
✐

✐

“3-Cosac” — 2023/2/13 — 0:30 — page 961 — #1
✐

✐

✐

✐

✐

✐

Math. Res. Lett.
Volume 29, Number 4, 961–1001, 2022

Closed geodesics on semi-arithmetic

Riemann surfaces

Gregory Cosac† and Cayo Dória‡

In this article, we study geometric aspects of semi-arithmetic Rie-
mann surfaces by means of number theory and hyperbolic geome-
try. First, we show the existence of infinitely many semi-arithmetic
Riemann surfaces of various shapes and prove that their systoles
are dense in the positive real numbers. Furthermore, this leads to
a construction, for each genus g ≥ 2, of infinite families of semi-
arithmetic surfaces with pairwise distinct invariant trace fields,
giving a negative answer to a conjecture of B. Jeon. Finally, for
any semi-arithmetic surface we find a sequence of congruence cov-
erings with logarithmic systolic growth and, for the special case
of surfaces admitting modular embedding, we are able to exhibit
explicit constants.
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962 G. Cosac and C. Dória

1. Introduction

A closed Riemann surface is a compact 1-dimensional complex manifold
without boundary. Due to Riemann’s celebrated Uniformization Theorem,
any closed Riemann surface of genus g ≥ 2 may be identified with the quo-
tient Γ\H of the upper half-plane H = {x+ iy ∈ C | y > 0} by the action of
a discrete group Γ of automorphisms of H. Since the Lie group PSL(2,R),
acting on H via Möbius transformations, is isomorphic to the group of au-
tomorphisms of H, Γ can be realised as a Fuchsian group, i.e, a discrete
subgroup of PSL(2,R). Furthermore, the hyperbolic metric ds2 = dx2+dy2

y2

on H is preserved by this action and PSL(2,R) is actually the full group
of orientation-preserving isometries of (H, dH), where dH is the hyperbolic
distance function. For this reason, any such surface is naturally equipped
with a hyperbolic structure and is therefore called a hyperbolic surface.

Let Tg denote the Teichmüller space of genus g, i.e., the space of all
isomorphism classes of marked closed Riemann surfaces of genus g (we shall
always assume g ≥ 2). Among the most studied invariants used in order to
understand the hyperbolic structure of a generic surface S ∈ Tg, one finds
the diameter diam(S) of S, the spectral gap λ1(S) of the Laplace-Beltrami
operator defined on S and, more generally, the distribution of such spectrum
(see [20]), the isometry group Isom(S) of S, and the systole sys(S), defined
as the minimal length of a closed geodesic of S.

There exists a continuum of isomorphism classes of these marked struc-
tures. Indeed, Tg may be equipped with a topology that makes it a topolog-
ical manifold of dimension 6g − 6. In view of this fact, one may endeavour
to study special classes of hyperbolic Riemann surfaces endowed with some
extra structure allowing the application of a greater range of techniques. For
us, the starting point is the class of arithmetic Riemann surfaces. This class
contains known surfaces such as the closed Hurwitz surface of genus 3, the
Bolza surface of genus 2 and the noncompact Riemann surfaces obtained
as congruence coverings of the modular surface PSL(2,Z)\H. Moreover, in
several aspects, arithmetic surfaces present very rare or strong properties
which are not known to hold for a generic hyperbolic Riemann surface. To
mention a few:

Example 1.1.

(i) The cofinite Fuchsian group of minimal coarea is the triangular group
(2, 3, 7) which is arithmetic by [33]. The closed Riemann surfaces of
genus g whose automorphism group attains the maximal cardinality of
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84(g − 1) are, therefore, also arithmetic. Moreover, for non-arithmetic
surfaces, the cardinality of the automorphism group is at most 156

7 (g −
1), as proved in [2].

(ii) For any Riemann surface S, a simple geometric argument gives that:

sys(S) ≤ 2 log(area(S)) + A,(1)

where A > 0 is some absolute constant ([7, Lemma 5.2.1]). Buser and
Sarnak showed in [8] that congruence coverings of closed arithmetic
Riemann surfaces defined over Q satisfy the following logarithmic sys-
tolic growth:

sys(Si) ≳
4

3
log(area(Si)),

In [17], Katz-Schaps-Vishne generalised this result to congruence cov-
erings of any closed arithmetic Riemann surface. In particular, the
logarithmic upper bound (1) is optimal.

(iii) For the non-cocompact case, Schmutz Schaller showed in [31] that
infinitely many congruence coverings of the modular surface are maxi-
mum points for the systole function in the corresponding moduli space.

(iv) While systoles of arithmetic surfaces can be very large, there exists an
explicit lower bound in terms of the area. Indeed, Belolipetsky proved
in [3] the following inequality:

sys(S) ≥ C1

(
log log log area(S)C2

log log area(S)C2

)3

,(2)

for any arithmetic Riemann surface S, where C1, C2 > 0 are universal
constants. In fact, the short geodesic conjecture predicts the existence
of a universal lower bound for the systole of any arithmetic Riemann
surface.

(v) The commensurability class of an arithmetic Riemann surface is de-
termined by its Laplace-Beltrami spectrum [28].

On the other hand, arithmetic surfaces are somewhat rigid in the sense
that, for any g ≥ 2, the number of arithmetic surfaces in themoduli space Mg

is finite (see [6]). In [29], Schmutz Schaller and Wolfart extended the notion
of arithmeticity to a larger class of semi-arithmetic Riemann surfaces. This
new class contains all arithmetic surfaces as well as the important class of
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964 G. Cosac and C. Dória

quasiplatonic surfaces (see [30]). Moreover, Schmutz Schaller and Wolfart
give infinite families of examples which are not arithmetic.

Since then, relevant facts concerning the arithmetic and algebraic aspects
of semi-arithmetic surfaces have been uncovered (see [12], [18]). The main
purpose of our work is to give an account of the geometric aspects of semi-
arithmetic Riemann surfaces by means of number theory and hyperbolic
geometry, comparing them to the extremal properties enjoyed by arithmetic
surfaces that were mentioned in Example 1.1 (ii) and (iv). In essence, the
logarithmic growth of systoles along congruence coverings remains valid for
the class of semi-arithmetic Riemann surfaces (Theorem 1.4). However, the
systole of semi-arithmetic surfaces of a given genus is not bounded away from
zero anymore and, as a result, inequality (2) no longer holds (Theorem 1.2).
In particular, the short geodesic conjecture fails for semi-arithmetic Riemann
surfaces.

Before we discuss the main results in greater details, let us recall the
definition of a length function. Given a closed topological surface F of genus
g ≥ 2 and a homotopically nontrival closed curve α ⊂ F , we define the cor-
responding length function ℓα : Tg → R, that associates to each Riemann
surfaces S in Tg the length ℓα(S) of the unique closed geodesic on S freely
homotopic to α.

While, for any g and any length function on Tg, the image of the set of
arithmetic surfaces is finite, we prove that:

Theorem 1.2. For any g ≥ 2 there exists a length function ℓ : Tg → R such
that

{ℓ(S) | S ∈ Tg is semi-arithmetic}

is dense on the set of positive real numbers.

In fact, with some more effort, we obtain that:

Theorem 1.3. The set {sys(S) | S is a closed semi-arithmetic Riemann
surface} is dense in the positive real numbers.

With the appropriated definition of congruence covering of a semi-
arithmetic Riemann surface (see §2.3), we are able to prove the following:

Theorem 1.4. Let S be a closed semi-arithmetic Riemann surface. There
exists a sequence of congruence coverings Si → S of arbitrarily large degree
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such that

sys(Si) ≥ λ log(area(Si))− c,

where λ > 0 and c are constants depending only on S.

Moreover, for a suitable subclass of semi-arithmetic surfaces, the Rie-
mann surfaces admitting a modular embedding, we are able to obtain an
explicit constant λ depending only on the corresponding embedding. For
any r ≥ 1, consider the symmetric space Xr = Hr, i.e., the product of r
copies of H. We say that a Riemannian manifold is an Xr-manifold if it is
locally isometric to Xr.

Theorem 1.5. If S is a semi-arithmetic Riemann surface which admits
modular embedding into an arithmetic Xr-manifold for some r ≥ 1, then
there exists a sequence of congruence coverings Si → S of arbitrarily large
degree satisfying

sys(Si) ≥
4

3r
log(area(Si))− c,

where the constant c does not depend on the i.

Note that when r = 1 we recover the result for arithmetic surfaces.
Theorem 1.5 will follow from geometric results combined with estimates

for the systolic growth of congruence coverings of irreducible arithmetic Xr-
manifolds, for any r ≥ 1. In [23], Murillo treats the noncompact case of such
arithmetic manifolds, but his argument may be generalised almost verbatim
for the compact case. For the sake of completeness, in Appendix B we provide
a proof of:

Theorem 1.6. Let M be an arithmetic closed Xr-manifold, there exists a
sequence Mi of congruence coverings of M with vol(Mi) → ∞ such that

sys1(Mi) ≥
4

3
√
r
log(vol(Mi))− c,

where c does not depend on i.

We conclude the introduction with a brief outline of the article. In Sec-
tion 2 we review the necessary basic mathematical tools that will be used
later on. In §2.1, a minimal list of definitions in algebraic number theory
is given. We recall some general facts about Fuchsian groups and their Te-
ichmüller spaces, and define semi-arithmetic Riemann surfaces in §2.2. In
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966 G. Cosac and C. Dória

§2.3, the notion of congruence subgroups in the context of semi-arithmetic
Fuchsian groups is introduced.

Theorem 1.2 is proved in Section 3. The idea for the proof is to em-
bed surface-groups in groups generated by reflections across the sides of
some specific hyperbolic polygons, namely, trirectangles and right-angled
hexagons. These embeddings are constructed in such a way that their im-
ages contain a special element whose trace is a free parameter. By varying
this parameter, we are able to obtain the density asserted in the theorem.

In §3.2 we give two applications of Theorem 1.2. First, using the density
of lengths for semi-arithmetic surfaces of genus 2, we conduct an argument
similar to the one used in [9] and show that any such length is the systole
of a finite covering of the corresponding surface, thus proving Theorem 1.3.
Next, we use the methods applied in the proof of Theorem 1.2 in order
to construct (see Theorem 3.13), for each genus g ≥ 2, infinite families of
semi-arithmetic Riemann surfaces with pairwise distinct invariant trace field.
In [16, Conjectrue 2], B. Jeon conjectured that, for a fixed genus g ≥ 2,
only finitely many number fields and quaternion algebras could arise as the
invariant trace field and quaternion algebra of a genus g hyperbolic Riemann
surfaces with integral traces. So, in particular, we provide a negative answer
to Jeon’s conjecture.

In Section 4, we prove Theorems 1.4 and 1.5 . Theorem 1.6 will follow
from a more general theorem whose proof is provided in Appendix B. The
proofs of these theorems are, in some sense, reminiscent of an idea of Mar-
gulis used in [22]. We estimate the displacement of any closed geodesic in the
congruence coverings by means of a convenient arithmetic function in each
context. On the other hand, the asymptotic behavior of the area/volume
growth of the congruence coverings follows from recent results in [18].

2. Background

2.1. Number theoretic tools

In this subsection we review some classical results which will be assumed
along the text. This material can be found in most textbooks on Algebraic
Number Theory or Arithmetic Geometry (e.g. [19] and [21]).

Let L be a number field (i.e, a subextension Q ⊂ L ⊂ C of finite degree),
the subset of algebraic integers of L form a ring OL known as the ring of
integers of L. Let σ : L→ C be a Galois embedding. We say that σ is real
if σ(L) ⊂ R, otherwise we say that σ is complex. Note that if σ is complex,
then the complex conjugated σ̄ is another Galois embedding different from
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σ. Let r1 be the number of real Galois embeddings of L and r2 the number of
pairs of complex conjugate embeddings, so [L : Q] = r1 + 2r2. The following
is a well-known theorem in algebraic number theory.

Theorem 2.1 (Dirichlet’s Unit Theorem, [26]). The group of units
O×

L of OL is a finitely generated group of rank r1 + r2 − 1. The torsion part
is the cyclic subgroup formed by the roots of unity contained in L.

A valuation v on L is a multiplicative sub-additive nonnegative function
v : L→ R such that v(x) = 0 if and only if x = 0. Two valuations v1, v2 on
L are said to be equivalent if v1 = va2 for some positive number a ∈ R. If a
valuation v satisfies a condition stronger than sub-additivity, namely, that

v(x+ y) ≤ max{v(x), v(y)} for all x, y ∈ L,(3)

we say v is non-Archimedean. On the other hand, it is Archimedean if it is
not equivalent to a valuation satisfying (3). Next, we indicate two ways of
describing a valuation on the number field L:

(i) Let σ : L→ C be a Galois embedding and define vσ(x) = |σ(x)|, ∀x ∈
L, where | · | is the usual norm in C. Then vσ is Archimedean and two
such valuations vσ, vσ′ are equivalent if and only if σ′ is the complex
conjugate of σ.

(ii) Let p be any prime ideal in OL and let N(p) denote its norm, i.e,
the cardinality of the finite field OL/p. For any nonzero x ∈ OL, de-
fine vp(x) = N(p)−ordp(x), where ordp(x) is the largest integer k such
that pk divides xOK . It is natural to extend these functions to 0 as
ordp(0) = +∞ and vp(0) = 0. Finally, since L is the field of fractions
of OL, we may extend vp to L by imposing the multiplicative property
and defining vp(x/y) := vp(x)/vp(y). It is easy to check that vp defines
a non-Archimedean valuation on L.

It is an important result that these are all valuations on L, up to equiv-
alence. In other words, any Archimedean valuation on L is equivalent to vσ
for some Galois embedding σ : L→ C, and any non-Archimedean valuation
on L is equivalent to vp for some prime ideal p ∈ OL.

We define a place of L to be an equivalence class of valuations on L
and denote by V (L) the set of all places of L. The set V (L) decomposes
as V∞ ∪ Vf , where V∞ denotes the set of Archimedean (or infinite) places
of L and Vf , the set of non-Archimedean (or finite) places of L. Note that
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V∞ has cardinality r1 + r2, whereas Vf is in bijection with the set of prime
ideals of OL.

We adopt the following convention: for an infinite place associated to a
real Galois embedding σ, we consider vσ as described in (i) to be the nor-
malised valuation in its equivalence class. In case σ is a complex embedding,
choose vσ(x) = |σ(x)|2 instead. Finally, for a finite place associated to p, we
consider vp, as defined in (ii), to be the normalised valuation. Henceforth,
we will usually denote an arbitrary place of L by v, as well as the normalised
valuation in its equivalence class following the aforementioned criteria.

For any α ∈ L, α ̸= 0, there exists at most finitely many places v ∈ V (L)
such that v(α) > 1. Thus, we may define

H(α) =



∏

v∈V (L)

max{1, v(α)}




1

n

,

where n = [L : Q].
We say that H(α) is the absolute height of α. The name absolute comes

from the fact that H does not depend on the field containing α (cf. [19, Chap-
ter 3]). Note that, if α, β ∈ L, we have that v(α+ β) ≤ 4max{v(α), v(β)}
for v an Archimedean place and v(α+ β) ≤ max{v(α), v(β)} for v a non-
Archimedean place, whence the function H satisfies the following inequali-
ties:

H(α+ β) ≤ 4H(α)H(β);(4)

H(αβ) ≤ H(α)H(β).(5)

Now let A =

(
a b
c d

)
be a matrix with a, b, c, d ∈ L and ad− bc = 1. We

define the height of A by

H(A) =



∏

v∈V (L)

max{1, v(a), v(b), v(c), v(d)}




1

n

.

Note that H(A) is well-defined and it holds that H(A) = H(−A). So, for γ ∈
PSL(2, L) we may define H(γ) := H(A), for any representative A of γ. Again
the definition of H(γ) does not depend on the field L. It is immediate from
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the definition that properties (4) and (5) extend to the following property:

H(γη) ≤ 4H(γ)H(η) for any γ, η ∈ PSL(2, L).(6)

2.2. Semi-arithmetic Fuchsian groups

Let Γ < PSL(2,R) be a finitely generated nonelementary Fuchsian subgroup
of the first kind. Such groups are known to have the following standard
presentation (see, for example, [13]):

(7)

〈
A1, B1, . . . , Ag, Bg, C1, . . . , Cr, P1, . . . , Ps

∣∣∣

Cm1

1 = · · · = Cmr

r =

g∏

i=1

[Ai, Bi]C1 · · ·Cr P1 · · ·Ps = 1

〉
,

where A1, B1, . . . , Ag, Bg are hyperbolic elements, C1, . . . , Cr are elliptic el-
ements of order m1, . . . ,mr, respectively, and P1, . . . , Ps are parabolic el-
ements of PSL(2,R). The quotient Γ\H has a unique Riemann surface
structure that makes the projection Π: H → Γ\H holomorphic. With this
structure, Γ\H becomes a genus g Riemann surface with s punctures and
r marked points over which Π is branched (i.e., Π is a branched covering).
Alternatively, Γ\H has the structure of a hyperbolic 2-orbifold with genus
g, s punctures and r cone singularities. Its hyperbolic area is given by

area(Γ\H) = 2π

[
2g − 2 + s+

r∑

i=1

(
1− 1

mi

)]
(8)

and we say Γ is cofinite in case area(Γ\H) <∞.
Conversely, when g ≥ 0, r ≥ 0,mi ≥ 2, i = 1, . . . r, s ≥ 0 are integers such

that the right-hand side of (7) is positive, then Poincaré’s Theorem asserts
the existence of a Fuchsian group with signature (g;m1, . . . ,mr; s).

In what follows, unless otherwise stated, we will assume Γ to be cocom-
pact, i.e., such that Γ\H is compact. In this case, s = 0 and we denote the
signature simply as (g;m1, . . . ,mr).

By a representation of Γ into PSL(2,R) we mean a group homomor-
phisms ϕ : Γ → PSL(2,R). Note that ϕ is determined by the image of any set
generating Γ. Moreover, the representations of Γ into PSL(2,R) are in one-
to-one correspondence with the elements (A1, B1, . . . , Ag, Bg, C1, . . . , Cr) of
PSL(2,R)2g+r whose coordinates satisfy the relations described in (7). Let
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R′(Γ) denote the set of all representations of Γ into PSL(2,R). Given the
above correspondence, we will identify R′(Γ) with a closed subset of
PSL(2,R)2g+r. This identification induces a natural topology on R′(Γ). Let
R(Γ) be the subset of R′(Γ) consisting of injective representations ϕ such
that ϕ(Γ) is a discrete cocompact subgroup of PSL(2,R). In [34], A. Weil
proved that R(Γ) is open in R′(Γ). This is also true for noncocompact Fuch-
sian groups or even Fuchsian groups of the second kind, although, in those
cases, it follows from a stronger result due to Bers (cf.[4]).

Note that PGL(2,R), the group of all conformal and anti-conformal
homeomorphisms of the upper half-plane H, acts on R(Γ) by conjugation.
The Teichmüller space of Γ, Teich(Γ), is defined to be the quotient of R(Γ)
by this action.

Remark 2.2. Let Sg be a closed orientable surface of genus g. The Te-
ichmüller space Teich(Sg) of Sg may be defined as the set of all hyperbolic
metrics on Sg up to isometries isotopic to the identity. Alternatively, one
may consider all pairs formed by a genus g Riemann surface together with a
marking, i.e, a choice of homotopy classes for the canonical generators of its
fundamental group. Two such pairs are said to be equivalent when there ex-
ists a biholomorphism between the surfaces that respects the corresponding
markings. The space of equivalence classes is called the Teichmüller space
of genus g, and is denoted by Tg. We observe that the spaces Teich(Sg) and
Tg may be identified. Moreover, when Sg = Γ\H, there exits a natural cor-
respondence between Teich(Γ) and Teich(Sg) ∼= Tg. For further discussion
on this topic, one may refer to well known textbooks on the subject, such
as [15] and [10].

For an element A ∈ PSL(2,R) we define its trace, TrA, to be |tr Ã|,
where tr denotes the usual trace of matrices and Ã is any one of the pre-
images of A under the projection P: SL(2,R) → PSL(2,R). Let {Tr γ | γ ∈
Γ} denote the trace set of Γ. The field extension Q(Tr Γ) obtained by adjoin-
ing all the traces of elements of Γ to the rational number field Q is called the
trace field of Γ. If Γ(2) denotes the subgroup of Γ generated by {γ2 | γ ∈ Γ},
then Q(Tr Γ(2)) is called the invariant trace field of Γ and is denoted by kΓ.
The name is justified since kΓ is an invariant of the commensurability class
of Γ (see [21, Theorem 3.3.4]), where two groups Γ1 and Γ2 are said to be
commensurable if Γ1 ∩ Γ2 is a subgroup of finite index in both Γ1 and Γ2.
More generally, two groups are said to be commensurable in the wide sense
if one is commensurable to a conjugate of the other. Since the trace of a
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matrix is invariant under conjugation, it follows that kΓ is also invariant
under wide commensurability.

In [32], Takeuchi characterised arithmetic Fuchsian groups as cofinite
Fuchsian groups satisfying the following two conditions (cf. [29]):

(i) kΓ is an algebraic number field and TrΓ(2) ⊂ OkΓ;

(ii) If ϕ : kΓ → C is any Galois embedding different from the identity then
ϕ(Tr Γ(2)) is bounded in C.

One possible way to define a class of Fuchsian groups larger than that
of the arithmetic groups is to drop the hypothesis on the boundedness of
ϕ(Tr Γ(2)). Note, however, that conditions (i) and (ii) together imply that kΓ
is totally real ([32, Proposition 2]), i.e., that every embedding of kΓ into C

has its image lying in R. This property is retained in the following definition:

Definition 2.3 ( [29]). A cofinite Fuchsian group Γ is said to be semi-
arithmetic when kΓ = Q(Tr Γ(2)) is a totally real number field and TrΓ(2) ⊂
OkΓ.

Equivalently, it follows from elementary trace relations that Γ is semi-
arithmetic if kΓ is a totally real number field and, for every γ ∈ Γ, Tr γ is
an algebraic integer.

As per usual, we say that a hyperbolic Riemann surface (or hyperbolic
2-orbifold) S is semi-arithmetic in case S = Γ\H where Γ < PSL(2,R) is
semi-arithmetic. Likewise, we may refer to kΓ as the invariant trace field of
S.

The first examples are, of course, arithmetic Fuchsian groups. Trian-
gle groups are also semi-arithmetic, as it follows from the description of
their trace sets and invariant trace fields given by Takeuchi in [33]. Further-
more, Takeuchi’s results imply that all but finitely many triangle groups are
strictly semi-arithmetic, i.e., nonarithmetic semi-arithmetic groups. In [29],
Schaller and Wolfart describe infinite families of semi-arithmetic groups not
admitting modular embedding (see §4 for definition).

One may easily verify that, for a finite-index subgroup Γ′ < Γ, if Tr Γ′

is contained in the ring of algebraic integers of C, then the same is true for
Tr Γ. It follows from this observation that being semi-arithmetic is invariant
under commensurability in the wide sense.

In particular, if ϕ ∈ R(Γ) is a representation such that ϕ(Γ) is a semi-
arithmetic Fuchsian group, then this is also true for every representation
of Γ that is equivalent to ϕ under the action of PGL(2,R) on R(Γ) by
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conjugation. It thus makes sense to say that the point [ϕ] in the Teichmüller
space Teich(Γ) is semi-arithmetic.

Remark 2.4. The Teichmüller space Teich(Γ) is known to be parametrised
by finitely many trace functions (see, for example, [25], [24], [27]). More
precisely, let γ ∈ Γ and define the trace function Tr γ : Teich(Γ) → R as
Tr γ([ϕ]) = Tr (ϕ(γ)). Then there exist N > 0 and γ1, . . . , γN ∈ Γ such that
(Tr γ1

, . . . ,Tr γN
) : Teich(Γ) → RN in an (real-analytic) embedding. It then

follows from Definition 2.3 that the semi-arithmetic points in Teich(Γ) are
in one-to one correspondence with a subset of the N -tuples with algebraic
integer coordinates. Therefore, we conclude that there are at most countably
many semi-arithmetic Fuchsian groups.

We recall the following useful proposition concerning the trace set of a
finitely generated Fuchsian group:

Proposition 2.5 (Lemma 2 in [33]). Let Γ be a Fuchsian group with
generators γ1, . . . , γn. For a subset of indices {i1, . . . , ik} ⊂ {1, . . . , n}, we
denote ti1,...,ik = Tr (γi1 · · · γik). Then

TrΓ ⊂ Z
[
ti1,...,ik | {i1, . . . , ik} ⊂ {1, . . . , n}

]
.

2.3. Congruence subgroups of semi-Arithmetic Fuchsian groups

Let Γ < PSL(2,R) be a semi-arithmetic Fuchsian group with invariant trace
field K and let Γ̃ be the preimage of Γ by the projection P : SL(2,R) →
PSL(2,R). By an equivalent definition of semi-arithmetic groups (see [29,
Proposition 1]), there exist a quaternion algebra B over K, a maximal order
O < B and an injective morphism of K-algebras ξ : B → M(2,R) such that
ξ(O1) < SL(2,R) is a group containing Γ̃ or Γ̃(2), where O1 denotes the
group of elements in O with reduced norm 1.

For any ideal a ⊂ OK we define aO = {∑j ajωj | aj ∈ a and ωj ∈ O}.
The congruence subgroup of O1 of level a is given by

O1(a) = {D ∈ O1 | D − 1 ∈ aO}.

We refer to [18] or [17] for a proof that O1(a) is a normal subgroup of
O1 of finite index. The congruence subgroups Γ(a) of level a of Γ are the
projection on PSL(2,R) of the intersection Γ̃ ∩ ξ(O1(a)). Moreover, Γ(a)
is a finite index subgroup of Γ. Indeed, consider the normal subgroup of
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finite index Γ(2) ⊴ Γ, since Γ(2) < P (ξ(O1)) and P (ξ(O1(a))) is normal of
finite index in Pξ(O1), then Γ(2)(a) is normal in Γ(2) and the natural map
Γ(2)/Γ(2)(a) → PξO1/PξO1(a) is injective. Hence, Γ(2)(a) has finite index in
Γ(2) and a fortiori has finite index in Γ. Thus, the relation Γ(2)(a) < Γ(a) < Γ
implies that [Γ : Γ(a)] <∞.

In [18] R. Kucharczyk obtained the following two important algebraic
properties of congruence subgroups of semi-arithmetic Fuchsian groups.

Theorem 2.6 (Theorem B and Proposition 4.5). Let Γ be a semi-
arithmetic Fuchsian group with invariant trace field K. There exists an in-
finite family F of prime ideals of OK such that:

(i) Γ(2)/Γ(2)(p) is isomorphic to PO1/PO1(p) for every p ∈ F ;

(ii) Γ(2)/Γ(2)(p) is isomorphic to SL(2,OK/p) for every p ∈ F .

Since OK/p is a finite field with N(p) elements, the following holds:

Corollary 2.7. Let Γ be a semi-arithmetic Fuchsian group with invariant
trace field K and let F be the family of prime ideals of OK given in the
previous theorem. Then

1

4
N(p)3 ≤ [Γ(2) : Γ(2)(p)] ≤ 1

2
N(p)3

for every p ∈ F .

Proof. Since N(p) ≥ 2 for any p ∈ F , the inequalities follow from the theo-
rem and the elementary formula |PSL(2,OK/p)| = 1

2(N(p)2 − 1))N(p). □

2.4. Groups and geometry

For any finitely generated group G with a set of generators Σ we define a
function wΣ : G→ Z≥0, known as the word length with respect to Σ, given by
wΣ(g) = minimal length of a word in the alphabet Σ ∪ Σ−1 that represents
g. Note that wΣ(g) = 0 if and only if g = 1. Moreover, d(g, h) := ωΣ(gh

−1)
is known to define a metric in G.

For a hyperbolic element γ ∈ PSL(2,R) acting on H, we define its trans-
lation length ℓ(γ) as ℓ(γ) = min{dH(x, γ(x)) | x ∈ H}. It is worth noting that
ℓ(γ) is positive and is attained on any point on the axis of γ, i.e., on the
(unique) geodesic line invariant by γ.
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The following is a useful lemma linking the geometry of a group to its
action on a geometric space. It is a straightforward corollary of the Milnor-
Schwarz Lemma.

Lemma 2.8. Let Γ < PSL(2,R) be a cocompact Fuchsian group with a fi-
nite set of generators Σ and let wΣ(γ) denote the word length with respect
to Σ of any element γ ∈ Γ. There exist constants C > 0, c ∈ R which depend
only on Γ and Σ such that

ℓ(γ) ≥ CwΣ(γ)− c

for any hyperbolic element γ ∈ Γ.

Proof. See Equation 5 in the proof of the Proposition 10 in [14] for the proof
of this inequality for an specific set of generators. Since any two word lengths
are Lipschitz equivalent, the result holds for any set of generators. □

3. Geometry of semi-arithmetic surfaces

3.1. Construction

In this subsection we prove that the set of numbers realised as the length of a
closed geodesic in semi-arithmetic surfaces of some fixed genus is dense in the
positive real numbers. More precisely, we describe a dense set L ⊂ [0,+∞)
such that, for any integer g ≥ 2 and l ∈ L, there exists a semi-arithmetic
surface S of genus g and a closed geodesic γ in S with length ℓ(γ) = l.

Lemma 3.1. Let G be a 1-dimensional Lie group with finitely many con-
nected components. If H < G has rank ≥ 2 then H is dense in G

Proof. Assume, without loss of generality, that G is connected. If G is non-
compact then it is Lie group-isomorphic to (R,+) by an isomorphism, say,
f . It is known that additive subgroups of R are either cyclic infinite or dense.
Since f(H) has rank ≥ 2, it must be dense in R in which case H is dense in
G. If G is compact, it will be isomorphic to S1, where a similar dichotomy
holds. □

Lemma 3.1 together with the Dirichlet’s Unit Theorem (Theorem 2.1)
give us the following corollary.

Corollary 3.2. Let K be a totally real number field such that [K : Q] ≥ 3.
Then O×

K is dense in R.
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Next, we list some formulae in classical hyperbolic geometry that will be
used later on. For a systematic treatment of the subject, see, for example,
[1], [7] or [11].

Lemma 3.3 ([1, Theorems 7.11.1 and 7.17.1]). Consider a geodesic
quadrilateral, known as trirectangle, with three right angles and one acute
angle φ, with side lengths indicated as in Figure 1. Then the following holds:

cosφ = sinh a sinh b ;(9)

cosh d = cosh a cosh b.(10)

Note that equation (10) is but the hyperbolic Pythagoras’ Theorem.

Figure 1: Trirectangle.

Lemma 3.4 ([1, Theorem 7.19.2]). For any three positive real numbers
a1, a2, a3, there exists a convex right-angled hexagon with three non-adjacent
sides of length a1, a2, a3.

Moreover, this hexagon is unique (up to isometry). Indeed, if the side of
length a1 is opposed by a side of length, say, b1, then the following equation
holds:

cosh b1 sinh a2 sinh a3 = cosh a1 + cosh a2 cosh a3.

In other words, the lengths of all sides of the hexagon are determined by the
lengths of three non-adjacent sides.

Finally, we recall the following relation between the displacement of a
hyperbolic element and its trace.
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Proposition 3.5. Let γ ∈ PSL(2,R) be a hyperbolic element with transla-
tion length ℓ(γ). Then the following relation holds:

Tr γ = 2 cosh
ℓ(γ)

2
.

Corollary 3.6 (cf. [1, Theorem 7.38.2 ]). If A,B ∈ PSL(2,R) are half-
turns around p1 and p2, then

TrAB = 2 cosh dH(p1, p2),

where dH is the hyperbolic distance.

Consider the abstract group

Λ = ⟨s1, . . . , s4 | s21 = s22 = s23 = s34 = s1 · · · s4 = 1⟩.(11)

Let Q be a trirectangle with acute angle measuring π/3 and with ver-
tices labeled F1, . . . , F4, as shown in Figure 1. Let σ1, σ2, σ3, σ4 denote the
reflections across the geodesic lines supporting, respectively, the sides F1F2,
F2F3, F3F4, F4F1, and let R(Q) be the group of isometries of H generated by
these reflections. The index 2 subgroup of orientation-preserving isometries
is known to be a Fuchsian group with presentation given by (11). Moreover,
the product of any two reflections across adjacent sides of Q gives an elliptic
element in PSL(2,R) fixing the intersection point between the respective
sides. In particular, the isometries defined by Sj = σjσj+1 for j = 1, 2, 3, 4
(where indices are taken modulo 4) are elliptic isometries fixing the ver-
tex Fj , and the map ρQ : Λ → PSL(2,R) given by ρQ(si) = Si, i = 1, 2, 3, 4,
induces an injective homomorphism onto the Fuchsian group in question.

Consider the right-angled hexagon H that is tiled by six copies of one
such trirectangle, as in Figure 2. One may verify that the isometries

σ1 , σ2 , σ3σ1σ3 , (σ4σ3σ4)σ2(σ4σ3σ4) , σ4(σ3σ1σ3)σ4 , σ4σ2σ4

are reflections across the geodesic lines supporting the respective sides of
the hexagon. It follows that the group R(H), generated by reflections across
the sides of H, is a subgroup of R(Q). Let Cj denote the half-turn around
the vertex Ej of H, i.e., the product of the reflections across the sides of H
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intersecting at Ej . Let Γ be the abstract group with presentation

Γ = ⟨c1, . . . , c6 | c21 = · · · = c26 = c1 · · · c6 = 1⟩.

In the same spirit as before, we define a map ρH taking cj to Cj and obtain
an injective representation of Γ into PSL(2,R) such that

ρH(Γ) < ρQ(Λ).(12)

Furthermore, we observe that ρH(Γ) has index 6 in ρQ(Λ).

Figure 2: Right-angled hexagon.

Definition 3.7. We say that a real number t ≥ 0 is realised by the Fuchsian
group Γ if there exists some element γ ∈ Γ such that Tr γ = t. Similarly, we
say that l > 0 is realised by the hyperbolic surface S if there exists some
closed geodesic in S of length l. Note that S = H/Γ realises l > 0 if and
only if Γ realises 2 cosh(l/2) > 2. Indeed, recall that a closed geodesic in S
is the projection of the axis of a hyperbolic element of Γ with translation
length equal to the length this geodesic, then use Proposition 3.5.
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Theorem 3.8. The set T , of all real numbers that are realised by a semi-
arithmetic Fuchsian group of signature (0; 2, 2, 2, 2, 2, 2), is dense in the in-
terval [2,+∞).

Proof. Consider a trirectangle Qa with angle π/3 at the vertex F4, and side
F1F2 of length a, as shown in Figure 1. Let H2a denote the corresponding
right-angled hexagon tiled by Qa, as constructed above, and note that the
side E1E2 has length 2a.

By Theorem 2.3.1 in [7], the length a determines the other three sides of
the trirectangle. Note that, by an argument of continuity, a can be arbitrarily
chosen while keeping the acute angle with a fixed measure of π/3. We will
select this length in such a way that the resulting group ρQa

(Λ) < PSL(2,R)
will be semi-arithmetic and, as a consequence, so will be the finite index
subgroup ρH2a

(Γ).
Let K be any totally real number field with [K : Q] ≥ 3 and let V =

{v ∈ R+ | sinh v ∈ O×
K}. So, in particular, for every v ∈ V , sinh v is a totally

real unit in the ring of integers of K. It follows from Corollary 3.2 that V is
dense in [0,∞). Choose a ∈ V .

We first observe that cosh2 a = sinh2 a+ 1 is a totally positive algebraic
integer (i.e., all its Galois conjugates are positive real numbers). It then
follows that cosh a is a totally real algebraic integer.

Equation (9) gives that sinh b = (sinh a)−1

2 and then

cosh2 b = sinh2 b+ 1 =
(sinh a)−2 + 4

4
.

By the same reasoning as before, we obtain 2 cosh b =
√

(sinh a)−2 + 4 is a
totally real algebraic integer. Now, by the Pythagoras’ Theorem, we have
that

2 cosh d = cosh a(2 cosh b)

is also a totally real algebraic integer
Thus, by Corollary 3.6, the traces Tr (S1S2),Tr (S2S3),Tr (S1S3) are all

totally real algebraic integers. Note also that the order 2 elements S1, S2, S3
have trace 0, and that the order three element S4 has trace 1 so, in view of
Proposition 2.5 and (12):

Tr (ρH2a
(Γ)) ⊂ Tr (ρQa

(Λ)) ⊂ Z[Tr (S1S2),Tr (S2S3),Tr (S1S3)].
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In particular, the invariant trace-field of ρH2a
(Γ) is a subfield of

Q(Tr (S1S2),Tr (S2S3),Tr (S1S3)),

which is, by construction, totally real. We therefore conclude that the Fuch-
sian group ρH2a

(Γ) is semi-arithmetic. Since a was arbitrarily chosen among
a dense subset V of [0,+∞), the group ρH2a

(Γ) realises t = 2 cosh 2a =
2 + 4 sinh2 a as Tr ρH2a

(c1c2) for any t = t(a) in T := 2 cosh 2V , the latter
being dense in [2,+∞). □

A surface-kernel epimorphism is an epimorphism θ : Γ → G with torsion-
free kernel. This is the case, for example, if θ preserves the order of the
torsion elements of Γ. Note that it is sufficient to check if the orders of the
generators in (7) are preserved.

Theorem 3.9. Let Lg be the set of real numbers that are realised by a

semi-arithmetic surface of genus g. Then
⋂

g≥2

Lg is dense in [0,+∞).

Proof. Let T be the set obtained in Theorem 3.8. For each t ∈ T define
Γt = ρt(Γ) := ρH2a

(Γ) where a is such that 2 cosh 2a = t, as in the construc-
tion of the previous theorem. From what it was proved, it follows that the
Fuchsian group Γt is a semi-arithmetic group of signature (0; 2, 2, 2, 2, 2, 2)
with Tr ρt(c1c2) = t.

Case 1 : g = 2
Let θ : Γ → Z/2Z be a homomorphism defined by ci 7→ 1, i = 1, . . . , 6. It

is immediate that θ is a surface-kernel epimorphism, since it preserves the
order of the generators of Γ. It follows that K := ker θ is a torsion-free index
2 subgroup of Γ and, as such, it must be a surface group of genus g. From
(8) and the Riemann-Hurwitz formula, we compute that

2π(2g − 2) = area(ρt(K)\H) = [Γt : ρt(K)] · area(Γt\H) = 2 · 2π,

and so g = 2. Moreover, θ(c1c2) = 1 + 1 = 0 and thus c1c2 ∈ K.
The quotient, ρt(K)\H, is a closed hyperbolic surface of genus 2. The

axis of the hyperbolic element ρt(c1c2) projects onto a closed geodesic γt in
ρt(K)\H that satisfies 2 cosh(ℓ(γt)/2) = t. If we let t vary in the set T , then
ℓ(γt) = 2 cosh−1(t/2) covers a dense subset of [0,+∞).

Case 2 : g > 2
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For larger genera we proceed similarly. Using the Reidemeister process
(see Appendix A for the details) we can find an isomorphism Φ between
⟨x, y, x′, y′ | [x, y][x′, y′]⟩ and K such that Φ(y) = c1c2. We will mildly abuse
notation and say that

K = ⟨x, y, x′, y′ | [x, y][x′, y′]⟩ and y = c1c2.

For each n > 1 we define the homomorphism ηn : K → Z/nZ given by

ηn(x) = ηn(x
′) = ηn(y

′) = 1̄,

ηn(y) = 0̄.

Therefore for all n > 1 we have: ηn is an epimorphism, y ∈ Kn := ker ηn
and Kn is a surface group of genus n+ 1, since [K : Kn] = n. Moreover, the
geodesic γt obtained in the case 1, lifts as a closed geodesic of the same
length for all coverings ρt(Kn)\H of ρt(K)\H. Thus, the same conclusion as
in the case g = 2 holds for any genus g > 2. □

Theorem 1.2. For any g ≥ 2 there exists a length function ℓ : Tg → R such
that

{ℓ(S) | S ∈ Tg is semi-arithmetic}
is dense on the set of positive real numbers.

Proof. This follows straight from (the proof of) Theorem 3.9 (see Remark
2.2). Indeed, the axis of the hyperbolic element ρt(c1c2) projects onto a
closed geodesic in ρt(Kn)\H, whose free homotopy class induces the length
function ℓ with the desired properties. □

3.2. Applications

Our first application will be Theorem 1.3, whose proof uses the fact that K
is a limit group. In fact, in Lemma 3.10 we prove a stronger result. Similar
ideas were used in [9, Theorem 5.4]. Before we proceed, however, we must
introduce some notation.

Let π1(S2) be the fundamental group of an orientable compact surface of
genus 2 and let F2 be the free group of rank 2 with the set of generators A =
{x, y} . If we consider a new copy F′

2 of F2 with the set of generators A′ =
{x′, y′} and let u = [x, y] ∈ F2, v = [y′, x′] ∈ F′

2, it is well known that π1(S2)
is isomorphic to the quotient F2 ∗ F′

2/⟨⟨u ∗ v−1⟩⟩, where F2 ∗ F′
2 denotes the

free product of F2 and F′
2.
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Considering the natural monomorphisms ι : F2 → π1(S2) and ι′ : F′
2 →

π1(S2) we can identify F2,F
′
2 as subgroups of π1(S2). With this identification

in mind, take B = A ∪A′ as a set of generators of π1(S2).

Lemma 3.10 ([9, Proposition 4.3]). There exists a constant ε > 0 such
that for every positive integer k we can find an epimorphism ψk : π1(S2) →
F2 with the following properties:

1) Left inverse of ι:

ψk(ι(z)) = z for every z ∈ F2;

2) kε-Lipschitz:

wA(ψk(η)) ≤ εkwB(η) for all η ∈ π1(S2).

Moreover, ψk satisfies the more technical property:

3) For any γ ∈ π1(S2) with 1 ≤ wB(γ) ≤ k we have ψk(γ) ̸= 1 and, fur-
thermore, if γ /∈ ⟨x⟩ (respectively γ /∈ ⟨y⟩), then ψk(γ) /∈ ⟨x⟩ (respec-
tively ψk(γ) /∈ ⟨y⟩).

Remark 3.11. Although item (3) is not entirely contained in the state-
ments of Proposition 4.3 in [9], it follows from the construction of the map
ψk therein.

Let X be a non-empty set and let f : X → X be a permutation of X.
We define its support by supp(f) = {x ∈ X | f(x) ̸= x}. In this case, for any
subset Y of X containing supp(f), the restriction of f to Y is a permutation
of Y . Finally, given non-empty subsets U, V ⊂ R we say that U > V if u > v
for any u ∈ U and v ∈ V.

Lemma 3.12. For any integer m ≥ 1, there exist a finite set Xm, a point
p ∈ Xm, and an action F2 ↷ Xm satisfying:

1) y · p = p;

2) If z · p = p and wA(z) ≤ m, then z = yl for some l.

Proof. We first prove the following claim:
Claim 1: Let k ≥ 1 be an integer. For any finite set Y ⊂ N there exists a
permutation τ : N → N such that supp(τ) = Y ∪ Z where Z = {τ l(x) | x ∈
Y and 0 < |l| ≤ k} and Z > Y .
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Indeed, we can suppose that Y = {1, . . . , a} for some a ≥ 1. Take τ as the
product τ1 · · · τa of disjoint cycles given by τi = (i i+ a i+ 2a . . . i+ ka).
Note that for any 1 ≤ i ≤ a and l with 0 < |l| ≤ k, we have

τ l(i) = τ li (i) ∈ {i+ |l|a, i+ (k − |l|+ 1)a} ⇒ τ l(i) > a.

Now we can return to the proof of the lemma. We apply the claim
above for the set Y1 = {1, . . . ,m} with k = m in order to get a permutation
ζ1 : N → N such that supp(ζ1) = Y1 ∪ Y2, where Y2 = {ζ l1(t) | t ∈ Y1 and 0 <
|l| ≤ m} satisfies Y2 > Y1. If we apply the claim inductively, with k = m and
Y = Yq, we obtain for every q ≥ 1 a permutation ζq : N → N with support
equal to the union of Yq and Yq+1 := {ζ lq(t) | t ∈ Yq and 0 < |l| ≤ m} and
such that Yq+1 > Yq.

Consider the set

Xm = {0} ∪ supp(ζ1) ∪ supp(ζ2) ∪ · · · ∪ supp(ζ2m−1).

By construction, Xm is finite and we can see any ζi as a permutation of
Xm. If we define Y0 = {0} and ζ0 = (0 1 · · · m) in Xm, we may write that
supp(ζi) = Yi ∪ Yi+1 and Yi+1 > Yi for any i = 0, . . . , 2m− 1. In particular,

Xm = Y0 ∪ Y1 ∪ · · · ∪ Y2m,

and, for i ̸= j with the same parity, we have that supp(ζi) ∩ supp(ζj) = ∅.
We may therefore define the action of F2 on Xm in the following way: for
any α, β ∈ Xm,

x · α = ζ2p · α, if α ∈ supp(ζ2p) for some p, otherwise x fixes α.

y · β = ζ2q+1 · β, if β ∈ supp(ζ2q+1) for some q, otherwise y fixes β.

It follows from the definition that x only fixes the elements of Y2m, while
y fixes the elements of Y0, i.e., y · 0 = 0. Suppose ωA(z) ≤ m and z /∈ ⟨y⟩.
We may write

z = yi0 xj1 · · · xjκ yiκ with j1i1j2 · · · iκ−1jκ ̸= 0.

where

κ ≤ |i0|+
κ∑

r=1

(|ir|+ |jr|) = ωA(z) ≤ m.

We need to check that z · 0 ̸= 0. Indeed, we note first that xjκ · (yik · 0) ∈
Y1 since |jk| ≤ m. By the construction and the fact that each |il|, |jl| ≤ m,
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it follows that the subword zσ = xjσ · · · xjκ yiκ satisfies zσ · 0 ∈ Y1+2(κ−σ).

Since 1 ≤ κ ≤ m, we get z1 · 0 ∈ ∪m
j=1Y2j−1 and finally z · 0 ∈ ∪2m

i=1Yi = Xm \
{0}. □

Now we are ready for the proof of:

Theorem 1.3. The set {sys(S) | S is a closed semi-arithmetic Riemann
surface} is dense in the positive real numbers.

Proof. Let t ∈ T be fixed, where T is the set given by Theorem 3.8. We
consider the Fuchsian group ρt(K) with set of generators Σt := ρt(Σ), where
Σ = {x, y, x′, y′} is the standard set of generators of K, constructed in the
proof of Theorem 1.2. By Lemma 2.8, there exist constants C(t), c(t) with
C(t) > 0 such that, for any hyperbolic element γ ∈ ρt(K) we have

ℓ(γ) ≥ C(t)wΣt
(γ)− c(t),(13)

where wΣt
(γ) denotes the word length of γ with respect to Σt.

Now define ν(t) =
⌈
|c(t)|+2 cosh−1(t/2)

C(t)

⌉
and µ(t) = ⌈εν(t)2⌉, where ε > 0

is the constant given by Lemma 3.10 and ⌈x⌉ = min{n ≥ 1 | x ≤ n} for any
x > 0.

By Lemma 3.12, there exist a finite set Xµ(t) and an action F2 ↷ Xµ(t)

such that, for some p ∈ Xµ(t), its isotropy group Ht = {ζ ∈ F2 | ζ · p = p}
contains y and satisfies

(14) z ∈ Ht, wA(z) ≤ µ(t) ⇒ z ∈ ⟨y⟩.

By Lemma 3.10, there exists an epimorphism ψ := ψν(t) : K → F2 such
that ψ(η) ̸=1 if 1 < wΣt

(η) ≤ ν(t) and, for all ξ∈K, ωA(ψ(ξ)) ≤ ε ν(t)wΣt
(ξ).

Now we consider the finite index subgroup Λt = ψ−1(Ht) < K.

Claim 1: Any hyperbolic element β ∈ ρt(Λt) \ ⟨ρt(y)⟩ satisfies

wΣt
(β) > ν(t).

We argue by contradiction. Suppose there exists β = ρt(η), for some
(unique) η ∈ Λt \ ⟨y⟩, with wΣ(η) = wΣt

(β) ≤ ν(t). By Lemma 3.10 (item
(3)) we have ψ(η) ̸= 1 and ψ(η) ∈ Ht \ ⟨y⟩. Then, it follows from our choices
of µ(t) and ν(t), together with (14) and property (3) of ψ (in Lemma 3.10)
that
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εν(t)2 ≤ µ(t) < wA(ψ(η)) ≤ εν(t)wΣ(η) = εν(t)wΣt
(β) ≤ εν(t)2.

This contradiction implies that

wΣt
(β) > ν(t) ≥ c(t) + 2 cosh−1( t2)

C(t)
.

Now we conclude the argument by showing that the systole s(t) of the
closed surface ρt(Λt)\H is realised by the hyperbolic element ρt(y), i.e. s(t) =
2 cosh−1( t2).

Indeed, since ψ(y) = y (item (1) of Lemma 3.10), then ρt(y) ∈ ρt(Λt)
corresponds to a closed geodesic of length 2 cosh−1( t2), in particular s(t) ≤
2 cosh−1( t2). On the other hand, let α be a hyperbolic element in ρt(K)
corresponding to the systole of the covering ρt(Λt)\H. If α ∈ ⟨ρt(y)⟩ then
s(t) ≥ 2 cosh−1( t2) and we are done. Actually, α must be in the cyclic group
⟨ρt(y)⟩, for if it is not, Claim 1 would imply that wΣt

(α) > ν(t) and (13),
together with our choice for ν(t), would then give

s(t) = ℓ(α) ≥ C(t)wΣt
(α)− c(t) > C(t)ν(t)− c(t) ≥ 2 cosh−1(t/2),

contrary to what we have established.
Since t ∈ T was arbitrarily chosen and T is dense in the interval [2,∞),

we conclude that {s(t) | t ∈ T } is a dense subset of the positive real num-
bers and hence, so is the set {sys(S) | S is a closed semi-arithmetic Riemann
surface}. □

Next, we show how to realise infinitely many number fields as the invari-
ant trace field of a semi-arithmetic Fuchsian group with a fixed genus g ≥ 2.
The idea is essentially contained in Theorem 3.8 and Theorem 3.9.

Theorem 3.13. Every totally real number field of prime degree at least 3
is realised as the invariant trace field of a genus g Riemann surface with
integral traces.

Proof. Let K be a totally real number field of prime degree p ≥ 3 and a
a positive real number such that sinh a ∈ O×

K . For each g ≥ 2, we can find
a semi-arithmetic genus g Riemann surface whose uniformising Fuchsian
group ∆ realises 2 cosh 2a = 2 + 4 sinh2 a, i.e., there exists some γ ∈ ∆ with
Tr γ = 2 + 4 sinh2 a. Note that a may be chosen in such a way that Tr 2γ is
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not a rational number so that k∆ is strictly larger than Q. Since [k∆ : Q]
divides the prime number [K : Q], we conclude that k∆ = K. □

Remark 3.14. In particular, there are semi-arithmetic Riemann surfaces
of genus g with invariant trace fields of arbitrarily large degree.

This gives a negative answer to a conjecture made by B. Jeon (see [16,
Conjectrue 2]):

Conjecture (Jeon). For each g ≥ 2 there exists only a finite number of
real number fields and quaternion algebras that are realised as the invariant
trace field and invariant quaternion algebra of a hyperbolic structure on Sg
with integral traces.

4. Semi-arithmetic surfaces with logarithmic systolic growth

In this section, we construct sequences of surfaces of logarithmic systolic
growth with multiplicative constant depending only on arithmetic and geo-
metric data.

Lemma 4.1. Let S = Γ\H be a semi-arithmetic Riemann surface and let
K be its invariant trace field. Consider the family F of prime ideals of OK

given in Theorem 2.6. For each p ∈ F let Sp = Γ(p)\H be the congruence
covering of S of level p. There exist constants l = l(S), L = L(S) such that

lN(p)3 ≤ area(Sp) ≤ LN(p)3

for every p ∈ F .

Proof. Since Sp is a covering of degree [Γ : Γ(p)], we have area(Sp) =
area(S)[Γ : Γ(p)] for any p ∈ F . The equality

[Γ : Γ(2)][Γ(2) : Γ(2)(p)] = [Γ : Γ(p)][Γ(p) : Γ(2)(p)]

and the inequality [Γ(p) : Γ(2)(p)] ≤ [Γ : Γ(2)] together with the Corollary 2.7
imply that

1

4
N(p)3 ≤ [Γ(2) : Γ(2)(p)] ≤ [Γ : Γ(p)]

≤ [Γ : Γ(2)][Γ(2) : Γ(2)(p)] ≤ 1

2
[Γ : Γ(2)]N(p)3.
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The constants l(S) = 1
4area(S) and L(S) = 1

2 [Γ : Γ(2)]area(S) depend
only on S. We have thus obtained the desired inequality for every p ∈ F . □

The following theorem is a slight generalisation of Theorem 1.4 in the
sense that it also includes closed 2-dimensional hyperbolic orbifolds.

Theorem 4.2. Let Γ < PSL(2,R) be a cocompact semi-arithmetic Fuch-
sian group and let K be its invariant trace field. Then, for infinitely many
prime ideals p ⊂ OK , the corresponding congruence subgroups Γ(p) < Γ are
torsion free and the closed Riemann surfaces Sp = Γ(p)\H satisfy

sys(Sp) ≥ C log(area(Sp))− c,

where C > 0, c ∈ R are constants that do not depend on p.

Proof. Take the family of prime ideals obtained in the Theorem 2.6, so that,
for any prime ideal p in this family, it holds that Γ(2)/Γ(2)(p) is isomorphic
to PSL(2,OK/pOK) and, in particular, we may apply Corollary 2.7.

Let D = {∑j xjBj | xj ∈ K, Bj ∈ Γ̃(2)} be the invariant quaternion al-

gebra of Γ and let Q = {∑j αjBj | αj ∈ OK , Bj ∈ Γ̃(2)} be an order in D. If

we consider a nontrivial element γ ∈ Γ(p), then for some preimage A ∈ Q1

of γ we may write

A2 − 1 =
∑

i

αiBi with αi ∈ p and Bi ∈ Γ̃(2).

Therefore,

det(A2 − 1) =

(
∑

i

αiBi

)

∑

j

αjB
∗
j




=
∑

i

α2
i det(Bi) +

∑

i<j

αiαjtr (BiB
∗
j ) ∈ p2.

where the superscript ∗ denotes the usual involution in the quaternion al-
gebra D. On the other hand, it follows from elementary identities that
det(A2 − 1) = 2− tr (A2) = 4− tr 2(A) = 4− Tr 2(γ). So that 4− Tr 2(γ) ∈
p2.

Note that if α ∈ p2 is nonzero, then H(α) ≥ N(p)
2

d . Indeed, let vp ∈
Vf (K) be the valuation corresponding to p. By definition of vp we have that
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|α|p ≤ N(p)−2. Since α is an algebraic integer, v(α) ≤ 1 for any v ∈ Vf (K).
So, if we define Vα(K) = {v ∈ V∞(K) | v(α) > 1}, then

H(α)d =
∏

v∈Vα(K)

v(α).

The product formula (see [26, Chapter III (1.3)]), however, implies that

∏

v∈V (K)

v(α) = 1,

and therefore

H(α)d =




∏

v∈V (K)\Vα(K)

v(α)




−1

≥ vp(α)
−1 ≥ N(p)2.

Returning to the arbitrarily chosen γ ∈ Γ \ {1}, we have that 4−
Tr (γ)2 ̸= 0 since γ is not parabolic. Then,

H(4− Tr 2(γ)) ≥ N(p)
2

d .

By applying the properties of the height function in Subsection 2.1, we
observe that

H(4− Tr 2(γ)) ≤ 4H(4)H(Tr 2(γ)),

which leads to

H(Tr 2(γ)) ≥ 1

16
N(p)

2

d ,(15)

(note that H(4) = 4).
Now, if γ is elliptic, then Tr (γ) = |2 cos(πn)| where n is the order of γ.

Since 2 cos(πn) = ζ2n + ζ−1
2n where ζ2n is the 2n-th primitive root of unit, any

Galois conjugate of 2 cos(2πn ) has absolute value at most 2, i.e. H(Tr 2(γ)) ≤
4. Hence, it follows from (15) that, for any prime ideal p satisfying N(p) >
8d the congruence subgroup Γ(p) is torsion free. Henceforth, we will only
consider prime ideals satisfying this additional property. Note that it remains
an infinite family of prime ideals.

In order to estimate from below the displacement of any element in
Γ(p) it is sufficient to estimate the displacement of its square. So we will
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give a lower bound for the displacement of any element in Γ(2)(p). More-
over, we need to relate this lower bound with the growth of the area of the
corresponding coverings. By Lemma 2.8 and Lemma 4.1, it is sufficient to
show that, for our family of prime ideals p, any nontrivial element in the
corresponding congruence group has word length at least c1 log(N(p))− c2
for some constants c1 > 0 and c2 that may depend on Γ but not on the
prime ideal p. For the remainder of the proof, we will denote such constants
indistinctly by C > 0 and c.

We want to estimate the word length wΣ of a nontrivial element η ∈
Γ(2)(p), with respect to a canonical set of generators Σ of Γ(2). There exists
a finite extension L of K of degree at most 2 for which we may suppose
that, up to conjugation, Γ(2) ⊂ PSL(2, L) (cf. [21, Corollary 3.2.4]). Let τ =
max{H(σ) | σ ∈ Σ}. By definition, H(σ) = H(σ−1). If η = σi1 · · ·σiw with
ij ∈ Z is a word of minimal length wΣ(η), then we may apply property (6)
of the height function (see Subsection 2.1) successively in order to obtain
H(η) ≤ (4τ)wΣ(η)−1τ , i.e.

wΣ(η) ≥ C log(H(η))− c.(16)

It follows also from the definitions that H(Tr (η)) ≤ 4H(η). Finally, (15) and
(16) together imply that

wΣ(η) ≥ C log(N(p))− c.

□

Let S = Γ\H be a semi-arithmetic hyperbolic surface, and let K be the
invariant trace field of S. Each Galois embedding ϕ : K → R can be ex-
tended to a monomorphism Φ : Γ → PSL(2,R) given by applying a suitable
extension of ϕ on the entries of the element of Γ. This map is well defined up
to conjugation by elements of PGL(2,R). There exists a choice of monomor-
phisms Φ1, . . . ,Φr with r ≤ [K : Q] such that the map Φ = (Φ1, · · · ,Φr) :
Γ → PSL(2,R)r satisfies Φ(Γ) ⊂ Λ where Λ is an irreducible arithmetic lat-
tice acting on Hr (see [29, Remark 4]).

We say that S admits modular embedding if there exists a holomorphic
map F : H → Hr such that

F (γ(z)) = Φ(γ)(F (z)) for all z ∈ H and γ ∈ Γ.

In this case, the map F induces a π1-injective embedding f : S →M where
M = Λ\Hr is an arithmetic orbifold locally isometric to Hr.
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Now we are ready to prove Theorem 1.5. We repeat its statement for
the convenience of the reader. Recall that sys1 denotes the 1-systole of a
manifold, i.e, the infimum of the lengths of non-trivial closed curves. In the
case of a surface, we denote its systole simply by sys.

Theorem 1.5. If S is a semi-arithmetic Riemann surface which admits
modular embedding into an arithmetic Xr-manifold for some r ≥ 1, then S
admits a sequence of congruence coverings Si → S of degree arbitrarily large
satisfying

sys(Si) ≥
4

3r
log(area(Si))− c,

where the constant c does not depend on the i.

Proof. Let S = Γ\H be a closed semi-arithmetic surfaces admitting a
modular embedding, i.e., there exists an irreducible arithmetic lattice Λ <
PSL(2,R)r defined over the invariant trace field K of Γ and a holomor-
phic map F : H → Hr such that the monomorphism Φ = (Φ1, · · · ,Φr) : Γ →
PSL(2,R)r satisfies Φ(Γ) ⊂ Λ and

F (γ(z)) = Φ(γ)(F (z)) for all z ∈ H.

We may suppose (after possibly replacing Λ and Γ by finite index sub-
groups) that Λ is contained in an arithmetic lattice arising from a quater-
nion algebra. Then, if the norm of the ideal I ⊂ OK is sufficiently large, by
Proposition B.2 the subgroup Λ(I) must be torsion free and

(17) sys1(Λ(I)\Hr) ≥ 4√
r
log(N(I))− c1,

for some constant c1 > 0 which does not depend on I.
By the Schwarz-Pick Lemma, any holomorphic map is 1-Lipschitz, with

respect to the hyperbolic metric. Therefore, the induced π1−injective map
F : S → Λ\Hr is

√
r-Lipschitz.

Now we consider the family F of prime ideals of OK given in the Theo-
rem 2.6. For each ideal p ∈ F take the congruence subgroup of Γ(p). Then
the map F induces an embedding Fp : Γ(p)\H → Λ(p)\Hr which is also

√
r-

Lipschitz. We want to compare the systoles of these manifolds, but some care
needs to be taken here. If γ ∈ Γ(p) is hyperbolic we must first guarantee that
Φ(γ) is a hyperbolic translation in Λ (see Appendix B), i.e. that no Galois
conjugate of Tr (γ) is equal to ±2. Indeed, if that was the case, then all
Galois conjugates of Tr (γ) would be equal to ±2 and γ would be parabolic,



✐

✐

“3-Cosac” — 2023/2/13 — 0:30 — page 990 — #30
✐

✐

✐

✐

✐

✐

990 G. Cosac and C. Dória

contrary to our assumptions. Thus, we have the following inequality:

sys1(Λ(p)\Hr) ≤ √
r sys(Γ(p)\H),

which, together with (17), implies that

sys(Γ(p)\H) ≥ 4

r
log(N(p))− c2

for every p contained in an infinite subfamily F ′ ⊂ F , where c2 > 0 does not
depend on p.

By Lemma 4.1, if we define the congruence coverings Sp = Γ(p)\H for
each p ∈ F ′, we conclude that area(Sp) → ∞ when N(p) → ∞ and

sys(Sp) ≥
4

3r
log(area(Sp))− c

for some constant c > 0 that does not depend on p. □

Appendix A.

In this appendix we use the Reidemeister process in order to give a standard
presentation for the group K ⊴ Γ in terms of the generators of Γ, as defined
in Section 3. For more information on the Reidemeister process we refer the
reader to [5]. Recall that

Γ = ⟨c1, . . . , c6 | c21 = · · · = c26 = c1 · · · c6 = 1⟩.

Let θ : Γ → Z/2Z be the epimorphism defined by ci 7→ 1, i = 1, . . . , 6 and
define K := ker θ ⊴ Γ.

Let ϕ : F6 = F (x1, . . . , x6) → Γ be an epimorphism from the free group of
rank 6 with generators {x1, . . . , x6} onto Γ given by ϕ(xj) = cj , j = 1, . . . , 6.

Finally, let K̃ be the pre-image of K with respect to ϕ. Since [Γ : K] = 2 and
ϕ is surjective, it follows that K̃ also has index 2 in F6. We pick the set
T = {1, x1} as a Schreier transversal for K̃ in F6. As usual, for any g ∈ F6

we denote by g the (unique) element in T with the property that K̃g = K̃g.
Then, by the Reidemeister process, the following elements generate the free
group K̃:

1 · xi · (1 · xi)−1 = xix
−1
1 , i = 2, . . . , 6;

x1xj · (x1xj)−1 = x1xj , j = 1, . . . , 6.
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Let us rename this generators as:

yj = x1xj , j = 1, . . . , 6 and y5+i = xix
−1
1 , i = 2 . . . , 6.(A.1)

In order to find the defining relations we rewrite the words trt−1, where
t ∈ {1, x1} and r ∈ {x21, . . . , x26, x1 · · ·x6}, in terms of {y1, . . . , y11}:

x2j = (xjx
−1
1 )(x1xj) =

{
y1, if j = 1;

y5+j yj , if j = 2, . . . , 6;

x1 · · ·x6 = (x1x2)(x3x
−1
1 )(x1x4)(x5x

−1
1 )(x1x6) = y2 y8 y4 y10 y6 ;

x1x
2
jx

−1
1 = (x1xj)(xjx

−1
1 ) =

{
y1, if j = 1;

yj y5+j , if j = 2, . . . , 6;

x1(x1 · · ·x6)x−1
1 = x21(x2x

−1
1 )(x1x3)(x4x

−1
1 )(x1x5)(x6x

−1
1 ) = y1 y7 y3 y9 y5 y11.

Note that we may eliminate the generators y1, y7, y8, y9, y10, y11 and
obtain the following presentation:

K = ⟨y2, y3, y4, y5, y6 | y2 y−1
3 y4 y

−1
5 y6 , y

−1
2 y3 y

−1
4 y5 y

−1
6 ⟩.(A.2)

In order to make it less cumbersome, let us once again rename the gen-
erators, now as

y2 =: a, y−1
3 =: b, y4 =: c, y−1

5 =: d.

The two relations in (A.2) imply that

y6 = y−1
2 y3 y

−1
4 y5 = (y−1

5 y4 y
−1
3 y2)

−1;

y2 y
−1
3 y4 y

−1
5 y6 = 1.

which, in terms of the new names introduced above, yield the following
presentation

K = ⟨a, b, c, d | abcd(dcba)−1⟩.

Finally, we achieve the standard presentation by making one last change
in the generators of K:

x := ab−2, y := b, x′ := bac, y′ := dc.
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Note that {x, y, x′, y′} generates K indeed, since

x y2 = a, y = b, y−2 x−1 y−1 x′ = c, y′ (x′)−1 y x y2 = d.

With this new set of generators, the relation abcd(dcba)−1 = 1 becomes
[x, y][x′, y′] = 1, i.e.

K = ⟨x, y, x′, y′ | [x, y][x′, y′]⟩.

By the definition of the homomorphism ϕ and (A.1), we conclude the
appendix pointing out that:

c1c2 = ϕ(x1x2) = ϕ(y2) ∈ K

Appendix B.

In this appendix, we prove the following theorem.

Theorem B.1. Let M be a closed arithmetic Xr-orbifold for some r ≥ 1,
defined over a number field K. There exists a finite covering M ′ →M such
that for all but finitely many ideals I of OK , the congruence covering M ′

I →
M ′ is a manifold. Furthermore, vol(M ′

I) → ∞ when N(I) → ∞ and

sys1(M
′
I) ≥

4

3
√
r
log(vol(M ′

I))− c,

where c does not depend on I.

Note that Theorem 1.6 follows immediately. Theorem B.1 generalises
the noncompact case proved by P. Murillo in [23]. In fact, we follow his idea
and refer to [op. cit] for more details.

B.1. The geometric structure

Let Hr be the product space of r copies of the hyperbolic plane H endowed
with the product metric. The space Hr is a simply connected symmetric
Riemannian manifold of nonpositive curvature. Consider the group G =
PSL(2,R)r acting onHr in the following way: given a point z = (z1, . . . , zr) ∈
Hr and g = (g1, . . . , gr) ∈ G, define g(z) = (g1(z1), . . . , gr(zr)). Note that
this action preserves the Riemannian metric on Hr. Therefore, G is a group
of isometries of Hr whose action is continuous and transitive.
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For any g ∈ G nontrivial we define its displacement ℓ(g) by

ℓ(g) = inf{d((g1(z1), . . . , gr(zr)), (z1, . . . , zr)) | (z1, . . . , zr) ∈ Hr},

where

d((x1, . . . , xr), (y1, . . . , yr)) :=
√
dH(x1, y1)2 + · · ·+ dH(xr, yr)2.

We classify the nontrivial elements of G in terms of their geometric
action.

1) We say that g is elliptic if there exists z = (z1, . . . , zn) ∈ Hr such that
g(z) = z;

2) We say that g is parabolic if g is not elliptic and ℓ(g) = 0;

3) We say that g is hyperbolic if ℓ(g) > 0;

4) We say that a hyperbolic element g ∈ G is a hyperbolic translation if
there exists a complete geodesic ξ : R → Hr with unit speed and such
that

g(ξ(t)) = ξ(t+ ℓ(g)) for all t ∈ R.

In this case, we say that the geodesic ξ is the axis of g. It is worth noting
that every component of a hyperbolic translation is either elliptic or
hyperbolic.

If Γ < G is a discrete group, then the action of Γ in Hr is properly
discontinuous. In order to produce a manifold covered by Hr it is necessary
and sufficient that Γ is torsion free (i.e., Γ does not contain elliptic elements).
In general, if Γ is discrete, the quotient space Γ\Hr is an r−dimensional
orbifold locally isometric to Hr.

If g ∈ Γ is a hyperbolic translation, then its axis projects on the orbifold
Γ\Hr as a closed geodesic of length ℓ(g). Conversely, any closed geodesic on
Γ\Hn is obtained in this manner. We define the systole of an orbifold M as
the minimum of the set of lengths of all closed geodesics in M . This number
is denoted by sys1(M).

For any hyperbolic translation g = (g1, . . . , gr) ∈ G we can write
{1, · · · , r} = H(g) ∪ E(g), where |tr (gh)| > 2 if h ∈ H(g) and |tr (ge)| < 2
if e ∈ E(g). In this case we have (cf. Proposition 3.5)

(B.3) ℓ(g) = 2

√√√√
∑

h∈H(g)

[
cosh−1

( |tr (gh)|
2

)]2
.
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B.2. The arithmetic structure

The cocompact irreducible arithmetic lattices in G are constructed as fol-
lows. Let K be a totally real number field of degree d and let A be a quater-
nion algebra over K that splits at exactly r < d Archimedean places of
K. There exists a surjective algebra morphism ρ : A⊗K R → M2(R)

r with
compact kernel isomorphic to the product of d− r copies of the Hamiltonian
algebra. Let Q be an order of A and consider the subgroup Q1 of elements
in Q of reduced norm 1. The image ρ(Q1) < G is a cocompact irreducible
arithmetic lattice. Conversely, by Margulis Arithmeticity Theorem, if Γ < G
is a cocompact irreducible lattice, then Γ is commensurable with ρ(Q1) for
some K,A, ρ and Q as above (cf. [6]). Once these parameters are fixed, we
define what it means to be a congruence covering in this setting.

Choose a standard basis 1, ι, j, κ for the quaternion algebra A over K,
i.e., a basis such that ι2 = a, j2 = b, ιj = κ = −jι with a, b ∈ OK\{0}, and
fix the order

Q = {α0 + α1ι+ α2j + α3κ ∈ A | αi ∈ OK}.

With such basis we recall that the trace and reduced norm of an element
α = α0 + α1ι+ α2j + α3κ ∈ A are given by

tr (α) = 2α0 and n(α) = α2
0 − aα2

1 − bα2
2 + abα2

3.

For i = 1, . . . , r, let σi : K → R denote an embedding of K over which
A splits. We may assume, without loss of generality, that σ1 = id : K →
R is the trivial inclusion of K in R. Consider ρ : A⊗K R → M2(R)

r with
components ρ = (ρ1, . . . , ρr) satisfying

(B.4) tr (ρi(α)) = σi(tr (α)), for each i = 1, . . . , r.

Let τ1, · · · , τl : K → R be the embeddings at which A ramifies, i.e., for

each j = 1, . . . , l the quaternion algebra
(
τj(a) , τj(b)

R

)
satisfies τj(a), τj(b) < 0

(in other words, it is isomorphic to the division algebra H of Hamilton’s
quaternions). If α ∈ Q1 and α ̸= ±1, then applying these embeddings to the
equation 1 = α2

0 − aα2
1 − bα2

2 + abα2
3, yields

τj(α
2
0) < 1 for any k = 1, . . . , l.

Therefore,

(B.5) |τj(tr (α))| = 2|τj(α0)| ≤ 2,
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for all j = 1, . . . , l and α ∈ Q1.
For any ideal I ⊂ OK we define the following group

Q1(I) = {α = α0 + α1ι+ α2j + α2κ ∈ Q1 | α0 − 1, α1, α2, α3 ∈ I}.

The group Q1(I) is the congruence subgroup of Q1 of level I. We can
now prove the following useful proposition.

Proposition B.2. Consider K,A, ρ,Q as above and let I ⊂ OK be an ideal
with norm N(I) satisfying N(I) ≥ 2d. Then ρ(Q1(I)) is a torsion free lattice.
Furthermore, we have the following estimate for the systole of the manifold
MI = ρ(Q1(I))\Hr :

sys(MI) ≥
4√
r
log(N(I))− c,

where c > 0 is a constant that does not depend on I.

Proof. For α = α0 + α1ι+ α2j + α3κ ∈ Q1, gα = ρ(α) cannot be parabolic
since ρ(Q1) is cocompact. In particular, tr (α) = tr (ρ1(α)) ̸= ±2 which im-
plies that α0 ̸= ±1. So gα must be either elliptic or hyperbolic. A necessary
(and sufficient) condition for gα to be elliptic is that |tr (ρi(α))| < 2 for all
i = 1, . . . , r. By (B.4) and (B.5) we see that

|NK|Q(tr (α)− 2)| =
r∏

i=1

|σi(tr (α))− 2|
d−r∏

k=1

|τk(tr (α))− 2|

≤
r∏

i=1

(|σi(tr (α))|+ 2)

d−r∏

k=1

(|τk(tr (α))|+ 2)

< 22d.

(B.6)

Here, NK|Q denotes the (field) norm of the extension K | Q. We recall
that, for a nonzero algebraic integer x ∈ OK , |NK|Q(x)| is equal to the norm
of the ideal xOK , denoted N(x). As observed above, tr (α)− 2 ̸= 0.

Now, if α ∈ Q1(I), it follows from

n(α) = 1 and α0 − 1, α1, α2, α3 ∈ I,

that

tr (α)− 2 = 2α0 − 2 = (α2
0 − 1)− (α0 − 1)2

= aα2
1 + bα2

2 − abα2
3 − (α0 − 1)2 ∈ I2,
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so that, in particular,

(B.7) N(tr (α)− 2) ≥ N(I)2.

Hence, if ρ(Q1(I)) contains a torsion element, it follows from (B.6) and
(B.7) that

N(I) < 2d.

This proves the first part of the theorem. From now on we will assume
that N(I) ≥ 2d. We must estimate the displacement of a hyperbolic trans-
lation in ρ(Q1(I)).

If ρ(α) ∈ ρ(Q1(I)) is one such hyperbolic translation, then we may write
{1, . . . , r} as a disjoint unionH(α) ∪ E(α) where |tr (ρh(α))| > 2 if h ∈ H(α)
and |tr (ρe(α))| < 2 if e ∈ E(α). By (B.3) and (B.4) we have that

ℓ(ρ(α)) = 2

√√√√
∑

h∈H(α)

[
cosh−1

( |σh(tr (α))|
2

)]2

≥ 2

√√√√
∑

h∈H(α)

log2
( |σh(tr (α))|

2

)
,

where the inequality follows from the observation that cosh−1(x) = log(x+√
x2 − 1) ≥ log(x) for all x > 1. By means of the convexity of the quadratic

function, we obtain that

ℓ(ρ(α)) ≥ 2√
#H(α)

∑

h∈H(α)

log

( |σh(tr (α))|
2

)

≥ 2√
r
log


2−#H(α)

∏

h∈H(α)

|σh(tr (α))|


 .

On the other hand

|N(tr (α)− 2)| ≤
∏

σ

(|σ(tr (α))|+ 2)

≤ 2d
∏

σ

max{|σ(tr (α))|, 2}

= 2d 2d−#H(α)
∏

h∈H(α)

|σh(tr (α))|.
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Thus, for any hyperbolic translation ρ(α) with α ∈ Q1(I), the following
holds:

ℓ(ρ(α)) ≥ 2√
r
log

( |N(tr (α)− 2)|
22d

)
≥ 2√

r
log(|N(tr (α)− 2)|)− 4d log(2)√

r
.

We conclude the proof by using inequality (B.7). Indeed, if we define

c := 4d log(2)√
r

, then c does not depend on I and, for any closed geodesic β on

MI = ρ(Q1(I))\Hr, there exists α ∈ Q1(I) as above such that the axis of
ρ(α) projects onto β and

ℓ(ρ(α)) ≥ 4√
r
log(N(I))− c.

Since β was arbitrary, the theorem follows. □

Proof of Theorem B.1. Let M = Γ\Hr be a closed arithmetic orbifold. We
have seen that Γ is commensurable with ρ(Q1) for some K,A, ρ and Q as
in subsection B.2. Thus, Γ contains a finite index subgroup Γ′ such that
Γ′ < ρ(Q1). Let M ′ = Γ′\Hr be the corresponding finite covering of M . If
we consider the sequence of ideals of OK satisfying the hypothesis in Propo-
sition B.2 then the corresponding lattices Γ′(I) = Γ′ ∩ ρ(Q1(I)) are torsion
free and define congruence coverings M ′

I := Γ′(I)\Hn of M ′ with volume

vol(M ′
I) = [Γ′ : Γ′(I)]vol(M ′).

Therefore, the asymptotic growth of vol(M ′
I) depends only on the growth of

[Γ′ : Γ′(I)], where I varies on the set of ideals of OK with N(I) > 2d.
Since Q1 ∩ ker(ρ) is finite with, say, ν elements, then

[Γ′ : Γ′(I)] ≤ [ρ(Q1) : ρ(Q1(I))] =
[Q1 : Q1(I)]

ν
.

In [17, Corollary 4.6] it is proved that there exists a constant λ =
λ(A,Q) > 0 such that

[Q1 : Q1(I)] ≤ λN(I)3.

On the other hand, by Proposition B.2 we have that

sys1(M
′
I) ≥ sys1(ρ(Q1(I))\Hr) ≥ 4√

r
log(N(I))− c1,

for some constant c1 > 0 which does not depend on I.
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Therefore,

sys1(M
′
I) ≥

4

3
√
r
log(vol(M ′

I))− c,

where c does not depend on I.
Finally, by Proposition B.2, sys1(M

′
I) → ∞ when N(I) → ∞. Since

log(vol(M ′
I)) ≥ C ′sys1(M

′
I)− c′, it follows that vol(M ′

I) → ∞ as N(I) →
∞. □
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