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Semi-infinite Pliicker relations and arcs
over toric degeneration

IEVGEN MAKEDONSKYI

We study the algebra of Weyl modules in types A and C' using the
methods of arcs over toric degenerations and functional realization
of dual space. We compute the generators and relations of this
algebra and construct its basis.
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Introduction

The goal of this paper is to study the homogenous coordinate ring of the
semi-infinite flag variety (see [FiMi]). This ring is graded by the cone of
dominant weights and its homogenous components are the dual global Weyl
modules.

We consider a simply-connected simple algebraic group G over an al-
gebraically closed field k of characteristic zero. We are interested in the
corresponding current group G[[t]] and the corresponding current Lie alge-
bra g[t] := g ® k[t]. The group G[[t]] is the group of k[[t]]-points of G, which
as variety is the arc (or in the other terms oo-jets) scheme of G.
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The main representation theoretic objects of this paper are Weyl mod-
ules (see [CPLICLI,CL2]). Their role in the representation theory of the cur-
rent algebras is similar to the role of the irreducible representations in the
representation theory of semisimple Lie algebras (see [Katl, [FEMOL BF2, 1]).
A Weyl module W) is a cyclic module with a generating highest weight
vector vy defined by the set of relations which essentially mean that this
module is integrable and all weights of its vectors are less or equal to A.

We consider a maximal unipotent subgroup U C G and a maximal
torus H C G normalizing U. The semi-infinite flag variety is the variety
G[[t]]/(U][t]] - H). The variety G[[t]]/U][[t]] is its affine multicone. We study
the homogenous coordinate ring of G[[t]]/(U|[t]] - H) which is equal to the
coordinate ring of the affine variety G[[t]]/U|[[t]]. This ring is isomorphic to
the ring of dual Weyl modules (|BF1l, BF2, BF3]):

W= w;.

AEP,

The algebra W is generated by the sum of dual fundamental Weyl mod-
ules. Our goal is to write down the defining relations of this ring and to
give its basis. We call them the semi-infinite Pliicker relations. They were
computed for type A in [FeMa2]. It is relatively easy to write down the set of
quadratic relations satisfied by generators of W. However it’s hard to prove
that these relations generate the whole ideal of relations in W. In [FeMa2]
this claim was proven using the fusion product structure on local Weyl mod-
ules [CL1] and this proof is very technical. Here we propose another method
to prove the nonexistence of additional relations. This method is the current
version of the toric degeneration method due to Gonciulea-Lakshmibai [GLJ.
We study the algebra W inside the algebra of functions on the current group.
This algebra is usually much easier than the algebra W and has a structure
of g[t]-g[t] bimodule. Then the algebra W is the ring of invariants of k[G/[[¢]]]
with respect to the right action of n[t]. We study the current version of
the toric degeneration which is the ring of lower terms of elements W with
respect to some order on elements of k[G[[t]]]. This algebra has obviously the
graded dimension less than or equal to the graded dimension of W. Thus if
we prove some lower bound for the graded dimension of the current version
of toric degeneration then we prove the same lower bound for W. We use
this method to prove that the algebra W surjects to the quotient by the
quadratic semi-infinite Pliicker relations.

We apply these methods in types A and C. The first good property of
these types which we use is that the coordinate ring of G[[t]]/U][[t]] is the
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quotient of the coordinate ring of the arc scheme over G/U by the ideal
of nilpotents. This is equivalent to the equality W, ~ V,, for local Weyl
modules of each fundamental weight w;. The second good property is that
the coordinate rings of simply-connected groups of these types are easy to
describe. The third good property of these types is that we can construct
the toric degeneration of the flag variety only in these types.

In types A and C we obtain the character formulas for Weyl modules.
In type A this formula was proven in [FeMa2|, in type C' it is new.

More precisely we prove the following theorem.

Theorem 0.1. The algebra W in type S Pay, is generated by allowed minors
mgk) with defining relations (4.1) and its basis is (4.4). In particular the
character or the Weyl module W(>_ Aywp) is the following:

TI

qZI<J IJ)?"]’I’] ‘Il

ZT II1Ie )

r I k=1

where the summation is on r such that ZII\:p T = Ap.

The structure of the paper is the following. In Section 1 we explain the
classical construction of Pliicker equations and toric degeneration of flag
variety. In Section 2 we recall the basic facts from the theory of current
algebras and Weyl modules. In Section 3 we recall the construction of semi-
infinite Pliicker relations, construct an analogue of the toric degeneration
construction and give a simple proof of the fact that the semi-infinite Pliicker
relations generate the ideal of relations in W. In Section 4 we define semi-
infinite Pliicker relations for S Py, [[t]] and prove that they generate the ideal
of relations in W using this property for SLay,[[t]].

1. Finite dimensional case

In this paper all groups, varieties and algebras are defined over algebraically
closed field k of characteristic zero.

1.1. Algebra of functions on the affine cone of the flag variety

Let g be a finite dimensional simple Lie algebra, G be the corresponding
connected Lie group. We take a Borel subalgebra b. Let P be the lattice of
weights of the group G, P1 be the cone of dominant weights. For A € P
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we denote the corresponding simple (left) module V) and let VY be the
corresponding right module. Let W be the Weyl group of the Lie algebra g
and wg be the longest element of this Weyl group.

Consider the algebra k|G| of algebraic functions on the group G. It has
the natural structure of G-G bimodule. Therefore it has the structure of
g-g bimodule. The structure of this bimodule is described by the classical
Peter-Weyl theorem.

Theorem 1.1.

k[G] ~ P Vi @ V3.
\ePy

Then the invariant space of this module with respect to the right action
of ny is as follows.

Corollary 1.2.

K[G]™ ~ € Vy.

AEP,

This is the coordinate ring of the affine cone over flag variety. The right
action of the Cartan subalgebra h preserves this invariant subalgebra and
makes it P, graded algebra, deg V" = A.

In many cases the structure of a group is easier than the structure of the
corresponding flag variety and it is convenient to study the coordinate ring
of the flag variety inside the coordinate ring of the group. The goal of this
section is to explain some classical results on the algebra M = @, .V
of functions on the affine cone of the flag variety.

We consider two dominant weights A, u € Py. Then there is an injection:

V)\—&-p — V) ®k V,u.
Dualizing this injection we obtain the surjection:
VY@V, = Vg,

This is the multiplication map in M. In particular, surjectivity of this map
means that M is generated by @V}, where the weights w; are fundamental.
Moreover this algebra is quadratic and even Koszul (see for example [BC]).
In the following subsections we give a proof the quadraticity in some concrete
cases and describe the defining relations of this algebra.
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1.2. SL,-case

Consider the special linear group SL,, of n X n matrices with determinant 1.
By definition the coordinate ring of this group is the following. We consider
n X n generators z,,. Then:
Z1n
S - 1> |
z

211
(1.1) K[SLy] ~ k[zy0] / <det :

Znl nn

Here the left and the right actions of sl,, are defined from the obvious
matrix multiplication, i.e. for an unit matrix E;; we have:

> ) zjes =g
ijRuv = .
0, otherwise.

Zui, if § = v;
Zquij _ UL J .
0, otherwise.

We are interested in the precise description of the algebraic functions on
the special linear group invariant under the right action of the subgroup of
unitriangular matrices (or in other words invariant under the action of Lie
algebra ny). Let I C {1,...,n} be a nonzero proper subset, let i; < i <
.-+ < 1 be the elements of I. We denote:

2l Rk
my = det :

Zigl  C Zigk

The following result is classical (see [MS]):

Theorem 1.3.
K[SLn]™" =Kk[mslrcqi.. .y |ri20m-

1.2.1. Construction of monomial order. We construct the order on
monomials in minors which we use throughout the paper.

Definition 1.4. We define the partial monomial order on monomials in
variables m; in the following way. Let I',..., 1% J% ..., J* C {1,...,n} be
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two tuples of proper nonempty subsets, |I'| > .- > [I%], |J' > - > |J®.
If a > b, then we write

my:=mjp ... Mja > Mjg1... Mo = Mj.

Assume that a = b and (|I],...,[1%]) > (|JY],...,]|J¢]) in the lexicographic
order, i.e. there exists ¢ such that |I¢| > |J¢|, |[I¢| = |J¢| for all ¢ < ¢. Then
we write myi ... Mja > My ... Mja.

Assume that for any c: |I¢] = |J¢| (the case of equal Young diagrams).
We consider the n-tuple wt(my) = (|{c|1 € I°}|,...,|{c|n € I¢}|), we call it
the weight of an element. We denote by wtg(m) the d-th component of
wt(my). Then if there exists d such that wtg(mr) > wtg(my), for any d’ > d :
wtag (mr) = wtg (my), then my > my. In words, if the number n appears in
I more times than in J, then mj > my, if they equal then we compare the
number of n — 1’s etc. (This step is necessary for type C' purposes, for type
A purposes it is possible to define an easier order).

Consider now the case of equal Young diagrams and equal weights. We
fix anumber [, 1 <[ < n — 1. Define the truncation map. For L C {1,...,n},
|L| > 1, we put

trl_l(L) = {iy, ..., i|L\}7

i.e. this operation deletes from L its [ — 1 smallest elements and is (I — 1)st
power of the operator tr deleting the smallest element of the set. For I =
(I1,...,1,) define

trl = (trly, ..., trl,).

Assume that tr'T = tr'J for some [ and tr'='I # tr'~1J. Then if the
multiplicity of ¢ in tr'~!7 is greater than the multiplicity of ¢ in tr'~!J and
for all ¢ < ¢ the multiplicity of ¢ in tr'~1T equal to the multiplicity of ¢ in
trl=1J we put my; = my.

Assume that all these multiplicities are equal, ie. wt(tr!=1I) =
wt(tr!~1J). We order sets U C {I + 1,...,n} in the lexicographic way, i.e. for
U={u,...;uy}, V=A_v1,...,vou}, up < Upt1, vp < vpp1 we write U <
Vif ug = 01,00 Uem1 = Vo1, Ue < Ve OF UL = V1, ..., Uy = vy, [U| > [V].
For example, the empty set is the largest. Note that tr'~1(L) = tr!(L) U {a}
for some number a. We put p, (I) = [{I¢|tx'~11¢ = U U {a}, t'T¢ = U}|.
Then we write my > m if ther exists a,U such that p, (1) > peu(J) and
for any U" > U : pa,u(I) = pa,u(J), for any @’ < a,U" : por v (I) = par,v(J).

This is the linear order on monomials mj. It is easy to see that this order
is indeed a monomial order, i.e. if m; < my, then mymg < mymg.
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Such complicated construction of the order is needed for the purposes
of current algebra. We use the same order on the tuples of sets (I',...,I%).
Le. we define (I',...,1%) = (J', ..., J%) iff mp...mp = mp...mzp. On
the came way we order the sets of numbers r := (r7), r; € NU {0}, where
rr = {plI? = I}|.

Remark 1.5. The same construction of the order can be applied for I', ...,
I Jb ..., Jb be subsets of arbitrary linearly ordered set. We use the ordered
set {1 <1< ---<n<n}insymplectic case. Any monotonous map on lin-
early ordered sets gives the monotonous map on monomials in minors. Later
we use the monotonous bijection between {1,1,...,n,7} and {1,2,...,2n}
to identify the monomials in minors of type C, with monomials in minors
of type Aay,.

Example 1.6.

M123M46T1NT > T78METIM361M45,
because we have the inequality on lengths of sets of indices, (3,2,1,1) >
(2,2,2,2).

M126MM15MM1MNT > TN123MM46T3M,

because in both monomials 6 appears one time, 5 appears in the first mono-
mial one time and zero time in the second.

M12681M1571M 111 > M24681467TN3MTMN 1,

because tr? of both sides coincides, tr(1268,157,1,1) = (268,57) > (468, 67)
= tr(2468,467, 3, 1) because 2 appears in (268,57) once and doesn’t appear
in (468,67).

M1268M157M1M1 >~ M2568M127M3M]1,

because tr?(1268,157,1,1) = (68,7) = tr?(2568,127,3,1), tr(1268,157,1,1)
= (268,57), tr(2568,127,3,1) = (568,27), we have {68} < {7}, and in the
first monomial the larger number 5 is attached to the larger set {7}, in
the second monomial this number is added to the smaller set {68}. On the
other terms, in the second case "snake” on the first two columns is longer

(see Subsection :

1.2.2. Pliicker relations. Now we want to describe the ideal of relations
satisfied by the elements m; and to give a linear basis of the algebra M.
We take two sets of numbers I, J C {1,...,n}, [ ={i; <ia < -+ <ip}, J =
{h<jo<---<gi}-Wecall I < Jifk>1landis < js 1 <s <l This gives
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a partial order on the set of nonempty proper subsets of {1,...,n}. Assume
that I,J are uncomparable and |I| =k >1=|J| or k=1, iy = j,ix—1 =
Jke1y -+ yirt1 = Jri1,ir < jr for some 7. Define s = max{s'|is > js}. Then
the set of numbers A = {j1,...,Js,s,- .-, i} is strictly increasing. Fix an s-
element subset B C A. Let B={b; <--- <bs}; A\B={c1 <+ < cp_s}
Then the chain of numbers (b1, ...,bs,c1,...,cp—s) is the permutation of the
chain (j1,...,Js,%s,...,ik). We denote by sign(B) the sign of this permuta-
tion (i.e. 1 for even and —1 for odd one).

Proposition 1.7. (See [MS]) For any uncomparable pair I,J there exists
the following quadratic relation satisfied by minors:

> sign(B)mnausmnauans) = 0.
BCA,|B|=s

The leading monomial of the left hand side of this equality is mrm.

Proof. The function

Z sign(B)m(n A)UBTM(J\A)U(A\B)
BCA,|B|=s

is multilinear and anti-symmetric in i+ 1 vectors (zq1,...,%q,),a € A of
length 7. Therefore it is identically equal to zero. By the construction we
know that AN J is the set of smallest elements of J. Therefore m; is the
leading term. O

Corollary 1.8.

K[milrcq, ot iizon = D kmpmr, ... my,,
I < <--<Ij

i.e. the ring k[ml]lc{l,...,n},mio,n s linearly gemerated by the products of
minors with comparable indices.

Next we explain the proof of the linear independence of products of
minors with comparable indices. This proof uses the construction of toric

degeneration and is due to |GL].

Lemma 1.9. The subalgebra k[2ij](; j£(nn) 15 free.
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Proof. The only defining relation of the coordinate ring of the special linear
group is

211 ZIn
r = det oo, — 1.

Znl ' Znn

This element is linear in m,,. We need to prove that

k[zl-j]r M ]k[zij](i,j);é(n,n) = {0}

We put r = 79 + r1mun, where r; € k[2i5](; j)(n,n)- Assume that for some a €
klzi;] a(ro + rimn,) € k2], (4, ) # (n,n). We know that a is a polynomial
in z,, with coefficients in k[z;;], (¢, ) # (n,n). Then a(rg + rimy,) is obvi-
ously a nonconstant polynomial in m,, and this completes the proof. O

We denote z;; < zyj if j < j' or j = j’ and ¢ < ¢'. Then define the order
< on monomials in z;j;, (i,7) # (n,n) lexicographically in the order of vari-
ables. For f € Kk[2ij](; j)(n,n) define by 1t(f) the leading term on f in <1. We
apply the operation 1t to the algebra k[mj]. The algebra lt(k[m;]) is called
the toric degeneration of the algebra k[mr]rc(i, . n}, /1|0,

We denote Iy = {ig1 < ...ig|s,|}- The next proposition is obvious.

Proposition 1.10.

It(my, ...myp,) = H Zipesje

Thj el
The leading terms of monomials in my are the monomials
2311174911 + + - Zizlllzizzl e Zil222 A

forly > 1o > ... and iy; <ipj+1. They are different for different products
of comparable monomials.

Different leading terms are clearly linearly independent. Therefore the
products of comparable monomials are linearly independent and they form
a basis of k[mj].
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1.3. Symplectic case

Consider now the symplectic group S Psy,. It consists of matrices .S such that:

0 F " 0 FE
()5 0)
Enumerate the rows and the columns of 2n x 2n matrices by elements 1,2,
...,n,1,...,7. Then we denote the coordinate functions on the space of
2n x 2n matrices by z;, i,j € {1,2,...,n,1,...,7n}.

The symplectic group is an affine variety with the generators z;; and the
following defining relations:

n 1, ifj=1
Z ZhiZR; — ARtk = —1, ifi=
k=1 0, otherwise.

We order the elements {1,2,...,n,1,...,7} in the following way:
1<1<2<2---<n<n.

Foraset I ={iy <ix<...} C{1,2,...,n,1,... 7}, |I| <nlet m; be the

minor in the columns 1,...,|I| and rows i,ia,.... Le.:
Riyl o Rk

(1.2) my = det :
Ripl 0 Rk

The following results are well known (see, for example, [DC]).
Proposition 1.11.
N
K[SPo]" =k[milicqi2,. n1,..a}11<n-

The minors m; obviously satisfy the relations from Proposition
for any uncomparable sets I,.J. However these minors are linearly depen-
dent. More precisely take I C {1,2,...,n,1,...,7}, |I| <n—2. For any
1 €{1,...,n} take a multiset I U {l,/} and define the minor mpuqy- 1t s
equal to zero if this multiset has multiple elements, because then this minor
has equal columns.
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Proposition 1.12. Forany I C {1,2,...,n,1,...,2}, |I| < n — 2 we have:

(1.3) Mg,y + Mgy + 0+ Miugnay = 0,
where union means the union of multisets.
Proof. For I C {1,2,...,n,1,...,a}, K C{1,2,...,n},|I| = |K| we define:

Zitks T Rk
mrr = det :
Finke T Pk

Decomposing minors m g iy by two columns (indexed by [ and [) we obtain
that the left hand side of (|1.3)) is equal to:

n
> mik Yy (27 — 2%5)

KC{1,2,.. | I|+2} 1=K | {i.j}={1,2,... | [[+2\ K =1
which is equal to 0. O

Note that some of minors in (1.3) are equal to 0. They are the minors m g 1
if  or I belongs to 1.

Definition 1.13. We call forbidden the subsets J C {1,...,n},0 < |I| <n
and the minors m; such that for some a < b j, = a. The remaining subsets
J CA{1,...,n},0 < |I| <n and minors m; we call allowed.

Remark 1.14. For each forbidden minor m there exists a number b such
that jy = b, jyr1 = b.

Remark 1.15. It is an easy combinatorial check that for [ > 2 there is
(2ln) - (l2_n2) allowed minors my, |I| = 1.

The next lemma essentially belongs to C. De Concini [DC|. We use
slightly different monomial order so we give it with the complete proof.

Lemma 1.16. FEach forbidden minor is equivalent modulo relations (|1.3)
to the linear combination of allowed minors which are greater than or equal
to this minor with respect to the order .

Proof. For a forbidden minor m, let b be the smallest number such that
Jb=0b,jpy1 =b. Let A ={a,...,as} be the set of numbers a,, < b such that
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both a,,a, € J, C = {ci,...,cs} be the set of numbers ¢, < b such that both
Cp, Cp & J (clearly the cardinalities of these sets are equal).

We put D:=AUCU{b}. For each s-element subset £ C D, E =
{e1,...,es} we define E := {é1,...,es}. Take the (|J| — 2)-element subset
I:=J\(AUAU{b,b})U(EUE). Then we consider the equality for
such a subset I. We have (25+1) equalities of such a type. Note that all these

S
equalities are indeed the linear combination of the following variables:

e for s + 1 element subset F' C D the minors m j\ (a4 izu(s,5})u(rur), there
2s+1

i ) such variables;

are (

e variables mg such that for some k the elements greater than k be-
long or don’t belong to K and J together and k € K, k & J; for such
variables we have mg = mj.

We consider this system of (23;1) equalities as the system of linear equa-

tions in (2;:11) variables of the first type. We prove that this system is non-

degenerate, and hence, the monomials of the first type lie in the linear span
of the monomials of the second type.

The matrix of this system is the following. Its columns are enumerated by
the s + 1 element subsets of 2s + 1 element set, and its rows are enumerated
by s element subsets of the same set The element of the column A and
the row B is equal to 1 if B C A, 0, otherwise. We note that this matrix
is Ggs4+1 equivariant, so its kernel has to be Gg,41 invariant subset. It is
easy to check that the (QSSH) dimensional module spanned by s 4 1 element
subsets of 2s + 1 element set splits to s + 1 irreducible representations and
all these representations don’t lie in the kernel of the matrix. U

Thus the ring k[SPy,|"" is generated by the allowed minors and the product
of any pair of uncomparable allowed minors can be expressed as the linear
combination of the products of pairs of the comparable minors (because they
satisfy the relations from Lemma .

Our next goal is to give a proof of the linear independence of products
of comparable allowed minors. We will use the method of toric degeneration
analogous to the case of GL,,.

Lemma 1.17. The defining ideal of SPs, has a trivial intersection with
the polynomial subalgebra

K[Zuv]ye1,2,...n}, (us0) 20 0) <t
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Proof. We denote by F the field k(zuv)vef1,2, .. n},(u0)£00k0) k<i- Consider the
n(n —1)/2 relations

n

(14) Z(kuZEU - Zkuzkv) =0
k=1

for u,v € {1,2,...,n}. These relations are the subset of relations con-
taining only zy,,v € {1,...,n}. They are linear in variables zj,. Consider
the variables zg;, k < [. It is easy to see that the system is triangular
with respect to these n(n — 1)/2 variables. Therefore these relations as a
system of equations on zj;, k <[, can be rewritten in the form

Zkl - a];.l, am € .F

Thus they generate a proper ideal in the polynomial ring Flzg;] = Flzg; —
ag;]. Hence this ideal has trivial intersection with the field F and thus with
the ring k{zuv]yeq1.2,. 0}, (u,0)£(k,0), k<1 @S Well. Moreover we have:

Fleml/(zr — agy) = F.

Therefore the elements 2y, (u,v) = (k,1),k < [ belong to F.

Take now an algebra Flzuslue(11,....n,a} we(1,...,n}- Consider the remaining
relations . They form an ideal in this ring. We need to prove that this
ideal is proper, i.e. it contains a point. However the vectors (z,,), with fixed
v € {l,...,n} span a Lagrangian subspace L in 2n dimensional space over
F. Thus there is a Lagrangian subspace L spanned by (zy,), with fixed
v € {l,...,A}, such that the vectors (zy,), v € {1,...,A} are symplectic
dual to (zyy), v € {1,...,n}. This gives a needed point. This completes the
proof. O

Theorem 1.18. Leading monomials for different products of comparable
allowed minors are different.

Proof. The leading monomial of an allowed minor m; is equal to

Zigl - Zipg 1) C k[ZUU]ve{1,2,...,n},(u,v);é(l_c,l),k<l'

We identify the leading monomials of type S Ps, with some leading monomi-
als of type SLay,. Renaming the indices (u,v) — (2u — 1,v), (@,v) — (2u,v)
for u,v € {1,2,...,n}, the comparable minors come to comparable. Thus
this theorem is the partial case of Theorem [1.10 O
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Corollary 1.19. Different products of comparable allowed minors are dif-
ferent. In particular the products of comparable allowed minors form a basis
of K|G/U]. They are called symplectic Young tableauz in [DC).

Corollary 1.20. There exists the toric degeneration of the flag variety in
type C' similar to Gonciulea-Lakshmibai toric degeneration.

Remark 1.21. One could construct such a toric degeneration of flag vari-
eties only in types A and C'. The essential property of allowed minors in type
C is that they form a subalgebra of the algebra generated by minors in type
A. This is not the case even for type SO,,. Moreover any natural choice of
leading monomials in the products of right invariant minors in k[SO,] is not
closed under multiplication. In the case of spinor or exceptional groups the
situation is even worse. It is not so easy to describe the defining equations
for the group, so it is difficult to study the ring M inside the ring k[G].

2. Current algebras and Weyl modules

In this section we recall some properties of current groups and algebras.
We call the current Lie algebra the Lie algebra g ® kt]. It is a subalgebra
of maximal parabolic subalgebra of the untwisted affine Kac-Moody Lie
algebra attached to g with codimension two. Consider a finite dimensional
Lie group G. We call the current group G|[[t]] the group of k[[t]]-points of the
group G. Let g be the Lie algebra of the Lie group G. There is the natural
action of the Lie algebras g @ k[[t]], g ® k[t] on the ring of algebraic function
on G[[t]].

The variety G[[t]] is in the other terms called the variety of arcs over G
([Nal). For an affine variety the arc variety has the following description.

Assume that an affine variety V has the coordinate ring

klzy ...,z )/(p1(z1 .y xe), . pi(Tn ..oy xp)).

Then the arc variety has the following coordinate ring. We take the set of

variables :cgk), i=1,...,7k=0,1,... and define the formal series:
(2.1) zi(s) =Yz
k=0

Then the coordinate ring of the arc variety is

Kz p1(x1(s), - -, 20())s -y pi(@(5), - - 2 (s))),
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where pi(x1(s)...,2z,(s)) means the set of all s-coefficients of this polyno-
mial. (See for details [Ex, [EM])

Proposition 2.1. The arc scheme of an algebraic group is reduced, i.e. its
coordinate ring has no nilpotents.

Proof. This scheme is the group scheme (of k[[t]] points). Therefore it is
reduced ([O0]). O

We are interested in the following representations of the current Lie
algebra.

Definition 2.2. [CP] Let A € P;. Then the global Weyl module W(\) is
the cyclic g ® k[t] module with a generator vy and the following defining
relations:

(2.2) (ea @ty =0, a€ Ay, k>0;
(fra @)@ N H, — 0 a e Ay

Local Weyl modules W () are defined by previous conditions and one addi-
tional condition:

(2.4) h®tfoy =0 for all h € b,k > 0.

Weyl modules are the natural analogues of finite-dimensional simple g-
modules V' (A). They are graded by the degree of ¢:

W(n) = P W(u)*
k=0

with finite-dimensional homogeneous components. Therefore we can define
the restricted dual module:

o

W(n)* = @ W(u)™)".

k=0

Dual global Weyl modules have the following properties.

Lemma 2.3. W(u)* is cocyclic, i.e. there exists an element (cogenerator)
v € W(u)* such that for any element w € W(u)* there exists an element
feU(g®Kk[t]) such that fu=v*. The set of cogenerators coincides with

(W(p)O)* = V()"
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Proof. This is a direct consequence of the fact that Weyl module is cyclic.
O

For a dominant weight A\ = szz(%) mywy we define

rkg my

@xr= ]I -d)

k=11i=1

Each Weyl module is graded by the h-weights and by t-degree. For any
g @ k[t]-module U with such a grading let U(v,m), v € h*, m € Z be the
weight space of the corresponding weight.
Definition 2.4.
ch U = Zdim U(v,m)x"q™.

Proposition 2.5. [CFK, [N/

chW(p) =

Moreover, the algebra of endomorphisms of W(u) is a polynomial alge-
bra generated by ha,t",1 <1 < (i, 0q). We denote this algebra by A,. This
makes W(p) the g-A, bimodule.

Lemma 2.6. [Katll] The g ® k[t]-submodule of W(X) @ W(u) generated by
v\ @ vy, is isomorphic to W(A + p).

Corollary 2.7. There exists a surjection of dual Weyl modules:
(2.5) W) @ W* (i) — W5 (A + p),

inducing the structure of associative and commutative algebra on the space
@Drcp, W (). We denote this algebra by W = W(g).

Remark 2.8. The algebra W is an analogue of the algebra €D,cx, V/(A)".
The following proposition is a direct consequence of Corollary

Proposition 2.9. W is generated by the space @};k:(f) W(wg)*.
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The structure of this algebra is complicated and we want to study this
algebra using the algebra k[G|[[t]]] of functions on the current algebraic group.

Analogously to the usual (left) Weyl modules on can define the right
Weyl modules W(\)? and dual right Weyl modules W(\)°*. These modules
are A)-g bimodules. Thus we can define the g-g bimodules

WA)" @a, WA

We have the following Peter-Weyl theorem for current algebras. Recall
that wq is the longest element of the Weyl group.

Theorem 2.10. [FKM] For a simply-connected group G there is a filtration
on k[G([t]]] with subquotients W(A)* @4, W(X)®*. The components of this
filtration Fy are cogenerated as b-b bimodules by elements v_,,,(x) ® V_y (1)
of left and right weight —wo(\) and t-degree 0.

Corollary 2.11.
K[G[[e])]™+ 1 ~ w.

In particular it is generated by the components of fundamental weights w;.

Proof. Consider the space of n, [t]-invariant vectors of right h-weights A. For
an element u of this space we have ung #0< Iy € ALk > (),wt(ueytk) >
A and thus u is not cogenerated by element of weight A.

Therefore the space of elements cogenerated by v_, (x) ® v_y,(1) and
n, invariant is equal to

W; XA, Ajy.
Thus it is isomorphic to W} as the left module. We have that

Vg (X) @ Vg (A) X V(1) @ V—awg () 7 V—wo(Atpp) © Vo (Atpa)

Thus by cocyclicity we have that the algebra structure of k[G/[[t]]]*+[ coin-
cides with W. O

3. Semi-infinite Pliicker relations in type A

The goal of this section is to give an easier and conceptually different proof of
the results of [FeMa2]. We recall the construction of quadratic semi-infinite
Pliicker relations. Then we prove that they form a basis of ideal of relations
using arc varieties over toric degenerations.
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3.1. Structure of the algebra of functions on current group

Recall (|1.1)):
Z1n
S 1> |
z

211
(3.1) k[S L) :k[zij]/<det :

Znl nn

We are interested in the current group of this group, or in the other
terms we consider the arc variety with the following algebra of functions.
Consider the family of variables zg-c), 1<i,5<n,k=0,1,.... As before we
define:

> k
2ij(s) == Zzgj)sk.
k=0
Then we have:

z11(8) -+ zin(9)
(3.2) k[SLn[t]]:k[z§f>]/<det SO —1>.

zn1(8) o zZpn(S)

Here as before (f(s)) means the ideal generated by all s-coefficients of f(s).
The right action of the current Lie algebra g[t] on this algebra is the follow-
ing.

Let ey be the matrix unit, then the element ey t¢ acts in the following
way:

Zq(L]f;)eath _ {ZSZ C)’ if a =vik—c2>0;
0, otherwise.

The left action can be described in a similar way.

We study the ring of ny [t] invariant functions with respect to the right
action. The next proposition tells that this ring is generated by coefficients
of minors on first columns.

Let I C {1,...,n} be a nonzero proper subset, let i; < iy < .-+ < iy be
the elements of I.

Definition 3.1.
zipi(s) o zik(S)
my(s) = det :

zig1(s) o zik(s)
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Expanding m;(s) we denote its coefficients:

[e.9]
k
mr(s) =: Zm(I sk,
k=0
Proposition 3.2.

KISLu [ = kim0, ny r10m a0

Proof. Clearly each mgk) is invariant under n[t]. The Weyl module W,

has the graded dimension equal to the graded dimension of the linear span
of these elements with |I| = p. Therefore the space of invariant functions
of the right weight w, is equal to the span of these elements. Therefore
Proposition [2.9] and Corollary imply the desired equality. O

3.2. Semi-infinite Pliicker relations

From this moment till the end of this section we study the algebra generated
by mgk). We have proved that this algebra is isomorphic to the algebra of

dual Weyl modules. We denote the algebra generated by mgk) by W too.
Denote by W([[s]] the algebra of formal series in variable s over algebra W.
First we recall semi-infinite Pliicker relations.

Recall the order on the proper nonzero subsets of {1,...,n}.

Definition 3.3. Assume that for some I < J we have the following set of
inequalities:
Ul ST U+l S Tk 41
Uy > JkysThy—1 2 Jhy—1s -« s bkot1 = Jhot1,

Uy < JhasUka—1 < Jho—1,- - -

We define strictly decreasing sequence of elements

S(Iv J) = (Z.|I|7i|l\—17'"7i|J|+17' . '7ik1+17ik17jk17jk1717'"7jk27ik:27'")'

We set
k(I,J)=|S(I, )| — |I].

We call the set S(I,.J) the snake. The number k(I,J) measures how
much uncomparable are I and J, k(I,J) = 0 iff I and J are comparable.
These monomials satisfy the following relations (see [FeMa2]).
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Proposition 3.4. a). For any k' < k(I,J) — 1 we have the following equal-
ity in W([s]]:

sen(4 0" mpsuals)
(3.3) > (—1)%8 (A)%WJ\SLJ(S\A)(S) =0.

ACS(1,J),|A|=|InS]|

b). The series
oK' my(s)
o ()

is the leading part in the left hand side of the previous equation.

Recall the monomial order from Definition [[.L4L We define the order on
monomials mglfl) .. m?j”) such that
mglfl)...myz”) = mgi)...myﬁ) & M. Ma = Mg ... M.
In particular this order doesn’t fill the upper indices and elements which
differ only by the upper indices are equivalent.
We now consider the degeneration of equations (3.3|) with respect to the
order <.

Definition 3.5. We denote by W the free polynomial algebra with gener-
ators mﬁk) modulo the relations

k/N
OTmis) 5 () =0, 0 < K < k(I J).

(3.4)

Clearly the character of the degenerate algebra is greater than or equal
to the character of the algebra W.

We use the notation a; = ¢; — €415 wi = Z];:
grading of an element mgk) is equal to ZLI:'l £, ¢*. Note that the semi-infinite
Pliicker relations are homogenous with respect to this grading.

Degenerate Pliicker relations are homogenous with respect to a stronger
grading. More precisely consider the free commutative semigroup generated
by nonempty proper subsets I C {1,...,n} and the variable §. Attach the
grading I + k¢ to the variable mgk). Then it is clear that the relations
are homogenous with respect to this grading. We use the notation z° = q.
For a No-graded space V = @p V), we define its g-dimension by Zp dim V,¢".

Our next goal is to compute the g-dimension of N[/]-homogenous com-
ponents of the algebra W and to describe its basis. Denote these components
by W, for r = (ry).

1 €p- In these notation the
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The next proposition is proven in [FeMa2]. We give it with the complete
proof because we use the methods of this proof in the study of arcs over
toric degeneration below. Recall the notation (¢q), = []i_;(1 — ¢*).

Proposition 3.6.

(3.5) e, = L
Hl(q)m

Proof. We consider a functional realization of the dual space of Wr. Namely,
given a linear function £ on the space W, we attach to it the polynomial f¢
in variables Y7 ,, I C {1,...,n}, 1 < p < rr defined as follows:

(36) ff = f(H T’[(Y[J) e T[(YLTI)).
1

We claim that formula (3.6) defines an isomorphism between the space of
functionals on W(>_,r7I) and the space Pol(}_;r1I) of polynomials f in
variables Y7, subject to the following conditions:

e f is symmetric in variables Y7 ; for each I,
e f is divisible by (Y7, — Yy,)*) for all I, J, ji, jo.

The first condition holds because of commutativity of multiplication in w.
The second one comes from the relations . Indeed these relations mean
that this space contains polynomials in Y7, which go to 0 under the substi-
tution Y7, = Y, with their Y7 ,-derivatives from Oth to £'(I,J) — 1st.

We note that the ¢-dimension on Wr is now translated into the counting
of the total degree in all variables Y7 ,. Now the g-character of the space
Pol(}_; r11) is given by

qZI<J k(I J)rr;

(3.7) [1,(a)r,

Indeed, (¢);! is the character of the space of symmetric polynomials in
variables and the factor [];_ ; (Y7, — Yrp,)*)) produces the numerator of

the above formula. O
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Corollary 3.7. The homogeneous component Wr C W has the basis con-
sisting of monomials of the form

(38) H mgll:l) e mngIYI), O S ll,[ < ...
Ic{1,..,n}

such that Iy >3 ; kI, J)r;.

Proof. We note that the character of the set of monomials is equal to
. Hence it suffices to show that the element span the space W,.

Assume that there exists an element ¢ € (W,)* vanishing on all the
monomials . We want to show that in this case & is zero; equiva-
lently, we need to prove that fs =0. A non-zero polynomial divisible by
=, (Yrp — Y7p,)¥7) contains a monomial

(3.9) I[I v/ ...y 0<bi<- <l
Ic{1,..,n}

(I,J) .

such that Iy 7 > > ;_;77J (coming from the choice of the term Yf in

P2
each bracket (Y7, — Y7,,)*7)). However, the coefficient in front of mono-

mial (3.9)) is equal to f(mf]ll’J) .. mgTJ"])). Therefore, if £ vanishes on all the
elements (3.8), then f¢ is zero. O

3.3. Arcs for toric degeneration

We need the following lemma.

Lemma 3.8. The defining ideal of SLy|[[t]] has the trivial intersection with
the polynomial algebra k[szf)](w#(n,n).

Proof. Rewrite the generating function of the generators of defining ideal in
the following form:

211(8) an(S) n

(3.10) det : : — 1= zn(s)my, ap gy (s) — 1.
21n(8) - zZan(S) =1

Each s-coefficient of this element is a linear function on 27(1]%) with co-

efficients in k[z&@)](uyv)#n’n). Moreover this is a triangular linear system,
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because the coefficient of s depends only on 27(1l7)“ | < k. Hence these co-

efficients generate a proper ideal in the polynomial algebra F [z,g%], where
F = k(zgf,))(u,v)#mn). Thus this ideal doesn’t intersect F. This completes
the proof. O

Consider the following order <1 on variables zgf}). It is lexicographic with
respect to lower indices and it doesn’t feel the upper indices. More pre-
cisely zq(jf,) < zfjf;, if v < or v=17"and v < v'. Note that all variables are
comparable with respect to this order and for fixed u, v variables zgf,) are
equivalent. We introduce the degree-restricted lexicographic order on mono-
mials in zl(!f,). This is a monomial order, i.e. for monomials a, b, c if a <1 b,
then ac <1 be.

Note that all coefficients of minors mgk) lie in the polynomial algebra
k[zg;)], (u,v) # (n,n) due to Lemma Then the following lemma is obvi-
ous.

Lemma 3.9. The leading part of my(s) with respect to < is equal to

dr(s) := zi,1(8)zi,2(8) -+ - 2i,1/(8)-

We denote by dgk) the coefficient of s* in the series d;(s), i.e.:

[e.9]

d](S) = Z dgk)

k=0

Remark 3.10. The algebra ]k[dgk)] is the reduced function algebra on the
affine toric degeneration of flag variety. The classical toric degeneration of
the flag variety is due to Gonciulea-Lakshmibai [GL].

The goal of the remainder of this section is to prove that the leading
parts of monomials from (3.8)) are linear independent.

Lemma 3.11. The leading part of

[T w8 ml ), o<ty <<l
IC{l,,TL}

s equal to

I a"”...d " o<i <
Ic{1,...,n}

< l’]"],[
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Proof. The order < is monomial. Therefore the leading part of a product is
equal to the product of leading parts. O

We have:
d € K[z )ix;.

Consider the vector space

Up = ( H dgl“) ) ..dgl”‘l), 0<lhr<---<l1)
Ic{1,..n}

with fixed vector of numbers r = (r7) and arbitrary (I, ;). We study the
functional realization of the dual space Uy. We take ), r; variables Y7,
1 < p < ry and consider the expression

(3.11) [[d:070). . di(Yis,).
I
Clearly the coefficients of this expression are all of the form
| R
I

They span a subspace of the space spanned by elements

kuv. kuvauv
T aleenn) . alfoneno),

u>v

where a,, = > Tiy=uTT> i.e. ayy is equal to the number of appearance of z,,
as a factor of dy. Denote this vector of numbers a,, by a and this subspace
by Va.

Consider the expression

(312) H zuv(XuU,l) cee zuv(Xuv,am»)'
uv

As before for each x € VJ we define the function:

fx = X( H Zuv(Xuv,l) s ZUU<XUU1GM))'

The functions f, form the following space (in fact, the algebra):

k[Xuv,p]Gau XGqyy X
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of polynomials in X, , symmetric in all group of variables X, 1, . .., Xuv,a.,. -
Thus the space V' is naturally isomorphic to this space of polynomials.
Note that we have the following substitution map

(3.13) Pr: Xy, o ritd = Y

Then to each variable Y7 ; we substitute |I| variables Xj,j,. By the
construction we have:

(314) Pr (H zuv(Xuv,l) . Zuv( UV, Ay ) H dI le 1 (}/I,T'I)'

We have:
U =V, /ann(Uy),

where ann(Uy) is the annihilator of the subspace (Uy). Thus the functional
realization of U}’ can be obtained in the following way. We fix x € Va*. Then

K Yip) = H dr(Yr1) ... di(Yi,,)).
Hence the dual space of U, is naturally isomorphic to gpr(k[Xuv’p]Gau XSag; Xewr),

Remark 3.12. Note that ¢p(K[Xy |G XSe2*) C k[Y7 ;]*7C11. In gen-
eral this inclusion is not an equality.

Example 3.13. Consider the case n = 3. Then we have 6 Pliicker variables
with leading monomials

dy = z11,d2 = 221,d3 = 231, d12 = 211222, d13 = 211232, d23 = 221232.
Take a vector r = (1,72, 73,712,713, 23). Then:
a1 =11+ 7112 +1ri3,a21 = r2 +1re3,a31 = 13,022 = 12,032 = I'13 + 723.

The space V' is isomorphic to the following algebra:

(3.15) k[Xi1,1,- s Xit,a10 X21,15 - -+ X21,a51> X31,15 - - X31,a41»

Sui XG oy X6 ot XG4, XS,
X021, X22,0005 X321, -, X32,a4,] 211 D021 0 Faa1 X B a2 X Bags

i.e. the algebra of polynomials symmetric in five groups of variables.
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The map ¢y is as follows:

Xiip=Yiops p=1,...,m2, X115pp4p > Yizp, p=1,...,713,
X1177’12+7‘13+p — YLP? p= 1, ey
Xo1p = Yoz p; p=1,...,723, Xo1pptp = Yo p; p=1,...,72;
Xs1p—=>Ysp; p=1,...,723;
X22’p — Ylgﬂp; p = 1, ..., T19;
Xaop = Yizp; p=1,...,713, X320 ,4p > Y35 p=1,...,723.

In particular the image of ¢, is the subalgebra in k[Y7,] generated by
five subalgebras isomorphic to symmetric algebras in a;; variables.

Next lemmas contain the properties of symmetric and supersymmetric
polynomials which we need for the proof.

Definition 3.14. We take k groups of variables Y;;, [ =1,...,k,i=1,...,
r; and ¢ subsets S; C {1,...,k}. We denote:

Zlesj Tl

S
ZESJ, izl,...,Tl :

Rs, = k[Yi]
We define the subalgebra generated by k subalgebras of symmetric functions:
R,y = K[Rs,, .-, Rs, ] CK[Yiili=1,.. &, i=1,..-

Lemma 3.15. Assume that ¢ = k and the indicator matriz (5{), 55 =1if
i € Sj, 0 otherwise, is invertible. Then:

. Sy XX Gy
R{Sl,..-,Sq} - k[n»i]lzl,...,k, i=1,..,m"

Proof. It is sufficient to prove that every power sum of elements in each
group belongs to this algebra, i.e.:

T
Plom = Zyﬁ; € k[Rs,,---,Rs,]-
=1

However by the construction we have:

Zpl,m S 'st C k[Rsl, ce ,Rsk].
les,;
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Then using the invertibility of (5i ) we have that p;,, are linear combi-
nations of these elements. This completes the proof of the lemma. 0

Next lemma contains a property of supersymmetric functions. Recall the
definition.

Take two groups of variables Aq,..., A, By,...,B;. A polynomial f €
k[A;, B;]®7*®" is called supersymmetric if the following holds for the sub-
stitution A, — X, B; — X:

f‘Aw—)X,Blb—)X S ]k[Ai,Bj,i <r—-1,7<Il- 1}6""”(6“1.
Le. this substitution doesn’t depend on the variable X.

Lemma 3.16. The ring of supersymmetric functions is generated by coef-
ficients of the series

H;:1(1 - tAj)

.

Hj:l(l - tBj)
The ideal of the ring k[A1, ..., A, By,..., B]|®*S! generated by
(3.16) I -5

1<i<r1<j<l

belongs to the ring of supersymmetric polynomials and is equal to the kernel
of the substitution map f +— fla,—x Bsx-

Proof. The first claim is proved in [M], Chapter 1.5. The second claim is
obvious. O

Take two numbers a,, ag and two groups of variables X, 1,..., Xq 4.,
X31,--.,X3,4,- Define the vector of numbers r = (13,7, r4) such that r, +
Te¢ = Qq, Tq + Te = ag and take three groups of variables By, ..., B,,, C1, ...,
Cy., Di,...,D,,. Consider the map

Pr - k[on,lv cee )on,aavXﬁ,l) cee 7X,8,a[g]6aa><6aﬁ
—k[By,...,By,,C1,...,Cp., Dy, ..., D, ]| XCreXCra

Spr(Xa,l) = Bla cee aSOr(Xa,ab)
= Bab7 SOP(Xa,ab+1) - 017 sy SOr(Xa,ab+ac) = Caa;
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‘pY(XB,l) = D17 s 7901'(X5,ad)
= Da,, SOr(X,B,ad—i-l) =0, ... 7801‘(X,6’0c,ad+ac) = Cq, -

We consider the order r < v’ = (r},r., 7)) if ro <7l.
Lemma 3.17. There exists a subspace
Say XS,
SrCk[XaJ,...,Xa,aa,Xﬁ,l,...,X,gyaﬂ] XOag

such that @y (Sy) = {0} forr’ >r and

Pr(Sr) =
Il Bi-D)kBi,...,B,,,C1,...,Cp.,Dr,... Dy 0 *CrexCra,

1<i<ry,1<j<rq

Proof. We denote
R(r) :=k[Bi,...,B,,,C1,...,Cr.,Dy,..., D, ] XCreXCra,
Define a substitution map R(r) — R(r’) for v’ > r.
ne 2 By, v Croi1, Dyy = Croty ooy Bry—pr o1 = Gty Diy g1+ Cho.

Note that ¢ = nE o ¢r. Consider the coefficients of the formal series
H?;(l — tXa,)
[1:2, (1 = tX5,)

By Lemma their image under ¢, generate the ring of supersymmetric
functions in By, ..., By, and Dy,...,D,, and in particular the space

[ (Bi—DykBi,....B., Di...., D%,

1<i<ry,1<j<rq

Using Lemma[3.14] we have that the image of ¢, contains the whole principal
ideal generated by
II B-Dy.
1<i<ry,1<j<raq

However:
us H (Bi — Dj) = 0.

1<i<ry,1<j<rq
Therefore the preimage of this subspace under ¢, is the needed subspace
Sy. This completes the proof of the lemma. O
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Fix a vector a = (Gyy)u>v. We recall the order < on the vectors r =
(r7). Our goal is to study the symmetric polynomials in X, ; which are
annihilated by all maps ¢, for ' = r.

We use the following notation to simplify the formulas:

(3.17) I - viy) = (Vi - o).

1<i<r, 1<j<r,

We next prove the needed property of symmetric functions in the case r; =0
for |I| > 3 or equivalently a,, = 0 for v > 3. We omit the braces when we
write the set I, i.e. we use a notation {a,b} = ab.

Proposition 3.18. Assume that au, = 0 for v > 3. Then for each r there
exists a subspace Sy such that

(Pr’<Sr) =0 for r' - r;

or(Se) =[] (Yadi — Yoo Kk[Y7,]7 S,
a<b<c<d

I=1,...,dl

uv?

Proof. For a subset I we define the set of variables X!

uw,l’
where
I _
Gy = Ay — rJ.

j’U:u’JjI

Define then the algebra R! of polynomials symmetric in groups of variables
Y, J <1 and Xiv ;- Note that the order < is linear, therefore the largest
element I’ such that I’ < I is well defined, denote it by I~. In the same
way we denote by I the smallest element larger than I. We denote I™F :=
(I")*, etc. Then we have the map ¢! : RT™ — RI:

pr(Xi ) =Y, U< on (Ko 1) = Xopgs i Lo = w3

@i(XqZ,z) =X,

uv,l» Otherwise;

OL(Y5) =Yy, J < 1.

Then ¢, is equal to the composition of all maps L.
Note that the conditions |I| < 2 means that if (u,v) & {(i1,1), (i2,2)},
then the map ¢! bijectively sets the group of variables X!  to the group

uv,p
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of variables Xiup. Thus we can apply Lemma to the groups of vari-

ables Xz-I1 _l’p, XZ-I2 ;’p. Hence there exists the subspace S{ whose image is the
principal ideal generated by

H (Xilll,l - Xi122,m)

— I — I
lfl,...,ail1,m71,...,a,322

and oL (SI) =0if v} > ry.
One can compute:

1 ++ +
B e B II (X510 = Xiy2.m)

I=1,...,a] ;,m=1,...a] ,
- H (Y;lc - }/})iQ)'

i1 <b<i<c

Thus comparing the properties of maps . we obtain that there is a
subspace Sy such that for each I its image under ¢l o...¢l? is contained
in S and o(S;) is equal to [loctrcccaYadi — Y},c’j)k[YLj]XfGlfl. If r' -r,
then there exists the smallest I such that r; < r}. Then the algebras R7 are
the same for J < I. Therefore the space S! is contained in the kernel of ¢Z,
and thus Sy is contained in the kernel of ¢,.. This completes the proof of

the proposition. O

Now we a ready to prove the needed property of the morphism ¢, in the
whole generality.

Theorem 3.19. For eachr there exists a subspace Sy C K[ Xy i]* v such

that
o (Sy) =0 for v’ = r;

or(Sr) = [T (ra = Yo ) 0k ;.
1<J

Proof. We fix a number [, 1 <1 <n —1. Recall the truncation map. For
Ic{1,...,n}, |I| >, we put

trlil(I) = {il, e ,i|[|},

i.e. this operation deletes from [ its [ — 1 smallest elements and is [ — 1st
power of the operator tr deleting the smallest element of the set.
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For each subset U C {l,...,n — 1} we define

-1 ._ § :
Ty = rr.

trl=1(1)=U

Denote the vector of these numbers by ri=L.

We construct the algebra 72 Loasa symmetrlc algebra in Xy, p,v <
l—1,p=1,...a4, and Yl ! UC{Z 1},1§p§rbl.lnpartlcular
RY is a symmetrlc algebra is Y7 .

Define a map ¥/ : R — R

rl 1
! -1 .
Yip = Y{l}uUp’p Loy
l l 1 .
YUrl{l}luU—&—p Y{l}uUp7p 1,. {2}UU’ e

Xul,ZU,<Ur§],p = Y{u}UU,p‘
Then we have

(pr:zwiowz...o 17:71—1‘
We equip the elements Yll] , the lexicographic order, i.e. U €4V if for some
p their p — 1 smallest elements coincide and the pth element of U is smaller
then the pth element on V. Note that this order doesn’t coincide with the
order <. Then we deﬁne the lexicographic order on the vectors r'~! with
the same truncation to r!. Thus using Proposition we have that there
exists a subspace Spi-1 C Rll such that for each r’*~ 1 =il wr,L L (Sp) =0
and

Pt (Sper) = H (Yougey — YVU{a})er 1.
U4V,1<a<b<n
Then we complete the proof of the theorem by induction. O

Corollary 3.20. The monomials (3.8) as elements of W are linear inde-
pendent.

Proof. The linear span of leading parts of monomials has the same
graded dimension as the degenerate algebra W. However the graded di-
mension of the degenerate algebra is greater then or equal to the graded
dimension of original algebra and the linear span of leading parts of a set of
polynomials is less than or equal to the graded dimension of the linear span
of this set of polynomials. Therefore these dimensions are equal and the set
of monomials is linear independent. This completes the proof of the
corollary. O
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4. Semi-infinite Pliicker relations in type C

We consider the current group of the symplectic group. The algebra of
functions k[SPa,[[t]]] on this group is generated by elements szf,, u,v €
{1,1,...,n,Aa}, k=0,1,... and is defined by the relations:

n 1, ifv=u
Z 21u(8) 27, (8) — 2z5,(8)z10(s) = < =1, ifu=12
=1 0, otherwise.

Analogously to the finite-dimensional case we have:
Proposition 4.1. For any I C {1,2,...,n,1,...,7}, |[I| <n — 2 we have:
mug1,1y(8) + mrupeay(s) + - + +myugnay(s) =0,
where union means the union of multisets.

Our plan is to study the subalgebra of k[S Py, [[t]]] invariants under the
right n [t] action. We first need to prove the analogue of Proposition for
the symplectic algebra.

Proposition 4.2.
R[S PallE]™ 1 = KIm{™)1 s attowed

Proof. The proof literally coincides with the proof of Proposition O

It is clear that the minors in type C,, satisfy the same (semi-infinite
Pliicker) relations as the minors in type As,. More precisely for allowed I, J
we define the number k(7, J) as in Definition

Proposition 4.3. a). For any k' < k(I,J) — 1 we have the following equal-
ity in W([s]]:

: oF'm (s)
sign(A I\SuA
(4.1) s J)z;”'ms(_l) gn( )Tm[\su(S\A)(S) =0.
b). We have
O mi(s
682,()7”](5)

is the leading part of the previous equation.
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Thus one can define the degenerated algebra W generated by allowed
minors mgk) and satisfying the relations

¥ my(s)

myj, E < k([, J)
The graded character of this algebra is greater than or equal to the graded
character of W. Attach the degree I + 6 to the allowed monomial mgl).

Proposition 4.4. The algebra W s graded by the free group in generators
Ic{1,1...,n,0}, i, > p and symbol §. It is isomorphic to the subalgebra of
the degenerated algebra W of type Aa, generated by minors my), ip > 2p — 1.
In particular the character of the homogenous subset Wr C W, r=> rrl,
of type Cy, s equal to

(4.3) chW, = g KD
I1:(9)r

The homogeneous component Wr C W has the basis consisting of monomials
of the form

(4.4) I[I m) .m0ty <- <l
Ic{1,...,n}

such that Iy >3 ; k(I,J)r;, mr,my are allowed minors.

Proof. The defining relations are homogenous with respect to the grading
coming from the attaching degree I + 16 to mgl). .

We identify the algebra W of type C,, with subalgebra of the algebra W
of type Ao, in the following way. We identify the subsets I C {1,1...,n,7n},
ip > p with the subsets I C {1,...,2n}, i, > 2p — 1 by the map on elements
p 2p—1, pr 2p. The map is well defined because the defining relations
of the algebra W of type C), coincide with the defining relations of this
subalgebra. .

Each graded component W, goes to the graded component and the basis
of this component goes to the basis In particular the image of this
inclusion is the sum of some homogenous components of the graded algebra.
This gives the needed character formula. g

Next we prove the current analogue of Lemma [1.17
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Lemma 4.5. The defining ideal of K[S Py, [[t]]] has trivial intersection with
the polynomial subalgebra [K[zgf,)], ve{l,2,....,n}, (u,v) # (p,1),p <.

Proof. The proof is parallel to the proof of Lemma Consider first the
algebra generated by elements zgf,), ve{l,2,...,n};

n

G = k[Zq(ﬁ,)]/<Z ZUU(S)ZEU(S) - Zﬁv(S)Zuv(S»'

k=1

Take the field F = ]k(z&?,)), ve{l,2,...,n}, (u,v) # (p,1),p <. Define the
algebra

n
G:= f[zu}fj)]/<z 2uv (8)Zav () — 2av($) 2uv(5)),
k=1
(u,v,k) # ((p,1,0),p < I. This is the algebra of fractions for G’. The series
zuv(8) C G[[s]], (w,v) # (p,1),p <, is invertible (because its free term is
invertible). Then as in the proof of Lemma we have that the set of
n(n — 1)/2 equations

Z zuv(s)zﬂv(s) - Zﬂfu(s)zuv(s) =0
v=1

is a triangular linear system for the n(n — 1)/2 variables z;;(s),p <1 and
the diagonal coefficients of this system are invertible. Therefore the defining
relations of G can be rewritten in the form:

2pi(s) —ap(s) =0,p < l,ap € ]-'[zgz)],v e{1,2,...,n},
(u,v) # (p,1),p <1,k >1.

,k)

These are the linear equations one for each element z}(ﬂ ,p < l. Hence the

ideal generated by these equations doesn’t intersect the ring F [zqgf,)],v €

{1,2,...,n}, (u,v) # (p,1),p < l,k >1 and moreover the ring of polyno-
mials in zulf, , ved{l,2,...,n}, (u,v) # (p,1),p < l. In particular we have
G~ .F[zgf,)], ve{l,2,...,n}, (u,v) # (p,1),p <l, k> 1. Let G be the frac-
tion field of this ring. Consider the algebra over this field generated by
variables zqslf,), ve{1,2,...,n} modulo the remaining defining relations of
the algebra of functions over symplectic group, i.e. the relations that the
vectors (zy5(s)),u=1,...,n,1,...,7 are dual to the vectors (zu,(s)),u =
1 n,1,...,7n. Asin the proof of Lemmathe ideal generated by these

g ey
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relations doesn’t intersect the field G((s)) because each Lagrangian subspace
in 2n dimensional symplectic space has a dual subspace. This completes the

proof. O
Next define the order of elements z&ﬁ), well,...,n,1,....,n},ve{l,...,n},
k > 0 as the lexicographic order in (u,v), i.e. zgf,) < zgfy)/, if v<v orv=1

and u < v/ (recall the order 1 < 1 < --- < n < n). Define the monomial or-
der on the monomials in these elements as the degree restricted lexicographic
order. Then we easily have that the leading part of the allowed minors in
my(s) is equal to

dr(s) = zi,1(8)2iy2(8) - -+ 2, 111 (8)-
Our goal is to study the algebra
k
k[d;”]
of leading terms of the algebra generated by allowed minors.

Proposition 4.6. The leading parts of the monomials (4.4)) are linear in-
dependent. In particular the monomials (4.4) are linear independent.

Proof. Consider the identification 2y, — 22y—1,4, Zav = Z2u,0- This map sends
the leading terms of monomials in type C to leading parts of monomials in
type A. Then the comparison to the similar property of leading monomials
in type A completes the proof. ]

We summarize the results of this section in the following theorem. We use

the notation e = e~ ¢

Theorem 4.7. The algebra W in type S Pa, is generated by allowed minors
m(Ik) with defining relations (4.1)) and its basis is (4.4]). In particular the

character or the Weyl module W()_ Apwp) is the following:

TI

where the summation is on r such that EII\=p rr = Ap.

Proof. We sum up the ¢ degrees of homogenous components W multiplied
by the weight of this components with respect to Cartan subalgebra. O
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