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Construction of the moduli space of Higgs
bundles using analytic methods
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It is a folklore theorem that the Kuranishi slice method can be
used to construct the moduli space of semistable Higgs bundles on
a closed Riemann surface as a complex space. The purpose of this
paper is to provide a proof in detail. We also give a direct proof
that the moduli space is locally modeled on an affine GIT quotient
of a quadratic cone by a complex reductive group.
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1. Introduction

Let X be a closed Riemann surface with genus g > 2. Introduced by Hitchin
in the seminal paper [16], a Higgs bundle on X is a pair (&, ®) consisting of
a holomorphic bundle & — X and a holomorphic section ® € H(End & ®
Hx ), where #x is the canonical bundle of X. To obtain a nice moduli space,
we recall that a Higgs bundle (&, ®) is stable if u(.%#) < u(&) for every -
invariant holomorphic subbundle 0 C .% C &, where u(.#) is the slope of
Z . The semistability is defined by replacing u(.%) < u(&) by u(F) < u(&).
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Finally, (&, ®) is polystable if it is a direct sum of stable Higgs bundles with
the same slope. In [16], Hitchin used the Kuranishi slice method to construct
the moduli space of stable Higgs bundles first as a smooth manifold and then
as a hyperKéahler manifold. Such a method was first introduced by Kuranishi
in [23] and has been used in several papers to construct moduli spaces in
different contexts (for example, see [3, 4, 21], 24] and [20, Chapter 7]). On the
other hand, the moduli space of semistable Higgs bundles was constructed by
Nitsure in [27] where X is a smooth projective curve and by Simpson in [32]
where X is a smooth projective variety. They both used Geometric Invariant
Theory (GIT for short), and the method is entirely algebro-geometric. As a
consequence, the resulting moduli space is a quasi-projective variety.

It is a folklore theorem that the Kuranishi slice method can be used
to construct the moduli space of semistable Higgs bundles as a complex
space (for example, see [5, B7]). The purpose of this paper is to provide
a proof in detail. More precisely, the problem is stated as follows. Fix a
smooth Hermitian vector bundle £ — X and let gg — X be the bundle
of skew-Hermitian endomorphisms of E. For convenience, we assume that
the degree of E is zero. This condition is not essential. By the Newlander-
Nirenberg theorem, a holomorphic structure on F (described by holomorphic
transition functions) is equivalent to an integrable Dolbeault operator J.
Since dim¢ X = 1, the integrability condition is vacuous. Therefore, via the
Chern correspondence, the space of holomorphic structures on E can be
identified with the space & of unitary connections on F, which is an infinite-
dimensional affine space modeled on Q!(gg). Let € = & x Q10(g%). Then,
the configuration space of Higgs bundles (with a fixed underlying smooth
bundle E) is defined as

(1.1) B ={(A,®) € EC: 0,® =0}

(see [37] for more details). Since the complex gauge group ¥* = Aut(E)
naturally acts on the space of holomorphic structures of E, it acts on .o/
and hence also on . Then, two Higgs bundles are isomorphic if and only if
they are in the same ¥C-orbit. Let %%, %8° and %P° be the subspaces of %
consisting of semistable, stable and polystable Higgs bundles, respectively.
They are ¢C-invariant. The moduli space of semistable Higgs bundles is
defined as the quotient .# = %P*/%* equipped with the C*®-topology. Our
main result is the following.

Theorem A. The moduli space A is a normal complex space.
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More can be said about the local structure of .#. To state the theorem,
we need some preparation. Recall that the space € has a natural L?-metric
g and a compatible complex structure I given by multiplication by /—1
(see [16], §6]). Let ¢4 be the subgroup of ¥* consisting of unitary gauge
transformations. Then, the ¢-action on % is Hamiltonian with respect to
the Kéhler form ; = g(I-,-). Hitchin’s equation can be interpreted as a
moment map

(1.2) (A, ®) = Fy + [@,27).

Then, the Hitchin-Kobayashi correspondence (see [16] [29]) states that a
Higgs bundle is polystable if and only if its ¥C-orbit intersects ~1(0). More-
over, the inclusion p=1(0) N % — %P induces a homeomorphism

(1.3) (1~H0) N B) /G = 75 j4°

whose inverse is induced by the retraction r: % — p=1(0) defined by the
Yang-Mills-Higgs flow (see [38]). Finally, we recall the deformation complex
for a Higgs bundle (A, ®):

D" D"
(14)  Cue: QgE) — Q¥(g%) @ @0(gE) — Q' (aF),

where D" = 04 + ®. It is an elliptic complex. Let K be the ¥-stabilizer at
(A, ®@). Since the ¢-action is proper, K is a compact Lie group. Moreover, its
complexification KC is precisely the ¢C-stabilizer at (A, ®) (see Section
and acts on H'! linearly. Then, the local structure of .# is described as
follows.

Theorem B. Let [A,®] € .4 be a point such that p(A,®) =0 and H' its
deformation space, the harmonic space H'(C,,.) defined in C,.. Then, the
following hold:

1) H! is a complex symplectic vector space.

2) The KC-action on H' is complex Hamiltonian with a complex moment
map given by

(1.5) vc(x) = %H[x,:c],

where H is the harmonic projection defined in C..
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3) Around [A, ®], the moduli space A is locally biholomorphic to an open
neighborhood of [0] in the complex symplectic quotient V&é(O) J K€,
which is an affine GIT quotient.

There are two reasons why this result is not surprising. In [32, §10],
Simpson proved that the differential graded Lie algebra C),. is formal. As a
consequence, the moduli space is locally biholomorphic to a GIT quotient
of a quadratic cone in H 1((7%) by a complex reductive group. Another rea-
son is the following. Recall that ¥ is more than just a K&hler manifold.
It has a hyperKé&hler structure (see [16, §6]) and admits a complex mo-
ment map pc (A, ®) = 92 for the ¥C-action. Hence, the moduli space .#
is homeomorphic, by the Hitchin-Kobayashi correspondence, to a singular
hyperKahler quotient. Then, Theorem [B|is an infinite-dimensional general-
ization of Theorem 1.4(iv) in Mayrand [25] to Higgs bundles. We will extend
all other statements in Theorem 1.4 to .# in a forthcoming paper.

The major step in the proof of Theorem [A] and [B] is to construct a
Kuranishi local model for .#Z at every Higgs bundle (A, ®) that satisfies
Hitchin’s equation. This is done in Section [3] Here, a Kuranishi local model
is the analytic GIT quotient (developed by Heinzner and Loose in [15]) of a
Kuranishi space in H! by the ¥C-stabilizer at (A, ®), and is homeomorphic
to an open neighborhood of (A, ®) in .#. After that, we will show that the
transition functions associated with Kuranishi local models are holomorphic
so that .# is a complex space. This is done in Section[4] To prove Theorem [B]
we adapt Huebschmann’s argument in [I7, Corollary 2.20] which is further
based on Arms-Marsden-Moncrief [I]. This is done in Section

The techniques in the construction of Kuranishi local models mainly
come from [34], [9] and [19]. Let K be the ¥-stabilizer at (A, ®) with
w(A,®) =0 so that K€ is the ¥C-stabilizer. We will construct a K-
equivariant perturbed Kuranishi map © (following Székelyhidi’s argument
in [34, Proposition 7]) that is defined on a Kuranishi space in H! and takes
values in % such that the pullback moment map ©*y is a moment map
for the K-action on H' with respect to the pullback symplectic form ©*Q;.
Then, roughly speaking, a K C-orbit is closed in H' if and only if it contains
a zero of the pullback moment map ©*u. The precise statement is given
in Theorem (cf. [9, Theorem 2.9], [19, Proposition 3.8], [6, Proposition
2.4] and [36], Proposition 3.3.2]). Since the perturbed Kuranishi map © is no
longer holomorphic, ©*Q; is not a Kihler form on H!, which causes some
trouble. To remedy this problem, in the proof of Theorem the Yang-
Mills-Higgs flow will be used to detect polystable orbits in . Since Ku-
ranishi spaces are locally complete, every Yang-Mills-Higgs flow near (A, ®)
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induces a “reduced flow” in H! that stays in a single K C-orbit and converges
to a zero of ©. Therefore, if a KC-orbit is closed, it contains a zero of ©.
Hence, © maps polystable K®-orbits in H' to polystable orbits in %% so
that © induces a map from a Kuranishi local model to .#. The rest of the
proof is to show that this map is an open embedding.

After the construction of the moduli space .#, it is natural to com-
pare the analytic and the algebraic moduli spaces. More precisely, let us
also use .#,, to mean the quotient %”*/%* and Ma1g the moduli space of
semistable Higgs bundles of rank r and degree 0 in the category of schemes,
where r is the rank of F. By construction, .#,;, parametrizes S-equivalence
classes of Higgs bundles. Let us recall the definition of S-equivalence. Ev-
ery semistable Higgs bundle (&, ®) admits a filtration, called the Seshadri
filtration, whose successive quotients are stable, all with slope u(E). Let
Gr(&,®) be the graded object associated with the Seshadri filtration of
(&, ®). It is uniquely determined by the isomorphism class of (&, ®). Then,
two Higgs bundles (&1, ®1) and (&3, P2) are S-equivalent if Gr(&, ®1) and
Gr(&y, ®2) are isomorphic as Higgs bundles. As a consequence, there is a
natural comparison map i: #u, — Mq4 of the underlying sets that sends
each ¥C-orbit of a point (A4, ®) in %P to the S-equivalence class of the
Higgs bundle (&4, ®) defined by (A, ®). The following result will be proved
in Section [6l

Theorem C. The comparison map i: Man — Maig 15 a biholomorphism.

The outline of the proof is the following. It is easy to see that 7 is
a bijection. To show that it is continuous, recall that Nitsure constructed
a scheme F** in [27] that parameterizes semistable Higgs bundles on X,
and 4,4 is a good quotient of F**. We show that the comparison map i
can be locally lifted to a map o, called a classifying map, that is defined
locally on %% and takes values in F*°. Here, the terminology comes from
Sibley and Wentworth’s paper [28], and we adapt the proof of Theorem
6.1 in this paper to show that o is continuous with respect to the C*°-
topology on %°° and the analytic topology on F*%. Therefore, ¢ is continuous.
By the properness of the Hitchin fibration defined on .#,,, we see that ¢
is proper and hence a homeomorphism. Then, by constructing Kuranishi
families of stable Higgs bundles, we show that the restriction i: /%, — 47
is a biholomorphism, where .43, and . are the open subsets of ./, and
Maly consisting of stable Higgs bundles, respectively. By the normality of
Malg, the holomorphicity of ifl\i//;lg can be extended to i~!. Then, we use
Theorem |B| to prove that .#,, is normal. The rest of the proof follows
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from the fact that a holomorphic bijection between normal, reduced and
irreducible complex spaces of the same dimension is a biholomorphism.

After this paper was complete, we became aware of Buchdahl and Schu-
macher’s paper [7]. Note that Theorem is similar to [7, Theorem 3],
which applies to holomorphic vector bundles over a compact Kéhler mani-
fold. However, our approach is different. In this paper, the Yang-Mills-Higgs
flow plays a major role. Since dimc X = 1, the necessary analytic inputs
are from Wilkin [38]. By contrast, the Yang-Mills flow is not involved in
Buchdahl and Schumacher’s argument. It is expected that Buchdahl and
Schumacher’s argument can be adapted to the case of Higgs bundles and
used to provide another proof of Theorem [A] possibly without the assump-
tion that dim¢ X = 1.

Finally, we remark that we only work with reduced complex spaces in
this paper. The reason is that the analytic GIT developed by Heinzner and
Loose in [15] only applies to reduced complex spaces.

2. Deformation complexes

In this section, after reviewing the deformation complex for Higgs bundles,
we introduce another useful Fredholm complex that will be used later. Let
(A, ®) € £ such that u(A, ®) = 0. Then, consider the deformation complex

D" D"
(21)  Cucr Q%gk) — QM(gk) & Q" (gh) — 2" (gk),

where D" = 04 + ®. Recall that C),. is obtained by linearizing the equation
04P = 0 and the ¥C-action.

Proposition 2.1 ([30, §1] and [32} §10]). C,,. is an elliptic complex and
a differential graded Lie algebra. Moreover, the Kdhler identities,

(2.2) (D" = =i, D], (D) = +ilx, D"],
hold, where D' = 04 + ®* and x is the Hodge star.
There is another useful sequence

(2.3) Cp: Q(gp) 2 ker D" 2 02(gp),
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where ds is the derivative of y from at (A, ®), and di(u) = (dau, [P, u)).
The operator dz, viewed as a map Q' (gg) ® Q10(g%) — Q2(gr), has a swr-
jective symbol. Hence, dods: Q?(gr) — Q2(gg) is a self-adjoint elliptic op-
erator. As a consequence, the Hodge decomposition

(2.4) 02(g%) = im dod}y @ ker dods,

holds. Moreover, since da(D")* = 0 and

(2.5) 0% (o) ® QM0(gF) = ker D" @ im(D")",
we have
(2.6) dy(ker D) = do(Q (g) ® 2"°(g))

(In this paper, we routinely identify Q!(gg) with Q%1(g%) using the map
a — o, where o’ is the (0, 1)-component of ). As a consequence, the nat-
ural map ker d5 — H?(C,,) is an isomorphism. We denote ker dj by H*(C,,).
Finally, we note that H'(C),) is equal to the first cohomology of the following
elliptic complex that is used by Hitchin in [I6] p. 85]

d, do®D"
2.7) Cma: (gp) = Q' (gr) ® QV0(g5) 227 Q% (gp) © OV (gF).

In fact, by direct computation, the identification Q' (gg) — Q%!(g%) induces
an isomorphism H'(Cp;t) — H'(C,.). Therefore, in the rest of the paper,
if no confusion can appear, we will simply use H' to mean the harmonic
space H!(C),.). In summary, we have obtained

Proposition 2.2. The sequence C), is a Fredholm complex with Hodge de-
composition

(2.8) Q*(gr) = H*(C,) @ im ds.

Lastly, note that the natural non-degenerate pairing 2°(gg) x Q?(gg) —
R restricts to a non-degenerate pairing HY(C,) x H?(C,) - R so that
H?(C,) can be identified with the dual space H(C,,)* of H°(C),).
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3. Kuranishi local models
3.1. Kuranishi maps

A crucial ingredient in the Kuranishi slice method is the Kuranishi maps.
They relate polystable orbits in H' and polystable orbits in %. Moreover,
they eventually induce local charts for the moduli space. To construct Ku-
ranishi maps, we need to use the implicit function theorem, and it is a
standard practice to work with the Sobolev completions of relevant spaces.
In this paper, we will use Yz to mean the completion of the space Y with
respect to the Sobolev Li—norm. For example, Q*(gg)r means the comple-
tion of Q*(gg) with respect to the Li—norm. Otherwise, we generally use
C*>-topology. Fix k > 1.

Now, we describe the Kuranishi maps. Let (A4, ®) € & with u(A, ®) = 0.
Recall that %,Srl and 9,1 are Hilbert Lie groups and act smoothly on the
Hilbert affine manifold %%. Moreover, the % 1-action on %}, is proper (see
[11, Section 4.4]). Therefore, if K is the % -stabilizer at (A, ®), then K is
a compact Lie group with Lie algebra H(C},). The following result relates
the % ,-stabilizer to the %, -stabilizer at (A4, ®).

Proposition 3.1. The g,gl—stabilizer at (A, ®) is the complezification of
K and acts on H'.

Proof. This follows from [33, Proposition 1.6]. The rest follows from direct
computation. O

If H?(C,,.) = 0, then the implicit function theorem implies that % is
locally a complex manifold around (A4, ®). In general, following Lyapunov-
Schmidt reduction, we consider

(3.1) P, = [(1— H)ue] 1 (0) € G,

where H is the harmonic projection defined in the elliptic complex C),.. By
construction, the derivative of (1 — H)uc at (A, ®) is surjective. Hence, %,
is locally a complex manifold around (A, ®). To parameterize %y, consider
the map

F: Q%Y (g5)e @ Q0% — Q' (aF)k @ Q0(gE)k,

(3.2) F(a,n) = (a,n) + (D")*Gla", 1),

where o is the (0, 1)-part of . It has the following properties.
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Lemma 3.2.

1) F is K®-equivariant.

2) F is a local biholomorphism around 0.

3) D"F(a,n) = (1 — H)uc(A+ a,®+1n).

4) (D) F(a,n) = (D")* (e, m).
Proof. (1) follows from the fact that the KC-action commutes with (D”)*
and G. Since the derivative of F' at 0 is the identity map, the inverse function

theorem implies (2). Since (D")*(D")* =0, (4) follows. To prove (3), we
compute

(1~ Hyuc(A+a,® +1)
— D//<D//)*G(D”(Oé,n> + [CE//7 77])

(3-3) = D"((e,n) — H(a,n) — D"(D")"G(ev,n) + (D")*Gla”, 7])
= D"((e,n) + (D")*Glev, n])
= D"F(a,n).

As a consequence, F' induces a well-defined map,
(34)  F: %,N[(A,®) + ker(D")*] — ker D" Nker(D")* = H'.

Since %, and (A, ®) + ker(D”)* intersect transversely at (A, ®), their inter-
section is locally a complex manifold around (A, ®). Hence, there are an open
ball U € H' in the L?-norm around 0 and an open neighborhood U of (A, ®)
in B, N [(A,®) + ker(D")*] such that F: U — U is a biholomorphism. The
Kuranishi map 6 is defined as its inverse viewed as a map ¢: U < %}, and
the Kuranishi space is defined as Z := 6=1(% N U). More concretely, by the
construction of %y,

(3.5) Z = {z € U: Hf(z),0(x)] = 0}.

Here, (A, ®) serves as the origin in the affine manifold %%. Clearly, Z is a
closed complex subspace of U. Moreover, since %}° is open in %, (see [38,
Theorem 4.1]), by shrinking U and hence Z if necessary, we may assume
that 6(Z) C #;°.

The next result shows that the Kuranishi space Z is locally complete.
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Proposition 3.3. The map

T: H(Cp)ir x B2 (C)icnr % [((A, @) + ker(D")*) N 25°] — %2,

(36) T(u,B,B,¥) = (B,¥) -exp(—i* 3) exp(u),

is a local homeomorphism around (0,0, A, ®). As a consequence, there exists
an open neighborhood W of (A, ®) in %B;° such that the %,Srl-orbit of every
(B,¥) € W intersects the image 0(Z).

Proof. Consider the map

T: HY(CL)itr x HA(CW)i-1 x (A, ®) + ker(D")*) — %,

(3.7) T(u,3,B,¥) = (B,V) - exp(—i * 3) exp(u),

where H(C,,)* and H?(C),)* are the L?-orthogonal complements of H’(C),)
and H?(C),) in Q°(gg) and Q?(gg), respectively. Its derivative at (0,0, 4, @)
is given by

T(tu,t8, (A, @) + tx)

d
d(0,0,A;I))T(U) /87 .’13) - %

t=0
_d (A, ®) + tx) - exp(—i * tf) - exp(tu)
dt]—g
d
t=0
d
+ 7 tZO(A, ) - exp(tu)

=x+ D"(—ixB)+ D"u
=D"(u—ix*B)+x.

Note that
(3.9 HC,'eixH(C,) =HYC)! @iH(C,)T =HYC,.)"
Since

(3.10) Q% (g% @ 0(g5), = ker(D")* @ im D",

we conclude that d 4,¢)7" is an isomorphism. Hence, the inverse func-
tion theorem implies that there are open neighborhoods Ny x Ny x V' of
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(0,0, A,®) and W of (A, ®) such that T: N3 x No x V — W is a diffeomor-
phism. Since %;° is %,Srl—invariant, we conclude that

(3.11) T: Ny x Ny x (VOB —» W N B

is a homeomorphism. Finally, if U C H' is sufficiently small, then 6 is a
homeomorphism from Z to V N %;°. O

Moreover, # maps K ®-orbits to ¥4C-orbits in the following way.

Proposition 3.4 (cf. [8, Lemma 6.1]). If U is sufficiently small, then
the following hold:

1) If x1,29 € U are such that x1 = xag for some g € KC, then 0(x1) =
O(x2)g. Hence, if v1 € Z, then x9 € Z.

2) Conversely, if d0(v) = uf(x) for some u€ Qg% ) k11, thenue HY(Cy,),

and v = uf, where u# is the infinitesimal action of wu.

Proof. Since U is an open ball around 0, it is orbit-convex by [33, Lemma
1.14]. Hence, the holomorphicity of § and [33, Proposition 1.4] imply that
0(x1) = 6(x2)g. Since B;* is 4C  -invariant, if 6(z1) € %;*, then 0(x2) €
B® so that zo € Z. To prove (2), we claim that v € HY(C,.). Then, the
claim implies that
(3.12)

d

u d
v = do F(d,0(0)) = dyny P () = 5| F(0(@)e™) = &
t=0 t=0

zel = uf,
To prove the claim, write u = '+ u” for some v € H°(C,.) and u” €
H(Cp. )it 1~ Since 6 takes values in (A, ®) + ker(D")*, (u”)zﬁ(x) € ker(D")*.
In the proof of Proposition we see that the map

(3.13) T: HY(C)iq x H2(C)icer < (A, @) + ker(D")*) — &

is a local diffeomorphism around (0,0, A, ®). Hence, there are open neigh-
borhoods N; x No x V' of (0,0, A, ®) and W of (A, ®) such that T: Ny x
Ny x V' — W is a diffeomorphism. If U is sufficiently small, 6: Z — V N %}
is a homeomorphism. Therefore, the derivative d(g ()1 of T is injective.
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Note that
(3.14) H'(C,) " @i+ H(Cy)t = H(Cue) ™
Then, we see that

(3.15) d(o’()’g(w))T(u", 0) = Dg(x)u// = d(o’o,e(m))T(O’ (U”)gé(x))

so that v’ = 0. O

3.2. Perturbed Kuranishi maps

The Hitchin-Kobayashi correspondence characterizes polystable orbits in
P via the moment map p. Since 6 should eventually induce a local chart
for the moduli space, we should be able to relate the polystable orbits in H'
with respect to the complex reductive group K€ to the polystable orbits in
2. Therefore, we would like to pullback the moment map p to U € H' by
and then use the pullback moment map 6*u to characterize polystable orbits
in U. However, 0* 1 takes values in Q%(gg)x—1 instead of H?(C,,) 2 HY(C,,)*.
To fix this issue, we will perturb the Kuranishi map along ¢C-orbits in the
following way.

Lemma 3.5. IfU C H' is sufficiently small, then there is a unique smooth
function B defined on U and taking values in an open neighborhood of 0 in
HQ(CN)/é+1 such that the perturbed Kuranishi map © := 0e™"B is smooth
and K -equivariant, and v := ©*u takes values in H*(C,) and hence is a
moment map for the K-action on U with respect to the symplectic form
©*Qr. Moreover, the derivative of © at 0 is the inclusion map.

Before giving the proof, we remark that the perturbed Kuranshi map ©
is no longer holomorphic and hence the form ©*(2; is no longer Kéhler.
Proof. We follow the proof of [34, Proposition 7]. Consider the map
(3.16) L: U x HY(C)i1 — H2(CL)iy,

' L(z, f) = (1 = H)u(0(x)e"),

where H is the harmonic projection defined in C),. Then, the derivative of
L at (0,0) along the direction (0, 3) is given by

(317) d(070)L(0,,8) = (1 — H)dg(—[dl * 5) = dgd;ﬁ,
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where the second equality follows from the formula d5 = —Id;*. Since
(3.18) dads: H*(Cp)iery — H*(Cu)i s

is an isomorphism, the implicit function theorem guarantees the existence of
the desired function S. Since L is K-equivariant, the uniqueness of g implies
that © is also K-equivariant. A direct computation shows that dy© is the
inclusion map. O

Although we cannot prove a local slice theorem for the ¥C-action, the fol-
lowing is a substitute that relates the polystability of Higgs bundles to that
of points in H! with respect to the KC-action.

Theorem 3.6. If U is sufficiently small, then the induced map
(3.19) U Xk Goy1 — €k, [, 9] = O(x)g,

is injective. Moreover, there is an open ball B C U around 0 in the L?-norm,
such that the following are equivalent for every x € BN Z:

1) K is closed in H'.
2) K€ nv=1(0) # 0.

Proof. The derivative of the induced map at [0, 1] is given by
(3.20) H' @ H(C\)ipy — Q%N 95k @ Q%°05)k,  (z,u) = 2+ D'

Since it is injective, we see that the induced map is locally injective around
[0, 1]. Then, we assume to the contrary that such U does not exist. Therefore,
there are sequences [z, g,] and [z/,, g/,] such that

1) zp, ], converge to 0 in H'.
2) O(xn)gn = O(27,) 9y
3) [xn,gn) # [z, g}] for all n.

Since the ¥, 1-action is proper, by passing to a subsequence, we may assume
that g/, g, ' converges to some g € % ;1. Letting n — oo, we see that ©(0) =
©(0)g so that g € K. Now, on the one hand, [z}, ¢,g,'] # [©n,1] for any
n. On the other hand, both [z}, ¢,g, '] and [z, 1] converge to [0,1] so that
they are equal when n > 0, since the induced map is locally injective around
[0, 1]. This is a contradiction.
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Now, we prove the second part of the proposition. By Proposition
there are open neighborhoods N3 x No x V of (0,0, A,®) and W of (A, ®)
such that T: Ny x No x V — W is a homeomorphism. Here, V and W
are open subsets in %;°. If U is sufficiently small, §: Z — V is a home-
omorphism so that Proposition [3.4] holds. Let O be an open neighbor-
hood of 0 in HQ(C'M)%_HL such that the smooth function f: U — O and
hence © := fe~"# are defined. By shrinking Ny if necessary, we may assume
that Ny C O. Then, by [38, Proposition 3.7], there is an open neighbor-
hood W/ C W of (A, ®) in %;° such that the Yang-Mills-Higgs flow start-
ing at any Higgs bundle inside W' stays and converges in W. Moreover,
we may assume that T'(N] x Nj x V') = W’ for some open neighborhood
N{ x Ny xV'"C Ny x Ny xV of (0,0,A,®) such that : ZN B — V' for
some open ball B C U around 0.

Now, suppose = € B N Z is such that x K€ is closed in H'. Let (B;, ¥;) be
the gradient flow starting at 6(z). By the previous setup, 8(z) € V' C W’ so
that (By, ¥;) stays in W. Therefore, we may write (B, U;) = (x;)e *Fret
for some x; € Z and (us, B;) € N1 x Na. We claim that x; stays in the K©-
orbit of x. Since the gradient of || /|2 is tangent to %5, |-orbits, we may write

d.0(x) = (ut)jﬁ(r) for some u; € Q°(g%)r+1 that depends on ¢ smoothly.

t

Here, ufﬁ is the infinitesimal action of u;. Then, Proposition implies that
uy € HY(C,.) and iy = (ug)¥.. On the other hand, the ordinary differential
equation in KC,

(321> gt_lgt = Ut, go = 17

has a unique solution g; € K€. By the uniqueness, we see that x; = xg;.
Therefore, the claim follows. Then, the fact that T is a homeomorphism
implies that both =y, 8; and w; converge. Therefore, letting ¢ — oo, we
have 0(o)e”*P=et> = (Byo, ¥oo) and ji(Bao, ¥oo) = 0. Since e~ € 9.1,
0(zo0)e” P> € u=1(0). Since No C O, the uniqueness of 4 in Lemma
implies that 8(r~) = Beo- Hence,

(3.22) O(200) = O(zoo)e™ P~ € u=1(0).

Finally, since 2KC is closed in H', we see that zo, € xKC. Again, by the
previous setup, oo € Z C U.

Conversely, suppose K€ is not closed in H'. Note that the complex
structure I (the one given by multiplication by v/—1) on ¢ restricts to H!.
Since the K-action on H! is linear, I-holomorphic and preserves the L?-
metric, it admits a standard moment map vy such that 1H(0) = 0. Since
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(grad || - |22, grad ||vo||*) 2 = 8|vo||* (see [33, Example 2.3]), the gradient
flow of ||vg|? starting at z stays in B and converges to some y € BN Z
such that 19(y) = 0. By the Kempf-Ness theorem, yK* is closed in H!.
Of course, y € K€\ xKC. Hence, by the previous paragraph, we can find
Yoo € yK© N U such that (0 (ys)) = 0. Hence, we have

(3.23) O(Yoo) ~ye,, Oy) € CIEZ

where ~gc, is the equivalence relation generated by the %Iﬁ_l—action. Now,
since 2K contains a zero of v in U, we may assume that u(©(z)) = 0. Then,
the following Lemmaimplies that O(yso) ~ac O(z) so that O(yeo) ~, .,
©(z) by the Hitchin-Kobayashi correspondence. Then, the injectivity of
[z, g] — ©(z)g implies that yoo ~x x. This is a contradiction. O

The following result is nothing but the fact that the closure of the %;CH—
orbit of a semistable Higgs bundle contains a unique polystable orbit. Since
we cannot find a proof in the literature, we provide one here:

Lemma 3.7. Let (B,V) be a semistable Higgs bundle. If (B;,V;) €
(B, \I/)g,g_l (1 =1,2) are polystable Higgs bundles, then (B, V1) ~gc
(B27\:[12)

Proof. We may assume that p(B;, ¥;) = 0 for i = 1,2. Let r: %;* — p~1(0)
be the retraction (see [38, Theorem 1.1]) given by the Yang-Mills-Higgs flow.
Suppose there are sequences (B!, ¥/) e (B, V)%, | such that (B, W) 2=, Jos
(B;, U;). By the openness of %;%, each (B], ¥7) is semistable if j > 0. By
the continuity of r, we have

]A)OO

(3.24) r(B], W) =255 r(B, Uy) = (Bi, W5).
By [38, Theorem 1.4], we see that each r(B/, /) is the graded object of

the Seshadri filtration of (BJ \I/]) Since graded objects are determined by
gk " 1-orbits, we conclude that

(325) T(Bia \Ijjl) ~gc,, Gr(B, ) ~gc,, T(Bév \PZQ)

for each 7,1 so that r(BJ, &) ~g,., 7(B%, ¥h). Since the % i-action is
proper, %..1-orbits are closed. Letting j — oo, we see that (B, Up) €
(B, )%, 1. Now, letting | — oo, we see that (Bl,\Ill) (B2,¥9). O

Jk+1
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3.3. Open embeddings into the moduli space

Let & := Z N B which is a closed complex subspace of B. Note that % is K-
invariant but not K C-invariant. To fix this issue, recall that every open ball
around 0 (in the L?-norm) in H! is K-invariant and orbit-convex (see [33]
Definition 1.2 and Lemma 1.14]). By [13} §3.3, Proposition], 2K is a closed
complex subspace of BK®, and 2 is open in 2 K. Recall the standard
moment map vp: H' — H?(C,,) used in the proof of Theorem This is
the moment map for the K-action on H! with respect to the L?-metric and
the restricted complex structure I. Then, by the analytic GIT developed in
[15] or [14] §0], there is a categorical quotient 7: ZK® — ZKC ) K€ in
the category of reduced complex spaces such that every fiber of 7w contains a
unique closed KC-orbit, and the inclusion vy L0)n KC — 2 KC induces
a homeomorphism

(3.26) (' (0)NZK®)/K = #KC | K©.

Moreover, as a topological space, Z K /J K€ is the quotient space defined
by the equivalence relation that x ~ y if and only if x K€ NyKC £ (.

A corollary of Theorem is that 2K® J K€ can be realized as a
singular symplectic quotient with respect to v instead of vjg.

Corollary 3.8. The inclusion j: v=1(0) N ZK® — ZK® induces a home-
omorphism

(3.27) j: (v ' ONnZKY /K = K ) K©.

As a consequence, the perturbed Kuranishi map © induces well-defined con-
tinuous maps © and @ in the following commutative diagram

(3.28) ZKC ) KC© d B 9E, |
(r=1(0) N ZK)/K —2> (071(0) N i) [ %oa

More explicitly, ¢ is given by the formula

(3.29) plz] = [rf(x)], reZ,

where 1: Bi° — pu=1(0) is the retraction defined by the Yang-Mills-Higgs
flow.
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Proof. Clearly, © is a well-defined continuous map. To define ¢, it suffices to
show that j is a homeomorphism. Therefore, we show that it has a continuous
inverse and follow the notations and the setup in the proof of Theorem [3.6
Let 7: ZK® — ZKC ) K€ be the quotient map. If zg € ZK® withz € 2,
by using the gradient flow of ||vp]|?, we see that there is a closed KC-orbit
TK® C 2KC with ¥ € 2. Then, Theorem [3.6| implies that there exists

(3.30) Too € v H0)NTKC c v 1(0) N2 KC.

Therefore, if w(xg) = w(yh), then 7(z~) = T(Yoo) so that

(3.31) 9(:1:00)%,&1 N @(yoo)%grl # (.
If we can show that o ~k Yoo, then the map
-1 C C -1 C
(3.32) j ZK-JK-— (v (0)0NZK")/K, [xg] = [Too],
is well-defined. Now, o ~g Yoo follows from the following Lemma.

Lemma 3.9. If(A;, ®;) (i = 1,2) are Higgs bundles such that u(A;, ®;) =0

and (Al, (bl)glgrl N (AQ, (I)Q)g1§+1 ?é (Z), then (Al, (1)1) ~G (AQ, (I)Q)

Proof. Let (B,V) be a Higgs bundle in the intersection of the closures.
Hence, there is a sequence (A7, ®1) € (A;, ;)9 , converging to (B, ¥). The

j—o00

continuity of r implies that T(Ag, <I>f) —— r(B,¥). By [38, Theorem 1.4],
(333) T(Ag, (bz) Ng}@grl G’I’(AZ,(I)Z) = (Au (I)z)

so that ’I“(Ag, <I>f) ~g, ., (Ai, ®;). Hence, there is a sequence of gg € ¢ such

that (A;, ®;)g] EEN r(B, ¥). Since the ¥ 1-action is proper, by passing to
j J—roo

a subsequence, we may assume that g; —— g; for some g; € 4. Hence,

(Ai, @i)gi = 1(B, ¥). O

Continuing with the proof of Corollary we show that 3_1 is continuous.
Recall that 2, is determined by the equation 0(zs)e *F=et> = 1(0(T)).
By the continuity of r, 77! and #~!, we see that the map 2 37 — 2o
is continuous. Moreover, Z > x + T is also continuous, which is a general
property of the gradient flow of ||vg||%. Since 2 is open in 2 K®, we conclude
that 7 is continuous.
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Tt remains to show that 7 is indeed the inverse of j. If zg € v=10)N
ZKC© with x € &, then 2K is closed in H! (Theorem 3.6). Since 7 lis
well-defined, we see that

(3.34) (g)oo ~K Too ~gC T ~pc T ~gc TY.
Then, v((r9)so) = v(zg) = 0 implies that (2¢)s ~x xg. Conversely, if zg €

ZK® with x € 2, then 2o, € xKC so that 7(zg) = (7o)
Finally, to obtain a formula for ¢, note that

(3.35) O(r00) € O@)FE | = 0()FC,,.

Moreover, r(0(z)) € 0(x)%F, . Hence, by Lemma O(r0) ~ge, r(6(z)).
([

The next result shows that 2’ KC / K€ is a local model for the quotient
My, = B |9E, . Strictly speaking, ), is not the moduli space .#. That
said, there is a natural map .# — .#j,. Note that |2, Lemma 14.8] and the
elliptic regularity for 94 with A € &/ imply that every point in .#, has a
C™ representative. As a consequence, the natural map .# — #}, is surjec-
tive. Its injectivity follows from [2, Lemma 14.9]. Later, as a consequence
of Theorem [3.10] we will show that .# — .#} is a homeomorphism, which
justifies our use of Sobolev completions.

Theorem 3.10. If B is sufficiently small, o: ZK® ) K¢ — .4}, is an open
embedding.

Proof. We will follow the notations and the setup in the proof of Theo-
rem Since © is injective, ¢ is injective. Let IT: ZL° — ), be the quotient
map, and consider the open set O =II(W'NAY°). If (B,¥) e W' N A7,
then (B, V) = 0(z)e”*Pe" for some z € &. We claim that p[z] = [B, ¥].
By the construction of ¢ in the proof of Corollary we see that plz] =
[O(20)] for some z, € v~1(0) N ZKC Nz KC so that

(3.36) O(200) € ()95, | = (B, V)YE, .
By Lemma we have ©(zq) ~ge, (B,¥). As a consequence, the open
set O is contained in the image of . Hence, we obtain a bijective continuous
map ¢: O — O, where O = p~1(0).

To show that |5 is a homeomorphism, we will show that its inverse
is continuous. From the previous paragraph, we see that its inverse should
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be [B, ¥] + [z]. The continuity follows from the continuity of =1 and T—!.
Therefore, it remains to prove that it is well-defined. If (B, ¥') € W' N A}’
lies in the %Igl—orbit of (B, ¥), then

(B3T)  O(m) ~ag (BoY) mge (BLW) mge O(al)
so that
(3.38) TKC 3 xoo ~i 2, € 2’ KC.

Hence, K€ N2/ KC + (.

Finally, we show that if B is sufficiently small, then ¢ is an open em-
bedding. Write 771(0) = ZK®NQ for some open set @ in H!, where
m: ZK© - ZKC ) K€ is the quotient map. Since 0 € @, choose some
open ball B C Q@ N B around 0. By [33, Lemma 1.14], we know that B
and B’ are vg-convex (see [15, (2.6), Definition]). Hence, by definition of
%, Z is also vg-convex. Hence, by [I5], (3.1), Lemma], we see that 2K N
B'KC€ = (2 N B)KC. Then, we claim that (2° N B')K€ c 7~1(0). In fact,
if zg € (N B")K® with x € Z N B’, then x € ZK®N Q. Since ZK® N Q
is KC-invariant, zg € ZK® N Q. Finally, we claim that (2 N B')KC is also
m-saturated so that (2N B')K® J KC is an open neighborhood of [0] in
ZK® ) K€, Therefore, if B is shrunk to B’, and £ is shrunk to 2N B,
we see that ¢ is an open embedding.

Suppose 7(zg) = 7(yh) for some z € & and y € 2N B’. We want to
show that xg € (2N B')KC. By using the gradient flow of || ||?, we can find
a closed orbit 4/ K€ c yKC with o/ € 2° N B’. Since every fiber of 7 contains
a unique closed orbit, ¥/ K€ C 2 KC. Since B’ is open, K® N B’ # (). Hence,
r€BK*NZK®=(ZnB)KE. O

To show that .# — .}, is a homeomorphism, we need the following lemma.
Lemma 3.11. Elements in By N [(A, @) + ker(D”)*] are of class C.

Proof. Suppose (D")*(a”,n) = 0 and (94 + ”)(® + n) = 0, where o is the
(0, 1)-part of a. The second equation is also equivalent to D" (o, n) 4 [, 1]
= 0. Hence, A(a,n) = —(D")*[a,n] where A = D"(D")* + (D")*D" is the
Laplacian defined in C),.. Since k > 1, the Sobolev multiplication theorem
(see [1T, Theorem 4.4.1]) implies that [o”, 7] is in L? and hence (D")*[a”, 7]
is in L _,. By the elliptic regularity, (a”,7) is hence in L} . By induction,
(@,n) is in C*°. O
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Lemma 3.12. The map ¢ in Corollary[3.8 factors through the natural map

Proof. Recall that the formula for ¢ is given by ¢[z] = [rf(z)] where = €
Z. By Lemma 0 restricts to a continuous map Z — % N ((4,®) +
ker(D")*). Since r: %% — p~1(0) is continuous, 2 >z + [r0(z)] € A is
continuous. Finally, [2, Lemma 14.9] and the fact that ¢ is well-defined
imply that ¢ factors through .# — ;. (]

Corollary 3.13. The natural map # — My, is a homeomorphism. There-
fore, the map ¢: ZKC ) K¢ — .4 is an open embedding.

Proof. By Lemma [3.12] and Theorem M — My, is locally an open map
and hence open. O

4. Gluing local models

For the rest of the paper, we will drop the subscripts that indicate Sobolev
completions for notational convenience. By Lemma and Corol-
lary this should not cause any confusion. The main result in this sec-
tion is the following, which is part of Theorem [A] The normality of . will
be proved in Lemma

Theorem 4.1. The moduli space # is a complex space locally biholomor-
phic to a Kuranishi local model 2 K€ J| KC.

Let (A;, ®;) (i = 1,2) be Higgs bundles such that u(A;, ®;) = 0. We will
use subscript ¢ to denote relevant objects associated with (A;, ®;). Let 2
be their Kuranishi spaces and 2;K{ / K- Kuranishi local models, where
K; is the ¥-stabilizer of (A4;, ®;). Let

(4.1) wi: LKL | KE = 0, c . a

be the map constructed in Theorem such that O; N Oy # (). Hence, the
transition function is given by

(4.2) 031 @1 (01N 02) = 951 (01N Oy).

Our goal is to show that ¢, Lo is holomorphic so that .# is a complex
space. Since holomorphicity is a local condition, the idea is that the tran-
sition function ¢ Lo1 should be locally induced by a holomorphic Kic—
invariant map from an open set in QﬁKic to %K(g / Kéc Then, the rest
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of the argument follows from the universal property of the quotient map
i Q@KZC — Q@Kf / KZ(C. Here, the technical difficulty is to find an appro-
priate open set in 29 K (1(: that is also mq-saturated. This will be overcome in
the following Lemma [£.2]

To proceed, we follow the notations and the setup in the proof of Theo-
rem Let [x] € ;' (01 N Os). Using the gradient flow of ||vg||?, we may
assume that € 27 has a closed K-orbit. Hence, 0;(z) is polystable (The-
orem [3.6), and ¢1[z] = [rf;(z)] = [1(z)]. Similarly, there is some 2’ € 25
with closed K$-orbit such that po[2'] = ¢1[x] so that 61 (x) ~gc 2(z'). Since
0;: 2; — V! C W/ is a homeomorphism, 6;(z) € W{ N W4h~! for some h €
4C.

Lemma 4.2. There is an open neighborhood C of x in 27 such that

1) CKY is 7y -saturated.
2) 6,(C) c Wi nWjh=1L.
3) [z] € m(C) C 7 1(O1 N Oy).

Proof. Since T1: N x V{ — W/| and 6;: 27 — V] are homeomorphisms,
there is an open ball ) around z such that

(4.3) 01(21NQ) Cc WinWyh™ L.
Since 24 is open in 21K, (21 N Q)KYT is open in 27 KT. Then, set
(4.4) C=nm"'m ' 0)N(ZANQ)KY)N (21 NQ).

By Corollary C' is open in Z7. Clearly, (2) follows and = € C.

To show that CKY is mi-saturated, let y € 27Ky be such that m (y) =
m1(y") for some 3’ € C. By definition of C, m1(y') = m1(y”) for some y” €
v H0)N (22 NQ)KT. Since y"KT is closed, y" KT C yKT. Since y’K{ N
C # 0, and C is open, we conclude that y K N C # (). This shows (1). If y €
C, then 71 (y) = m1(y'g) for some /g € v;1(0) N (21 N Q)KL withy' € 24 N
Q. Therefore, ¢1[y] = [#1(y')]. By the construction of ¢; in Corollary [3.8]and
Theorem [3.10} we see that

(4.5) O; =r6;(2;) = r(V/) = Ir(W)),

where II: %P% — ./ is the quotient map. Since 61(y') € W N Wih™! is
polystable, it is easy to see that [61(y’)] € O1 N Oy. This proves (3). O
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Now, for y € C, 61(y)h € W3. Since T» is a homeomorphism, there is g(y) €
€ as a function of y € C, such that 61(y)hg(y) € V5. Hence, we have ob-
tained a map

(46) o C = BE; [ Ky, valy) = mby (01(y)hg(y))-

Lemma 4.3.

1) w91 is holomorphic.
2) If y,y' € C are in the same K(lc—orbit, then ¥ (y) = ¥(y').

Proof. Explicitly, we have

(4.7) 9(y) = exp(=p1 Ty (61 (y)h),

where p; is the projection onto the first factor. Since
(4.8) Ty: HY(CZ )t x (A2, ®2) + ker DJ*) — €

is holomorphic, its inverse, when restricted to appropriate open neighbor-
hoods, is also holomorphic. Moreover, since the Kuranishi map is holomor-
phic, 67 is also holomorphic when the codomain is appropriately extended.
Therefore, we conclude that g: C' — 4 is holomorphic. Finally, since the
4C_action is holomorphic, we conclude that 19 is holomorphic.

To show (2), suppose there are z, 2’ € % such that

02(z) = 01(y)hg(y),
0

(49) 02(2") = 01(y")hg(y").

We want to show that ma(2) = m(2’). Since y and 3y’ are in the same KT-
orbit,

(4.10) 02(2) ~ge 01(y) ~ge 01(y') ~ge 02(2)

so that r02(z) ~g rfa(z’). This means that @s[z] = pa[2]. Since 3 is injec-
tive, [z] = [¢/]. O

Lemma 4.4. The transition function goz_lgol s holomorphic.
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Proof. By Lemma 191 extends to a KT -invariant holomorphic map
(4.11) Vo1: CKT — %BKS | K.

Since CKT is a m-saturated open set (Lemma ,

(4.12) my: CKY — 1 (CKY) =: CKY ) KT

is also a categorical quotient. As a consequence, 121 descends to a holomor-
phic map

(4.13) gy : CKY ) K¥ — 2KS ) KS.

Let [c] € CKT ) KT with ¢ € C and z = 65 (61(c)hg(c)). Hence, Oa(2) ~ge
01(c). Therefore,

(4.14)  ata [c] = patbar(c) = pama(2) = I(rba(2)) = I(rf:1(2)) = p1[c].

This shows that the transition function ¢y Lo1 coincides with a holomorphic
map 1y, on an open neighborhood CKT J KT of [] in ¢; (01 N Oy). This
completes the proof. O

Proof of Theorem[{.1. By the properness of the ¥-action, (u~1(0) N A)/¥4
is Hausdorff. The Hitchin-Kobayashi correspondence implies that .# is Haus-
dorff. The Kuranishi local models are constructed in Corollary and The-
orem [3.10] By Lemma the transition functions are holomorphic. O

5. Singularities in Kuranishi spaces

In this section, we will show that Kuranishi spaces have only cone singulari-
ties. We will use the same notations as in Section Bl The main result in this
section is the following (cf. [I7, Theorem 2.24] and [I, Theorem 3]).

Theorem 5.1. The following diagram commutes:

(5.1) 20 ((A,®) + ker(D")*) = H!
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Proof. By construction of %7, the restriction of uc to B is given by
(5.2) pe(A+ o, @ +1n) = Huc(A+ o, © + 1)
1
= EH[O‘//’ ;5 a//7 77] = H[a//7 77]7

where (A4 ", @+ 1) € . By definition of the Kuranishi space Z, it suf-
fices to prove

1) H[(a",n), (D")*G[a",m;a”,n]] = 0, and
2) H[(D")*Gla", n; 0", n], (D")*G[a”, ;0" n]] = 0
for any (o, n) € ker(D")*. By Kéahler identities,
(5.3)  H[(",n), (D")*Gla",m; 0", n]] = £iH[(a",n), D" G[a", n; 0", 1]]

and (a’,n) € ker D’. Since D’ is a derivation with respect to [-,-], we see
that

(5.4) H[(a",n), D" «G[a" ,n;a",n]] = £HD'[(a", ), *G[a" ,n; ", n]] = 0.

This proves (1). The same argument shows (2). This completes the proof. O

As a corollary, we obtain a description of singularities in the Kuranishi
spaces.

Corollary 5.2. The Kuranishi space Z is an open neighborhood of 0 in the
quadratic cone

(5.5) Q={ccH: %H[:U,m] 0}

Proof. This is clear by definition of Kuranishi spaces and Theorem [5.1} [

It is easy to see that the complex structures on € restrict to H! so that H'
has a linear hyperKahler structure. In particular, the complex symplectic
form Q¢ on € restricts to H'. Hence, there is a standard complex moment
map voc: H — H?(C),.) for the K®-action with respect to the linear com-
plex symplectic structure. More precisely, 1o ¢ is defined by

(56) (c(@),§) = 30%(e-62), &€ H(Co)

Since i: H! < % is KC-equivariant, and uc is a complex moment map,
Hi*uc is a complex moment map for the KC-action on H', where H is
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the harmonic projection onto H?(C,,.). Since Hi*uc(0) =0, we see that
Hi*ue = vpc. On the other hand, Hi*uc = %H[, -]. Hence, @ is the zero
set of the standard complex moment map v c.

Obviously, Vo, (1:(0) is a closed complex subspace of H!. In fact, it is an
affine variety. Therefore, the affine GIT quotient v £(0) J K€ exists such
that the inclusion v ' (0) N Vo, £(0) — Vo, £(0) induces a homeomorphism (see
[15, (1.4)])

(5.7) (5 1(0) Ny £(0)) /K =5 15,6(0) ) K©.

Note that (v, (0) N v, £(0))/K is precisely the hyperKihler quotient
with respect to the standard hyperKéhler moment maps on H'.

Theorem 5.3 (=Theorem [B]). Let [A,®| € .# be a point such that
(A, ®) =0 and H' its deformation space, a harmonic space defined in Clc-
Then, the following hold:

1) H! is a complex-symplectic vector space.

2) The 9C-stabilizer K© at (A, ®) is a complex reductive group, acts
on H' linearly and preserves the complez-symplectic structure on H.
Moreover, the KC-action on H' admits a canonical complex moment
map voc such that vy c(0) = 0.

3) Around [A, ®], the moduli space A is locally biholomorphic to an open
neighborhood of [0] in the complex symplectic quotient I/&é(()) /) K©
which is an affine GIT quotient.

Proof. It remains to show (3). Since 2 is open in Z which is also open in
Q, we have ZKC is open in Q. Since ZKC is saturated with respect to
the quotient Q — Q / K¢, ZK® J K€ is an open neighborhood of [0] in
Q /) KC. The rest follows from Theorem and g

6. Comparison with the algebraic construction

Let .#,, be the moduli space %P* /4" and Malg the coarse moduli space of
the semistable Higgs bundles of rank r and degree 0, where r is the rank of
E. By [32, Theorem 4.7, Theorem 11.1], .#4 is a normal irreducible quasi-
projective variety. By abusing the notation, we also use .#,, to mean its
analytification. Then, there is a natural comparison map

(6.1) 1: «//an — «/falgv [A,(I)] — [@ﬁA,(I)]S_
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Here, (&4, ®) is the Higgs bundle determined by (A, ®), and [£4, P|s means
the S-equivalence class of (&4, ®). We will prove Theorem |C|in this section.
By [38, Proposition 5.1, we see that i is a bijection of sets.

6.1. Continuity

The first step towards our goal is to show that 7 is a homeomorphism. To this
end, we need some preparations. First, we may assume that the degree of F
is sufficiently large. This can be arranged as follows. Fix a holomorphic line
bundle . = (L, 1) of degree d > 0. Here, L is the underlying smooth line
bundle of .%, and Jr, is the O-operator defined by the holomorphic structure
on .Z. We may also fix a Hermitian metric on L so that the Chern connection
of Oy, is dr. Then, there is a map

6.2)  BE)— BESL), (A0 (A9l+10d,d®1).

Here, #(E) and #(F ® L) are the configuration spaces of Higgs bundles
with underlying smooth bundles E and E ® L, respectively. Since (&, ®) is
(semi)stable if and only if (& ® £, ®) is (semi)stable, this map restricts to
a map

(6.3) B(E)P® — B(E @ L)P°

and eventually descends to a homeomorphism (in the C*°-topology)

(6.4) Man =L Mo (rd),

where Ay, (rd) = $BP5(E ® L)P5/ Aut(E ® L), and rd is the degree of E ® L.
On the other hand, there is a homeomorphism (in the analytic topology)
Mg — Mag(rd) given by tensoring by .Z. Here, #y4(rd) is the moduli

space of the semistable Higgs bundles of rank r and degree rd in the category
of schemes. Finally, these maps fit into the following commutative diagram

(65) %an % %alg

l@z |02

Mo (rd) —> My (rd)

Therefore, the bottom map is a homeomorphism if and only if the top one
is a homeomorphism.
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Now, let us recall Nitsure’s construction of .#, in [27]. By the previous
paragraph, we may assume that the degree d of E is sufficiently large so
that if (&4, ®) is a semistable Higgs bundle defined by (A, ®) € £ then
&4 is generated by global sections and H'(X,&4) = 0. Let p=d + (1 — g)
and @ be the Quot scheme parameterizing isomorphism classes of quotients
0% — & — 0, where & is a coherent sheaf on X with rank r and degree d,
and Ox is the structure sheaf of X. Let ﬁg{x@ — % — 0 be the universal
quotient sheaf on X x ), and R C @ be the subset of all ¢ € @) such that

1) the sheaf %, is locally free, and
2) the map H°(X, 0%) — H°(X,%,) is an isomorphism.

It is shown that R is open in (). Moreover, Nitsure constructed a lin-
ear scheme F' over R such that closed points in Fj correspond to Higgs
fields on %, for any q € Q). Let F'*® denote the subset of F' consisting of
semistable Higgs bundles (0% — & — 0,®). It is open in F. Moreover, the
group PGL(p) acts on @, and the action lifts to F'. Finally, Nitsure showed
that the good quotient of F'** by the group PG L(p) exists and is the moduli
space A qlg-

Following [28], if U is an open subset of % (in the C'*°-topology), a
map o: U — F*° is called a classifying map if o(A, ®) is a Higgs bundle
isomorphic to (&4, P).

Lemma 6.1. Fiz (Ao, ®o) € #°°. There exists an open neighborhood U of
(Ao, Do) in B in the C*°-topology such that a classifying map o: U — F*°
exists and is continuous with respect to the analytic topology on F*°.

Before giving the proof, we first show how it implies the continuity of <.
Corollary 6.2. The comparison map i: Man — Mayg is a homeomorphism.

Proof. Fix [Ag, ®g] € M,y such that (Ag, Do) € BP*. By Lemma there
exists an open neighborhood U of (Ag, ®g) such that a continuous clas-
sifying map o: U — F*° exists. Composed with the categorical quotient
F* — #y4, which is continuous in the analytic topology, we obtain a con-
tinuous map U — .#44. By construction, it descends to the restriction of 4
to the open set 7(U), where 7w: BP° — My, is the quotient map.

To see that ¢ is a homeomorphism, we show that it is proper. Since
Malg is locally compact in the analytic topology, if i is proper, then it is
a closed map and hence a homeomorphism. Let us recall the definitions
of Hitchin fibrations in the analytic and algebraic settings. Given a Higgs
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bundle (&, ®), the coefficient of A% in the characteristic polynomial det(\ +
®) is a holomorphic section of Jif)é, where n is the rank of &, i =1,--- ,n,
and #x is the canonical bundle on the Riemann surface X. Since these
sections are clearly ¢¥C-invariant, we have obtained a well-defined map

(6.6) han® Man — @ HO(X, A3).

i=1

It is known that hg, is a proper map (see [16, Theorem 8.1] or [37, The-
orem 2.15]). On the other hand, let (¥, ®) be the local universal family
of semistable Higgs bundles parameterized by the scheme F*°. Therefore,
(¥, ®) is a pair of a vector bundle ¥ — X x F** and a section ® € H°(X x
Fs8 p% Hx @ End ¥'), where px: X x F* — X is the projection onto the
first factor. Moreover, if ¢ = (&, ®) € F*% is a semistable Higgs bundle then
the restriction (74, ®,) of (¥, ®) to X x {q} is isomorphic to (&, ®). Hence,
there is a map hypq: F*° — or HO(X, ) sending a closed point ¢ € F*$
to the coefficients of the characteristic polynomial det(A 4+ ®,). Since the
Higgs fields of two S-equivalent Higgs bundles have the same characteristic
polynomial, hy, induces a well-defined map hgg: Mg — ®j H (X, .7, )’()
(see [27, §6] for more details). The maps hq, and hqy are called Hitchin fibra-
tions. Therefore, if [A, ®] € Ay, and g = (&4, P) € F*° is the Higgs bundle
determined by (A, ®), then

(6.7) hatg © 1A, ®] = haig([Ea; ®ls) = hatg(a).

By definition, Ealg(q) € ®HY(X,.#}) is the coefficients of the charac-
teristic polynomial det(A + ®,). Since (¥4, ®,) is isomorphic to (&4, ®),
haig(q) = han(A, ®), and we have proved that hqig 01 = hgp.

As a consequence, if K is a compact subset in .#,, in the analytic
topology, then i~ 1(K) C hylhaig(K). Since hgyg is continuous, hey(K) is
compact and hence h;,}halg (K) is compact by the properness of hgy,. Since
Mg is a separated scheme, .#, is Hausdorff in the analytic topology.
Hence, K is closed and i~1(K) is also closed and contained in a compact
set. Therefore, i ~!(K) is compact. O

Proof of Lemma[6.1] The proof is essentially taken from that of [28, The-
orem 6.1]. We first show that a classifying map o exists and then prove
its continuity. Let Vo = ker 94, C Q2°(E). By definition of d-operators, Vy =
HY(X,&4). Since H'(&4) =0, the Riemann-Roch theorem implies that
dim V) = p. Hence, by choosing a basis for Vy, we may identify V[ with
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CP. Moreover, since &4, is generated by global sections, the evaluation map
(6.8) X xVo—&x,  (3,8) = s(2),

realizes &4, as a quotient of Vy ® Ox = O%.. Let (A, ®) be another point in
%°°, and consider the map defined by the composition

(6.9) Ta: Va =04 = Q(E) = W,

where Q°(E) — Vj is given by the harmonic projection defined in the fol-
lowing elliptic complex

(6.10) C(Ao): QO(E) 2205 001 (E),

We claim that there exists an open neighborhood U of (Ag, ®g) such that
74 is an isomorphism for every (A, ®) € U. Write m4(s) = s + us for some
Ug € VbL and 94 = 04, +a for some a € Qo’l(g%). Let Gy be the Green
operator in the elliptic complex C(A4p). Since ug € VOL,

(6.11) wus = EZUEAOGOU’S = EZOGOBAOUS = EZOGO(—EAOS) = g*AoGo(as).
Hence, w4 has a natural extension

(6.12) Ta: QUE) = QUE), s s+3,,Go(as),

satisfying the following estimate

(6.13) 1074,Golas) ||z < Cllas|zz_, < Cllas|zz
< Cllallzz lIsllzz < Cllalioellsllrz

where we have used the Sobolev multiplication theorem (see [11, Theo-
rem 4.4.1]). Therefore, if Ay, Ay € %% and 04, = Ja, + a; for some a; €
Q%L(E), we have

(6.14)  [[(Ta, = 7a,)sllzz = [04,Golaz — ar)s zz < Cllaz — arlle= sl z-
Now if U is sufficiently small, we may assume that
=%
(6.15) 104,Golas)|[rz < (1/2)]ls]|z2
so that

(6.16) [7aslizz = (1/2)|s]] 2
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This shows that 74 is injective. Since H'(&4) = 0, dim V, = dim Vp = p, 74
is an isomorphism. Therefore, the map

(z,8)—s(x)

1 —1
(6.17) X x Vo =4 X x Vy &x

realizes &4 as a quotient of Vj ® Ox = ﬁg’(, since &4 is generated by global
sections. As a consequence, the classifying map

(6.18) o: U — F*, (A, @) — (O — &4 — 0,9),

is well-defined.

Now, we show that o is continuous. Let G(p,r) be the Grassmannian
parameterizing isomorphism classes of quotients CP — V — 0, where V is
a vector space of dimension r. Over G(p,r), there is a universal quotient
bundle H — G(p,r). Fix x € X and choose a basis for the fiber (#x), of
the canonical bundle #x over x. Therefore, any Higgs field ® € H°(End & ®
H#x) induces an endomorphism ®,: E, — E, ® (#x), = E,. Then, Nitsure
showed in [27] that there is a morphism
(6.19)

722 F — End H, (0% — 64— 0,0) — (CP — E,,®,: E, — Ey),

where C? — E, is obtained by evaluating the map &% — &4 at z. Moreover,
[27, Proposition 5.7] states that there are N points z1,--- ,zy € X such
that {7,,} induces an injective and proper morphism (in the category of
schemes) 7: F** — W for some open subset W of (End H)"™. Therefore, the
underlying continuous map of 7 is a closed embedding with respect to the
analytic topology. Hence, ¢ is continuous if the composition

(6.20) 0. UL F I End H

is continuous for any x € X. More explicitly, o, is given by
(6.21) (A, @) — (Vo > E; - 0,0,: E; — Ey),
where Vy — FE, is defined by

Ty s—s(x)

(6.22) Vo

Va E,.
Clearly, the map ® — &, is continuous. It suffices to show that

(6.23) A= (Vo - E, —0)
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is continuous. Fix s € Vy and Ay, Ay € U. Write 94, = 94, + a; for some
a; € QYY(E) (i = 1,2). Then, the following estimate follows from (6.14]),
(6.16), and Sobolev embedding L7 < C°,

1

- - -1 -1
() = ma,)s(@)] < [[(m3) — 73,5l o

< Oy} — 74,8l

< CFal (s — a7yl 9)lles
(6.24) < C||S—7~TA1%Z218||Li

= C||[(Fa, — 7a,)ma) sl 2

< Cllag — a1llc= 175} s/l 2

< Cllag — a1llc=[s| 2 -

Hence, A — (Vo — E, — 0) is continuous. O
6.2. Holomorphicity

We continue to show that the comparison map ¢ is a biholomorphism. Let
My, and My, be the subsets of #an and Ay consisting of stable Higgs
bundles, respectively. We first show that the restriction i: .#;, — .4 g is
a biholomorphism. By [31, Theorem 4.7], .Z;  is open in .#u,. By [31]
Corollary 11.7] and [27, Proposition 7.1], we see that .Z?_ is smooth. On the

al
other hand, a polystable Higgs bundle (A, ®) is stable ifgand only if its ¥°-
stabilizer is equal to C* or equivalently dim H%(C,,.(A, ®)) = 1. Since C* is
contained in every ¥C-stabilizer, by the upper semicontinuity of dimensions
of cohomology (see [20, Chapter VII, (2.37)]), we conclude that .Z2, is open

in Myp,.
Proposition 6.3. .Z;, is a smooth submanifold of M yy,.

Proof. Fix (A, ®) € #° that satisfies Hitchin’s equation. Let K be its ¢-
stabilizer so that K© is its ¢C-stabilizer. To show that .#2, is smooth,
we will use Theorem E It is enough to show that v, £(0) /) K€ =H' In
fact, since K€ = C*, K* acts on H! trivially. Moreover, v c(z) = %H[:p,x]
is trace-free for every x € H'. Since H?(C,.) = C*wx, we conclude that

H(x,z] = 0 for every x € H!, where wy is a fixed Kéhler form on X. O

Fix [A, ®] € 4}, such that (A, @) € B° satisfies Hitchin’s equation. By
Corollary and Proposition we see that p: 2 — 2, is a biholo-

morphism onto an open neighborhood of [A, ®] in .Z,, where 2 is an open
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neighborhood of 0 in H' and ¢ the map induced by the Kuranishi map
0: F — B (see Section. Therefore, to show that i| 4. is holomorphic, it
is enough to show that ip: 27 — 4 18 holomorphic. By the remark after
the proof of [31, Corollary 5.6], we see that the analytification of .#, is the
coarse moduli space of semistable Higgs bundles in the category of complex
spaces. Therefore, to show that iy is holomorphic, we need to construct
a family (¥, ®), called the Kuranishi family associated with 6, of stable
Higgs bundles over 2 such that (%, ®;) is isomorphic to (&4,, ®;) for every
t € &, where (A, @) = 0(t). In general, a family (7', ®) of Higgs bundles
over a complex space T is a holomorphic vector bundle ¥ — X x T to-
gether with a holomorphic section ® € HY(X x T, p% #x ® End ¥), where
px: X xT — X is the projection onto the first factor.

Proposition 6.4. For any (A, ®) € B*, let 0: 2 — PB° be the Kuranishi
map defined by (A, ®). Then, there exists a Kuranishi family (¥, ®) of stable

Higgs bundles over % such that (¥;, ®y) is isomorphic to (&4,, Pt) for every
t € Z, where (A, @) = 0(1).

Proof. We adapt the proof of [10, Proposition 2.6]. Let V = p\ E be the
smooth vector bundle over X x 2, and ®(x,t) := ®4(x) can be regarded
as a smooth section of p%AMX @ End(U) C Q%(X x 2, EndU). Then,
we need to put a holomorphic structure on V so that ® is a holomorphic
section.

Let {s;} be a smooth local frame for E. Then {p%s;} is a smooth local
frame for V. Then, we define a d-operator dy: Q°(V) — QOL(V) by the
requirement that

(6.25) Ay (pxsi) = 0a,si

Here, 04,s; is regarded as a local section of A%'(X x Z)® V. It is easy
to show that dy is independent of the choices of smooth local frames {s;}.
Therefore, dy is a well-defined d-operator on V.

Then, we show that dy is integrable so that ¥ = (V,dy) is a holomor-
phic vector bundle over X x % . Write 5,4,, S; = ff 5§ for'some smooth local
function f} on X x 2. Since 6 is holomorphic, each f/ is holomorphic in
the direction of Z. As a consequence,

2 _ . . . L
(6.26) av(pxsi) = (9X><fgfi] Nsj+ f{&Atsj = 8xfz-] ANsj+ fi]aAtSj,
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where 0x x # and Ox are usual O-operators on the complex manifolds X x 2
and X, respectively. On the other hand,

(6.27) 0 25182' ngfij NS —I—fijg,qtsj.

Then, we show that Jy® = 0. Write ®, = ¢'s; for some smooth local
function ¢’ on X x Z. Since # is holomorphic, ¢’ is holomorphic in the
direction of Z. As a consequence,

(6.28) 5‘/(1) = gxxfqu)i N S; + ¢i5AtSi = gx(f)l N S8; + (ZSigAtSi = gAt(I)t =0.

Finally, we need to show that if (¥, ®;) is isomorphic to (&4,,®;) for
any t € 2. If i(x) = (,t) is the holomorphic map X — X x 2, then the
holomorphic structure on if”# is given by the pullback 0-operator i;0y.
Since

(6.29) [i7 (Ov)](ifp s) = if (Dv's) = Da,s

for any smooth local section s of E, we see that i ¥ is isomorphic to &4,.
Moreover, if® = &, = . l

Corollary 6.5. The comparison map i: M, — ///;lg 1s a biholomorphism.
Proof. Since the analytification of .#,, is the coarse moduli space of semi-

stable Higgs bundles in the category of complex spaces, the family (¥, ®)
constructed in Proposition [6.4] induces a holomorphic map

(6.30) Z — My, t— [V, By

On the other hand, the map i¢: Z — alg 1S given by

(6.31) ip(t) = i[Ay, By] = [Ea,, P = [V, Be].

Hence, iy is holomorphic. Since both .Z;, and ., are smooth complex
manifolds, and 7 is a holomorphic bijection, 7 is a biholomorphism. Il

Then, we extend the holomorphicity of i~ on p g to the full moduli space

%alg'

Corollary 6.6. The map i~ ': Malg — Man i holomorphic.
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Proof. Recall that .#, is assumed to be reduced, and .#,, is reduced.
Take a holomorphic f: U — C where U is an open subset of .#,,. Then,
the pullback (i~!)*f is continuous on the open set i(U) and holomorphic
on i(U)NAy,. By [22], the normality of ./, implies the normality of
its analytification. Since ./ ; is open in the Zariski topology, Mg\ A2, g
is a closed analytic subset of .#,;, in the analytic topology. Since (i~hH*f
is already continuous on #(U), the Riemann extension theorem for normal
complex spaces implies that the restriction (i71)*f: .25 ,Ni(U) = C can
be extended to a holomorphic function g on i(U). Since .4y, is irreducible,
the open set ./, g 18 dense in the Zariski topology and hence in the analytic
topology ([26, §10, Theorem 1]). Since both (i~1)*f and g are continuous
and agree on an open dense subset .#; N i(U) of i(U), (i~YH*f = g. This

shows that i~! is holomorphic. O

The final ingredient is the normality of .#g,.
Lemma 6.7. #,, is a normal complex space.

Proof. Let us temporarily use ) to mean v ((1: (0) viewed as an affine variety
in H' and Q%" to mean the analytification of Q. By Theorem it suffices
to prove that Q* / K© is normal at the origin [0]. Here, Q%" / K© is the
analytic GIT quotient of Q** by K. By [15], the analytification of the affine
GIT quotient Q J K€ is Q" ) KC.

Now, we fix a Higgs bundle (A, ®) such that u(A,®) = 0. By choosing
a point x € X, the holomorphic bundle (&4, ®,z) defines a point in the
moduli space Rpy (X, x,n) of the semistable Higgs bundles of rank n and
degree 0 and with a frame at x. In [32 Corollary 11.7], it is shown that
Rpo(X,z,n) is normal. Moreover, in the proof of [32 Proposition 10.5],
it is shown that the formal completion of @ (regarded as an affine variety
in H') at 0 is isomorphic to the formal completion of a subscheme Y at
(&4, ®,x). Here, Y is a local slice, provided by Luna’s slice theorem (see
[18, Theorem 4.2.12]) at (&4, P, z) for the GL,(C) action on Rpy (X, x,n).
Moreover, since Rpy(X,z,n) is normal at (&4, ®,x), Y can be taken to
be normal at (&4, P, x). As a consequence, the formal completion of @ is
normal at 0. By [35, Tag OFIZ], @ is normal at 0. Since taking invariants
commutes with localizations and preserves the normality, we conclude that
Q // K is normal at [0]. Since normality is preserved by the analytification
(see [22]), we see that Q*" / K© is normal at [0]. O

The proof of Theorem [C] rests on the following theorem.
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Theorem 6.8 ([12, Theorem, p.166]). Let f: X — Y be an injective
holomorphic map between reduced and pure dimensional complex spaces. As-
sume that'Y is normal and that dim X = dim Y. Then f is open, and f maps
X biholomorphically onto f(X). In particular, the space X is normal.

Proof of Theorem[C] Now the map
(632) iil: %a,lg — %an

is a holomorphic homeomorphism. To use Theorem we verify that .#,,
is pure dimensional, normal and dim .#,,, = dim .#,. By Lemma Man
is normal. Since .#,;, is connected in the analytic topology, .#,, is con-
nected. Then, the normality and connectedness of .#,,, implies that .#,, is
irreducible and hence pure dimensional (see [12, Theorem, p.168]). Finally,
by Corollary dim Ay = dim Ay g
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