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Internal stabilization for KAV-BBM
equation on a periodic domain

MELEK JELLOULI AND MOEzZ KHENISSI

We consider the nonlinear damped KdV-BBM equation on the
torus. We shows the global existence of the solution, as well as its
convergence in time towards an analytical function. This analytic-
ity property allows the application of unique continuation results
to show that the limit function is a constant.
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1. Introduction

In the literature we can find several models of partial differential equations to
describe the movement of water in shallow depths following a unidirectional
propagation, see for instance [4], [5] and [I0]. In this work, we study the
stabilization for the damped nonlinear KdV-BBM equation

(1) O + Oyt — Oyttt + Opzptt — O (a(x)0y)u + udypu = 0,

where a, the damping, is non negative. This equation mixes the KdV equa-
tion Gsu + Opzetr + udyu = 0, with the BBM equation dyu + Oyt — Opprtt +
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ud,u = 0. To our knowledge the KdV-BBM equation was treated for the
first time as a system in [6] to study its properties. This equation has been
recently considered in 3], [I2] and [25] from numerical analysis point of view.
Stabilization was not considered for KdAV-BBM equation but was considered
for KdV in [2] and [23], and for BBM equation in [I] and [30].

The particularity of the KdV- BBM equation, is that it admits a nonlo-
cal unbounded operator of order 1, that introduces some difficulties in the
analysis. Our main result is a stabilization property for the solutions of
on the torus. The principal theorem is the following.

Theorem 1. For all ug € H'(T), there exists a unique solution v = u(t,x)
of global in time such that

tl}inoou(t, )= % Tuo(ac)dac, in H(T).

Now we give the outline of the proof. In[Section 2} we show the existence
of the solution of the linear problem. We obtain the exponential decay result
on the semigroup by an estimation of the resolvent. This estimate comes from
semiclassical measures and the technic was used for the stability of the wave
equation. This method can be found for the wave equation, see []], [9], [15],
[14], [24], [26] and [29].

In from the fixed point theorem we prove local existence and
the uniqueness for the nonlinear problem. By an a priori estimate on the
energy, we deduce global existence for the nonlinear problem.

In[Section 4] from energy decay dynamical system technics, we prove first
that solution converges to a bounded solution for all ¢ in R. Second, from
result of [16] we prove that this particular solution is analytic in time. This
allows to apply uniqueness results (see [20], [28] and [31]) and we deduce
that this particular solution is in fact a constant. This gives Theorem 1.

The result of unique continuation which we will arrive at in is
therefore a result which says that if the solution is a constant on an open
set, then it is constant over the whole domain. The unique continuation
gives stabilization at the end in the sense that some solutions will goes to
a constant as ¢ goes to infinity. This technique can be found in [22] where
the authors consider the wave equation. They show that they can found an
analytical solution in time and then use an unique continuation result to
prove the stabilization.

In we give a quick deduction that the approach we made
on KdV-BBM is applicable for the equation of BBM in a particular case.
More precisely we say that the unique continuation conjecture that Rosier
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has stated in [30] is true with a dissipator a which depends on time. This
type of dissipator was used in [II] to show controllability results for the
Boussinesq equation.

According to our knowledge, the rate of decay of the energy of the KdV-
BBM nonlinear problem solution is still an open question.

2. Linear equation: global existence and uniqueness

We consider the linear KAV-BBM equation posed on a periodic domain T

(

%) Ot + Oyt — Opgith + Opzptt — Op(a(x)0z)u=0, =z €T, t>0,
u(-,0) =ug € HY(T), xzeT,

where a > 0 is assumed to be a bounded function in C*°(T) such that {a >

0} # 0.
We start this first part by studying the linear equation and showing the
existence of solutions with the Lumer-Phillips theorem.

2.1. Linear equation

We define for s € R the Sobolev spaces

H*(T) = {u = Xjunem"’j :T—C/ Z (1+n?)° [un|? < oo},

nez nez

equipped by the inner product (-, ), :(u,v)+— Z (1 + nZ)Sunm,

neZ
where u,, and v, are the Fourier coefficients of u and v respectively. We

note (-, -)=(-, ).
We define the unbounded operator (A,D(A)) on HY(T) by D(A) =
H?(T) and

Au=—(1- Gm)_l(ﬁzu + Opzatt — Op(a(x)0y)u)).

Theorem 2. A is the infinitesimal generator of a Co-group {S(t)}er on
HY(T).

Proof. We first prove that A -considered as operator on H?(T) with values
in H(T)- is a Fredholm operator of index 0 then we use Lumer-Phillips
theorem.
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Let 6 > 0. A can be written as sum of Ay and B with
AO = _(1 - 89:1)_1(633 + 8xxz + 5)

and

B = —(1 = 0u)  (—0s(a(z)d,) — 9).

. ; —in+in3 -6
Note that if u(x,t) = Z un (t)e™, then Agu = —Tr
nez nez

The operator Ag is bijective from H?(T) to H'(T). It follows that Ag is a
Fredholm operator of index zero. The operator B is bounded from H?(T) to
itself, and then, it is compact from H?(T) to H'(T). This implies Ag + B =
A is a Fredholm operator of index zero.

Note that D(A) = H?(T) is dense in H'(T). For i € R and u € H?(T),
we have

(A+imu,u) = (A+ip)u, (1 - 0p)u) 2
= —(Opu, u) + (Opgu, Opu) — (adyu, Opu) + WH“Hm

uy, (t)e™,

(3)
The quantity (Oyu,u) is pure imaginary since

Re(Dpu, u) = ;/@;uu—i—u&tudx = !

T B ((Ozpu,u) + (u, Opu)) = 0.

By the same way we show that $e(0zz,u, u) = 0. Then

(4) Re (A +ip)u, u) = —/Ta |0, ul? do < 0.

So A is dissipative.
Now it suffices to prove that A — ) is injective for some A > 0. Let u € H?(T)
such that Au — Au = 0. We have

0 = 9e (Au — Au,u) = — /T 0 |Bpul? de — A%, > (~||af] . = A) [Jul%.

This give us that A — X is injective.

Since A is Fredholm of index 0, and u — Au is an operator compact from
H?(T) in HY(T), then A — X is also Fredholm of index 0, since it is injective,
it is therefore surjective. Thus, the operator A generates a C°-semigroup
{S4(t)}+>0 of contraction by Lumer-Phillips theorem.
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The operator —A generates a C’-semigroup {S_(t)}+>0. Indeed, let u €
H?(T). For A > 1+ HaHQLm(T) we have

(5) <(_A - )‘)ua u> - (833me + Opu — aa:(aax)u - )\(1 - ag;;l;)u, u)

(6) Re ((—A — Nu,u) = /1ra]8$U|H1(T) - AH”H?P('E) <0.

By the same way as the previous proof, we show that the operator A 4+ A is
surjective. This proves that —A — A\ generates a contraction semigroup that
we denote by {S_(t)}¢>0. The map S_ : t — eMS_(t) defines a semigroup
with infinitesimal generator —A. Using a result in [27], we know that if A
and —A are infinitesimal generators of Cy semigroups S; and S_, then A is
the generator of a Cyp-group {S(¢)}+er given by

SL(t), if >0
S(t) = { S (1), if£<0,

which complete the proof. O
We finish the first subsection by giving this remark.

Remark 1. For u solution of (2)), we have that Hu(t)H%p(T) is nonincreas-
ing. Indeed

(7) % <;Hu(t)‘ﬁ{1> - (_8CCU — Opaztt + 8:6(‘1800)“7 U)L2

+ (u, =0yt — Oggatt + Oz (a0z)u) L2
_ —2/ a(z) |Byu(t, o) dz < 0.
T

2.2. Exponential stability

The goal of this subsection is to prove the exponential stability of {S(¢)}+>o.
More precisely, we will prove the following result

Theorem 3. There exists § > 0 and M > 0 such that
(8) IS 2z (zyy < Me™ vt > 0.

We will use the following result.
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Theorem 4. Let H be a Hilbert space, and A : D(A) C H — H a gener-
ator infinitesimal of a semigroup {T'(t)}+>0. Assume that

1) There exist cy > 0 such that |[T'(¢)||z gy < c1, VE 20,
2) A+ ip is inversible for all p in R,
3) There exist ¢ > 0 such that [||(A + i/‘)_lmc(H) < ¢ for all p in R.

Then, there exist M > 0 and ¢ > 0 such that
(9) T 2ery < Me™, ¥t > 0.

See [21], Theorem 3] for more details.

We cannot apply this theorem to A since it is not injective, the second
assumption is not verified when p = 0. For that, we introduce the closed
subspace of H(T)

HY(T) = {u e H\(T) / (uw,1)ap) = o}.

We equip H'(T) and H2(T) N H'(T) with the norms of H'(T) of H2(T)
respectively. ]
Note that Au € HY(T) for u € H*(T). If u(t, z) Zu t)et* ¢ HY(T),
 kez
we can write u(t,z) = u(t) + u(t,z), with @ € H1(T). It is easily checked
that if d;u = Au, then u%(t) is independent of ¢ since

(8tu (t), )L2( T) (8tu(t,x),1)L2(T) (Au(t, z), >L2(11‘)'

=0 =0

The space H (T) is then invariant by {S(t)}i>0, then it is also a semi-
group of contraction on H(T). We thus define A with D(A) = H2(T) N
HY(T) and Au = Au for u € D(A). The operator A is injective, indeed
for uc H 1(T) such that Au =0, we can adapt the proof of Theorem
to obtain d,u=0 on T. As u € Hl(']I‘), then w = 0. Furthermore, A :
H2(T)N HY(T) — H(T) is a Fredholm operator of index 0, so it is bi-
jective. Then we have the second assumption of Theorem {| for all u € R.
Using bounded inverse theorem, A~! is continuous. The third assumption
of Theorem {4]is thus checked for u = 0.

We define now the resolvent of A by R(N\)f = 4, where u is the solution
of (A — \)i = f. Let us show an estimate of the resolvent.



Stabilization for KAV-BBM 1707

Proposition 1. There exists ¢ > 0 such that for all f € Hl(T) we have
VpeR, Hu(t)HHl(qr) < CHfHHl('JI‘) J
where 1w is solution of (A +ip)u = f.

Proof. Without loss of generality, we may consider from now on the op-
erator A in H'(T) to simplify the notation instead of A in H(T). If we
prove that there exist po such that for all p > ppg, H(A + iu)*lmﬁ(Hl) <

c1, then since p+— (A+ip)~! is continuous from R to L(H') we have
H|(A + iu)*lmﬁ(Hl) < ¢ for all g € R. Note that we already know by an
argument of symmetry that R(ip)f = R(—ip)f for f € H'(T). So it is suf-
ficient to prove the result for pu > pg.

We will prove by contradiction the resolvente estimate. Assume that

(10) VkeN, 3 f*cH(T), 3>k / H“kHHm >k kaHHl(m’

where u* is solution of (A + iu)u* = f*. We can assume that Hu =1
and (fk)keN — 0 in HY(T), when k — +o0.

The resolvent equation is

o

(11) (]— - amz)_l (axa:xuk + axuk - &;(a@w)uk) + ’L"ukuk = fk’

which can be written for all n € Z with Fourier coeflicients as

1 ~
where 1uF = Zuﬁeinx, fk — Zfﬁeinz’ a4 = Zaneinx and
neZ nez nez
k -1 k
ak = {(1 — Ozz) ((%(@(%;u )) }n
_ in k _ -n ) Nk
= m(a&cu )'n, = 1 +n2 Zaj(n —j)un_]
JEZ
We have
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From we obtain

& k
k —2n k ay I
n n

- T Er e T e

(13) “ (—n 4 p) (1 + n?

Let 6 > 0. We consider first the frequencies n such that |n — ug| > dug,. Let
us estimate each term of . Since

< —, we have
I — g = Op

9 .
(14) Z ukein®
_ 1 2\ N
In— | >0 ( n 'uk)( tn ) H
Z 4(]. + TLQ) n2
(—n+ p)? (1+n?)?

k2

n

n—pg|>6pg
4 2

ey, 2=, )

[n—pe | >0 gtk

md
(Opk)?

The operator (1 — 0z;) ! (9:(ady)) is bounded on H!(T), we deduce

k
n

u

2 4

m(T)  (Opg)?

u

|

-2
Z(l +n?) |ak| < c. Thus
nez
~ 2
k
a .
15 n mnx
(%) D Ak
n—pi | >0 g HY(T)
1 ~ 12
= —— 2y | gk
|HMX|:>5# (_n+uk)2( +n”) |ak
< oS a+n?)d < S
= 2 n| = 2"
(Ope)* £ (Opr)
‘We have also
i 2
fn 3
16 max
(16) Z i(—n-l—,uk)e
[—par | >0 pre Hl(’]I‘)
1+ n? 2 c
D D e
(=1 + pg) (Opr)

In—pu | =04
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since f — 0 in H'(T). Combining, , , and , we obtain

C
(Opn)?

k
n

2
< — 0, when k — oo.

(17) > 1+n?)

|n—pir| 26

u

For the part where n is of the order of ux, we introduce a smooth fonction
WU such that 0 < ¥ <1 and

[ 1ifs—1] <6
(18) \P(S)_{ 0, if [s — 1] > 26

1
Let h = —. The operator W¥(—ihd,) is defined by W(—ihd,)u* =

Hi
Z\P(hn)uﬁemx. Note that W(hn) #0 for n € [(1 — )k, (1 + 0)ug]. We
neL
write u¥ = (uF — UuF) + Wur. Since W(hn) = 1if n € [(1 — 6)up, (14 8) ],
we have

2 2
kW | 201 _ 2| &
(19) Hu U(—ih0y)u HHl Z(l +n°)(1 =Y (hn))" |uy
neZ
2 2C
<2 14 n? qu < .
2, (il <G
n— i[>0
ihdy)uP > 1
For py large enough, we can assume that H‘I/(—Z ) u HHl(T) 2 5

Now let v* = @(—ih@z)uk

= : and we have
”‘I/(—Zha:c)uk||1:2(1r)

(20) (1 = Ops) " (g + O — 02(ady)) v* + ipug®
_ qj(_ihax)fk
H‘I’(—ihaz)ukHL‘Z(T)

+ (1= 8,0) "t | 8, [W(—iRdy), q] Oru”
o ’ o ||‘I’(—ih8x)uk||1:2(1r) .

We can check easily that

(21) H\If(—ih@x)uk‘

L) ~h H\If(—z'hﬁx)ukHHl(T) ~h
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—i k
The term \II( zh@xif tends towards 0 in L%(T) since
[0 (=ihdz url| L2 ()
T P P YR
W (—ih0y )u* Iz2(m) "‘I’(—ihaz)uk”L2(T) HY(T) '

We apply h3(1 — 0,z) to , we obtain

(23)  (hDy)* v* + B2 (hdy) V¥ — h (RD,) (a (hd,)) v* — i (RD,)? vF + ih2*
_ W1 0)

B ”‘I’(—ihax)uk”L2(1r)
h (h0z)

[0 (—1h0y )u*|| 27

W (—ihdy) f*

(¥ (—ihd,), a] (hd,) u®

We will show now with the two following lemmas that we have

1) 0 Det) g (ino,)
| (—ihdy)uF|| - 1O
h (hoe) , .
(—ihdy),a] (hdy) u = o(h).
b, O O = el
We denote by D = —i0,.
Lemma 1. There exist ¢ > 0 such that
h3(1 — 89690) . k k
(25) U=0) g ino el <]
1V (—ihdy)u HLz(T) (D) H ’Hl(qr)
Proof. Let W : s — —32\11(3). From we have
H S (—ihdy) f*
19 ( Zha Ju HL2 L2
< H (W = 120,) W(=ihd) | |
< 12 . k & k
sh H\I}( thde) f HL2(’]1‘) * H‘l’(hp)f L(T)

S T P T

iy P

<ch
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Lemma 2. There exist ¢ > 0 such that for z € L*(T)
[[¥(—=ihdz), al z|| g (py < CHZHB(T)'

The proof is given in Annex.
We deduce from Lemma [2| taking z = d,u”* (€ L?(T)) that

h3

(26) ‘ . - O [U(—ihdy), a] Dyl
H\I[(_Zha'f)u ”L2('H‘) L2(T)
< ch? ‘ BzukH < ch?.
L>(T)
Combining and , we get . Furthermore
2 h2ok = o(h), and |[n*(hd,)* = o(h
(1) bt = o(h), and [2ont| L = olh),
since Hvk”LQ(T) = 1.
We give also the following lemma
Lemma 3. There exist ¢ > 0 such that
2 hoy) (a (hdy)) v* <e.
(28) |02 @@ oot <

Proof. We recall that

[ 1 |hn—1] <6
W (hn) _{ 0, if [hn — 1] > 26.

We write (hdy) (a (hdy)) = a(hdy)? + [hOz, ahdy] = a(hdy)? + ha'(hdy).

Since a is C*° and hn¥(nh) <1, we can estimate these two terms by
wrinting for j = 1,2

oo

2
< 220272 (hn ufl 2
v <2 v (hn) (u)
2
<c§ n2uk2<cHukH <e.
a nez ()= HN(T)

And the proof is complete. O
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We can write Hh (h0z) (a (hdg)) v = O(h). Now becomes

k
2y
(29) (hD)3v* — (hD)?v* = hg*,

where (gi)ren is a bounded sequence of functions in L?(T). We can now
give the theorem of existence of semiclassical measure, which is a classical
theorem and may be found in [7, Theorem 2] or [13, Proposition 3.1].

Definition 1. Let u( Zu 9% ¢ L2(T) and b(x, &) = Zb et ¢

JEL
C3° (T x R) such that b is 27T—pemodzc on x and

b(€) = [ W) do.

Then the semi-classical pseudo-differential operator of b is defined by

(30)  Opp(b)u = % /R eCb(x, he)a(€)dé = % > uj(@)bij(hg)e™.

JlEL

By an analogous calculation that in [18], we show that Opy(b) is well defined.
And by applying [18, Lemma 6.4] and [18, Proposition 6.5] we have that
Opp(b) is a bounded operator in L*(T). See also [32, Section 5.5.1].

Theorem 5. Let (hy)r be a sequence of reals which converges to 0 and
(v") a bounded sequence in L?(T) which converges weakly to 0. There exists
a subsequence from (v'*)-which we called also (v'*)- and a non negative
Radon measure v on T x R such that for every b € C§°(T x R;C)

lim (b(m,th)vh’“,vh’“>L2(T) :/TXR b(z,&)dv(x,§).

hr—0
v is called the semiclassical measure associated to the sequence (v™*).

It is not difficult to prove that the sequence (vhk) converges weakly to
0. Before we apply Theorem [5] we give some definitions

Remark 2. We can prove that the mesure v is bounded using Garding
inequality, more precisely

(31) /]l‘xR dv(z,€) <1
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Let us study where the measure v is supported.
Proposition 2. We have
(32) v(z,§) =v(x) ® d¢g=1.
Proof. We multiply the equation by a function b € C§°(T x R; C)
b(z, kD) ((hD)* — (hD)?) v* = hb(z,hD)g" = O(h).

Note that the symbol of b(z,hD) ((hD)? — (hD)?) is b(z,§) (£ —&?) €
C5°(T x R; C). According to Theorem 5| we have on the one hand

3 2) Jk k T 3 _ 2\ dulx
(0 1D) (D) = (WD) b 0k) | | () (6~ €) (),

and on the other hand

(33) (O(h), u’f)mm 0.
Then
(34) | b0 - &) dviao —o

Now We want to show that

supp(v) C T x {{ =1}.

Let b € C§°(R; C) independent of x and x € C*°(R) such that
_ ) Liffgf <o
x(©) _{ 0, if |¢] > 26,

where the constant § is the same one used in .
We want to prove that

(35) [ wea-gavao=o
TxR
We write b = by + by with by = xb and by = (1 — x)b. Clearly

(36) supp(b1) C {R \ supp(¥)}.
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On the one hand

(37) ((1 — WD)by (WD), U’f) =

u® u®
1—hD) by (hD)Y(hD yU(hD) —————— = 0.
R e e N
= L2
From Theorem Bl we have
(39) [ a-on@dvae o,
TxR
for every b1 such that .
On the other hand
(39)
[ m@a-gawe = [ a-ome - e
TxR TxR 1_ )b(f)
- [ e @ o
TxR
from .
This give us for every b € C§°(R;C). Then (1 — §)r = 0 and hence
we obtain (32]). O

Proposition 3. The measure v =0 everywhere.
Proof. We first show that v is an uniform measure on {¢ = 1}, i.e. v(z,&) =
U ® d¢=1, that is v does not depend on x. We start by giving the following

lemma.

Lemma 4. Let a1 and as be two symbols in S, then

(40) [Opp,(a1), Opp(az2)] = %Oph ({a1, a2}) + h?O(1).

See [32, Theorem 4.12] for a proof.
We come back to the equation . From and we have

(41) (hD)30* — (hD)*o* + ih(hD) <a(w)(hD)vk) = o(h),

where o(h) is a function going to 0 in L?(T) when h goes to 0.
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We first prove that v =0 on {a > 0}. Let b € C§°(T x R;R) such that
b(x,&) = b(€). Since b is real and does not depend on z, we know from [32]
Theorem 4.1] that the operator b(hD) is self adjoint, and the operator hD
is also self adjoint. Taking the imaginary part of the inner product of
with b(hD)v* we get

hIm (z’b(hD)(hD) <a(a;)(h7))vk) ,vk) = Jm (o(h), vk)

L*(T)
Thus

m (z’b(hD)(hD) (a(x)(hD)vk> ,vk> 0.

L2(T)

By Theorem [5], we know that

(b(hp)(hp) (a(az)(hD)vk) ,vk>L2 [ a@)e()dv(z, €) = 0.

(T) TxR

That means v =0 in {a > 0}. Now let b =0b(z,§) € C°(T x R;R), P =
(kD)3 — (hD)? + ih(hD) (a(z)(hD)), and p = &3 — €2 its principal symbol.
We have

(42)
((Pb(m, hD) — b(x, kD) P)oF, vk>
= < (z, hD)v ,P*vk> - <b(z,hD)ka,vk)
= (b, hDY*, (hD)* — (WD)? — ih(hD) (a(x)(hD))) v*)
(b(m, D)Puv* v)
= (b(x, ADY*, ((hD)? — (WD)? + ih(hD) (a(x) (hD))) ")
(b(:c WD)k, 2ih(hD) (alx )(hD))vk> - (b(:ﬁ,hD)ka,vk).

On the one hand

- * ((Pb(a, D) — b(z, hD)P) u, o) :%

(Opn ({p. b} ) + o(1),
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1

according to (40)), and converges to - / {p,b} dv(x, &) by Theorem . On
v JTxR

the other hand -

(43) % (b(a:, WD) PuF, uk>

= % b(x, kD) ((hD)? — (hD)? + ih(hD) (a(x)(hD))) uF,u* | — 0.

=o(h)

The term

1 (b(m,hD)uk,Qih(hD) (a(x)(hD))uk) 9 / a(2)E2b(x, €)dv (x, €).

h TxR

Then

@) [ b =2 [ @@ dveg) =0,

TxR TxR

Now we have

(45 0= / (0 by dv = (v, Hb) = — (o, b)
= — (O¢pOyv + 0ypOev, b) = (36 — 2€),1,b) .

This is true for every b. Thus (3¢2 — 2€)9,v = 0. Note that such a choice of
b is sufficient to write thanks to the positivity of the measure v. Since
v is supported in {¢ = 1} and (362 — 26)je=1 = 1, we get 9,v = 0. So, V()
does not depend of . Since v = 0 on the support on a, we deduce that v = 0
everywhere. (I

To finish we verify at the same time that v Z 0. For that, we recall that

U (hD)uk
( iuh . Let © be a function in C* such that 0 < © <1 and
H\I'(hD)UhHB(T)

k _
vh_

1t [s—1] <20
(46) Os) = { 0, if |s — 1] > 36.

Note that ©¥ = ¥. On the one hand

m (Om©)ekit) . = [ ez,

li
h—0 L2(T)
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and on the other hand

1 2

_ =1.
[ U(hD)uk] s

(Oph(g)vl’i’ Uﬁ) L2(T)

(Om@yufof) = [of]

Thus O(§)dv(x, &) = 1. This means that v cannot be identically 0. This
TxR
is absurd, so the assumption is false.

We can now deduce our result for A . From the above, we have
Vu > po, Vf € H(T), 3u € D(A) / (A+ip)u = f,

and there exist ¢ >0 wich is independent on p such that [[u(t)| gy <

|l fl g2y - In particular, if f € H(T), then u € H(T). O

Using Theorem 4} we get . We finish this subsection by showing the
exponential stability in H?(T), which will be useful later.

Lemma 5. There exist M,0 > 0 such that for all t > 0 we have
(47) ISl g0y < Me™.
Proof. Let u(t) € H%(T) N H'(T) and ¢t > 0. We have

IS @)ull gz py = [[AS@)ull g opy + 1S @)l oy
= 1S Aull ga gy + 1S @) ull g
< Me™"" || Au gy + Me™"

< Me_étH“”m(T)'

‘UHHl(’]I‘)

3. Nonlinear equation: global existence and uniqueness

We consider now the nonlinear equation

(48) Opu + Opt — Ottt + Ozt — O (a(x)0pu) + udpu =0, x €T,
u(.,0) =ug € HY(T), x e T.

We show in this paragraph that this equation admits a unique solution
defined over all R. The principal theorem of this subsection is the following
result.
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Theorem 6. Let R > 0. There is a unique solution of that exists on
R. Moreover, for T > 0, the map

HY(T) — C ([—T, 1], Hl(qr))
Uo — u,

where u is the solution of the nonlinear problem with the initial data ug, is
Lipschitz on By (p) (0, R).

The first equation of is equivalent to yu = Au — (1 — Opp) " tudyu.

The local existence is a consequence of the Picard fixed point theorem. Let
R >0and 0 < T < 1. We define

Bra={ueC ([-D.TLHNT)) | sup [u(s)lgr < By
s€[-T,T)

We equip C ([—T, T], Hl(']l‘)> with the distance

d(u,v) = sup |lu(s) — ”(S)HHl(T) :
s€[-T,T)

The space (C ([—T, T],HI(T)> ,d) is a complete metric space. For ug €
H(T) and t € [~T, T), we introduce

$:C ([—T, T],Hl(T)) S ([—T, T],Hl(’ﬂ‘))
ur— S(t)ug — /t S(t — 5)(1 — Dys) tu(5)Opu(s)ds.
0
It is clear that ®(u) € C <[—T, T], H(T)) when u € C ([T, T],Hl(']l‘)) c
C([=T,T],L>=(T)) since dyu € C ([T, T], L*(T)), then
udpu € C ([-T,T],L*(T)).

Which implies (1 — 8yp) 'udpu € C ([—T, T], H2(T) ﬂHl(T)). So the
quantities S(t)ug and S(t — s)(1 — Opp) tudpu €C ([—T, T],Hl(T)) .
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Lemma 6. We have

3Cy>0/VYM >0, 3R,T >0/ RT < Cy,
vHuUHHl(T) < M,(I):BR,T —>BR,T

1S a contraction.

Proof. 1t is easy to show that for every g € C ([T, T], L*(T)) we have for
every t € [-T,T]

/0 S(t— )1 — 0a)~Lg(s)ds

< cTe’ sup gl L2y -
HY(T) s€[-T,T]

Let u,v € Bgr . We have
®(u 1)

)(@,t) — ®(v)(x,t
= —/0 S(t— 5)(1 — Dp) ! (u(s)dpu(s) — v(s)dpv(s)) ds

= _/o St —)(1 = 0ua) " {(uls) = v(s)) Byu(s)
+ (Opu(s) — Ozv(s))v(s)}ds.

As HY(T) C L>(T) continuously, we have

(1) [B)E) = 2Dy
e’ sup ([u(5) = 0(o)lmry WOru(o)lzocry

+ 10zu(s) = Oxv(s) L2(m ||“(3)||L°°(T))

<re’ sup (Jjuls) = v() g5y 10r0(3) | sy
s€[-T,T)

+1021(5) = B0 (5) gy 065 s )
<2¢TRe’ sup |lu(s) — V()| g2 )
se[-T,T)
= 2¢TRe%d(u, v).
Taking the sup on t we get

d(®(u), ®(v)) < 2¢TRed(u,v).
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—0

e
So, for T'< min< —,1 5, ® is a contraction.
4cR

Let us now show that if u € Bgp then ®(u) € Brr. From and
taking v = 0 we obtain

@)@l g =[SO ] < [[@(w)(E) = PO)D) 1

<2cTRe’ sup ||u(s)| g -
SE[_TvT]

Let M > 0 and ug € H'(T) be such that l[woll g2y < M. We can write

(50) 12 (w) ()l g ory < e? llwoll g (my + 2cTR?e® < (M + 20TR2) e’
e 0 e
Choosing R > 4Med + = Ve get [[®(w) ()|l g (r) < R. Since R > — 1 , this
c
-5
estimate is valid when T' < E—R, and the proof is complete. [l
c

Before showing the global existence, we give the following result of the semi-
group.

Proposition 4. There exists ¢ > 0 which depends only on the function a(x)

such that the solution u of the nonlinear problem which exists on | —T,T|
verifies
(51) ”u(t)HHl(T) < ||U0HH1(T) e, vi €| -T,T].

Proof. Let t €] — T, 0], we write

() 2y — 140} s / 80 (o) |21,
:—4// ) |0pu(0)|)? dedo
<Al o, [ 1oy

Then
0
Hu(t)\lélm < C/t HU(U)H%H(T) do + ”“(O)H%Il(?r)'

Using Gronwall inquality

@)1z ry < (O gy ™, Wt €] = T,01.
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We can repeat the same arguments for ¢ € [0, 7. This was to be demon-
strated. O

We can now prove Theorem [6]

Proof. Let v and v be two solutions of admitting the same initial data.
The function w = u — v verifies

Ow + Oy w — g + Orggw — Oy (a(x) 0y )w + wIpu + vOzw = 0.

We know that
w(t) = /0 S(t—8)(1 — Opa) ! (w(8)Bpu(s) + v(s)Bpw(s)) ds.

According to we can deduce that Hf)xu”Lz(T) < ¢1 and ||”(5)||L2(1r) < ¢o.
It follows for ¢t > 0

lw(I g oy

/0 S(t— 8)(1 — Opa) ! (w(8)Bpu(s) 4+ v(s)0pw(s)) ds

H(T)

t
S/ max{cy, ca} [w(s)| g1y ds.
0

By Gronwall’s inequality, we obtain [[w(t)| .y = 0. We can do the same
calculus for ¢t < 0, so that we have uniqueness.
To prove that the solution is global, We recall that for the local existence

of the solution, by taking R and T such that RT < Z—, we found a solution
which exists on [0, 7. ¢

Now let T = sup{t > 0 / u exists on [0,¢]} and 0 < T} < T™.

Suppose that 7" < oco. From Proposition it (u(T)l goery <
l[woll g (m et = Ry, then we have a solution which exists on [T, T] as soon

as (T —T1)R; < 64—6. That means

e™® e™®
T< —+T1 = ——= +T1 = f(TY).
<wm Th AT + Ty = f(Th)
It is clear that f(7™) > T, since f is continuous, there exists T < T such
that f(7T") > T*. This means that the solution starting from 77 will exist

beyond T, which is absurd. This implies T* = +o0.
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The same argument can be repeat for ¢t < 0.

Once we know that the solution of the nonlinear problem exists on all
R, we can repeat the same proof as that of Proposition 4| with all "> 0 to
write

(52) Hu<t)”H1('ﬂ‘) < HUOHHI('JI‘) €C‘t|, Vt € R,

where u is the solution of the nonlinear problem which exists on all R. Now

we finish the proof by provmg that the map ug — u is locally Lipschitz

continuous from H2(T) N H'(T) to C <‘£ 7,77, Hl(T)> Let u and v be two
t

solutions of the nonlinear problem with initial data ug and vy respectively,

and 7" > 0. We have Vt € [-T,T],
u(t) — v(t) = S(t)(uo — vo)

/ S(t— ) (1 — Opz) " (u(8)0pu(s) — v(s)pv(s)) ds

—(Fu—Fv)(s)

But

®3)  [(Fu = Fo)(s)]| g
= [[((u(s) = v(s))0ru(s) = (Oxu(s) = Bzv(s))v(s))l| 2
< c(lu(s) = v(s)ll = 10zu(s)]l 2
+[10zu(s) — Bav(s)]| 2 v(s)] L )
¢ ()l g + o)) lluls) = vls)l s -

Then there exists ¢ > 0 which depend on T such that

(54) [lu(t) = v(@)[ g2 < ¢lluo = voll s

/0 (luls)l g + 0@l 2 luls) = v(s)l| s ds

< cllug — vol| gy
t
/0 lu(s) — ()l s ds]

(55) Ju(t) — v(t)HHl('Jl‘) < Clluo — ’UOHHI(T) J

+c

+c([luoll g+ llvoll 1)

By Gronwall inequality

with € = ce®T(luolliHlvolln) O
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4. Proof of main theorem

We give in this section a proof of Theorem [I}
4.1. Convergence of the solutions

We start by introducing a function called us, which is a limit in a certain
way of the solution given in the following theorem. The advantage of uq, is
that it is an analytic function in time, this property will be used later to
show that u is a constant.

Theorem 7. Let (t,), be a nondecreasing sequence of times which goes to
+00, and ug a real valued initial data in H'(T) with u the corresponding
solution of @) Then, there exists a subsequence (tg(,))n and an analytic
function in time us such that

(56) VT >0, lim ultyg + ) = too(") in C° ([—T, 1], Hl(’]I‘)> .

n—-+00

We can easily prove the convergence of u(tg,) + -) towards a function
Uso(+). We start by giving this remark.

Remark 3. If ug real valued, the corresponding solution u of (@ 18
bounded for t > 0. Moreover

(57) () g2y < llwoll sy » 9t > 0.

Indeed, note that u is real when g is real. We recall that the norm || - ||%{1('[r)
of the solution of the linear problem is nonincreasing. Since Re(udyu, u) = 0,
the same calculus as in remark |1 gives us that ||u(t)| g gy s nonincreasing
where u(t) is the solution of nonlinear problem.

Now let (), be a sequence which goes to +00, according to Duhamel’s
formula

u(tn) = S(tn)u(0) — /0 ’ S(5)(1 = Ope) tulty — 8)0pu(t, — s)ds.

When t,, — 400, the term S(t,)u(0) goes to 0 from (g).
Since e L™ ([0, ool Hl(T)) C L% ([0, 400[xT), and dyue
L*> ([0, +oo[, L*(T)), then udyu € L* ([0,+oc[, L*(T)). Which implies
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(1 — Op) tudyu € L™ ([07 +oo[, H3(T) N Hl(']I‘)) From 1) we have thus

/0 " S(8) (1L — Dne) Mty — $)Duu(tn — 5)ds

tn
< [ NS cgnds
H? 0

—+o00
< c/ e % ds < 0.
0

tn
The sequence </ S(5)(1 = Ope) tulty — 8)0pu(t, — s)ds ) is uniformly
0

bounded in H?(T), and then, it converges weakly in H?(T) ﬁp to a subse-
quence (¢,), and so, strongly in H'(T) to uec.

Now let {S'(t) }t . be the nonlinear semigroup, in other words u(t) = S(t)ug.
On the one hang, for s € R we have

S(s)u(ty,) = S (ty, +s)up = ulty, +5).

On the other hand, we use the continuity property of u seen in Theorem [f]
to write

lim S(s)u(ty,) = S(8)te = Uoo(8).

n—-+o0o

This give us the limit .

Remark 4. The function us given by Theorem [] will be now considered
as initial data. We will write it down us(0), and we write down u the
corresponding solution.

Now let us prove the analyticity of us.. To do that we shall apply the
following theorem, see [16, Theorem 2.20] with assumptions (H3mod) and
(H5).

Theorem 8. Let Y be a complex Banach space. Let P, € L(Y) be a se-
quence of continuous linear maps and let Q,, = Id — P,,. Let A: D(A) - Y
be the generator of a continuous semigroup {4 }>o and let G € C1(Y). We
assume that V' is a complete mild solution in Y of

(58) VI(t) = AV (t) + G(V(t)), t € R.

We further assume that

1) {V(t), t € R} is contained in a compact set K of Y.
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2) For any y €Y, (Pyy)n converges to y when n — +oo and (BP,) and
(Qn)n are sequences of L(Y) bounded by K.

3) The operator A splits in A = Ay + By where By is bounded and Ay
commutes with P,,.

4) There exists M,\>0 such that meAt‘Hc(y) < Me=t and

H|6(A1+QHBB*)t‘Hg(@ny,y) < Me= for all t > 0.

5) G is analytic in the ball By(0,7), where r is such that r >
dsupyeg [V (E)]y -

6) {DG(V(t))Z |/ t e R,||Z||y < 1} is relatively compact set of Y.

Then, the solution V (t) is analytic from t € R into Y.

We use this theorem taking A :u > —(1 — 0pp) (0t + Oppatt —
Oz (a(x)0;)u) and G :u— —(1 — Opp) "1 (ud,u). Note that us, verifies the
same equation as u. We deduce from this the existence of uy, on all R as
well as the first part of the assumption 4.

We check the rest of the assumptions.

Proposition 5. Let us(0) be the function obtained by Theorem [] and
Uso(t) the corresponding solution. Then there exists ¢ > 0 such that

(59) sup [t (8)| 71y < c-
teR

Proof. Let t € R and (tg(n))n the subequence given by Theorem [7} Us-
ing Proposition there exists Ny > 0 be such that for all n > Ny we
have ||uoo(t) — u(t(m + t)HH1 < 1. On the other hand, there exist Ny >0
such that for n > Ny we have tom) +1 > 0. We deduce from that for
n > N1+ Ny

oo ()l 1 < [Jeoo(t) = ultopmy + O]y + [[ultom) + )] o
<1 lu@)] g < e

It follows the estimate . O

Proposition 6. Let ux(0) be the function obtained by Theorem |7 and
Uso(t) the corresponding solution. Then there exist ¢ > 0 such that

(60) sup [[toe (8)| 72y < c-
teR
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Proof. Let t € R, n € N and v a solution of the nonlinear problem such that
v(+) = Uoo (- +t —n). We can write

v(o) = S(o)v(0) — /DU S(o — 5)(1 — Dpz) " t0(s5)0pu(s)ds.

Note that v(n —t) = use(0). Thus, we can use a simple change of variables
to get

(61) Uso(t) = S(N)uco(t —n)
+ / S(T)(1 = Opz) Mt (t — 7)Optine (t — T)drT.
0

We know that [S(n)uee(t — n)|li(p) < ce ™ ||uo (t — )| gy < Ceom,
Then, when n goes to 400, becomes

+oo
oo (1) = /0 S()A = D)Lt (t — 7) Dt (t — 7)dlr-

Since the operator u+— (1 —8y) 'udyu is bounded from H(T) into
H?(T) N HY(T), using Lemma [5| and Proposition |5 we obtain

+o00

+o00
Ol < ¢ [ e unlt = Dpmar < [ e Tar<c

{uso(t), t € R} is then a bounded set of H*(T) N Hl(T), and consequently
it is a relatively compact set of H1(T). O

We deduce that u, satisfies the first assumption of Theorem [§| with K =
{uco(t), t € R}. A ‘
We define (P,), and (@), for u = E upe™™ e HY(T) with
keZ*

P,(u) = Z upe™ and Q,(u) = Z upe*®.

|k|<n |k|>n

Clearly [[Pullzgr pny <1 and [|Qnllzegn gy < 1, as well as (Pn(u))n con-
verges towards u for all u € H(T).

We denote by A;=—(1—0.)" (0 + Opse) and B=(1-
8135)*1835@%(1 —8m)%. It is clear too that A; commutes with P,. The
assumption 2 and 3 of Theorem 8] are verified.
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We can easily check that the adjoint of B in HY(T) is given by
B* = —(1 — Oyy) 2 a20,. Furthermore, BB* = —(1 — 0,,) " 10,a0,. We can
write A = Ay + BB*. The operator BB* is nonnegative and (BB*u,u) ;. =

/ a(x)|0zu(t, z)|2dz. We will now prove the following result.
T

Theorem 9. There exists M >0 and ¢ > 0 be such that for every t > 0
and for every n € N

< Me “,

(62) H‘e(Al-FQnBB*)t H
L(Q.H'H) -

Let us start by giving an abstract result following the same approach
s [17). We consider a complex Hilbert space H, A; an unbounded skew-
adjoint, m-dissipative linear operator on H and B a bounded linear operator
such as BB* > 0.
We also consider these two equations

(63) @' (t) + Arp(t) = 0,
and
(64) y'(t) + Ary(t) + BB y(t) = 0.

Theorem 10. The following properties are equivalent.

1) There exists Ty > 0 and ¢ > 0 such that every solution ¢ of sat-
isfies

T
(65) (0117 < C/o 1B (s) 17 ds.

2) There exists Ty > 0 and § > 0 such that every solution y of sat-
isfies

(66)  Vyo € D(A), ¥t = Tu, |ly(®)llr = 1SOwolly < e llyoll g
where {S(t)}+>0 is the semigroup generated by Ay + BB*.

The proof is given in Annex.
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Proposition 7. Let u € Hl(T), and let v be a solution of

O = (Al + QnBB*) v

and w a solution of

ow = @Qn (A1 + BB*) Quw
w(0) = Qnu.

Then v = w.
Proof. Let z = Q,w. We have

8z = Qudyw = Qn (Qu(A1 + BB*)Quw) = Qn (A1 + BB*) Q.
Since z(0) = w(0), by uniqueness w = z = Q,w, and we have

(67) Ow = Qn (Al + BB*) Qnrw = QnA1Qnw + QnBB*an
= AlQnan + QnBB*an = (Al + QnBB*) w

Then w = v.

We can now prove Theorem [9]

Proof. According to Proposition it suffices to show that we have
an exponential decrease for the semigroup associated with the operator
Qn (A1 + BB*) Q. For this, we will use Theorem So we must prove

that

To
(68) le(0) 17 < 61/O 1Qn B0 (s)lI7: ds,
where ¢ is solution of

{ ¢ (t) = QnA1Qne(t)
©(0) = Qn(0).

We consider the problem
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From @ and Theorem 1) satisfies

To
% (0) 17, SCQ/ |1 B*¢(s)||%: ds.
0

Note that the constant ¢y depends only on the operator A;. So the estimate
is uniform in n. Since @, commutes with A, we can take ¢ = Q,p. Thus

we have and then . O

The two last assumptions of Theorem [§] are satisfied with the following
proposition.

Proposition 8. The map G is holomorphic from Hl('ﬂ‘) to itself. Moreover,
the set{ DG(us(t))h / t € R, HhHHl(T) < 1} is a bounded set in H?(T).

The proof is given in Annex.
All the assymptions of Theorem [8] are verified, the solution us of the
nonlinear problem is an analytical function.

4.2. Unique continuation

We will show in this last part that us is constant for all (z,t) € T x R.
Proposition 9. There exists ¢* > 0 such that for all (z,t) € T x R,
Uso(x,t) = ™.

Let —2m < a < 8 <0 be two real numbers such that |o, B[C {a > 0}.
We first give the following proposition.

Proposition 10. There exists ¢* > 0 such that for all (z,t) €]a, B[xR,

Uso(x,t) = .

Proof. Let u be a solution of the non linear problem. From Remark
||U(t)H%11(T) is nonincreasing to a constant ¢ > 0, and we have with the no-
tation of Theorem

m |u(tn +1) = voo() | grry — 0, VEER,

n—-+o0o

50 |[tteo (8) |31 () = ¢ for all £ € R. Now

t
oo (8)1I 772 () — s (O) 71y = — /0 a(z) |Oyuco(z,0)* do, V t € R.
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Then
t
/ o(2) |Outioe (2, 0)[2do = 0, ¥ £ € R.
0

This implies that us(x,t) is a constant on z for = € Ja, 3.
Now, since uy, satisfies

(1 - a:c:r:)atuoo + amcacuoo + 890“00 + uooaxuoo = O,
and Jyus = 0, we deduce that we have also Jyus, = 0. O
The function v = us, — ¢* verifies the equation
(1 = 0p2) 00 4 Opgav + (1 + U )00 =0, (z,t) € T xR
v(x,0) = vy € HY(T),
’U(J},t) :07 (‘Tat) € ]awB[XR’

(69)

Let P(x,03,t,0) = Opgy — OzzO + O + w(t, )0y, where w =1+ us. The
principal symbol is given by p(z,t,&,7) = £2(&€ — 7).
Let * €]a, 5[. We denote by

¥ (2,t) — (x— %) — 2,

and
I'={(z,t,£,0) / x € T,t,§ € R}.
We recall the following definition (see [31) Definition 1.2])
Definition 2. (Pseudo-convex surface) Let P be a differential operator of
ordre m, with a principal symbol p, S a level set of a smooth function 1,

and (xg,tg) € S such that Vi(xo,tg) # 0. We say that S is strongly pseudo-
convex in (xg,ty) with respect to P on T" if

)
%e {5, {p. 1} } (30,10, €, 0) > 0,

on {(xo,t0,&,0) € ' / p(xo,t0,&,0) = {p, ¥} (xo,t0,&,0) =0, with £ #
0},
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2)

,yll. {P(a,t,& — iyl 7 — iviy), p(x, t, € + iy, T + ivep) } (2o, t0, €, 0)
> 6(52 Jr,yQ)m—l

on {(xo,t0,€,0) € T/ p(wo, to, & + iy, ivib})
= {p(z, t,& + iy, 7+ iviy), ¥} (2o, to, &, 0) = 0, with v > 0}.

We will use this theorem given in [31, Theorem 2]

Theorem 11. Let K be an open set of R™ and P a differential operator of
ordre m such that

1) The principal symbol of P is real and whose coefficients are indepen-
dent of t and assumed to be in C*(T),

2) The coefficients of lower order terms of P are analytic from I C R into
L>(T),

Let (zo,tg) € T x R and 1 a smooth function such that Vi)(xg,ty) # 0. As-
sume that the level surface {(x,t) = ¥(xo,to)} is strongly pseudo-convex
in (xo,to) with respect to P on T'. Then there exists an open neighbourhood
V' of (xo,to) such that if u is solution of P(x,D)u=0 in K and u =0 in
{t > ¥(zg,to)}, thenu =0 in V.

Clearly P verifies the first assumption of the theorem. The second as-
sumption is also verified due to Proposition 5] and Theorem [7]

We will show now that the level surfaces of the function v are strongly
pseudo-convex on I'. We give the following figure.
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-1
— " ————— i —— — — —

Proposition 11. Let A\ = ¢(a + 27,0) = (a + 27 — 2*)2. The level sur-
faces {1p = A} for X €]0, \1] are strongly pseudo-convex with respect to P
onT.

Proof. We will show that the sets

{(ZL'(),t(),f,O) el /p(x0>t03570) = {pa¢}($07t07‘£a0) = Oa with E 7é O}a

and

{(z0,t0,&,0) € T / p(xo, to, & + iy, ividy)
= {p(l‘,t,f + 27¢;’T + Z7¢£)’w}(x0at0a§70) = 07 with Y > 0}

are empty. For the first set, we already notice that the case p(zo, to,&,0) =
€3 = 0 give necessarily ¢ = 0, which is impossible. For the second one, we
have v > 0, then p(wo,to, & + iy, iv,) = (€ + 2iy(x — x%))2(€ + 2ivy(t +
x —a*))isequal toO when £ = 0and z = z*, or when { = O0andt + 2z —z* =
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0. The first case is impossible since z = z* means that ¢y = —t?> < 0, but we
want that the surfaces {¢) = A} are stongly pseudo-convex for A €]0, \q].
For the same reason, the second one is also impossible since t + z — z* =0
correspond for all ¢t € R to {¢) = 0}. O

The assumptions of Theorem [11] are satisfied. So we can use it to show the
following result.

Theorem 12. Let T be the triangle of vertices {(x*,0); (x* + 27, 2m); (z* +
2w, —2m)}, then the function v is identically zero on T .

The proof is given in Annex.

Remark 5. The constant A\ is chosen so that ({* > M} NT) C ({a>
0} x ]R). So combinning this with the last line of equation , we have
clearly that v =0 on {¢p > M} NT.

The proof of Proposition [9] is easy now.

Proof. We conclude from the preceding result that v is equal to zero ev-
erywhere since v =0 on |z*,2* + 27| x {t = 0}, and then, the function vy
in is equal to 0. Thus we obtain v(x,t) = us(x,t) —c* =0 for all
(x,t) € T x R. O

Remark 6. Note that [20, Theorem 28.3.4] is not applicable here since the
level sufaces of ¥ are not strongly pseudo-convex with respect to P in the
sense of the theorem. Indeed, by a simple calculus we can prove that the
assumption

Re {pa {p7 ?l)}} (33‘0, to, ga 7_) > 07
in the definition of pseudo-convexity in [20)] is not verified on the set

{(g,f) #(0,0) € R? / p(xo,t0, €, 7) = <p25,7)($07t07577)"/’2w,t>(”€0’t0)> - O} :

since the choice £=0 and T#0 wanish the two quantities
<p2€T)(xg,to,f,T),ipExt)(xo,tg) , p(xo,to,&,7) and wvanish also the term
Re {p, {p,V}}.

We give finally a proof of Theorem
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Proof. Let u = Z u*(t)e™*® be the solution of the nonlinear problem. Com-

kEZ
bining Theorem [7] and Proposition [9] we can write for all 7' > 0

lim  sup |u(tn+$) — || g = 0.
n%Jroose[ T.T] n H'(T)

Thus

2

lim sup <( (tn, +s)—c" +Z 1—|—k2< tn—l—s))2> =0.

n—-+oo 86[ TT] P

We already know that u%(t, + s) is constant in time, in particular u®(t, +

2\ [, k 2
s) = u%(0), and since the term Z(l—i—k ) <u (tn—i—s)) goes to 0, we
kez*
deduce that ¢* = u"(0). We finish by proving that lim wu(t,-) = ¢*. Sup-

t——+o00
pose that there exists (s,), a sequence of times which goes to +oo and

[u(sn) = €[l g1 (r) = €, for some € > 0. From Theorem (7} there exists a sub-
sequence (Sq(n))n such that ngr—lr-loo |u(sp(my) — c*HHl(T) =0, which is ab-
surd. g

5. A remark on the BBM equation
We consider this BBM equation

(70) 00 + Oy — Opgtv — Op(a(x + ct)0y)v +v0,v =0, x €T, t >0,
v(+,0) = vy, x e,

where ¢ > 0 and a > 0 is assumed to be a bounded function in C*°(T) such
that {a > 0} # 0.

We can prove the result of stabilization by following the same approach
in the preceding paragraphs. After a change of variables we can write the
equation under the form

OV — €02V — Ot + (¢ + 1)0pv — Oz (a(x)0y)v + vO,v = 0.

We prove that if v is the solution of the linear equation then

% (3101 ) = =2 [ ) oroten)ds <.
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Except that there are different constants that appear in the equation com-
pared to what we did previously, the results are essentially the same, and
we give the following theorem.

Theorem 13. For allvy € HY(T), there exists a unique solution v = v(t, )
of global in time such that

: 1 N
t£+moov(t, )= by Tvg(x)dzn, in H*(T).
6. Annex

Proof. (of Lemma i Note that if [¥(—ihd,),a]uF = Z Aken® then
nez

W=U(hn)Y anjuf = an_jU(hj)ul = an_; (¥(hn) — T(hyj)) uf.

JEZL JEZ JEZ

We want to prove that

(71) )
ST+ wl? =D (1402 | D an [U(hn) — U(hg)| |z
neZ neZ JEZ

< cz 2| .
nez

The constant ¢ is the one used in .
We write 72 = T'MTul'o, UT'sUT'y UT's, where

Iy ={(n,j) €2Z*; n<0and |hj —1| <26},
Ty ={(n,j) €Z%; 0<hn<1-35and |hj—1] <25},
T3 ={(n,j) €Z®; hn>1+35 and |hj — 1| <26},

F4 = {(nvj) € Z2 ; |hn7 1‘ < 35}5
and

I5 ={(n,j) € Z*; |hn— 1| > 35 and |hj — 1| > 25} .
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In T'y, we have U(hn) = 0 and |n — j| = |n| 4+ j. We know also that for all o

we have |a,,| < —— . Thus
anl < T al)e
V14 n?
V1 +n2 <c . . U(hi)l |z,
|fYn’ — Zl+|n|+] (1+|n_j’)o'_1| (])H ]‘
JEL e <1
<c B
1 ’ 1 ’
SO | e N D D r——
— _ o—1 _ o—117J
2T+ Tn—j) 2 (T o= J)
S e ——
st — No—1 7
Z T+ =)
Then

1
D ()l <ed 5P > e

neZ JEZ neZ

1
The term Z AT g7 converges and it does not depend on j.
7

n
We deduce the estimate on I'y.
In 'y, U(hn) = 0, and we have

h+ |hn —hj| > h+|hn —1| — |hj — 1| > h + 36 — 26 > 6.

1
It follows that ———— < ch, thus

1L+ |n —j

A/ 2
VItn?y<ed It

— |z .
2 =gt

Since in I's we have hn <1 — 34, the term hv/1+ n? is bounded inde-
pendently of n. We obtain with the same Holder inequality as in I'y the

estimate .

In I's, U(hn) = 0 and we have also

h+4|hn—hj|>h+hn—hj>h+1+35—(26+1)>4.
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So
(72) # <h
L+ n—j]~
Furthermore
) ) ) 1
(73) nSln—gl+lilsin =g+

By multiplying and we get

D <hn—j+1

L+ |n—j|

Hence we estimate

hin—j]+1 1
vV 1+ n? < E | < § .
n |ryn’ ~ ’Z]’ ~ (1 ‘n j|)0_2 |Z]|>

_ 4\o—1
=AU ] =

and we use again Holder inequality as in I'; to obtain .
In 'y, we use the mean value theorem to write

(W (hn) = W(hj)| < chn—j|.

Then
[n —Jl 1
\/1+n2|7n|§cz—.|2’j|§02 ——— |-
= L n—j))7 = L in—jl)7
As in 'y, we obtain .
In I's, we have U(hn) = ¥(hj) = 0. The result follows directly. O

Proof. (of Theorem We suppose (65). Let y(t) = S(t)yo be a solution of
1
and B(1) = 3 (1)

We have for every ¢ > 0

(y/(t)7 y(t))H + (Aly(t)v y(t))H = - (BB*y(t)u y<t))H .
Since A is skew-adjoint, we obtain

(74) E'(t) = —||B*y(t)|7 < 0.
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Thus FE is nonincreasing. Now let T' = kT, where k is to be chosen further,
by integrating between 0 and 1" we get

1 1 o
3 ly(T) 13 — 5 Iy (0)I[7 = —/0 1By (s)[|7 ds.

Then

T
(75) ‘Anwwm@MSEm»

This implies that there exists p € {0,...,k — 1} such that

(p+1)To 9 1
(76) [ Byl ds < L EO).

pTo
Let v be the solution of

V(t) + Aro(t) = 0
(77) { v(pTo) = y(pTo).

The function w = y — v satisfy w'(t) + Ajw(t) = —BB*y(t), and w(pTp) =
0. Thus .
w(t) = —/ V(t — s)BB*y(s)ds,
pTo
where {V(¢) }+>0 is the semigroup generated by A;, which is a semigroup of

contractions by the Hille-Yosida Theorem.
We set M = || B| ;). For t € [pTo, (p + 1)To] we have

(p+1)To
(78)  Nw®llg < M/T 1B*y(s)]| ; ds
ptlo

(p+1)To %
< M\/Ty (/ HB*y(s)quds) < ay ) EO)
p

To k
It follows
(p+l)To (p-‘rl)To E
@) [ ds <o [T w1 ds < armg A,
1o pTo k

As we have

1B @I} = 1B y(t) - Brw®ll}; <2 (1B (0% + 1B w @)} )
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combinning and we get

(p+1)T0 I
(80) / |1B*u(s)||3 ds < 2(1 + M*TE) 0)
pTo k
Since v verifies , we have from and
E(0)

2E(pTo) = |lo(pTo)|I7; < 2¢(1+ MATE) ==
: . : : a2y E(0)
Since E is nonincreasing, then E(kTp) <c(1+4+ M TO)T. So, for k>

1
4e(1 + M*TE) and T = kT, we obtain ||[y(T)| ; < 5 llvoll g » and it is classi-

cal that this implies .
Reciprocally, suppose that we have . Since E decreases towards 0,

we can find Ty > 0 such that every solution y of verifies

To
8 [ IB ol ds = BO) = BT > 5EO) = § Il

Now let ¢ be a solution of and y a solution of with the initial data
©(0) = y(0). The function z = y — ¢ verifies 2/(t) + A1z + BB*z = —BB*¢.
Then

t
z(t) = —/ S(t — s)BB*p(s)ds.
0
For all ¢ € [0,Tp] we have
2 o 2
(82) 127 < C/O 1B*(8)|I7 ds

Since ||B*y(s)|ly < [|1B*¢(s)|l g + [|1B*2(s)|| gy, using and the fact that
B* is bounded

T() TO
/0 1By (s)| ds < c /0 1B o(s)|2, ds.

From , we get . O
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Proof. (of Proposition We recall that for u € HYT), G(u) =—(1-
Opz) H(udpu). We know that G(u) € HY(T) since

(G(u)7 1)L2 - - ((1 - 8117)_1(“61”)7 1)L2
1
- a0, () 1) . ~0

We give the following definition of a holomorphic function on a Banach
space. See [19] for more details.

Definition 3. Let X andY be complex Banach spaces and let D be an open
subset of X. A function G : D — Y is holomorphic if for each u € D, there
exists a continuous complez-linear mapping DG(u) : X — Y such that

_G(u+h) = G(u) = DG(u)h]ly

(83) lim = 0.
h—0 1]l x
Let u and h be two functions in H(T). We have
Glu+h) =—(1—0) (u+h)0:(u+h))

= G(u) — (1 — Bye) " (udyh + hdyu) + G(h)

The map DG(u) : h — —(1 — ) (u0,h + hO,u) is linear and continu-
ous, indeed

DG gy < [[DG(W)h| gz
(84) < HUHLW(T) 12/l ey + Il oo ¢y NO2ull L2y

Furthermore
|G (u+ h) — G(u) — DG(Wh| gu = [|G(B) || g < N1hll o 102hll L2 < [2llp -

We have then . Now let us be the solution of the nonlinear problem
with the initial data us(0), and b € H'(T) such that [|h]| () < 1. We know

that us € L™ (R, Hl(']I‘)> from Proposition Estimation shows that
{DG(uco(t))h / t € R, ||k s (z) < 1} is & bounded set in H(T).

Thanks to the compact injection H2(T) < H'(T), we deduce the as-
sumption 6 of Theorem O
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Proof. (of Theorem Let
Ao = inf {X €10, (2m)*[ / v(z,t) =0, V(z,t) € {y > A} NT}.

It is sufficient to prove that A\g = 0. Assume that Ay > 0.

We know that v = 0 on {¢ > A\;} N T from Remark[5] By applying Theo-
rem 11]to each point (z,t) € {¢p = Ao} N'T =: To, there exists an open neigh-
borhood B(z,t) of (x,t) such that v =0 on B(x,t).

So, if Ty C U B(z;,t;), there exists B(x1,t1), ..., B(xp, t,) by a com-

(zi,ti)€To
p

pactness argument such that 7o C U B(x;, t;).

=1
We will show that there exists A € [0, \g[ such that {py =A}NT C
p
| B, ti).
i=1

1 P
Suppose that for all n € N*, {w =X — n} NT ¢ U B(x;, t;).
i=1
1
Let (yn,sn) € {1/1 =Xy — } N7T. We know that for all n & N*

n
(Yn, Sn) € supp(v). Since ¢ ¢ = g — - N T is a compact set, there exists

(Yo(n)s Sp(n)) @ subsequence of (yn, s,) such that y, ) — y and s,) — 5.
This give us that ¥(y,s) = Ao. Hence, there exists i € {1,..,p} such that
(y,5) € B(w,t;). So for n large enough, we have (y,(n), Sp(n)) € B(zi, i),
and then, (Y,(n); Sp(n)) ¢ supp(v), which reach a contradiction. We deduce
that A\g = 0 and then v =0o0n 7. O
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