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Complex Monge-Ampère equations with

solutions in finite energy classes

Duc Thai Do and Duc-Viet Vu

We characterize the class of probability measures on a compact
Kähler manifold such that the associated Monge-Ampère equation
has a solution of finite pluricomplex energy. Our results are also
valid in the big cohomology class setting.

1. Introduction

Let X be a compact Kähler manifold of dimension n and ω a Kähler form on
X normalized so that

∫

X ω
n = 1. We are interested in studying the regularity

of the solutions of the complex Monge-Ampère equation

(ddcφ+ ω)n = µ,(1.1)

where µ is a probability measure on X, and φ is an ω-psh function. The
case where µ is smooth was settled in [45]. The pluripotential theory tools
were introduced to the study of (1.1) in [25], and an almost sharp class of
measures whose equation (1.1) admits a continuous solution was established
there; see also [29, 30].

The class of measures with Hölder continuous solutions for (1.1) was
characterized by contributions of many works. Roughly speaking, the equa-
tion (1.1) has a Hölder continuous solution if and only if certain functional
associated to µ is Hölder continuous. Direct analogue of this fact in the
continuity regularity is not true. We refer to [13, 19, 20, 27, 28, 32–34, 37–
39] and references therein for details. In this paper, we are interested in a
weaker notion of regularity for solutions of (1.1) which is the so-called finite
pluricomplex energy. The last term was coined in [7]. Precisely, our goal is
to characterize the class of measures µ such that (1.1) has solutions of finite
pluricomplex energy. To go into details, we need to recall some notions.

For closed positive (1, 1)-currents T1, . . . , Tm, let ⟨T1 ∧ · · · ∧ Tm⟩ be the
non-pluripolar product of T1, . . . , Tm. We refer to [2, 6, 10, 24, 40, 42–44]
and references therein for basic properties of non-pluripolar products.
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Let E be the set of negative ω-psh functions φ of full Monge-Ampère
mass, i.e.,

〈

(ddcφ+ ω)n
〉

is of mass equal to 1. Let W− be the set of convex
increasing functions χ : R → R such that χ(0) = 0 and χ(−∞) = −∞. Let
M ≥ 1 be a constant and W+

M be the set of concave increasing functions
χ : R → R such that χ(0) = 0, χ(−∞) = −∞ and |tχ′(t)| ≤M |χ(t)| for t ∈
R
−.

For χ ∈ W− ∪W+
M , we denote by Eχ the space of ω-psh functions φ ∈ E

such that

Eχ(φ) := −

∫

X
χ(φ)

〈

(ddcφ+ ω)n
〉

<∞.

The last quantity is called the χ-energy of φ. The space Eχ was introduced
in [24] as a counterpart in the compact setting of the class of psh functions
of finite pluricomplex energy given in [7]. For a positive real number p and
χ(t) = −(−t)p, we write Ep, Ep for Eχ, Eχ respectively. Recall that

E = ∪χ∈W−Eχ, Eχ1
⊂ E1 ⊂ Eχ2

,(1.2)

for every χ1 ∈ W+
M and χ2 ∈ W−; see [24].

By [7, 24], for every probability measure µ having no mass on pluripolar
sets, the equation (1.1) has a solution φ ∈ E which is in fact unique by
[17]. We refer to [1] for more information in the local setting. Hence, it is
natural to characterize the class of measures

〈

(ddcφ+ ω)n
〉

for φ ∈ Eχ; see
the comments after Theorem 1.1 for details. When χ(t) = −(−t)p for some
constant p > 0 (or χ is a quasi-homogeneous weight), the question was solved
in [7, 24] thanks to the special form of χ. Here is our main result giving a
complete answer for the general case.

Theorem 1.1. Let µ be a probability measure on X. Let χ ∈ W− ∪W+
M .

Then,

µ =
〈

(ddcφ+ ω)n
〉

for some φ ∈ Eχ if and only if there is a constant A > 0 such that

−

∫

X
χ(ψ)dµ ≤ A

[(

Eχ(ψ)
)λ

+ 1
]

(1.3)

for every ψ ∈ Eχ with supX ψ = −1, where λ := 1/2 if χ ∈ W−, and λ :=
M/(M + 1) if χ ∈ W+

M . In particular, the set of measures
〈

(ddcφ+ ω)n
〉

with φ ∈ Eχ is convex.
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We note that Theorem 1.1 is closely related to a problem posed in [24]
(see the comment right after [24, Theorem 4.1]): for every probability mea-
sure µ, does the the condition that χ(ψ) ∈ L1(µ) for every ψ ∈ Eχ imply
that µ =

〈

(ddcφ+ ω)n
〉

for some φ ∈ Eχ? Although Theorem 1.1 doesn’t
answer that question, the important point is that it gives a characteriza-
tion of the class of measures

〈

(ddcφ+ ω)n
〉

for φ ∈ Eχ by an integrability
property. Such a condition is of great interest in determining the range of
complex Monge-Ampère operators. We refer to [18, Question 13-15] for a
discussion regarding this problem.

Previously, it was shown in [4, Theorem 3.1] that if µ satisfies certain
conditions in terms of capacity, then (1.1) has a solution in finite energy
classes. In the local setting of hyperconvex domains, a result similar to The-
orem 1.1 for χ ∈ W− was obtained in [3, Theorem C].

By [6, Proposition 3.2], for every non-pluripolar probability measure µ on
X, there exists χ ∈ W− such that −

∫

X χ(ψ)dµ <∞ for every ω-psh function
ψ with supX ψ = −1, in particular, (1.3) is satisfied. Using this, (1.2) and
Theorem 1.1, we recover a well-known fact proved in [24] that every non-
pluripolar probability measure can be written as

〈

(ddcφ+ ω)n
〉

for some φ ∈
E . This is an instance showing why we are interested in the class Eχ for χ ∈
W−. Broadly speaking, we can study non-pluripolar measures by considering
them as Monge-Ampère measures with potentials in some class Eχ for χ ∈
W− which is easier to handle analytically. This point of view should be
useful in complex dynamics because the equilibrium measure associated to
a meromorphic self-map is usually non-pluripolar; see, for example, [16, 23,
24, 41]. In this aspect, considering only χ(t) = −(−t)p for 0 < p ≤ 1 is not
enough because in general the union of Eχ with χ(t) = −(−t)p (0 < p ≤ 1)
is a proper subset of E by [24, Example 2.13].

Another reason why it is of interest to study general weights χ rather
than only those χ(−t) = −(−t)p for p > 0 is that in some problems even
when one only considers the weight −(−t)p, it is still necessary to approxi-
mate this weight by those in W− ∪W+

M . To illustrate this, one can see the
proofs of [6, Theorem 2.17], [8, Theorem 3.5] and the paragraph after [12,
Theorem 1.1] in [12].

As a direct consequence of Theorem 1.1, we obtain immediately the
following monotonicity property.

Corollary 1.2. Let χ ∈ W− ∪W+
M . Let µ be a probability measure such

that

µ ≤ C
〈

(ddcφ+ ω)n
〉
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for some φ ∈ Eχ and some constant C. Then there exists ψ ∈ Eχ satisfying

µ =
〈

(ddcψ + ω)n
〉

.

We note that the above result fits in the study of a long-standing conjec-
ture due to Ko lodziej that if µ is bounded by a Monge-Ampère measure with
bounded or continuous potentials then µ is also a Monge-Ampère measure
with bounded or continuous potentials ([18, Question 15], [26, Theorem 4.7]
and [30]). It reflects a more general belief that if a closed positive current T
is dominated by another current S, then T should inherit properties from
S. Another example of this intuition is [21, Theorem 1.1] proving that if S
has Hölder, continuous, or bounded super-potentials, then so does T .

We have some comments on the proof of Theorem 1.1. We follow the
standard strategy in [7, 24, 25]. The idea goes as follows. Firstly, we regular-
ize µ to obtain a sequence of measures (µj)j with nicer regularity. We solve
the Monge-Ampère equation for µj to get a solution φj . The L1 limit of the
sequence (φj)j is supposed to be the solution we are looking for. A key point
in this approach is to control the regularity of the sequence of (φj)j . In our
present setting, this means that we need to prove that the χ-energy of φj
is bounded uniformly in j. This was achieved for χ(t) = −(−t)p in previous
works. Our contribution is to prove that this can be done for general χ. The
key ingredient is Theorem 2.5 below giving an upper bound for “mixed”
energy.

Our method also works in the big cohomology class setting and gives
the following generalization of Theorem 1.1.

Theorem 1.3. Let θ be a smooth real (1, 1)-form in a big cohomology
class in X. Let ϕ be a θ-psh function of model type singularity on X with
∫

X

〈

(ddcϕ+ θ)n
〉

> 0. Let χ ∈ W− ∪W+
M . Then,

µ =
〈

(ddcφ+ θ)n
〉

for some φ ∈ Eχ(θ, ϕ) if and only if there is a constant A > 0 such that

−

∫

X
χ(ψ − ϕ)dµ ≤ A

[(

Eχ,θ,ϕ(ψ)
)λ

+ 1
]

(1.4)

for every ψ ∈ Eχ(θ, ϕ) with supX(ψ − ϕ) = −1, where λ := 1/2 if χ ∈ W−,
and λ := M/(M + 1) if χ ∈ W+

M .

For the definition of model type singularity and other notations in the
statement of Theorem 1.3, we refer to Section 3. The condition

∫

X

〈

(ddcϕ+
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θ)n
〉

> 0 is natural as explained in [9, 10] (note that if
∫

X

〈

(ddcϕ+ θ)n
〉

= 0,
then by monotonicity,

〈

(ddcφ+ θ)n
〉

= 0 for every φ ∈ Eχ(θ, ϕ)). The hy-
pothesis imposed on ϕ is always satisfied if ϕ is of minimal singularities in
the cohomology class of θ.

We note here that by [9, 10], every measure having no mass pluripolar
sets can be written as

〈

(ddcφ+ θ)n
〉

for some φ ∈ E(θ, ϕ). However, it seems
that the arguments there are not enough to obtain the above characterization
given in Theorem 1.3 even when χ(t) = −(−t)p.

In order to be able to transfer the arguments from the Kähler case to
the big case, it is crucial to have an adequate integration by parts formula.
Such a formula was proved in [6, Theorem 1.14] under the hypothesis of
having small unbounded locus. There are also some partial generalizations
given in [31, 44]. However, they are not good enough to treat the setting of
prescribed singularity type as in Theorem 1.3. To overcome this problem, we
use an integration by parts formula obtained [40] (see Theorem 3.1 below)
in an essential way. This formula fully extends [6, Theorem 1.14] to the
context of prescribed singularity type. As another illustration of the use of
Theorem 3.1, we will explain how to use the variational method in [5] to give
another proof of [9, Theorem A] which was proved there using supersolution
approach; see Theorem 3.8 below.

Finally, one can see that Theorem 1.3 implies a generalization of
Corollary 1.2 in the big cohomology class setting. Theorem 1.1 is proved in
the next section. We prove Theorem 1.3 in the last section.

Acknowledgments. We thank the referees for suggestions improving con-
siderably the presentation of the paper. D.-V. Vu is supported by a post-
doctoral fellowship of the Alexander von Humboldt Foundation.

2. Proof of Theorem 1.1

If no confusion can arise, we sometimes use ≳,≲ to denote ≥,≤ modulo
multiplicative constants independent of parameters in question. We begin
with some elementary lemmas, which appeared more or less in [8, Section
2.1].

Lemma 2.1. Let χ ∈ W− ∪W+
M . Let g be a smooth radial cut-off func-

tion supported in [−1, 1] on R, i.e, g(t) = g(−t) for t ∈ R, 0 ≤ g ≤ 1 and
∫

R
g(t)dt = 1. Put gϵ(t) := ϵ−1g(ϵt) for every constant ϵ > 0 and χϵ := χ ∗ gϵ

(the convolution of χ with gϵ). Then χϵ converges uniformly to χ as ϵ→ 0
on compact subsets in R, and the following assertions are true:
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(i) if χ ∈ W−, then χϵ − χϵ(0) ∈ W− and χϵ ≥ χ,
(ii) if χ ∈ W+

M , then χϵ is concave increasing, χϵ ≤ χ and for every
constant δ > 0, we have

|tχ′
ϵ(t)| ≤ −

(

M + ϵ/(δ − ϵ)
)

χϵ(t)

for ϵ < δ and t ≤ −δ.

Proof. By the continuity of χ, we get that χϵ converges uniformly to χ as
ϵ→ 0 on compact subsets in R. The desired assertion (i) is [42, Lemma 5.6].
We consider now χ ∈ W+

M . By definition,

χϵ(t) =

∫

R

χ(t− s)gϵ(s)ds =

∫

R+

(

χ(t− s) + χ(t+ s)
)

gϵ(s)ds.

Hence χϵ is concave and increasing, and χϵ ≤ χ. We note that χ′(t) is well-
defined almost everywhere and decreasing. Hence,

χ′
ϵ(t) =

∫

R

χ′(t− s)gϵ(s)ds.

Let t ≤ 0 such that |t| > ϵ. Using the fact χ ∈ W+
M and that the support of

gϵ is contained in the disk of radius ϵ centered at 0 gives

|tχ′
ϵ(t)| ≤

∫

R

|tχ′(t− s)|gϵ(s)ds

≤

∫

R

|(t− s)χ′(t− s)|gϵ(s)ds+

∫

R

|s||χ′(t− s)|gϵ(s)ds

≤M

∫

R

|χ(t− s)|gϵ(s)ds+ ϵ(|t| − ϵ)−1

∫

R

|(t− s)χ′(t− s)|gϵ(s)ds

≤ −(M + ϵ/(|t| − ϵ))

∫

R

χ(t− s)gϵ(s)ds = −(M + ϵ/(|t| − ϵ))χϵ(t).

This finishes the proof. □

Lemma 2.2. For every constant c ≥ 1 and every t ≤ 0, we have

χ(ct) ≥ cχ(t)

for χ ∈ W−, and

χ(ct) ≥ cMχ(t)

for χ ∈ W+
M .
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Proof. We first assume that χ is smooth. Consider the function f(t) :=
χ(ct) − cχ(t). We have f ′(t) = cχ′(ct) − cχ′(t) ≤ 0 because c ≥ 1, t ≤ 0 and
χ′ is increasing. Thus, f is decreasing. In particular, f(t) ≥ f(0) = 0 for
t ≤ 0. The first desired inequality hence follows. To prove the second one,
since χ ∈ W+

M and χ(t) ≤ 0 for t ≤ 0, we get

χ′(t)

χ(t)
≥
M

t
·

Integrating both sides along the interval [ct, t] gives the second desired in-
equality.

Consider now the general case. Let χϵ be as in Lemma 2.1. When χ ∈
W−, applying the previous case for χϵ − χϵ(0) instead of χ and taking ϵ→ 0
gives the desired inequality for χ ∈ W−. When χ ∈ W+

M , it is essentially the
same: we apply the proof of the smooth case to χϵ and t < −δ for some fixed
constant δ > 0, then we get the desired inequality by letting ϵ→ 0 and then
δ → 0. This finishes the proof. □

Let X be a compact Kähler manifold of dimension n and let ω be a
Kähler form on X. We recall the following result which is taken from the
proofs of [24, Lemmas 2.3 and 3.5].

Lemma 2.3. Let φ1 and φ2 be bounded negative ω-psh functions on X such
that φ1 ≤ φ2. Let T be a closed positive current of bi-dimension (1, 1). Then
we have

−

∫

X
χ(φ1)(dd

cφ2 + ω) ∧ T ≤ −(M + 1)

∫

X
χ(φ1)(dd

cφ1 + ω) ∧ T(2.1)

if χ ∈ W+
M , and

−

∫

X
χ(φ1)(dd

cφ2 + ω) ∧ T ≤ −2

∫

X
χ(φ1)(dd

cφ1 + ω) ∧ T(2.2)

if χ ∈ W−.

Proof. We reproduce detailed arguments for readers’ convenience. By
Lemma 2.1, without loss of generality, we can assume that χ is smooth.
Since χ is increasing, one has χ′ ≥ 0. Put ωφj

:= ddcφj + ω for j = 1, 2. By



✐

✐

“2-Vu” — 2023/4/26 — 18:39 — page 1666 — #8
✐

✐

✐

✐

✐

✐

1666 D. T. Do and D.-V. Vu

integration by parts, we have

−

∫

X
χ(φ1)ωφ1

∧ T =

∫

X
χ′(φ1)dφ1 ∧ d

cφ1 ∧ T −

∫

X
χ(φ1)ω ∧ T(2.3)

≥ −

∫

X
χ(φ1)ω ∧ T

(see [42, Lemma 5.7] for a comment on the last equality). Using integration
by parts again gives

−

∫

X
χ(φ1)ωφ2

∧ T = −

∫

X
φ2dd

cχ(φ1) ∧ T −

∫

X
χ(φ1)ω ∧ T.(2.4)

Consider now χ ∈ W−. Since χ′′ ≥ 0, observe that χ′(φ1)ω + ddcχ(φ1) ≥ 0.
By this, the hypothesis and (2.4), we get

−

∫

X
χ(φ1)ωφ2

∧ T ≤ −

∫

X
φ2

(

χ′(φ1)ω + ddcχ(φ1)
)

∧ T −

∫

X
χ(φ1)ω ∧ T

≤ −

∫

X
φ1

(

χ′(φ1)ω + ddcχ(φ1)
)

∧ T −

∫

X
χ(φ1)ω ∧ T

= −

∫

X
φ1χ

′(φ1)ω ∧ T −

∫

X
χ(φ1)ωφ1

∧ T

≤ −

∫

X
χ(φ1)ω ∧ T −

∫

X
χ(φ1)ωφ1

∧ T

because −φ1χ
′(φ1) ≤ −χ(φ1) (by convexity of χ and the equality χ(0) = 0).

Combining this with (2.3) gives (2.2).
It remains to check (2.1) for χ ∈ W+

M . Since χ′′ ≤ 0 ≤ χ′, we obtain

ddcχ(φ1) = χ′′(φ1)dφ1 ∧ d
cφ1 + χ′(φ1)dd

cφ1 ≤ χ′(φ1)ωφ1
.

Thus,

−

∫

X
φ2dd

cχ(φ1) ∧ T ≤ −

∫

X
φ2χ

′(φ1)ωφ1
∧ T ≤ −

∫

X
φ1χ

′(φ1)ωφ1
∧ T

which is less than or equal to

−M

∫

X
χ(φ1)ωφ1

∧ T

because χ ∈ W+
M . Combining this with (2.3) and (2.4) gives (2.1). The proof

is finished. □
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Using Lemma 2.3 and [24, Proposition 1.4], we obtain the following
known fact.

Proposition 2.4. Let χ ∈ W− ∪W+
M . Let φ1 and φ2 be bounded negative

ω-psh functions on X such that φ1 ≤ φ2. Then φ2 ∈ Eχ if φ1 is so. Further-
more, we have

Eχ(φ2) ≤ (M + 1)nEχ(φ1)

for χ ∈ W+
M , and

Eχ(φ2) ≤ 2nEχ(φ1)

for χ ∈ W−.

The following key result will be proved using an idea from [40, 42]. This
is the idea used to prove the convexity of weighted classes of currents of
relative full mass intersection there. In this section, if no confusion arises,
we will remove the bracket ⟨ ⟩ from the notation of non-pluripolar products
for simplicity.

Theorem 2.5. There exists a constant C depending only on the dimension
n such that for every ψ, φ ∈ Eχ such that supX ψ = supX φ = −1, we have

∫

X
−χ(ψ)(ddcφ+ ω)n ≤ C

(

(

Eχ(φ)Eχ(ψ)
)1/2

+ Eχ(φ) + ∥χ(ψ)∥L1

)

(2.5)

if χ ∈ W−, and

(2.6)

∫

X
−χ(ψ)(ddcφ+ ω)n

≤ C(M + 1)n
(

(Eχ(φ))1/(M+1)(Eχ(ψ))M/(M+1) + Eχ(φ) + ∥χ(ψ)∥L1

)

if χ ∈ W+
M .

We refer to [24, Lemmas 2.11 and 3.9] for related results in the case where
χ(t) = −(−t)p (p > 0). If χ(t) = −(−t)p with 0 < p ≤ 1, then the exponent
1/2 in (2.5) can be replaced by p/(p+ 1) as the proof of (2.6) provided
below shows. The normalization supX ψ = −1 is not essential but it has an
advantage that Eχ(ψ) ≥ χ(−1) > 0, similarly for φ.
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Proof. We first prove (2.5). Let c ≥ 2 be a constant. Observe

X = {ψ > cφ} ∪ {ψ < cφ+ 1}.

Hence,
∫

X
−χ(ψ)(ddcφ+ ω)n ≤

∫

{ψ>cφ}
−χ(ψ)(ddcφ+ ω)n

+

∫

{ψ<cφ+1}
−χ(ψ)(ddcφ+ ω)n.

Denote by I1 and I2 the first and second term in the right-hand side of the
last inequality. By Lemma 2.2, we get

I1 ≤

∫

{ψ>cφ}
−χ(cφ)(ddcφ+ ω)n(2.7)

≤

∫

X
−χ(cφ)(ddcφ+ ω)n ≤ cEχ(φ).

On the other hand, for ψ′ := max{ψ, cφ+ 1} ≥ ψ (which is a (cω)-psh func-
tion), using the plurifine locality, one has

I2 = c−n
∫

{ψ<cφ+1}
−χ(ψ)(ddc(cφ) + cω)n

= c−n
∫

{ψ<cφ+1}
−χ(ψ)(ddcψ′ + cω)n ≤ c−n

∫

X
−χ(ψ)(ddcψ′ + cω)n

which is, by monotonicity of energy classes (see Lemma 2.3), less than or
equal to

2nc−n
∫

X
−χ(ψ)(ddcψ + cω)n.

The last term is less than or equal to

Ac−n(c− 1)n∥χ(ψ)∥L1 +Ac−n
n
∑

j=1

∫

X
−χ(ψ)(ddcψ + ω)j ∧ [(c− 1)ω]n−j ,

where A ≥ 1 is a dimensional constant. The second term in the last sum is
bounded by

Ac−n
n
∑

j=1

cn−j
∫

X
−χ(ψ)(ddcψ + ω)j ∧ ωn−j ≤ nAc−1Eχ(ψ)(2.8)
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by Lemma 2.3 again. It follows that there exists a constant A′ > 0 depending
only on n such that

∫

X
−χ(ψ)(ddcφ+ ω)n ≤ A′

(

cEχ(φ) + c−1Eχ(ψ) + ∥χ(ψ)∥L1

)

(2.9)

for every constant c ≥ 2. Let c0 := (Eχ(ψ)/Eχ(φ))1/2. If c0 ≤ 2, then (2.5)
is clear. Consider c0 ≥ 2. Applying (2.9) to c0 yields the desired assertion.

The other inequality (2.6) is proved similarly. We only indicate minor
changes needed to implement. Consider now χ ∈ W+

M . In the right-hand
sides of (2.7) and (2.8), the factors c and nAc−1 are replaced by cM and
(M + 1)nnAc−1, respectively. As a result, we get

∫

X
−χ(ψ)(ddcφ+ ω)n ≤ A′(M + 1)n

(

cMEχ(φ) + c−1Eχ(ψ) + ∥χ(ψ)∥L1

)

.

Arguing as before gives (2.6). This finishes the proof. □

Note that the term ∥χ(ψ)∥L1 is bounded by a constant independent of
ψ with supX ψ = −1 because |χ(ψ)| ≤ −χ(−1)|ψ| if χ ∈ W−, and |χ(ψ)| ≤
−χ(−1)|ψ|M if χ ∈ W+

M (see Lemma 2.2). The following is a well-known
result from [24], see also [7].

Theorem 2.6. Let µ be a probability measure dominated by capacity, i.e,
there exists a constant A such that for every Borel set K in X, we have
µ(K) ≤ A capω(K). Then there exists an ω-psh function φ ∈ ∩p≥1E

p such
that µ = (ddcφ+ ω)n.

Proof. One can see Theorem 3.7 below for a more general statement for big
cohomology classes. Although the desired result was not explicitly stated
in [24], it was indeed implicitly proved in the proof of Theorem 4.1 in [24].
Firstly, as one can see from the paragraph right before [24, Lemma 4.5],
there exists φ ∈ E1 such that µ = (ddcφ+ ω)n. Now by the last paragraph
of the proof of [24, Theorem 4.1] (the end of the page 472 and the beginning
of the page 473 there), one gets φ ∈ ∩p≥1E

p. □

Recall that

capω(K) := sup
{

∫

K
(ddcψ + ω)n : ψ ω-psh, 0 ≤ ψ ≤ 1

}

.

Note that since |χ(t)| ≤ −|t|Mχ(−1) for t ≤ −1, we have

∩p≥1E
p ⊂ Eχ
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for every χ ∈ W+
M . It was shown in [25] that the solution φ in Theorem 2.6

is not bounded in general.

End of the proof of Theorem 1.1. Firstly, assume that µ = (ddcφ+ ω)n for
some φ ∈ Eχ. Applying Theorem 2.5 to µ gives the desired inequality.

Now suppose (1.3) is satisfied. We will prove the desired assertion un-
der a weaker hypothesis that there exists a function F : R+ → R

+ with
lim supt→∞ F (t)/t < 1 and

−

∫

X
χ(ψ)dµ ≤ F

(

Eχ(ψ)
)

for every smooth ω-psh function ψ with supX ψ = −1. It is clear that µ
has no mass on pluripolar sets. Thus, by [24, Theorem 4.6], there exists
φ ∈ E so that µ = (ddcφ+ ω)n (this solution is unique by [17]). We need
to check that φ ∈ Eχ. However we don’t really need [24, Theorem 4.6] here
because the existence of φ will be deduced from the arguments in the next
paragraph. The strategy is that of [7] and [24, Theorem 4.1]. A key point in
this approach is to control the energy of the sequence (φj)j below.

We recall how to construct φ. Since µ has no mass on pluripolar sets,
there exists a probability measure ν bounded by capacity and a Borel func-
tion f ≥ 0 locally integrable with respect to ν such that µ = fν; see for
example [24, Lemma 4.5]. Let

µj := δj min{f, j}ν,

where δj > 0 is a constant such that the mass of µj is equal to 1. Note that
µj converges to µ as j → ∞, and µj ≤ δjµ. Observe also that δj converges
to 1 as j → ∞. By Theorem 2.6, there exists φj ∈ ∩p≥1E

p satisfying

µj = (ddcφj + ω)n, sup
X
φj = −1.

By (1.3), we have

Eχ(φj) = −

∫

X
χ(φj)(dd

cφj + ω)n ≤ −δj

∫

X
χ(φj)dµ ≤ δjF

(

Eχ(φj)
)

.

This combined with the fact that lim supt→∞ F (t)/t < 1 gives

sup
j
Eχ(φj) <∞.(2.10)



✐

✐

“2-Vu” — 2023/4/26 — 18:39 — page 1671 — #13
✐

✐

✐

✐

✐

✐

Complex Monge-Ampère equations with solutions 1671

By extracting a subsequence if necessary, we can assume that φj → φ in L1

for some ω-psh function φ. Hence, φ is the limit of the decreasing sequence of
φ′
j := (supk≥j φj)

∗. Note that since φ′
j ≥ φj , we get φ′

j ∈ Eχ (monotonicity
of energy classes, Proposition 2.4) and

sup
j
Eχ(φ′

j) ≲ sup
j
Eχ(φj) + 1 <∞

by (2.10). By the lower semi-continuity like property of energy (see [24,
Corollary 2.7] or Corollary 3.4 below for general big cohomology case), we
obtain that

Eχ(φ) ≲ lim inf
j→∞

Eχ(φ′
j) <∞

and φ is of full Monge-Ampère mass. In other words, φ ∈ Eχ. It follows that

(ddcφ+ ω)n = lim
j→∞

(ddcφ′
j + ω)n ≥ lim sup

j→∞
inf
k≥j

min{f, k}ν ≥ fν = µ.

Since both sides of the above inequality has the same mass on X, we get

(ddcφ+ ω)n = µ.

So φ ∈ Eχ is what we are looking for. The proof is finished. □

3. Big cohomology class setting

In this section, we explain how to extend Theorem 1.1 to the case of big coho-
mology class. Let θ be a closed smooth real (1, 1)-form on X. Let PSH(X, θ)
be the set of θ-psh functions on X. Let ϕ and ψ be in PSH(X, θ). Recall
that ψ is said to be more singular than ϕ if ψ ≤ ϕ+O(1), in this case, we
write ψ ⪯ ϕ. The function ϕ and ψ are said to be of the same singularity
type if ϕ is more singular than ψ and vice versa.

We first extend Lemma 2.3 to our setting. This was essentially done
in [40]. We provide details for readers’ convenience. To do so, we need an
integration by parts formula for relative non-pluripolar products from [40]
generalizing those given in [6, 31, 44]. We will employ the notion of relative
non-pluripolar products in [42]. This use is not absolutely necessary in the
proof of Theorem 1.3 but it makes the presentation more clear.

Let T1, . . . , Tm be closed positive (1, 1)-currents on X. Let T be a closed
positive current of bi-degree (p, p) on X. The T -relative non-pluripolar
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product ⟨∧mj=1Tj∧̇T ⟩ is defined in a way similar to that of the usual non-
pluripolar product. The product ⟨∧mj=1Tj∧̇T ⟩ is a well-defined closed posi-
tive current of bi-degree (m+ p,m+ p); and ⟨∧mj=1Tj∧̇T ⟩ is symmetric with
respect to T1, . . . , Tm and is homogeneous. In latter applications, we will
only use the case where T is the non-pluripolar product of some closed posi-
tive (1, 1)-currents, say, T = ⟨Tm+1 ∧ · · · ∧ Tm+l⟩, where Tj is (1, 1)-currents
for m+ 1 ≤ j ≤ m+ l. In this case, ⟨T1 ∧ · · · ∧ Tm∧̇T ⟩ is simply equal to
⟨∧m+l

j=1 Tj⟩.
Recall that a dsh function on X is the difference of two quasi-

plurisubharmonic (quasi-psh for short) functions on X (see [22]). These
functions are well-defined outside pluripolar sets. Let v be a dsh function on
X. Let T be a closed positive current on X. We say that v is T -admissible
if there exist quasi-psh functions φ1, φ2 such that v = φ1 − φ2 and T has no
mass on {φj = −∞} for j = 1, 2. In particular, if T has no mass on pluripolar
sets, then every dsh function is T -admissible.

Assume now that v is bounded T -admissible. Let φ1, φ2 be quasi-psh
functions such that v = φ1 − φ2 and T has no mass on {φj = −∞} for j =
1, 2. Let

φj,k := max{φj ,−k}

for every j = 1, 2 and k ∈ N. Put vk := φ1,k − φ2,k. Put

Qk := dvk ∧ d
cvk ∧ T = ddcv2k ∧ T − vkdd

cvk ∧ T.

By the plurifine locality with respect to T ([42, Theorem 2.9]) applied to
the right-hand side of the last equality, we have

1∩2
j=1{φj>−k}Qk = 1∩2

j=1{φj>−k}Qk′(3.1)

for every k′ ≥ k. By [40, Lemma 2.5], the mass of Qk on X is bounded
uniformly in k. This combined with (3.1) implies that there exists a positive
current Q on X such that for every bounded Borel form Φ with compact
support on X such that

⟨Q,Φ⟩ = lim
k→∞

⟨Qk,Φ⟩.

We define ⟨dv ∧ dcv∧̇T ⟩ to be the current Q. This agrees with the classical
definition if v is the difference of two bounded quasi-psh functions. One can
check that this definition is independent of the choice of φ1, φ2.

Let w be another bounded T -admissible dsh function. If T is of bi-degree
(n− 1, n− 1), we can also define the current ⟨dv ∧ dcw∧̇T ⟩ by a similar
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procedure as above. We put

⟨ddcv∧̇T ⟩ := ⟨ddcφ1∧̇T ⟩ − ⟨ddcφ2∧̇T ⟩

which is independent of the choice of φ1, φ2. The following integration by
parts formula is crucial for us later.

Theorem 3.1. ([40, Theorem 2.6]) Let T a closed positive current of bi-
degree (n− 1, n− 1) on X. Let v, w be bounded T -admissible dsh functions
on X. Let χ : R → R be a C 3 function. Then we have

(3.2)
∫

X
χ(w)⟨ddcv∧̇T ⟩ =

∫

X
vχ′′(w)⟨dw ∧ dcw∧̇T ⟩ +

∫

X
vχ′(w)⟨ddcw∧̇T ⟩

= −

∫

X
χ′(w)⟨dw ∧ dcv∧̇T ⟩.

Note that the second equality of (3.2) wasn’t stated explicitly in [40,
Theorem 2.6]. But its validity can be seen directly from the proof of the last
result. Here is a generalization of Lemma 2.3 to our setting. We note that
some partial results were obtained in [9, Section 2.2].

Lemma 3.2. Let φ1, φ2 and ϕ be θ-psh functions on X such that φ1, φ2

are more singular than ϕ, and φ1 ≤ φ2. Let T be a closed positive current
of bi-dimension (1, 1) having no mass on pluripolar sets. Assume that

∫

X
⟨(ddcφ1 + θ)∧̇T ⟩ =

∫

X
⟨(ddcϕ+ θ)∧̇T ⟩.(3.3)

Then we have

−

∫

X
χ(φ1 − ϕ)⟨(ddcφ2 + θ)∧̇T ⟩ ≤ −(M + 1)

∫

X
χ(φ1 − ϕ)⟨(ddcφ1 + θ)∧̇T ⟩

if χ ∈ W+
M , and

−

∫

X
χ(φ1 − ϕ)⟨(ddcφ2 + θ)∧̇T ⟩ ≤ −2

∫

X
χ(φ1 − ϕ)⟨(ddcφ1 + θ)∧̇T ⟩

if χ ∈ W−.

Proof. By regularization, we can assume that χ is smooth. The case χ ∈ W−

was treated in [40, 42]. The case χ ∈ W+
M is also essentially the same as the

last one. We explain briefly how to proceed.
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Using (3.3), the fact that φ1 ≤ φ2 and the monotonicity of relative non-
pluripolar products ([42, Theorem 1.1]) gives that

∫

X
⟨(ddcφ2 + θ)∧̇T ⟩ =

∫

X
⟨(ddcϕ+ θ)∧̇T ⟩.(3.4)

Put φj,k := max{φj − ϕ,−k} for j = 1, 2. We see that φj,k is a bounded
T -admissible dsh function converging to φj − ϕ as k → ∞.

By [42, Lemma 5.2], (3.3) and (3.4), in order to prove the desired inequal-
ity, it suffices to prove it with φj,k in place of φj − ϕ (hence χ(φj − ϕ) and
ddcφj + θ are substituted by χ(φj,k) and ddcφj,k + θϕ respectively, where
θϕ := ddcϕ+ θ).

Now, one just needs to follow literally arguments in the proof of Lemma
2.3 presented in [24] (with ω replaced by θϕ and the classical product re-
placed by the non-pluripolar one) and use the integration by parts formula
given by Theorem 3.1 (we note however that other weaker integration by
parts formulae obtained in [6, 31, 44] seem to be not enough for our purposes
here). This finishes the proof. □

Let E(θ, ϕ) be the set of φ ∈ PSH(X, θ) such that φ is more singular
than ϕ and

∫

X

〈

(ddcφ+ θ)n
〉

=

∫

X

〈

(ddcϕ+ θ)n
〉

.

The last space was introduced in [10], see also [40] for some generalizations.
We recall the notion of χ-energy. The case χ(t) = t was studied in [9]. For
φ ∈ E(θ, ϕ), we put

Eχ,θ,ϕ(φ) := −

∫

X
χ(φ− ϕ)

〈

(ddcφ+ θ)n
〉

.

When ϕ is of minimal singularities in the cohomology class of θ, the above
energy is equivalent to that defined in [40]. Furthermore, if ϕ′ ∈ PSH(X, θ)
such that ϕ′ and ϕ are of the same singularity type, then by Lemma 2.2 we
have

C−1Eχ,θ,ϕ′(φ) ≤ Eχ,θ,ϕ(φ) ≤ CEχ,θ,ϕ′(φ)(3.5)

for some constant C > 0 independent of φ.
Let Eχ,θ,ϕ be the subset of E(θ, ϕ) consisting of φ with Eχ,θ,ϕ(φ) <∞.

When χ(t) = −(−t)p, we write Ep,θ,ϕ, Epθ,ϕ for Eχ,θ,ϕ, Eχ,θ,ϕ respectively.
Using Lemma 3.2, we get the following important estimates just as in the
Kähler case.
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Proposition 3.3. Let χ ∈ W− ∪W+
M . Let φ1 and φ2 be in PSH(X, θ) such

that φ1 ≤ φ2. Assume that φ1 ∈ Eχ,θ,ϕ. Then φ2 ∈ Eχ,θ,ϕ, and we have

Eχ,θ,ϕ(φ2) ≤ (M + 1)nEχ,θ,ϕ(φ1)

for χ ∈ W+
M , and

Eχ,θ,ϕ(φ2) ≤ 2nEχ,θ,ϕ(φ1)

for χ ∈ W−.

As a consequence, we obtain a lower semi-continuity like property of
energy.

Corollary 3.4. Let χ ∈ W− ∪W+
M . Let (φk)k be a sequence of θ-psh func-

tions in Eχ,θ,ϕ converging to a θ-psh function φ in L1 such that Eχ,θ,ϕ(φk)
is bounded uniformly in k. Then we have φ ∈ Eχ,θ,ϕ, and

Eχ,θ,ϕ(φ) ≤ 2n lim inf
k→∞

Eχ,θ,ϕ(φk)

if χ ∈ W−, and

Eχ,θ,ϕ(φ) ≤ (M + 1)n lim inf
k→∞

Eχ,θ,ϕ(φk)

if χ ∈ W+
M .

Proof. We consider χ ∈ W−. The other case is treated similarly. Let φ′
k :=

(supl≥k φl)
∗. We have that φ′

k decreases pointwise to φ as k → ∞. Using
this and the fact that χ is continuous increasing gives

Eχ,θ,ϕ(φ) ≤ lim inf
k→∞

Eχ,θ,ϕ(φ′
k).

By Proposition 3.3, we get

Eχ,θ,ϕ(φ′
k) ≤ 2n inf

l≥k
Eχ,θ,ϕ(φl)

for every k. Letting k → ∞ gives Eχ,θ,ϕ(φ) <∞. It remains to check that φ ∈
E(θ, ϕ). Observe that by above arguments applied to ψl := max{φ, ϕ− l} for
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l ≥ 1 gives

Eχ,θ,ϕ(ψl) ≲ lim inf
k→∞

Eχ,θ,ϕ(max{φk, ϕ− l}) ≲ lim inf
k→∞

Eχ,θ,ϕ(φk)

by monotonicity. It follows that

∫

{φ≤ϕ−l}
⟨(ddcψl + θ)n⟩ = −

∣

∣χ(−l)
∣

∣

−1
∫

{φ≤ϕ−l}
χ(ψl − ϕ)⟨(ddcψl + θ)n⟩

≲
∣

∣χ(−l)
∣

∣

−1

which tends to 0 as l → ∞ because χ(−∞) = −∞ and χ is continuous. We
deduce that φ ∈ E(θ, ϕ). The proof is finished. □

We now go back to Monge-Ampère equations. Let ϕ and ψ be negative
θ-psh functions on X. Recall

Pθ(ϕ, ψ) :=
(

sup{v ∈ PSH(X, θ) : v ≤ min{ϕ, ψ}}
)∗

if the set in the supremum is non-empty, and Pθ(ϕ, ψ) := −∞ otherwise.
Put

Pθ[ϕ] :=
(

sup{v ∈ PSH(X, θ) : v ≤ 0, v ⪯ ϕ}
)∗
.

Observe that Pθ(ϕ+ C, 0) increases a.e. to Pθ[ϕ] as C ∈ R tends to ∞. We
always have ϕ ⪯ Pθ[ϕ]. Moreover, the singularities of ϕ and Pθ[ϕ] are similar
in the sense that the multiplier ideal sheafs associated to them are the same,
see [11, Page 405].

Let α be the cohomology class of θ. A singularity type in α is an equiva-
lence class of θ-psh functions of the same singularity type. Given a singularity
type ξ in α, we define the volume of ξ by putting

vol(ξ) :=

∫

X

〈

(ddcϕ+ θ)n
〉

,

where ϕ ∈ ξ. The last quantity is independent of the choice of ϕ by mono-
tonicity. The singularity type of a θ-psh function is the singularity type in
α containing that function. We say that ϕ is of model type singularity if ϕ
and Pθ[ϕ] are of the same singularity type. A model singularity type is the
singularity type of a θ-psh function of model type singularity.

It was known that θ-psh functions with minimal singularities or with an-
alytic singularity are of model type singularities, see [10, Proposition 4.36] or
[35, 36]. By [10, Theorem 3.12], the function Pθ[ϕ] is of model type singular-
ity for every ϕ with

∫

X θ
n
ϕ > 0. The model singularity types appear naturally
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in the study of complex Monge-Ampère equations. The use of this notion is
in fact necessary as pointed out in [10, Section 4E].

Assume now that the cohomology class α of θ is big. Let ξ be a model
singularity type in α with vol(ξ) > 0. Let ϕ ∈ PSH(X, θ) be in ξ. Using above
results and following arguments in the proof Theorem 2.5 (to be precise,
compared to the proof of the aforementioned result, we need to substitute ω
by ddcϕ+ θ and ψ, φ by ψ − ϕ, φ− ϕ respectively), we obtain the following
generalization of Theorem 2.5 to the big cohomology class setting.

Theorem 3.5. Let µϕ :=
〈

(ddcϕ+ θ)n
〉

. There exists a constant C depend-
ing only on the dimension n such that for every ψ, φ ∈ Eχ(θ, ϕ) such that
supX(ψ − ϕ) = supX(φ− ϕ) = −1, we have

(3.6)

∫

X
−χ(ψ − ϕ)

〈

(ddcφ+ θ)n
〉

≤ C

(

(

Eχ,θ,ϕ(φ)Eχ,θ,ϕ(ψ)
)1/2

+ Eχ,θ,ϕ(φ) + ∥χ(ψ − ϕ)∥L1(µφ)

)

if χ ∈ W−, and
∫

X
−χ(ψ − ϕ)

〈

(ddcφ+ θ)n
〉

(3.7)

≤ C(M + 1)n
(

Eχ,θ,ϕ(φ))1/(M+1)(Eχ,θ,ϕ(ψ))M/(M+1)

+ Eχ,θ,ϕ(φ) + ∥χ(ψ − ϕ)∥L1(µφ)

)

if χ ∈ W+
M .

As a consequence, we get the following result.

Corollary 3.6. Let φ ∈ Eχ(θ, ϕ) with supX(φ− ϕ) = −1. Then there exists
a constant C > 0 such that for every ψ ∈ Eχ(θ, ϕ) such that supX(ψ − ϕ) =
−1, we have

∫

X
−χ(ψ − ϕ)

〈

(ddcφ+ θ)n
〉

≤ C
((

Eχ,θ,ϕ(ψ)
)1/2

+ 1
)

if χ ∈ W−, and
∫

X
−χ(ψ − ϕ)

〈

(ddcφ+ θ)n
〉

≤ C
(

(Eχ,θ,ϕ(ψ))M/(M+1) + 1
)
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if χ ∈ W+
M (C might depend on M).

Proof. The desired assertions follow from Theorem 3.5 if we can show that
∥χ(ψ − ϕ)∥L1(µφ) is finite. It is not clear to us if this is true for an arbitrary
ϕ. We overcome this difficulty as follows. Let ϕ′ ∈ PSH(X, θ) be of the same
singularity type as ϕ. We will make clear the choice of ϕ′ later. By (3.5) and
Lemma 2.2, it suffices to prove the desired inequalities for ϕ′ in place of ϕ.

Since ξ is a model singularity type of positive volume, using [9, Theorem
A], we obtain that there is a θ-psh function ϕ′ in ξ such that µϕ′ :=

〈

(ddcϕ′ +
θ)n

〉

is a smooth measure. Hence, there exist constants c, C > 0 such that
for every ω-psh function ψ with supX ψ = 0, we have

∫

X
e−cψ dµϕ′ ≤ C.(3.8)

By this and [9, Lemma 2.2], the quantity ∥χ(ψ − ϕ)∥L1(µφ′ ) is bounded uni-
formly in ψ. Hence the desired assertions follow from Theorem 3.5 applied
to ϕ′. □

We recall that

capθ,ϕ(K) := sup
{

∫

K
(ddcψ + θ)n : ψ ∈ PSH(X, θ), 0 ≤ ψ − ϕ ≤ 1

}

.

The last notion was introduced in [10, 14, 15] as a generalization of the usual
capacity capω. The following result generalizes Theorem 2.6.

Theorem 3.7. Let µ be a probability measure dominated by capacity, i.e,
there exists a constant A such that for every Borel set K in X, we have
µ(K) ≤ A capθ,ϕ(K). Then there exists an θ-psh function ψ ∈ ∩p≥1E

p
θ,ϕ such

that µ = (ddcψ + θ)n.

Proof. By [9, Lemma 2.7] and its proof, for every constant p > 1, there is a
constant Cp independent of ϕ such that for every u ∈ E(θ, ϕ) with supX u =
0, there holds

∫

X
|u− ϕ|p dµ ≤ Cp

(

Ep−1,θ,ϕ(u) + 1
)

.

Now using [9, Theorem 4.7] (or rather its proof), there exists a θ-psh ψ ∈
E1(θ, ϕ) with supX ψ = 0 such that µ = (ddcψ + θ)n. The above inequality
applied to u := ψ shows that ψ ∈ ∩p≥1E

p
θ,ϕ (by induction). This finishes the

proof. □
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End of the proof of Theorem 1.3. If µ =
〈

(ddcφ+ θ)n
〉

for some
φ ∈ Eχ(θ, ϕ), then by Corollary 3.6 we get (1.4). We prove the con-
verse implication. With all of above results, the proof is now standard.
Firstly, as in the proof of [9, Theorem 4.7], there exist a measure ν bounded
by capacity (i.e, ν(K) ≤Mcapθ,ϕ(K) for every Borel set K and some
constant M independent of K) and a nonnegative function f ∈ L1(ν) such
that µ = fν. We now define µj as in the proof of Theorem 1.1, and just
follow almost word by word arguments there to get the desired assertion.
Here are minor modifications: the form ω is replaced by ddcϕ+ θ, and φj , φ
are replaced by φj − ϕ, φ− ϕ respectively; Theorem 3.7, Proposition 3.3
substitute Theorem 2.6, Proposition 2.4, respectively. □

As mentioned in Introduction, we now give another proof of the following
result using the variational method introduced in [5].

Theorem 3.8. ([9, Theorem A]) Let θ and α be as above. Let ξ be a model
singularity type in α with vol(ξ) > 0. Let f ∈ Lp(ωn), p > 1 be such that
f ≥ 0 and

∫

X fω
n = vol(ξ). Then the following hold:

(i) there exists φ ∈ ξ, unique up to a constant, solving (1.1) for µ = fωn,
(ii) for any constant λ > 0 there exists a unique φ ∈ ξ such that

〈

(ddcφ+ θ)n
〉

= eλφfωn.

Proof. We note that this result was proved in [10, Section 4], using the vari-
ational method, under the hypothesis that ξ has a small unbounded locus.
In the general case, we follow literally arguments there. In the list below, we
will indicate which results in [10, Section 4] used the assumption that ξ has
a small unbounded locus, and explain how to remove this restriction from
them.

1. Theorem 4.10 in [10, Section 4B]: this is due to the fact that they used
the integration by parts formula [6, Theorem 1.14] which requires the small
unbounded locus hypothesis. Theorem 3.1 frees us from this assumption and
the rest of the proof of [10, Theorem 4.10] works verbatim in our setting.

2. Lemma 4.17 in [10, Section 4C] and Proposition 4.30 in [10, Section
4D]: in order to prove these results, the authors used Lemmas 4.6 and 4.9
from Section 4A there respectively. But these lemmas were extended to the
current setting in [9, Corollaries 3.8 and 3.9]. Hence, Sections 4C and 4D in
[10] still work in our setting.

This ends the proof. □
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Ann. Sci. Éc. Norm. Supér. (4) 43 (2010), no. 2, 235–278.

[17] S. Dinew, Uniqueness in E(X,ω), J. Funct. Anal. 256 (2009), no. 7,
2113–2122.

[18] S. Dinew, V. Guedj, and A. Zeriahi, Open problems in pluripotential
theory, Complex Var. Elliptic Equ. 61 (2016), no. 7, 902–930.

[19] T.-C. Dinh, S. Ko lodziej, and N. C. Nguyen, The complex Sobolev
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