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Contractibility of space of stability
conditions on the projective plane
via global dimension function

YUu-WEI FAN, CHUNYI L1, WANMIN Liu, AND YU QIU

We compute the global dimension function gldim on the principal
component Stab' (P2) of the space of Bridgeland stability condi-
tions on P2. It admits 2 as the minimum value and the preim-
age gldim ™1 (2) is contained in the closure Stab®®°(P2) of the sub-
space consisting of geometric stability conditions. We show that
gldim ™' [2, z) contracts to gldim™*(2) for any real number z > 2
and that gldim~'(2) is contractible.
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1. Introduction
1.1. Stability conditions

The notion of stability conditions on triangulated categories was introduced
by Bridgeland [8], with motivation coming from string theory and mirror
symmetry. Let D be a triangulated category and Kpum(D) be its numerical
Grothendieck group. A stability condition o = (Z,P) consists of a central
charge Z € Hom(K(D),C) and a slicing P, which is an R-collection of t-
structures on D. In this paper, we denote Stab(D) as the stability manifold
of stability conditions with support property with respect to Knum(D). By
the seminal result in [8], when Kyym(D) is of finite rank, the space Stab(D)
is a complex manifold with local coordinate given by the central charge. The
original conjecture [9, Conjecture 1.2] in the K3 surface case is that Stab(D)
has a connected component StabT(D) which is simply-connected and pre-
served by the autoequivalence group of D. A more ambitious conjecture
expects that the stability manifold Stab(D) is contractible in general. The
contractibility is confirmed in a couple of examples at least for the principal
component of the space, namely:

e The smooth curves case in [§], 22, [24].

e The K3 surfaces with Picard rank one in [2] [9].
e The local P! in [I6]; the local P? in [3].

e The projective plane P? in [17].

e The Abelian surfaces in [9] and Abelian threefolds with Picard rank
one in [4].

e The finite type (connected) component Stabg in [28], where the heart
of any stability conditions in Stabg is a length category with finite
many torsion pairs. The key examples are (Calabi—Yau) ADE Dynkin
quiver case and new classes of examples are studied in [1].

e The Calabi-Yau-3 affine type A case in [25].
e The acyclic triangular quiver case in [10].

e The wild Kronecker quiver case in [11].

The proofs in each case are quite different.
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1.2. Global dimension functions

Recently, Ikeda and the fourth-named author [14, 26] introduce the global
dimension function gldim on Stab(D), namely:

(1.1) gldim: Stab(D) — R U {400},
which is given by

(12)  gldimo = gldim P := sup{¢s — ¢1 | Hom(P(¢1), P(¢2)) # 0}

Such a function is continuous and invariant under the natural left action
by Aut(D) and the right action of C, and thus descends to a continuous
function

(1.3) gldim: Aut(D)\ Stab(D)/C — R U {+00}.
The philosophy in [26] is as follows:

(i) The infimum of gldim on Stab(D) (or the principal component of it)
should be considered as the global dimension gd D of the category D.

(ii) If the subspace gldim~!'(gdD) is non-empty, then it is con-
tractible. Moreover, the preimage gldim™'([gdD,z)) contracts to
gldim~1(gd D) for any real number gd D < z.

(iii) If gldim~!(gd D) is empty, then the preimage gldim!(gd D, ) con-
tracts to gldim~!(gd D, y) for any real number gdD < y < .

Note that for a Calabi—Yau category, the global dimension function is con-
stant. If the global dimension function gldim is not constant, it sheds some
lights on why Stab(D) should be contractible.

The theme in [14] is to g-deform stability conditions. More precisely,
given a Calabi-Yau-co category Do (e.g. bounded derived category of P?),
the corresponding Calabi-Yau-N category Dy (e.g. local P2 for P? and N =
3) can be obtained by Calabi-Yau-X completing D, to Dx and specializing
X to be N, in other words, taking the orbit category Dy = Dx J/[X — N].
Under this procedure, a stability condition ¢ on D, such that

(1.4) gldimo < N —1

induces a stability condition on Dy via g-stability conditions on Dx. We
will discuss such inducing in Section [7| for the example from P? to local P?
where N = 3.



54 Y.-W. Fan, C. Li, W. Liu, and Y. Qiu

1.3. The projective plane case

In this paper, we study the case of the projective plane P? for the above
conjectures/philosophy. The main result is a computation of the global di-
mension function for the principal component Stabf(PP?) (i.e. the connected
component which contains geometric stability conditions, where a stability
condition o € Stab(P?) is called geometric if all skyscraper sheaves are o-
stable of the same phase). Details are in Propositions and Based on

the computation of gldim, we prove the following theorem.

Theorem 1.1 (Corollary and Theorem [6.1)). Consider the func-
tion

gldim: Stab'(P?) — Rxg

on the principal component Stab*(IPQ) of the space of stability conditions
on the bounded derived category D = Db(Coh P2) of coherent sheaves on P2,
Then

e gdD =2 and gldim Stab' (P?) = [2, c0),
o the subspace gldim1[2,z) contracts to gldim~*(2), for any x > 2,

o the subspace gldim~'(2) is contractible and is contained in

Stab%€°(P2), where Stab®®(P?) consists of geometric stability con-
ditions.

The contractibility of Stab! (P2) is already proved by the second-named
author [I7]. The new approach here shows how this stability manifold con-
tracts along the values of the global dimension function.

1.4. Topological Fukaya case

In the parallel work [27], we use the same philosophy to study the con-
tractibility of the space of stability conditions on the topological Fukaya
category of a graded marked surface. We prove a slightly weaker version
of the corresponding Theorem that gldim induces the contractible flow
except for certain possible critical values.

We hope that these works will shed lights on how this philosophy would
apply to other cases.



Contractibility of Stab(P?) via gldim 55

2. Preliminaries
2.1. The category

In this paper, we let P2 be the projective plane over the complex number
field. We write

(2.1) Do (P?) := D (P?) = D°(Coh P?)

for the bounded derived category of coherent sheaves on P2. Due to the well-

known result by Beilinson [5], we have the equivalent description Dy (P?) &
DP(kQ/R), where (Q, R) is the quiver

Z1,Y1, 21 T2, Y2, 22
3

3
3 3

with commutative relations
arby = biag, a,be {x,y,z}.
The Serre functor on Dy, (P?) is given by (see [6] or [13])
S = Sp2 i= (=) @ wrl2] = (=) ® Opa (~3)[2].
An object E € Dy (P?) is called exceptional if Hom(FE, E[i]) = 0 for i #

0 and Hom(FE, F) = C. The right and left mutations of an object F' with
respect to an exceptional object E are defined by

(2.2) Rp(F) == Cone (F Y, E @ Hom(F, E)*) 1],
(2.3) Le(F) = Cone (E ® Hom(E, F) <% F) .

2.2. An affine plane

Let D = Doo(P?). Let H be the hyperplane divisor of P2. For E € D, we
identity the Chern character ch(E) with the triple of numbers

F(B) = (cho(E), chy (E).H, cha(E)).

When we say the point E (or the point v(E)), we mean the
point in the real projective space P(R3) with homogeneous coordinate
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[cho(E), chy(F).H,chy(E)]. We call the locus chy = 0 as the line at infin-

ity and its complement as the affine {1, fﬁl, glﬁ"‘} plane. Moreover, we al-

ways assume that the CT—ams is horizontal and the ¢ ch g2-axis is vertical. If

cho(F) # 0, the reduced character of E corresponds to the point
(2.4)

V() = (1 s(E),q(B)), with s(E) = TLE)H

cho(E)

ChQ(E)
cho(E)’

q(E) =

in the affine {1, gﬁ—;, g}ﬁi }-plane. In particular v(E) = v(E[n]), i.e. E and its
any shift F[n] will be the same point in the {1, g}ﬁl, gﬁz} plane.
The {1, & chy 1, g{f -plane provides a playground for studying both geomet-

ric and algebralc stability conditions in the following part of the paper.

2.3. Stability conditions

A stability condition o = (Z,P) on D consists of a group homomorphism
Z: K(D) — C called the central charge and a family of full additive subcat-
egories P(¢) C D for ¢ € R called the slicing satisfying certain conditions.
We refer to [§ and the lecture notes [23, Definition 5.8] for the details.
Nonzero objects in P(¢) are called semistable of phase ¢ and simple objects
in P(¢) are called stable of phase ¢. For semistable object E € P(¢), denote
by ¢,(E) = ¢ its phase.
Let D = Dyo(P?) and

Stab(P?) := Stab(Du (P?))

be the space of stability conditions on D (P?).

A stability condition o € Stab(P?) is called geometric if all skyscraper
sheaves are o-stable of the same phase. We denote the set of all geometric
stability conditions by Stab®e(P?).

Let us briefly recall the construction of geometric stability conditions.
There is a fractal curve Cpp, the so called Le Potier curve, and a region
Geopp in the {1,%, gﬁi -plane, as in Definition For each (1,s,q) €
Georp, one can associate a geometric stability condition g4 = (Zs 4, Ps,q)
as follows. The central charge Z; , is given by

(2.5) Zs4(E) = (—cha(E) + ¢ cho(E))
+i(chi(E).H —s-cho(F)), for E€D.
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Denote H-slope of coherent sheaves by C};LEEEH We make a convention that

H-slope of a torsion sheaf is +00. The heart P, 4((0, 1]) is the tilting

Cohy, == (Coh<,[1], Cohsy),

where Coh<; (resp. Cohsy) is the subcategory of Coh (P?) generated by H-
slope semistable sheaves of slope < s (resp. > s) by extension. The slicing
for ¢ € (0,1] is defined by

Psq(@) = {E € Cohys | E is 044 -semistable of phase ¢} U {0}.

For general ¢ € R, we have Ps 4(¢p + 1) = P 4(¢)[1].

The GL*(2,R) acts freely on Stab%(P?) ([I7, Definition 1.4, Corol-
lary 1.15]) with quotient

Stab%°(P?)/GLT(2,R) = Georp .

We refer to Section {| for the definition of algebraic stability condi-
tions Stab™!8(IP?). Let Stab'(P?) be the connected component in Stab(P?)
which contains the geometric stability conditions. It is still a conjecture that
Stab(PP?) = Stabf(P?). The second-named author [17] shows that

(26) StabT (]PQ) = StabGeo(]P)2) U StabAlg (]P)Q)

and it is contractible. In the following sections, we will compute the global
dimension function gldim on Stab'(P?) and show that the contraction is
along the value of gldim.

3. Geometric stability conditions in the parabolic region

Let D =Dy (P?). For a€R, denote by A, the parabola in the
{1, EE—;, gﬁ—z}—plane:

Ch1 Chg

A::{l P
o= {0 e 5 5

1
}-plane | 552 —q= a}.
Similarly we have the notation A, or A>,. We study geometric stability
conditions in the parabolic region A.g. Denote by Lpg the line passing
through the two points P and E in the {1, %, %}—plane. Recall a lemma
due to Bayer [19, Lemma 3].
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Lemma 3.1. Let P and Q be two points in the region Ao in the
{1,%,%}—])[&716. Let F be a op-stable object in Cohp with ch(F) #

(0,0,1). Let C and D be the intersection points
{C, D} = Lpr N Ay,

of the line Lpr and the parabola Ag. Denote the og-HN semistable factors
of F by F;. Then for each factor, the phase ¢q(F;) lies in between ¢g(C)

and ¢q(D).

Proof. The case that chy(F') # 0 is proved in [19, Lemma 3].

So we assume that ch(F) = (0, ch; (F'), che(F')) with ch; (F').H > 0. Now
the point F' is in the oo-line outside the {1, %, gﬁ—g}—plane. But the line
Lpr still makes sense: it is the line passing through the point P with slope

dffg}f}{ in the {1, %, %}—plane, see [20, Corollary 2.8]. So we still have

the notation l;F, which is the ray starting at the point P on the line Lpp
with s > s(P). Note that Lgp is parallel to Lpp. Then the proof follows by
Li-Zhao’s original argument. (]

For a point P = (1, s,q) in the {1, %, ghTi}—plame7 we say that we move
it along the parabola to the left by a number b if we move it along the
unique parabola of the form A, passing through P (so a = %52 —q), and
the result point is still on the same parabola A, with gﬁ—;—coordinate s —b.
Let K be the canonical divisor of P2, and wp> be the dualizing sheaf. Let
0 =054 with (1,s,q) € Georp. We identify o with the point (1,s,¢) in the
{1, %, 2{1—3 -plane. Then o(—3) = 0 @ wp= is the point of moving o along
the parabola to the left by —H.K = 3. Similarly for F' € D as a point in
the {1, gﬁ—;, %}—plane, if cho(F') # 0, then F(—3) := F ® wp= is the point of
moving the point F' along the parabola to the left by 3.

Let A, B, A, B be the corresponding intersection points

{A,B} :=Lp,N Ao, {A B}:=Lp_z,(_3 N Ao,
with s(B) > s(A) and s(B) > s(A). We have the following observation.
Lemma 3.2.
(3.1) s(B) — s(A) = 5(B) — s(A).

Proof. This is an elementary calculation. ([
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We prove a lemma, which is the key calculation for proving gldim o, = 2
in the region Ag.

Lemma 3.3. Let o,y be a geometric stability condition in the region Ao in
the {1, zﬁl, gﬁQ} -plane. Denote 0,4 by 0. Let F,G be two o stable objects in
a same heart satisfying: 0 < ¢po(F) < ¢po(G) < 1, cho(F) # 0 and s < s(F).

Then Hom(F,G[2]) =

Proof. Let P = Lps N Lp(_3)5(—3)- We have two cases.
Case A. P is in the region A>g. Then by Lemma we must have s(B) <
s(A) (i.e. left above of Figure [1)) instead of s(B) > s(A) (i.e. left below or
right below of Flgure . So l*F is above or equal to l+A and l*B

By [2I, Lemma A.3], F(-3) is o(—3)-stable. By Lemma [3.1] B.1] the
o-HN factor F(—3); of F(—3) lies between ¢ (A) and ¢,(B). By [19,

Lemma 2], ¢, (F(=3)i) < ¢(F). So ¢](F(=3)) < ¢o(F) < ¢5(G) and
Hom(G, F(—3)) = 0. By Serre duality, we have

Hom(F, G[2)) & (Hom(G[2], S(F)))" = (Hom(G, F(~3)))" = 0.
Case B. P is in the region A-(. So both F' and F'(—3) are op-stable with

(3.2) ¢p(F) > ¢p(F(-3)).

Let Q == Lgo N Lp(—3)5(~3)- We have three subcases.

Case B.(i) Q is in the region A<g. Then Q is to the right of B since B is on
the Ag. Now 1} e is above l+;1 and l+ We must have Z+G is above l+~ and
ljB By Lemma agaln we have Hom(G F(—3)) = 0. By Serre duahty,
we have Hom(F, G[2]) = 0.

Case B.(ii) Q is in the region A-y. We illustrate the picture in right above
of Figure [l Since G is o-stable, it is also og-stable. Since F'(—3) is o(—3)-
stable, it is also og-stable. We then compare their phases at @) and have

$Q(G) = ¢5(G) > ¢5(F) = ¢p(F) > ¢p(F(=3)) = ¢o(F(=3)),

where each equality is because of colinear condition, and the first inequality
is given by the assumption of the Lemma and the second inequality is given
by (3-2). So Hom(G, F(—3)) = 0. By Serre duality, we have Hom(F, G[2]) =

Case B.(iii) @ is on the parabola Ay. Since F' is o-stable, we may perturb
o a little bit and reduce to the previous cases. O
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A
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Figure 1: Relative positions of Ly, and Lp(_3)s(—3): P € Ao (left above);
P € Ay (right above). The below pictures are impossible by Lemma

Proposition 3.4. Let 054 be in the region A<g in the {1,

Then

(3.3)

gldimog 4 = 2.

Ch1 Ch2

m’ Cho

-plane.

Proof. Denote 0,4 by 0. Let F' and G be two o-semistable objects such that

Then by Serre duality,

(3.4)

Hom(F, G[2]) # 0.

Hom(F, G[2]) = (Hom(G, F(—3)))" # 0.
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The object F(—3) may not be o-semistable. We consider its o-HN factors.
Thus by [8, Lemma 3.4] we have ¢,(F) < ¢»(G[2]) < ¢F (F(-3)) + 2. So

(3-5) 0< ¢0(G[2]) - ¢0(F) < ¢j(F(_3)) - ¢0<F) +2

We need to show that

(3'6) ¢U(G[2]) - ¢O‘(F) <2

The idea is to give an estimate of ¢f (F(—3)) — ¢, (F). We could assume
that F' € Cohus, i.e. oo (F') € (0,1]. We could also assume that F is o-stable
since we can take its Jordan-Hoélder factors. So by [21, Lemma A.3], F'(—3)
is o(—3)-stable.

We have the following three cases according to the Chern characters of
F.
Case 1. Assume cho(F) =0, ch;(F) =0 and cho(F) > 0. Then F is sup-
ported at point(s) and ¢, (F(—3)) = ¢, (F'). So holds. On the other
hand, for any closed point 2 € P2, we have Hom(O,, O,[2]) # 0 and

(3.7) $5(0z[2]) — ¢5(0y) = 2.
Case 2. Assume that chg(F") # 0. We have the following three subcases.

(i) o is to the left of F. This is precisely Lemma

(ii) If o is to the right of F', by applying a shifted derived dual functor,
we reduce to case (i).

(iii) If the H-slope of F'is s, by local finiteness of walls, we could replace
o by ¢’ in a small open neighbourhood of ¢ so that F' is ¢’-stable. So
we reduce to case (i) or (ii).

Case 3. Assume chg(F') = 0 and ch;(F').H > 0. Now we have

ch(F(-3)) = (0,chy(F), che(F) + chy(F).K).
The line L, is the line passing through o of the slope Ch(Q( F)H ) . Similarly,

the line L p(_3),(—3) is the line passing through o(—3) of the slope ﬁha(ml;)H +

H.K by [21, Lemma A.3]. By Lemma [3.1} the phase of ¢, ((F(—3));) lies
between qﬁg( A) and ¢,(B). We have similar analysis as the Case 2 and still
have .

Therefore for 0 € A<p in the {1, g}ﬁl, 2%2} plane, we have gldim(o) = 2.
Moreover, the value 2 can be obtained by . This finishes the proof. [
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4. Algebraic stability conditions
4.1. Reviews

We first recall the construction of algebraic stability conditions with respect
to exceptional triples from [17].

Definition 4.1. We call an ordered set & = {E1, E2, E3} exceptional triple
on DP(P?) if £ is a full strong exceptional collection of coherent sheaves on
Db (P?).

There is a one-to-one correspondence between the dyadic integers 5%
and exceptional bundles E(g):

— = E(%), for p € Z and m € Z>.

The exceptional triples have been classified by Gorodentsev and Rudakov
[12]. The exceptional triples are labeled by the following three cases,

om ' om’ 9m

p—1 p p+1 p p+1 p—1 p+1 p—1 p
’ SR TR TR TS

ST TR

for p € Z and m € Z>(. Note that the last two cases are mutations of the

first case.

Proposition 4.2 ([22, Section 3]). Let £ be an exceptional triple on
Db(IP’Q). For any positive real numbers my, ma, ms and real numbers ¢1, @2,
¢3 such that:

¢1<¢2<¢37 and¢1+1<¢37

there is a unique stability condition o = (Z, P) such that

1°. each Ej is stable with phase ¢;;
2. Z(Ej) = mjemd’f.

Definition 4.3. For an exceptional triple £ = {E}, Es, E3} on D(P?), we
write O¢ as the space of all stability conditions in Proposition which is
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parametrized by

S = {(m1,ma, m3, 1, P2, #3) € (Rx0)® x R? | p1 < g < 3, 61 + 1 < ¢3}.

We make the following notations for some subsets of O¢.

Og(A) = {0 € O¢lo € A}, where A is a subset of S;

OF™® = {0 € Og|ps — ¢1 > 1 and ¢3 — ¢ > 1};

@gﬁ;s = {0 € O¢g|p2 — ¢1 < 1 and FE3(3) is not o-stable};
@gggf = {0 € O¢g|pps — P2 < 1 and E;(—3) is not o-stable};

0§ = ¢ N Stab¥e°(P?);

Op p, = Oc(g2 — 1 < 1)\ OF;

Of g, = Oz — ¢ < 1)\ OF*,

We denote
Stab™l&(P?) .= U O¢
& exceptional triples

and call the elements of it as the algebraic stability conditions.

Lemma 4.4 ([17, Lemma 2.4]). Let & = {E1, Ea, E3} be an exceptional
triple, and o be a stability condition in @Sure. The only o-stable objects are
Ei[n] fori=1,2,3 and n € Z.

4.2. Five points associated to an exceptional bundle

For an object A €D with chy(A) #0, by abusing of notations, we
write A for v(A) = (1,s(A),q(A)) in as the associated point in the
{1, %, gﬁ; }-plane, and call it the point A in the {1, %, %}—plane. More-
over, by the Riemann—Roch formula, we have

(4.1) X(A, A) = ch3(A)(1 — s(A)? + 2¢(A)).

In particular, for an exceptional bundle E, we have cho(E) # 0, x(E, E) =1,
and

(42) Ss(B) —a(B) = - Z,h;(E)

So for each exceptional bundle E as a point in the {1, %, gﬁ—i}—plane, the

point F is in the region Ay 1.
2
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In the {1, g}ﬁl, gﬁz} plane, for each exceptional bundle E, we define the
following two pairs of parallel lines:

Cho(—)

(43) (B2 =0}, (B ) = SR
(1.4 (=B =0}, x(-B) = U

We now give a geometric description of above lines. By the Riemann—
Roch formula, one can check that the line {x(E,—) = Cho = } is the line
Lp(—3)p passing through the points E(—3) and FE. S1m11arly, the line

{x(—,F) = Ch” )} is the line Lp(p(3)) passing through the points £ and
E(3).

The line {x(E,—) = 0} is the line passing through points F; and FEj
for any choice of exceptional triple {E1, Fa, E'} ending with E. It is clearly
that this line is independent of the choice of F; and FEs. Similarly, the line
{x(—, E) = 0} is the line passing through points Ey and E3 for any choice
of exceptional triple {E, Fy, Es} starting with E. This line is independent
of the choice of Fy and Ejs.

For each exceptional bundle FE, we define five points in the

{1, gﬁ;, gﬁQ} plane as intersection points of the following lines or curves,

E'= Lpn) 0 {x(B,-) =0},

E" = Lp3e N {x(—, E) =0},

ET = {x(E,-) =0} n{x(-,E) =0},

e = A% N {x(E,—) = 0} as the first intersection point staring from E™,
e’ = A% N {x(—, E) = 0} as the first intersection point staring from E™.

We now give a geometric description of above points. One can also refer
to Figure [2[ and Figure |3l By the Riemann—Roch formula, and .,
we have

o
(cho(E))*

+
So ET is the point of moving E downward of length (CNE)E (E))2 By
and ., we have

(4.5) s(ET) =s(E), qE")=q(E)-

1

(4.6 P (B = 4 s
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So the point ET is in the region AVERIE

We observe that the point E' stands for v(Lg(E(3))), i.e. the reduced
character of Lg(E(3)). This is because by the definition (2.3)), the point
Le(E(3)) is on the line Lgp(s). Also, the object Lg(E(3)) € EL (E1, E2)
has a resolution (by taking F3 = F). Thus the point Lg(FE(3)) is on
the line {x(E,—) = 0}.

By the Riemann—Roch formula, we have

X(E,E(3)) =1+ 9chi(E), x(E@3),E)=1, x(E@3),E(3)=1.
Since [Lg(FE(3))] = [E(3)] — x(E, E(3))[E] in Kuum(P?), we have
X(LE(E(3)),LE(E(3))) = 1 - x(E(3), E)X(E, E(3)) = —9¢chi(E) < 0.
Then by , the point E' is in the region A 1. In particular, B! is in

the line segment Etel. Similarly, E” stands for the reduced character of
Re(E(—3)). It is in the region A 1 and in the line segment Eter. One

can check that both of points E! and E" are in the parabola 25 —q=

2 3+ 18ch;§(E)

Definition 4.5. ([I7, Definition 1.4]) The Le Potier curve Cpp is a fractal

curve defined in the {1, gﬁ—;, % -plane as

Crp = |_| <E+el U E+e’”) |_|{Cantor pieces of A }.
{E=E(5%) | p€Z, meLxo}
The region Georp is defined as Georp ::{(1, s,q)€{1, gﬁ;, zﬁi
(1,s,q) is above the curve Cpp and is not on line segment EE* for any
exceptional bundle F }

}-plane |

4.3. Special regions associated to an exceptional triple

Definition 4.6. For an exceptional triple £ = {E1, E, E3}, the region MZg

is defined as the open region in the {1, gﬁ—l, % -plane bounded by the line

segments F1E], E]Eo, EgEé, E§E3 and F3F; (see Figure . The region

MZ¢ is defined as the open region in the {1, gﬁl , 532} plane bounded by line

segments ElE E+E2, E2E+, E+E3 and F3FE; (see Figure |3
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e e
Ei(-3) / £3(3)

Figure 2: The region of MZ¢ in the {1, 9 <h21_plape.

) Cho’ Ch()

We have MZ¢ C Georp and ([I7, Proposition 2.5])

0F%° = GL*(2,R) - {0, € Stab®*(P?) | (1, 5,q) € MZg}.

Remark 4.7. Let £ = {E1, E3, E3} be an exceptional triple. Note that the
region MZ¢ is a subregion of MZg.

1°. Since Ej is in the region A[og) by 1} and Efr, Egr are in the region

A1 by li we have
67{:A%QE?—E2, €é:A%ﬁE2E§'_.
2°. The line Ly, (g, (3)) is given as {x(—, E3) = Cckl;"((];s))}. For every stable
vector bundle A with slope between the slopes of E3 and F3(3), we

have x(A, E3) < 0. The line segment E3FE3(3) is contained in Geor,p.

3°. The point Eé is on the line segment egEg+ . In particular, The reduced
character of any exceptional bundles with slope smaller than that of
Fj is to the left of e}.

4°. By [17, Corollary 1.19], the exceptional object E3(3) is stable with
respect to o, 4 for any (1,s,q) in MZ¢, and is destabilized by E3 on
the line segment E3E§. In particular, the region MZg is a subregion
of MZ¢ by removing the region that either FE5(3) or Ej(—3) is not
stable. In particular, we can identify the region MZg as the following
algebraic stability conditions.
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Lemma 4.8. Let & = {E1, Es, Es} be an exceptional triple, then
0c \ (634 Lokt U eEe)

— GL*(2,R) - {as,q € Stab%e°(P?) | (1, s,q) € MZ& }

Proof. By the previous Remark the proof is the same as that for [I8],
Lemma 1.29]. O

Definition 4.9. For an exceptional triple £ = {Ey, Fy, E3} on D°(P?), we
define MZlE3 and MZ7; as subregions of MZ¢ as follows:

MZﬁES = {(l,s,q) € MZ¢ | s < s(E3),(1,s,q) is not above the line segment EjEé},

1\/[Z"]“E1 = {(l,s,q) € MZ¢ | s > s(E1), (1, s,q) is not above the line segment EIE{}

Lemma 4.10 (Definition of O and @%ght). For any two exceptional

triples € and &' on D*(P?) ending with the same E3 = 4 = E, we have @15‘?%3

= Olft . We denote this subspace by O% . In a similar way, we define the
EEy E

subspace @%ight = @Zl%ht = @?gg for any exceptional triple £ starting with

E1 = E. Moreover, we have

(47) Ot —e, | |GLY(2,R)- {as,q € Stab%°(P2) | (1,5, q) € MZ;, }

(4.8) O — of | |GL*(2,R)- {as,q € Stab%°(P?) | (1, s,q) € MZ}, }

Proof. By Remark Lemmal4.§land [17, Proposition and Definition 3.1],
we have the equation 1) where O = O p is independent of the choice

of 1 and FEs. Note that by Remark the boundary segment EgEé of
MZﬁES is also independent of the choice of F; and Es in the exceptional triple.
The subspace @lb‘ift is well-defined. Similarly, we have the equation 1) O

Remark 4.11. We illustrate the regions in Figure Then we could
state Remark in a precise way, namely for an exceptional triple
& ={E, Es, Es},

(4.9) MZs = MZj, | |Mzg| |MZh, .
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Figure 3: The regions of MZg, MZ§, MZl; and MZ}, with relation (4.9) in

the {1, %, gﬁ—i}—plane. The line segments E; e} and E;eg give parts of the

Le Potier curve Cyp, and MZ¢g C Georp.

5. Calculation of global dimension functions

The main result of this section is to compute the global dimension function
on the algebraic stability conditions.

Proposition 5.1. Let £ = {E, By, E3} be an exceptional triple on D°(P?)
and Og be the algebraic stability conditions with respect to £. The value of
the global dimension function is

2, when o € Og \ <@1;%ht Vet U Ggure> :
gldim(c) = ¢(Rg,(SE1)) — ¢1,  wheno € @%%ht§
¢3 — ¢(Lg,(STLEs)), when o € O

o3 — b1, when o € @Eure.
Recall that R and L are the right and left mutations in Section 2.1} The
rest of the section is devoted to the proof of the proposition above.
5.1. The locus with minimum global dimension

The other three cases are much more subtle, we first discuss the case when
igh
o c0s\ (O Uiy o).
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Proposition 5.2. Let o be a stability condition in Og\
(@rElffht U @f{} U @gure) , then gldim(o) = 2.

The non-trivial part is the ‘<’ part. As for a brief idea of the proof,
we will view o both as a stability condition in the region MZg in the
{1, %, glﬁi }-plane, and as a quiver stability condition. We will show that
we only need to concern about Hom(F, G[2]) # 0 for two o stable objects
F and G in a same heart with ¢,(F) < ¢o(G). The line segments in the
{1, %, % -plane where F' and G are o stable (i.e. W, and Wg, below) are
‘long’ enough so that the line segment where F'(—3) is stable with respect
to o(—3)(i.e. Wrs(—3) below) intersects with previous two line segments
Wrs and Wge. Then by the argument as that for stability conditions o 4
above the parabola we show that Hom(F, G[2]) = 0 and get a contradiction.

Details of the proof is given as follows.

Proof for Proposition[5.9 By Lemma skyscraper sheaves are all stable
with respect to o. For any closed point x € P2, since Hom(O,, 0,[2]) = C,

we have gldim(a) > 2.

By Lemma up to a GL™(2,R)-action, we can view o as a stability
05,4 condition in the region MZg in the {1, %, EE; }-plane. On the other
hand, up to a suitable C-action on o, we may let the heart contain F[2],
Es[1] and Fs. Denote this stability condition and its heart by & and A
respectively.

Step 1: We reduce the equation in the proposition to the statement
that for all stable objects F and G in A with ¢(F) < ¢(G), one must have
Hom(F, G[2]) = 0.

As {E1[2], E»[1], Es} is an Ext-exceptional collection ([22, Definition
3.10]), an object in the heart is always of the form

Dai Dasz ®as
ET™ — Ey™ — By

for some non-negative integers a;’s.
For any generators F;[3 — 7] in A, we always have

Hom(FE;[3 — 1], E;[3 — jl[m]) =0
for every m > 3. Therefore, for any objects F and G in A, we have
Hom(F,G[m]) =0

for every m > 3. To prove the ‘<’ part, we only need to show that for any o-
stable F' and G with ¢(F') < ¢(G) in the heart A, we have Hom(F, G[2]) = 0.
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Step 2: We show that the phases of F and G are both in
16(Es(3)), (B (~3)[2])).

Suppose there are o-stable F' and G with ¢(F) < ¢(G) in the heart
A, such that Hom(F,G[2]) # 0. Note that Hom(E;[3 — 4], E;[3 — j][2]) # 0
if and only if i = 1 and j = 3, we must have

Hom(F, E5[2]) # 0 and Hom(E[2], G[2]) # 0.
By Serre duality, we have
Hom(E35(3), F') # 0 and Hom(G, E1(—3)[2]) # 0.

By [17, Corollary 1.19], both objects E3(3) and E1(—3)[2] are o5 4-stable
(hence -stable). Both objects are in the heart A. Therefore, their phases
satisfy the inequality:

(5.1) P(E3(3)) < o(F) < o(G) < o(Er(=3)[2]).

Step 3: We show that the walls Wg, and W, are ‘long’ enough so
that the wall Wg,(—3) intersects the walls Wr, and Wg,. We compare
their slopes and get the contradiction.

Here the wall Wr, = {(1,s,q) € {1,%, gﬁ—z}—pland the line segment
along the line Lp, that is above the Le Potier curve Cpp} and the wall

9
WFU(_?’) = {(175 - 3aq_ 3s + 5) | (1757(]) € WFO’}‘

By Bertram’s nested wall theorem, [I8, Corollary 1.24], the object F is stable
along the wall Wg,. Let F, = (1,s(Fy),q(F,)) and F, = (1, s(Fy),q(Fp)) be
the two edges of the wall W, as that in the Figure dl We denote similar
notations for G as that for F.

By the relation of phases as , counter-clockwisely, one has the line
segment o 4(E3(3)), 05,4Fp, 054Gy and o, 4(E£1(—3)). In particular, either
the wall Wp, is a vertical wall (parallel to the 2E§ -axis) or |s(Fp) — s| > 3.

Same statement holds for Wg,. In every case, the segment

ooa(=3)Fp(=3) = (1,5 — 3,q — 35 + g)(l, S(Fy) — 3,q(Fy) — 3s(F}) + g)

intersects both segments o, F}, and o, ,Gp at P and @ respectively. The
object F'(—3) is stable at both P and Q. By comparing the slopes, we have

$Q(F(=3)) = ¢p(F(=3)) < dop(F) = ¢54(F) < ¢54(G) = dq(G).
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WFO’

Figure 4: Compare the slopes of the wall W, and the wall Wg,(—3).

By Serre duality,
Hom(F,G[2]) = (Hom(G, F(-3)))" = 0.
We get the contradiction. O

5.2. The global dimension on the leg locus

We discuss the case that o € @lEegt. We first recall the following basic prop-
erties for an exceptional triple & = {E, Ey, E3}. Denote by rk(E) = chy(E)
and hom(F, F) = dimHom(E, F).

Lemma 5.3. For an exceptional triple £ = {FE1, Es9, E3}, the ranks and
homs of these exceptional objects satisfy the following equations.

(tkE1)? + (tkE»)? + (tkE3)? = 3rkEyrkEarkEs  (Markov equation),
hOIIl(El, E2) = 31“kE3, hom(EQ, Eg) = 3I“kE1,
hOHl(El, Eg) = 91“kE11“kE3 - 3I'kE2.

The object Lg,(E3(3))[—1] admits a resolution:

(5.2) 0 — EPromELE) _ por | b (E5(3))[—1] = 0,
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where r = hom(E1, E3)hom(Ey, Fy) — hom(Es, E3).

Proof. The equations of rank and hom are well-known in [12]. As for the
last statement, we consider the resolution of F3(3). Note that D, (P?) has
the semiorthorgonal decomposition (F7, Es, F3), so an object A admits a
unique filtration

0:F0CF1CF2CF3:A

such that Cone(F; — Fiy1) € (E3_;) fori = 0,1, 2. The term Cone(Fy — F})
is given by @, E3[i| ® Hom(E3[i], A), while the term Cone(F, — F3) is given
by @z E1 [Z] & HOIIl(A, E1 [Z])*

When A = E3(3), we have Cone(Fy — Fy) = E3 ® Hom(Es, E3(3)) =
E?g(rkE3)2+1 and Cone(Fy — F3) = E?hom(El’E3)[2]. The factor Cone(F; —
F») can only be E5"[1]. By the equations of rank and hom in the lemma,
the rank

. 9(rkE3)® + 9rkE3(1kEy)* Sk,
I‘kEQ
= hOHl(El, Eg)hom(El, EQ) — hOIIl(EQ, Eg)

ev

Note that Lg, (E3(3))[—1] is the kernel of the map F3 @ Hom(E3, E5(3)) —
FE3(3), the resolution sequence is clear. O

Lemma 5.4. Let o be a stability condition in Og(p2 < ¢1 + 1), suppose an
object F = Cone(EP® — ESP) is stable with respect to o, then F is stable
everywhere in Og(¢p2 < ¢1 +1).

Proof. For any stability condition in Og(¢2 < ¢1 + 1), by a suitable C-
action, we may assume that the heart contains F;[2]|, E3[l] and E3[n| for
some n < 0. As {E1[2], E2[1], E3[n]} is an Ext-exceptional collection, an ob-
ject in the heart is always of the form

Dai Dasz ®as
EY™ — BEy™ — B3

The object F[1] can only be destabilized by some subobjects F’ =
Cone(EP? — ESY)[1] in the heart generated by {E1[2], E2[1], E3[n]} with
larger phase, which means ‘;—,/ > 3. Note that this is independent of the
choice of o in Og(pa < ¢1 + 1), the object F is stable everywhere in

@g(¢2 < (251—1-1). ]

Now we are ready to compute the example achieving the value of the
global dimension function in the region of @Eﬁt.
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Lemma 5.5. Let o be a stability condition in @%ﬁt, then Lg,E3(3) is o-
stable and it has a mon-zero morphism to E3[2]. In particular, we have

gldim(0) > ¢ — oL, Es(3)) +2.
Proof. By [18, Corollary 3.2], the object

Lg, F3(3) = Cone(E3 ® Hom(E3, F3(3)) — E3(3))

is 05 4-stable for (1,s,q) which is slightly above the line segment Es3FE3(3)
in the {1, %, glﬁ—g}—plane. The object Lg, E3(3) is stable along the line seg-
ment (1,s,q)FL. As this segment intersects MZg, by Lemma the ob-
ject Lg, E3(3) is stable with respect to some stability condition in Og(¢2 <
¢1+ 1). By Lemma and the object Lg, F3(3) is o-stable for every
o€ BOg(p2 < P1 +1).

By applying Hom(—, F3[2]) on the distinguished triangle

Es3 @ Hom(Es, F5(3)) < E5(3) — Lg, F3(3) =,

we have Hom(Lg, F3(3), F3[2]) = Hom(E3(3), E5[2]) = C. O

As for the ‘<’ direction, we first treat with the easier case that the stable

objects can be classified.

Proposition 5.6. Let o be a stability condition in Og(ps < ¢1 +1 < ¢p3 —
1), then up to a homological shift, a o-stable object is either

e F3 or

e Cone(EP* — ESP)

hom(FE1,E2) arrows
induced by a stable quiver representation C%¢ C®b. More-

over, we have gldim(o) = ¢3 — ¢(Lg, F3(3)) + 2.

Proof. By a suitable C-action, we may assume that the heart con-
tains Eq[2], Es[l] and Es[n| for some n < —1. As {E;[2], Es[l], Es[n]}
is an Ext-exceptional collection, an object in the heart is Cone(EfB“ —
ES")[1] @ EY°[n]. An object Cone(EP® — ES®)[1] is o-stable if and only if
for any non-zero proper subobject Cone(EY* — ES*)[1] we have <3
The first part of the statement is clear.

As for the second part of the statement, by Lemma [5.5] we only need
to show the ‘<’ side, note that for any two stable objects F' and F’ in the

form of Cone(EP® — ES®), we always have Hom(F, F'[m]) = 0 for m > 2.
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By the classification of stable objects, we only need to consider potential
non-zero morphisms from Cone(EP® — ESP) to Eg[nﬂfor m > 1. When

¢(Cone(EY* — ES)) < ¢(Lg, E3(3)[—1]), by Lemma we have
b hom(EQ, Eg)
. — > hom(Fh, Fy) — ———————=.
(5:3) o > hom(Er Be) = )

Let ¢4 be ¢(Lg,FE3(3)), which is greater than ¢, + 1. We consider the
stability condition ¢’ in ©¢ given by (m1,ma,ms, ¢1,d2,¢5). By Lemma
Cone(EP® — ES?) is o’-stable and FE(3) is o’-semistable with phase
& = ¢/ (E3) = ¢/ (Lp, B3(3)). By (5.3), we have ¢/(Cone(EP® — ES?)) <
¢ (Lg,E3(3))) —1 = ¢'(E(3)) — 1. Therefore, for any m > 1, by Serre du-
ality, we have

m(Cone(EP* — ESY), F3[m])
=~ (Hom(Cone(Fs3(3)[m — 2], EP* — ES$®)))* = 0.

As a summary, the global dimension at o is ¢3 — ¢(Lg, F3(3)) + 2, and is
achieved via the morphism between Lg, E5(3) and E3[2]. O

We finally treat with region Og(ps < ¢35 —1 < 1+ 1) N @15?, where
the stable objects are more complicated. In this case, the potential sta-
ble characters are away from the kernel of central charge of every ¢ in
Og(pp2 < ¢p3 —1 < ¢p1 +1). We will think both the stable characters and
(kernels of central charges of) stability conditions in the {1, gﬁl, g%} plane.
This will allow us to show the vanishing of certain morphisms by comparing
slopes.

We first prove a nested wall result for the algebraic stability con-
ditions. Denote Of (g2 < ¢1 + 1,03 < ¢1 +2) = {0 € Og(d2 < ¢p1 + 1,03 <
¢1 + 2)| the kernel of central charge of o is spanned by (1,s,q) for some
s> s(Eq)}.

Lemma 5.7. Let o be a stability condition in @;(% <p1+ 1,03 < p1+2)
and G be a o-stable object. Then G is o’ -stable for every o’ in OF (o < ¢1 +
1,3 < ¢1 + 2) with kernel of central charge on the line through G and o.

Proof. In the {1, gﬁl, gﬁ“’} plane, the kernel of the central charge of o is in
the region bounded by rays through E;Fs, E1E5 as shown in the Figure
(Area I).

By a suitable C-action, we may assume that the heart contains

{FE1[2], Es[1], E3}. Denote this heart by A, then an object in A is of the
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[ ]
Area B \G

Figure 5: Stability conditions through W,g.

form EP* — E5* — E3%. In particular, the reduced character of a stable
object is in the closed region (Area A U Area B in Figure |5) bounded by
the rays through FqFEs, FoFE3 and line segment through E7 Ej3.

The phase of G is determined by the slope of line through ¢ and v(G).
As for another object G’, its phase ¢(G’) < ¢(G) if and only if the line
through o and v(G’) rotates counter-clockwisely to the line through ¢ and
v(G) without passing though the line through o and Ej[2].

For every non-zero proper subobject G of G in A, since G is stable, G
has smaller phase than that of G. In the {1, %, gﬁi -plane, that is equivalent
to the following description for v(G’):

The reduced character of G is either to the right of the line through G
and o when it is in Area A, or it is to the left of the line through G and o
when it is in Area B.

Note that for every stability condition o/ in OF (¢2 < ¢1 + 1, ¢3 < ¢1 +
2) with kernel of central charge on the line through G and o, the line through
G’ and ¢’ rotates counter-clockewisely to the line through o, ¢’ and G. The
object G is o’-stable. O

Proposition 5.8. Let o be a stability condition in Og(py < ¢35 — 1 < ¢1 +
1) N O, Then gldim(o) = ¢(E3) — ¢(Lg, E3(3)) + 2.

Proof. By Lemma [5.5] we only need to show the ‘<’ part.
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By a suitable C-action, we may assume that the heart contains
{E,[2], E2[1], E3}. Denote this heart by A, we have the same description
for objects in A as that in Lemma

Step 1: We reduce the claim in the proposition to the following state-
ment: for all stable objects F and G in A with Hom(F, G[2]) # 0, the dif-
ference of their phases ¢(G) — ¢(F) < ¢(Es3) — ¢(Lg, E3(3)).

In the {1, <21 plane, the kernel of the central charge of o is in the

cho? chy [
region bounded by rays through FE;FEs, E1FEs and line segment E3Eé as
shown in the Figure |§| (Area T U Area II). Recall that the point E} and
L, (F3(3)) are the same point in the {1, S D21 plane.

’ Cho’ Cho

[ ]
Eq1(-3) Area A S E3(3)

Area B

Figure 6: Stable characters are in Area A U Area B. The kernels of the
central charges are in Area I U Area II.

As for any generators in {E[2], Ex[1], Es}, we have Hom(—, —[m]) =
0 for any m > 3. For any objects F' and G in the heart, we have
Hom(F,G[m]) = 0 for any m > 3. To prove the ‘<’ part of the statement,
we only need consider Hom(F, G[2]) # 0 for stable objects F, G in the heart
with ¢(F) < ¢(G).

Suppose there are g-stable objects F' and G with

(5.4) ¢(G) — ¢(F) > ¢(E3) — ¢(Lp, E3(3))

in the heart A, such that Hom(F, G[2]) # 0. By the same argument as that
in Proposition [5.2] we must have

(5.5) Hom(E3(3), F) # 0 and Hom(G, Eq1(—3)[2]) # 0.
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Step 2: We show that ¢(G) > ¢(E3).

Suppose ¢(F') < ¢(Lg, E3(3)), then ¢(F) < ¢(E3). Therefore, the object
F is of the form Cone(E{* — E$*7)[1]. By Lemma F' is stable ev-
erywhere in ©(¢1 + 1 > ¢2). In particular, it is stable with every stability
condition ¢’ on the line segment F3EY, where E3(3) is o’-semistable. Since
Hom(FE3(3), F) # 0, we have ¢'(F) > ¢'(E3(3)) = ¢'(Lg, F3(3)). Therefore,

we have

Y8 om(Ey, By) — LOm(E2 Ey)

o hom(E, 1) ¢ ) 29 (LaBa@)

which contradicts the assumption that ¢(F) < ¢(Lg, E3(3)).
By (5.4)), we must have

(5.6) P(G) > o(E3).

Step 3: We show that the kernel of the central charge of o is in Area I
and is below the line through E;(—3)[2] and E3, i.e. the open region bounded
by line segments RFEs, E3Eé and EéR, with R = Lg, (_3)g, N LEg, B, as in
Figure [7]

Let the central charge of E;[3 —i] be z; for i = 1,2,3. Let the object G
be of the form Ef™ — E5™ — E5™.

By Lemma and a same argument as that in Lemma [5.5] we know
that the object Lg,(E1(—3)[2]) is of the form Cone(EP™ — ES"™) in the
heart A, and it is stable with respect to every stability condition in
Oc(pa < ¢1 4+ 1). By , we have Hom(G, E3) = 0. By , we have
Hom(G, Lg, (E1(—3)[2])) # 0. Therefore, we have

(5.7) ¢(Le, (E1(=3)[2])) > o(G) > o(E3).

Therefore, the kernel of the central charge of ¢ is in Area I and is below the
line Lg, (_3)g, as in Figure

Step 4: We show that the wall W, intersects the wall Wg,(—3). We
denote the intersection point by P := Wg, N Wee(—3).

Consider the line Lg, through the reduced character of G and the kernel
of the central charge of o, which is in Area I. In particular, the stability
condition

ae@g(éz <1+ 1,93 < P14+ 2).

By |D the line Lg, intersects the line segment E;(—3)FE3. Therefore, the
line Lg, intersects the region MZg.
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Figure 7: Comparing the phases of G and F(—3).

By Lemma the object G is stable with respect to every stability
condition in ¢ in @g(gbg < P14 1,03 < ¢1 + 2) with kernel on Lg,. Note
that there exists a point (1, sg, go) in MZE NLg,, by Lemma the object
G is 0, g,-stable.

Recall the wall Wg, = {(1,s,q) € {1, %, gﬁi }-plane| the line segment
along the line L, that is above the Le Potier curve Crp}. By the Bertram’s
nest wall theorem [I8, Corollary 1.24], the object G is o 4-stable for every
(1,s,q) on Wg,. Note that W, intersects the line segment E7 E3, but does
not intersects the line segment Ej(—3)E; or E3F3(3), both of which are
above the Le Potier curve Cpp. Therefore the horizental length of Wg, is
greater than 3 when W, is not the vertical wall. Let

9
Weo(—3) ={(1,s —3,¢—3s+ 5) | (1,8,9) € Wao},

then G(—3) is o, 4-stable for every (1,s,q) on Wgy(—3). The wall Wg,(—3)
intersects the wall W, at some point P and

(5.8) ¢p(G(=3)) < ¢p(G).
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As for the only exceptional case that W, is the vertical wall, we can
view that the point P is at (0,0, 1). This will not affect the statement in the
next step.

Step 5: When s(F) > s(F3), we show that the wall Wg,(—3) intersects
the wall Wg,. We denote the intersection point by @ = Wge N Wry(—3).

By , we have the same bounds for F'

(5.9) ¢(Le, (E1(=3)[2])) > ¢(G) > o(F) > ¢(E3).

The horizontal length of Wg,(—3) is greater than 3 when it is not ver-
tical. Note that the slope of Wg,(—3) is less than that of Wg,(—3), the
segment Wy, (—3) intersects Wg, at @ on the line segment Po. The fact
that ¢,(G) > ¢, (F') implies ¢J(_3)(G(—3)) > ¢U(_3)(F(—3)). Both F'(-3)
and G are og stable. We then compare their phases at @ by using as
follows:

$Q(G) = ¢p(G) > op(G(=3)) = ¢o(-3)(G(=3))
> ¢o(-3)(F(=3)) = dq(F(=3)).

So Hom(G, F(—3)) = 0. By Serre duality, we have Hom(F, G[2]) = 0.
Step 6: When s(F') < s(F3), we reduce this case to Proposition .
Note that F is of the form EP™ — E5* — E§Bas’ we have
Hom(FE3, F) # 0 when a3 #0. The object F is either of the form
Cone(EP™ — E$™)[1] or F3. Let (1,50,q0) be a point in MZ¢ NLg,. By
Lemma in any case, F is o, 4,-stable. By Lemma [5.7] and Lemma
the object G is also oy, ¢,-stable and has phase

¢807¢10 (G) > ¢307¢I0 (F>

By Proposition we have Hom(F, G[2]) = 0.

As a summary, we have shown that Hom(F,G[2]) =0 when ¢(F) <
¢(Lg,E3(3)) or ¢(G) > ¢(E3). In particular, we have gldim(o) = ¢(E3) —
¢(Le, E3(3)) + 2. O

Proof for Proposition[5.1]. When o € O¢ \ @rEiffht UektU @‘};ure)’ the
global dimension is computed in Proposition

When o € @%ﬁt, the global dimension is computed in Propositions
and .8

When o € @?fht, we take the derived dual stability condition oV €
Olft gy, Where & v is the dual exceptional triple { EY, £y, EY'}. We reduce to
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the previous case and have

gldim(o) = gldim(c") = ¢"(EY) — ¢"(Lgy (ST'EY))
= —¢(E1) — ¢" ((Rg, (SE1))Y) = ¢(Rg, (SE1)) — 61

When o € ©F"¢, by Lemma the only stable objects are FE;[m]
for F; € £ and m € Z. As £ is a strong exceptional collection, we have
Hom(E;, Ej[m]) # 0 if and only j > ¢ and m = 0. So the result is clear. O

Remark 5.9. Following the notations in Remark [£.11], for any exceptional
bundle F, we associate two regions MZ4 and MZ%,, which consist of geo-
metric stability conditions. Moreover, if o € MZ% \ELE or 0 € MZ,\EE",
we have 2 < gldim(o) < 3.

Corollary 5.10. The global dimension function
gldim: Stabf(P?) — Rxg

has minimum value 2 and gldim Stabl P2 = [2,00). Moreover, the subspace
gldim~1(2) is contained in Stab®®(IP2), and is contractible.

Proof. The image of gldim follows from Proposition [3.4] Proposition [5.1
and the description of Stab! P? (2.6). The contractibility of gldim~1(2) is
clear. O

6. Contractibility via global dimension

We denote by gldim™'(I) by the space of all stability conditions in the
component Stab! (P?) with global dimension in I for an interval I C R. Based
on Proposition and the cell-decomposition description for Stab’ (P2), our
main result shows that the connected component Stab(P?) is contractible
via the global dimension:

Theorem 6.1. For any x> 2, the space gldim™'([2,z)) contracts to
gldim~1(2).

Proof. By Proposition Remark and [I7, Corollary 3.5, Theorem 3.9],
the space of preimage gldim ™! ([2,z)) has a cell decomposition as

gldim ™" (2) | J (|_| (o8 @ | Jei" @) ] <|_| @E“f%x))) ,
E &
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where F runs all exceptional bundles, and £ runs all exceptional triples, and
the notation @i(az) stands for ©f N gldim ™" ([2,2)).

By Proposition we have OFY°(z) = OF"(¢3 — ¢; < x). Each
@g“re(x) has an open neighborhood, say, Og (3 — ¢ > %, P2 — P > %, o3 —
¢1 < ), in O (z) which does not intersect any other @2 (x). As Stab' (P?)
admits a metric, we may then choose open neighborhoods of ©F™e(x)’s
which do not intersect with each other. By the cell decomposition, the space
gldim~! ([2, z)) contracts to its subspace

A(z) = gldim™(2) || ] (@fﬁ(m) || @gght(a;)>

E exceptional bundles

For each exceptional object E, let & = {E1, E9, E3} be an exceptional
collection such that E3 = F. By Proposition [5.1] and Lemma [5.3] we have

O (x) = {(m17m27m37¢17¢27¢3) € (R>0)’ x R’|p1 < 2 < 1 + 1,

1 sin((¢1 + 1 — ¢2)7)
¢3 > ¢z + 1+ —arctan (cos((¢1+1—¢2)w)+2jh> >¢53—1‘+2},

where h = hom(E, E») — % Therefore, the space O (z) contracts
to Okt (x) N gldim*(2).

By Remark [4.7] and [I7, Lemma 3.7 ], each ©'(z) has an open neigh-
borhood in A(x), which does not intersect any other ©%f*(x) or @%%ht(x).
Same argument works for all G)gght(x), we may therefore contract all Ot (z)
and @rEight(x) in A(z) simultaneously to gldim™!(2), which is a contractible
space. Il

7. Inducing stability conditions from projective plane to the
local projective plane

Let Y be the total space of the canonical bundle of P2, and i : P> < Y be the
inclusion of the zero-section. We write D%, (Y) for the subcategory of D°(Y")
of complexes with bounded cohomology, such that all of its cohomology
sheaves are supported on the zero-section. The space of Bridgeland stability
conditions on DY (Y) has been studied by Bayer and Macri [3]. In this

section, we prove that the stability conditions in gldim™(2) C Stab®e°(P2)
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can be used to induce stability conditions on D5 (Y") by Tkeda-Qiu’s inducing
theorem, via ¢-stability conditions on Calabi—Yau-X categories.

Following the notion in [I4], we have the Calabi-Yau-X version of
Do (P?)

(7.1) Dy (P?) =Dl . (Y).

By [14, Proposition 3.14], we have Dy (P?) = Dfd(FX(@gr,Wgr)) with Z &
Z[X] graded quiver Qg as follows and potential Wy, = Z?Zl (T3yizi — TiziYi),

x3,Y3, 23

where degzs,ys, 23 =3 — X and gradings of other arrows are zero. Here
I'x(Qgr, W) is the Calabi-Yau-X Ginzburg dg algebra [I4] I5]. Note that
there is a canonical fully faithful embedding

Doo(P?) — Dx(P?)

whose image is an X-baric heart of Dx(P?) in the sense of [14, Defini-
tion 2.17].
Finally, we have the 3-reduction of Dx(P?) (see [14, Example 3.16])

(7.2) D3(P?) == Dx(P?) J [X — 3] = D5, (Y)

which is equivalent to the derived category of coherent sheaves on the local
P2,

Lemma 7.1. Consider the composition of functors in the inducing process

O : Do (P2) = DP(kQ/R) — Dia(Tx(Qgr, Wir)) —
Dia(Tx(Qgrs Wer)) // [X — 3] = DP(mod —J (Q, W)) = Dha(Y).

Then ® = i, : Doo(P?) — D52 (Y).
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Proof. Let E; = Op2(i). Then the first equivalence Do, (P?) = D*(kQ/R) in
® is given by

2
Hom* (€D Ei, -) : Do (P?) — D'(kQ/R),
i=0
and the last equivalence D% (Y) = D’(mod —.J (Q,W)) in ® is given by

2
Hom®((P) 7 E;, —) : D2(Y) = DP(mod —J (Q, W),
=0

where 7 : Y — P2 is the projection [7]. The lemma then follows from
Hom®(7*&, i, F) = Hom® (&, myixF) = Hom®(E, F).

O

Now we recall the inducing construction of stability conditions from
the projective plane to the local projective plane, through the ‘g-stability
conditions’ introduced by Ikeda and Qiu [14].

Construction 7.2. Let 0o = (Z,Px) be a stability condition in
gldim~1(2) ¢ Stab%e°(P2).

e By [I4, Theorem. 2.25], there is an induced g¢-stability conditions
(0,5) in QStab Dx(P?) with parameter s = 3, as constructed in [14}
Cons. 2.18].

e By [14, Theorem. 2.16|, (o, s) projects to a stability condition o3 in
the principal (connected) component Stab! D3(P?).

Denote by
130 gldim™1(2) — Stab' D3(P?)
the map of the above inducing process.
Proposition 7.3. The inducing map 3 is injective. Moreover, it factors

through the isomorphism between the spaces of geometric stability conditions
on P? and local P?:

130 gldim™1(2) < Stab®e(P2) 55 Stab®e®(Dh.(Y)) — Stabl D3 (P?).
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Proof. A stability condition o on D5 (Y') is called geometric if all skyscraper
sheaves i,O, of closed points = € P? are o-stable of the same phase. By
Lemma the inducing map ¢3 maps geometric stability conditions on P?
with global dimension 2 to geometric stability conditions on local P2,

Let ¢ = (Z, P) € gldim™*(2) and t3(c’) = (Z, P) € Stab®*°(D},(Y')). By
Lemma we have Z = Z o [i.], where [i.] : Ko(Doo(P?)) = Ko(D5:(Y)).
By [3, Theorem 2.5] and [17, Proposition 1.12], any geometric stability condi-
tion on IP? or local IP? is uniquely determined by its central charge. Moreover,
the open set U C Hom(Ko(Doo(P?)),C) consists of central charges of geo-
metric stability conditions on P? and the open set U € Hom(Ky(D5:(Y)), C)
of central charges of geometric stability conditions on local P? coincide via
the isomorphism [i.]. This proves the proposition. O

Finally, we remark that the whole connected component of stability con-
ditions in Stab' D3(P?) can be obtained by inducing from stability conditions
on D (P?) and autoequivalences, since the translates of Stab®®° (D, (Y))
under the group of autoequivalences cover the whole connected component
Stab' D3(P?) [3, Theorem 1].
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