fuchsian groups. Trian-
gle groups are also semi-arithmetic, as it follows from the description of
their trace sets and invariant trace fields given by Takeuchi in [33]. Further-
more, Takeuchi’s results imply that all but finitely many triangle groups are
strictly semi-arithmetic, i.e., nonarithmetic semi-arithmetic groups. In [29],
Schaller and Wolfart describe infinite families of semi-arithmetic groups not
admitting modular embedding (see §4| for definition).

One may easily verify that, for a finite-index subgroup I'" < T, if TrI"
is contained in the ring of algebraic integers of C, then the same is true for
TrI'. It follows from this observation that being semi-arithmetic is invariant
under commensurability in the wide sense.

In particular, if ¢ € R(T") is a representation such that ¢(I") is a semi-
arithmetic Fuchsian group, then this is also true for every representation
of I' that is equivalent to ¢ under the action of PGL(2,R) on R(I') by
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conjugation. It thus makes sense to say that the point [¢] in the Teichmiiller
space Teich(T") is semi-arithmetic.

Remark 2.4. The Teichmiiller space Teich(I") is known to be parametrised
by finitely many trace functions (see, for example, [25], [24], [27]). More
precisely, let v € I' and define the trace function Tr. : Teich(I') = R as
Tr([¢]) = Tr (¢(7)). Then there exist N > 0 and v1,...,yy € I' such that
(Trq,, ..., Troy) : Teich(T') — RY in an (real-analytic) embedding. It then
follows from Definition that the semi-arithmetic points in Teich(I") are
in one-to one correspondence with a subset of the N-tuples with algebraic
integer coordinates. Therefore, we conclude that there are at most countably
many semi-arithmetic Fuchsian groups.

We recall the following useful proposition concerning the trace set of a
finitely generated Fuchsian group:

Proposition 2.5 (Lemma 2 in [33]). Let I be a Fuchsian group with
generators yi,...,vn. For a subset of indices {i1,...,ip} C{1,...,n}, we
denote t;, ;. = Tr (v, ---v,). Then

TeT C Z[ti,.a | {1, ik} € {1,...,n}].
2.3. Congruence subgroups of semi-Arithmetic Fuchsian groups

Let I' < PSL(2,R) be a semi-arithmetic Fuchsian group with invariant trace
field K and let T' be the preimage of I' by the projection P : SL(2,R) —
PSL(2,R). By an equivalent definition of semi-arithmetic groups (see [29]
Proposition 1]), there exist a quaternion algebra B over K, a maximal order
O < B and an injective morphism of K-algebras £ : B — M(2,R) such that
£(OY) < SL(2,R) is a group containing T’ or I'®, where O! denotes the
group of elements in O with reduced norm 1.

For any ideal a C Ok we define aO = {}_, ajw; | a; € a and w; € O}.
The congruence subgroup of O of level a is given by

Ol(a)={DeO'|D-1€ad}.

We refer to [18] or [17] for a proof that D1(a) is a normal subgroup of
O of finite index. The congruence subgroups T'(a) of level a of I' are the
projection on PSL(2,R) of the intersection T'N&(D'(a)). Moreover, I'(a)
is a finite index subgroup of I'. Indeed, consider the normal subgroup of
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finite index T'® 4T, since I'® < P(¢£(D')) and P(£(O'(a))) is normal of
finite index in PE(O?), then I'® (a) is normal in T® and the natural map
/1@ (a) — PO/ PEO (a) is injective. Hence, ') (a) has finite index in
I'® and a fortiori has finite index in I'. Thus, the relation T'®(a) < T'(a) < T
implies that [[": T'(a)] < oo.

In [I8] R. Kucharczyk obtained the following two important algebraic
properties of congruence subgroups of semi-arithmetic Fuchsian groups.

Theorem 2.6 (Theorem B and Proposition 4.5). Let I' be a semi-
arithmetic Fuchsian group with invariant trace field K. There exists an in-
finite family F of prime ideals of Ok such that:

(i) T /T @) (p) is isomorphic to PO /PO (p) for every p € F;
(ii) T /T ) (p) is isomorphic to SL(2, Ok /p) for every p € F.

Since Ok /p is a finite field with N(p) elements, the following holds:

Corollary 2.7. LetT' be a semi-arithmetic Fuchsian group with invariant
trace field K and let F be the family of prime ideals of O given in the
previous theorem. Then

for every p € F.

Proof. Since N(p) > 2 for any p € F, the inequalities follow from the theo-
rem and the elementary formula | PSL(2, Ok /p)| = (N (p)*> — 1))N(p). O

2.4. Groups and geometry

For any finitely generated group G with a set of generators ¥ we define a
function wy; : G — Zx>0, known as the word length with respect to 3, given by
wy(g) = minimal length of a word in the alphabet ¥ U ¥~! that represents
g. Note that wx(g) = 0 if and only if g = 1. Moreover, d(g, h) := ws(gh™!)
is known to define a metric in G.

For a hyperbolic element v € PSL(2,R) acting on H, we define its trans-
lation length £(y) as £(y) = min{dy(z,v(z)) | = € H}. It is worth noting that
£(7y) is positive and is attained on any point on the axis of 7, i.e., on the
(unique) geodesic line invariant by -.
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The following is a useful lemma linking the geometry of a group to its
action on a geometric space. It is a straightforward corollary of the Milnor-
Schwarz Lemma.

Lemma 2.8. Let I' < PSL(2,R) be a cocompact Fuchsian group with a fi-
nite set of generators ¥ and let wx () denote the word length with respect
to 3 of any element v € I'. There exist constants C > 0,c € R which depend
only on I and % such that

U(y) > Cws(y) —c
for any hyperbolic element v € T'.

Proof. See Equation 5 in the proof of the Proposition 10 in [I4] for the proof
of this inequality for an specific set of generators. Since any two word lengths
are Lipschitz equivalent, the result holds for any set of generators. U

3. Geometry of semi-arithmetic surfaces
3.1. Construction

In this subsection we prove that the set of numbers realised as the length of a
closed geodesic in semi-arithmetic surfaces of some fixed genus is dense in the
positive real numbers. More precisely, we describe a dense set £ C [0, 4+00)
such that, for any integer g > 2 and [ € £, there exists a semi-arithmetic
surface S of genus g and a closed geodesic « in S with length ¢(v) = .

Lemma 3.1. Let G be a 1-dimensional Lie group with finitely many con-
nected components. If H < G has rank > 2 then H is dense in G

Proof. Assume, without loss of generality, that G is connected. If G is non-
compact then it is Lie group-isomorphic to (R, +) by an isomorphism, say,
f. It is known that additive subgroups of R are either cyclic infinite or dense.
Since f(H) has rank > 2, it must be dense in R in which case H is dense in
G. If G is compact, it will be isomorphic to S!, where a similar dichotomy
holds. ]

Lemma together with the Dirichlet’s Unit Theorem (Theorem [2.1))
give us the following corollary.

Corollary 3.2. Let K be a totally real number field such that [K : Q] > 3.
Then Oj; is dense in R.
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Next, we list some formulae in classical hyperbolic geometry that will be

used later on. For a systematic treatment of the subject, see, for example,
[, [7] or [11].

Lemma 3.3 ([I, Theorems 7.11.1 and 7.17.1]). Consider a geodesic
quadrilateral, known as trirectangle, with three right angles and one acute
angle o, with side lengths indicated as in Figure[ll. Then the following holds:

(9) cos ¢ = sinha sinhb;
(10) coshd = cosha coshb.

Note that equation s but the hyperbolic Pythagoras’ Theorem.

Fy

Figure 1: Trirectangle.

Lemma 3.4 ([1I, Theorem 7.19.2]). For any three positive real numbers
a1, a9, as, there exists a conver right-angled hexagon with three non-adjacent
sides of length a1, a9, as.

Moreover, this hexagon is unique (up to isometry). Indeed, if the side of
length ay is opposed by a side of length, say, b1, then the following equation
holds:

cosh by sinh as sinh ag = cosh a1 + cosh as cosh as.

In other words, the lengths of all sides of the hexagon are determined by the
lengths of three non-adjacent sides.

Finally, we recall the following relation between the displacement of a
hyperbolic element and its trace.
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Proposition 3.5. Let v € PSL(2,R) be a hyperbolic element with transla-
tion length (). Then the following relation holds:

14
Trvy = 2COSh(;).

Corollary 3.6 (cf. [1I, Theorem 7.38.2 ]). If A, B € PSL(2,R) are half-
turns around p1 and ps, then

Tr AB = 2 cosh dy(p1, p2),
where dy is the hyperbolic distance.

Consider the abstract group
(11) A=(s1,...,81| 8 =82 =52 =53=51---84=1).

Let Q be a trirectangle with acute angle measuring 7/3 and with ver-
tices labeled Fi,..., Fy, as shown in Figure |1l Let o1, 09, 03,04 denote the
reflections across the geodesic lines supporting, respectively, the sides Fj Fb,
FyFs, F3Fy, FyFy, and let R(Q) be the group of isometries of H generated by
these reflections. The index 2 subgroup of orientation-preserving isometries
is known to be a Fuchsian group with presentation given by . Moreover,
the product of any two reflections across adjacent sides of Q gives an elliptic
element in PSL(2,R) fixing the intersection point between the respective
sides. In particular, the isometries defined by S; = ;0,41 for j =1,2,3,4
(where indices are taken modulo 4) are elliptic isometries fixing the ver-
tex F, and the map pg : A — PSL(2,R) given by po(s;) = S;, 1 =1,2,3,4,
induces an injective homomorphism onto the Fuchsian group in question.

Consider the right-angled hexagon H that is tiled by six copies of one
such trirectangle, as in Figure [2 One may verify that the isometries

o1, 02, 030103, (040304)02(040304) , 04(030103)04 , 040204

are reflections across the geodesic lines supporting the respective sides of
the hexagon. It follows that the group R(#), generated by reflections across
the sides of H, is a subgroup of R(Q). Let C; denote the half-turn around
the vertex E; of H, i.e., the product of the reflections across the sides of H
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intersecting at F;. Let I' be the abstract group with presentation
D={c,....c6|E=-=ct=cr-cg=1).

In the same spirit as before, we define a map py taking ¢; to C; and obtain
an injective representation of I' into PSL(2, R) such that

(12) pr(l) < po(A).

Furthermore, we observe that py(I') has index 6 in pg(A).

E4 E5

\
\
4

\
B
w

\
4

Figure 2: Right-angled hexagon.

Definition 3.7. We say that a real number ¢ > 0 is realised by the Fuchsian
group I if there exists some element « € I' such that Tr~ = ¢. Similarly, we
say that [ > 0 is realised by the hyperbolic surface S if there exists some
closed geodesic in S of length [. Note that S = H/T realises [ > 0 if and
only if T" realises 2 cosh(l/2) > 2. Indeed, recall that a closed geodesic in S
is the projection of the axis of a hyperbolic element of I' with translation
length equal to the length this geodesic, then use Proposition [3.5
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Theorem 3.8. The set T, of all real numbers that are realised by a semi-
arithmetic Fuchsian group of signature (0;2,2,2,2,2,2), is dense in the in-
terval [2,400).

Proof. Consider a trirectangle Q, with angle 7/3 at the vertex Fy, and side
F1F5 of length a, as shown in Figure [I| Let Hs, denote the corresponding
right-angled hexagon tiled by Q,, as constructed above, and note that the
side E1FE5 has length 2a.

By Theorem 2.3.1 in [7], the length a determines the other three sides of
the trirectangle. Note that, by an argument of continuity, a can be arbitrarily
chosen while keeping the acute angle with a fixed measure of /3. We will
select this length in such a way that the resulting group pgo, (A) < PSL(2,R)
will be semi-arithmetic and, as a consequence, so will be the finite index
subgroup py,, (I').

Let K be any totally real number field with [K : Q] > 3 and let V =
{v e RT | sinhv € O%}. So, in particular, for every v € V, sinhv is a totally
real unit in the ring of integers of K. It follows from Corollary that V' is
dense in [0, 00). Choose a € V.

We first observe that cosh? a = sinh? @ + 1 is a totally positive algebraic
integer (i.e., all its Galois conjugates are positive real numbers). It then
follows that cosha is a totally real algebraic integer.

Equation @D gives that sinh b = % and then

inha)™2+4
cosh?b = sinh?b+ 1 = M.

By the same reasoning as before, we obtain 2coshb = /(sinha)=2 +4 is a
totally real algebraic integer. Now, by the Pythagoras’ Theorem, we have
that

2 coshd = cosh a(2 coshbd)

is also a totally real algebraic integer

Thus, by Corollary the traces Tr (S152), Tr (52.53), Tr (51.53) are all
totally real algebraic integers. Note also that the order 2 elements S1, 53, 53
have trace 0, and that the order three element S4 has trace 1 so, in view of

Proposition and :

Tr (pyu,, (') C Tr(pg, (A)) C Z[Tr (S152), Tr (S253), Tr (51.53)].
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In particular, the invariant trace-field of py,, (T') is a subfield of
Q(Tr (5152), Tr (S253), Tr (51.53)),

which is, by construction, totally real. We therefore conclude that the Fuch-
sian group pyy,, (I') is semi-arithmetic. Since a was arbitrarily chosen among
a dense subset V' of [0,4+00), the group py,, (I') realises t = 2cosh2a =
2 + 4sinh? a as Tr py,, (c1c2) for any t = t(a) in T := 2cosh 2V, the latter
being dense in [2, +00). O

A surface-kernel epimorphism is an epimorphism 6: I' — G with torsion-
free kernel. This is the case, for example, if 6 preserves the order of the
torsion elements of I'. Note that it is sufficient to check if the orders of the
generators in @ are preserved.

Theorem 3.9. Let L, be the set of real numbers that are realised by a

semi-arithmetic surface of genus g. Then ﬂ Ly is dense in [0, +00).
g2

Proof. Let T be the set obtained in Theorem For each t € T define
Iy = pi(T) := py,, (I') where a is such that 2 cosh 2a = ¢, as in the construc-
tion of the previous theorem. From what it was proved, it follows that the
Fuchsian group IT'; is a semi-arithmetic group of signature (0;2,2,2,2,2,2)
with Tr pt(clcg) =1.

Case 1: g =2

Let 6: T — Z/2Z be a homomorphism defined by ¢; — 1,7 =1,...,6. It
is immediate that 6 is a surface-kernel epimorphism, since it preserves the
order of the generators of I'. It follows that K := ker § is a torsion-free index
2 subgroup of I" and, as such, it must be a surface group of genus g. From
and the Riemann-Hurwitz formula, we compute that

27(2g — 2) = area(p:(K)\H) = [I'; : p¢(K)] - area(T's\H) = 2 - 2,

and so g = 2. Moreover, §(cico) =1+ 1 =0 and thus cico € K.

The quotient, p:(C)\H, is a closed hyperbolic surface of genus 2. The
axis of the hyperbolic element p;(cica) projects onto a closed geodesic 74 in
pt(K)\H that satisfies 2 cosh(€(¢)/2) = t. If we let ¢ vary in the set T, then
() = 2cosh™(t/2) covers a dense subset of [0, +-00).

Case 2: g > 2
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For larger genera we proceed similarly. Using the Reidemeister process
(see Appendix [A] for the details) we can find an isomorphism ® between
(x,y, 2",y | [x,y][2',y]) and K such that ®(y) = c1c2. We will mildly abuse
notation and say that

K= (x,y,:c',y' | [ajay] [xlaylb and Y = c1c2.

For each n > 1 we define the homomorphism 7,,: K — Z/nZ given by

n(.’ﬁ/) = Un(y/) = Iv

Therefore for all n > 1 we have: n,, is an epimorphism, y € IC,, := kern,
and IC,, is a surface group of genus n + 1, since [K : KC;,] = n. Moreover, the
geodesic v obtained in the case 1, lifts as a closed geodesic of the same
length for all coverings p;(IC,)\H of p(IC)\H. Thus, the same conclusion as
in the case g = 2 holds for any genus g > 2. O

Theorem For any g > 2 there exists a length function ¢ : Ty — R such
that

{€(S) | S € Ty is semi-arithmetic}

is dense on the set of positive real numbers.

Proof. This follows straight from (the proof of) Theorem (see Remark
2.2). Indeed, the axis of the hyperbolic element p;(cic2) projects onto a
closed geodesic in p;(KC,)\H, whose free homotopy class induces the length
function ¢ with the desired properties. O

3.2. Applications

Our first application will be Theorem whose proof uses the fact that IC
is a limit group. In fact, in Lemma we prove a stronger result. Similar
ideas were used in [9, Theorem 5.4]. Before we proceed, however, we must
introduce some notation.

Let m1(S2) be the fundamental group of an orientable compact surface of
genus 2 and let F9 be the free group of rank 2 with the set of generators A =
{z,y} . If we consider a new copy F, of Fo with the set of generators A’ =
{«/,y'} and let w = [z,y] € Fo,v = [y, 2] € FY, it is well known that 7 (S2)
is isomorphic to the quotient Fy * Fy/({(u * v™1)), where Fy * F}, denotes the
free product of Fy and F5.
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Considering the natural monomorphisms ¢ : Fo — 71(S2) and ¢/ : F, —
71(S2) we can identify Fa, F,, as subgroups of 71 (S2). With this identification
in mind, take B = AU A’ as a set of generators of m1(S2).

Lemma 3.10 ([9, Proposition 4.3]). There exists a constant € > 0 such
that for every positive integer k we can find an epimorphism 1y, : m1(S2) —
Fo with the following properties:

1) Left inverse of ¢:
Yp(L(z)) =2z  for every z € Fy;
2) ke-Lipschitz:

wa(Yr(n)) < ekwp(n) for all n € m(S2).
Moreover, ¥y, satisfies the more technical property:

3) For any v € m1(S2) with 1 <wpg(y) < k we have Yi(vy) # 1 and, fur-

thermore, if v & (x) (respectively v ¢ (y)), then () ¢ (x) (respec-
tively Yi(v) & (y))-

Remark 3.11. Although item is not entirely contained in the state-
ments of Proposition 4.3 in [9], it follows from the construction of the map
Y therein.

Let X be a non-empty set and let f: X — X be a permutation of X.
We define its support by supp(f) = {x € X | f(z) # x}. In this case, for any
subset Y of X containing supp(f), the restriction of f to Y is a permutation
of Y. Finally, given non-empty subsets U,V C R we say that U > V if u > v
for any u € U and v € V.

Lemma 3.12. For any integer m > 1, there exist a finite set X,,, a point
p € X, and an action Fo ~ Xy, satisfying:

1) y-p=p;
2) If z-p=1p and wa(z) < m, then z = y' for some .
Proof. We first prove the following claim:
Claim 1: Let £ > 1 be an integer. For any finite set Y C N there exists a

permutation 7 : N — N such that supp(7) =Y U Z where Z = {7!(2) | x €
Yand 0 < |l| <k}and Z > Y.
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Indeed, we can suppose that Y = {1,...,a} for some a > 1. Take T as the
product 7y --- 7, of disjoint cycles given by 7, = (i i+ai+2a ... i+ ka).
Note that for any 1 <i < a and [ with 0 < |I| < k, we have

Tl(i) = TZZ(Z) e{i+|la,i+ (k—|l|+1)a} = Tl(i) > a.

Now we can return to the proof of the lemma. We apply the claim
above for the set Y = {1,...,m} with k¥ = m in order to get a permutation
¢1: N — Nsuch that supp(¢1) = Y7 U Ys, where Y = {¢}(#) |t € Y] and 0 <
|I| < m} satisfies Yo > Y;. If we apply the claim inductively, with & = m and
Y =Y, we obtain for every ¢ > 1 a permutation (, : N — N with support
equal to the union of Yy and Ygy1 :={¢}(t) |t € Yy and 0 < [I| <m} and
such that Y, 11 > Y.

Consider the set

X, = {0} Usupp(¢1) Usupp(Cz) U -+ - U supp(Cam—1)-

By construction, X, is finite and we can see any (; as a permutation of
Xpm. If we define Yy = {0} and (o= (01 --- m) in X,,, we may write that
supp(¢;) = Y; UY;41 and Y1 > Y; for any i = 0,...,2m — 1. In particular,

and, for ¢ # j with the same parity, we have that supp(¢;) Nsupp(¢j) = 0.
We may therefore define the action of Fy on X, in the following way: for
any o, 8 € Xy,

x-a = (- o, if a € supp((zp) for some p, otherwise x fixes a.
Y- B = Cogt1- B, if B € supp((ag+1) for some ¢, otherwise y fixes 3.
It follows from the definition that x only fixes the elements of Ys,,, while

y fixes the elements of Yp, i.e., y-0 = 0. Suppose wa(z) <m and z ¢ (y).
We may write

z=yoal 2l y' with jiira - igo1ds # 0.
where

K
k< liol + Y (lir] + [5r]) = wa(z) < m.
r=1
We need to check that z - 0 # 0. Indeed, we note first that x7~ - (y% - 0) €
Y1 since |jx| < m. By the construction and the fact that each |3, |j;| < m,
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it follows that the subword z, = = --. 27 yy'= satisfies z, -0 € Y1i2(k—0)-
Since 1 < x <m,wegetz;-0¢€ U?;l}/éj_l and finally z - 0 € U?:le; =Xn\
{0}. O

Now we are ready for the proof of:

Theorem The set {sys(S)|S is a closed semi-arithmetic Riemann
surface} is dense in the positive real numbers.

Proof. Let t € T be fixed, where T is the set given by Theorem We
consider the Fuchsian group p;(K) with set of generators ¥; := p;(3), where
Y ={x,y,2',y'} is the standard set of generators of K, constructed in the
proof of Theorem By Lemma there exist constants C(t), c(t) with
C(t) > 0 such that, for any hyperbolic element v € p;(K) we have

(13) () = C)ws, (v) — c(t),

where wy, (7) denotes the word length of v with respect to 3.

Now define v(t) = Pc(t)lwgzi;l_ (t/Q)—‘ and p(t) = [ev(t)?], where € > 0
is the constant given by Lemma and [z] = min{n > 1| z < n} for any
x> 0.

By Lemma there exist a finite set X, ;) and an action Fa ~ X4
such that, for some p € X,,4), its isotropy group H; = {¢ € F2 | (- p = p}
contains y and satisfies

(14) z € Hy, wa(z) < u(t) = z € (y).

By Lemma there exists an epimorphism 1 := v, : K — Fa such

that ¥(n) #1if 1 < wy,(n) < v(t) and, forall €€, wa((€)) < ev(t) wy, (§).
Now we consider the finite index subgroup A; = =1 (H;) < K.

Claim 1: Any hyperbolic element 5 € pi(Ay) \ (p:(y)) satisfies

wy, (B) > v(t).

We argue by contradiction. Suppose there exists 5 = p(n), for some
(unique) n € A\ (y), with wx(n) = ws,(8) < v(t). By Lemma (item
(3)) we have 1(n) # 1 and ¢(n) € Hy \ (y). Then, it follows from our choices
of p(t) and v(t), together with and property (3) of ¢ (in Lemma [3.10))
that
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ev(t)? < plt) < wa(i(n) < cv(tyws(n) = ev(Bws, (B) < ev(t).
This contradiction implies that

c(t) +2cosh™ (%)
C(t)

ws, (B) > v(t) >

Now we conclude the argument by showing that the systole s(t) of the
closed surface p;(A¢)\H is realised by the hyperbolic element p;(y), i.e. s(t) =
2cosh™!(L).

Indeed, since ¥(y) =y (item (1) of Lemma , then p(y) € pr(As)
corresponds to a closed geodesic of length 2 cosh™ (%), in particular s(t) <
2cosh_1(%). On the other hand, let o be a hyperbolic element in p;(K)
corresponding to the systole of the covering p;(Ay)\H. If o € (pt(y)) then
s(t) > 2 cosh_l(%) and we are done. Actually, @ must be in the cyclic group
(pt(y)), for if it is not, Claim 1 would imply that wy, () > v(t) and (13),
together with our choice for v(t), would then give

s(t) = £(a) > C(t)ws, (a) — c(t) > C(t)v(t) — c(t) > 2cosh™1(t/2),

contrary to what we have established.

Since ¢t € T was arbitrarily chosen and 7T is dense in the interval [2,00),
we conclude that {s(t) |t € T} is a dense subset of the positive real num-
bers and hence, so is the set {sys(S) | S is a closed semi-arithmetic Riemann
surface}. O

Next, we show how to realise infinitely many number fields as the invari-
ant trace field of a semi-arithmetic Fuchsian group with a fixed genus g > 2.
The idea is essentially contained in Theorem and Theorem

Theorem 3.13. FEvery totally real number field of prime degree at least 3
is realised as the invariant trace field of a genus g Riemann surface with
integral traces.

Proof. Let K be a totally real number field of prime degree p > 3 and «
a positive real number such that sinha € Oj;. For each g > 2, we can find
a semi-arithmetic genus g Riemann surface whose uniformising Fuchsian
group A realises 2 cosh 2a = 2 + 4sinh? a, i.e., there exists some v € A with
Tr~y = 2 + 4sinh? a. Note that a may be chosen in such a way that Tr 2~ is
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not a rational number so that kA is strictly larger than Q. Since [kA : Q]
divides the prime number [K : Q], we conclude that kA = K. O

Remark 3.14. In particular, there are semi-arithmetic Riemann surfaces
of genus g with invariant trace fields of arbitrarily large degree.

This gives a negative answer to a conjecture made by B. Jeon (see [16,
Conjectrue 2]):

Conjecture (Jeon). For each g > 2 there exists only a finite number of
real number fields and quaternion algebras that are realised as the invariant
trace field and invariant quaternion algebra of a hyperbolic structure on Sy
with integral traces.

4. Semi-arithmetic surfaces with logarithmic systolic growth

In this section, we construct sequences of surfaces of logarithmic systolic
growth with multiplicative constant depending only on arithmetic and geo-
metric data.

Lemma 4.1. Let S =T\H be a semi-arithmetic Riemann surface and let
K be its invariant trace field. Consider the family F of prime ideals of Ok
given in Theorem . For each p € F let Sy =T'(p)\H be the congruence
covering of S of level p. There exist constants | = 1(S), L = L(S) such that

IN(p)® < area(Sy) < LN(p)°
for every p € F.

Proof. Since S, is a covering of degree [I':T'(p)], we have area(S,) =
area(S)[I" : T'(p)] for any p € F. The equality

0 :T@)r® 1@ ()] = [T : T(p)][C(p) : T (p)]

and the inequality [T'(p) : T®(p)] < [I" : T?)] together with the Corollary
imply that

%N(p)?’ <@ 1@ p)] < [ :T(p)]

< [P T T ()] < ST TN )

N | —
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The constants {(S) = farea(S) and L(S) = 3[I': I'@]area(S) depend
only on S. We have thus obtained the desired inequality for every p € F. U

The following theorem is a slight generalisation of Theorem in the
sense that it also includes closed 2-dimensional hyperbolic orbifolds.

Theorem 4.2. Let I' < PSL(2,R) be a cocompact semi-arithmetic Fuch-
sian group and let K be its invariant trace field. Then, for infinitely many
prime ideals p C Ok, the corresponding congruence subgroups I'(p) < T' are
torsion free and the closed Riemann surfaces Sy, = I'(p)\H satisfy

sys(Sp) > C'log(area(Sy)) —

where C' > 0,¢c € R are constants that do not depend on p.

Proof. Take the family of prime ideals obtained in the Theorem so that,
for any prime ideal p in this family, it holds that I'® /T(®)(p) is isomorphic
to PSL(2, Ok /pOk) and, in particular, we may apply Corollary [2.7]

Let D={}_,z;B;|z; € K, Bj € I'®1 be the invariant quaternion al-
gebraof I'and let @ = {>_, a;B; | aj € Ok, Bj € I'®} be an order in D. If
we consider a nontrivial element v e T(p), then for some preimage A € Q'
of v we may write

A2 1= ZaiBi with a; € p and B; € I,

Therefore,

det(A <Z o; B > Z oajB;-‘
J
= Za det(B;) + Zaiajtr (BiB;) € p.

1<J

where the superscript * denotes the usual involution in the quaternion al-
gebra D. On the other hand, it follows from elementary identities that
det(A? —1) =2 —tr(A%) =4 —tr2(A) =4 — Tr%(y). So that 4 — Tr2(y) €
p.

Note that if « € p? is nonzero, then H(a) > N(p)i. Indeed, let v, €
V¢(K') be the valuation corresponding to p. By definition of v, we have that
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lalp < N(p)~2. Since « is an algebraic integer, v(a) < 1 for any v € Vy(K).
So, if we define V,(K) = {v € Vo (K) | v(a) > 1}, then

Hao)'= [] vla.

veV, (K)

The product formula (see [26, Chapter III (1.3)]), however, implies that

and therefore

-1

H(a)! = [I @] Zv@=Np)?*
VeV (K)\Va (K)

Returning to the arbitrarily chosen v €TI'\ {1}, we have that 4 —
Tr (7)% # 0 since 7 is not parabolic. Then,

H(4 - Tr?(y)) > N(p)i.

By applying the properties of the height function in Subsection we
observe that

H(4 — Tr2(y)) < 4H(4) H(Tr2(7)),

which leads to

[um—y

aln

(15) H(Tr(7)) > =N (p)?,
(note that H(4) = 4).

Now, if v is elliptic, then Tr () = |2cos(T)| where n is the order of ~.
Since 2 cos(7) = (an + CQ_nl where (o, is the 2n-th primitive root of unit, any
Galois conjugate of 2 cos(2Z) has absolute value at most 2, i.e. H(Tr?(y)) <
4. Hence, it follows from that, for any prime ideal p satisfying N(p) >
8¢ the congruence subgroup I'(p) is torsion free. Henceforth, we will only
consider prime ideals satisfying this additional property. Note that it remains
an infinite family of prime ideals.

In order to estimate from below the displacement of any element in

['(p) it is sufficient to estimate the displacement of its square. So we will
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give a lower bound for the displacement of any element in I'®)(p). More-
over, we need to relate this lower bound with the growth of the area of the
corresponding coverings. By Lemma [2.8] and Lemma it is sufficient to
show that, for our family of prime ideals p, any nontrivial element in the
corresponding congruence group has word length at least ¢1 log(N(p)) — c2
for some constants c¢; > 0 and co that may depend on I' but not on the
prime ideal p. For the remainder of the proof, we will denote such constants
indistinctly by C' > 0 and c.

We want to estimate the word length wy, of a nontrivial element 7 €
re (p), with respect to a canonical set of generators X of I'®). There exists
a finite extension L of K of degree at most 2 for which we may suppose
that, up to conjugation, I'® < PSL(2, L) (cf. [21, Corollary 3.2.4]). Let 7 =
max{H(c) | o € }. By definition, H(s) = H(c™!). If n = 0" -+ ol with
ij € Z is a word of minimal length wx;(n), then we may apply property (6]
of the height function (see Subsection successively in order to obtain
H(n) < (4r)w=M~171 ie.

(16) ws(n) > Clog(H(n)) — c.

It follows also from the definitions that H(Tr (n)) < 4H(7n). Finally, and
together imply that

ws(n) > Clog(N(p)) — c.
O

Let S = T'\H be a semi-arithmetic hyperbolic surface, and let K be the
invariant trace field of S. Each Galois embedding ¢ : K — R can be ex-
tended to a monomorphism @ : I' — PSL(2,R) given by applying a suitable
extension of ¢ on the entries of the element of I'. This map is well defined up
to conjugation by elements of PGL(2,R). There exists a choice of monomor-
phisms ®q,...,®, with » < [K : Q] such that the map ® = (®1,--- ,P,):
I' - PSL(2,R)" satisfies ®(I") C A where A is an irreducible arithmetic lat-
tice acting on H" (see [29, Remark 4]).

We say that S admits modular embedding if there exists a holomorphic
map F': H — H" such that

F(y(2)) = ®(7)(F(z)) for all z € H and v €T

In this case, the map F' induces a mi-injective embedding f : S — M where
M = A\H" is an arithmetic orbifold locally isometric to H".
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Now we are ready to prove Theorem We repeat its statement for
the convenience of the reader. Recall that sys; denotes the 1-systole of a
manifold, i.e, the infimum of the lengths of non-trivial closed curves. In the
case of a surface, we denote its systole simply by sys.

Theorem If S is a semi-arithmetic Riemann surface which admits
modular embedding into an arithmetic X,-manifold for some r > 1, then S
admits a sequence of congruence coverings S; — S of degree arbitrarily large
satisfying

4
sys(S;) > 3 log(area(S;)) — ¢,
r
where the constant ¢ does not depend on the 1.

Proof. Let S =T\H be a closed semi-arithmetic surfaces admitting a
modular embedding, i.e., there exists an irreducible arithmetic lattice A <
PSL(2,R)" defined over the invariant trace field K of I" and a holomor-
phic map F': H — H" such that the monomorphism ® = (®4,--- ,®,): ' —
PSL(2,R)" satisfies ®(I"') C A and

F(v(2)) = ®(v)(F(2)) for all z € H.

We may suppose (after possibly replacing A and I by finite index sub-
groups) that A is contained in an arithmetic lattice arising from a quater-
nion algebra. Then, if the norm of the ideal I C O is sufficiently large, by
Proposition the subgroup A(J) must be torsion free and

(1) s (AD\E) > - log(N(1) — e,

for some constant ¢; > 0 which does not depend on I.

By the Schwarz-Pick Lemma, any holomorphic map is 1-Lipschitz, with
respect to the hyperbolic metric. Therefore, the induced m;—injective map
F:S — A\H" is \/r-Lipschitz.

Now we consider the family F of prime ideals of O given in the Theo-
rem For each ideal p € F take the congruence subgroup of I'(p). Then
the map F' induces an embedding F}, : I'(p)\H — A(p)\H" which is also /r-
Lipschitz. We want to compare the systoles of these manifolds, but some care
needs to be taken here. If v € I'(p) is hyperbolic we must first guarantee that
®() is a hyperbolic translation in A (see Appendix , i.e. that no Galois
conjugate of Tr () is equal to +2. Indeed, if that was the case, then all
Galois conjugates of Tr () would be equal to +2 and v would be parabolic,



990 G. Cosac and C. Déria

contrary to our assumptions. Thus, we have the following inequality:

sysp (A(p)\H") < /r sys(I'(p)\H),

which, together with , implies that

ys(C(p)\ED) >~ og(N(p)) - e

for every p contained in an infinite subfamily 7' C F, where ¢z > 0 does not
depend on p.

By Lemma if we define the congruence coverings S, = I'(p)\H for
each p € 7', we conclude that area(Sy,) — co when N(p) — oo and

4
sys(Sp) > ﬁlog(area(Sp)) —c

for some constant ¢ > 0 that does not depend on p. O

Appendix A.

In this appendix we use the Reidemeister process in order to give a standard
presentation for the group K < T in terms of the generators of I', as defined
in Section |3} For more information on the Reidemeister process we refer the
reader to [5]. Recall that

D= (er,vcs| == B =15 =1).

Let 6:T' — Z/27 be the epimorphism defined by ¢; — 1, i =1,...,6 and
define IC :=ker 8 <T..

Let ¢: Fg = F(x1,...,26) — I be an epimorphism from the free group of
rank 6 with generators {z1,...,26} onto I' given by ¢(z;) =¢;,j=1,...,6.
Finally, let K be the pre-image of K€ with respect to ¢. Since [I' : K] = 2 and
¢ is surjective, it follows that K also has index 2 in Fg. We pick the set
T = {1,21} as a Schreier transversal for K in Fg. As usual, for any g € Fg
we denote by g the (unique) element in ¥ with the property that g = Kg.
Then, by the Reidemeister process, the following elements generate the free
group K:

1'%"(1'%)_1:%301_1, 1=2,...,6;

N1 .
vz - (T1x;) =x1zy, j=1,...,6.
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Let us rename this generators as:
(A.1) yj =x125, j=1,...,6 and ys4; = a:ia:l_l, i=2...,6.

In order to find the defining relations we rewrite the words trt~!, where
te{l,z1} and r € {2?,... 22, x1 -z}, in terms of {y1,...,yn}:

2 -1 Yt, lf]: 1;
rj = (zjey ) (21xy) = L
! Ys+5 Y5, lfj:27767

r1 -6 = (z129) (w327 V) (w124) (w527 ) (2126) = Y2 Ys Y4 Y10 V6 ;

2 1 -1 Y1, if j =1;
rizjry = (1z))(vjry ) = L
! Y5 Ys+j, lf]:2)567
xy(w1 - w)ryt = 23 (zoxy V) (z123) (waxy V) (w125) (262, 1) = Y1 Y7 Y3 Yo Ys Y11

Note that we may eliminate the generators y1, y7, ys, ¥, %10, y11 and
obtain the following presentation:

(A.2) K= (Y2,Y3, Y1, Y5, Y6 | Y2 Y3 Ya¥s Yo » Y Y3 ys  Ys Ug L)-

In order to make it less cumbersome, let us once again rename the gen-
erators, now as

Yg =: Q, y3_1 =:b, ys =: ¢, y5_1 =:d.
The two relations in (A.2)) imply that

Yo =Yy Y3 ys Ys = (U5 yayz y2)
Yo us L yays Lys = 1.

which, in terms of the new names introduced above, yield the following
presentation

K = {a,b,c,d | abcd(dcba)™?).

Finally, we achieve the standard presentation by making one last change
in the generators of K:

z:=ab 2 y:=b, ' :=bac, y = dc.
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Note that {z,y,2’,y'} generates K indeed, since

vyt =a, y=>byaly ' =c, ¢y (@) Tyt =d

With this new set of generators, the relation abcd(dcba)™! =1 becomes
[z, 9]l y] =1, Le.

K= {(zy,2 vy | [zy]lz,¥]).

By the definition of the homomorphism ¢ and (A.1)), we conclude the
appendix pointing out that:

cie2 = ¢(r1z2) = ¢(32) €K
Appendix B.

In this appendix, we prove the following theorem.

Theorem B.1. Let M be a closed arithmetic X,-orbifold for some r > 1,
defined over a number field K. There exists a finite covering M' — M such
that for all but finitely many ideals I of Ok, the congruence covering M} —
M' is a manifold. Furthermore, vol(M}) — oo when N(I) — oo and

4
sys) (Mp) > ﬁlog(vol(M})) -,

where ¢ does not depend on I.

Note that Theorem follows immediately. Theorem generalises
the noncompact case proved by P. Murillo in [23]. In fact, we follow his idea
and refer to [op. cit] for more details.

B.1. The geometric structure

Let H" be the product space of r copies of the hyperbolic plane H endowed
with the product metric. The space H" is a simply connected symmetric
Riemannian manifold of nonpositive curvature. Consider the group G =
PSL(2,R)" acting on H" in the following way: given a point z = (z1,...,2,) €
H" and g = (91,...,9») € G, define g(2) = (g91(z1),...,9r(2r)). Note that
this action preserves the Riemannian metric on H". Therefore, G is a group
of isometries of H" whose action is continuous and transitive.



Closed geodesics on semi-arithmetic Riemann surfaces 993

For any ¢g € G nontrivial we define its displacement ¢(g) by

E(g) = inf{d((gl(zl)v s 797”(27“))7 (Zl) R ZT)) | (217 AR ZT) € Hr}v

where

d((z1, -5 2r), (Y1505 Yr)) = \/d]H[(UUl,yl)2 + -+ du(zr, yr)?.

We classify the nontrivial elements of G in terms of their geometric
action.

1) We say that g is elliptic if there exists z = (21, ..., 2,) € H" such that
9(2) = z;

2) We say that g is parabolic if g is not elliptic and ¢(g) = 0;

3) We say that g is hyperbolic if £(g) > 0;

4) We say that a hyperbolic element g € G is a hyperbolic translation if
there exists a complete geodesic £ : R — H" with unit speed and such
that

g(&(t)) = E(t +£(g)) for all t € R.

In this case, we say that the geodesic £ is the azis of g. It is worth noting
that every component of a hyperbolic translation is either elliptic or
hyperbolic.

If I' < G is a discrete group, then the action of I' in H" is properly
discontinuous. In order to produce a manifold covered by H" it is necessary
and sufficient that I is torsion free (i.e., I does not contain elliptic elements).
In general, if T is discrete, the quotient space I'\H" is an r—dimensional
orbifold locally isometric to H".

If g € I' is a hyperbolic translation, then its axis projects on the orbifold
[M\H" as a closed geodesic of length ¢(g). Conversely, any closed geodesic on
I"\H" is obtained in this manner. We define the systole of an orbifold M as
the minimum of the set of lengths of all closed geodesics in M. This number
is denoted by sys;(M).

For any hyperbolic translation g = (g1,...,9,) € G we can write
{1,---,r} = H(g) UE(g), where |tr(gs)| > 2 if h € H(g) and |tr (g.)| < 2
if e € E(g). In this case we have (cf. Proposition

(B.3) Uy =2| > [coshl (W)T

heH(g)
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B.2. The arithmetic structure

The cocompact irreducible arithmetic lattices in G are constructed as fol-
lows. Let K be a totally real number field of degree d and let A be a quater-
nion algebra over K that splits at exactly r < d Archimedean places of
K. There exists a surjective algebra morphism p: A @ g R — My(R)" with
compact kernel isomorphic to the product of d — r copies of the Hamiltonian
algebra. Let Q be an order of A and consider the subgroup Q' of elements
in Q of reduced norm 1. The image p(Q') < G is a cocompact irreducible
arithmetic lattice. Conversely, by Margulis Arithmeticity Theorem, if I' < G
is a cocompact irreducible lattice, then I' is commensurable with p(Q') for
some K, A, p and Q as above (cf. [6]). Once these parameters are fixed, we
define what it means to be a congruence covering in this setting.

Choose a standard basis 1,¢, j, k for the quaternion algebra A over K,
i.e., a basis such that (2 = a, j2 = b, 1j = k = —ji. with a,b € Ox\{0}, and
fix the order

QZ{O&o—i-OqL—i—OéQj—FOégKEA‘OAZ‘EOK}‘

With such basis we recall that the trace and reduced norm of an element
a =g+ ail+ asj + agk € A are given by

tr(a) =2a9 and n(a) =af —aal — bai + aba3.

Fori=1,...,r, let 0; : K — R denote an embedding of K over which
A splits. We may assume, without loss of generality, that o1 =id : K —
R is the trivial inclusion of K in R. Consider p: A ®x R — Ma(R)" with
components p = (p1,. .., p,) satisfying

(B.4) tr (pi(a)) = oi(tr (a)), foreachi=1,...,r.

Let 71,--- ,7: K — R be the embeddings at which A ramifies, i.e., for
each j = 1,...,[ the quaternion algebra <w> satisfies 75(a), 75(b) < 0
(in other words, it is isomorphic to the division algebra H of Hamilton’s
quaternions). If « € Q' and « # +1, then applying these embeddings to the
equation 1 = a2 — aa? — baj + aba3, yields

7j(ad) < 1forany k =1,...,1.
Therefore,

(B.5) |7 (tr ()] = 2|75 (a0)] <2,
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forall j=1,...,l and o € QL.
For any ideal I C O we define the following group

Q') ={a=ap+art+asj+ake Q' |ag—1,a1,a9,03 € I}.

The group Q'(I) is the congruence subgroup of Q! of level I. We can
now prove the following useful proposition.

Proposition B.2. Consider K, A, p, Q as above and let I C O be an ideal
with norm N (I) satisfying N(I) > 2¢. Then p(Q'(I)) is a torsion free lattice.
Furthermore, we have the following estimate for the systole of the manifold
My = p(Q'(I)\H" :

sys(My) > \4[ log(N(I)) — e,

where ¢ > 0 is a constant that does not depend on I.

Proof. For a = ag + a1t + asj + azk € Qb go = p(a) cannot be parabolic
since p(Q') is cocompact. In particular, tr () = tr (p1(a)) # £2 which im-
plies that ap # +1. So g, must be either elliptic or hyperbolic. A necessary
(and sufficient) condition for g, to be elliptic is that |tr (p;(«))| < 2 for all

i=1,...,r. By (B.4) and (B.5)) we see that

r d—r
[Nkjg(tr (@) = 2) = [T lo(tr (@) =2 T] Ime(tr (@) — 2|
i=1 k=1

(B.6) r dr
< [ ester ()] +2) T (I (tr ()] +2)
=1 k=1

< 22d

Here, N g denotes the (field) norm of the extension K | Q. We recall
that, for a nonzero algebraic integer x € O, [Ng|g(z)| is equal to the norm
of the ideal Ok, denoted N(z). As observed above, tr (a) — 2 # 0.

Now, if a € QY(I), it follows from

n(a) =1and ag — 1,1, 9,3 € I,
that

tr(a) —2 =20 —2= (a2 —1) — (ag — 1)*

= aa? +bak — abai — (ap — 1) € I?,
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so that, in particular,

(B.7) N(tr (o) — 2) > N(I)2

Hence, if p(Q'(I)) contains a torsion element, it follows from and

(B-7) that

N(I) < 2%

This proves the first part of the theorem. From now on we will assume
that N(I) > 2%. We must estimate the displacement of a hyperbolic trans-
lation in p(QY([)).

If p(a) € p(QY(I)) is one such hyperbolic translation, then we may write
{1,...,r} as a disjoint union H( )U E( ) where [tr (pp(a))| > 2ifh € H(w)
and [tr (pe(a))| < 2 if e € E(c). By (B.3)) and (B.4)) we have that

Lpla))=2| > [Coshl (W)F

heH (a)

2| & e (el

heH (o

where the inequality follows from the observation that cosh™!(z) = log(z +
Va2 —1) > log(x) for all z > 1. By means of the convexity of the quadratic
function, we obtain that

|on(tr ()]
tp(a)) = \/#Hih;:a)k’ ( : 2 >
Zj?log 9~ #H(@) H |on(tr ()]

On the other hand

IN(tr (@) = 2) < ] (lo(tr ()] +2)

(o

< 2deaX{]J(tr ())],2}
_ gt #@) T oy (tr (a)).

heH (a)
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Thus, for any hyperbolic translation p(a) with a € Q*(I), the following
holds:

[N(tr (o) — 2)]|

t(p(a)) = 57710g (22d> > }log(\N(tr (@) —2)|) — 4dlog(2)

\/77

We conclude the proof by using inequality (B.7). Indeed, if we define
c:= M, then ¢ does not depend on I and, for any closed geodesic 5 on

T
M = p(QY(I))\H", there exists a € Q'(I) as above such that the axis of
p(a) projects onto § and

(pla)) > - Tog(N(D)) — .

Since § was arbitrary, the theorem follows. O

Proof of Theorem [B.1. Let M =T'\H" be a closed arithmetic orbifold. We
have seen that T' is commensurable with p(Q!) for some K, A,p and Q as
in subsection Thus, I' contains a finite index subgroup I' such that
[V < p(@Qh). Let M’ = T/\H" be the corresponding finite covering of M. If
we consider the sequence of ideals of Ok satisfying the hypothesis in Propo-
sition then the corresponding lattices I'V(I) = I'" N p(Q*(I)) are torsion
free and define congruence coverings M} := I''(I)\H" of M’ with volume

vol(M}) = [T : T/(I)]vol(M").

Therefore, the asymptotic growth of vol(M}) depends only on the growth of
[[”: T/(I)], where I varies on the set of ideals of O with N(I) > 2.
Since Q! Nker(p) is finite with, say, v elements, then

1. 1
I ()] < [0(QY) : (@ (D)) = (&2 D]

1%

In [I7, Corollary 4.6] it is proved that there exists a constant \ =
A(4, Q) > 0 such that

[QY: QN(I)] < AN(I)3.

On the other hand, by Proposition we have that

sys1 (M) 2 sy, (p(Q (D)\HF) = = log(N(D)) — e,

N

for some constant ¢; > 0 which does not depend on 1.
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Therefore,

4
Sysl(M}) > ﬁ log(vol(M})) —C,

where ¢ does not depend on I.

Finally, by Proposition sys;(M}) — oo when N(I) — co. Since

log(vol(My)) > C'sys;(M}) — ¢, it follows that vol(M}) — co as N(I) —

Q.

0

Acknowledgements

We would like to thank Professor Mikhail Belolipetsky and Plinio Murillo
for their comments and suggestions on the original manuscript.

1]

2]

[9]

References
A. F. Beardon, The geometry of discrete groups, Vol. 91, Springer Sci-
ence & Business Media (2012).

M. Belolipetsky, On the number of automorphisms of a nonarithmetic
Riemann surface, Siberian Math. J 38 (1997) 860-867.

, Geodesics, volumes and Lehmer’s conjecture, Oberwolfach Rep.
7 (2010) 2136-2139.

L. Bers, On boundaries of Teichmiiller spaces and on Kleinian groups:
I, Annals of Mathematics (1970) 570-600.

0. V. Bogopol’skij, Introduction to group theory, Vol. 6, European
Mathematical Society (2008).

A. Borel, Commensurability classes and wvolumes of hyperbolic 3-
manifolds, Annali della Scuola Normale Superiore di Pisa-Classe di
Scienze 8 (1981), no. 1, 1-33.

P. Buser, Geometry and spectra of compact Riemann surfaces, Springer
Science & Business Media (2010).

P. Buser and P. Sarnak, On the period matriz of a Riemann surface
of large genus (with an Appendiz by JH Conway and NJA Sloane),
Inventiones mathematicae 117 (1994), no. 1, 27-56.

C. Déria, Asymptotic properties of the set of systoles of arithmetic
Riemann surfaces, International Mathematics Research Notices 2020
(2020), no. 22, 8580-8599.



Closed geodesics on semi-arithmetic Riemann surfaces 999

[10] B. Farb and D. Margalit, A primer on mapping class groups (pms-49),
Princeton university press (2011).

[11] W. Fenchel, Elementary geometry in hyperbolic space de Gruyter Stud-
ies in Mathematics, 11 Walter de Gruyter & Co (1989).

[12] S. Geninska, Ezamples of infinite covolume subgroups of PSL(2, R)" with
big limit sets, Mathematische Zeitschrift 272 (2012), no. 1-2, 389-404.

[13] L. Greenberg, Finiteness theorems for Fuchsian and Kleinian groups,
Discrete groups and Automorphic Functions Academic Press, London
(1977) 199-257.

[14] L. Guth and A. Lubotzky, Quantum error correcting codes and 4-
dimensional arithmetic hyperbolic manifolds, Journal of Mathematical
Physics 55 (2014), no. 8, 082202—-1 — 082202-13.

[15] Y. Imayoshi and M. Taniguchi, An introduction to Teichmiiller spaces,
Springer Science & Business Media (2012).

[16] B. Jeon, Realizing algebraic invariants of hyperbolic surfaces, Transac-
tions of the American Mathematical Society 371 (2019), no. 1, 147-172.

[17] M. G. Katz, M. Schaps, and U. Vishne, Logarithmic growth of systole
of arithmetic Riemann surfaces along congruence subgroups, Journal of
Differential Geometry 76 (2007), no. 3, 399-422.

[18] R. Kucharczyk, Modular embeddings and rigidity for Fuchsian groups,
Acta Arithmetica 169 (2015), no. 1, 77-100.

[19] S. Lang, Fundamentals of Diophantine geometry, Springer Science &
Business Media (2013).

[20] W. Luo and P. Sarnak, Number variance for arithmetic hyperbolic sur-
faces, Communications in mathematical physics 161 (1994), no. 2, 419
432.

[21] C. Maclachlan, A. W. Reid, and C. MacLachlan, The arithmetic of
hyperbolic 3-manifolds, Vol. 219, Springer (2003).

[22] G. A. Margulis, Explicit constructions of graphs without short cycles
and low density codes, Combinatorica 2 (1982), no. 1, 71-78.

[23] P. Murillo, On growth of systole along congruence coverings of Hilbert
modular varieties, Algebraic & Geometric Topology 17 (2017), no. 5,
2753-2762.



1000 G. Cosac and C. Déria

[24] G. Nakamura and T. Nakanishi, Parametrizations of Teichmiiller spaces
by trace functions and action of mapping class groups, Conformal Ge-
ometry and Dynamics of the American Mathematical Society 20 (2016),
no. 2, 25-42.

[25] T. Nakanishi and M. N&atanen, Parametrization of Teichmdiiller space
by length parameters, in Analysis And Topology: A Volume Dedicated
to the Memory of S Stoilow, 541-560, World Scientific (1998).

[26] J. Neukirch, Algebraic number theory, Vol. 322, Springer Science &
Business Media (2013).

[27] Y. Okumura, On the global real analytic coordinates for Teichmiiller
spaces, Journal of the Mathematical Society of Japan 42 (1990), no. 1,
91-101.

[28] A. W. Reid, Isospectrality and commensurability of arithmetic hyper-
bolic 2-and 3-manifolds, Duke Mathematical Journal 65 (1992), no. 2,
215-228.

[29] P. S. Schaller and J. Wolfart, Semi-arithmetic Fuchsian groups and
modular embeddings, Journal of the London Mathematical Society 61
(2000), no. 1, 13—-24.

[30] J.-C. Schlage-Puchta and J. Wolfart, How many quasiplatonic sur-
faces?, Archiv der Mathematik 86 (2006), no. 2, 129-132.

[31] P. Schmutz, Congruence subgroups and mazimal Riemann surfaces, The
Journal of Geometric Analysis 4 (1994), no. 2, 207-218.

[32] K. Takeuchi, A characterization of arithmetic Fuchsian groups, Journal
of the Mathematical Society of Japan 27 (1975), no. 4, 600-612.

[33] , Arithmetic triangle groups, Journal of the Mathematical Society

of Japan 29 (1977), no. 1, 91-106.

[34] A. Weil, On discrete subgroups of Lie groups, Annals of Mathematics
(1960) 369-384.



Closed geodesics on semi-arithmetic Riemann surfaces

INSTITUTO NACIONAL DE MATEMATICA PURA E APLICADA - IMPA
R10 DE JANEIRO, BRAZIL
E-mail address: cosac@impa.br

INSTITUTO DE MATEMATICA E ESTATISTICA
UNIVERSIDADE FEDERAL DE GOIAS, GOIANIA, BRAZIL
E-mail address: cayodoria@ufg.br

RECEIVED AugusT 30, 2020
AcceEPTED OCTOBER 26, 2021

1001






	Introduction
	Background
	Geometry of semi-arithmetic surfaces
	Semi-arithmetic surfaces with logarithmic systolic growth 
	Appendix 
	Appendix 
	References

