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Fiber sum formulae for the
Casson—Seiberg—Witten invariant of
integral homology S' x S?

LANGTE MA

We prove the additivity of the Casson—Seiberg—Witten invariant of
integral homology S' x S3 under fiber sum along embedded curves
and embedded tori, which is the 4-dimensional analog of the ad-
ditivity of the Casson invariant under connected-sum and splicing
along knots. As an application, we compute the Casson—Seiberg—
Witten invariant of a family of integral homology S' x S which
arises as the mapping tori under maps of infinite order in the map-
ping class group of certain 3-manifolds.
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1. Introduction

In [6] Lim interpreted the Casson invariant for an integral homology sphere as
the counting of irreducible monopoles corrected by the eta invariants of the
Dirac operator and signature operator. Following the same scheme Mrowka-
Ruberman-Saveliev introduced the Casson—Seiberg-Witten invariant gy for
an integral homology S x S? as a 4-dimensional analog of the Casson invari-
ant in [I0]. One of the prominent feature of the Casson invariant is that it
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interacts nicely with respect to topological operations, i.e. surgery, connected-
sum, splicing etc. In this paper we would like to prove the analogous prop-
erties of the Casson—Seiberg—Witten invariant corresponding to splicing and
connected-sum in the 3-dimensional case, which we refer to as fiber sums.

More precisely let (X7,7;7) and (X3, 72) be two sets of data such that X;
is an integral homology S* x S3, and 7; C X, is an embedded torus with the
map Hy(7;;7Z) — Hq1(X;;Z) a surjection, i = 1,2. After fixing a framing of
7T;, i.e. an identification of a tubular neighborhood v(7;) of 7; as D? x T?,
we get a basis {j;, A, 7} for H1(0v(7;); Z), where ~; is chosen to represent a
generator of Hy(X;;Z). Then the fiber sum of (X7, 77) and (X3, 73) is obtained
by gluing the complement X;\v(77) and Xo\v(73) using the diffeomorphism
on T represented by the matrix

YT =

S = O
S O =
_= o O

under the basis {u;, A, 7:}. We will give a more detailed description of the
construction in Section 2.2

Theorem 1.1. The Casson—Seiberg—Witten invariant is additive under fiber
sum along tori, i.e.

(1.1) /\SW(X) = /\SW<X1) + )\SW(XQ),
where X is the fiber sum of X1 and Xy along 71 and Ts.

The fiber sum along curves is defined as follows. Let (X1, 7v1) and (X2, 72)
be two sets of data such that X; is an integral homology S' x S3, v; — X;
is an embedded simple closed curve such that [y;] generates Hy(X;;Z). We
denote by M; the closure of the complement of a tubular neighborhood of ~;
in X;. The fiber sum X of X; and X5 is obtained by gluing together M; and
My using the identity map after fixing framings of the neighborhoods of ~;.

Theorem 1.2. The Casson—Seiberg—Witten invariant is additive under fiber
sum along curves, i.e.

(1.2) Asw (X) = Asw (X1) + Asw (Xa2),

where X is the fiber sum of X1 and Xs along y1 and vs.
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In the product case when X; = S' x Y; with Y; an integral homology
sphere, the Casson—Seiberg—Witten invariant Agy (X;) reduces to the Casson
invariant —A(Y;) (c.f. [I0]). If we take knots K; C Y;, we get embedded tori
T; = S' x K; C X;. The fiber sum of (X1,7;) and (X, 73) is the product
S1 x Yi# kYo, where Y # Y5 is the splicing of Y, and Y, along knots K and
K. Thus Theorem [I.T] recovers the additivity of the Casson invariant under
splicing along knots. If we fix a point y; € Y;, and choose v; = S* x {y;}, the
fiber sum of X; and X5 along ~; is X = S! x (Y1#Y5), where the connected
sum takes place at y; and yo. In this viewpoint Theorem recovers the
additivity of the Casson invariant.

Applying the fiber sum formula , we are able to compute the Casson—
Seiberg-Witten invariant of a family of integral homology S' x S% which
arises as the mapping tori under maps of infinite order in the mapping class
group of the 3-manifolds. This is the first known result of such case.

Proposition 1.3. Let Y7 and Yy be two integral homology spheres. Given ¢ €
m1(Y1) a non-central element of infinite order, one can find a self-
diffeomorphism f. : Y1#Yo — Y1#Y5 of infinite order in the mapping class
group Mod(Y1#Y2) such that

(i) The mapping torus X, of Y1#Ys under f. is not diffeomorphic to S* x
Yi#Ys.

(ii) The Casson—Seiberg—Witten invariant of X is
(1.3) Asw (Xe) = =A(V1) = A(Ya),
where \(Y;) is the Casson invariant of Y;, i = 1,2.

To find manifolds satisfying Proposition [L.3] one can consider Brieskorn
spheres ¥(p, ¢,r) with % + % + 1 < 1. The fundamental group 71(3(p,q,r))
is explicitly described in [0, Section 3], which is infinite and non-abelian.
Moreover the Casson invariant for 3(p, ¢, r) is known as [2]:

AE(p.0,7)) = 5o(M(p,q.7),

where M (p, q,r) is the Milnor fiber with boundary ¥(p,q,r). The proof of
Proposition [I.3]is given in Section [5

The paper is organized as follows. In Section [2| we recall some background
on Seiberg—Witten theory that is necessary for the proofs. In Section [3] we
make use of the machinery developed by Kronheimer—Mrowka in [5] to prove
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the additivity of the counting for irreducible monopoles by running the neck-
stretching argument. Section adopts the techniques developed in [8] to prove
the additivity of the correction term in the definition of the Casson—Seiberg—
Witten invariant. Finally in Section [§] we present some examples where the
fiber sums arise in integral homology S x S3.

2. Preliminaries
2.1. The Casson—Seiberg—Witten invariant

We briefly review the definition of the Casson—Seiberg—Witten invariant Agyy.
For more details, one should consult the original paper [10].

Let (X, g) be a Riemannian smooth closed oriented 4-manifold with the
same integral homology as that of S* x S3, i.e. H,(X;Z) = H,(S! x S3;Z).
Let s = (W, p) be the unique spin® structure on X, where p : T*X — End(WW)
is the Clifford multiplication, and W = W+ @ W~ is a C*-bundle over X.
Let’s fix a positive integer k > 2. We write A(X,s) for the set of L7 spin®
connections on W. The blown-up configuration space is

(2.1) CI(X,s) = {(A,s,0) € Au(X,8) x R x LE(WF) :5>0, |6]lz2 = 1}.

The gauge group is Gi41(X, ) := L, (X, S') consisting of L7 ,,-maps from
X to S, whose action on C¢ is given by

(2.2) uw- (A s,0) = (A—utdu® ly+, s, ugp).

The quotient configuration space is denoted by B (X,s) := CJ/Git1. Let
P(X) := L3(T*X ®iR) be the space of perturbations. The Seiberg-Witten
map is defined as

35:C0 — Li (N T*X @iR)® L (X, W)

2.3
B g (3EE - #7000 - 200, Dio).

where A" is the connection on det W+ induced by A, (¢¢*)g = ¢ @ ¢* —
$tr(¢ ® ¢*) € isu(2)(W), and DY : LE(W™) — LZ_,(W™) is the Dirac op-
erator. With respect to a generic pair (g, 3), the blown-up moduli space

(2.4) Mys(X.5) = {[A,5,6] € B : §5(A,5,0) = 0}
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contains no reducible monpoles and is an oriented compact 0-manifold (c.f.
[10]). The counting of the moduli space #M, g(X,s) forms the first part of
the definition of Agy (X).

The second part of Agy (X) is given by an index correction term w(X, g, )
defined as follows. We fix a generator 1x € H'(X;Z) which is represented
by a smooth map f:X — S Let Y C X be an embedded hypersurface
with [Y] =PD1x € H3(X;Z). Y is called a generating hypersurface of X.
Note that the unique spin® structure on X comes from either of the two spin
structures on X, of which we fix one now. We denote by t the spin structure on
Y induced from s. Cutting X along Y results in a spin cobordism W : Y — Y.
Let (Z,s) be an arbitrary spin 4-manifold with spin boundary (Y, t). Then we
form a spin 4-manifold with a periodic end:

Z+ Z:ZL_JVVoL_JV[/vlU...7

where each W; is a copy of W. Lifting and extending the pair (g, ) to Z4
arbitrarily, we can consider the twisted Dirac operator on Z,:

(25)  Dj(Z:.9) = D (Z.5,9) + plB) : L3(Ze, W) = L2, W),

Definition 2.1. We call a pair (g, 5) € Met(X) x P(X) regular if the family
of Dirac operators

(2.6) D y(X,8) i= D*(X,5) + p(B—Inz - df), |2 = 1,
have trivial kernel.

Remark 2.2. Let’s fix a metric g on X. {Dzﬂ(X, s)} forms an S'-family of
complex Fredholm operators of index 0. The stratum consisting of operators
with non-trivial kernel in this space has real codimension 2 (c.f. [4l]). Thus for
a generic choice of perturbation 3, this family consists of invertible operators.
For this reason given any metric g, varying perturbations suffices to give us

reqular pairs (g, 3).

Here In 2 is defined by choosing a branch. For different choice of branches,
the above operators in differ by a conjugation of e*™*f. Thus the notion
of regular pairs (g, ) is well-defined. It’s proved in [I0, Proposition 2.2 and
Proposition 2.6] that being regular is a generic property. Theorem 3.1 in [10]
says that for any regular pair (g, 3) the twisted Dirac operator DZ;(ZJF7 g) is
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Fredholm, thus has index defined. We let

(2.7) w(X,g,0) :=indc Dj(Zy,9) + U(SZ)

be the index correction term, where o(Z) is the signature of Z. Then the
Casson—Seiberg—Witten invariant for X is defined as

(2.8) Asw (X) := #Mg3(X,s) —w(X, g, 8),

where (g, 3) is a regular pair. One of the main results of [10] is that Agy (X)
is independent of the choice of the regular pair (g, 3). We note here that if we
change the sign of the generator 1x € H'(X;Z), Asw (X) switches its sign.

2.2. Fiber sums

Here we give a detailed description of the fiber sums.

2.2.1. Fiber sum along Tori. Let::7? < X be an embedding of a torus
in a integral homology S x S? with the property that the induced map ¢, :
Hy(T?;Z) — Hy(X;Z) is surjective. Denote by 7 := im ¢ the image of T? in
X, and v(7) a tubular neighborhood of 7 which is a trivial disk bundle over
T? due to the vanishing of the intersection form of X. Let M = cl(X\v(7))
be the closure of the complement of v(T'). Under a fixed framing v(7) =
D? x T? we get a canonical choice of a triple of curves which form a basis of

Hy(0v(T); Z):
p=0D* x {pt.} x {pt.}, \ = {pt.} x S* x {pt.},y = {pt} x {pt.} x S*.
We choose a framing so that
(2.9) [A] € keri, and 1x - [7] =1,
where i, : H1(Ov(T);Z) — Hy(M;Z) is induced by the inclusion map.

Definition 2.3. Let (X1,71) and (X3, 73) be two pairs of a integral homology
S x 83 and an embedded torus as above with fived framings satisfying .
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The fiber sum of (X1,71) and (X2,73) is the manifold given by
Xi#7Xe = My Uy Mo,
where o7 1 OMy — OMy is an orientation-reversing diffeomorphism whose

isotopy class in GL(3;7Z) is given by the matrix

YT =

O = O
O O =

0
0
1
under the basis {u;, Ni,vi} of H1(Ov(T;);Z), i = 1,2.

Remark 2.4. In practice we will write X1 = My U N1, X9 = Ny U My, which
means we identify OM; = —ON, = T2, ONy = —OMy = T>. Thus the basis
{p1, \1,71} of ONy becomes {1, 1,71} for OMy. In this way the gluing map
o1 18 represented by the identity matriz under the new basis of OM; and ON,.
When we talk about monopole Floer homology of T in Pmposition , it’s
always identified with the copy OM; instead of ONs.

For i = 1,2, it follows from Lemma 2.4 in [§] one can choose a generating
hypersurface Y; C X; that intersects the embedded torus 7; transversely into
a knot K;. Then a new generating hypersurface Y in the fiber sum X is
obtained by splicing Y7 and Y5 along K7 and K5 with framing induced from
that of 7; and 75 respectively.

2.2.2. Fiber sum along curves. Lety C X be a simple closed curve in an
integral homology S! x S? so that 1x - [y] = 1. Let v(v) be a tubular neigh-
borhood, for which we fix a framing v(y) = S* x D3. Note that [St, SO(3)] =
7,2, there are two choices of framings. We denote by M := cl(X\v(v)) the
closure of the complement of () whose boundary is 9M = S x S2.

Definition 2.5. Let (X1,71) and (X2,72) be two sets of data as above. The
fiber sum of (X,y1) and (X,~2) is the manifold given by

X1#,Xo = My Uyq Mo,
where we have oriented OM, and OMs in a reversed manner.

For ¢ = 1,2 one can choose a generating hypersurface Y; C X; so that ~;
intersects Y; transversely and positively into a single point due to the fact
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that 1y, - [1;] = 1. Then a new generating hypersurface Y in the fiber sum X
can be chosen as the connected sum of Y] and Y5 at the intersecting points
with the embedded curves.

2.3. Seiberg—Witten theory on 3-manifolds

In this section we gather necessary information of the Seiberg—Witten theory
on 3-manifolds from [5] for our later usage.

Let (Y, h) be a Riemannian closed smooth oriented 3-manifold equipped
with a spin® structure t = (5, p), where S is a U(2)-bundle, and p: TY —
End(S) is the Clifford multiplication. As before we have the space of connec-
tions A (Y, t), the blown-up configuration space Cf (Y, t), the space of gauge
transformations Gi11(Y,t), and the quotient blown-up configuration space
B (Y,t). On CZ(Y,t) there is a vector field given by blowing-up the gradient
vector field of the Chern-Simons-Dirac functional:

(grad £)°(B,r,¢) == (— % * Fge — rzp_l(ww*)o,
(2.10) — A(B. o).
- DBw + A(B,T‘7w)77b),

where Dp is the Dirac operator, and A(B,r,v) = (1, Dpt)2(yy. Then one
sees that the critical points of (grad £)? are one of the following two types:

(i) When r # 0, a critical point (B, r,1) solves the equations

1 — *
—3 x Fge —r?p ' (Yp*)g = 0

Dgtp = 0.

(2.11)

(ii) When r = 0, a critical point (B,0,1) is characterized by the fact that
B is a flat connection, i.e. Fip =0, and % is an eigenvector of Dp.

A critical point is said to be irreducible if it’s of the first type, and reducible
if it’s of the second type.

There is a Banach space of perturbations P(Y,t) so that for each q €
P(Y,t) we can perturb the vector field (grad £)? to (grad Lq)?. Then we
have the same description of the critical points for the perturbed vector field
except all the equations in the description above are perturbed in a suitable
way, and the Dirac operator is replaced by the perturbed one Dp 4 (see [B]
Section 10.3]). A generic perturbation ensures that ker Dp ¢ = 0. Thus for a
reducible critical point a = (B, 0, ), the eigenvalue of 1 is either positive or
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negative. We say a is boundary-stable if it’s positive, and boundary-unstable if
it’s negative. In this way we have decomposed the critical points of (grad £4)”
into three parts:

Y, t) =V, yue(Y,Huei(y

of irreducible, boundary-stable, and boundary-unstable critical points respec-
tively.

Let [a],[b] € B7(Y,t) be two critical points. Given a relative homotopy
class z € m(BZ(Y,t);[a],[b]), one can define a relative grading gr,([a], [6])
(c.f. [Bl Section 14.4]) satisfying

(2.12) 8r.,., ([a], [c]) = g, ([a], [b]) + gr_, ([0], [c]).

Let’s write M, ([a], [b]) for the blown-up moduli space over the infinite cylin-
der R x Y consisting of monopoles asymptotic to [a] and [b] in the negative
and positive directions respectively. Then M ([a], [b]) is a smooth manifold of
dimension either gr, ([a], [b]), or gr,([a], [b]) 4+ 1, where the latter happens only
when [a] is boundary-stable, and [b] is boundary-unstable (c.f. [5, Proposition
14.5.7]).

Example 2.1. As an example, let’s consider (S3, to) the round 3-sphere with
its unique spin® structure. Since the round metric on S® has positive scalar
curvature, there are no irreducible critical points. Up to gauge transformation
there is a unique flat spin®-connection By on S. Applying generic perturba-
tions one can assure that all eigenspaces of the Dirac operator Dp, 4 have
dimension 1, which means up to gauge there is a unique eigenvector of unit
length corresponding to each eigenvalue. Thus the critical-point set consists
of a doubly infinite sequence corresponding to the spectral decomposition of
Dp,,q-We index the critical points so that [a;] corresponds to the (i + 1)-st
positive eigenvalue of Dp, 4 when i > 0, and the (—¢)-th negative eigenvalue
when ¢ < 0. Moreover

(213) g (], [o]) = { R

Let W :Y]; — Y5 be a cobordism between two connected 3-manifolds
equipped with a spin® structure s. We write t; = s|y;, t2 = s|y,. Let W, be
the manifold obtained from W by attaching cylindrical ends to its boundary
components. Given [a] € €(Y1,4), [b] € €(Ys, t2), and z € mo (B ([a], Wy, [b])),
one can also define a relative grading gr,([a], W, [b]) so that the moduli space
M. ([a], Wy, [b]) consisting of monopoles on W, asymptotic to [a] and [b] in the
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two directions respectively has dimension gr,([a], W, [b]) or gr,([a], W, [b]) +
1, where the latter happens only when [a] is boundary-stable, and [b] is
boundary-unstable.

3. Counting irreducible monopoles

In this section we present the first half of the proof of the main results by a
neck-stretching argument. Let X = M U N be an integral homology S! x S3
decomposed as in the process of forming one of the fiber sums, i.e. N is a
tubular neighborhood of either an embedded torus or a simple closed curve
as in Section 2.2, M is the closure of its complement. We write V = dM,
which is either T3 or S! x S2. A neighborhood of V in X is identified with
(—1,1) x V so that (—1,0] x V. C M,[0,1) x V C N. Let h be a metric on V'
which is either flat or has positive scalar curvature depending on V = T3 or
S x S2%. We consider metrics g on X satisfying

(i) The restriction of g to the neighborhood of V' is the product metric:
g’(—l,l)xV = dtz + h.

(ii) The restriction of g on N has nonnegative scalar curvature, which is
positive at some point.

We denote by Met (X, h) the set of such metrics. Given T' > 0, we stretch the
neck (—1,1) x V of X to obtain (Xr, gr), where

(3.1) Xy =MU[-T,T) x VUN, gr|r1)xv = dt* + h.

We also get Mp=MUI[0,T]xV, Np=[-T,0]x VUN. Identifying
[—T,0] x V and [0,7] x V, we see that My C Xyp. Similarly Ny C Xp. We
write the cylindrical-ended version as

M, :=MUI0,00) x V, N, :=(—00,0] x VUN,

and X, = M, U N, with metric g, naturally extended. As for perturbations,
we would like to consider § € P(X) of the form

where supp Gy C Int M, supp Oy C Int N. Over Xp, the perturbations are
chosen to have the form (Or = Bra + Bry so that supp Bry C Mz, and
2

SuppﬁTJV C N%
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Definition 3.1. We say a metric g on X s admissible with respect to the
decomposition X = M U N if the spin Dirac operator

(3.3) DT (X,,00) : LI (X0, W) — L2(X,, W)
18 an isomorphism.
The main result we will prove in this section is

Proposition 3.2. Given two sets of data X1 = My U Ny and X5 = No U
My as above with OM; = —0My =V, we form X = My U M. Suppose the
metrics g1 and go are admissible with respect to the decompositions. Moreover
we choose the spin structures s; on X; so that s1|on, = $2|on,. Then there
exists Ty > 0 such that for all T > Ty and regular pairs (g; ., Bir) of Xt of
the form discussed above, we have

(3'4) #MQT:BT (XT75) = #Mgl,Tﬁl,T (X17T751) + #MQQ,T7ﬂ2,T (XQ,T,EQ)v
provided the induced pair (gr, Br) is reqular as well.

The strategy of the proof is to analyze the moduli space over the manifolds
with cylindrical end and then apply the gluing theorem to count monopoles.
To simplify notations we will drop the decorations of perturbations, metrics,
and spin® structures when writing the moduli spaces unless they are relevant
to the argument.

Before proceeding to the proof, we explain here how the admissibility
condition of the metrics can be achieved in our case.

Lemma 3.3. Let X = M Uy N be an integral homology S* x S® decomposed
as above. Suppose h is a metric on V, and t is a spin structure on V so
that the spin Dirac operator D(V, h) has trivial kernel. Then one can find an
admissible metric g € Met(X, h) with respect to the decomposition.

Proof. Let s be a spin structure on X so that s|y = t. Recall we have the de-
composition X; = M U[—1,1] x VU N. Since the signature o(X;) = 0, one
can find a connected compact spin 5-manifold W with OW = X;. By surger-
ing out some curves, one may assume that W is simply-connected. We now
regard W as a cobordism from (—N, V') to (M, V) since in our convention V'
is oriented as the boundary of M. We give W a handle decomposition relative
to (=N, V). We may cancel the 0-handles and 5-handles. Since both N and M
are connected, and W is simply-connected, one can trade 1- and 4-handles for
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2- and 3-handles respectively. Finally we attach a product of the cylindrical
end [—1,1] x [0,00) x V to W and denote the resulting manifold by W,. The
above argument shows that M, can be obtained from —N, by performing
surgery along spheres of dimension 1 and 2 away from the cylindrical end.

We start with a metric gy, on N, given by extending the restriction of a
metric in Met(X, h) on N. Due to the assumption on the scalar curvature of
gN,0, we know ker DT (—=N,, gn,,) = 0. Appealing to the proof of [7, Theorem
10.3], one can modify gy, on neighborhoods of the surgered spheres to get a
metric gar,, satisfying

dimker DT (M,, gar.0) < dimker DT (=N, gno)-

Since these spheres are away from the cylindrical end, we have gar,o|[0,00)xv =
dt?> + h. Note that ker D(V, h) = 0. Accoding to [1], the vanishing of the signa-
ture on M implies D (M,, gar,0) is invertible. Then the metric g € Met(X, h),
given by restricting gas,, and gy, on M and N respectively, is admissible from
its construction. O

Another thing we would like to mention here is the perturbations we are
using in the neck-stretching process. In the statement of Proposition we
only need the perturbations 87 = 87 + Br,n. To make use of the critical
points in Subsectionand arguments in [5], we add perturbations supported
on (—Z,2) x V C X of the form in [5, Proposition 24.4.10], as well as the
correponding ones on the cylindrical-ended manifold X,. Over those closed
manifolds we are counting irreducible monopoles with respect to regular pairs
(g, 3), thus adding these extra perturbations with a small L? norm does not

affect the counting.

3.1. Critical points on T2 and S! x §?

Let X = M UN be a decomposition of an integral homology S* x S? as
above. In order to apply the gluing argument and count monopoles we want
to find the critical points [a] on V such that the moduli space M([a], N,)
consisting of monopoles on (N,,sy) asymptotic to [a] has dimension 0. Let
W :V — S3 be the cobordism obtained by removing a 4-ball in N. A stan-
dard gluing argument identifies the moduli spaces (see for example [5, Lemma
27.4.2])

(3.5) M([a], Wo, [ao]) = M([a], ),
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where [ag] is the critical point on (S3,t) correponding to the first positive
eigenvalue of the Dirac operator as in Example [2.I] Recall that

dlmM({a]v Wm [Clo]) = grz([a]v VVv [ao])~
Thus we need to find those critical points [a] of (V,t) such that
gr.([a], W, [ao]) = 0.

Now we reverse the role of M and N,i.e. X = N UM withoON =V, 0M =
—V. We would like to find the critical points [a] on V such that the moduli
space M(N,, [a]) has dimension 0. We denote by W’ : S3 — V the cobordism
obtained by removing a 4-ball in N. Then the gluing theorem identifies the
moduli spaces:

(3.6) M([a—1], W5, [a]) = M(No, [a]),

where [a_1] is the critical point on (S3,ty) given by the first negative eigen-
value of the corresponding Dirac operator. Now we need to find critical points
[a] such that gr,([a_1], W’ [a]) = 0.

3.1.1. Critical points on T3. Let t be the spin® structure on 7% with
c1(t) = 0. Thus the spinor bundle S — T? is trivial. Let [Ag] be the equiva-
lence class of the trivial connection on S. The the space of equivalence classes
of flat spin®-connections on S is parametrized by the Picard torus

T:= HY(T?iR)/2mi H(T?; Z).
In [5, Section 37] Kronheimer—Mrowka showed that one can choose perturba-
tions q on (7%,t) so that
(i) There are no irreducible critical points.

(ii) The reducible critical points [A,0,1] are specified as follows. [A] —
[Ap] € T is a critical point of a Morse function on T given by the per-
turbation ¢, 1 is an eigenvector of the perturbed Dirac operator D4 4.

Following Kronheimer-Mrowka we label the critical points on [Ag] + T by

(3.7) 1
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so that o = [Ag] is the minimum, y* has index 1, 2% has index 2, and w is
the maximum. For each of these critical points on [Ag] + T, we get a doubly
infinite sequence of critical points for (grad £4)7 in Bg (T3, t):

w;
1 2 3
3'8 K3 (3 1
(3:8) iyl
Z;

indexed as in the case of S3.

Lemma 3.4. Let W : T3 — S3 be the cobordism obtained by removing a 4-
ball in N. The relative gradings are computed as follows

(i) Wheni >0,

2i4+2 if[a] = w;
) 2i+1 dfa] =2
59 oW a) = 57 A=
2i+1 ifla] = 2.
(ii) When i <0,

2i+3 if [a] = w
2i+2 if[a] = 2]
1 = j
(3.10) gr=llal, Wlao) =\ o 1 ifa) = of
2i+2 if o] =z

Proof. Let’s consider the moduli space M(W,) consisting of monopoles

[A, 7, ¢] of finite energy, i.e.

1 1
f/ |FAc\2 +/ |V ar¢|? + —/ (\7‘<Z>|4 + 82|r¢\2> < 00,
4 Jw, W, 4 Jw,

where s is the scalar curvature on W,. Then there are asymptotic maps
Oy - M(W,) — €(S*) and 9_ : M(W,) — €(T?)

so that M([a], Wy, [b]) = {[T]e M(W,) : 0+['] = [a], 0_[T'] = [b]}. Since [I'] €
M(W,) has finite energy, and the perturbations have been chosen so that
the critical points are nondegenerate, [I'] has exponential decay on both ends.
Thus 04 [I'] is boundary-stable, and 0_[I'] is boundary-unstable. Thus the top
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stratum of M(W,) is given by M. (w_1, W,, [ag]) due to the correspondence
between the relative grading and the dimension of moduli spaces.

On the other hand the formal dimension of the top stratum of M(W,) is
given by the index of the deformation complex of the Seiberg-Witten equation
using weighted Sobolev space, which takes the form

(3.11) d=by (W) —=bo(W)—b"(W) +ind DY,

where [A,r, ¢] is a monopole in the top stratum. Note that the metrics that
we allow on N = D? x T? have positive scalar curvature in the interior, thus
ind D} = 0. We then conclude that

(312) grz(w_l, VV, [ao]) = dim Mz(’LU_l, WO, [ao]) = 1.

The conclusion now follows from the additivity of the relative grading and
the computation of the rational grading in [5], Section 37.2]. ([

When [a] € €(T3,t) is boundary-unstable, each monopole in M([a], Wy,
[ag]) has exponential decay on both ends. Thus the positivity of scalar curva-
ture on W, implies that M ([a], W5, [ag]) = (). Combining with Lemma
conclude that the critical points [a] € €(T3,t) satisfying dim M ([a], W,, [ag])
=0 are

1 2 3
Yos Yor Yo

for which the counting of the moduli spaces of M([a], W, [ao]) can be com-
puted as follows.

Proposition 3.5. Let W : T3 — S2 be the cobordism as above. Then after
a reordering of zj), we have

M (o), Wo, a0]) = { A

Proof. We write 43 = [A;,0, ¢;],7 = 1,2, 3. Fixing a parametrization of T?
St x S x S, we let t; be the spin structure on T3 given by the product
of spin structures on S i such that the spin structure on the j-th S' is the
one that extends over D?, and on the other two S'’s does not extend. Then
one can choose perturbations so that A;’s are given by the restriction of spin
connections corresponding to t; respectively. We choose N = D? x T2 in the
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beginning. Thus
#M (b, Wo, [a0]) = #M (w9, No) = 0,j = 2,3,

Up to gauge transformation Aj is the unique flat spin®-connection on N,
asymptotic to yi. Note that M(yd, Wy, [ag]) consists of reducible monopoles,
and has dimension 0, thus is identified with CP? given by the kernel of
the perturbed Dirac operator Dy, 4. Since CP? is complex, and the orien-
tation on T is induced from the orientation of N, thus we conclude that

#M (yg, Wo, [ao]) = 1. O

Remark 3.6. If we consider the cobordism W obtained by removing a 4-
ball from an manifold N satisfying H,(N;Z) = H.(D?* x T?;Z), ON = —T3,
and Hy(N;Z) — Hy(T3;Z) is injective, then the conclusion of Proposition
holds for counting the reducibles #M™4([a], Wy, [ao]), which follows from the
same argument. The same remark is applied to Proposition [3.7

Now identify ON = T? instead of —T3, we let W’ : S — T° be the cobor-
dism obtained by removing a 4-ball in N. The analog of Proposition is
the following one.

Proposition 3.7. Let W' : S3 — T® be the cobordism as above. Then

(i) The critical points on (T3,t) satisfying dim M([a_1], W/, [a]) = 0 are

Z£1; 231, Zipx—b
(ii) After a possible reordering the counting of the 0-dimensional moduli
spaces is given by

#Wﬂumﬂghp_{l if [a] = 22,, 2%,

0 ifla] =22 4.

Proof. The relative gradings gr,([a_1], W’ [a]) can be read from the ratio-
nal gradings computed in [5, Section 37] and the definition of the rational
grading [5, Definition 28.3.1]. When [a] is boundary-stable, monopoles in
M([a_1], W/, [a]) have exponential decay on both ends. Thus it’s empty due
to the positivity of scalar curvature on W’. When [a] is boundary-unstable,
the rational gradings in [5, (37.6b)] give us that 2’ |, x_; are the only 4 critical
points satisfying the dimension condition.

We write 2 = [A;,0,¢,], j =1,2,3. After fixing a parametrization of
T3 = 51 x S1 x S1 one can choose perturbations so that A; is the spin con-
nection of the spin structure on 7% given by the product of spin structures
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on S! where on the j-factor it’s the spin structure that does not extend over
the disk, and on the other two S'-factors extends over the disk. Then we see
that M([a_1], W/, z1,) = (). Since the restriction map H*(N;Z) — HY(T3;7Z)
is injective, once the flat connection [A,], j = 2,3, on the boundary is pre-
scribed there is a unique flat connection up to gauge on N restricting to A;.
Thus M([a_1], W/, z}), j = 2,3, is identified with CP° as before, which gives
us the counting.

When [a] = z_1, the connection corresponding to z_1 is Ag, which do not
extend to N. Thus M([a_1], W), z_1) = 0. O

3.1.2. Critical points on S X §%. Now let t be the unique torsion spin®
structure on S! x S2. Here we deduce similar results for (S x S2,t) as in the
case of T3,

Let [Ap] be the equivalence class of the trivial connection on the spinor
bundle S. The Picard torus T is now a circle. As in [5, Section 36] one can
choose perturbations q on (S! x S? t) so that

(i) There are no irreducible critical points.

(ii) Each reducible critical points [A, 0,] are given as follows. [A] — [Ay] €
T is a critical point of a Morse function on T given by the perturbation
q, ¢ is an eigenvector of the perturbed Dirac operator D4 4.

Since T is a circle, one choose perturbations having two critical points,
which we denote by w,v such that v = [Ag] is the minimal point, u is the
maximal point. Thus we get two doubly infinite sequences of critical points
for (grad L4)7: w;, v;, which are indexed as before.

Lemma 3.8. Let W : S x S? — S3 be the cobordism obtained by removing
a 4-ball in N. The relative gradings are computed as follows

(i) Wheni >0,

(3.13) g ([a], W, ao]) — { A B
(ii) When i <0,
(3.14) gr.([a], W, [ao]) = { giﬁ ZZ m _ Z

Proof. We apply the same argument as in the proof of Lemma Consider
the moduli space M(W,,) consisting of monopoles of finite energy. Then the
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top stratum of M(W,) is M (u_1, Wy, [ag]). On the other hand the formal
dimension of the top stratum is given by

d = by (W) — bo(W) — 5" (W) + ind D% = 0,

where the vanishing of ind D} follows from the fact that the metrics on W
have positive scalar curvature. Thus we get

(315) grz(u_l, VV, [Clo]) = dim./\/lz(u_l, WO, [ao]) = 0.

Then the results for other critical points follow from the additivity and the
computation in [5], (36.1)]. O

From Lemma [3.8] we see that all critical points [a] € €(S! x S2, 1) satis-
fying dim M([a], W,, [ag]) = 0 are

vo and u_q.

Proposition 3.9. Let W : S' x §%2 — S3 be the cobordism as above. Then
we have

Vo
U_1q.

0 if [a]

(3.16) SM((a], W, [a0]) = { L iflal

Proof. When [a] = u_1, u_1 being boundary-unstable implies that monopoles
in M, (u_1,Ws, [ap]) have exponential decay. Since the metrics on W have
positive scalar curvature, the top stratum consisting of irreducibles is empty.
Thus

#M(u_1, Wo, [a]) = 0.

When [a] = v, the moduli space M., (vg, Wy, [ap]) consists entirely of re-
ducibles over a single flat connection, which is identified as CP°. Thus

#./\/l(’l)o, WO, [CIQD =1.
O

As in the end of last subsection, we identify ON = S x S? instead of
—S1 x S%. Removing a 4-ball in N gives us a cobordism W’ : 3 — S x S2,
We can also prove the analog of Proposition in the case of S x S2.

Proposition 3.10. Let W' : S3 — S x S? be the cobordism as above. Then
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(i) The critical points on (S* x S?,t) satisfying dim M([a_1], W/, [a]) =0
are

vo and u_q

(ii) The counting of the 0-dimensional moduli spaces is given by
1 if la =u_
AT Al

Proof. Similar as in (3.15)) we get
(3.17) gr.([a_q], W', vp) = 0.
Then there are only two critical points vy and u_; satisfying the dimension
condition.
When [a] is boundary-stable, we know that M([a_1], W/, [a]) = 0. Thus
#M([a_l], Wé, UQ) =0.

We argue as before to identify M([a_;], W/, u_1) with CP?. Thus

#M([O_ﬂ, WOI, u_l) =1.

3.2. Counting irreducibles
This section is devoted to the proof of Proposition [3.2

Proposition 3.11. Let X = M UN be a decomposition of an integral ho-
mology S* x S3 as before, where OM = —ON = V. Suppose the spin Dirac
operator

(3.18) DT (X, go) : L3 X,, WT) — L*(X,, W)

s an isomorphism. Then there exists Ty > 0 such that for oll T > T1, and
reqular pairs (gr, Br) of Xr with By — (., we have

_ #Mgowgo (M07 yé) Zf V = T3
(319) #Morpr (X1.9) ‘{ #Mg. 5 (Mo,v) oV = S1x S2.
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Proof. We only prove the case when V = T3. The other case is the same.
Following Proposition 26.1.4 in [5] one can consider the compactified moduli
space over (X,,s):

(3.20) MT(X,,5) = |J M(M,, [a]) x MT([a], [6]) x M([b], o),
[a],[b]
where M ([a], [b]) is the compactification of the unparametrized moduli space

over R x V as in [5, Theorem 16.1.3] consisting of unparametrized broken
trajectories. Theorem 9.1 in [7] provides us with a homeomorphisms

(3.21) pr i M(Xr,5) = M*(X,.5)

for all T greater than a sufficiently large 7 > 0. Thus #M(Xr,s) =
#MT(X,, ).

Since dim M*(X,,s) = 0, only the top stratum is nonempty. Moreover
each factor in the product of has dimension equal to 0. If [a] # [b],
[5, Proposition 26.1.6] tells us that [a] and [b] have to be boundary-stable
and boundary-unstable respectively. From Proposition [3.5 we conclude that
M([b], N,) = 0 when dim M([b], N,) = 0 and [b] is boundary-unstable. Thus
[a] = [b], which has to be boundary-stable. Recall from Proposition [3.5 when
V = T3 the only critical point making M([a], N,) # 0 is y3. Thus we conclude

H#MF (X, 8) = #(M(Mo, yg) x M(yg, No)) = #M (Mo, ).
0

If we reverse the role of M and N we get an analogous result as follows.

Proposition 3.12. Let X = NUM be a decomposition of an integral ho-
mology S* x S3 as before, where ON = —OM = V. Suppose the spin Dirac
operator

(3.22) DM (Xo, o) : L3 (X, WT) — L*(X,, W)

is an isomorphism. Then there exists Ty > 0 such that for all T > T5, and
regular pairs (gr, Br) of Xp with fr — [3,, we have

| #MGE M) + #M(E M) if V=T
#Mor.p (Xr.5) = { M (u_r, M,) 1 ifV =58 x S

Proof. We only prove the case when V = T3, The other case is proved in the
same way. As in the proof of Proposition [3.11] we consider the compactified
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moduli space

(3.23) MF(Xo,8) = [ M(N,, [a]) x M*([a], [b]) x M([b], M,).
[al, 6]

Moreover for all T' greater than a sufficiently large 75 > 0, due to (3.22) we
identify
H#M(X1,8) = #FMH(X,,5).

Analyzing as before we see that in the union [a] [b]. By Proposition
to get nonzero counting of M(N,, [a]) U M(]a], M,), it’s necessary that [a ]
22, or z3,. In both cases #M(N,, [a]) = 1. Thus

#M+(X035):M(Z 1 )—l—#M(Z 1 )

Now we are ready to give a proof for Proposition [3.2]

Proof of Proposition[3.3. We only prove the case when V = T3. The argu-
ment for the case of S I x S? is the same, and simpler in details. We consider
the compactified moduli space

(3.24) M (Xo,8) = |J M(Mi,,[a]) x M ([a], [6]) x M([b], Ms,).
[a], 6]

The invertibility of D" (X,,g,) enables us to apply the gluing theorem [7,
Theorem 9.1] to identify #M(X7,s) = #M™(X,,s) for T is greater than
some Ty > 0 large enough. Now we need to study the compactified space
MT(X,,s) in more details.

When [a] # [b], due to the fact that dim M™*(X,,s) =0 [a] and [b] have
to be boundary-stable and boundary-unstable respectively. In this case
M ([a], [6]) = 0 following from Lemma 36.1.1 in [3].

When [a] = [b], each stratum has the form M (M ,, [a]) x M([a], Ma,).
Thus

#M+ X075 Z#M Ml 07[ D'#M([a]vMZ,o)'
[a]

If [a] is boundary-stable, it follows from Remark [3.6] that it’s necessary to
have [a] = ¢} in order to get nonzero counting. In this case M(y$, Mz,,) has di-
mension 0, and consists of reducible monopoles. Note that the restriction map
H'(My;R) — H'(0M>;R) is injective. Thus up to gauge there is a unique flat
connection on My restricting to the connection given by yi. Due to dimension
reason, we can identify M(yd, My ,) with CP? so that #M(yd, Ma,) = 1.



1218 Langte Ma

If [a] is boundary-unstable, Remark [3.6{implies that only when [a] = 22,

or 22, can we get nonzero counting. The same argument as above gives us

that
#M(Ml,oazil) =1, 7=23.

Thus we conclude that

#MH(Xo,5) = #M(Myo,y5) + #M(22, Ma) + #M (22, M)

(3.25) _ #M(Xl,T751) + #M(XZ,Ta52)7

where the second line of the equality follows from Proposition and Propo-
sition [3.12) O

4. Comparing index correction terms

The second half of the proof of the main results is to compare the index cor-
rection terms of the manifolds before and after applying fiber sums. The main
ingredient of the proof is the excision principle over end-periodic manifolds
proved in [8, Section 5], which we briefly recall here.

Let (Z4,s) be a spin® 4-manifold obtained from an integral homology
S x §3 which we denote by X as before. Suppose we can decompose 7
as a union of two end-periodic open sets, i.e. Zy = PUQ, where P and @
restricted to the end W, are invariant under the Z-translation. Moreover we
want PN Q = (—1,1) x V C Z4 is a tubular neighborhood of an embedded
end-periodic 3-manifold V where the restriction of the metric ¢ on Z is of
product form. We write V C X for the projection of the end of V to the 4-
manifold X . Since the metric is a product, we can insert cylinders [T, 7] x V
and [—7,T] x V to Z; and X respectively. We denote the results by Z, 1
and X.

Suppose now we are given two sets of such data Z; . = PLUQ1, Z> 4 =
P, U @4 as above together with perturbed Dirac operators (as in )

D3 (Z14) L2 W) — L2140, W)
D, (Za4) tLi(Zo, W) — L*(Z21, W),
We say these two sets of data are excisable if the spin® structures on the

overlaps (—1,1) x V; and (—1,1) x V, are identified as well as the twisted
Dirac operators:

D} ((—1,1) x V1) = D ((—1,1) x Va).
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Then we can form two new end-periodic manifolds
Ziy=PiUQy, Zoy =PUQ,

and perturbed Dirac operators Dgl (Z14), D;;; (Z1.1). At last we assume that
all the Dirac operators on the end-periodic manifolds are Fredholm. A crite-
rion for elliptic operators on an end-periodic manifold extending as a Fred-
holm operator from L? to L? is derived in [TI1, Lemma 4.3]. In our case it’s
equivalent to the regularity of the pairs (g;, 3;) (see also [10]).

Theorem 4.1. ([8, Theorem 5.4]) Given two sets of excisable data as above,
we assume that the metrics g1 and go are both admissible in the sense of
Definition . Then there exists T3 > 0, and perturbations 3; 7 converging to
Bio such that for all T > T3 one has

ind Df, (Z14.7) +ind DF, (Zs4.7) = ind D} (Z14.7) +ind D3 (Zoy.r)

Now we can use the excision principle to compare the index correction
terms. We follow the set-up in Section [3]

Proposition 4.2. Given two sets of data X1 = My U N1 and Xo = No U My
as in Proposition with OM; = —0OMy = T3, we form the fiber sum X =
My U Msy. Suppose the metrics g1 € Met(X1,h), g2 € Met(Xa, h) are both ad-
missible. Moreover we choose the spin structures s; on X; so that s1|on, =
solong, . Then there exists Ty > 0 such that for all T > Ty and regular pairs
(gi1, Bir) of Xir we have

(4.1) w(X7, g7, Br) = w(X17, 017, bi.1) + W(Xa, Gor, Bo1),
provided the induced pair (gr, Br) is reqular as well.

Proof. We will drop the stretching parameter T', perturbations, and metrics
in the notation. Whenever we apply the excision principle we need a larger
parameter. There are only finitely many times of excision, which gives us a
lower bound Tj. Once metrics are chosen for X; and Xs, all other metrics are
induced then. Whenever we need regularity, we choose generic perturbations
B; to achieve this. For each fixed T', only finitely many steps are needed to
achieve regularity. Being regular is an open condition, thus we can choose 3; r
to vary continuously with respect to 7'

Recall Ny is a tubular neighborhood of an embedded torus 7; C X;. From
the text below Definition [2.3] we choose the generating hypersurface Y1 C X3
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intersecting the torus 77 transversely into a knot K;. Now we attach a 2-
handle to K; with framing given by the identification N; = D? x T2, and then
take a spin 4-manifold to cap off the boundary. In this way we have found a
spin 4-manifold (Z7, s1) with spin boundary (Y7, ;) so that K7 bounds a disk
Dy, which is the core of the attaching 2-handle, inside Z;. Now we remove a
small 4-ball centered at the center of D;. Applying the excision principle to
the excisable data

(Z14 = D' UZ\D*, D*(Z1 1)), (DL = (—o0,0] x S*u D', D*(DY)),

where D* is the orientation-reversed 4-ball attached by a negative cylindrical
end (—o0,0] x S3, which is equipped with the unique spin structure, we get

(4.2) ind D (Zy,4) + ind DY (D) = ind D¥(Z , ) + ind D* (%),

where Zf | = (—00,0] x 53U Z; 4\ D*. Due to the positivity of scalar curva-
ture on D* and S*, we get

(4.3) ind D (Zy,4) = ind D*(Z5 ).
Repeat the whole process to (X, 73, 52) we get
(4.4) ind D (Zy,4) = ind D*(Z5 ).

Now the punctured disk DY : Y — K is a concordance from the unknot in
53 to K in Y;. Let’s denote by m : Wi+ — X the projection of the periodic
end on Z; 4 and by Ng, a tubular neighborhood of (—o0,0] x & U Df. Let
Q1 = Ni, Uni'(Ny) C Z5 . We then get a decomposition Zf = PUQr.
Repeat the process to (Z§7+, K5) we get a decomposition Z5 = Q22U Py
Applying the excision principle to the excisable data

(Zf,—i- =P UQn, D+(Zi+)), (Zg,—&- = Q2U B, D+(Z§,+>)>
we get
(4.5) ind D¥(Z{ ) +ind D*(Z5 ) = ind D™ (Z5) + ind DT(Q),

where Z{ = P U P, Q = Q1 U Q. From the construction Q is diffeomorphic
to R x S3 equipped with metrics of positive scalar curvature. Thus

(4.6) ind D¥(Zf |) +ind D*(Z5 ) = ind D*(Z5).
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Note that Z¢ has a cylindrical end of the form (—o0,0] x S 3. Apply one more

excision to this end with respect to the pair S* = D'u D*, we get Z, with
a cylindrical end modeled on the fiber sum X such that

(4.7) ind D (Z$) = ind D (Z,),

where the vanishing of the other terms follows from the fact that S* admits
a metric of positive scalar curvature. Thus we get

48 ind D" (Z;4) +ind D¥(Zy 1) = ind D+(Zf,+) + ind D+(Z§’+)
(48) =ind DT(Z$) = ind DT (Z3).

From the construction we know that Z is obtained as follows. We first
remove a 4-ball D; in Z; to get a cobordism W : S3 —Y; with an embedded
concordance DY :U — K; for each 7 = 1,2, then remove neighborhoods of
Df in W¢, and glue the resulting manifolds accordingly to get a cobordism
We:S% — Y, finally fill W¢ with D* to get Z. By the additivity of signature,
the manifolds we removed or filled in the first, second, and fourth steps all
have signature 0. Thus the gluing in the third step gives the additivity of
signature:

(4.9) o(Z1) +0(Zy) =o0(2).
O

We also prove the corresponding additivity of the correction term in the
case of fiber summing along curves.

Proposition 4.3. Given two sets of data X1 = My U Ny and X3 = Ny U
My as in Proposition with OM; = —OMy = S' x S2, we form the fiber
sum X = M; U Ms. Suppose the metrics g1 € Met(X1,h), g2 € Met(Xy, h)
are both admissible. Moreover we choose the spin structures s; on X; so that
$1|on, = S2lonm, - Then there exists Ty > 0 such that for all T > Ty and regular
pairs (gir, Bir) of Xir we have

(4.10) w(X7, g1, br) = w( X171, 91,7, b)) + w(Xor, 92,1, Po1),
provided the induced pair (gr, Br) is reqular as well.

Proof. For the same reason as in the proof of Proposition we will drop
the neck-stretching parameter 7', metrics, and perturbations in the notation.

Now Nj is a tubular neighborhood of an embedded curve ; which inter-
sects the generating hypersurface Y7 positively into a single point. Choose a
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spin 4-manifold (Z7,s1) with spin boundary (Y3, ), we remove a neighbor-
hood D of the intersection point in Z;. Let P, = Dy Um*(Ny) C Z; 4, and
write the closure of the complement of P; to be Q1. We repeat the construc-
tion on (Xs,72) to get a decomposition Z ; = Q2 U Ps.

Applying the excision principle to the excisable data

(Z17+ = P1 U Ql; D+(Z17+)) and (Z27+ = QQ U Pg, D+(Zgy+))
gives us
ind D*(Z1 4) +ind D¥(Zo 1) = ind DT (Z4) + ind DT (D7),

where Di ~ DYU0,00) x S, Z, = Q1 U Q- has a periodic end modeled on
the fiber sum X. Since Di admits metrics of positive scalar curvature, we
conclude

(4.11) ind D (Z; ) +ind DT (Z,4) = ind DT (Z).

Note that Z is the boundary sum of Z; and Z5, thus we get the additivity of
the signature:

(4.12) o(Z1) +0(Zs) =0(2).

5. Applications

In this section we discuss some examples which illustrate how the fiber sums
we have been considering naturally arise.

Example 5.1. Let S}(K) be the 3-manifold obtained by performing 1-
surgery along a knot K in S®. The meridian of K in S® becomes a knot
K’ in S3(K). Then we get an embedded torus 7 = S x K’ C St x S3(K).
Let (X,7) be another pair in the construction of fiber sums along tori. The
fiber sum formula gives us that

(5.1 Asw(X#rS! x SHK)) = Asw(X) = 58%(),

where A (t) is the symmetric Alexander polynomial of K. Here we have used
the fact that

Asw(S" x SHK)) = ~A(SH(K)) = —3A%(1).
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Example 5.2. Consider the n-fold branched cover %, (Y, K) of a knot K
in an integral homology sphere Y. Denote by 7: %,(Y, K) — X,(Y, K) the
generating covering transformation of order n. We denote by X, (Y, K) the
mapping torus of 3, (Y, K) under this map:

Xn(Y, K) = [0,1] x Zp (Y, K)/(0,) ~ (1, 7(y))-

Then X, (Y, K) has the same integral homology as S x S3. Moreover the
Casson—Seiberg—Witten invariant of X, (Y, K) is computed in [8, Proposi-
tion 1.2] as

n—1
Asiw (X, () = ~nA(¥) = 3 3 sign™/" ().

m=0

where A\(Y') is the Casson invariant of Y, and sign™"(K) is the Tristram-
Levine signature. In particular when n = 2, we get

Asiw (Xa(Y, K)) = ~20(Y) — (o (K).

where o(K) is the knot signature. )

Let K C ¥,(Y, K) be the branching set. Pick up a point yy € K, there
is a natural embedded curve v C X, (Y, K) given by closing the first factor
[0, 1] in the mapping torus at yo. There is a preferred framing of i given as
follows. Let’s choose a 7-invariant neighborhood Uy, of yo in £, (Y, K'), which
we identify as [0, 1] x D? where T acts as

7(s,1e?) — (s, rei(“%)).
Then a tubular neighborhood v(yk) C [0,1] x £,(Y, K)/ ~ of vk is identified
as

v(yk) — ST x I x D?

(5'2) 6] i(9+t%")).

[t,s, e — ([t], s,re
On the other hand, Tx = S! x K gives us an embedded torus in XY, K),

which is endowed with a preferred framing as follows. We identify a 7-invariant

neighborhood of K with S' x D? from that of K in Y, where 7 acts as

7(e™ re'?) = (e, rei(eJrzTﬂ)).
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Then a tubular neighborhood v(7) is identified as

v(Tg) — S x S' x D?

5.3 , , A A .
o 16, re®] s ([, €, re 05,

Corollary 5.1. Let (X, (Y, K),vk) and (X, (Y, K), Tk) be the pairs as above.

(i) Let (X,~) be a pair as in forming the fiber sum along curves. Then
1 n—1
Asw (X3, Xu (Y, K)) = Asw (X) = nA(Y) = > sign™"(K).
m=0

(ii) Let (X,7T) be a pair as in forming the fiber sum along tori. Then

n—1

Asiw (X4 X, (¥, K)) = X (X) = nA(Y) = £ 3 sign™" ().

m=0

As a particular case, we can consider the fiber sum between (X, (Y7, K1),
71) and (X,,(Ys, K2),73). Let 71 and 75 be the covering translations on
¥ (Y1, Kq) and 3, (Ys, K5) respectively. Along the mapping circle, the knot
complements M := %, (Y1, K1)\v(7k,) and My =%, (Ys, Ko)\v(7k,) are
glued by the map

oy 81/(f(2) — GV(INQ)

(e, 61‘92) — (ei(92+t%)’ ei(nz—t%”)>

under the framings we have chosen at time ¢. Note that ¢; is isotopic to ¢g
by undoing the twisting. Thus fiber sum is a bundle over S* with fiber the
splicing

Sa(Y1, K0)# i, iy S (Y, ).

The monodromy map can be seen as follows. We write F; := M; Uy, [0, 1] x
T? Ujq Mo for the fiber at time t. We identify F} with a copy of splicing
M Ug, [0,1] x T? Uiqg My by inserting the isotopy ¢g ' o P(1—s)¢ from bot o b
to id along [0, 1] x T. More precisely, along the neck [0, 1] x T2, it’s given by

(5.4) (5,6, ¢) —s (s, 1= (1=9)5E) (ilB+(1=8)t30))

We denote this identification by f; : F; — Fy. Note that for each point z €
{0} x T?, we have

¢0 o TQ(%) =T10 ¢1($)
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Thus 71 and 7o combines to a map 7#7 : Iy — Fy. Under the identifica-
tions f;, the monodromy map is given by T #m o fi L. Fy — Fy. From its
construction, the monodromy 71#7 o f; ' restricted on [0,1] x T2 has the
form

(s’em’ew) NN (S’ez‘(m(ks)%)’ei(aﬂ% )
In particular the monodromy is of infinite order.
In the end we prove Proposition [I.3]

Proof of Proposition[I.3 Let Y; and Y2 be two integral homology spheres,
and ¢ € m1(Y) a non-central element of infinite order . We fix basepoints y; €
Y1 and yo € Y. Let ¢ <— Y7 be a simple closed curve based at y; representing
¢ € m1(Y1,y1). The Seifert framing on ¢ identifies a tubular neighborhood of ¢
as v(c) =2 St x D2. Let A C D? be the annulus with outer radius 1, and inner
radius 1. Consider a map on S' x A C v(c) given by

fliS'xA—S'xA
(s,7¢") — (s + p(r),re”),

where p: [0,1] — [0,1] is a smooth decreasing function satisfying p(1) = 0,
p(r) =1 for r < % with vanishing derivatives on both ends. Then we extend
this map to Y7 as identify on the rest, which we still denote by f{. Connect-
summing Y7 and Y5 at y; and ys respectively on balls of radius € with 0 <
€< %, we can then extend the map f! to

fo : Yi#Ys — Y1#Y5,

which can be visualized as dragging Y5 along the curve c. We denote the
mapping torus Y;#Y2 under the map f. by X.. Note that the map f is
homotopic to the identity map via

fé’t:S1><D2—>Sl><D2
(s,7e™) > (5 + 2p(r), re’),

where ¢ € [0, 1].

Let a C Y7 be the curve S x {y1}. Then a representative y; of the class
[a] * [c] € m1(ST x Y1) can be chosen as follows. Write ¢ € [0, 1] for the coor-
dinate on the S'-factor of S' x Y;. The basepoint of S* x Y is choosen as
(0,%1). Under the identification v(c) = S* x D? y; is gven by (0,0). We pick
up vy; € v(c) so that y; is identified with (0,1). Take an arc connecting y;
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to ¥} given by a(t) = (0,2t), t € [0, 1], in v(c). Then y; lying in S* x v(c) is
given by

a(l—t) iftelt 1],

Let 72 = S x {92} be the curve in Y3. Then one sees that the mapping torus
X, is the fiber sum of (S! x Y1,71) and (S x Y3,72). Thus the fiber sum
formula implies that

,yl(t) — { fé,t(a(t)) ifte [E): %]

(5.5) Asw(Xe) = =A(Y1) — A(Yz).

In particular when ¢ € 7 (Y1, y1) is of inifinite order, the map f. has infinite
order in the mapping class group of Y1#Y5, c.f. [3]. Thus gives an ex-
ample of computing the Casson—Seiberg—Witten invariant in the case of a
mapping torus formed by an infinite order diffeomorphism.

To see X, is different from the product X = S x Y #Y5, we consider
their fundamental groups. From the construction we know that

m(Xe) = (h,a € m(Y1),b € m(Y2)|hab™ = cac™", hoh ™! = b),
where ¢ € (Y1) is non-central. On the other hand

m1(X) = (h) @ (m1 (Y1) * m1(Y2)).

Thus 7(X,) has trivial center, but 71(X) does not. O
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