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Complex Monge-Ampeéere equations with
solutions in finite energy classes

Duc THAl Do AND Duc-VIET VU

We characterize the class of probability measures on a compact
Kahler manifold such that the associated Monge-Ampere equation
has a solution of finite pluricomplex energy. Our results are also
valid in the big cohomology class setting.

1. Introduction

Let X be a compact Kahler manifold of dimension n and w a Kéahler form on
X normalized so that [ x w" = 1. We are interested in studying the regularity
of the solutions of the complex Monge-Ampére equation

(L1) (dd°e +w)" = p,

where p is a probability measure on X, and ¢ is an w-psh function. The
case where u is smooth was settled in [45]. The pluripotential theory tools
were introduced to the study of in [25], and an almost sharp class of
measures whose equation admits a continuous solution was established
there; see also [29] [30].

The class of measures with Holder continuous solutions for (1.1)) was
characterized by contributions of many works. Roughly speaking, the equa-
tion has a Hoélder continuous solution if and only if certain functional
associated to p is Holder continuous. Direct analogue of this fact in the
continuity regularity is not true. We refer to [13| 19] 20, 27, 28] 32H34, 37
39] and references therein for details. In this paper, we are interested in a
weaker notion of regularity for solutions of which is the so-called finite
pluricomplex energy. The last term was coined in [7]. Precisely, our goal is
to characterize the class of measures p such that has solutions of finite
pluricomplex energy. To go into details, we need to recall some notions.

For closed positive (1,1)-currents T4, ..., Ty, let (T4 A--- ATy,) be the
non-pluripolar product of Ti,...,T,,. We refer to [2] 6, 10, 24, 40| [42H44]
and references therein for basic properties of non-pluripolar products.
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1660 D. T. Do and D.-V. Vu

Let £ be the set of negative w-psh functions ¢ of full Monge-Ampere
mass, i.e., <(ddccp + w)”> is of mass equal to 1. Let W™ be the set of convex
increasing functions x : R — R such that x(0) =0 and x(—o00) = —oo. Let
M >1 be a constant and W]\Z be the set of concave increasing functions
X : R — R such that x(0) =0, x(—o0) = —oo and |tx/(t)| < M|x(t)| for t €
R™.

For x e W™ U W]\Z, we denote by &, the space of w-psh functions ¢ € £
such that

Ey(p) = — /X x(@){(ddp + w)") < oo,

The last quantity is called the x-energy of ¢. The space £, was introduced
in [24] as a counterpart in the compact setting of the class of psh functions
of finite pluricomplex energy given in [7]. For a positive real number p and
x(t) = —(—t)?, we write P, E, for £, F, respectively. Recall that

(1.2) E=Uew-&, &En CELCE,,

for every x1 € Wy, and x2 € W see [24].

By [7, 24], for every probability measure p having no mass on pluripolar
sets, the equation has a solution ¢ € £ which is in fact unique by
[17]. We refer to [I] for more information in the local setting. Hence, it is
natural to characterize the class of measures <(ddcgo + w)”> for p € &,; see
the comments after Theorem for details. When x(t) = —(—t)? for some
constant p > 0 (or x is a quasi-homogeneous weight), the question was solved
in [7, 24] thanks to the special form of x. Here is our main result giving a
complete answer for the general case.

Theorem 1.1. Let pu be a probability measure on X. Let x € W~ U W]\J}
Then,

= {(ddop + )"

for some ¢ € &, if and only if there is a constant A > 0 such that

(1.3) - /X X($)dp < A[(Ey())" +1]

for every ¢ € &, with supy ¢ = —1, where A :=1/2 if x e W™, and X :=
M/(M+1) if x € W]\'t[ In particular, the set of measures <(ddccp +w)”>
with ¢ € &, is convex.
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We note that Theorem is closely related to a problem posed in [24]
(see the comment right after [24, Theorem 4.1]): for every probability mea-
sure p, does the the condition that x(¢) € L(u) for every ¢ € &, imply
that = <(ddcg0 + w)”> for some ¢ € £,7 Although Theorem doesn’t
answer that question, the important point is that it gives a characteriza-
tion of the class of measures <(ddccp + w)”> for ¢ € £, by an integrability
property. Such a condition is of great interest in determining the range of
complex Monge-Ampere operators. We refer to [I8, Question 13-15] for a
discussion regarding this problem.

Previously, it was shown in [4, Theorem 3.1] that if p satisfies certain
conditions in terms of capacity, then has a solution in finite energy
classes. In the local setting of hyperconvex domains, a result similar to The-
orem for x € W~ was obtained in [3, Theorem C].

By [6, Proposition 3.2], for every non-pluripolar probability measure p on
X, there exists x € W~ such that — [, x(¢))dp < oo for every w-psh function
Y with supy ¥ = —1, in particular, is satisfied. Using this, (1.2)) and
Theorem (1.1} we recover a well-known fact proved in [24] that every non-
pluripolar probability measure can be written as <(ddcg0 + w)"> for some ¢ €
£. This is an instance showing why we are interested in the class &, for x €
W™ . Broadly speaking, we can study non-pluripolar measures by considering
them as Monge-Ampere measures with potentials in some class &, for x €
W™ which is easier to handle analytically. This point of view should be
useful in complex dynamics because the equilibrium measure associated to
a meromorphic self-map is usually non-pluripolar; see, for example, [16] 23]
24), [41]. In this aspect, considering only x(t) = —(—t)? for 0 < p <1 is not
enough because in general the union of &, with x(t) = —(—¢)? (0 <p <1)
is a proper subset of £ by [24, Example 2.13].

Another reason why it is of interest to study general weights x rather
than only those x(—t) = —(—t)P for p > 0 is that in some problems even
when one only considers the weight —(—t)?, it is still necessary to approxi-
mate this weight by those in W~ U Wz\'t[ To illustrate this, one can see the
proofs of [6, Theorem 2.17], [8, Theorem 3.5] and the paragraph after [12]
Theorem 1.1] in [12].

As a direct consequence of Theorem [I.1I we obtain immediately the
following monotonicity property.

Corollary 1.2. Let y e W~ U W]T/[ Let p be a probability measure such
that

i< C{(dd*p + w)")
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for some ¢ € &€, and some constant C. Then there exists ¢ € &, satisfying
1= ((dd° + w)".

We note that the above result fits in the study of a long-standing conjec-
ture due to Kotodziej that if u is bounded by a Monge- Ampere measure with
bounded or continuous potentials then p is also a Monge-Ampeére measure
with bounded or continuous potentials ([I8, Question 15], [26, Theorem 4.7]
and [30]). It reflects a more general belief that if a closed positive current T'
is dominated by another current S, then T should inherit properties from
S. Another example of this intuition is [2I, Theorem 1.1] proving that if S
has Holder, continuous, or bounded super-potentials, then so does T.

We have some comments on the proof of Theorem We follow the
standard strategy in [7, 24, 25]. The idea goes as follows. Firstly, we regular-
ize p to obtain a sequence of measures (1;); with nicer regularity. We solve
the Monge-Ampere equation for u; to get a solution ¢;. The L' limit of the
sequence (;); is supposed to be the solution we are looking for. A key point
in this approach is to control the regularity of the sequence of (¢;);. In our
present setting, this means that we need to prove that the x-energy of ¢,
is bounded uniformly in j. This was achieved for x(¢) = —(—t)? in previous
works. Our contribution is to prove that this can be done for general x. The
key ingredient is Theorem below giving an upper bound for “mixed”
energy.

Our method also works in the big cohomology class setting and gives
the following generalization of Theorem

Theorem 1.3. Let 0 be a smooth real (1,1)-form in a big cohomology
class in X. Let ¢ be a 0-psh function of model type singularity on X with
Jx ((dd°¢ +6)™) > 0. Let x € W~ UWY},. Then,

b = (% +0)")
for some ¢ € £(0, ¢) if and only if there is a constant A > 0 such that
(1.4) — [ X0 = o) < A[(Byoo)* +1

for every 1 € £,(0, ¢) with supx (¢ — ¢) = —1, where X\ :=1/2 if x € W,
and X :== M/(M + 1) if x € Wy;.

For the definition of model type singularity and other notations in the
statement of Theorem we refer to Section 3| The condition [y ((dd“¢p +
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6)™) > 0 is natural as explained in [9, [10] (note that if [ {(dd°¢ + 6)") =0,
then by monotonicity, ((dd° + 6)") =0 for every ¢ € (0, ¢)). The hy-
pothesis imposed on ¢ is always satisfied if ¢ is of minimal singularities in
the cohomology class of 6.

We note here that by [9, 10], every measure having no mass pluripolar
sets can be written as <(ddcg0 + 0)”> for some ¢ € £(0, ¢). However, it seems
that the arguments there are not enough to obtain the above characterization
given in Theorem [1.3|even when x(t) = —(—t)P.

In order to be able to transfer the arguments from the Kéhler case to
the big case, it is crucial to have an adequate integration by parts formula.
Such a formula was proved in [0, Theorem 1.14] under the hypothesis of
having small unbounded locus. There are also some partial generalizations
given in [311 [44]. However, they are not good enough to treat the setting of
prescribed singularity type as in Theorem[1.3] To overcome this problem, we
use an integration by parts formula obtained [40] (see Theorem below)
in an essential way. This formula fully extends [6 Theorem 1.14] to the
context of prescribed singularity type. As another illustration of the use of
Theorem we will explain how to use the variational method in [5] to give
another proof of [9, Theorem A] which was proved there using supersolution
approach; see Theorem below.

Finally, one can see that Theorem implies a generalization of
Corollary in the big cohomology class setting. Theorem is proved in
the next section. We prove Theorem in the last section.

Acknowledgments. We thank the referees for suggestions improving con-
siderably the presentation of the paper. D.-V. Vu is supported by a post-
doctoral fellowship of the Alexander von Humboldt Foundation.

2. Proof of Theorem [1.1]

If no confusion can arise, we sometimes use =, < to denote >, < modulo
multiplicative constants independent of parameters in question. We begin
with some elementary lemmas, which appeared more or less in [§, Section

2.1].

Lemma 2.1. Let y € W~ UWAJ}. Let g be a smooth radial cut-off func-
tion supported in [—1,1] on R, i.e, g(t) = g(—t) fort e R, 0< g <1 and
Jp g(t)dt = 1. Put g.(t) := e 'g(et) for every constant € > 0 and xc 1= X * g
(the convolution of x with gc). Then x. converges uniformly to x as € — 0
on compact subsets in R, and the following assertions are true:
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(1) if x € W™, then xe — x(0) € W™ and xe > X,
(i) if x € W]J\Z, then xe 18 concave increasing, X. < x and for every
constant § > 0, we have

txe(t)] < —(M +¢/(6 — €)) xe(t)
fore<d andt < —6.

Proof. By the continuity of y, we get that y. converges uniformly to x as
¢ — 0 on compact subsets in R. The desired assertion (7) is [42, Lemma 5.6].
We consider now y € W]J\} By definition,

xlt) = [ x(t=s)as)ds = [ (xlt =)+ x(t +9)acls)as.

Hence x. is concave and increasing, and x. < x. We note that x/(¢) is well-
defined almost everywhere and decreasing. Hence,

Xe(t) = /R X (t — 8)ge(s)ds.

Let ¢ < 0 such that |¢| > €. Using the fact x € W}, and that the support of
ge is contained in the disk of radius € centered at 0 gives

()] < / 1t — 5)|ge(5)ds
< / (£ = )X (¢ — )|ge(s)ds + / 18I (¢ — )lge(s)ds
— S5)|ge(s)ds + € — )7t —s)X(t—s (s)ds
SM/RIX(t )lge(s)ds + e(lt] — ) /R'“ X (t = )lge(s)d
< (M +¢/(t| - ) / x(t — 5)ge(s)ds = —(M + /([t] — ))xe(2).

This finishes the proof. O

Lemma 2.2. For every constant ¢ > 1 and every t <0, we have

x(ct) = ex(t)

for x e W™, and
x(et) = Mx(t)
for x € W]\'t[
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Proof. We first assume that y is smooth. Consider the function f(t):=
x(ct) — ex(t). We have f/(t) = ex/(ct) — ex'(t) < 0 because ¢ > 1, ¢ < 0 and
X' is increasing. Thus, f is decreasing. In particular, f(t) > f(0) =0 for
t < 0. The first desired inequality hence follows. To prove the second one,
since y € W, and x(t) <0 for t <0, we get

X\
C
=

>
-
Integrating both sides along the interval [ct,t] gives the second desired in-
equality.

Consider now the general case. Let x. be as in Lemma When y €
W™, applying the previous case for y. — x¢(0) instead of x and taking e — 0
gives the desired inequality for x € W™. When y € W]t[, it is essentially the
same: we apply the proof of the smooth case to x. and ¢t < —9 for some fixed

constant § > 0, then we get the desired inequality by letting ¢ — 0 and then
0 — 0. This finishes the proof. O

Let X be a compact Kéhler manifold of dimension n and let w be a
Kahler form on X. We recall the following result which is taken from the
proofs of [24, Lemmas 2.3 and 3.5].

Lemma 2.3. Let o1 and @2 be bounded negative w-psh functions on X such
that p1 < wa. Let T be a closed positive current of bi-dimension (1,1). Then
we have

(21) - /X X(o1) (g +w) AT < —(M +1) /X X)) (ddpr +w) AT

if x € Wi, and

(22) - / (o) (ddps + w) AT < —2 / (@) (ddy +w) AT
X X

ifxeW™.

Proof. We reproduce detailed arguments for readers’ convenience. By
Lemma [2.1] without loss of generality, we can assume that x is smooth.
Since x is increasing, one has x' > 0. Put w,,, := dd°p; +w for j = 1,2. By
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integration by parts, we have

(2.3) —/Xx(wl)wwl AT = /Xx’(wl)dwl Ndp1 AT —/ x(p1)w AT

X
z—/ X)W AT
X

(see [42, Lemma 5.7] for a comment on the last equality). Using integration
by parts again gives

(24) - /Xx(sm)wm ANT = — /X add X (p1) NT — /Xx(sol)w AT.

Consider now xy € W~. Since x” > 0, observe that x'(y1)w + dd°x(¢1) > 0.
By this, the hypothesis and (2.4]), we get

—/ X(p1)wep, N T < — /@2()( (@1)w+ddcx(901))AT—/ X(p1)w AT
X

X
<= [ e+ die)) AT [ xenwnT

~

< - /xcmwAT /x(w)w%AT
X X

o1X (1 )w AT — /x(w)wwlAT
X

>

because —p1x (1) < —x(¢1) (by convexity of x and the equality x(0) = 0).
Combining this with (2.3) gives ({2.2)).
It remains to check (2.1) for x € Wj;. Since x” < 0 < x/, we obtain
dd*x (1) = X" (p1)dp1 A dp1 + X' (p1)ddp1 < X/ (p1)wg, -
Thus,

—/ addx (1) NT < —/ ©ax(p1)wy, AT < —/ o1X (p1)wp, AT
X X X

which is less than or equal to

—M/ x(p1)wp, AT
X

because x € W]\'t[ Combining this with (2.3) and (2.4)) gives (2.1). The proof
is finished. O
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Using Lemma and [24, Proposition 1.4], we obtain the following
known fact.

Proposition 2.4. Let xy e W™ U W]\JQ[ Let 1 and @2 be bounded negative
w-psh functions on X such that o1 < @a. Then g € &, if @1 is so. Further-
more, we have

Ey(p2) < (M +1)"E\ (1)
for x € W]J\}, and
Ex(p2) < 2"Ey(#1)
forx e W~
The following key result will be proved using an idea from [40), 42]. This
is the idea used to prove the convexity of weighted classes of currents of
relative full mass intersection there. In this section, if no confusion arises,

we will remove the bracket ( ) from the notation of non-pluripolar products
for simplicity.

Theorem 2.5. There exists a constant C' depending only on the dimension
n such that for every ¢, ¢ € &, such that supx ¥ = supy ¢ = —1, we have

25) [ xware+or < o((BdoB @) + Byle) + X0l

if x € W™, and

(2.6) /X —X($)(ddp + w)”

<O 1) ((Exuo))”(M*”<Ex<w>>M/<M“> B+ rxw)\\p)
if x € W]\”}

We refer to [24] Lemmas 2.11 and 3.9] for related results in the case where
x(t) = —=(=t)? (p > 0). If x(t) = —(—t)P with 0 < p < 1, then the exponent
1/2 in can be replaced by p/(p+1) as the proof of provided
below shows. The normalization supy 1) = —1 is not essential but it has an
advantage that F, (¢) > x(—1) > 0, similarly for ¢.
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Proof. We first prove (2.5)). Let ¢ > 2 be a constant. Observe
X ={¢Y>cotU{y <cp+1}.

Hence,

/ (@) (dd°p + w)" < / (@) (dd°p + w)"
X {b>cp}

4 / —X()(dd°p + w)™.
{p<cp+1}

Denote by I; and I the first and second term in the right-hand side of the
last inequality. By Lemma [2.2] we get

(2.7) I < / —x(ep)(dd°p + w)"
{¥>cp}
< /X —x(ep)(ddp + w)" < cEy(p).

On the other hand, for ¢’ := max{, cp + 1} > 9 (which is a (cw)-psh func-
tion), using the plurifine locality, one has

L=c / () (dd(ep) + cw)”
{¥<cp+1}
e~ / ()Y + ) < / @) (A + cw)
{¢p<cp+1} X

which is, by monotonicity of energy classes (see Lemma [2.3), less than or
equal to

gnen /X —x () (ddY + cw)".

The last term is less than or equal to
Ace = )" Ix(@)|lp + A /X —x(¥)(ddY + w)? A (e — D],
j=1

where A > 1 is a dimensional constant. The second term in the last sum is
bounded by

(2.8) AcTmy e / —x () (ddY + w)! AW < nAcTrE, ()
=1 X
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by Lemmal2.3|again. It follows that there exists a constant A’ > 0 depending
only on n such that

(2.9) /X () (ddp + w)" < A (cBy(p) + ¢ Ey() + Ix(4)]11)

for every constant ¢ > 2. Let cp := (Ey (¥)/Ey(¢))'/2. If ¢g < 2, then
is clear. Consider ¢y > 2. Applying to cg yields the desired assertion.

The other inequality is proved similarly. We only indicate minor
changes needed to implement. Consider now x € W]\'t[ In the right-hand
sides of (2.7) and , the factors ¢ and nAc™! are replaced by ¢ and
(M +1)"nAc™!, respectively. As a result, we get

/X () (ddp + W) < A(M + 1) (M By () + ¢ By() + [[x(4)]]11).

Arguing as before gives (2.6)). This finishes the proof. g

Note that the term ||x(¢)]/z: is bounded by a constant independent of
¥ with supy ¢ = —1 because |x(¢)| < —x(—1)[¢| if x € W™, and |x(¢)| <
—x(=D)[[™ if x € Wy, (see Lemma . The following is a well-known
result from [24], see also [7].

Theorem 2.6. Let pu be a probability measure dominated by capacity, i.e,
there exists a constant A such that for every Borel set K in X, we have
w(K) < Acap,(K). Then there exists an w-psh function ¢ € Np>1EP such
that p = (ddp + w)™.

Proof. One can see Theorem below for a more general statement for big
cohomology classes. Although the desired result was not explicitly stated
in [24], it was indeed implicitly proved in the proof of Theorem 4.1 in [24].
Firstly, as one can see from the paragraph right before [24, Lemma 4.5],
there exists ¢ € £! such that u = (dd°p + w)". Now by the last paragraph
of the proof of [24, Theorem 4.1] (the end of the page 472 and the beginning
of the page 473 there), one gets ¢ € Ny>1EP. d

Recall that
cap, (K) i=sup { [ (@a°+w)"s v wpsh, 0= <1},
K
Note that since |x(¢)| < —[t|Mx(—1) for t < —1, we have

ﬂp21€p C SX
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for every x € Wz\+4 It was shown in [25] that the solution ¢ in Theorem
is not bounded in general.

End of the proof of Theorem[I.1]. Firstly, assume that u = (dd°p 4+ w)" for
some ¢ € &,. Applying Theorem to u gives the desired inequality.

Now suppose is satisfied. We will prove the desired assertion un-
der a weaker hypothesis that there exists a function F : R*™ — RT with
limsup;_, F(t)/t <1 and

- /X X@)du < F(Ey ()

for every smooth w-psh function i with supy ¢ = —1. It is clear that p
has no mass on pluripolar sets. Thus, by [24, Theorem 4.6], there exists
v € € so that pu = (dd°¢ 4+ w)™ (this solution is unique by [I7]). We need
to check that ¢ € &,. However we don’t really need [24, Theorem 4.6] here
because the existence of ¢ will be deduced from the arguments in the next
paragraph. The strategy is that of [7] and [24, Theorem 4.1]. A key point in
this approach is to control the energy of the sequence (¢;); below.

We recall how to construct ¢. Since p has no mass on pluripolar sets,
there exists a probability measure v bounded by capacity and a Borel func-
tion f > 0 locally integrable with respect to v such that pu = fv; see for
example [24, Lemma 4.5]. Let

pj := 6; min{ f, j}v,
where 6; > 0 is a constant such that the mass of j1; is equal to 1. Note that
p; converges to p as j — 0o, and pj < dju. Observe also that d; converges

to 1 as j — co. By Theorem [2.6] there exists ¢; € N),>1EP satisfying
pj = (dd°pj +w)™, suppj = —1.
By , we have
Ey(gj) = — /X X(pj)(dd°pj + w)" < —0; /Xx(soj)du < 0, F (Ex(#)))-
This combined with the fact that limsup,_, . F'(t)/t < 1 gives

(2.10) sup Ey () < oo.
j
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By extracting a subsequence if necessary, we can assume that ¢; — ¢ in L'
for some w-psh function . Hence, ¢ is the limit of the decreasing sequence of
¢ = (supy>; ;). Note that since ¢ > ¢;, we get ¢ € £, (monotonicity
of energy classes, Proposition and

sup By (¢;) < sup Ey(p;) +1 < o0
J J

by (2.10). By the lower semi-continuity like property of energy (see [24
Corollary 2.7] or Corollary below for general big cohomology case), we
obtain that

E\(¢) $liminf E, (¢}) < 0o
j—oo
and ¢ is of full Monge-Ampere mass. In other words, ¢ € &,. It follows that

(dd°¢ + w)™ = lim (dd°¢}; + w)" > limsup inf min{f,k}v > fv = p.
j—00

j—oo k2j

Since both sides of the above inequality has the same mass on X, we get
(ddp +w)" = p.
So ¢ € &, is what we are looking for. The proof is finished. O

3. Big cohomology class setting

In this section, we explain how to extend Theorem[I.1]to the case of big coho-
mology class. Let 6 be a closed smooth real (1,1)-form on X. Let PSH(X, 0)
be the set of f-psh functions on X. Let ¢ and ¢ be in PSH(X, 0). Recall
that ¢ is said to be more singular than ¢ if ¥ < ¢ 4+ O(1), in this case, we
write ¥ = ¢. The function ¢ and v are said to be of the same singularity
type if ¢ is more singular than 1 and vice versa.

We first extend Lemma to our setting. This was essentially done
n [40]. We provide details for readers’ convenience. To do so, we need an
integration by parts formula for relative non-pluripolar products from [40]
generalizing those given in [6 B1], 44]. We will employ the notion of relative
non-pluripolar products in [42]. This use is not absolutely necessary in the
proof of Theorem but it makes the presentation more clear.

Let T, ..., Ty, be closed positive (1, 1)-currents on X. Let T be a closed
positive current of bi-degree (p,p) on X. The T-relative non-pluripolar
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product (/\}”ZIT]-/\T> is defined in a way similar to that of the usual non-
pluripolar product. The product </\§»”:1Tj/'\T> is a well-defined closed posi-
tive current of bi-degree (m + p, m + p); and </\§~”:1Tj/\T> is symmetric with
respect to T11,...,7T,, and is homogeneous. In latter applications, we will
only use the case where T is the non-pluripolar product of some closed posi-
tive (1, 1)-currents, say, T' = (Typ+1 A - - - A Tiqy), where T is (1, 1)-currents
for m+1<j <m+1. In this case, (T} A--- AT, AT) is simply equal to
(AITy).

Recall that a dsh function on X is the difference of two quasi-
plurisubharmonic (quasi-psh for short) functions on X (see [22]). These
functions are well-defined outside pluripolar sets. Let v be a dsh function on
X. Let T be a closed positive current on X. We say that v is T-admissible
if there exist quasi-psh functions @1, ¢ such that v = 1 — @92 and T has no
mass on {¢; = —oo} for j = 1,2. In particular, if 7" has no mass on pluripolar
sets, then every dsh function is T-admissible.

Assume now that v is bounded T-admissible. Let 1, ps be quasi-psh
functions such that v = ¢1 — @9 and T has no mass on {¢; = —oo} for j =
1,2. Let

@ik = max{p;, —k}
for every j = 1,2 and k € N. Put v, := 1 — 2. Put

Qp := dog A dvp AT = dd°vi AT — vpddvy, AT.

By the plurifine locality with respect to T' ([42, Theorem 2.9]) applied to
the right-hand side of the last equality, we have

(3.1) Lrz (o> 1@k = L1z (o> 1 Qr

for every k' > k. By [40, Lemma 2.5], the mass of Q; on X is bounded
uniformly in k. This combined with implies that there exists a positive
current () on X such that for every bounded Borel form & with compact
support on X such that

(@ @) (Qr, D).

= lim
k—o0
We define (dv A d°vAT) to be the current Q. This agrees with the classical
definition if v is the difference of two bounded quasi-psh functions. One can
check that this definition is independent of the choice of @1, 3.
Let w be another bounded T-admissible dsh function. If T is of bi-degree
(n—1,n—1), we can also define the current (dv A d“wAT) by a similar
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procedure as above. We put
(dd“vAT) = (dd°p1AT) — (dd°pa AT

which is independent of the choice of @1, 2. The following integration by
parts formula is crucial for us later.

Theorem 3.1. ([{0, Theorem 2.6]) Let T' a closed positive current of bi-
degree (n —1,n — 1) on X. Let v,w be bounded T-admissible dsh functions
on X. Let x : R — R be a €2 function. Then we have

(3.2)
/Xx(w)(ddcv/\T) = /X’UX (w){dw A d“wAT) —i—/va (w)(dd‘wAT)
=— /X X (w){dw A d°vAT).

Note that the second equality of wasn’t stated explicitly in [40]
Theorem 2.6]. But its validity can be seen directly from the proof of the last
result. Here is a generalization of Lemma to our setting. We note that
some partial results were obtained in [9, Section 2.2].

Lemma 3.2. Let 1,02 and ¢ be 0-psh functions on X such that o1, o2
are more singular than ¢, and 1 < @o. Let T be a closed positive current
of bi-dimension (1,1) having no mass on pluripolar sets. Assume that

(3.3) /X (dd°p1 + O)AT) = /X (dd° + O)AT).
Then we have

- / X1 — O){(dd°py + O)AT) < —(M +1) / x(1 — B){(dd°y + O)AT)
X X

if x € Wi, and

—/ X(p1 — @){(dd 2 + O)AT) < —2/ X (1 — @) ((ddpr + O)AT)
X X

ifx e W™.

Proof. By regularization, we can assume that x is smooth. The case y € W™
was treated in [40} [42]. The case x € W]T/[ is also essentially the same as the
last one. We explain briefly how to proceed.
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Using (3.3]), the fact that ¢1 < 2 and the monotonicity of relative non-
pluripolar products ([42, Theorem 1.1]) gives that

(3.4) / ((dd°p2 + O)AT) = / ((dd°¢ + O)AT).

X X
Put ¢; == max{p; — ¢, —k} for j =1,2. We see that ¢;; is a bounded
T-admissible dsh function converging to ¢; — ¢ as k — oo.

By [42, Lemma 5.2], and (3.4), in order to prove the desired inequal-
ity, it suffices to prove it with ¢ in place of p; — ¢ (hence x(¢; — ¢) and
dd°p; + 0 are substituted by x(¢jx) and ddpj + 04 respectively, where
4 = dd°¢ +0).

Now, one just needs to follow literally arguments in the proof of Lemma
presented in [24] (with w replaced by 64 and the classical product re-
placed by the non-pluripolar one) and use the integration by parts formula
given by Theorem [3.1| (we note however that other weaker integration by
parts formulae obtained in [6l, 31 [44] seem to be not enough for our purposes
here). This finishes the proof. (]

Let £(0,¢) be the set of ¢ € PSH(X, ) such that ¢ is more singular
than ¢ and

[ t@oror = [ (@woror).
X X

The last space was introduced in [10], see also [40] for some generalizations.
We recall the notion of y-energy. The case x(t) =t was studied in [9]. For
p € E(0,9), we put

Ey0.6(p) = — /X x(p — ¢)<(ddc<p + 0)">

When ¢ is of minimal singularities in the cohomology class of 8, the above
energy is equivalent to that defined in [40]. Furthermore, if ¢/ € PSH(X,0)
such that ¢’ and ¢ are of the same singularity type, then by Lemma we
have

(3.5) C™'Eyo.6(0) < Eyp(0) < CEyo.p(0)

for some constant C' > 0 independent of .

Let &, 9.4 be the subset of £(0, ¢) consisting of ¢ with E, g 4(¢) < .
When x(t) = —(—t)?, we write Ep 4, Eg’qs for Ey 9.4, Ex0,6 respectively.
Using Lemma [3.2] we get the following important estimates just as in the
Kahler case.
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Proposition 3.3. Letx e W™ U Wz\+4 Let 1 and @y be in PSH(X, 0) such
that o1 < 2. Assume that 1 € €y 9,4. Then o2 € €, 9.4, and we have

Ey0.6(02) < (M +1)"E\ 96(01)

for x € W]\Z, and
Ey.6(p2) < 2"Ey0.6(#1)

forx e W~

As a consequence, we obtain a lower semi-continuity like property of
energy.

Corollary 3.4. Let x € W~ UW;,. Let (¢r) be a sequence of 6-psh func-
tions in 94 converging to a 0-psh function o in L' such that E, g 4(¢r)
is bounded uniformly in k. Then we have ¢ € £, 9 4, and

E, 0.6(¢) < 2" liminf E, g (k)
k—o0
if x e W™, and
EX’97¢(QO) < (M + 1)n lim inf EX,9,¢(90’€)
k—o0
if x € W]J\r/[

Proof. We consider x € W~. The other case is treated similarly. Let ¢} :=
(sup;>y ¢1)*. We have that ), decreases pointwise to ¢ as k — co. Using
this and the fact that x is continuous increasing gives

E,y 0.6(p) <liminf E, g 4(¢})-
k—o00
By Proposition [3.3] we get

Exo.0(e1) < 2" inf Eyoo(e1)

for every k. Letting k — oo gives E g 4(¢) < 0o. It remains to check that ¢ €
E(0,¢). Observe that by above arguments applied to ; := max{y, ¢ — [} for



1676 D. T. Do and D.-V. Vu
I > 1 gives
Evo0(r) S liminf By g g(max{py, ¢ —1}) S iminf By g o (k)

by monotonicity. It follows that

| tdanrory =~ [ - o)@av+ o)
{p<o-1}

{p<o—1}
-1
< Ix(=1)]
which tends to 0 as [ — oo because x(—o0) = —oo and x is continuous. We
deduce that ¢ € £(6, ¢). The proof is finished. O

We now go back to Monge-Ampere equations. Let ¢ and 1 be negative
f-psh functions on X. Recall

Py(¢,9) == (sup{v € PSH(X,0) : v < min{a,¢}})"

if the set in the supremum is non-empty, and Py(¢, 1) := —oco otherwise.
Put

Pylo] = (sup{v € PSH(X,0) :v <0, v= <Z>})*

Observe that Py(¢ + C,0) increases a.e. to Py[¢] as C € R tends to co. We
always have ¢ =< Py[¢]. Moreover, the singularities of ¢ and Py[¢] are similar
in the sense that the multiplier ideal sheafs associated to them are the same,
see [I1, Page 405].

Let « be the cohomology class of 8. A singularity type in « is an equiva-
lence class of #-psh functions of the same singularity type. Given a singularity
type € in «, we define the volume of £ by putting

vol(€) = /X ((dd°¢+ 0)"),

where ¢ € £. The last quantity is independent of the choice of ¢ by mono-
tonicity. The singularity type of a #-psh function is the singularity type in
a containing that function. We say that ¢ is of model type singularity if ¢
and Py[¢] are of the same singularity type. A model singularity type is the
singularity type of a 6-psh function of model type singularity.

It was known that -psh functions with minimal singularities or with an-
alytic singularity are of model type singularities, see [10, Proposition 4.36] or
[35, B6]. By [10, Theorem 3.12], the function Py[¢] is of model type singular-
ity for every ¢ with [ X 92 > 0. The model singularity types appear naturally
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in the study of complex Monge-Ampere equations. The use of this notion is
in fact necessary as pointed out in [10, Section 4E].

Assume now that the cohomology class « of 6 is big. Let £ be a model
singularity type in o with vol(§) > 0. Let ¢ € PSH(X, 6) be in £. Using above
results and following arguments in the proof Theorem [2.5| (to be precise,
compared to the proof of the aforementioned result, we need to substitute w
by dd“¢ + 6 and ¢, ¢ by ¥ — ¢, p — ¢ respectively), we obtain the following
generalization of Theorem to the big cohomology class setting.

Theorem 3.5. Let jus := ((dd°¢ + 0)"). There exists a constant C depend-
ing only on the dimension n such that for every 1, p € £.(0,¢) such that

supx () — ¢) = supx (¢ — ¢) = —1, we have
39 [ —xtw-o)(dde+or)
<C ((Ex,ew(so)Ex,e@(@b))l/Q + Ey0,6(0) + Ix(¥ — ¢)IIL1(H¢)>
if x € W™, and
a1 [ —xw-o@reror)
< OO + 17 (B0 (B o) 14440
+ Bns(e) + I - Ol
if x € Wy

As a consequence, we get the following result.

Corollary 3.6. Let p € &,(0,¢) withsupx (¢ — ¢) = —1. Then there exists
a constant C' > 0 such that for every v € £,(6,¢) such that supx (v — ¢) =
—1, we have

/X “X( — O){(ddo + )Y < C((Eyoo@)? +1)
if x € W™, and

[ (@ = ) +0)") < O((Bras()) /1) +1)
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if x € Wi, (C might depend on M ).

Proof. The desired assertions follow from Theorem if we can show that
1X(¥ — @)1t (u,) is finite. It is not clear to us if this is true for an arbitrary
¢. We overcome this difficulty as follows. Let ¢’ € PSH(X, 6) be of the same
singularity type as ¢. We will make clear the choice of ¢’ later. By and
Lemma it suffices to prove the desired inequalities for ¢’ in place of ¢.

Since ¢ is a model singularity type of positive volume, using [9, Theorem
A], we obtain that there is a 6-psh function ¢’ in € such that py = ((dd°¢’ +
9)"> is a smooth measure. Hence, there exist constants ¢, C' > 0 such that
for every w-psh function v with supy ¥ = 0, we have

(3.8) / e dugy < C.
X

By this and [9, Lemma 2.2], the quantity ||x(¢ — @)l|r1(,,,) is bounded uni-
formly in 1. Hence the desired assertions follow from Theorem applied
to ¢'. O

We recall that
capy »(K) := sup {/ (dd°¢ +6)" : ¥ € PSH(X,0), 0<v¢ —¢ <1}
K

The last notion was introduced in [10} 14} 15] as a generalization of the usual
capacity cap,. The following result generalizes Theorem

Theorem 3.7. Let p be a probability measure dominated by capacity, i.e,
there exists a constant A such that for every Borel set K in X, we have
p(K) < Acapy 4(K). Then there exists an 0-psh function ¢ € mpzlgg,¢ such
that p = (dd“y + 0)".

Proof. By [9, Lemma 2.7] and its proof, for every constant p > 1, there is a
constant C), independent of ¢ such that for every u € £(6, ¢) with supy u =
0, there holds

/X = $J7 dpp < Cp(Bp1.0,0(u) +1).

Now using [9, Theorem 4.7] (or rather its proof), there exists a #-psh ¢ €
EY0, ¢) with supy ¢ = 0 such that u = (dd“y + 0)". The above inequality
applied to u := 1 shows that ¢ € Np>1E) ¢ (by induction). This finishes the
proof. O
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End of the proof of Theorem[I.3, If  p = ((dd°¢p + 6)™) for some
p € &(0,9), then by Corollary we get (1.4). We prove the con-
verse implication. With all of above results, the proof is now standard.
Firstly, as in the proof of [9, Theorem 4.7], there exist a measure v bounded
by capacity (i.e, v(K) < Mcapy,(K) for every Borel set K and some
constant M independent of K) and a nonnegative function f € L(v) such
that © = fv. We now define p; as in the proof of Theorem and just
follow almost word by word arguments there to get the desired assertion.
Here are minor modifications: the form w is replaced by dd“¢ + 6, and ¢}, ¢
are replaced by ¢; — ¢, ¢ — ¢ respectively; Theorem 3.7, Proposition
substitute Theorem |2.6] Proposition |2.4] respectively. (]

As mentioned in Introduction, we now give another proof of the following
result using the variational method introduced in [5].

Theorem 3.8. ([9, Theorem A]) Let 6 and « be as above. Let  be a model
singularity type in o with vol(§) > 0. Let f € LP(w™),p > 1 be such that
f>0and [y fw™ =vol(§). Then the following hold:
(i) there exists p € &, unique up to a constant, solving for = fuw™,
(ii) for any constant \ > 0 there exists a unique ¢ € § such that

((dd°p+0)") = e fw".

Proof. We note that this result was proved in [10, Section 4], using the vari-
ational method, under the hypothesis that £ has a small unbounded locus.
In the general case, we follow literally arguments there. In the list below, we
will indicate which results in [10, Section 4] used the assumption that £ has
a small unbounded locus, and explain how to remove this restriction from
them.

1. Theorem 4.10 in [10} Section 4B]: this is due to the fact that they used
the integration by parts formula [0, Theorem 1.14] which requires the small
unbounded locus hypothesis. Theorem [3.1] frees us from this assumption and
the rest of the proof of [10, Theorem 4.10] works verbatim in our setting.

2. Lemma 4.17 in [10}, Section 4C] and Proposition 4.30 in [10, Section
4D]: in order to prove these results, the authors used Lemmas 4.6 and 4.9
from Section 4A there respectively. But these lemmas were extended to the
current setting in [9, Corollaries 3.8 and 3.9]. Hence, Sections 4C and 4D in
[10] still work in our setting.

This ends the proof. O
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